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Abstract

Let g(A) be the Kac-Moody algebra with respect to a symmetrizable generalized Cartan
matrix A. We give an explicit presentation of the fix-point Lie subalgebra £(A) of g(A) with
respect to the Chevalley involution. It is a presentation of £(A) involving inhomogeneous
versions of the Serre relations, or, from a different perspective, a presentation generalizing
the Dolan-Grady presentation of the Onsager algebra. In the finite and untwisted affine case
we explicitly compute the structure constants of £(A) in terms of a Chevalley type basis
of €(A). For the symplectic Lie algebra and its untwisted affine extension we explicitly
describe the one-dimensional representations of £(A).
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1 Introduction

The Onsager algebra is the infinite dimensional complex Lie algebra with linear basis
{Ak, Gy lrez,mez.., and Lie bracket

[Ak, Ael = G, [Gm, Gal =0, [Gm: Akl = 2(Aktm — Ak—m), (1.1)
fork,¢ € Zand m,n € Z-q, where G_,,, := —G,, (m > 0) and G := 0. It first appeared
in Onsager’s [18] paper on the two-dimensional Ising model in a zero magnetic field. It

is generated as Lie algebra by By := —A_j and B; := Ag. The corresponding defining
relations, known as the Dolan-Grady [8] relations, are given by

[Bo, [Bo, [Bo, B11ll = —4[By, B1], [B1, [Bi1, [B1, Bolll = —4[By, Bol.
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The Onsager algebra plays an important role in integrable systems, representation theory
and special functions, see, e.g., [6-8, 10, 14, 18, 19, 21] and references therein. An impor-
tant reason for its appearance in many different contexts is the fact that the Onsager algebra
is isomorphic to the fix-point Lie subalgebra of the affine Lie algebra sl with respect to
the Chevalley involution, a result which is due to Roan [21, Prop. 1].

In this paper we define a generalization £(A) of the Onsager algebra in terms of explicit
generators and relations depending on a symmetrizable generalized Cartan matrix A. It
reduces to the Onsager algebra in Dolan-Grady form when A is of type Ail).

We show that £(A) is isomorphic to the fix-point Lie subalgebra of the Kac-Moody
algebra g(A) associated to A with respect to its Chevalley involution. For A of type Aﬁl)
this is the earlier mentioned result of Roan [21, Prop. 1]. For A of type Aﬁll) (resp. D,(ll) ) we
recover the results of Uglov and Ivanov [22] (resp. Date and Usami [5]). Their techniques
partly rely on the loop presentation of the associated affine Lie algebra, which is specific to
the affine case.

Much work has recently been done on quantum group analogues of generalized Onsager
algebras (see, e.g., [2, 15] and references therein). Baseilhac and Belliard [2] introduced
generalized g-Onsager algebras for A of affine type and provided algebra homomor-
phisms mapping the generalized g-Onsager algebras to the associated quantum affine
algebra U, (g(A)). Kolb [15] puts these results in the more general framework of quantum
symmetric Kac-Moody pairs, which concern quantum analogues of fix-point Kac-Moody
subalgebras with respect to involutive automorphisms of the second kind. In this general
context Kolb [15] gave a detailed study of the algebraic structures of the associated fix-
point Kac-Moody Lie subalgebras and their quantum analogs, leading in particular cases to
explicit identifications with Baseilhac’s and Belliard’s [2] generalized g-Onsager algebras.
The presentations [15, §7] and [1, §3] of Kolb’s coideal subalgebras in the general context
are rather intricate and only explicit when the off-diagonal Cartan integers are > —3 (for
A of finite type, it goes back to the work of Letzter [17, §7]). I hope that the present paper
will be a useful step towards a complete and explicit algebraic presentation of Kolb’s [15]
coideal subalgebras.

The content of the paper is as follows. In Section 2 we introduce the generalized Onsager
algebra L£(A) associated to a symmetrizable generalized Cartan matrix A. We prove that it
is isomorphic to the fix-point Lie subalgebra £(A) of g(A) with respect to the Chevalley
involution. We define a filtration on £(A) such that the associated graded Lie algebra is
isomorphic to the graded nilpotent Lie subalgebra of g(A) generated by the positive root
vectors. Finally, we describe the one-dimensional representations of £L(A).

In Section 3 we consider the special case of finite and untwisted affine indecompos-
able Cartan matrices, corresponding to g(A) being a simple Lie algebra and an untwisted
affine Lie algebra respectively. We give in these cases an integral form £7(A) of the fix-
point Lie subalgebra £(A) and explicitly describe the structure constants in terms of a
Chevalley-type basis of £7(A). This leads to a generalization of Onsager’s original presen-
tation [18] of the Onsager algebra. In Section 4 we further restrict attention to A of type
C, and type Cﬁl) (r > 1). For type C, the fix-point Lie subalgebra £(A) is isomorphic
to gl,.(C). In this case we make a detailed comparison of the Dolan-Grady type presen-
tation of £(A) and its Serre presentation. Both in the finite and affine case we explicitly
describe the one-dimensional representations of £(A). In the finite case this will play a role
in the upcoming paper of the author and Reshetikhin [20] on vector-valued Harish-Chandra
series.
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Generalized Onsager Algebras 1525

2 The Generalized Onsager Algebra

Let A = (a; j);” j=1 be a symmetrizable generalized Cartan matrix and
(h(A), I = {og )i, 1Y = {h;}]_))

arealization of A. So h(A) is a complex vector space of dimension 2n —rk(A) and IT C b*,
IV C b are linear independent subsets such that «(h;) = a;;. The Kac-Moody alge-
bra g(A) associated to A is the complex Lie algebra generated by h(A) and the Chevalley

generators ¢;, f; (i =1, ..., n), with defining relations
[h, h'] =0,
h,ej =Oéj(h)8j,
h, fj = —O{j(/’l)fj,
ei, fj =& jhi,

(ade;)!"e; = 0= (ad f;)' =% f, i #J
for h, ' € h(A) and 1 < i, j < n. Here we use the definition of the Kac-Moody algebra
involving the Serre relations

(ade)!ie; = 0= (ad f;)! "% f;, i # ], .10

which has been shown in [4] to be equivalent to the usual definition [12] when A is
symmetrizable.

We recall here some basic properties of Kac-Moody algebras, see [12] for further details.
Let w be the Chevalley involution of g(A). It is the involutive automorphism of g(A) sat-
isfying wlpa) = —Idya) and w(e;) = —fi (1 < i < n). Let n(A) € g(A) be the Lie
subalgebra of g(A) generated by ey, ..., e,. It is a graded nilpotent Lie algebra with the
generators e; having degree one. The defining relations of n(A) in terms of the Chevalley
generators ¢; (i = 1, ..., n) are the Serre relations (ad e)) % ej =0 # j), see [4]. The
triangular decomposition of g(A) is

9(A) = 0o(n(A)) ® h(A) & n(A).

Let Q .= @;’zl Za; be the root lattice of g(A). For o € Q set
9a(A) :={x € g(A) | [, x] =a(h)x Vheh(A)}
The g,(A) are finite dimensional and go(A) = h(A). Write m(«) for the dimension of
0o (A). Note that m(a;) = 1fori =1,...,n.
The root system of g(A) is

P :={xe Q0\{0}| m(x) > 0}.

It decomposes in positive and negative roots,
=0, UD_, Py :=dN(£04),

where Q4 := @'_, Z>ow;. The height of a positive root & € ® is defined by

ht(@) := Y ri()
i=1

n

with r; (o) the nonnegative integers such that @ = ) 7", r; (@)o;. The nilpotent Lie algebras

n(A) and w(n(A)) decompose as
n(A) = P (4, om@A) = P s(A).

aed aed_
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The kth graded component ng(A) of n(A) is
wA= P ).

aed ht(a)=k

Definition 2.1 Write £(A) for the fix-point Lie subalgebra of g(A) with respect to the
Chevalley involution w,
tA) ={x egb) | o(x) =x}. 2.2)

For « € @, the subspace g, (A) & g_o(A) of g(A) is w-stable. Write
(g (A) P g—o (A))“ for its subspace of w-invariant elements. Choose for « € @ a linear

basis {e(”}m(w) of go(A) and set

Y = el + w () e tA).
Then {y5/"}"*?" is a linear basis of (g (A) & g« (A))” and

tA) = P (9(A) @ g-a(A))”.
acdy
Consider the elements
Yii=ei +wle) =e — fi, 1<i<n (2.3)

in (go; (A) ® g—o; (A))” C £(A). As a special case of [15, Lem. 2.7] we have

Lemma 2.2 The elements Y1, ..., Y, generate the Lie algebra £(A).

Proof For completeness we recall the proof. Note that for « = «; € IT a simple root we
have m(c«;) = 1 and y(l) is a nonzero constant multiple of ¥;. We now prove by induction

to the height of « € @ that y(j ) lies in the Lie subalgebra £ (A) of £(A) generated by
Yi,.... Y.

Suppose @ € & has height k > 1 and fix 1 < j < m(«). Since n(A) is generated by
el,...,e,, Wecan write

e = cilei, ... lei_,, iy el ]
i
for certain constants ¢; € C, with the sum over k-tuples i = (i, ..., i) such that « =
aj, + -+« Then

YW-5Pe @ (A @gpA)”
Bed., ht(B) <k

for the element
VP = Z GlYiy, . Yy, Y ys Yy 1l ] € € (A).
By the induction hypothesis we conclude that y& — 3¢ € #(A), hence y& € ¥(4). O

The defining relations of £(A) in terms of the generators Y7, . Y, take the form of

inhomogeneous Serre relations involving the following integers ¢/ [r] for 1 <i # j <n
andr > s > 0.
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Definition 2.3 Let 1 <i # j <n.Setc¢/[r]:= 1 (- = 0)and ¢/_[r] := 0 ( > 1). For

r > 2, define cij [r] for r > s > 0 recursively by
1l = r=1=0¢-Dr -2+ au)cvj [r—2], 2.4

with the convention that cl_J1 [r]:=0.

Note that cyl [r] only depends on the matrix coefficient a;; of the generalized Cartan
matrix A. Note furthermore that c0 [22 + 1] =0 (€ € Z>9) and

14
g0 = (D' T[@k - D@k —2+ay).  €eZx. 2.5)
k=1

The list of integers cé‘i [r] for 0 <s <r <S5 isexplicitly given by

cg 10] =1,

(c .y = (0, D),

(g 121 e 121, 5 [2) = (=a;;,0, 1),

(cq [3] i 131, &5 13, ¢§ 13D = (0, —3a,~,~ -2,0,1),

(cg 141, ’[4] ¢ [41, ""[4] c""[4]> = (3a? + 6a;;,0, —6a;; — 8,0, 1),

(c [5] c 51, c /5], c 151, c /51, c [5]):(0, 15!1,j+501111 +24,0, —10a;; — 20,0, 1).

(2.6)

Proposition 2.4 In g(A) we have

Yl Ir1@dY)'Y; = @ade) e; + (1) @d fi) .  1<iFj<n Q27
s=0

forr > 0.

Proof Fixi # j.Induction to r shows that
(aden)@d f) fj = —r(r — 1 +aip)(ad f;) ™' f;
for r > 0, where the right hand side is read as zero for r = 0. Applying the Chevalley
involution w shows that the formula with e; <> f; and e <> f; also holds true.
We now proceed to prove (2.7) by induction to r, the statement being trivial for » = 0 and

r = 1. If Eq. 2.7 holds true up to and including r € Z~q then acting by ad ¥; = ad(e; — f;)
on both sides of Eq. 2.7 gives, in view of the previous paragraph,

r+1 ..

Zoc;f_l [r1dY))*Y; = (ade) ™ e; + (=1)"(ad ;) *' f;

5=l

+r(r — 1 +a;j))((@de) " te; + (1) 2(ad £) 7 £)).

Applying the induction hypothesis to the second line and moving the resulting term to the
other side of the equation establishes the induction step, since

c_l;'i[r—l—l]:cij;l[r]—r(r—1+aij)c§j[r—1], 0<s<r,

cij[r—i—l]—O_c [r]andcr+1[r+1]_1_c[r] O
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1528 J.V. Stokman

For r =1 — a;; the identity (2.7) reduces to
l—a;;
Sl —ayladY)y; =0, 1<i#j<n 2.8)
s=0
due to the Serre relations (2.1) in g(A). We will show that these are the defining relations of

£(A) in terms of the generators yi, ..., y, of £(A). In other words, we will show that £(A)
is isomorphic to the generalized Onsager algebra, which we define as follows:

Definition 2.5 (Generalized Onsager algebra) Let A = (a;;)7} =1 be a symmetrizable gen-
eralized Cartan matrix. The generalized Onsager algebra £(A) is the complex Lie algebra
with generators By, ..., B, and defining relations the inhomogeneous Serre relations

l—a,- j

Y &l —a;ldB)'B;j =0 1<i#j<n 2.9)
s=0

By Eq. 2.6, the inhomogeneous Serre relations (2.9) for a;; > —4 are given by the
following concrete list:

(Bi. B;] —0, if a;j =0,

B;, [Bi, B;]] = —Bj, ifa;; = —1,

B;,[Bi,[Bi, Bjll] = —4[B;, Bj], ifa;j = -2,

B;,[Bi. B, [Bi, B;1] = —10[B;, [B;, B;]] — 9B;, if a;j = =3,

B;,[Bi,[Bi,[Bi,[Bi, Bjllll] = —20[B;, [Bi,[B;, Bj1ll — 64[B;, B;], ifa;; = 2—40
(2.10)

Remark 2.6 For the generalized Cartan matrix

2 =2
A= <_2 ) ) (2.11)
of affine type AD, L(A) is the Onsager [18] algebra and the inhomogeneous Serre rela-
tions (2.9) are the Dolan-Grady [8] relations. For A of affine type Afll) (respectively D,(ll)),

the generalized Onsager algebra was introduced by Uglov and Ivanov [22] (respectively
Date and Usami [5]). For A of arbitrary affine type, generalized Onsager algebras and their
quantum analogs have been introduced by Baseilhac and Belliard [2].
We turn L£(A) into a filtered Lie algebra with filtration £(A) = U;”;l L;(A) given by
Ej(A) :=span{[B;,...[Bi, ,,[Bi,_;, Bi,11...111=<is<n &m<j}
Write
o0
Gr(L(A)) = EP Gr,(L(A))

j=1
for the associated graded Lie algebra, with Gr;(L(A)) := L;(A)/L;j—1(A) and Ly(A) =
{0}. Elements in Gr;(L£(A)) will be denoted by

[x].,' =X+ Ejfl(A) S GI'./'([,(A))» X € ﬁj (A).
Note that the inhomogeneous Serre relations (2.9) in £(A) turn into the usual Serre relations

(d[B1N'""I[B;11 =0, i#j (2.12)
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for the generators {[B;]1}}_, of the graded Lie algebra Gr(L(A)).

Theorem 2.7 Let A = (a;;)!

a.

b.

izt be a symmetrizable generalized Cartan matrix.
The Lie algebra homomorphism

¥ L(A) — E(A) (2.13)

defined by W (B;) =Y, fori =1, ..., n, is an isomorphism.
The graded Lie algebra homomorphism

¢ :n(A) > Gr(L(A)) (2.14)
defined by p(e;) = [B;jl1 fori =1, ..., n, is an isomorphism.

Proof By the earlier remarks it is clear that i and ¢ are well defined and surjective.

a.

We show that i is injective. Let y € Ker(¢) € L(A) and let £ > 1 such that y €
L¢(A). Write

y—ZX Xj¢1%wmummdw%qﬁmyJ) ..... 2.15)

with coefficients d;, . ; € C. We prove that y = 0 by induction to £. If £ = 1 then

y=>",diBi,and 0 = ¢ (y) = Y ', di(e; — f;) in €(A) implies d; = O for all i.
Suppose ¢ > 2. Applying ¥ : L(A) — £(A) to the identity (2.15) then yields

e n
SO diialWi e Wiy Wiy, Yl 1) =0 (2.16)
k=1 if,enix=1

in £€(A) C g(A). Consider the direct sum decomposition
a(4) = Pok) (2.17)
keZ

where g(0) := h(A) and, for k € Z-o, g(k) := @aedhr:ht(a):k g« (A) and g(—k) :=
w(g(k)). Choosing the g(£)-component of the identity (2.16) along the direct sum
decomposition (2.17) we obtain

Z diy. ey, .. lei,y lei, ei]]...]=0 (2.18)

X:%lwmwnwmﬂﬂHﬁuLJGQAM) .....

Returning to Eq. 2.15 we conclude that y € £,_1(A), hence y = 0 by the induction
hypothesis. This show that ¢ : £(A) — £(A) is an isomorphism of Lie algebras.

We show that the surjective graded Lie algebra homomorphism ¢ : n(A) — Gr(L(A))
is injective. Fix £ > 1. It suffices to show that the set

Sei= |J  Hpd)11<j<m@)

aedht(w)=¢
is linear independent in Gry(L(A)) = L¢(A)/Li—1(A).

@ Springer



1530 J.V. Stokman

Identify £(A) ~ £(A) using the Lie algebra isomorphism . Then we have
k
Li(A) S g<k == P a(i)

i=—00

for k > 1. Hence we have a well defined linear map 7y : Gry(L(A)) — g<¢/g<¢—1 defined
by me([x]¢) ;= x + g<¢—1. Fora € & with ht(e) = £ and j € {1, ..., m(«)} one shows,
in a similar manner as in the proof of part a, that

me(ped)) = e + g1

Consequently

mSn=J e +o<e},
aed ht(a)=¢C

which is a linear independent set in g<;/g<¢—1. We conclude that Sy is a linear independent
set in Grg(L). This completes the proof of b. O

In view of Remark 2.6 and the previous theorem, we introduce the following terminology.

Definition 2.8 We call £(A) the Dolan-Grady type presentation of the fix-point Lie
subalgebra £(A).

We end this section by describing the space ch(£(A)) of one-dimensional representations
of £(A). Note that as vector spaces,
ch(t(A)) = (E(A)/[E(A), E(A)])".
Define

Ex:=1{jel{l,....,n} | aj=0 (mod2) Vie{l,...,n}}.

Proposition 2.9 We have a linear isomorphism
C#4 — ch(E(A)), t— xt
with xt € ch(£(A)) (t = (t}) jeg, € CE4) defined by

_ e if jeéa,

Proof Fix j € {l,...,n}. Ifi # j then cf)j[l —a;j] = 0if a;; is even, and Eq. 2.5 implies
that c6][1 —ajj] # 0if a;; is odd. By the defining inhomogeneous Serre relations (2.9)
for £L(A), a one-dimensional representation x € ch(£(A)) can thus take any value at B; if
J € €a, while it must map B; to zero if j & £4. The result now immediately follows from
Theorem 2.7 a. O

3 Onsager Type Presentation in the Finite and Untwisted Affine Case
In this section we describe some additional properties of £(A) in case the symmetrizable

generalized Cartan matrix A is of finite or untwisted affine type. In these two cases we
discuss integral forms of £(A) and explicitly give the structure constants of £(A) with respect
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Generalized Onsager Algebras 1531

to a suitable integral basis of £(A). We show that this leads to Onsager type presentations of
£(A) if A is of untwisted affine type.

3.1 The Finite Case

Let A be an indecomposable generalized Cartan matrix of finite type (which is automatically
symmetrizable by [12, Lem. 4.6]). By Serre’s Theorem [11, Thm. 18.2] the corresponding
Kac-Moody Lie algebra g(A) is a complex simple Lie algebra and the pair (g(A), £(A)) is
the complexification of an irreducible real split symmetric pair. Let us discuss this case now
from this perspective.

Let g be a simple Lie algebra over C of rank r and fix a Cartan subalgebra ) C g. Write
@ C h* for its root system, @ for a choice of positive roots, and IT := {«1, ..., «,} for
the corresponding simple roots. Let (-, -) be a nondegenerate invariant symmetric bilinear
form on g. It is unique up to a nonzero scalar multiple. It is non-degenerate when restricted
toh x h. For A € bh* let 1, € b be the Cartan element such that (¢, k) = A(h) forall & € h.
Write (A, u) := u(t;) (A, u € h*) for the induced bilinear form on h*. For later purposes
(see Section 3.2) it is convenient to normalize the form (-, -) on g such that (o, @) = 2 for
long roots «. Define

_ 2ty
T (@)’

and write h; := hg, fori = 1,...,r. Set 1V := {h;}/_; C b. Then A = (a;;)
(aj (hi));,j=1 is the Cartan matrix of g, and (), IT, ITY) is a realization of A.

Fix e; € go; and f; € g_o; (1 < i < r) such that [e;, f;] = h;. Then Serre’s The-
orem [11, Thm. 18.2] shows that g >~ g(A) by identifying e1, ..., e, fi1, ..., fr with the
Chevalley generators of g(A). We will freely use the resulting notations and results on g(A)
from the previous section, only dropping the dependence on A. In particular, we write g,
for gy (A), € for £(A), etc. Note that the natural number n from the previous section equals
the rank r of g.

o e P,

r o
ij=1 "=

Recall that the Chevalley involution w is given by w|y, = —Idy and w(e;) = — f; for
i = 1,...,r. The corresponding generators ¥; (1 < i <r)oftareY; =¢ — f; (i =
1,...,r). Theorem 2.7 a leads to the explicit presentation of £ in terms of the generators Y;
(i = 1,...,r) by identifying ¢ with the generalized Onsager algebra £ with respect to the

Cartan matrix A.

Example 3.1 Letg = sl 1(C) be the special linear Lie algebraand E; ; (i, j =1,...,r +1)
the standard matrix units in gl.,,(C). Take the diagonal matrices in g as the Cartan
subalgebra h of g. Then

e =K1, fi = Eit1,, i=1,...,r
are Chevalley generators of g. One has
w(X) :=-XT, X € sl (C)

for the associated Chevalley involution, with X T is the transpose of the matrix X, and the
associated fix-point Lie subalgebra

t={X esl,11(C) | o(X) = X}

is the orthogonal Lie algebra so, 1 (C).
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1532 J.V. Stokman

We extend the subset {#;, e;, fi};_; to a Chevalley basis {h;, ex}1<i<raco of g as fol-
lows. We set ey, :=¢; and e_y, := f; fori =1, ..., and choose for the remaining roots
o 1oOt vectors e, € g such that [ey, e_y] = hy and w(ey) = —e_q (see, e.g., [11, §25.2]
for a detailed discussion on the existence of Chevalley bases of g). Then

gz :=spangfeq, h; | ¢ € ®, 1 <i <r}.

is an integral form of g, in the sense that the Lie bracket [-, -] of g restricts to a Lie bracket
[,-]1: 9z xgz — gz on gz and g >~ C®z gz. Note that the Chevalley involution w restricts
to an involution on gz.

Ifa,B € ®and a + B € O then [ey, eg] = kq,peatp With coefficients ky g € Z \ {0}

satisfying «kq,3 = —k_q,—p. The integers ky g are easily computable up to sign, see [11,
§25.2]. Setky, g :=0if « + B & ®. In what follows we will simply write

lea, egl = ko, peatp (@,Bed: a+B#£0) (3.1
as identities in g, which should be read as [ey, eg] = 0if o + 8 & P.

Define
Vo = €q —€_y € E, o€ d. 3.2)

Then y ¢ = —yy (@ € ®) and {yy}aeco, is a linear basis of €. Furthermore, ¥; = y,, for
i =1,...,r. The following lemma is now immediate.
Lemma 3.2

bz ={xegz | wkx) =x)
is an integral form of € with Z-basis {yq}ac . - The structure constants of tz, with respect to
{Vo}acw, are given by

[Ye yﬁ] = Ka,BYa+B — Ka,—BYa—B (@, Dy a#p) (3.3)
(with the natural interpretations of the right hand side when o + B ¢ © and/ora — B & ).

Chevalley involutions of g are complex linear extensions of Cartan involutions of split
real forms of g. In our present notations the split real form go of g is defined as the real
span of the Chevalley basis {%;, ey }1<i<r.«cd- It contains the real form o := @;zl RhA; of
b as its Cartan subalgebra, and wy := w|g, is the Cartan involution of go containing b in
its —1-eigenspace. The fix-point Lie subalgebra €y of go with respect to wg is generated as
real Lie algebraby ¥; :=¢; — f; (i = 1,...,r), and its complexification is isomorphic to
€. The real version of Theorem 2.7 holds true, with £ replaced by €y and £(A) (Definition
2.5) defined over the real numbers.

The fix-point Lie subalgebras £ can now be described using the explicit description of
2o, see [13, Appendix C] (note that in the list of properties of go >~ so(2p + 1,29 + 1) in
[13, Appendix C, page 528], the fact that so(2p + 1, 2p + 1) is a split real form is missing).
It leads to the following table (the type refers to the type of the Cartan matrix A, i.e. the
type of the simple Lie algebra g).

Type A, (r > 2): ¢ >~ 50,41 (C).

Type B, (r > 3): £ ~ 50, (C) & s0,+1(C).
Type C, (r > 1): £ ~ gl,(C).

Type D, (r > 4): £ ~ 50, (C) & s0,(C).
Type E¢: € >~ sp,(C).

Type E7: £ ~ slg(C).
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Type Eg: € >~ 5016(C).
Type Fy: £ >~ sp3(C) & sl (C).
Type G; t ~ 51, (C) & sl,(C).

From the list it is clear that £ is reductive, and that € is semisimple unless the Cartan
matrix A is of type C, (r > 1).

Remark 3.3 Dolan-Grady type presentations of the quantum analogue of £ for any symmet-
ric pair (g, £) were considered in [15, 16]. They play an important role in quantum harmonic
analysis because of the intrinsic rigidity of quantum symmetric pairs. The quantized univer-
sal enveloping algebra U, (g), defined by quantizing a Serre presentation of U (g), depends
on a distinguished choice of Cartan subalgebra h. In addition, the quantum analogue of a
symmetric pair requires fixing a representative of the isomorphism class of the involution
that stabilizes b and that has the additional property that its —1-eigenspace in f is of max-
imal dimension (the special case under consideration in this paper corresponds to the most
extreme case that the whole Cartan subalgebra h is contained in the —1-eigenspace of the
involution). It is in this setup that the Serre type presentation of g (resp. U, (g)) does not
induce a Serre type presentation of (the quantum analogue of) €, but instead leads to Dolan-
Grady type presentations. Note the recent paper [17] in which an important first step is made
to reveal the reductive nature of € in the quantum context.

So on the one hand ¢ is reductive, hence admits a Serre type presentation, while on
the other hand ¢ admits an Dolan-Grady type presentation (Theorem 2.7 a). The interplay
between these two presentations of £ is worked out for type C, (r > 1) in Section 4.

3.2 The Untwisted Affine Case

Let A be an indecomposable generalized Cartan matrix of untwisted affine type X fl) (see
[12, §4.8, Table Aff 1]). By the affine version [12, Thm. 7.4] of Serre’s Theorem, the cor-
responding Kac-Moody Lie algebra g(A) is an_untwisted affine Lie algebra 9. We first
describe the associated fix-point Lie subalgebra £ := £(A) in terms of the loop presentation
of g.

We recall the loop presentation of the untwisted affine Lie algebras following [12, Chpt.
7]. The starting point is a simple Lie algebra g of type X, (we will freely use the notations
from the previous subsection regarding the structure theory of g). The loop algebra of g is

Lg=g®C[r,17'].
Forx € gand k € Z we write x[k] :=x ® t*. Let
§9:=Lg®Cc
be its unique nontrivial central extension. Its Lie bracket is determined by
[x[k], y[m]] = [x, yllk + m] + k8g, —m (x, y)c. (CX)
The affine Lie algebra § is the extension of g by the derivation t 4, i.e.
g:=gaoCd

with [d, c] = 0 and [d, x[m]] = mx[m]. We extend (-, ) : g x g — C to a nondegenerate
invariant symmetric form on'g x g by

(x[k], yImD =6k, —m(x, ), (c,d)=1, (c,c)=0=(d,d), (c,x[k])=0=(d,x[k].
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The abelian Lie subalgebras E =HhdCcofg andE = H @ Cd of g play the role of Cartan
subalgebras. Define Ag, § € h* by
Ao(c) =1, Ao(h) =0 = Ao(d),
sy =1, 8(h) =0=4(c).
We identify h* with the subspace of E* vanishing at Cc @ Cd. Then
b* = h* @ CAg @ Cs.
Since (-, ~)|EX'6 is nondegenerate there exists for A € E* a unique f, € E such that

MAh) = (h, 1) forall h € E For A € h* we have 1, € b, which coincides with the element
t,, as defined in the previous subsection. Note furthermore that

try =d, 5 =c.

The bilinear form on E* obtained from the nondegenerate symmetric bilinear form (-, -) I5x5
by dualizing is again denoted by (-, -). It satisfies

(o) o= At) = (b, 1), A, € b,
Note that
(Ao, Ao) =0=(4,9), (Ao, 8) =1, (Ao, h") =0=(8,b%).
The affine root system d = o U dMm E* of gis
P :={a+ks|aecd kel O™ .= (ks | k € Z )\ {0}}.

We take as associated set of positive affine roots 5+ = oYU &51“ with

Ll

P = Dy Ula +Kk8 | € B, k € Zog), M .= 708
We denote the negative affine roots by d_ = & U ™ The corresponding simple roots
are I1 := {«g, 1, . .., o, } with the additional affine simple root given by
ag:=—0+4+34

with 6 € @ the highest root of ®. Note that 6 is a long root, hence (6, 6) = 2 by our
convention on the normalisation of (-, -).
The root space decomposition of g is

EZE@@EV

yed

with root spaces g, = {x € g | [h,x] = y(h)x Vh € E} fory € ®. The root spaces are
concretely given by

Totks =0 @15 (xe®, ke,

W =hott (k € Z\ {0}).

In particular, m(y) = 1if y € ®'e and m(y)=rify e Pim,
The description of g as a Kac-Moody algebra is obtained as follows. Define

2t ~
y = Y , y € Pre
(v.v)
and write [TV := {ho, by, ..., hy} with hj = haj for j =0,...,r.Note that fory = o €
®and j =i € {l,...,r} the elements &, and & ; are the elements h, €  and h; € b as

defined in the previous subsection. In addition,

ho:taozc—lgzc—hg
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smce(ao,(xo)—( 0+38,—0+38)=(@,0)=2.

Then (h H I'IV) is a realization of the affine Cartan matrix A := (oe j(h )) of type

i,j=0

X £ ) (it contains the Cartan matrix A = (a j(hi )) of type X, ). The affine Cartan matrix

i,j=1
g is symmetrizable by [12, Lem. 4.6]. Furthermore, the rank of A is r and the dimension of
hisr4+2=2n—r withn :=r + 1.

Lete; € go, and f; € g, (i = 1,...,r) be the Chevalley generators of g and w the
corresponding Chevalley involution of g. Choose

Egegyg
such that (Eg, w(Egp)) = —1 and set
Fy:= —w(Ep) € go.
Then (Eo, Fo) = 1 and [Eo, Fo] = —hg. Define now e € gy, and fo € g_g, by
eo := Eo[1], Jo = Fo[—1].

Note that [eg, fo] = ho. For i = 1,...,r interpret ¢; and f; as elements in g by the
canonical Lie algebra embedding g < 9, x — x ® 1. Then [12, Thm. 7.4] shows that
§ =~ g(A) by identifying eo, ..., e, fo, ..., fr with the Chevalley generators of g. We will
freely use the identification g >~ g(A) in this subsection.

We write @ for the Chevalley involution of g. It is characterized by @(e;) = — fj and
w(hj)=—hjforj=0,...,r. Write € for the fix-point Lie subalgebra. The corresponding
generators ¥; (0 < j <) of € are Y =e; — fjfor j =0,...,r. Theorem 2.7a leads to
the Dolan- Grady type presentation of ¥ in terms of the generators Y;(j=0,...,r)by the
identification of € with the generalized Onsager algebra L= ﬁ(A)

Note that @ extends the Chevalley involution w of g, and that

o(x[k]) = w(@)[—kl, () =—c, @d) =~

for x € gand k € Z (see [12, §7.6]).
Let {h;, eq}1<i<raco be a Chevalley basis of g satisfying

a e =e¢; ande_aj.:f,-forjzl,...,r,
b. egp = Fy,
c. wl(ey) = —e_gyforalla € O.

Such a Chevalley basis exists by [11, §25.2] since Fy € gp and (Fp, w(Fp)) = —1. Then
Gz=Zc®Zd® P Zhlkl® P Zeulk
1<i<rkeZ aed keZ
is a @-stable integral form of g, see [9]. Furthermore,

={xegz | ®x)=x}= & Zyd)

yedy 1<i<m(y)
is an integral form of {’ with the elements y(l) defined by

0 ._ {ea[k] —e o[—k] if y =a+ké e P,

v hilk] — hil—k]  if y =k8 € B 3-5)

fori = 1,...,m(y) (note that m(y) = 1 for y € " ). We write y, =y, (D (y € " ™),
o= 0(1 <i<ryandy?) =~y fory € ®;and 1 <i <m(y). Note that ¥; = y,,

forO<j<r.
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For o € @ let k; () € Z such that h, = ZLI ki (a)h;. Recall the constants k4 g € Z
such that

leq, el = Kk, pea+p, (a,ped:a+ B #0),
cf. Eq. 3.1 (recall that by convention k¢ g is zero if o + 8 & ®).

Proposition 3.4 The structure constants of EZ with respect to its Z-basis
(@) : .
{yyl }y65+’1§i5m(y) are determined by:

[Ya+ess Yatms] = Z§=l ki (a))’((;_”),g)g,

3.6)
[Ya+ess Y—at+ms] = Zg=l ki (a)y((;,3+[)5
fora € ®andl,m € Z,

[Yotess Yp+ms] = Ka,pYat+p+E+m)s — Ko, —pYa—Bp+(C—m)s 3.7

foroa,Bpe dwitha #tBandl,m e Z,
[yé?, Yatmsl = o (hi) Yot e+mys — ¢ (hi)Yatn—e)s (3.8)

fora €e ®, ¢, meZandl <i <r, and
. y1=0 (3.9)

foré,meZandl <i,j<r.

Proof This follows from direct computations using Eq. 3.4 and the relations [A;, ey] =
a(hi)eq, [€q, e—o] = ho and Eq. 3.1. O

Example 3.5 Consider the special case § = ;[2 with the affine Cartan matrix A =

(_22 _22> of type Agl). In this case £ is the Onsager algebra andt~ L gives it Dolan-Grady
type presentation. Write for m € Z,

1
Am = Yo +ms, Gp = y,(ng)

Note that A, = —Yoy—m+1)s» G—m = —G, and Gy = 0. In particular,
{Ackeez U{Gmbmez.,
is a Z-basis of FZ. By the previous proposition,
[Ae, Aml = Gu—t, [Ge, An]l =2A04m —2Am—t, [Ge, Gl =0

for £, m € Z, which gives the Onsager [18] presentation of ¥,

4 The Symplectic Case

We start this section by explicitly comparing the Serre presentation and the Dolan-Grady
type presentation of £ when A is of type C, (r > 1). We will explicitly evaluate its one-
dimensional representations on the Chevalley basis of £. We end the section by considering
the untwisted affine case.

Let g = sp,(C) be the symplectic Lie algebra consisting of 2r x 2r complex-valued

matrices
B C
D —BT
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with B,C, D € gl.(C) and CT = C, DT = D. Let ) be the Cartan subalgebra of g
consisting of the diagonal matrices in sp, (C).

Define €; € h* by
(Ekx O s,
¢ ( 0 —E) = 8k
with Ey ¢ (1 < k, £ < r) the matrix units in g, (C). The root system @ of (g, b) is
D = {E(ek £ e hizhre=r U{E2¢;},

(® = {+2¢;} for r = 1). Note that the bilinear form on h* induced from the normalized
invariant symmetric bilinear form on sp, (C) is given by (ei, € j) = %8,-, -
Take as simple roots IT = {ax};_; C b* with

o =€ — €1 (1 <k<r), oy 1= 2¢,.

Then ITY = {h; = hoz./.};:1 C his explicitly given by

h— Ej,j—Ej+1,j+1 0 h, = E,., 0
! 0 —Ejj+Ejt1j41)’ 0 —E.,

for 1 < j < r. As Chevalley generators ey, ..., e, f1, ..., fr of sp,.(C) we take

ej = Ejjar 0 , e = 0 Er ,

0 —Ejq;j 00
Eiiy; 0 0 0
R J+Lj —

7= (5 i), #= (&, 0)
for 1 < j < r. The associated Chevalley involution w then becomes w(X) = —X7
(X € sp,(C)). An extension of {;, e;, fj};zl to a Chevalley basis {h}, eq}1<j<racd Of
5p,(C) such that €q; = €j, 6_q; = fil<j=<randw(ey) = —e_y foralla € @, is
given by

(B 0 (0 Ere+Eex ._ 0 0
Cer—ep = 0 “Egx N Ccptep = 0 0 ) €—cp—ep = Exi+Eox 0

(O E;; {0 0
€Zej L 0 O ’ 6726./' L E/,/ 0

forl<k#{¢<randl <j<r.
The fix-point Lie subalgebra is

_ B C T _ _ T _
E_[(_CB)B =-B & C _c}, “.1)
with associated generators Y1, ..., Y, givenby Y; :=¢; — f; (1 < j < r) and Chevalley-

type basis {Yy }aco, givenby yy := ey —e_o fora € ®. Note that ¥; = Yo forl<j<r.

The map
B C .
n(_c B) =B +iC

for B, C € gl,(C) satisfying BT = —B and CT = C defines a Lie algebra isomorphism
n:t—> gl,(C). Note that n(hj) = Ej j — Ej1,j41 (1 <i <r), n(h,) = E,, and

nY;))=Ejj+1— Ejt1,j, nY,) =ik,
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for 1 < j < r. Furthermore,
Ne;—) = (Ejx — Ex.j)-
n(yejJrék) = l(E],k +Ek,j)s (42)
n(2e) =iEee
forl <j<k<randl <{¢<r.
Transporting the Dolan-Grady type presentation of £ (see Theorem 2.7) through the Lie

algebra isomorphism 7 gives the following presentation of the general linear Lie algebra
gl (C).

Corollary 4.1 Write Z :=Y_,_, E¢ ¢ for the generator of the centre of gl,(C). Set K :=
Ejjv1— Ejy1,jforl < j <randwrite

. r—1
1
K, :=iE 27(2—2 j h)
r LLy ; j_ljn( ])

Then gl,.(C) is generated by K, ..., K,. The defining relations of gl,.(C) in terms of the
generators Ky, ..., K, are

[Kj, Kl =0, lj— k| >1,
Kj,[Kj, Kjt1l] =—Kjy1, l<j<r—1,
Kjt1, [Kjt1, K] = —Kj, Il<j<r,

Ki—1,[Kr—1, [Kr—1, Kr]]] = _4[Kr717 K:].

Remark 4.2 In a similar manner one can write down an explicit Dolan-Grady type pre-
sentation of s0,41(C) using the fact that so,,1(C) is the fix-point Lie subalgebra for the
Chevalley involution of sl 11 (C) (see Example 3.1).

Write & = & U ¢ with ®* the set of short roots and ®* the set of long roots. For r = 1
we set ®¢ = ®. The short and long positive roots are

QL ={e;te | 1<j<k=r DL =2 | 1<C<r)

Note that £4 = {r} for the Cartan matrix A = (o; (hi));j:1 of sp,(C). Hence £ has
a one-dimensional space ch(t) of one-dimensional representations, see Proposition 2.9.
Concretely, for t € C write x; € ch(®) for the one-dimensional representation such that
x:(Yi) =0for1 <i < rand x;(Y,) =t (see Proposition 2.9). The explicit analysis above
now allows one to compute x; on the Chevalley basis vectors y, € € (a € P4).

Lemma 4.3 Let g = sp, (C) and t be the fixed-point Lie subalgebra of sp,.(C) with respect
to w (see Eq. 4.1). Then
0 if o €@,
. ¢
tif aed.

Xt (Va) = {

Proof Consider the one-dimensional representation x; o n~! of gl (C). It vanishes on
51, (C), hence

X0 =0 (@€ ®)
since 1(Ye) € 51, (C) forall a € @7 . For 1 < £ < r we have

X)) = (e on DGE) = (e on VGE,) = x(Y,) =1,

1

where we have used that x, o n~" vanishes on sl, (C) for the second equality. O

@ Springer



Generalized Onsager Algebras 1539

We now extend this result to the associated untwisted affine case § = sp, (C).
The highest root 6 € dei for g = sp,(C) is 6 = 2¢;. Hence

={ag = —2€1+68,01,...,0:}
is the set of simple roots of §er (C) and v = {ho =c — hg, h1, ..., h;}. Concretely,

Take
0 0 0 Ep;
Ey:=e ¢ = <E1,1 0), Fo:=ez, = (0 0 )
As extension of the Chevalley generators ey, ..., e, f1, ..., fr of g = sp, (C) to Chevalley
generators of §p, (C) (see Section 3.2) we thus add the generators

e = e_p¢[1], Jo = ez, [—1].
With this choice of ¢p and fy, the Chevalley basis {h;, eq}1<i<r.acd of g = sp, (C) satisfies
the required properties a-c from Section 3.2. In particular, it extends to an integral basis of
5p,((C) and gives rise to the integral basis {yy Yy ed, i<iemy) of the fix-point Lie subalge-
bra £ of 5)3, (C) (see Eq. 3.5). We have the formulas Y; :=¢; — f; = Yo, O <j<r)for
the generators of ¥. Recall the notation y(’) = y)(,' ) for y € 5+.

Note that £ = {0, r} for the affine Cartan matrix A= (aj(h; ))lr =0 of 5p,.(C). Hence £
has a two-dimensional space ch(®) of one-dimensional representations, see Proposition 2.9.
Concretely, for s, t € C write x;,; € ch(?) for the one-dimensional representation such that
Xs.:(Y0) =8, x5.:(Y;) =0(1 <i <r)and xs,(Y,) =t (see Proposition 2.9). We have the
following extension of Lemma 4.3.

Proposition 4.4 Let ¥ be the fix-point Lie subalgebra of $p,(C) with respect to the
Chevalley involution @. Then

Xs,t(y:tot+2k6) =+t (@€ dt, ke,
Xs,z(y;a+(2k+1)a) = ks (@ € L, k e,
Xs.t (Yotks) =0 (@ € @, keZ).

Furthermore, s, ,(y(l)) =0forke Z\{0}and1 <i <r.

Proof If @ € ®% is not a simple root then it is easy to check that there exists 8,y € &
suchthata = B+ y and B — y ¢ ®. By Eq. 3.7 we get [yg, Yy+ks] = Kg,y Yatks With
kgy # 0. Hence xs/(yutrs) = Oforallk € Z. If o = o; € 3 (1 < i < r) then
there exists B,y € @4 suchthata; = B —y and B+ y ¢ . Again by Eq. 3.7 we get
Xs.t Vo, +ks) = 0 for all k € Z. Consequently xs;(Ya+ks) = 0 foroe € ®* and k € Z.

By Eq. 3.8 we have fora € &,

,
Z ki (Ot)[yél), Yatks] = 2(Va+k+1)8 = Yat(k—1)8)-
i=1
Hence
Xs.t Yot k+1)8) = Xs,t Qatk—1)8) 4.3)
fora € ® and k € Z. In particular, the formula x; ;(Y+a+2k5) = £t fora € dez,_ andk € Z
is valid if it holds true for k£ = 0. This in turn follows from Lemma 4.3.
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Next we prove that x;;(yra+@k+1)s) = s fora € (IDﬂ and k € Z. By Eq. 43 if
suffices to show that x5 ;(y—q+s) = s fora € dﬁ‘ This is true for « = 6 = 2¢ since
Y—0+5 = Yoo, = Yo. Suppose it is true for @ = 2¢; withi =1,...,j—land2 < j <r.
Then —2¢; = B+y withf = —€; 1 —€jandy =€;_1—¢€;,and B—y = —2¢;_1. Hence

[Yg+8: Yyl = KpyY—2¢;+8 — KB~y Y—2¢;_+8 (4.4)
by Eq. 3.7. By a direct computation, kg, = 2 = kg,_,, hence it follows from Eq. 4.4
and the induction hypothesis that X‘;,,(y,zgjﬂg) = s. This shows that x; ;(y—g+s5) = s for
o€ CDﬂ.
Finally, by Eq. 3.6 we have
[yot[ B yot,'+k5] = y]ils)

fork € Z\ {0} and 1 <i < r, hence xy,(yy) = 0. O
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