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Abstract

We study the simple connectedness of the class of finite-dimensional algebras over an alge-
braically closed field for which the Auslander—Reiten quiver admits a separating family of
almost cyclic coherent components. We show that a tame algebra in this class is simply
connected if and only if its first Hochschild cohomology space vanishes.
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1 Introduction and the Main Results

Throughout the paper k will denote a fixed algebraically closed field. By an algebra is meant
an associative finite-dimensional k-algebra with an identity, which we shall assume (without
loss of generality) to be basic. Then such an algebra has a presentation A = kQ 4 /1, where
0Oa = (Qo, Q1) is the ordinary quiver of A with the set of vertices Q¢ and the set of
arrows Q1 and / is an admissible ideal in the path algebra k Q 4 of Q 4. If the quiver Q 4 has
no oriented cycles, the algebra A is said to be triangular. For an algebra A, we denote by
mod A the category of finitely generated right A-modules, and by ind A a full subcategory
of mod A consisting of a complete set of representatives of the isomorphism classes of
indecomposable modules. We shall denote by rad4 the Jacobson radical of mod A, and by
rad¥’ the intersection of all powers radl,, i > 1, of rads. Moreover, we denote by I's
the Auslander-Reiten quiver of A, and by 74 and 7, the Auslander—Reiten translations
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D Tr and Tr D, respectively. We will not distinguish between a module in ind A and the
vertex of ['4 corresponding to it. Following [45], a family 4" of components is said to be
generalized standard if rad’(X,Y) = 0 for all modules X and Y in . We note that
different components in a generalized standard family % are orthogonal, and all but finitely
many 74-orbits in € are t4-periodic (see [45, (2.3)]). We refer to [37] for the structure and
homological properties of arbitrary generalized standard Auslander—Reiten components of
algebras.

Following Assem and Skowroniski [7], a triangular algebra A is called simply connected
if, for any presentation A = kQ /I of A as a bound quiver algebra, the fundamental group
71(Qa, 1) of (Qa, ) is trivial (see Section 2). The importance of these algebras follows
from the fact that often we may reduce (using techniques of Galois coverings) the study
of the module category of an algebra to that for the corresponding simply connected alge-
bras. Let us note that to prove that an algebra is simply connected seems to be a difficult
problem, because one has to check that various fundamental groups are trivial. Therefore,
it is worth looking for a simpler characterization of simple connectedness. In [44, Problem
1] Skowroriski has asked, whether it is true that a tame triangular algebra A is simply con-
nected if and only if the first Hochschild cohomology space H'!(A) of A vanishes. This
equivalence is true for representation-finite algebras [3, Proposition 3.7] (see also [12] for
the general case), for tilted algebras (see [5] for the tame case and [25] for the general
case), for quasitilted algebras (see [3] for the tame case and [26] for the general case), for
piecewise hereditary algebras of type any quiver [25], and for weakly shod algebras [4].

A prominent role in the representation theory of algebras is played by the algebras
with separating families of Auslander—Reiten components. A concept of a separating fam-
ily of tubes has been introduced by Ringel in [40, 41] who proved that they occur in the
Auslander—Reiten quivers of hereditary algebras of Euclidean type, tubular algebras, and
canonical algebras. In order to deal with wider classes of algebras, the following more
general concept of a separating family of Auslander—Reiten components was proposed by
Assem, Skowroriski and Tomé in [10] (see also [33]). A family € = (%;);c; of components
of the Auslander—Reiten quiver I"'4 of an algebra A is called separating in mod A if the
components of I'4 split into three disjoint families P4, €4 = % and Q4 such that:

(S1) €4 is a sincere generalized standard family of components;

(S2) Homy (Q4, PA) = 0, Homa(Q4, €4) = 0, Homy (4, PA) = 0;

(S3) any homomorphism from P4 to Q* in mod A factors through the additive category
add(¢4) of €.

Then we say that €4 separates P4 from Q4 and write T4 = P4 U €4 U Q4. We
note that then P4 and Q4 are uniquely determined by €4 (see [10, (2.1)] or [41, (3.D]).
Moreover, €4 is called sincere if any simple A-module occurs as a composition factor of a
module in €4. We note that if A is an algebra of finite representation type that €4 = I' is
trivially a unique separating component of I' 4, with P4 and Q* being empty. Frequently,
we may recover A completely from the shape and categorical behavior of the separating
family €4 of components of I" . For example, the tilted algebras [24, 41], or more generally
double tilted algebras [39](the strict shod algebras in the sense of [15]), are determined
by their (separating) connecting components. Further, it was proved in [28] that the class
of algebras with a separating family of stable tubes coincides with the class of concealed
canonical algebras. This was extended in [29] to a characterization of all quasitilted algebras
of canonical type, for which the Auslander—Reiten quiver admits a separating family of
semiregular tubes. Then, the latter has been extended in [33] to a characterization of algebras
with a separating family of almost cyclic coherent Auslander—Reiten components. Recall
that a component I' of an Auslander—Reiten quiver 'y is called almost cyclic if all but
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Simply Connected Algebras 925

finitely many modules in I' lie on oriented cycles contained entirely in I". Moreover, a
component I" of I'4 is said to be coherent if the following two conditions are satisfied:
(C1) For each projective module P in I' there is an infinite sectional path
P =X —->X—>-—>X;,—> Xit1 > Xiyop = --- (thatis, X; # 14 X4 for
anyi > 1)inT;
(C2) For each injective module 7 in I' there is an infinite sectional path
> Yp->Yu->Y > o> >Y =1 (that is, Yip #* TAY; for
any j > 1)inT.
We are now in position to formulate the first main result of the paper, which answers
positively the above mentioned question of Skowronski [44, Problem 1] for tame algebras
with separating almost cyclic coherent Auslander—Reiten components.

Theorem 1.1 Let A be a tame algebra with a separating family of almost cyclic coherent
components in T 4. Then A is simply connected if and only if H' (A) = 0.

It has been proved in [33, Theorem A] that the Auslander—Reiten quiver I'4 of an alge-
bra A admits a separating family €4 of almost cyclic coherent components if and only
if A is a generalized multicoil enlargement of a finite product of concealed canonical
algebras Cq, ..., C,, by an iterated application of admissible algebra operations of types
(ad 1)—(ad 5) and their duals. These algebras are called generalized multicoil algebras
(see Section 3 for details). Note that for such an algebra A, we have that A is triangular,
gl.dimA <3,andpdy M <2oridg M < 2 for any module M in ind A (see [33, Corollary
B and Theorem E]). Moreover, let Ty = P4 U %4 U Q4 be the induced decomposi-
tion of I'4. Then, by [33, Theorem C], there are uniquely determined quotient algebras
AD = AV s AR and A = A 5. x Al of A which are the quasitilted algebras

of canonical type such that P4 = PAY and 04 = 0A”.

Let A be a generalized multicoil algebra obtained from a concealed canonical algebra
C=C; x---xCyand C = Ap, Ay, ..., Ay = A be an admissible sequence for A (see
Section 3). In order to formulate the next result we need one more definition. Namely, if
the sectional paths occurring in the definitions of the operations (ad 4), (fad 4), (ad 4%),
(fad 4*) come from a component or two components of the same connected algebra A;,
i €{0,...,n — 1}, then we will say that I'4,,, contains an exceptional configuration of
modules.

The following theorem is the second main result of the paper.

Theorem 1.2 Let A be a generalized multicoil algebra obtained from a family Cq, ..., Cy,
of simply connected concealed canonical algebras. Assume moreover that T 4 does not
contain exceptional configurations of modules. Then there are quotient algebras A® =
A(ll) X oo X Aﬁ,l,) and AV = AY) X oo X A,(,? of A such that the following statements are
equivalent:
(i) A is simply connected.
(ii) Algl) and Agr) are simply connected, for anyi € {1, ..., m}.
(iii) H'(A) = 0.
(iv) H'(AY) = 0and H'(A") = 0, forany i € {1, ..., m).
(v) A is strongly simply connected.

This paper is organized as follows. In Section 2 we recall some concepts and facts from
representation theory, which are necessary for further considerations. Section 3 is devoted to
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926 P. Malicki

describing some properties of almost cyclic coherent components of the Auslander—Reiten
quivers of algebras, applied in the proofs of the preliminary results and the main theorems.
In Section 4 we present and prove several results applied in the proof of the first main result
of the paper. Sections 5 and 6 are devoted to the proofs of Theorem 1.1 and Theorem 1.2,
respectively. The aim of the final Section 7 is to present examples illustrating the main
results of the paper.

For basic background on the representation theory of algebras we refer to the books [6,
41-43], for more information on simply connected algebras we refer to the survey article [2],
and for more details on algebras with separating families of Auslander—Reiten components
and their representation theory to the survey article [35].

2 Preliminaries

2.1 Let A be an algebra and A = kQ 4/1 be a presentation of A as a bound quiver algebra.
Then the algebra A = kQ 4/ can equivalently be considered as a k-linear category, of
which the object class Ag is the set of points of Q 4, and the set of morphisms A(x, y) from
x to y is the quotient of the k-vector space kQ 4 (x, y) of all formal linear combinations
of paths in Q4 from x to y by the subspace I (x,y) = kQa(x,y) NI (see [11]). A full
subcategory B of A is called convex (in A) if any path in A with source and target in B lies
entirely in B. For each vertex v of O 4 we denote by S, the corresponding simple A-module,
and by P, (respectively, ;) the projective cover (respectively, the injective envelope) of S,,.

2.2 One-point Extensions and Coextensions Frequently an algebra A can be obtained
from another algebra B by a sequence of one-point extensions and one-point coextensions.
Recall that the one-point extension of an algebra B by a B-module M is the matrix algebra

<[4

with the usual addition and multiplication of matrices. The quiver of B[M] contains Qp as
a convex subquiver and there is an additional (extension) point which is a source. B[M]-
modules are usually identified with triples (V, X, ¢), where V is a k-vector space, X a
B-module and ¢ : V — Homp(M, X) a k-linear map. A B[M]-linear map (V, X, ¢) —
(V/, X', ¢) is then identified with a pair (f, g), where f : V — V'is k-linear, g : X — X’
is B-linear and ¢’ f = Homp (M, g)¢. One defines dually the one-point coextension [M 1B
of B by M (see [41]).

2.3 Tameness and Wildness Let A be an algebra and K [x] the polynomial algebra in one
variable x. Following [17], the algebra A is said to be fame if, for any positive integer d,
there exists a finite number of K[x] — A-bimodules M;, 1 < i < ng4, which are finitely
generated and free as left K [x]-modules, and all but a finite number of isoclasses of inde-
composable A-modules of dimension d are of the form K[x]/(x — 1) ®[x] M; for some
A € K and some i € {l,...,ng}. Recall that, following [17], the algebra A is wild if
there is a k(x, y)-A-bimodule M, free of finite rank as left k(x, y)-module, and the functor
—®k(x,y)M : mod k{x, y) — mod A preserves the indecomposability of modules and sends
nonisomorphic modules to nonisomorphic modules. From Drozd’s Tame and Wild Theo-
rem [17] the class of algebras may be divided into two disjoint classes. One class consists
of the tame algebras and the second class is formed by the wild algebras whose representa-
tion theory comprises the representation theories of all finite dimensional algebras over k.
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Simply Connected Algebras 927

Hence, a classification of the finite dimensional modules is only feasible for tame algebras.
It has been shown by Crawley-Boevey [16] that, if A is a tame algebra, then, for any positive
integer d > 1, all but finitely many isomorphism classes of indecomposable A-modules of
dimension d are invariant on the action of 74, and hence, by a result due to Hoshino [23],
lie in stable tubes of rank one in I'4.

2.4 Hochschild Cohomology of Algebras Let A be an algebra. Denote by C®A the
Hochschild complex C* = (C, d")iey, defined as follows: C' = 0,d' = 0fori < 0,
cY = 4A4, Cl = Homk(A®i, A) fori > 0, where A® denotes the i-fold tensor product
over k of A with itself, d® : A — Homg (A, A) with (d°x)(a) = ax — xa for x,a € A,
d': C' — C'*! with

d @ ® - -®aiy1) = a1 f(@® - ®ait)+y_(—1)) f(a1®-®ajaj1®: - Qdaiy1)
j=1

+HEDH @ ®@aair

for f € C! and aj,a»,...,ai+1 € A. Then H'(A) = H(C*A) is called
the i-th Hochschild cohomology space of A (see [14, Chapter IX]). Recall that the
first Hochschild cohomology space H'(A) of an algebra A is isomorphic to the
space Der(A, A)/Der’(A, A) of outer derivations of A, where Der(A, A) = {§ €
Homy (A, A) | §(ab) = ad(b) + 5(a)b, for a, b € A} is the space of k-linear derivations of
A and Der®(A, A) is the subspace {§y € Homy(A, A)| 6x(a) = ax — xa, for a € A} of
inner derivations of A.

2.5 Concealed Canonical Algebras An important role in our considerations will be played
by certain tilts of canonical algebras introduced by Ringel [41]. Let p1, p2,..., p; be a
sequence of positive integers witht > 2,1 < py < p»p < ... < ps,and p; > 2ift > 3.
Denote by A(p1, ..., p;) the quiver of the form

an Alpy—1
o o . o o
Oy ‘\0‘11’1
o) a2 *2py—1 ¥2p)y
o o o . o o o
° ° - °
o2 Atpr—1

For t > 3, consider a (r 4+ 1)-tuple of pairwise different elements of Py (k) = k U {oo},
normalized such that A; = oo, Ap = 0, A3 = 1, and the admissible ideal 7 (A1, A2, ..., A;)
in the path algebra kA(py, ..., pr) of A(p1, ..., ps) generated by the elements

Qip; -+ - Q21 + Q2p, .. .00 + Aidyp, ... .apay],3 <i <t

Then the bound quiver algebra A(p, X)) = kA(p1, ..., p)/T (M1, A2, ..., A) is said to be
the canonical algebra of type p = (p1, ..., pr). Moreover, for t = 2, the path algebra
A(p) = kA(p1, p2) is said to be the canonical algebra of type p = (p1, p2). It has been
proved in [41, Theorem 3.7] that if A is a canonical algebra of type (pi, ..., p;) then
Ca=PAUTAUOQA foraP (k)-family T of stable tubes of tubular type (p1, ..., Pt)s
separating P2 from Q2. Following [27], a connected algebra C is called a concealed
canonical algebra of type (pi, ..., p;) if C is the endomorphism algebra Endp (T'), for

@ Springer



928 P. Malicki

some canonical algebra A of type (p1, ..., p;) and a tilting A-module 7 whose indecom-
posable direct summands belong to 2. Then the images of modules from 7 via the
functor Hom (T, —) form a separating family 7€ of stable tubes of I'c, and in particular
we have a decomposition ['c = P¢ U 7€ U QC. It has been proved by Lenzing and de
la Peiia [28, Theorem 1.1] that the class of (connected) concealed canonical algebras coin-
cides with the class of all connected algebras with a separating family of stable tubes. It is
also known that the class of concealed canonical algebras of type (pi, p2) coincides with
the class of hereditary algebras of Euclidean types A,,, m > 1 (see [22]). Recall also that
the canonical algebras of types (2, 2,2, 2), (3, 3, 3), (2,4,4) and (2, 3, 6) are called the
tubular canonical algebras, and an algebra which is tilting-cotilting equivalent to a tubular
canonical algebra is called a tubular algebra (see [18, 21, 41]).

2.6 Simple Connectedness Let (Q, ) be a connected bound quiver. A relation o =
S hiw; € I(x,y) is minimal if m > 2 and, for any nonempty proper subset J C
{1,...,m}, we have Zje] Ajwj ¢ I(x,y). We denote by a~! the formal inverse of an
arrow o € Q1. A walk in Q from x to y is a formal composition otf'oeiz .. .ocf’ (where
a; € Q1 and g € {—1, 1} for all i) with source x and target y. We denote by e, the triv-
ial path at x. Let ~ be the homotopy relation on (Q, I), that is, the smallest equivalence
relation on the set of all walks in Q such that:

(a) If @ : x — y is an arrow, then o la ~ ey and aa™l ~ e,

b) Ifo = Zl'."zl Ajw; is a minimal relation, then w; ~ w; for all 7, j.

(c) Ifu ~ v, then wuw’ ~ wvw’ whenever these compositions make sense.

Let x € Qg be arbitrary. The set 71(Q, I, x) of equivalence classes u of closed walks u
starting and ending at u has a group structure defined by the operation & - ¥ = &v. Since Q
is connected, 1 (Q, I, x) does not depend on the choice of x. We denote it by 71 (Q, I) and
call it the fundamental group of (Q, I).

Let A = kQ4/1 be a presentation of a triangular algebra A as a bound quiver algebra.
The fundamental group 71(Q 4, I) depends essentially on I, so is not an invariant of A.
A triangular algebra A is called simply connected if, for any presentation A = kQ /1
of A as a bound quiver algebra, the fundamental group 7{(Q4, I) of (Qa, I) is trivial

[7].

Example 2.7 Let A = kQ/I be the bound quiver algebra given by the quiver Q of the
form

14

A : o S
5= 1>/ 2<—-4

B

and [ the ideal in the path algebra k Q of Q over k generated by the elements y 8, oo —adp,
ai, where a € k\ {0}. Then 71 (Q, I) is trivial. Moreover, the triangular algebra A is simply
connected. Indeed, any choice of a basis of rady /radﬁ will lead to at least one minimal
relation with target 1 and source i € {3, 4} or with target 5 and source 2.

Remark 2.8 1t is known, for example, that the following important classes of algebras are
simply connected: the iterated tilted algebras of Dynkin type (see [1, Proposition 3.5]), the
iterated tilted algebras of Euclidean types D, E,, n > 4, p = 6,7, 8, the tubular algebras
(see [7, Corollary 1.4]), and the pg-critical algebras (see [38, Corollary 3.3]).
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3 Almost Cyclic Coherent Auslander-Reiten components

3.1 Generalized Multicoil Algebras It has been proved in [32, Theorem A] that a con-
nected component I" of an Auslander—Reiten quiver I"4 of an algebra A is almost cyclic and
coherent if and only if I' is a generalized multicoil, that is, can be obtained, as a translation
quiver, from a finite family of stable tubes by a sequence of operations called admissible.
We recall briefly the generalized multicoil enlargements of algebras from [33, Section 3].

Given a generalized standard component I" of T4, and an indecomposable module X
in T, the support S(X) of the functor Homy (X, —)|r is the k-linear category defined as
follows [9]. Let Hx denote the full subcategory of I" consisting of the indecomposable
modules M in T" such that Homy (X, M) # 0, and Zx denote the ideal of Hx consisting of
the morphisms f : M — N (with M, N in Hx) such that Homu (X, f) = 0. We define
S(X) to be the quotient category Hx/Zx. Following the above convention, we usually
identify the k-linear category S(X) with its quiver.

Recall that a module X in mod A is called a brick if End (X) = k.

Let A be an algebra and I'" be a family of generalized standard infinite components
of I'4. For an indecomposable brick X in I', called the pivot, five admissible operations
are defined, depending on the shape of the support S(X) of the functor Homg (X, —)|r.
These admissible operations yield in each case a modified algebra A’ such that the mod-
ified translation quiver T'" is a family of generalized standard infinite components in the
Auslander—Reiten quiver T4/ of A" (see [32, Section 2] or [35, Section 4] for the figures
illustrating the modified translation quiver I'").

(ad 1) Assume S(X) consists of an infinite sectional path starting at X:

X=Xg—> X1 > Xo—> ---

Lett > 1 be a positive integer, D be the full # x ¢ lower triangular matrix algebra, and Y7, . . .,
Y; denote the indecomposable injective D-modules with ¥ = Y the unique indecomposable
projective-injective D-module. We set A’ = (A x D)[X @ Y]. In this case, I’ is obtained by
inserting in I" the rectangle consisting of the modules Z;; = (k, Xi®Yj, [}]) fori > 0,
1 <j<tandX]=(kX;,1) fori >0.Ifr = 0weset A’ = A[X] and the rectangle
reduces to the sectional path consisting of the modules X l/ ,1>0.

(ad 2) Suppose that S(X) admits two sectional paths starting at X, one infinite and the
other finite with at least one arrow:

Y« <V« Y I« X=Xg> X1 > X2~ ---

where ¢ > 1. In particular, X is necessarily injective. We set A’ = A[X]. In this case, '/ is
obtained by inserting in I" the rectangle consisting of the modules Z;; = (k, X ®Y;, [ % ])
fori > 1,1 <j<t,and X; = (k, X;, 1) fori > 0.

(ad 3) Assume S(X) is the mesh-category of two parallel sectional paths:

Yy - Y - - > Y

1 1 1

X=X0—> X1 —»> > X1 > Xy > -

with the upper sectional path finite and r > 2. In particular, X;_; is necessarily injective.
Moreover, we consider the translation quiver I” of " obtained by deleting the arrows ¥; —
rgl Y;_1. We assume that the union T of connected components of I” containing the modules
TXIY,-,I, 2 < i < t,is a finite translation quiver. Then Tisa disjoint union of T and
a cofinite full translation subquiver I'*, containing the pivot X. We set A" = A[X]. In this
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case, I'” is obtained from I'* by inserting the rectangle consisting of the modules Z;; =
(k. X; ®Y;,[1])fori > 1,1 <j <i,and X| = (k, X;, 1) fori > 0.
(ad 4) Suppose that S(X) consists of an infinite sectional path, starting at X

X=X0_>X1_>X2—>'~' and Y=Y1—)Y2—)..._)Yt

with + > 1, is a finite sectional path in I'4. Let r be a positive integer. Moreover, we
consider the translation quiver " of I" obtained by deleting the arrows ¥; — rA_] Yi—1. We
assume that the union T of connected components of T' containing the vertices r;lY,-, I,
2 < i < t,is a finite translation quiver. Then T is a disjoint union of T and a cofinite
full translation subquiver I'*, containing the pivot X. For r = O we set A’ = A[X & Y].
In this case, I’ is obtained from I'* by inserting the rectangle consisting of the modules
Zij=(k,Xi®Y;,[1]) fori >0,1 <<t and X] = (k, X;, 1) fori > 0.
For r > 1, let G be the full r x r lower triangular matrix algebra, Ui ;+1, U2 ;+1,
.., Uy 141 denote the indecomposable projective G-modules, U, 141, Uri42, ..., Uriyr
denote the indecomposable injective G-modules, with U, ;1 the unique indecomposable
projective-injective G-module. We define the matrix algebra

A 00...00]
Y k£0...00
Y kk...00

P
[

Y kk..kO
 X®Y kk .. kk]

with r + 2 columns and rows. In this case, I’ is obtained from I'* by inserting the following
modules
(k, Y7, 1) fors=1,1<l<t, | fori > 0 and
or 1 an
Ug =1k, Usy—1,1) for2<s=<r,1<l<t+s, Zj= (k, X, ® U, [l]) | < j_§t+r,
(k,0,0) for2<s<r,l=t+s,

and le = (k, X;, 1) fori > 0. In the above formulas Uy, is treated as a module over the

algebra Ay = A;—1[Us—1.1], where Ag = A and Up; = Y (in other words Ay is an algebra
consisting of matrices obtained from the matrices belonging to A’ by choosing the first s + 1
rows and columns).

We note that the quiver Q 4 of A’ is obtained from the quiver of the double one-point
extension A[X][Y] by adding a path of length r 4 1 with source at the extension vertex of
A[X] and sink at the extension vertex of A[Y].

For the definition of the next admissible operation we need also the finite versions of
the admissible operations (ad 1), (ad 2), (ad 3), (ad 4), which we denote by (fad 1), (fad 2),
(fad 3) and (fad 4), respectively. In order to obtain these operations we replace all infinite
sectional paths of the form X9 — X; — X, — --- (in the definitions of (ad 1), (ad 2),
(ad 3), (ad 4)) by the finite sectional paths of the form X9 — X; — X, — -+ — Xj.
For the operation (fad 1) s > 0, for (fad 2) and (fad 4) s > 1, and for (fad 3) s > ¢ — 1. In
all above operations X is injective (see the figures for (fad 1)—(fad 4) in [32, Section 2] or
[35, Section 4]).

(ad 5) We define the modified algebra A’ of A to be the iteration of the extensions
described in the definitions of the admissible operations (ad 1), (ad 2), (ad 3), (ad 4), and
their finite versions corresponding to the operations (fad 1), (fad 2), (fad 3) and (fad 4). In
this case, I’ is obtained in the following three steps: first we are doing on I" one of the
operations (fad 1), (fad 2) or (fad 3), next a finite number (possibly zero) of the operation
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(fad 4) and finally the operation (ad 4), and in such a way that the sectional paths starting
from all the new projective modules have a common cofinite (infinite) sectional subpath.
By an (ad 5)-pivot we mean an indecomposable brick X from the last (ad 4) operation used
in the whole process of creating (ad 5).

Moreover, together with each of the admissible operations (ad 1)—(ad 5), we consider
its dual, denoted by (ad 1*)—(ad 5*). These dual operations are also called admissible. Fol-
lowing [32], a connected translation quiver I" is said to be a generalized multicoil if I" can
be obtained from a finite family 77, 72, ..., 7T of stable tubes by an iterated application of
admissible operations (ad 1), (ad 1¥), (ad 2), (ad 2*), (ad 3), (ad 3*), (ad 4), (ad 4*), (ad 5)
or (ad 5*). If s = 1, such a translation quiver I is said to be a generalized coil. The admis-
sible operations of types (ad 1)—(ad 3), (ad 1*)—(ad 3*) have been introduced in [8-10], and
the admissible operations (ad 4) and (ad 4*) for » = 0 in [30].

Finally, let C be a (not necessarily connected) concealed canonical algebra and 7€ a
separating family of stable tubes of I'c. Following [33] we say that an algebra A is a gen-
eralized multicoil enlargement of C using modules from 7€ if there exists a sequence of
algebras C = Ag, A1,..., A, = A such that A;4; is obtained from A; by an admissi-
ble operation of one of the types (ad 1)—(ad 5), (ad 1*)—(ad 5*) performed either on stable
tubes of 74i, or on generalized multicoils obtained from stable tubes of 74i by means of
operations done so far. The sequence C = Ag, Ay, ..., A, = A is then called an admissi-
ble sequence for A. Observe that this definition extends the concept of a coil enlargement
of a concealed canonical algebra introduced in [10]. We note that a generalized multicoil
enlargement A of C invoking only admissible operations of type (ad 1) (respectively, of type
(ad 1%)) is a tubular extension (respectively, tubular coextension) of C in the sense of [41].
An algebra A is said to be a generalized multicoil algebra if A is a connected generalized
multicoil enlargement of a product C of connected concealed canonical algebras.

Proposition 3.2 [33, Proposition 3.7] Let C be a concealed canonical algebra, TC a sep-
arating family of stable tubes of T'c, and A a generalized multicoil enlargement of C using
modules from TC. Then T 4 admits a generalized standard family € of generalized mul-
ticoils obtained from the family TC of stable tubes by a sequence of admissible operations
corresponding to the admissible operations leading from C to A.

The following theorem, proved in [33, Theorem A], will be crucial for our further
considerations.

Theorem 3.3 Let A be an algebra. The following statements are equivalent:
(i) T4 admits a separating family of almost cyclic coherent components.
(ii) A is a generalized multicoil enlargement of a concealed canonical algebra C.

Remark 3.4 The concealed canonical algebra C is called the core of A and the number m
of connected summands of C is a numerical invariant of A. We note that m can be arbitrary
large, even if A is connected. Let us also note that the class of algebras with generalized
standard almost cyclic coherent Auslander—Reiten components is large (see [34, Proposition
2.9] and the following comments).

We note that the class of tubular extensions (respectively, tubular coextensions) of con-
cealed canonical algebras coincides with the class of algebras having a separating family
of ray tubes (respectively, coray tubes) in their Auslander—Reiten quiver (see [27, 29]).
Moreover, these algebras are quasitilted algebras of canonical type.
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We recall also the following theorem on the structure of the module category of an
algebra with a separating family of almost cyclic coherent Auslander—Reiten components
proved in [33, Theorems C and F].

Theorem 3.5 Let A be an algebra with a separating family €* of almost cyclic coherent
components in T 5, and Ty = PA U G4 U QA the associated decomposition of T . Then
the following statements hold.

(i) There is a unique full convex subcategory A = A(ll) X +oe X Ag,) of A which is
a tubular coextension of a concealed canonical algebra C = C X ... x Cy, such
that T yo) = pAY 740 Uy 0A” for a separating family T7AY of coray tubes
in T 0, PA = 'PA([), and A is obtained from AV by a sequence of admissible
operations of types (ad 1)~(ad 5) using modules from T4 .

(ii) There is a unique full convex subcategory A" = AY) X o X A,S:) of A which is
a tubular extension of a concealed canonical algebra C = Cy X ... X Cy, such
that T yo) = PpAY yTAY Y QA for a separating family TA" of ray tubes
inT 40, 04 = QA(Y), and A is obtained from AM by a sequence of admissible
operations of types (ad 1*)—(ad 5*) using modules from TAY,

(iii) A is tame if and only if AD and A" are tame.

In the above notation, the algebras A® and A are called the left and right quasitilted
algebras of A. Moreover, the algebras A(?) and A®) are tame if and only if A?) and A" are
products of tilted algebras of Euclidean type or tubular algebras.

Recall that an algebra A is strongly simply connected if every convex subcategory of A
is simply connected (see [44]). Clearly, if A is strongly simply connected then A is simply
connected. We need the following result proved in [31, Theorem 1.1].

Theorem 3.6 Let A be an algebra with a separating family of almost cyclic coherent
components in I 4 without exceptional configurations of modules. Then there are quotient
algebras AV = A(ll) X - X Af,? and AV = Agr) X e X Ag,f) of A such that the following
statements are equivalent:

(i) A is strongly simply connected.

(ii) Al(l) and Agr) are strongly simply connected, for anyi € {1, ..., m}.

4 Preliminary Results

4.1 Branch Extensions and Coextensions Let A be an algebra and A = kQ 4 /I be a pre-
sentation of A as a bound quiver algebra. For a given vertex v in Q 4, we denote by v~
(respectively, by ~ v) the set of all arrows of the quiver Q 4 starting at v (respectively, ter-
minating at v). Let now K be a branch at a vertex v € Q4 and E € mod A. Recall that
the branch extension A[E, K] by the branch K [41, (4.4)] is constructed in the follow-
ing way: to the one-point extension A[E] with extension vertex w (that is, rad P, = E)
we add the branch K by identifying the vertices v and w. If Ey,..., E, € mod A and
Ky, ..., K, is a set of branches, then the branch extension A[E;, K i]f’zl is defined induc-
tively as: A[E;, K;1'_, = (A[E;, K,-];’:_ll)[En, K, ). The concept of branch coextension is
defined dually.
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Lemma 4.2 Let A be a generalized multicoil enlargement of a concealed canonical algebra
C = Cy x -+ x Cy. Moreover, let C = Ay, ..., Ap = A(l),ApH,...,An = A be an
admissible sequence for A, j > p, X € ind A be an (ad 2) or (ad 3)-pivot, and A be
the modified algebra of Aj. If v is the corresponding extension point then there is a unique
vertex u € AO\ AV that satisfies:

(i) Each o € v~ is the starting point of a nonzero path wy € A(v, u).

(ii) There are at least two different arrows in v~ . Moreover, ifa, B € v, and o # B,

then wy — wg € 1.

Proof We know from [33, Section 4] that A®) is a unique maximal convex branch coex-
tension of C = C; x --- x C,, inside A, that is, A® = Bfl) X oo X B,(,f), where Bl.(l) is a
unique maximal convex branch coextension of C; inside A, i € {1, ..., m}. More precisely,
Bl.(l) :].;"I[KJ-, E;]C;, where K1, ..., K;; are branches, i € {1, ..., m}. Then there exists

s e{l,...,m}suchthatu e Bs(l) and A1 = A;[X]. If X is an (ad 2)-pivot (respectively,
(ad 3)-pivot), then in the sequence of earlier admissible operations, there is an operation of
type (ad 1*) or (ad 5*) which contains an operation (fad 1*) which gives rise to the pivot X
of (ad 2) (respectively, to the pivot X of (ad 3) and to the modules Y7, ..., Y; in the sup-
port of Hom4 (X, —) restricted to the generalized multicoil containing X - see definition
of (ad 3)). The operations done after must not affect the support of Homy4 (X, —) restricted
to the generalized multicoil containing X. Note that in general, in the sequence of earlier
admissible operations, there can be an operation of type (ad 5) which contains an opera-
tion (fad 4) which gives rise to the pivot X of (ad 2) (respectively, to the pivot X of (ad 3))
but from Lemma [33, Lemma 3.10] this case can be reduced to (ad 5*) which contains an
operation (fad 1%).

Let X be an (ad 2)-pivot, Aj;1 = A;[X], and u,uy,...,u, (Where X = I,, Y; =
I, fori e {1,...,t} - see definition of (ad 2)) be the points in the quiver 04 of Aj
corresponding to the new indecomposable injective A j-modules obtained after performing
the above admissible operation (ad 1*) or the operation (fad 1*). Then u, uy,...,u; €
AD_Since X = rad P,, there must be a nonzero path from v to each vertex w which is a
predecessor of u. Hence, each « € v~ is the starting arrow of a nonzero path from v to
u, and there are at least two arrows in v, namely: one from v to u, and one from v to a
point in Supp X1, where X is the immediate successor of X on the infinite sectional path
in S(X) (see definition of (ad 2)). Moreover, since P,(u) = X (u) = k, all paths from v to
u are congruent modulo /; . The bound quiver Q 4, , of Aj is of the form

j+l
Oy,
| =
/
ul%.'.%ut‘/

where A1 (v, u) is one-dimensional. From the proofs of [33, Theorems A and C], we
haveu € AD\ AV v e AO\NAD anduy, ..., u; € ADNAD,

Let now X be an (ad 3)-pivot, A; 1| = A;[X], and assume that we had r consecutive
admissible operations of types (ad 1*) or (fad 1¥), the first of which had X; as a pivot, and
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these admissible operations built up a branch K in A; with points u, uj, ..., u; in Q4;, s0
that X; | and ¥; are the indecomposable injective A j-modules corresponding respectively
to u and u, and both Y; and T;jl Y; are coray modules in the generalized multicoil con-
taining the (ad 3)-pivot X (where X, X;_1, X;, Y1 and Y; are as in the definition of (ad 3)).
Then u, u; € A and X is the indecomposable A ;-module given by: X (w) = 0if w < uy,
X(w) =kifu; < w, and X(w) = X,_1(w) in any other case. Since X = rad P,, there
must be a nonzero path from v to each vertex w which is a predecessor of u, but those which
are predecessors of u1. Hence, each « € v™ is the starting arrow of a nonzero path from v
to u, and there are at least two arrows in v, namely: one from v to u; and one from v to
a point in Supp X;, where X; is the immediate successor of X;_; on the infinite sectional
path in S(X) (see definition of (ad 3)). Moreover, since P,(u) = X;_i(u) = k, all paths

from v to u are congruent modulo /. The bound quiver Q4;,, of A4 is of the form

Qu,

S X
u R L\> v
\ul -
restofK‘

where A (v, u) is one-dimensional. Again, from the proofs of [33, Theorems A and C],
we have u € A® \ AV y e AD \ AD, u1 and the vertices of the branch K belong to
AD N AD, O

Lemma 4.3 Let A be a generalized multicoil enlargement of a concealed canonical algebra
C = Cy x -+ x Cy. Moreover, let C = Ay, ..., Ay = A(l),ApH,...,An = A be an
admissible sequence for A, j > p, X € ind A; be an (ad 1)-pivot, A1 be the modified
algebra of A;, and v be the corresponding extension point. Then the following statements
hold.
(i) If there is a vertex u € AV \ A" such that each a € v™ is the starting point of a
nonzero path wy € A(v, u), then:
(a) The vertex u is unique.
(b) There are at least two different arrows in v
(c) Ifa, B e v™, anda # B, then wy — wg € 1.
(ii) If X|c;, =0 foranyi € {1, ..., m}, then X is uniserial.

Proof Since X is an (ad 1)-pivot, the support S(X) consists of an infinite sectional path
X = X9 — X1 — Xo — --- starting at X. Let r > 1 be a positive integer, D be the full
t x t lower triangular matrix algebra, and Y1, ..., ¥; be the indecomposable injective D-
modules with Y the unique indecomposable projective-injective D-module (see definition
of (ad 1)).

(i) Again, we know from [33, Section 4] that AD is a unique maximal convex branch
coextension of C = C; x --- x C, inside A, that is, AV = Bfl) X +o0 X B,Sf), where
Bl.(l) is a unique maximal convex branch coextension of C; inside A,i € {1, ..., m}. More
precisely, Bl.([) :j:til[l(j, E;]C;, where K1, ..., K;; are branches, i € {1,..., m}. Assume
that there is a vertex u € A \ A®") such that each @ € v™ is the starting point of a
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nonzero path w, € A(v, u). Then there exists s € {1, ..., m} such thatu € Bs(l). Moreover,
Ajy1 = (A; x D)[X & Y] and the bound quiver QAj+1 |supp x is of the form

vV—>V —> - —> Uy
where vy, ..., v, are the points in the quiver QAj+1 of Aj;1 corresponding to the new

indecomposable projective A j;j-modules. Then Aj, is the extension of By) at X by
the extension branch K consisting of the points v, vy, ..., v, that is, we have A =
A;[X, K]. Since u does not belong to A and for any o € v™ it is the starting point of a
nonzero path wy, € A(v, u), we get that u is the coextension point of the admissible oper-
ation (ad 2*) or (ad 3*). By [10, Lemma 3.1] the admissible operations (ad 2*) and (ad 3*)
commute with (ad 1), so we can apply (ad 2*) after (ad 1) (respectively, (ad 3*) after (ad 1)).
Using now [10, Lemma 3.3] (respectively, [10, Lemma 3.4]), we are able to replace (ad 1)
followed by (ad 2*) (respectively, (ad 1) followed by (ad 3*)) by an operation of type (ad 1*)
followed by an operation of type (ad 2) (respectively, (ad 1*) followed by an operation of
type (ad 3)). Therefore, the statements (a), (b) and (c) follow from Lemma 4.2.

(ii) A case by case inspection (which admissible operation gives rise to the (ad 1)-pivot
X) shows that X is either simple module or the support of X is a linearly ordered quiver of
type A;. O

Lemma 4.4 Let A be a generalized multicoil enlargement of a concealed canonical algebra
C = Cy x -+ x Cy. Moreover, let C = Ay, ..., A, = A(l),A,,_H,...,An = A be an
admissible sequence for A, j > p, X € ind A be an (ad 4) or (ad 5)-pivot, Aj 1 be the
modified algebra of Aj, and v be the corresponding extension point. If there is a vertex
u € AON\ AV such that for pairwise different arrows ay, ..., ag; € v, q > 2 there are
paths @y, ..., w0, € A(v,u), then for arbitrary f,g € {1,...,q}, f # g one of the
following cases holds:

(i) At least one of wa;, wa, is zero path.

(ii) The paths Wq s, Wa, are NONZero and Wg; — Wo, € 1.

Proof Tt follows from [33, Section 4] that A%®) is a unique maximal convex branch coex-
tension of C = C; x --- x C, inside A, thatis, A® = Bfl) X oo X B,(,p, where Bl.(l) is a

unique maximal convex branch coextension of C; inside A, i € {1, ..., m}. More precisely,
Bl.(l) =j;il[Kj, E;]C;, where K1, ..., K;; are branches, i € {1, ..., m}. Assume that there
isavertexu € A® \ A® such that for pairwise different arrows a1, ..., € v, g > 2,
there are paths @y, . . ., o, € A(v, u). Then there exists s € {1, ..., m}suchthatu € Bs(l).

Let X be an (ad 4)-pivot and Y| — Y, — --- — Y; with ¢ > 1, be a finite sectional path
inT A (as in the definition of (ad 4)). Note that this finite sectional path is the linearly ori-
ented quiver of type A; and its support algebra A (given by the vertices corresponding to
the simple composition factors of the modules Y1, Ys, ..., ¥;) is a tilted algebra of the path
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algebra D of the linearly oriented quiver of type A,. From [41, (4.4)(2)] we know that A is a
bound quiver algebra given by a branch in x, where x corresponds to the unique projective-
injective D-module. Let I be a generalized multicoil of T'4,,, obtained by applying the
admissible operation (ad 4), where X is the pivot contained in the generalized multicoil 21,
and Y is the starting vertex of a finite sectional path contained in the generalized multicoil
Q1 or ;. So, I' is obtained from €21 or from the disjoint union of two generalized multi-
coils €21, Q27 by the corresponding translation quiver admissible operations. In general, 2
and 2, are components of the same connected algebra or two connected algebras. Hence,
we get two cases. In the first case X, Y] € Q) or X € @1, Y] € @ and 1, 2, are two
components of the same connected algebra. In the second case X € Qp, Y1 € Q3 and 1,
2, are two components of two connected algebras. Therefore, the bound quiver Q4 .., of

j+1
Aj11 in the first case is of the form

04,
e
. IX Supp X %—/ v
"
Wy e wq w M
Ba B2 Bi
for r = 0 and
04
[
u Supp X < v U]
ﬁd+1¢‘ ¥
wd Ba B W Bi v o vr v2

for » > 1, where the index r is as in the definition of (ad 4), v is the extension point of
A;[X], w is the extension point of A;[Y1], wy, ..., wg belong to the branch in w generated
by the supportof Y1 @ --- @ Y;, and afy ... B, = 0 forsome h € {1,...,d + 1}. In the
second case the bound quiver Q4,,, of A4 is of the form

oy

u Supp X v

;a/

Y Bd+1 wd B B Bi

for r =0 and

04,

u Supp X v V1

y wd e wl w ’v e ’v2
Ba+1 Ba B2 B o 4
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for » > 1, where the index r is as in the definition of (ad 4), v is the extension point of
A;[X], w is the extension point of A;[Y1], wy, ..., wy belong to the branch in w generated
by the supportof Y1 @ --- @ Y;, o1 ... B8, = O for some h € {1,...,d 4+ 1}, and y is
the coextension point of A; such that y € AD\ AT More precisely, y € Bs(f), where
s" € {1,...,m} and s’ # s. Moreover in both cases, we have P,(u) = X(u) = k or
Py(u) = X (u) = 0, and hence all nonzero paths from v to u are congruent modulo /1. So,
Ajy1(v, u) is at most one-dimensional. We note that in the first case, the definition of (ad 4)
(see the shape of the bound quiver Q4;,, of A1) implies that if the paths wq,, Wy, €
Aj+1(v, u) are nonzero and Wo; — W, €1, then there is also a zero path wgy, € Aj 1 (v, u)
forsomeh e {1,...,q},h # f # g.

Let X be an (ad 5)-pivot and I' be a generalized multicoil of T4, obtained by apply-
ing this admissible operation with pivot X. Then I' is obtained from the disjoint union of
the finite family of generalized multicoils 2, Q2, ..., €, by the corresponding translation
quiver admissible operations, 1 < e < [, where [ is the number of stable tubes of I'c used
in the whole process of creating I". Since in the definition of admissible operation (ad 5)
we use the finite versions (fad 1)—(fad 4) of the admissible operations (ad 1)—(ad 4) and the
admissible operation (ad 4), we conclude that the required statement follows from the above
considerations. O

Remark 4.5 Let A be a generalized multicoil enlargement of a concealed canonical algebra
C. We know from Theorems 3.3 and 3.5 that A can be obtained from A?) by a sequence of
admissible operations of types (ad 1)—(ad 5) or A can be obtained from A®) by a sequence
of admissible operations of types (ad 1*)—(ad 5*). We note that all presented above lemmas
can be formulated and proved for dual operations (ad 1*)—(ad 5*) in a similar way.

4.6 The Separating Vertex Let A be a triangular algebra. Recall that a vertex v of Q4 is
called separating if the radical of P, is a direct sum of pairwise nonisomorphic indecom-
posable modules whose supports are contained in different connected components of the
subquiver Q(v) of Q 4 obtained by deleting all those vertices u of Q 4 being the source of a
path with target v (including the trivial path from v to v).

We have the following lemma which follows from the proof of [44, Proposition 2.3] (see
also [2, Lemma 2.3]).

Lemma 4.7 Let A be a triangular algebra and assume that A = B[X], where v is the
extension vertex and X = radj Py. If B is simply connected and v is separating, then A is
simply connected.

Let D be the same as in the definition of (ad 1), that is, the full # x # lower triangular
matrix algebra. Denote by Y1, ..., ¥; the indecomposable injective D-modules with Y = Y}
the unique indecomposable projective-injective D-module.

Lemma 4.8 Let A be a triangular algebra and assume that A = (B x D)[X @ Y], where v
is the extension vertex and X @ Y = rady Py. If B is simply connected and v is separating,
then A is simply connected.

Proof Since the module P, is a sink in the full subcategory of ind A consisting of projec-
tives, the vertex v is a source in Q4. Moreover, A = (B x D)[X & Y], where X is the
indecomposable direct summand of rad4 P, that belongs to mod B and Y is a directing
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module (that is, an indecomposable module which does not lie on a cycle in ind A) such that
radq P, = X @ Y. Therefore, the proof follows from the proof of [44, Proposition 2.3] (see
also the proof of Lemma 2.3 in [2]). O

4.9 The Pointed Bound Quiver In order to carry out the construction of the free product
of two fundamental groups of bound quivers, and in analogy with algebraic topology where
pointed spaces are considered, one can define a pointed bound quiver (Q, I, x), that is, a
bound quiver (Q, I) together with a distinguished vertex x (see [13, Section 3]). Given two
pointed bound quivers Q' = (Q', I’, x’) and Q" = (Q”, I”, x”), we can assume, without
loss of generality, that Qj N Qp = Q] N Qf = @. We define the quiver 0 = Q' LI Q"
as follows: Qg is Q( U Qf in which we identify x" and x” to a single new vertex x, and
Q1 = Q|UQ]. Then, Q" and Q" are identified to two full convex subquivers of Q, so walks
on Q' or Q" can be considered as walks on Q. Thus, I’ and I” generate two-sided ideals of
k Q which we denote again by I’ and I”. We define I to be the ideal I’ +1" of kQ. It follows
from this definition that the minimal relations of I are precisely the minimal relations of 1’
together with the minimal relations of I give the minimal relations needed to determine the
homotopy relation on (Q, I). Moreover, we can consider an element w € 71(Q’, I, x) as
an element W € 71(Q, I, x) (we denote by w the homotopy class of a walk w). Conversely,
any (reduced) walk w in Q has a decomposition w = wjw{wjw} ... w,w,, where w; and
w! are walks in Q' and Q" for i € {1, ..., n}, respectively. Moreover, this decomposition
is unique, up to reduced walk, and compatible with the homotopy relations involved. This
leads us to the following proposition.

Proposition 4.10 [13, Proposition 3.1] With the notations above we have:
(i) (Q,1,x) is the coproduct of (Q',1',x") and (Q",1”,x") in the category of
pointed bound quivers.
(i) m(Q, I, x) = m(Q, I, x"YUm(Q", 1", x").

5 Proof of Theorem 1.1

The aim of this section is to prove Theorem 1.1 and recall the relevant facts.

We know from Theorem 3.3 that the Auslander—Reiten quiver ["4 of A admits a separat-
ing family of almost cyclic coherent components if and only if A is a generalized multicoil
enlargement of a concealed canonical algebra C.Let C = C; xCy X -+ - X Cy X Cp41 X+ -+ X
C,, be a decomposition of C into product of connected algebras such that Cy, Ca, ..., C;
are of type (p1, p2) and Cj41, Ci42, . .., Cy, are of type (p1, ..., p;) witht > 3. Following
[36], by h; we denote the number of all stable tubes of rank one from I'c;, with 1 <i <,
used in the whole process of creating A from C, and h; = 0,if [+ 1 < i < m. Moreover, let

0 if C; is of type (p1, ..., py) witht > 3
1 if C; is of type (p1, p2) with p1, p2 > 2

T\ 2if Ciisof type (p1. pa) with py = 1, pp > 2
3 if C; is of type (p1, p2) with p1 = pr =1,
fori e {1,...,m}. We define also fc;, = max{e; — h;,0}, fori € {I,...,m} and set

fa=Y0 fo = Z§=1 fc;- Note that we can apply the operations (ad 4), (fad 4), (ad 4*),
(fad 4*) in two ways. The first way is when the sectional paths occurring in the definitions
of these operations come from a component or two components of the same connected
algebra. The second one is, when these sectional paths come from two components of two
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connected algebras. By d4 we denote the number of all operations (ad 4), (fad 4), (ad 4*) or
(fad 4*) which are of the first type, used in the whole process of creating A from C.

The Hochschild cohomology of a connected generalized multicoil algebra A has been
described in [36, Theorem 1.1] using the numerical invariants of A (fa, d4 and the others),
depending on the types of admissible operations (ad 1)—(ad 5) and their duals, leading from
a product C of concealed canonical algebras to A. Here, we will only need information
about the first Hochschild cohomology of A, namely from [36, Theorem 1.1(iii)] we have:

Theorem 5.1 Let A be a connected generalized multicoil algebra. Then dimy H'(A) =
dg + fa.

We are now able to complete the proof of Theorem 1.1.

Since A is tame, we may restrict to the generalized multicoil enlargements of tame
concealed algebras. Namely, we have the following consequence of Theorem 3.3 and
[33, Theorem F]: A is tame and I'4 admits a separating family of almost cyclic coherent
components if and only if A is a tame generalized multicoil enlargement of a finite family
Ci, ..., Cy of tame concealed algebras (concealed canonical algebras of Euclidean type).

We first show the necessity. Suppose that A is simply connected. We must show that the
first Hochschild cohomology H'(A) of A vanishes. Assume to the contrary that H'(A) #
0. Then by Theorem 5.1, d4 + fa # 0. If d4 # O, then it follows from the proof of
Lemma 4.4 (and its dual version) that A is not simply connected, a contradiction. Therefore,
we may assume that d4 = 0 and f4 # 0. Since f4 = Zé:l max{e; — h;, 0} # 0, we get
that max{e; —h, 0} # O for some j € {1, ..., [}. Note that, from Lemmas 4.2, 4.3, 4.4 and
their proofs (and also from their dual versions - see Remark 4.5), we know how the bound
quiver algebra changes after applying a given admissible operation. We have three cases to
consider:

(1) Assume that the algebra C; is of type (pi, p2) with py, p» > 2. Thene; = 1 and
hj = 0. The bound quiver algebra A = kQ/I is given by the quiver Q which can be
visualized as follows:

2 part B ’—) o

where [ the ideal in the path algebra kQ of Q over k generated by the elements a1, a2y1,
e1y1 — &2y2, B2k, ap 1w, dap,, 1 Bp,—1, 02039, elements from parts A, B, D of Q, and
elements from C;. Therefore, 1 (Q, I) is not trivial and so A is not simply connected. More
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precisely, it follows from Proposition 4.10 that 1 (Q, I) = Z Uy (A) Um(B) Ux (D) U
71(Ci).

(2) Assume that the algebra C; is of type (p1, p2) with py =1, po > 2. Thene; = 2,
hj = 0orhj = 1 and we have two subcases to consider. If ¢; = 2 and h; = 0, then
the bound quiver algebra A = kQ/I is given by the quiver Q which can be visualized as
follows:

where I the ideal in the path algebra kQ of Q over k generated by the elements y,,
Bp,—10, 0181, 02030, elements from parts A, B of Q, and elements from C;. There-
fore, 71(Q, I) is not trivial and so A is not simply connected. More precisely, it follows
from Proposition 4.10 that 71(Q, 1) = Z U 71(A) U 71 (B) L 71(C;). If e; = 2 and
hj = 1, then the bound quiver algebra A = kQ/J is given by the quiver Q which can
be visualized as in the previous subcase with the ideal J of kQ generated by the elements
yor—ayBp, ... B2B1, Bp—1w, 01B1, 02039, elements from parts A, B of 0, and elements
from C;, where a € k\ {0}. Note that in general, we can apply to a stable tube 7 of one of the
following admissible operations: (ad 1), (ad 4), (ad 5) or their dual versions (with an infinite
sectional path belonging to 7). Since &; = 1, we applied (in the above visualization) an
admissible operation from the set S = {(ad 1), (ad 4), (ad 5)} to the algebra C; with pivot
the regular Cj-module corresponding to the indecomposable representation of the form

1

N A

k k k k
1 1

k k

lying in a stable tube of rank 1 in Lc; (see [42, XIIL.2.4(c)]), where a € k \ {0}. More
precisely, if we apply (ad 1) with parameter + = 0, then we have to remove the arrow
¢ and the part B. Observe also that A is not simply connected, because A is isomorphic
to the algebra A’ = kQ/J’, where the ideal J' of kQ is generated by the elements of
J\A{yor —ayBp, ... f2B1} U {yai} and 71(Q, J') is not trivial. Again, it follows from
Proposition 4.10 that 71 (Q, J') = Z U 1 (A) Um(B) Um(C;). If we apply an admissible
operation from the set S* = {(ad 1*), (ad 4*), (ad 5%)} to the algebra C}, the proof follows
by dual arguments.

(3) Assume that the algebra C; is of type (p1, p2) with py = p» = 1. Then e; = 3,
hj=0,hj =1orhj; =2 and we have three subcases to consider. Note that in this case all
stable tubes in FC/ have ranks equal to 1. Now, ife; =3 and h; = 0, then j =/ = 1 and

the path algebra A = kQ is given by the Kronecker quiver Q: o i o . Therefore,
B
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m1(Q) = Z and so A is not simply connected. If ¢; = 3 and h; = 1, then the bound quiver
algebra A = kQ/J is given by the quiver Q which can be visualized as follows:

oéo 4 o £ TJ part A
B

with the ideal J in the path algebra kQ of Q over k generated by the element yo — ay
and elements from part A (the rest of Q), where a € k \ {0}. Since h; = 1, we applied
(in the above visualization) an admissible operation from the set S to the algebra C; with
pivot the regular C;j-module corresponding to the indecomposable representation of the

1
form k ==———= k lying in a stable tube of rank 1 in L¢; (see [42, X111.2.4(c)]), where
a

a € k \ {0}. More precisely, if we apply (ad 1) with parameter + = 0, then we have to
remove the arrow ¢ and the part .A. Observe also that A is not simply connected, because
A is isomorphic to the algebra A’ = kQ/J’, where the ideal J' of kQ is generated by
the elements of J \ {ya — ayB} U {ya} and m1(Q, J’) is not trivial. Again, it follows
from Proposition 4.10 that 1 (Q, J') = Z U w1 (A). Moreover, if we apply an admissible
operation from the set S* to the algebra C, the proof follows by dual arguments. If e; = 3
and ij = 2, then the bound quiver algebra A = kQ/L is given by the quiver Q which can
be visualized as follows:

part.A% L oo ’ ox=——o 4 o—° >leart[3
B

with the ideal L of kQ generated by the elements yo — ayf, @§ — bf$, yad and elements
from parts A, B of Q, where a,b € k \ {0} and a # b. Since h; = 2, we applied (in
the above visualization) one admissible operation from the set S and one from the set S*
to the algebra C; with pivots the regular Cj-modules corresponding to the indecomposable
representations of the form

k : k and k : k
a b

lying in different stable tubes of rank 1 in I'c ; (see [42, XII1.2.4(c)]), where a, b € k \ {0}
and a # b. More precisely, if we apply (ad 1) (respectively, (ad 1*)) with parameter = 0,
then we have to remove the arrow ¢ and the part B3 (respectively, the arrow A and the part
A). Observe also that A is not simply connected, because A is isomorphic to the algebra
A’ = kQ/L’, where the ideal L’ of kQ is generated by the elements of L\ {ya —ayf, ad —
bB8} U {ya, ad} and w1 (Q, L) is not trivial. Again, it follows from Proposition 4.10 that
71(Q, L") =Z U (A) Um(B). In a similar way, one can show all the cases of applying
two admissible operations from the set S U §* to any two stable tubes of rank one from the
Auslander—Reiten quiver of the Kronecker algebra.

We now show the sufficiency. We know from Theorem 3.5 that there is a unique full

convex subcategory AY = AEZ) X o X A,(,ll) of A which is a tubular coextension of the
product C; X ... x C, = C of a family Cy, ..., C,, of tame concealed algebras (see

remarks immediately after Theorem 5.1) such that A is obtained from A?) by a sequence
of admissible operations of types (ad 1)—(ad 5). We shall prove our claim by induction on
the number of admissible operations leading from A®) to the algebra A. Note that we can
apply an admissible operation (ad 2), (ad 3), (ad 4) or (ad 5) if the number of all successors
of the module Y; (which occurs in the definitions of the above admissible operations) is
finite for each 1 < i < r. Indeed, if this is not the case, then the family of generalized
multicoils obtained after applying such admissible operation is not sincere, and then it is not
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separating. Let C = Ao, ..., A, = AD, Apii, ..., Ay = Abe an admissible sequence for
A and assume that A, = A. In this case A is tame quasitilted algebra and our claim follows
from [3, Theorem A]. Let k > p, A = Aj41 and assume that A is simply connected.
Moreover, let v be the extension point of Ay and X € ind Ay be the pivot of the admissible
operation. Since H 1(A) = 0, the vertex v is separating, by [44, Lemma 3.2]. Note that if
the admissible operation leading from Ay to A is of type (ad 1), (ad 2) or (ad 3), then Ay is
a connected algebra.

If X is an (ad 1)-pivot, then A = Ax[X] or A = (Ax x D)[X & Y], whererady P, = X
orradg P, = X @ Y respectively, D is the full # x ¢ lower triangular matrix algebra over
k for some ¢ > 1, and Y is the unique indecomposable projective-injective D-module (see
definition of (ad 1)). Applying Lemma 4.7 or Lemma 4.8 respectively, we conclude that A
is simply connected.

If X is an (ad 2)-pivot or (ad 3)-pivot, then A = Ax[X], where rady P, = X. Applying
Lemma 4.7, we conclude that A is simply connected.

Let X be an (ad 4)-pivotand Y =Y, — Y, — --- — Y; with ¢t > 1 be a finite sectional
pathinT'4,. Then, forr =0, A = A([X @ Y], and forr > 1,

Ay 00...00
Y k£0...00
Y kk...00

Y kk..kO
 X®Y kk.. k]

with » +2 columns and rows (see definition of (ad 4)). We note that Y; is directing A-module
foreach 1 < i < t. Indeed, since H' (A) =0, we getdy = 0, and so Ay is not connected.
Now, if r = 0, then A = Ax[X @ Y] and rady4 P, = X @ Y. Then it follows from
Lemma 4.7 that A is simply connected.
If r > 1, then observe that the modified algebra A of A; can be obtained by applying
r 4+ 1 one-point extensions in the following way: A,(co) = ArlUo1l, A,il) = A,({O)[U“],
AP = AW, .., AVTY = AV WU,— 1] and finally A = A = AUV X @ U],

)

where Ug; = Y, Uj; is a projective A,((’fl -module such that radA(,;l) Ujt = Uj-1,1, for
k

r > 1,1 < j <r.Wedenote by v; the extension vertex of A,(ijl), for 1 < j <r. Since the
vertex v1 of @, is separating and rad , o) Py, = U1, applying Lemma 4.7, we conclude
k k

that the algebra A,((O) is simply connected. Further, since the vertex v, of Q A is separating,
k
rad A Py, = Ujy, and A](CO) is simply connected, it follows from Lemma 4.7 that A,((l) is
k

simply connected. Iterating a finite number of times the same arguments, we get that A,(:_l)
is simply connected. Finally, since the vertex v of Q4 is separating andrad4 P, = X ® U, 1,
applying again Lemma 4.7, we get that A is simply connected.

Let X be an (ad 5)-pivot. Since in the definition of admissible operation (ad 5) we use
the finite versions (fad 1)—(fad 4) of the admissible operations (ad 1)—(ad 4) and the admis-

@ Springer



Simply Connected Algebras 943

sible operation (ad 4), we conclude that the required statement follows from the above
considerations.
This finishes the proof of Theorem 1.1.

6 Proof of Theorem 1.2

Let A be a generalized multicoil algebra. Then A is a connected generalized multicoil
enlargement of a concealed canonical algebra C.Let C = C; xCy X -+ - X Cy X Cp41 X+ -+ X
C,, be a decomposition of C into product of connected algebras such that Cy, Ca, ..., C;
are of type (p1, p2) and Cj+1, Ci42, ..., Cp are of type (p1, - .., p;) witht > 3. Since C;,
i €{1,...,m}, are simply connected, we get [ = 0. Moreover, by the assumption, the sec-
tional paths occuring in the definitions of the operations (ad 4), (fad 4), (ad 4*), (fad 4*)
come from two components of two connected algebras. Applying Theorems 3.3 and 3.5 we
infer that there exists a unique factor algebra A?) = Agl) X e X A%) of A which is a tubu-
lar coextension of a concealed canonical algebra C = C| x ... x Cy,, and a unique factor
algebra A?) = A(lr) X e X AEJ) of A which is a tubular extension of a concealed canoni-
cal algebra C = C; x ... x Cp,. Since A® and A?) are quasitilted algebras (of canonical
types), the equivalence (ii) and (iv) follows from [26, Theorem 1]. Clearly, (v) implies (i).

We now show that (i) implies (iii). Since all algebras C1, ..., C,, are of type (p1, - .., pr)
with t > 3 (I = 0), we get f4 = 0. Assume to the contrary that H!(A) # 0. Then, by
Theorem 5.1, dg + fa # 0. Therefore, d4 # 0 and it follows from the proof of Lemma 4.4
(and its dual version) that A is not simply connected, a contradiction with (i).

We show that (iii) implies (iv). Assume to the contrary that there exists i € {1, ..., m}
such that H 1(A;l)) # 0or H 1(Al@) # 0. Without loss of generality, we may assume
that HI(AI(I)) # 0 for some i € {1, ..., m}. Since Al@ is a tubular coextension of a con-
cealed canonical algebra C;, we have that Al@ is a generalized multicoil enlargement of C;,
and so, by Theorem 5.1, dimy H 1 (Al@) =d A0+ f W0 Moreover, by our assumption on
C;, we have ng) = 0. Hence dA(_/) # 0. Sinlce da é dA(/),
(ii). l ' '

In order to finish the proof we will show that (iv) implies (v). Assume that H 1 (AEI) ) =
0 and Hl(AEr)) = 0, forany i € {1,...,m}. We know that for each i € {1,...,m},
Agl) (respectively, Al(r)) is a tubular coextension (respectively, extension) of a concealed
canonical algebra C; of type (p1,..., pr), t > 3 and HYC) =0, by [20, Theorem 2.4].
Then H'(B) = 0 for every full convex subcategory B of A;l) (respectively, Al(r)). Therefore,

we get a contradiction with

it follows from [44, Theorem 4.1] that A?l) and Al@ are strongly simply connected, for any
i € {1,...,m}. Moreover, by our assumption on A, the Auslander—Reiten quiver I"4 does
not contain exceptional configurations of modules. Applying now Theorems 3.3 and 3.6 we
infer that A is strongly simply connected.

7 Examples

We start this section with the following remark.
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Remark 7.1 We can apply Theorem 1.1 to important classes of algebras. For example, to the
cycle-finite algebras with separating families of almost cyclic coherent Auslander—Reiten
components. Indeed, it is known (see [8]) that every cycle-finite algebra is tame.

Example 7.2 Let A = kQ/I be the bound quiver algebra given by the quiver Q of the form

18

W — N < =
N<—0 —> W

§ 15
I
4 A K
12 13 14 17
ig
16 §
20 21 22

and [ the ideal in the path algebra kQ of Q over k generated by the elements of, y3,
ne, k@, xk, va. Then A is a generalized multicoil enlargement of a concealed canonical
algebra C, where C is the hereditary algebra of Euclidean type D¢ given by the vertices

1,2, ..., 7. Indeed, consider the dimension-vectors
00 00
0 09 000 100
0 00 010 000 000 000
a; = 010, ap = 010,a3 = 010, a4 = 00 ,as = 00 ,a¢ = 00
00 010 10 00 00 00
0 001 01% 0080

We apply (ad 1*) with pivot the simple regular C-module with vector ay, and with parameter
t = 0. The modified algebra Bj is given by the quiver with vertices 1,2, ..., 8 bound by
aBf = 0. Now, we apply (ad 1*) with pivot the indecomposable Bj-module with vector a3,
and with parameter 1 = 2. The modified algebra B, is given by the quiver with vertices
1,2,...,11 bound by @ = 0. Next, we apply (ad 1*) with pivot the indecomposable B,-
module with vector a3, and with parameter 1 = 3. The modified algebra B3 is given by
the quiver with vertices 1, 2, ..., 15 bound by a8 = 0, y§ = 0. In the next step we apply
(ad 1*) with pivot the indecomposable B3-module with vector a4, and with parameter t = 0.
The modified algebra By is given by the quiver with vertices 1,2, ..., 16 bound by a8 = 0,
y8 = 0, ne = 0. Next, we apply the admissible operation (ad 5) in two steps. The first
step: we apply the operation (fad 3) with pivot the indecomposable Bs-module with vector
as, and with parameters ¢t = 3, s = 2. The modified algebra Bs is given by the quiver with
vertices 1,2, ...,17 bound by e = 0, y§ = 0, ne = 0, kLo = 0. The second step: we
apply the operation (ad 4) with pivot the indecomposable Bs-module with vector ag, and
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with a finite sectional path consisting of the indecomposable Bs-modules with dimension-
vectors

00 00 00 00
000 000 000 000
000 000 000 000
0o — 00 — 00 — 00
00 00 01 00
0011 0011 0011 0001
1 0 0 0

and with parameter r = 4. The modified algebra is equal to A.

Then the left quasitilted algebra A® of A is the convex subcategory of A being the
bound quiver algebra kQ® /1 where Q) is a full subquiver of Q given by the vertices
1,2,...,16 and IV = kQ® N I is the ideal in kQ®. The right quasitilted algebra A of
A is the convex subcategory of A being the bound quiver algebra k Q") /1) where Q) is
a full subquiver of Q given by the vertices 1,2, ...,7,14,15,..., 18 and 10 = kQ(’) [y
is the ideal in k Q). Note that A?) and A" are tame.

It follows from Theorems 3.3, 3.5(iii) and the above construction that the Auslander—
Reiten quiver I'4 of the tame algebra A = kQ/I admits a separating family of almost
cyclic coherent components. Further, 71 (Q, I) = Z and hence A is not simply connected.
Moreover, by Theorem 5.1, the first Hochschild cohomology space H'(A) = k (dy =
1, fA~= 0). We also note that, since AD and AD are tame tilted algebras of Euclidean
type D such that H'(A®) = 0 and H'(A")) = 0, it follows from [5, Theorem] that A®
and AT are simply connected (and even strongly simply connected from [5, Corollary]).
We refer to [33, Example 4.1] (see also [35, Example 9.13]) for a more extensive example
of the tame algebra with a separating family of almost cyclic coherent components which
is not simply connected. Finally, we also mention that A is a generalized multicoil algebra
such that "4 contains the exceptional configurations of modules.

Example 7.3 We borrow the following example from [31]. Let A = kQ/I be the bound
quiver algebra given by the quiver Q of the form

1 5 20 23
] N
2—>4—>6 B<— 2
» o
T B l/ & / Tfl
3 8 7 19—V 2 21 k) 24
& \L{z
&
9<— 10 18 <~—" 03
T N
5 1 15 TR 33
X I
o A K
12 13 14 17 29 <—30<—31
ig
16

and [ the ideal in the path algebra kQ of Q over k generated by the elements «f, y 3, ne,
KAQ, @3V, o4, E301, 191, §192, §2836281 — 1, w12, T w) — Taw2, kA, vE]. Then A is
a generalized multicoil enlargement of a concealed canonical algebra C = Cy x Ca, where
C) is the hereditary algebra of Euclidean type Dg given by the vertices 1,2, ..., 7, and C3
is the hereditary algebra of Euclidean type D5 given by the vertices 20, 21, .. ., 24. Indeed,
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we apply (ad 1*) to C; with pivot the simple regular Ci-module S4, and with parameter
t = 0. The modified algebra Bj is given by the quiver with the vertices 1,2, ..., 8 bound
by af = 0. Next, we apply (ad 1*) to B; with pivot the indecomposable injective Bj-
module /3, and with parameter ¢+ = 2. The modified algebra B, is given by the quiver with
the vertices 1,2, ..., 11 bound by @« = 0. Now, we apply (ad 1*) to B, with pivot the
indecomposable B>-module 7,510, and with parameter + = 3. The modified algebra B3
is given by the quiver with the vertices 1, 2, ..., 15 bound by e = 0, y§ = 0. Next, we
apply (ad 1*) to B3 with pivot the simple B3-module Si4, and with parameter ¢ = 0. The
modified algebra By is given by the quiver with the vertices 1, 2, ..., 16 bound by o = 0,
y8 = 0, ne = 0. In the next step we apply (ad 1*) to C, with pivot the simple regular
C>-module S77, and with parameter t = 3. The modified algebra Bs is given by the quiver
with the vertices 20, 21, ..., 28 bound by ¢3¢ = 0, g4 = 0. Now, we apply (ad 1*) to
Bs with pivot the simple Bs-module S»7, and with parameter t = 2. The modified algebra
Bg is given by the quiver with the vertices 20, 21, ..., 31 bound by ¢3¢ = 0, g4 = O,
& w1 = 0. Next, we apply (ad 2) to Bg with pivot the indecomposable injective Bg-module
I>s5, and with parameter t+ = 3. The modified algebra B7 is given by the quiver with the
vertices 20, 21, ...,32 bound by ¢3¢ = 0, p4¢¥ = 0, &w1 = 0, {1901 = 0, L1992 = 0,
0&36& = 1. Now, we apply (ad 3) to B7 with pivot the indecomposable B7-module
78,530, and with parameter t = 2. The modified algebra By is given by the quiver with the
vertices 20, 21, ...,33 bound by ¢3¢ = 0, o4 = 0, &3w1 = 0, {1901 = 0, L1 = 0,
0&3&E = 1y, m& = 0, myw; = mw,. Finally, we apply (ad 5) to B4 x Bg in two
steps. The first step: we apply (fad 3) with pivot the indecomposable B4-module 7,514,
and with parameters t = 3, s = 2. The modified algebra By is given by the quiver with
the vertices 1,2, ..., 17 bound by ¢ = 0, y8 = 0, ne = 0, kLo = 0. The second step:
we apply (ad 4) with pivot the simple Bg-module Szs, and with the finite sectional path
I — 1ByS15 — Iia — Si7 consisting of the indecomposable Bg-modules, and with
parameters t = 4, r = 1. The modified algebra is equal to A.

Then the left quasitilted algebra A?) of A is the convex subcategory of A being the
product A® = Ail) X Ag) , where A&l) = kQY)/ 1 1(1) is the branch coextension of the tame
concealed algebra Ci, Q(ll) is a full subquiver of Q given by the vertices 1,2, ..., 16 and
Il(l) = kQ(ll) N1 is the ideal in kQ(l), Ag) = ng)/IQ(l) is the branch coextension of the tame
concealed algebra C, Qg) is a full subquiver of Q given by the vertices 20, 21, ..., 31 and

12(1) = ng) N I is the ideal in kQél). The right quasitilted algebra A" of A is the convex
subcategory of A being the product A" = A(lr) X Ag‘), where Agr) =Cy, Ag) = ng)/Iz(r)
is the branch extension of the tame concealed algebra C3, Qg) is a full subquiver of Q given
by the vertices 14, 15, ..., 24,26, 27, 28,30, 31, 32,33 and I = kQ}’ N1 is the ideal in
kQ(zr). Note that Agl), Ag), Agr) and Ag') are tame.

It follows from Theorems 3.3, 3.5(iii) and the above construction that A is tame and
I'4 admits a separating family of almost cyclic coherent components. Moreover, by Theo-
rem 5.1, the first Hochschild cohomology space H'(A) = 0 (d4a = 0, f4 = 0). Then, a
direct application of Theorem 1.1 shows that the algebra A is simply connected. In fact, it
follows from [31, Theorem 1.2] that A is strongly simply connected. We also note that, since
A(ll), Ag) , AY) and Ag) are tame tilted algebras of Euclidean type D such that H'! (Af)) =0,
H'(AV) =0, H'(A") = 0and H'(AY) = 0t follows from [5, Theorem] that A\, A,
AY) and A(zr) are simply connected (and even strongly simply connected from [5, Corol-
lary]). Finally, we mention that C, C, are simply connected, A is a generalized multicoil
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algebra, I'4 does not contain exceptional configurations of modules, and so this example
illustrates also Theorem 1.2.

Example 7.4 Let A = kQ/I be the bound quiver algebra given by the quiver Q of the form

12
B3<—14<—15

o B £ K
16 1 2 3 11 12 6<;7<—8
of I of Je
S<—m4 10 9 17

n g

and / the ideal in the path algebra k Q of Q over k generated by the elements ay fai — 30X,
ye, brovp — wng, L, ok, where a,b € k \ {0}. Then A is a generalized multicoil
enlargement of a concealed canonical algebra C = C; x C3, where C| is the hereditary
algebra of Euclidean type A4 given by the vertices 1,2,...,5, and C; is the hereditary
algebra of Euclidean type A4 given by the vertices 6, 7, ..., 10. Indeed, we apply (ad 1%)
to C with pivot the simple regular C1-module S3, and with parameter ¢ = 2. The modified
algebra Bj is given by the quiver with the vertices 1,2, ..., 5, 11, 12, 13 bound by y¢ = 0.
Next, we apply (ad 4) to B; x C, with pivot the simple regular C>-module S7 and with
the finite sectional path I;, — Sj3 consisting of the indecomposable Bj-modules, and
with parameters ¢+ = 2, r = 1. The modified algebra B, is given by the quiver with the
vertices 1,2, ..., 15 bound by ye = 0, ¢ = 0, ok = 0. Now, we apply (ad 1*) with
parameter t = O to the algebra B, with pivot the regular C1-module corresponding to the
indecomposable representation of the form

k
|
k
lying in a stable tube of rank 1 in I'c, (see [42, XIIL.2.4(c)]). The modified algebra Bs is
given by the quiver with the vertices 1,2,...,16 bound by ye = 0, {u = 0, ok =
0, ayBar = SoA, where a € k \ {0}. Finally, we apply (ad 1) with parameter t = 0

to the algebra B3 with pivot the regular C>-module corresponding to the indecomposable
representation of the form

1

<% el
1

-

N

k<2 k<1

] £

k ~— k
lying in a stable tube of rank 1 in I'c, (see [42, XIII.2.4(c)]). The modified algebra is then
equal to A.

Then the left quasitilted algebra A?) of A is the convex subcategory of A being the
product A® = Agl) X A(zl), where A%l) = ngl)/ll(l) is the branch coextension of Cj,
Q(Z) is a full subquiver of Q given by the vertices 1,2, ...,5, 11, 12, 13, 16 and [, O =
kQ(Z) N I is the ideal in kQ(l), A(Z) C>. The right quasmlted algebra A" of A is the
convex subcategory of A being the product A?) = AY) Ag) , Where AY) =Cy, Ag) =
kQ(' Y 1{" is the branch extension of Cs, Qg) is a full subquiver of Q given by the vertices
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6,7,...,10,12,13,14,15,17 and I.” = k@Y’ N I is the ideal in kQY”. Note that A",
Ag), A(lr) and Ag) are tame.

It follows from Theorems 3.3, 3.5(iii) and the above construction that A is tame and
I'4 admits a separating family of almost cyclic coherent components. Moreover, we have
h =1e =1h =1e =1 fc, =0, fc, =0, fa = fe, + fc, = 0, and
ds = 0. Therefore, by Theorem 5.1, the first Hochschild cohomology space H'(A) = 0.
Then, a direct application of Theorem 1.1 shows that the algebra A is simply connected. We
note that, by [19, Proposition 1.6], Hl(Ag)) =k, HI(AY)) = k. Since AEZ) and Ag) are
generalized multicoil algebras, we get by Theorem 5.1 that H' (A&l)) =0, H! (Ag)) =0
We also mention that AY) =Cy, Ag ) — C, are not simply connected, Agl), Ag) are simply
connected, by [3, Theorem A], and so A is not strongly simply connected. Moreover, by
the above construction we know that A is a generalized multicoil algebra, such that "4
does not contain exceptional configurations of modules. Therefore, this example shows that
simple connectedness assumption imposed on the considered concealed canonical algebras
is essential for the validity of Theorem 1.2.

We end this section with an example of a wild generalized multicoil algebra, illustrating
Theorem 1.2.

Example 7.5 Let A = kQ/I be the bound quiver algebra given by the quiver Q of the form

20 4> 21
g lel N
) m N1
1 —— 22 32 <— 31 —> 25
/ . / \
4 B3 B2 Bi
0 2 3 4 8 34 21 27
w o
p1 a3 a £
19 5 6 7 18 35 33 <; 28
PzT TEI Gll 51\L lfz ¥
17-?16 12 9<TIOH11 36 29
2 2
0
13 14 15 38 37 30

and 7 the ideal in the path algebra kQ of Q over k generated by the elements ojara304 +
B1B2B3Bs + v1v2, a181, az01, 1o, 102, €181 — €282, azp1, E1p1 — &202, V1Y2, V162,
V102 — 201, 1¥1, @avri, m@2, N1¢3, Yak1, N2k — MYk, w2k2, @10403072. Then A is a
generalized multicoil algebra. Indeed, A is a generalized multicoil enlargement of a canon-
ical algebra C = C; x C3, where C| is the tubular canonical algebra of type (2, 4, 4) given
by the vertices 0, 1, ..., 8 bound by ajaazas + B1828384 + y1v2 = 0, and C7 is the
canonical algebra of Euclidean type D4 given by the vertices 23, 24, ..., 27. It is known
that I'c, admits an infinite family 7;C1 , A € P1(k), of pairwise orthogonal stable tubes, hav-
ing a stable tube, say 7-1C1 , of rank 4 with the mouth formed by the modules S5 = ¢, Se,
S¢ = 1¢,57, 87 = 17, E, E = 1¢S5, where E is the unique indecomposable Ci-module

. . . . 1 . .
with the dimension vector dimE = 1 (1) (1) (1) 1, and a unique stable tube, say 7'2C1 , of rank 2 with
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the mouth formed by the modules S; = 7¢, F, F = 1¢, 51, where F is the unique indecom-

0
posable Ci-module with the dimension vector dimF = IH%I (see [41, (3.7)]). Moreover,

I'c, admits an infinite family ’TCZ, n € Py(k), of pairwise orthogonal stable tubes, hav-

ing a stable tube, say 7'1C2, of rank 2 with the mouth formed by the modules S25 = 7¢, G,
G = 1¢, 525, where G is the unique indecomposable C>-module with the dimension vec-

1
tor dimG = 111 . We have the following sequence of the modified algebras. First, we apply

(ad 1*) to C; with pivot the simple regular C;-module S7, and with parameter + = 2. The
modified algebra Bj is given by the quiver with the vertices 0, 1, ..., 11 bound by «18; = 0.
Next, we apply (ad 1*) to By with pivot the simple Bj-module Sg, and with parameter
t = 3. The modified algebra B, is given by the quiver with the vertices 0, 1, ..., 15 bound
by 181 = 0, apo1 = 0. Now, we apply (ad 1) to By with pivot the simple By-module Ss,
and with parameter ¢t = 1. The modified algebra B3 is given by the quiver with the ver-
tices 0, 1,...,17 bound by «18; = 0, apo1 = 0, &g = 0. Next, we apply (ad 3) to B3
with pivot the indecomposable B3-module 7,110, and with parameter t = 2. The modi-
fied algebra By is given by the quiver with the vertices O, 1, ..., 18 bound by o161 = O,
aro1] =0, &1ag = 0, e1ap = 0, €181 = £28;. Further, we apply (ad 2*) to B4 with pivot the
indecomposable projective Bs-module Pjg, and with parameter 1 = 1. The modified alge-
bra Bs is given by the quiver with the vertices 0, 1, ..., 19 bound by @151 = 0, apo1 = 0,
oy = 0, g1ap = 0, €181 = €282, a3p1 = 0, E1p1 = & p2. Now, we apply (ad 1) to Bs
with pivot the simple regular Bs-module S1, and with parameter ¢+ = 1. The modified alge-
bra Bg is given by the quiver with the vertices 0, 1, ..., 21 bound by @15; = 0, a0 = 0,
Elag = 0, e1o0 = 0, €161 = €282, azp1 = 0, E1p1 = &2, viy2 = 0. Next, we apply
(ad 2*) to Bg with pivot the indecomposable projective Bg-module P,;, and with parameter
t = 1. The modified algebra By is given by the quiver with the vertices 0, 1, ..., 22 bound
by o181 = 0, ax01 = 0, §jag = 0, g1on = 0, €161 = €282, azp1 = 0, 101 = &2,
viy2 = 0, y162 = 0, v16, = v20;. Now, we apply (ad 1) to C, with pivot the simple regular
C>-module S>5, and with parameter + = 2. The modified algebra Bg is given by the quiver
with the vertices 23, 24, ..., 30 bound by ¢1¥1 = 0, p41r1 = 0. Next, we apply (ad 1) to
Bg with pivot the indecomposable Bg-module 7, S>9, and with parameter ¢+ = 1. The mod-
ified algebra By is given by the quiver with the vertices 23, 24, ..., 32 bound by ¢1y; =0,
o41 = 0, 1192 = 0, n1¢3 = 0. Now, we apply (ad 2*) to Bg with pivot the indecomposable
projective Bg-module P3i, and with parameter t+ = 1. The modified algebra Bjg is given
by the quiver with the vertices 23,24, ..., 33 bound by ;¥ = 0, a1 = 0, n1p2 = 0,
ne3 = 0, Yok = 0, naky = n11kg. Next, we apply (ad 4) to By x Bjo with pivot the
simple Bjp-module S3», and with the finite sectional path /13 — I14 — S5 consisting of
the indecomposable B7-modules, and with parameters ¢t = 3, r = 4. The modified algebra
is then equal to A.

Then the left quasitilted algebra A® of A is the convex subcategory of A being the
product AD = A(ll) X Ag), where AEZ) = kQY)/Il([) is the branch coextension of Cj, Qil) is
a full subquiver of Q given by the vertices 0, 1, ..., 15,17,19,21,22 and 1" = k@' n 1
is the ideal in kQ(ll), Ag) = ng)/Iz(l) is the branch coextension of C», Qg) is a full
subquiver of Q given by the vertices 23, 24, ..., 30, 33 and 12(1) = ng) N I is the ideal
in ng ). The right quasitilted algebra A®) of A is the convex subcategory of A being the
product A" = AY) X Ag), where AY) = kQY)/I](” is the branch extension of Cj, QY) is
a full subquiver of Q given by the vertices O, 1, ..., 8,10, 11, 16, 17, 18, 20, 21 and Il(r) =
kO N 1 is the ideal in k@, AY = k@Y’ /13" is the branch extension of Cs, QY is a

@ Springer



950 P. Malicki

full subquiver of Q given by the vertices 13, 14, 15, 23,24, ...,27,31,32,34,35,...,38
and Iz(r) = ng) N I is the ideal in ng). Then, A(ll) and A(lr) are the quasitilted algebras
of wild types (4, 4, 13), (4, 4, 9), respectively. Moreover, A(zl) and Ag) are tame.

It follows from [7, Corollary 1.4] that C is simply connected. Moreover, C, is also sim-
ply connected. By the above construction we know that A is a generalized multicoil algebra
obtained from Cy, C, and I'4 does not contain exceptional configurations of modules. Fur-
ther, by Theorem 5.1, the first Hochschild cohomology space H!(A) = 0(ds =0, f4 = 0)
and H'(A)y =0, H'(AV) = 0, H'(A"”) = 0, H'(AY”) = 0. Then, a direct application
of Theorem 1.2 shows that the algebras A(l), Ag ), AY), Ag) and A are simply connected.

Acknowledgements I thank an anonymous referee for useful comments.

Data Availability Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

—_

. Assem, L.: Iterated tilted algebras of types B, and C,,. J. Algebra 84, 361-390 (1983)

2. Assem, L.: Simply connected algebras. Resenhas 4, 93—-125 (1999)

3. Assem, L., Coelho, EU., Trepode, S.: Simply connected tame quasi-tilted algebras. J. Pure Appl. Algebra
172, 139-160 (2002)

4. Assem, 1., Lanzilotta, M.: The simple connectedness of a tame weakly shod algebra. Comm. Algebra 32,
3685-3701 (2004)

5. Assem, 1., Marcos, E.N., de la Pefia, J.A.: The simple connectedness of a tame tilted algebra. J. Algebra
237, 647-656 (2001)

6. Assem, I., Simson, D., Skowroniski, A.: Elements of the Representation Theory of Associative Alge-
bras 1: Techniques of Representation Theory London Mathematical Society Student Texts, vol. 65.
Cambridge University Press, Cambridge (2006)

7. Assem, I., Skowrorniski, A.: On some classes of simply connected algebras. Proc. London Math. Soc. 56,
417-450 (1988)

8. Assem, 1., Skowronski, A.: Minimal representation-infinite coil algebras. Manuscr. Math. 67, 305-331
(1990)

9. Assem, ., Skowroniski, A.: Multicoil algebras. In: Representations of Algebras. CMS Conf. Proc, vol. 14,
pp. 29-68. Amer. Math. Soc., Providence (1993)

10. Assem, 1., Skowronski, A., Tomé, B.: Coil enlargements of algebras. Tsukuba J. Math. 19, 453479
(1995)

11. Bongartz, K., Gabriel, P.: Covering spaces in representation theory. Invent Math. 65, 331-378 (1982)

12. Buchweitz, R., Liu, S.: Hochschild cohomology and representation-finite algebras. Proc. London Math.
Soc. 88, 355-380 (2004)

13. Bustamante, J.C., Castonguay, D.: Fundamental groups and presentations of algebras. J. Algebra Appl.
5, 549-562 (2006)

14. Cartan, H., Eilenberg, S.: Homological Algebra. Princeton University Press, Princeton (1956)

15. Coelho, F.U., Lanzilotta, M.: Algebras with small homological dimensions. Manuscripta Math. 100,
1-11 (1999)

16. Crawley-Boevey, W.: On tame algebras and bocses. Proc. London Math. Soc. 56, 451-483 (1988)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Simply Connected Algebras 951

17.

18.

19.

20.
21.

22.

23.

24.
25.

26.
27.

28.
29.
30.
31.
32.
33.
34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Drozd, Y.A.: Tame and wild matrix problems. In: Representation Theory II, Lecture Notes in Math.,
vol. 832, pp. 242-258. Springer (1980)

Happel, D.: On the derived category of a finite-dimensional algebra. Comment. Math. Helv. 62, 339-389
(1987)

Happel, D.: Hochschild cohomology of finite-dimensional algebras. In: Lecture Notes in Math,
vol. 1404, pp. 108-126. Springer (1989)

Happel, D.: Hochschild cohomology of piecewise hereditary algebras. Colloq. Math. 78, 261-266 (1998)
Happel, D., Ringel, C.M.: The derived category of a tubular algebra. In: Representation theory I (Ottawa,
Ont.), Lecture Notes in Math, vol. 1777, pp. 156—180. Springer, Berlin (1984)

Happel, D., Vossieck, D.: Minimal algebras of infinite representation type with preprojective component.
Manuscripta Math. 42, 221-243 (1983)

Hoshino, M.: Modules without self-extensions and Nakayama’s conjecture. Archiv. Math. (Basel) 43,
493-500 (1984)

Kerner, O.: Tilting wild algebras. J. London Math. Soc. 39, 29-47 (1989)

Le Meur, P.: Topological invariants of piecewise hereditary algebras. Trans. Amer. Math. Soc. 363,
2143-2170 (2011)

Le Meur, P.: Simple connectedness of quasitilted algebras, arXiv:0705.0472 (2018)

Lenzing, H., Meltzer, H.: Tilting sheaves and concealed-canonical algebras. In: Representation Theory
of Algebras, CMS Conference Proc., vol. 18, pp. 455473 (1996)

Lenzing, H., de la Pefa, J.A.: Concealed-canonical algebras and separating tubular families. Proc.
London Math. Soc. 78, 513-540 (1999)

Lenzing, H., Skowronski, A.: Quasi-tilted algebras of canonical type. Colloq. Math. 71, 161-181 (1996)
Malicki, P.: Generalized coil enlargements of algebras. Colloq. Math. 76, 57-83 (1998)

Malicki, P.: The strong simple connectedness of tame algebras with separating almost cyclic
coherent Auslander—Reiten components, Algebras Represent. Theory, https://doi.org/10.1007/
$10468-020-10023-9, in press (2021)

Malicki, P., Skowroniski, A.: Almost cyclic coherent components of an Auslander-Reiten quiver. J.
Algebra 229, 695-749 (2000)

Malicki, P., Skowroniski, A.: Algebras with separating almost cyclic coherent Auslander-Reiten compo-
nents. J. Algebra 291, 208-237 (2005)

Malicki, P., Skowroniski, A.: On the additive categories of generalized standard almost cyclic coherent
Auslander-Reiten components. J. Algebra 316, 133—146 (2007)

Malicki, P, Skowronski, A.: Algebras with separating Auslander-Reiten components. In: Representa-
tions of Algebras and Related Topics, European Math. Soc. Series Congress Reports, pp. 251-353.
European Math. Soc. Publ. House, Ziirich (2011)

Malicki, P., Skowroniski, A.: Hochschild cohomology of generalized multicoil algebras. Colloq. Math.
136, 231-254 (2014)

Malicki, P., Skowroniski, A.: The structure and homological properties of generalized standard
Auslander-Reiten components. J. Algebra 518, 1-39 (2019)

Norenberg, R., Skowroniski, A.: Tame minimal non-polynomial growth simply connected algebras.
Colloq. Math. 73, 301-330 (1997)

Reiten, I., Skowronski, A.: Characterizations of algebras with small homological dimensions. Adv. Math.
179, 122154 (2003)

Ringel, C.M.: Separating tubular series. In: Séminare d’ Algébre Paul Dubreil et Marie-Paul Malliavin,
Lecture Notes in Math, vol. 1029, pp. 134-158. Springer, Berlin (1983)

Ringel, C.M.: Tame algebras and integral quadratic forms, lecture notes in math, vol. 1099. Springer,
Berlin (1984)

Simson, D., Skowroriski, A.: Elements of the representation theory of associative algebras 2: Tubes and
concealed algebras of euclidean type london mathematical society student texts, vol. 71. Cambridge
University Press, Cambridge (2007)

Simson, D., Skowronski, A.: Elements of the representation theory of associative algebras 3:
Representation-infinite tilted algebras london mathematical society student texts, vol. 72. Cambridge
University Press, Cambridge (2007)

Skowroniski, A.: Simply connected algebras and Hochschild cohomologies. In: Representations of
algebras, CMS Conference Proc., vol. 14, pp. 431-447 (1993)

Skowronski, A.: Generalized standard Auslander-Reiten components. J. Math. Soc. Japan 46, 517-543
(1994)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/0705.0472
https://doi.org/10.1007/s10468-020-10023-9
https://doi.org/10.1007/s10468-020-10023-9

	Simply Connected Algebras
	Abstract
	Introduction and the Main Results
	Preliminaries
	Almost Cyclic Coherent Auslander–Reiten components
	Preliminary Results
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Examples
	References


