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1 Introduction

Let K be a field and an element ¢ € K* := K\ {0} which is not a root of unity. The algebra
Ky[X, Y] :=K(X, Y| XY = qYX) is called the quantum plane. A classification of simple
modules over the quantum plane is given in [8]. The quantized enveloping algebra U, (sly)
of sl, is generated over K by elements E, F, K and K ~! subject to the defining relations:
_ gl
KEK™'=g¢’E, KFK™'=q°F, EF—FE=———, KK'=K 'K =1.
q—4q

For basic properties and representation theory of the algebra U, (sl») the reader is referred
to [28, 33]. The simple U, (sl2)-modules were classified in [4], see also [7, 8] and [9].

Presented by Paul Smith.

> V. V. Bavula
v.bavula@sheffield.ac.uk

T. Lu
smp12tl@sheffield.ac.uk

1 Department of Pure Mathematics, University of Sheffield, Hicks Building, Sheffield, S3 7RH, UK

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1186/10.1007/s10468-016-9613-8-x&domain=pdf
mailto:v.bavula@sheffield.ac.uk
mailto:smp12tl@sheffield.ac.uk

1110 V. V. Bavula, T. Lu

The quantum plane and the quantized enveloping algebra U (sl2) are important examples
of generalized Weyl algebras and ambiskew polynomial rings, see e.g., [6] and [31]. Let
Uf 0(5 [2) be the ‘positive part’ of U, (s12). It is the subalgebra of U, (sl,) generated by K +l

and E. There is a Hopf algebra structure on Uf 0(5 [>) defined by

A(K) =K ®K, e(K) =1, S(K) =K,
AE)=E®1+KQ®E, e(E) =0, S(E)=—K~'E.

The notion of smash product has proved to be very useful in studying Hopf algebra actions
[40]. For example, the enveloping algebra of a semi-direct product of Lie algebras can
naturally be seen as a smash product algebra. The smash product is constructed from a
module algebra, see [40, 4.1] for details and examples. We can make the quantum plane a
U,? 0(5 l)-module algebra by defining

K-X=gX, E-X=0, K-Y=¢47'Y, E-Y =X,

and introduce the smash product algebra A := Ky[X, Y] % Uf 0(5[2). We call this algebra

the quantum spatial ageing algebra. The defining relations for the algebra A are given
explicitly in the following definition.

Definition The guantum spatial ageing algebra A = K4[X, Y] % Uf 0(5[2) is an algebra
generated over K by the elements E, K, K —1 X and Y (where K ! is the inverse of K)
subject to the defining relations:

EK = ¢ *KE, XK =¢ 'KX, YK =g¢KY, 1)
EX = ¢XE, EY=X+q 'YE, gYX = XY. 2)

The algebra A can be seen as the quantum analogue of the enveloping algebra U (a) of
the 4-dimensional (non-semisimple) Lie algebra a with basis {#, e, x, y} and Lie brackets:

[h,e]l =2e, [h,x]=x, [h,y]=—y, [e,x]=0, [e,y] =x, [x,y]=0.

The, so-called, I-spatial ageing algebra, which is studied in [38] where all the simple
weight modules are classified, is a central extension of the Lie algebra a. Our aim is to
study the structure of the algebra A and its representation theory. For an infinite dimen-
sional non-commutative algebra, to classify its simple modules is a very difficult problem,
in general. The known examples of algebras for which the simple modules were classified
are mainly generalized Weyl] algebras, see e.g. [4, 6-9, 11, 12, 14] and Ore extensions with
Dedekind ring as coefficient ring, [11]. In the paper, we classify all simple unfaithful A-
modules and the simple weight modules. Weight modules for certain (quantum) algebras of
small Gelfand-Kirillov dimension are treated in [17-20, 45, 46].

The paper is organized as follows. In Section 2, we describe the partially ordered sets
of the prime, maximal and primitive ideals of the algebra .A. Using this description the
prime factor algebras of A are given explicitly via generators and relations (Theorem 2.9).
There are nine types of prime factor algebras of 4. For two of them, ‘additional’ non-
obvious units appear under factorization at prime ideals. It is proved that every prime ideal
of A is completely prime (Corollary 2.13). In Section 3, the automorphism group of A is
determined, which turns out to be a ‘small’ non-commutative group that contains an infinite
discrete subgroup (Theorem 3.1). The orbits of the prime spectrum under the action of
the automorphism group are described. In Section 4, we classify all simple unfaithful A-
modules. This is the first instance where such a large class of simple modules is classified
for a quantum algebra of Gelfand-Kirillov dimension larger than 2. In Section 5, we find the
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centralizer C 4(K) of the element K in the algebra .4 and give a classification of all simple
weight A-modules.

The prime or/and primitive ideals of various quantum algebras (and their classification)
are considered in [15, 16, 21, 24-27, 34, 37, 39, 43]. The automorphism group of some
(quantum) algebras are considered in [1, 2, 13, 22, 32, 35, 36, 44].

2 Prime Spectrum of the Algebra A

The aim of this section is to describe the prime, maximal and primitive spectrum of the
algebra A (Theorem 2.9, Corollary 2.10 and Proposition 2.12). Every prime ideal of A is
completely prime (Corollary 2.13). For all prime ideals P of A, the factor algebras A/ P
are given by generators and defining relations (Theorem 2.9).

Generalized Weyl Algebra Definition, [3, 4, 6]. Let D be a ring, o be an automorphism
of D and a is an element of the centre of D. The generalized Weyl algebra A := D(o, a) =
DI[X,Y;o0,a]is aring generated by D, X and Y subject to the defining relations:

Xa =o0(x)X and Ya:o’l(a)Y for all a € D, YX =a and XY =0 (a).

The algebra A = @,z A, is Z-graded where A,, = Dv,, v, = X" forn > 0, v, =Y "
forn < 0 and vg = 1. It follows from the above relations that v,v,, = (n, m)v,4, =
Up4m (n, m) for some (n, m) and (n,m) € D.If n > 0 and m > 0O then

n>m: (n,—m)=0c"@) 0" "), (—=n,m)=0c""a) -7 (a),

n<m: (n,—m)=0c"a) - -o(a), (—n,m) =0 ") -a,

in other cases (n, m) = 1. Clearly, (n, m) = o~ """ ((n, m)).

Definition, [5]. Let D be an ring and o be its automorphism. Suppose that elements b and
p belong to the centre of the ring D, p is invertible and o (p) = p. Then E := D(o; b, p) :=
D[X,Y;0o,b, p]isaring generated by D, X and Y subject to the defining relations:

Xa =o(x)X and Ya:o’l(a)Y for all « € D, and XY — pYX =b.

If D is commutative domain, p = 1 and b = u — o (u) for some u € D (resp., if D is
a commutative finitely generated domain over a field K and p € K*) the algebras E were
considered in [29] (resp., [30]).

The ring E is the iterated skew polynomial ring E = D[Y; 0 ~1][X; o, 3] where 9 is the
o-derivation of D[Y; o ~!] such that 3D = 0 and 3Y = b (here the automorphism o is
extended from D to D[Y; ¢ '] by the rule o (Y) = pY).

An element d of a ring D is normal if d D = Dd. The next proposition shows that the
rings E are GWAs and under a certain (mild) conditions they have a ‘canonical’ normal
element.

Proposition 2.1 Let E = D[X,Y; 0, b, p]. Then

1. [5,Lemma 1.2] The ring E is the GWA D[H][X,Y; o, H] where 6 (H) = pH + b.
2. [5, Lemma 1.3] The following statements are equivalent:

(a) [5, Corollary 1.4] C = p(YX + @) = XY + o(«) is a normal element in E for
some central element a € D,
() pa —o(a) = b for some central element « € D.
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1112 V. V. Bavula, T. Lu

3. [5, Corollary 1.4] If one of the equivalent conditions of statement 2 holds then the ring
E =DI[CI[X,Y;0,a = p~'C — a] is a GWA where o (C) = pC.

The Algebra E is a GWA Let E be the subalgebra of A generated by the elements X, E
and Y. The generators of the algebra [E satisfy the defining relations
EX =gXE, YX=gq 'XY and EY —q 'YE = X.

So, E=K[X][E,Y;o,b=X,p = qil] where 0 (X) = ¢X. The polynomial o = qfiq
1

is a solution to the equation ¢~ o« — o(a) = X. By Proposition 2.1, the algebra E =
K[X,CI[E,Y;0,a = qC — «] is a GWA where 0(X) = gX,0(C) = q_lC and C =

g "(YE + X )= EY + qflx is a normal element of the algebra E. Then the element

g '—q
1

¢ = q(q~" — ¢)C is a normal element of the algebra E. Clearly, ¢ = (¢! —¢)YE+ X =
(1 —¢g®EY 4 ¢%X. Then
o—X
E=K[X,¢]|E,Y;0,a = — 3)
9 —9
is a GWA where o (X) = ¢ X and o (¢) = ¢~ '¢. So, the algebra
A=E[K*; 7] “)

is a skew Laurent polynomial algebra where 7(E) = ¢?E, t(X) = ¢X,t(Y) = ¢~'Y
and t(¢) = g¢. By the very definition, the algebra .4 is a Noetherian domain of Gelfand-
Kirillov dimension GK (A) = 4. The algebra E is isomorphic to the algebra U [;r (sl3) and

the algebra A is a subalgebra of Uf 0(5[3) (generated by E1, E> and K lil, see [15, Section
1.6] for the notation).

Let x1, x2, x3 be a permutation of the elements X, Y, E. Then {Kix“ |i € Z,a € NS}
is a K-basis for the algebra 4 where x% = xf”xgzxg *and o = (a1, a2, @3). The standard
filtration associated with the canonical generators of the algebra A is equal to {Fy,},>0
where F,, = Z|i|+|a|<n KK x® where |a| = o + a2 + a3. Therefore, the Gelfand-Kirillov
dimension of the algebra A is equal to GK (A) = 4.

Lemma 2.2 The following identities hold in the algebra A.
1. EYi = =lxyi-l 4 4=iyiE

. o 2i ,
2. YE =q'E'y — %XE'—I.

Proof Both equalities can be proved by induction on i and using the relation EY = X +
-1
q 'YE. O

For a left denominator set S of a ring R, we denote by ST'R = {s'r|s € S,r € R}
the left localization of the ring R at S. If the left denominator set S is generated by elements
X1,..., X,, we also use the notation Ry,, . x, to denote the ring S7IR.If M is a left
R-module then the localization S~! M is also denoted by Mx,,.. x,-

By Lemma 2.2, the set Sy := {Y?|i > 0} is a left and right Ore set in the algebra
A. Note that the algebra Uq>0(5[2) is the localization of its subalgebra, the quantum plane
K(K, E |KE = q?>EK), at the powers of the element K (the quantum plane is generated by
elements K and E subject to the defining relation K E = g>EK). Let Ay be the localization
of A at the powers of Y. Recall that ¢ = EY —qYE = X + (¢! — q¢)Y E, we have

Xo=¢X, Yo=qg¥, E¢=q '9E, K¢=qeK. 5)
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So, the element ¢ is a normal element of the algebra A. Recall that an element x of an
algebra A is called a normal element if xA = Ax. Then

Ay = K(KELE, vEL X) = K(KE, o, Y& X) = Klg, X1YE; 01[KE 2] (6)

is an iterated skew polynomial ring where o is the automorphism of K[¢, X] defined by
o(p) = qp, 0(X) = q’lX; and 7 is the automorphism of the algebra K[, XY+ o]
defined by 7(p) = qo, 1(X) = ¢X,t(Y) = ¢~ Y. Let Ay x4 be the localization of Ay
at the denominator set {Xi(pj |i, j € N}, then AY,XJ,) = K[(pil, XEN[yEL o) [KE 1] s
a quantum torus. For an algebra A we denote by Z(A) its centre. The next result shows that
the algebra A and some of its localizations have trivial centre.

Lemma23 1. Z(Ayx,) =K
2. Ay x,p is a simple algebra.

3. Z(Ay) =K.

4. Z(A) =K.

Proof 1.Letu =Y a; jx19' X/ YXK! € Z(Ay x.,), where o j 1, € Kand i, j, k,1 € Z.
Since Ku = uK, we have i + j — k = 0. The equality Xu = uX implies that k — [ = 0.
Similarly, the equality Yu = uY implies that i — j + [ = 0. Finally, using pu = ugp we get
—k — 1 = 0. Therefore, we have i = j =k =1 = 0, and so u € K. Thus Z(qux,(p) =K.

2. By [23, Corollary 1.5.(a)], contraction and extension provide mutually inverse isomor-
phisms between the lattices of ideals of a quantum torus and its centre. Then statement 2
follows from statement 1.

3.Since K € Z(Ay) € Z(Ay x,o) N Ay =K, we have Z(Ay) = K.

4.Since K € Z(A) € Z(Ay) N A =K, we have Z(A) = K. O

Lemma 2.4 The algebra Ay, is a central simple algebra.

Proof By Lemma 2.3.(1), the algebra .Ay,x,(p is central, hence so is the algebra AX,(p~ By
Lemma 2.3.(2), the algebra (.Ax,q;)y = Ay,x,(p is a simple Noetherian domain. So, if 7 is
a nonzero ideal of the algebra A X, then Iy is a nonzero ideal of the algebra Ay X,ps 1.€.,
Iy = Ay, X,p»and so 'Y i ¢ I for some i > 0. To finish the proof it suffices to show that

(Y =Ax, for alli>1. @)

To prove the equality we use induction oni. Leti = 1. Then X = EY — ¢~ 'YE € (Y).
Since X is a unit of the algebra Ay ,, the equality (7) holds for i = 1. Suppose that i > 1
and equality (7) holds for all i’ such that i’ < i. By Lemma 2.2.(1), Y'~! € (¥’). Hence,
(Y = (Y'=1) = Ax o, by induction. O

By Eq. 3, the localization Ey of the algebra E at the powers of the element Y is the skew
Laurent polynomial algebra Ey = KI[X, go][Yil; o1 where o (X) = gX and o (p) =
q_]<p. Similarly, Eg = K[X, ga][Eil; o] ~ Ey where 0(X) = ¢X and 0 (¢) = q_l(p. So,
Ay = Ey[K*!; 7]. The element @ is a normal element of the algebras E and A. So, the
localizations of the algebras Ey and Ay at the powers of ¢ are as follows

Ey, = KIX, o' I[Y*; 07" and Ay, = By [K*'; 7. ®)

Now, we introduce several factor algebras and localizations of 4 that play a key role in
finding the prime spectrum of the algebra A (Theorem 2.9) and all the prime factor algebras
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1114 V. V. Bavula, T. Lu

of A (Theorem 2.9). In fact, explicit sets of generators and defining relations are found for
all prime factor algebras of A (Theorem 2.9). Furthermore, all these algebras are domains,
i.e., all prime ideals of A are completely prime (Corollary 2.13). For an element a of an
algebra A, we denote by (a) the (two-sided) ideal it generates.

The Algebra .A/(X) The element X is a normal element in the algebras E and .A. By Eq.
3, the factor algebra

EﬂxszmﬂEﬁeaa:qqfﬂ],<ﬂm=q”w, ©

is a GWA. Since YE = ﬁ, EY =qg~! q_‘f_q = ¢~ 'YE, the algebra

E/(X) ~K(E,Y|EY =q 'YE) (10)

is isomorphic to the quantum plane. It is a Noetherian domain of Gelfand-Kirillov
dimension 2. Now, the factor algebra

A/(X) = E/(X)[K*; 1] (11)

is a skew Laurent polynomial algebra where t(E) = qu and 7(Y) = q’IY. Itis a
Noetherian domain of Gelfand-Kirillov dimension 3. The element of the algebra A4/(X),
Z =YK ' =1 —-¢HEY?K™!, belongs to the centre of the algebra A4/(X). By Eq. 8,
the localization of the algebra 4 /(X) at the powers of the central element Z,

Ay
AJX)) = ST
( z Xy,
is the tensor product of algebras where the algebra Y := K[Y*'][K*!; 7] is a central simple
algebra since t(Y) = ¢~'Y and ¢ is not a root of unity. Hence, the centre of the algebra
(A/(X))z is K[Z*!]. The algebra (A/(X))z is a Noetherian domain of Gelfand-Kirillov
dimension 3.

~K[z*1eY, (12)

Lemma 2.5 1. Z(A/(X)) — K[Z].

2. z((A/(X))Z>=K[zi1].
Proof By Eq. 12, Z((A/(X)>Z> — K[z*'], and so Z(A/(X)) — A/(X) N
Z((A/(X))Z> — A/(X) NK[Z*'] = K[Z], by Eq. 11. 0

The Algebra A/(¢) The element ¢ is a normal element in the algebras E and .A. By Eq.
3, the factor algebra

X
E/(¢) = KIX][E, Y;U,az—q_l_q], o(X) =qX, 13)
is a GWA. Since YE = —q_f(_q and EY = q(—q_f(_q) = qY E, the algebra
E/(p) ~K(E,Y |EY = qYE) (14)

is isomorphic to the quantum plane. It is a Noetherian domain of Gelfand-Kirillov
dimension 2. Now, the factor algebra

A/(p) ~E/(@)[K*; 7] (15)

@ Springer



The Prime Spectrum and Simple Modules Over the Quantum Spatial... 1115

is a skew Laurent polynomial algebra where t(E) = qu and 7(Y) = q’l Y. The algebra
A/(¢) is a Noetherian domain of Gelfand-Kirillov dimension 3. The element C := XY K €
A/ (¢) belongs to the centre of the algebra A/(¢).

The localization Ex y of the algebra IE at the Ore set S = {Xi Y/ li, j € N},

Exy = KIX*, llY*; 071, o(X) =¢X, o(p)=q o, (16)

is a skew Laurent polynomial algebra. Then the localization Ay y of the algebra A at the
Ore set S is equal to Axy = IEX,y[Kil; t]. By Egs. 14 and 15, the localization of the
algebra A/(¢p) at the powers of the element C,

A A A
(7) ~ XY (7") ~K[CH @Y (17)
@/)c (@xy @x/y

is a tensor product of algebras where Y is the central simple algebra as in Eq. 12. Hence,
the centre of the algebra (A/((p))c is K[C*].

Lemma2.6 1. Z(A/(p)) = K[C].
2. Z<<A/(g0))c> — K[C*!].

Proof Z(A/(¢)) = A/(p)N Z((A/(go))c) = A/(9) NK[C*'] = K[C], by Eq. 15. O

For an algebra A, Spec (A) is the set of its prime ideals. The set (Spec (A), C) is a
partially ordered set (poset) with respect to inclusion. Let f : A — B be an alge-
bra epimorphism. Then Spec (B) can be seen as a subset of Spec (A) via the injection
Spec (B) — Spec (A), p— f~'(p). So, Spec (B) = {q € Spec (A) | ker (f) C q}. Given
a left denominator set S of the algebra A. Theno : A — S7'A, a —"% isan algebra
homomorphism. If the algebra A is a Noetherian algebra then Spec (S~!A) can be seen as
a subset of Spec (A) via the injection Spec S 14) > Spec (A), q — o1 (q).

Let R be aring. Then each element 7 € R determines two maps from Rto R, r- : x — rx
and -7 : x — xr where x € R. Recall that for an element r € R, we denote by () the ideal
of R generated by the element r.

Proposition 2.7 Let R be a Noetherian ring and s be an element of R such that S; :=
{s' |i € N}is a left denominator set of the ring R and (s') = (s)! foralli > 1 (e.g., sisa
normal element such that ker (-sg) < ker (sg-)). Then Spec (R) = Spec(R, s) U Spec,(R)
where Spec(R, s) := {p € Spec (R) | s € p}, Spec,(R) = {q € Spec (R) | s ¢ q} and

(a) the map Spec (R,s) — Spec(R/(s)), p +— p/(s), is a bijection with the inverse
q+— n_l(q) wherer : R — R/(s),r — r + (s),

(b) the map Spec,(R) — Spec (Ry), p + S:'p, is a bijection with the inverse q +
o~ 1(q) whereo : R — Ry :=S;'R, r > 1

(c) Forallp € Spec (R, s) and q € Specy,(R),p < q.

Proof Clearly, Spec (R) = A| U Ap is a disjoint union where A and A are the subsets of
Spec (R) that consist of prime ideals p of R such that pNS; # @ and pNS; = @, respectively.
Ifp € Aj then st e p forsomei > 1,andsop D (s") = (s)i, by the assumption. Therefore,
p 2 (s) (since p is a prime ideal), i.e., p > s. This means that A; = Spec (R, s). We have
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1116 V. V. Bavula, T. Lu

shown that s € p iff s € p for some i > 1. By the very definition, Ay = Spec (R) \ A| =
Spec (R) \ {p € Spec (R) |5 € p} = {p € Spec (A) |s ¢ p} = Spec, (R).

The statement (a) is obvious since s € p iff (s) € p. The ring R is Noetherian, by
[41, Proposition 2.1.16.(vii)], the map Spec,(R) = {p € Spec(R)[p N S; = @} —
Spec (Ry),p — Sy Ip isa bijection with the inverse q — a’l(q) and the statement (b)
follows. The statement (c) is obvious. O

In the proof of Theorem 2.9 the following very useful lemma is used repeatedly.
Lemma 2.8 Let A be a ring, S be a left denominator set of Aando : A — S7'A, a — T
Let q be a completely prime ideal of S~LA, p be an ideal of A such that p C o~ (q) and
S~y =q. Thenp = o~1(q) iff A/p is a domain.

Proof (=) Since A/o~!(q) € S7'A/qand S™'A/q is a domain (since q is a completely
prime ideal), the algebra A /o ~!(q) is a domain.

(<) The left S~! A-module S~'(A/p) ~ S7'A/S~'p ~ S~ A/q is not equal to zero.
In particular, SNp = @. So, for all s € S, the elements s + p are nonzero in A/p. Since A/p
is a domain, tors(A/p) = 0. Clearly, a_l(q)/p C tors(A/p). Hence, p = a_l(q). O

The Prime Spectrum of the Algebra A The key idea in finding the prime spectrum
of the algebra A is to use Proposition 2.7 repeatedly and the following diagram of algebra
homomorphisms

A Ax Ax
A/(X) Ax/l(w)x
A/(X, Z)\) (A/(X)),
U=A/(X,Z, Y)\ (A/(X,2)), ~Y
L=U/(E) Ug
(where L = K[K*'] and U := U (sly)) (18)

that explains the choice of elements at which we localize. Using Eq. 18 and Proposition 2.7,
we represent the spectrum Spec (A) as the disjoint union of the following subsets where
we identify the sets of prime ideals via the bijections given in the statements (a) and (b) of
Proposition 2.7:

Spec (A) = Spec (L) U Spec (Ug) U Spec(Y) U
U Spec ((A/(X))z) USpee (Ax/(@)x ) U Spec (Ax.). (19)

A prime ideal p of an algebra A is called a completely prime ideal if A/p is a domain. We
denote by Spec,.(A) the set of completely prime ideals of A, it is called the completely prime
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The Prime Spectrum and Simple Modules Over the Quantum Spatial... 1117

spectrum of A. The theorem below gives an explicit description of the prime ideals of the
algebra A together with inclusions of prime ideals.

Theorem 2.9 The prime spectrum Spec (A) of the algebra A is the disjoint union of sets

(19). In the diagram (20), all the inclusions of prime ideals are given (lines represent
inclusions of primes). More precisely,

{(Y,E,p)|p € Max (K[K, K~ '])}

(Y, E)
/\
{(X,q) |9 € Max (K[Z]) \ {(2)}} Y) (E) {(p,v) | v € Max (K[C]) \ {(O)}}
NN
X ®

N

(20)
where

1. Spec(L) = {(Y,E.p)|p € Spec (K[K*'])} and A/(Y,E,p) ~ L/p where L =
K[K*!.

2. Spec(Ug) = {(V)}, (Y¥) = (X,Y) = (X, Z,Y) and A/(Y) ~ K[EI[K*!; ©] where
T(E) = qu.

3. Spec(Y) = {(E)}, (E) = (E,X) = (E,¢) and A/(E) ~ K[Y][K*!; 1] where
T(Y)=q"lY.

4. Spec ((A/(X))z) ={(X), (X, q) |q € Max(K[ZD \ {(2)}}. Z = oYK",

(@) A/(X)~E/(X)[K*'; 1] is a domain (see Eq. 11), and
b)) A/(X,q) >~ (x{‘g)': i Ly ®Y is a simple domain which is a tensor product of
algebras where L = KI[Z]/q is a finite field extension of K.

hd

A
Spec (%) = {(9), (¢, V) |t € Max(K[C]) \ {(O)}), C = XYK, A% ~ Zhb ~
KIC* @Y,
(@ A/(p) =E/(@)[KT; t] is a domain (see Eq. 15).
by A/(p,v) ~ Axy L. ® Y is a simple domain which is a tensor product of

(@, 9)x,y
algebras where L. := K[C]/v is a finite field extension of K.

6. Spec (Ax,,) = {0}.

Proof As it was already mentioned above, we identify the sets of prime ideals via the bijec-
tion given in the statements (a) and (b) of Proposition 2.7. Recall that the set Sy = {X Mie
N} is a left and right denominator set of A and Ay := S;lA o~ AS;I is a Noetherian
domain (since A is so). The element X is a normal element of .A. By Proposition 2.7,

Spec (A) = Spec (A, X) U Spec (Ayx) 21
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and none of the ideals of the set Spec (A, X) is contained in an ideal of the set Spec (Ax).
Similarly, the element ¢ is a normal element of Ay and, by Proposition 2.7

Spec (Ax) = Spec ((.A/(go))x> U Spec (Ax.o). (22)

By Lemma 2.4, the algebra Ay , is a simple domain. Hence, Spec (Ax,,) = {0}, and
statement 6 is proved.

@ (% ~ (;‘;;YY ~ K[C*!] ® Y: The second isomorphism holds, by Eq. 17. Using the

equalitiecsp = (¢ ! —g)YE+ X = (1 — g EY + ¢*X we see that the elements Y and E

are invertible in the algebra (:;‘—)’;, and so the first isomorphism holds.

(i) A/ (@, t) =~ (ft’;;y ~ L. ®Y for all prime ideals v € Max (K[C]) \ {(C)}: Since

t # (C), the non-zero element C = XY K € L. is invertible in the field L.. Hence, the
elements X and Y are invertible in the algebra A/ (g, t). Hence,

A
A, vy = 2L (23)
(g, V)x.y

Now, the statement (ii) follows from Eq. 23 and the statement (i).

(iii) Statement 5 holds: Recall that the algebra Y is a central simple algebra. By the
statement (i), the set Spec (Ax /(¢)x), as a subset of Spec (A), is equal to {AN (@) x, AN
(p, v)x |t € Max(K[C])\{(C)}}. It remains to show that AN(p)x = (¢) and AN(p, v)x =
(¢, v). The second equality follows from the statement (ii) since (¢,t) € AN (p,v)x <

AN(p, Vxy @ (¢, v). Since Y is a central simple algebra, the statement (b) of statement 5
follows. The statement (a) of statement 5 is obvious (see Eq. 15). Hence, (¢) = AN (¢)x,
by Lemma 2.8. So, statement 5 holds.

By Proposition 2.7,

Spec (A/(X)) — Spec (A/(X, Z)) U Spec ((A/(X))Z) (24)

and none of the ideals of the set Spec (A/(X, Z)) is contained in an ideal of the set
Spec ((A/(X))z).

@iv) A/(X,q) =~ (XJ?:;;(,, ~ Lq ®Y is a simple domain for all prime ideals q €

Max(K[Z]D\{(Z)}: Since q # (Z), the non-zero element Z = YK~ le L 4 is invertible in
the field L. Hence, the elements ¢ and Y are invertible in the algebra .A/(X, q). Therefore,

Ay
A/(X,q) > —2f 25
/(X, ) X.Dre (25)

Now, by Eq. 12, the statement (iv) holds.

(v) Statement 4 holds: The algebra Y is a central simple algebra. By Eq. 12, the set
Spec ((A/(X))z), as a subset of Spec (A), is equal to {AN (X)y,p, AN (X, Py, lq €
Max(K[Z]) \ {(Z2)}}. We have to show that A N (X)y, = (X) and AN (X, 9y, =
(X, q). The last equality follows from the statement (iv) (the algebra A/(X, q) is simple and
X,9) € AN (X, 9y G A hence (X,q) = AN (X, q)y,y). Now, the statement (b) of
statement 4 holds. The statement (a) is obvious, see Eq. 11. Hence, (X) = AN (X )Y,0> bY
Lemma 2.8. So, the proof of the statement (v) is complete.

In the algebra A, using the equality ¢ = X + (¢~' — ¢)Y E we see that

Z=¢oYK '=(@ '—¢)YEYK'= (1 - ¢»HEY?’K™" mod (X). (26)

i) (Y) = (X, Y) = (X, Z, Y): The first equality follows from the relation X = EY —
g~ 'Y E. Then the second equality follows from Eq. 26.
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(vii) (E) = (E, X) = (E, ¢): The first equality follows from the relation X = EY —
g~ 'Y E. Then the second equality follows from the definition of the element ¢ = X +
(@' —qYE.

(viii) The elements Y and E are normal in A/(X): The statement follows from Egs. 10
and 11.

(ix) ((X{‘Z))y ~ <(v,§‘))y ~ Y is a simple domain: By Eq. 26, (X, Z) = (X, EY?) C
X, E) 'Y (E), hence (X, EY?)y = (X, E)y = (E)y, by the statement (vii). Now, by Eq.

_A ~_ Ay A [ _A ~
WA\ &2 , Wy Ty T\ d@p ) ~ Y.

By the statement (viii) and Proposition 2.7,
Spec (A/(X, Z)) — Spec (A/(x, z, Y)) L Spec ((A/(x, z>)y). 27

By the statement (vi), A/(X,Z,Y) >~ A/(X,Y) >~ U := U(?O(ﬁ[g). By the statement (ix),

(.A/(X, Z)>y ~ Ay/(E)y =~ Y is a simple domain. So, the set Spec ((.A/(X, Z))y),

as a subset of Spec (A), consists of the ideal (E). In more details, since (X, Z)

(E), (X, Z)y = (E)y (see the proof of the statement (ix)) and A/(E) = A/(E, X)

K[Y][K*!; 7] is a domain, the result follows from Lemma 2.8. So, statement 3 holds.
The element E is a normal element of the algebra U. By Proposition 2.7,

Spec (U) = Spec (U/(E)) u Spec (Ug). (28)

Since L = U/(E), statement 1 follows. The algebra Ur ~ K[ET[KZE!; 7] is a central
simple domain. Since U = A/(Y) = A/(X, Z, Y) (the statement (vi)) is a domain, the set
Spec (Ug), as a subset of Spec (A), consists of a single ideal (Y), and statement 2 follows.

We proved that Eq. 19 holds. Clearly, we have the inclusions as on the diagram (20). It
remains to show that there is no other inclusions. The ideals (Y, E, p), (X, q) and (¢, v) are
the maximal ideals of the algebra A (see statement 1, 4, and 5). By Eq. 25 and the relations
given in the diagram (20), there are no additional lines leading to the maximal ideals (X, q).
Similarly, by Eq. 23 and the relations given in the diagram (20), there are no additional
lines leading to the maximal ideals (¢, t). The elements X and ¢ are normal elements of
the algebra A such that (X) € (¢) and (X) 2 (¢), by Eq. 4. The proof of the theorem is
complete. O

1N

For an algebra A, Max(A) is the set of its maximal ideals. The next corollary is an explicit
description of the set Max (A).
Corollary 2.10 Max(A) = P u Q U R where P = i(Y, E,p)lp €
Max(KIK. KD}, Q i= {(X. )0 € MarKIZD \ (D)} and R := {(p.0)|x
Max (KICD \ {(©))].

Proof The corollary follows from the diagram (20). O

Let M be an A-module, a € A and ay- : M — M, m — am. The ideal of A,
anng (M) := {a € A|aM = 0} is called the annihilator of M. The A-module is called
faithful if it has zero annihilator. The next corollary is a faithfulness criterion for simple
A-modules.
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Corollary 2.11 Let M be a simple A-module. Then M is a faithful A-module iff
ker (Xp-) = ker (py-) = 0 iff Mx # 0 and M, # O (where Mx and M, are the
localizations of the A-module M at the powers of the elements X and @, respectively).

Proof The A-module is simple, so ann 4(M) € Spec (A). The elements X and ¢ are nor-
mal elements of the algebra A. So, ker (X ;) and ker (¢y-) are submodules of M. Either
ker (Xp-) = 0 or ker (Xp7-) = M, and in the second case ann 4 (M) 2 (X). Similarly,
either ker (pp-) = 0 or ker (¢pr-) = M, and in the second case annyg (M) O (¢). Con-
versely, if ann 4(M) = O then ker (Xps-) = ker (¢p-) = 0. If ker (Xps-) = ker (pp-) =0
then ann 4 (M) = 0, by the diagram (20). So, the first ‘iff” holds.

For a normal element u = X, ¢, ker (uy-) = 0 iff M, # 0. Hence, the second ‘iff’
follows. O

Let A be an algebra. The annihilator of each simple A-module is a prime ideal. Such
prime ideals are called primitive and the set Prim (A) of all of them is called the primitive
spectrum of A.

Proposition 2.12 Prim(A) = Max(A) u {(Y), (E), O}

Proof Clearly, Prim(A) 2 Max(.A). The ideals (X), (¢) and (Y, E) are not primitive ideals
as the corresponding factor algebras contain the central elements Z, C and K, respectively.

(i) Let us show that (Y) € Prim(A). For A € K*, let I;,, = (¥Y) + A(E — A). Since
A/(Y) =~ U, the left A-module M(A) := A/I(A) ~ U/U(E — }) ~ K[K*']1 is a simple
A-module/U-module where 1 = 1 + I()). By the very definition, the prime ideal a :=
ann 4 (M (1)) contains the ideal (Y) but does not contain the ideal (Y, E) since otherwise
we would have 0 = E1 = A1 # 0, a contradiction. By the diagram (20), a = (Y).

(ii) Let us show that (E) € Prim(A). By Theorem 2.9, (E) = (E, X) and A =
A/(E) ~ K[Y][K*!; 0] where 6(Y) = g~'Y. For A € K*, the A-module T(1) :=
AJAY — 1) ~ K[K*!1 is a simple module (since ¢ is not a root of 1), where 1 =
1 —I—A(Y — A). Clearly, the prime ideal b := ann 4 (7 (1)) contains the ideal (E) but does not
contain the ideal (Y, E) since otherwise we would have 0 = Y 1=l # 0, a contradiction.
By the diagram (20), b = (E).

(iii) By Theorem 5.5, 0 is a primitive ideal of A. O

Corollary 2.13 Every prime ideal of the algebra A is completely prime, i.e., Spec.(A) =
Spec (A).

Proof See Theorem 2.9. O

The Dixmier-Moeglin Equivalence The Dixmier-Moeglin equivalence states that for
prime ideals the following properties are equivalent:

locally closed <= primitive <= rational.

The reader is referred to the book of Brown and Goodearl [15] for the details.

Lemma 2.14 The algebra A satisfies the Nullstellensatz.
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Proof Using similar arguments as in [42, 4.5-4.9] we can prove that the algebra A satisfies
the Nullstellensatz. O

The next lemma is used in the proof of Theorem 2.16.

Lemma 2.15 ([15, Lemma I1.7.7]) A prime ideal P in a ring R is locally closed in Spec (R)
if and only if the intersection of all prime ideals properly containing P is an ideal properly
containing P.

Theorem 2.16 The algebra A satisfies the Dixmier-Moeglin equivalence.

Proof The algebra A is a Noetherian algebra that satisfies the Nullstellensatz (Lemma
2.14). Then, by [15, Lemma II.7.15], we have the implications

locally closed = primitive = rational. 29)

By the diagram (20) and Lemma 2.15, all ideals but (X), (¢) and (Y, E) are locally closed,
hence, rational (by Eq. 29). The ideals (X), (¢) and (Y, E) are not rational as the centre of
each factor algebra A/(X), A/(¢) and A/(Y, E) contains a transcendental element (Z, C
and K, respectively). Therefore, every rational prime ideal is locally closed, i.e., the algebra
A satisfies the Dixmier-Moeglin equivalence. O

3 The Automorphism Group of A

In this section, the group G := Autg(A) of automorphisms of the algebra A is found
(Theorem 3.1). Corollary 3.2 describes the orbits of the action of the group G on Spec (A)
and the set of fixed points.

We introduce a degree filtration on the algebra A by setting deg(K) = deg(K~') =
0 and deg(E) = deg(X) = deg(Y) = 1. So, A = |J,enAlnl where A[n] =
Y KXY/ EFK! withdeg(X Y/ EXK!) := i+ j+k < n.Letgr A := @,y Alil/Ali — 1]
(where A[—1] := 0) be the associated graded algebra of A with respect to the filtra-
tion {A[n]},>0. For an element ¢ € A, we denote by gra € gr. A the image of a in
gr A. It is clear that gr A is an iterated Ore extension, gr A ~ K[X][Y; «][E; BI[K*!; y]
where a(X) = ¢7'X, B(X) = ¢X, B(¥) = ¢7'Y, y(X) = ¢X, y(¥) = ¢”'Y and
y(E) = ¢”E. In particular, gr A is a Noetherian domain of Gelfand-Kirillov dimension
GK (gr A) = 4 and the elements X, Y and E are normal in gr A.

The group of units A* of the algebra A is equal to {K*K "i € Z) = K* x (K) where
(K) = {K'|i € Z}. The next theorem is an explicit description of the group G.

Theorem 3.1 Autx (A) = {oauypilr,u,y € K i € Z} x~ (K*)? x Z where
Crpyi @ X = AKX, Y +— puK7Y,K — yK,E — in"'q¥K¥E (and
O yi(@) = AK'@). Furthermore, oy 1 y,i0w u' v, | and

—1 _ ) .
Opy,i = Oalyip=ly=iy

Onryd . upy =1 yy' i+j

—17_1'.

Proof Using the defining relations of the algebra .A, one can verify that oy, ;. , ; € G for all
A, i, ¥ € K*andi € Z. The subgroup G’ generated by these automorphisms is isomorphic
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to the semi-direct product (K*)? % Z. It remains to show that G = G’. Recall that the
elements X and ¢ are normal in the algebra A. Let 0 € G, we have to show that o € G’.

By the diagram (20), there are two options either the ideals (X) and (¢) are o -invariant
or, otherwise, they are interchanged. In more details, either, for some elements A, 1/ € K*
andi, j € Z,

(@ o(X)= AKX and o(p) = A’Kjtp, or, otherwise,
(b) o(X)=xrKpando(p) =1 K/X.

We will show that the case (b) is not possible (see the statement (v) below) and then the
group G will be found. Arguments are given in steps (i)—(viii).

(1) 0(K) = yK for some y € K*: The group of units A* of the algebra A is equal
to {(yK*|y € K*, s € Z}. So, either 6(K) = yK or, otherwise, o(K) = yK~! for
some y € K*. Let us show that the second case is not possible. Notice that KX = g XK
and K¢ = q¢K, i.e., the elements X and ¢ have the same commutation relation with the
element K. Because of that it suffices to consider one of the cases (a) or (b) since then the
other case can be treated similarly. Suppose that the case (a) holds and that 6 (K) = y K -1
Then the equality o (K)o (X) = qo (X)o (K) yields the equality yK VAKX = grK'X -
yK~1 = garyqK'~'X. Hence, g% = 1, a contradiction.

(i) dego (Y) = dego (E) = 1: Recall that YE = ¢'~ (¢ — X) where ¢’ := ¢~ — g.
By applying o to this equality we obtain the equality o (Y)o (E) = ¢'~'o(¢ — X). Hence,
deg (U(Y)O(E)) — deg (q’*la(g; - X)) — 2, in both cases (a) and (b). Thus, there

are three options for the pair (dega(Y), dega(E)): (1, 1), (0,2) or (2,0). The last two

options are not possible since otherwise we would have o(Y) € K[K 17 or o(E) €
K[K*'], respectively. Hence, o(Y)o(K) = o (K)o (Y) or 6(E)o(K) = o(K)o(E),
respectively. But this is impossible since YK # KY and EK # KE. Therefore,
dego(Y) =dego(E) = 1.

(iii) o (Y) = aY and o (E) = bE for some nonzero elements a, b € K[K*']: Applying
o to the relation KEK~! = ¢?E we obtain the equality Ko (E)K~! = ¢%0(E). Since
dego(E) =1,0(E) = bE +uX +vY + w for some elements b, u, v, w € K[K*1]. Using
the relations K XK~ = gX and KYK™! = q_lY, we seethat u = v = w = 0, i.e.,
o (E) = bE. Similarly, applying o to the relation KY K~ = g~'Y, we obtain the equality
Ko(Y)K~! = g7 lo(Y). Since dego (Y) = 1, 0(Y) = a¥Y + u'E + v'X + w’ for some
elements a, u’, v', w' € K[KT!]. Using the relations KXK~! = gX, KYK™! = ¢~y
and KEK~! = g2E, weseethatu’ = v = w’ =0, i.e., 0 (¥Y) = a¥.

(iv) i = j (see the cases (a) and (b)): The elements X and ¢ commute, hence
o(X)o(p) =o(p)o(X). Substituting the values of o (X) and o (¢) into this equality yields
q~" = q~/ in both cases (a) and (b), i.e., i = j (since ¢ is not a root of unity).

(v) The case (b) is not possible: Suppose that the case (b) holds, i.e., o(X) = AK'p
and o (¢p) = M K'X (see the statement (iv)), we seek a contradiction. To find the contra-
diction we use the relations gY X = XY and Y¢ = g¢Y. Applying the automorphism
o to the first equality gives o(qYX) = gaY - AK'¢ = qarg'K'Y¢p and o(XY) =
2Kl -aY = AK't(a)pY = AK't(a)g~'Y¢ where 7 is the automorphism of the algebra
K[K*] given by the rule t(K) = q’lK. Hence, t(a) = q”za, ie,a = EK72 for
some & € K*. So, o(Y) = £K~'=2Y. Now applying o to the second equality, Y¢ = g¢V,
we have the equalities o(Y¢) = EK72Y - VKX = £EX¢'K2YX and o(qpY) =
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gV KX -EKTITY = EXNg'PKT2XY = £Mq'T* K 2Y X. Therefore, ¢* = 1, a contra-
diction (since ¢ is not a root of unity). This means that the only case (a) holds. Summarizing,
we have 0(X) = AKX, o(K) = yK, o(p) = NMKip, o(Y) =a¥, and 6(E) = bE.

(vi) a = K~ for some u € K* (i.e., 0(Y) = wK~'Y): Applying the automorphism o
to the relation ¥ X = XY yields: 0 (qY X) = gaY - AK'X = raq'K'qY X = raq' K' XY
and o (XY) = AK'X -aY = AK't(a)XY. Therefore, t(a) = q'a,ie.,a = K~ for some
element u € K*.

(vii) b = 8K? for some § € K* (i.e., 0 (E) = 8K* E): Applying the automorphism o to
the relation g X E = EX yields: 0 (X E) = gAK'X -bE = AK't(b)gXE = AK't(b)EX
and 0 (EX) = bE - AK'X = AKibq_ZiEX. Therefore, t(b) = q_zib, ie., b =8K¥ for
some § € K*.

(viii) 8 = Au~'g™%: Applying the automorphism o to the relation EY = X + ¢~ 'YE
gives: 0 (EY) = 8K E - uK~'Y = Suqg* K'EY = 8uq*K'(X + ¢~ 'YE) and o (X +
g VWE) =AK'X+q 'uK'Y-SK¥E = K' (A X+81uq*q 'Y E). Therefore, sug? = A,
and the statement (viii) follows. The proof of the theorem is complete. O

Corollary 3.2 1. The prime ideals T := {0, (X), (p), (Y), (E), (Y, E)} are the only
prime ideals of A that are invariant under action of the group G of automorphisms of
A (e, Gp = {p} forallp € T).

2. If, in addition, K is an algebraically closed field, then each of the three series of prime
ideals in Spec(A) is a single G-orbit. In particular, there are 9 G-orbits in Spec(A).

Proof We keep the notation of Theorem 2.9. By Theorem 3.1, Gp = {p} forall p € 7.
Let 0 = 03 .y, then 0(Z) = Any~'¢'Z, 0(C) = Anyq'C and o(K) = y K. Now
the corollary is obvious since p = (K —«a), g = (Z — B) and v = (C — y) for some
a, B, y € K* where the ideals p, q and ¢ are as in Theorem 2.9. O

4 Classification of Simple Unfaithful .A-Modules

The aim of this section is to classify all simple .4-modules with non-zero annihilators.
The set of simple .A-modules are partitioned according to their annihilators which were
described in Proposition 2.12. For each primitive ideal p of A, the factor algebra A/p is
described by Theorem 2.9. They are of the type R = D[t,t~!; o] where D is a commuta-
tive Dedekind domain and the automorphism o of D are of two types (I) or (F), see below.
For our purposes we need only (I) D = K[H, H™1, (F) D = K[H] and in both cases
o (H) = qH where ¢ € K* is not a root of 1.

Classification of Simple R-modules Let us recall the classification of simple R-modules
where R = D[t,t~!; o], D is a commutative Dedekind domain and o satisfies one of the
two conditions ((I) or (F), see below). These results are very particular cases of classification
of simple modules over a GWA D(o, a) obtained in [4, 6-11].

Let S = D\ {0} and k = S~! D be the field of fractions of the ring D. The ring R is a
subring of B := k[t,t~'; o]. The ring B = S™' R is a (left and right) localization of R at S.
The ring B is a Euclidean ring and so is a principle left and right ideal domain. Every simple
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B-module is isomorphic to B/Bb for some irreducible element b € B (i.e., b = ac implies
either a or ¢ is a unit in B). Two simple B-modules B/Ba and B/Bb are isomorphic iff the
irreducible elements a and b are similar, i.e., there exists an element ¢ € B such that 1 is
the greatest common right divisor of b and ¢, and ac is the least common left multiple of b
and c.

Let G := (o) be the subgroup of Aut(D) generated by o. The group G acts on the set
Max (D) of maximal ideals of D. For each p € Max(D), O(p) := {oi(p) |i € Z} is the
orbit of p. The set of all G-orbits in Max (D) is denoted by Max(D)/G. The orbit &'(p) is
called an infinite or linear orbit if |0 (p)| = oco; otherwise the orbit &'(p) is called a finite or
cyclic orbit. If &' (p) is an infinite orbit then the map Z — O (p), i +— ol(p),isa bijection,
and we write o/ (p) < o/ (p) if i < j. So, the total ordering of Z is passed to & (p). This
ordering does not depend on the choice of the ideal p in the orbit & (p).

Given elements «, 8 € D \ {0}, we write « < B if there are no maximal ideas p and g
that belong to the same infinite orbit and such that @ € p, 8 € g and p > q. In particular, if
«a € D* is aunit of D thenw < B forall 8 € D \ {0}. The relation < is not a partial order
on D\ {0}as 1 < I.Clearly, o < 8 iff 6/ (a) < o/ (B) for some/all j € Z.

Definition An element b = t"' 8, + tm+lﬂm+1 +---4+1t"B, € Rwhere B; € D, m <n
and B, Bn # 0 is called an [-normal element if B, < B,,.

Definition We say that the automorphism o of D is of (I)-type automorphism, if all G-
orbits in Max (D) are infinite. We say that the automorphism o of D is of (F)-type if there is
amaximal ideal p € Max(D) which is o -invariant (i.e., o (p) = p), {p} is the only finite orbit
and the automorphism o : D/p — D/p, d + p — o(d) + p, is the identity automorphism
(or equivalently, the factor ring R/p = D/plt,t~'; 6] is a commutative ring D/p[t, t~']).
The ideal p is called the exceptional ideal of D.

Examples 1.Let D = K[H, H Yando(H) = g H where g € K* is not a root of one. The
automorphism o is of (I)-type.

2.Let D = K[H]and o (H) = g H where ¢ € K* is not a root of one. The automorphism
o is of (F)-type.

Let R be the set of isomorphism classes [M] of simple R-modules M. Then

R= Ié(D—torsion) u ﬁ(D—torsionfree)
is a disjoint union where Ié(D-torsion) = {[M] € I%|S‘1M = 0} and
R(D-torsionfree) = {[M] € R|S™'M # 0}. An R-module M is called a weight
R-module if M is a semisimple D-module, i.e.,
M= P M
peMax(D)

where My, = {v € M |pv = 0} is called the component of M of weight p. The set
Supp(M) = {p € Max(D) | My, # 0} is called the support of the weight .A-module M. It
is also denoted Suppp (M) and is called D-support if we want to stress over which ring D
we consider weight modules. Every weight R-module is D-torsion, but not vice versa. We
denote by ﬁ(D—torsion, infinite) and ﬁ(D-torSion, finite) the sets of isomorphism classes of
simple, weight R-modules with infinite and finite support, respectively.

The next theorem classifies the simple, D-torsion R-modules.
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Theorem 4.1 1. [4, Theorem 1.7] Suppose that o is of (I)-type. Then the map
Max(D)/G —> R(D-torsion), O(p) — R/Rp,

is a bijection with the inverse M + Supp(M).
2. [4, Theorem 1.7] Suppose that o is of (F)-type. Then R(D-torsion) =
R(D-torsion, infinite) LI R(D-torsion, finite) is a disjoint union where

(a) the map
(Max(D) \ {p}) /G —> R(D- torsion, infinite), O(p) — R/Rp,
is a bijection with the inverse M HM(M), and
(b)  R(D-torsion, finite) = R/(p) = D/plt, t~1].
The next theorem is about classification of simple, D-torsionfree R-modules.
Theorem 4.2 1. [4, Theorem 5] Suppose that o is of (I)-type. Then

ﬁ(D-torsionfree) = {[R/RﬂBb] |b € R is an l-normal, irreducible element of B}.

The simple R-modules R/R N Bb and R/R N Bb' are isomorphic iff the B-modules
B/Bb and B/Bb are isomorphic.
2. [9, Theorem A] Suppose that o is of (F)-type. Then

ﬁ(D-torsionfree) = { [R/RN Bb]|b e Ris anl-normal, irreducible element of

B such that R = Rp—i—RﬂBb].

The simple R-modules R/R N Bb and R/R N Bb' are isomorphic iff the B-modules
B/Bb and B/Bb' are isomorphic.

Classification of Simple .A-modules with Non-zero Annihilators The set Ais a
disjoint union
A= || Aw (30)
pePrim(A)

where fl(p) = {[(M] € ./Zl|annA(M) = p}. Below, a description of the set fl(p) is
given for each nonzero primitive ideal p € Prim(A). We use the description of Prim (A)
(Proposition 2.12), and so we have to consider case (a)—(e), see below.

(@ Letp e Spec (K[K*!'])\ {0} and P = (¥, E, p) € P. Then
A((VEp)) = LA/(Y. E.p) ~ KIK')p). (D)

(b) Letp = (Y). Then A/(Y) ~ U = K[E]I[K*!; 6] where o (E) = ¢%E (Theorem
2.9.(2)) and the ideal (E) is the only height 1 prime ideal of the algebra U (see Eq.
20). The element E is a normal element of the algebra U. The algebra U is the ring of
(F)-type, where (E) is the exceptional ideal of K[E].

Lemma 4.3 A ((Y)) =0 (K[E]-torsion, infinite) LI U (K[E]-torsionfree) (see Theorem
4.1.(2)) and Theorem 4.2.(2)).
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Proof The result follow§ from Theorem 4.1.(2), Theorem 4.2.(2) and the fact that each
simple module of the set U (K[ E]-torsion, finite) has annihilator strictly larger than (Y). O

(¢) Letp = (E). Then A/(E) ~ K[Y][K*!; 7] where 7(¥) = ¢~'Y (Theorem 2.9.(3)).
The automorphism t of K[Y] is of (F)-type where (Y) is the exceptional ideal of K[Y].
Lemma 4.4 Let R = K[Y][KT!; 1] where t(Y) = g~ 'Y. Then A ((E)) =

Ié(K[Y]-torsion, infinite) Ll Ié(]K[Y]-torsionfree) (see Theorem 4.1.(2) and Theorem
4.2.(2)).

Proof The result followsA from Theorem 4.1.(2), Theorem 4.2.(2) and the fact that each
simple module of the set R (K[Y ]-torsion, finite) has annihilator strictly larger than (E). O

(d) Letp = (X, q) where g € Max (K[Z]) \ {(Z)}. By Theorem 2.9.(4), A/(X,q) =~
Lq[YEN[K®Y; 7] where 7(Y) = ¢~ 'Y and so the automorphism 7 is of (I)-type.

Lemma 4.5 Let R = Ly[YE'[KE!; t] where t(Y) = g ~'Y. Then A ((X, q)) =R

(e) Letp = (p,r) where v € Max (K[C]) \ {(C)}. By Theorem 2.9.(5), A/(p,t) =~
Le[YE[KE; v] where t(Y) = q_lY and so the automorphism 7 is of (I)-type.

Lemma 4.6 Let R = L [Y*'|[K®!: 1] where t(Y) = ¢~ 'Y. Then A ((go, t)) — R

Let A(fin. dim.) be the set of isomorphism classes of simple finite dimensional
A-modules.

Theorem 4.7
Afin. dim) = {A/(Y, E.p) = KIK*')/p | p € Max (KIK*' D} = | | AP),

PeP
Proof A finite dimensional module over an infinite dimensional algebra has necessarily

nonzero annihilator. Among the simple modules with nonzero annihilators, the modules
described in Eq. 31 are the only finite dimensional ones. O

For a module M, GK (M) is its Gelfand-Kirillov dimension.

Corollary 4.8 The Gelfand-Kirillov dimension of all simple, unfaithful, infinite dimen-
sional A-modules is 1.

Proof The statement follows from the above classification of simple, unfaithful, infinite
dimensional A-modules. O

5 Classification of Simple Weight/K[ K *1]-Torsion .A-Modules

Let D = K[K, K~!]. The aim of this section is to give a classification of the set A(D—
torsion) of isomorphism classes of simple D-torsion .A-modules (Theorem 5.2 and Theorem
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5.5). As a result, a classification of the set fl(weight) of isomorphism classes of simple
weight A-modules is obtained by showing that A(D—torsion): A(Weight) (Lemma 5.1).

For the algebra D = K[K, K1, let D°:= D \ {0}. It is obvious that the set D° is a
left and right Ore set of the domain A. An A-module M is called a D-torsion A-module if
(D°)~'M = 0. An important case of D-torsion .A-modules are the weight A-modules.

Let M be a weight A-module. For each p € Supp(M), M, is the sum of all the D-
submodules of M that are isomorphic to the D-module D/p. If K is an algebraically closed
field then Max(D) = {(K — u)|p € K*} and M(x_,) = {v € M|Kv = pv}. The
algebra A admits the inner automorphism wx : @ — KaK~!. Each of the canonical
generators K*!, E, X and Y of the algebra A are eigenvectors of the automorphism wg
with eigenvalues, 1, g2, ¢ and g~!, respectively. So, the algebra A = @, ; A; is a Z-
graded algebra where A; = {a € A|wg(a@) = g'a} # 0 and Ay is the centralizer
CA(K)=1{a € A|Ka = aK} of the element K in A.

Let 0 € Autg(D) where 0 (K) = gK.Foralla; € A;, Ka; = wx (@)K = a;q'K =
a;o'(K). Therefore, for alld € D, da; = a;jo'(d). f M = P M, is a weight A-module
then

Al‘Mp g Mo.—i(p). (32)
So, each weight .A-module M is a direct sum of A-submodules
M= P M©O). M©O) =P Mm, (33)
©eMax(D)/ (o) pel

where Max(D) /(o) is the set of (o )-orbits & in Max(D) (where & = {o'(p) |i € Z}).

By Eq. 33, if M is a simple weight .A-module then necessarily Supp(M) € & for some
orbit @. In fact, for each simple infinite dimensional weight .A-module M, Supp(M) is an
orbit (Corollary 5.6). For each p € Max(D), the A-module

Ap) = A®p D/p =P Ai ®p D/p
i€Z
is a weight A-module with Supp(A(p)) = O(p) = {o'(p)|i € Z} and A(p),-i¢y, =
A; ®p D/p. Since Ap is a free right D-module, A(p) =~ A/ Ap.

Lemma 5.1 A(weight) = fl(D-torsion).

Proof Clearly, A(weight) - A(D-torsion). The opposite inclusion follows from the fact
that every simple D-torsion A-module M is an epimorphic image of the weight .4-module
A(p) for some p € Max(D). Hence, M is weight. O

Let
Prim (A, D-torsion) := {annq(M) | M € A (D-torsion)}.
For each primitive ideal p € Prim(A), let A (D-torsion, p) = (M €
A (D-torsion) | ann 4 (M) = p}. For each non-empty subset S C Prim (A), let

A (D-torsion, S) := |_| A (D-torsion, p).
peS

The set A(D-torsion, p) where p € Max (A) The next theorem shows that

Prim(A, D-torsion) = Max (A) U {0} and gives an explicit description of the sets
A (D-torsion, p) for all p € Max (A).
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Theorem 5.2 Let D = K[K, K~'].
1. Prim (A, D-torsion) = Max(A) U {0}. In particular, we have A(D—torsion, (Y)) =0

and A(D-torsion, (E)) =0.
2. Recall that Max(A) =P u Q u R. Then

(a) A (D-torsion, P) = A (fin. dim.). (See Theorem 4.7 for a classification.)

(b) A(D-torsion, Q) = upeQ A (D-torsion, p). For each p = (X, q) € Q where q €
Max (K[ ZD\ {(2)}, A/p =~ Lq[Kil][Yil; p] where p is an Lq-automorphism
of the polynomial algebra Dy := Lq[Kil] given by the rule p(K) = qK and
A (D-torsion, p) = .le:o (Dg-torsion). The map

Max(Dy)/{p) — .Z/\p (Dg-torsion), O(m) — (A/p)/(A/p)m,

is a bijection with the inverse M +— Supqu (M).

(©) A(D—torsion,R) = upeRA(D—torsion, p). For each p = (p,t) € R where
v € Max (KICD\{(C)}, A/p ~ L [KFN[Y*L; p] where p is an Lc-automorphism
of the polynomial algebra D, := Lt[Ki'l] given by the rule p(K) = gK and
A (D-torsion, p) = A/p (D-torsion). The map

Max(D)/{p) —> AJp (De-torsion), € (m) — (A/p)/(A/p)m,

is a bijection with the inverse M +— Suppp,_(M).
(d) The set A (D-torsion, 0) # @ is described in Theorem 5.5.

Proof By Proposition 2.12, Prim (A) = Max(A) u {(Y), (E), 0} and Max(A) = P u
9 U R, by Corollary 2.10.

(a) The statement (a) is obvious.

) Let p = (X,q9) € Q where ¢ € Max(K[Z]) \ {(Z2)}. Since Lq is a finite
field extension of K, ie., dimg(Lq) < oo, we have the equality %(Dq—torsion) =
A(D-torsion, (X, q)) and the statement (b) follows from Theorem 4.1.(1).

(c) The statement (c) is treated almost identically to the statement (b) (with obvious
modifications).

@) A(D-torsion, (Y)) = (} : The algebra A/(Y) is isomorphic to the algebra U =
D[E; t] where 7(K) = q_zK. So, fl(D—torsion, (Y)) = ﬁ(D—torsion, 0). For each p €

Max (D), the U-module U (p) := U/(p) =~ @i>0 E! ® D/p contains the largest submodule

Up)+ = @i>1 E' ® D/p and the factor module U(p)/U(p), ~ D/p is simple with
non-zero annihilator generated by the normal element E of U, and the statement (i) follows.

(ii) A(D—torsion, (E)) = { : By Theorem 2.9.(3), A/(E) ~ D[Y; t] where t(K) =

g K. The statement (ii) follows from the statement (i) by replacing g 2bygq.
Now, statement 1 follows from the statements (i) and (ii). O

The Centralizer of K in A Now, we describe the centralizer C 4(K) of the element K
in the algebra A. Recall that C4(K) = {a € A| Ka = aK}. Note that A is a Z-graded
algebra A = ®;cz.A;, where A; = {a € A| KaK~! = g'a}. We see that C4(K) = Ao.
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Proposition 5.3 Lett := Y X andu := Y ¢, then Ag = K[KE'|® A is the tensor product of
two algebras where A = K(t, u | tu = q2ut) is a quantum plane, and Z(Ay) = K[K*!].

Proof Notice that the quantum plane K,[X, Y] is a Z-graded algebra Ky[X,Y] =
@D ez Kltlw;, where wg := 1, for j > 1, w; = X/ and w_; = Y/. Notice further that
U= @ieN K[K*E!. Since A= U ® K4[X, Y] (a tensor product of vector spaces),

A= PKIKME @ PKitlw; = @ KIK* 11E w;

ieN JEL ieN,jeZ
= @K[Kil,z]Ein@ @ KIK*, E'Y/.
i.j20 i20,j>1
Therefore, Ay = @50 KIKE! (E'YY = @5 KIK*!, (](EY?)'. Then Ay =
K(K*!, ¢, EY?). Since EY? = mﬂo + qg—ilYX, we see that Ay =
K(K*!, 1, Yo) = KK ® A as required. Now, Z(A4g) = KK ® Z(A) =
KIKF'T®@ K = K[K*]. O

The set A(D-torsion, 0) Recall that D = K[K*'], o € Autg(D) where 0(K) = gK
and Ayp = D ® A is a tensor product of algebras. Then

Ay = A[Y*!: o] (34)
where 0 (K) = gK,0(t) = ¢~ 't and o (1) = qu. Clearly,
Avxo =Aviu =D ® A )Y 01 = AoV 0] (35)

where Ao ¢y = (Ao):.u is the localization of A at the powers of the elements ¢ and u. The
inner automorphism wy : a — YaY ! of the algebra Ay, x,, preserves the subalgebras Ao
and Ag ., since

1

wy(K)=qK, wy()=q 't and owy(u)=qu. (36)

So, wy € Autg(Ap) and wy € Autg (Ao.,). Clearly, (a)y)i = wyi foralli € Z.

The group (o) acts on the maximal spectrum Max (D) of the algebra D. For each p €
Max(D), the orbit O(p) := {o’(p) |i € Z} is infinite. The set of all (o)-orbits in Max(D)
is denoted by Max (D) /(o). For each orbit U, we fix a representative p = pg of O. Then
the factor algebra .Ao//(_p)\: D/p® A = D/p(t,u|tu = q?ut) is the quantum plane over

the field D/p. Let D/p ® A(oco-dim.) be the set of isomorphism classes of simple infinite
dimensional D /p ® A-modules. A classification of all simple A-modules is given in [8], [9]
and [10]. In particular, the map

D/p ® A(co-dim.) —> D/p ® Aru (s0cp/pan #0).  [N1— [Neul,  (37)

is a bijection with the inverse M + socp/pga (M).
For each [N] € D/p ® A(co-dim.), the vector space A (N) := K][Y, Y 11enN =
P;cz Y’ ® N admits a structure of .A-module given by the rule (where v € N):
KY'®@v) =q¢ 'Y @ Kv, YY Qu)=Y"T'®u,
g 'u—q't
—.

XY ®v =4¢Y 'ow EYieon=ve pm

(38)

@ Springer



1130 V. V. Bavula, T. Lu

One can verify this directly using the defining relations of the algebra A or, alternatively,
this will be proved in the proof of Theorem 5.5. This construction gives all the elements of
the set A(D-torsion, 0) (Theorem 5.5).

Lemma 5.4 Let M be a simple weight A-module. If My = 0 then XM = 0, and so
ann (M) # 0.

Proof Suppose that My = 0. Then N := {m € M |Ym = 0} is a nonzero K[K*1]-
submodule of M. Hence, there exists a nonzero weight vector, say v, such that Yv = 0.
Then Av = M, by the simplicity of the A-module M. Then N := AXuv is a submodule of
M such that N' # M. Therefore, N' = 0 (since M is a simple .A-module), and the lemma
follows. O

Let R be aring and M be a left R-module. Let o be an automorphism of R. The twisted
module M° is a module obtained from M by twisting the action of R on M by o, i.e.,
r-m=o(r)mforr € R and m € M. The next theorem describes the set A (D-torsion, 0).

Theorem 5.5 Let D = K[K, K] and o € Autx (D) where c(K) = qK. Then
1. A (D-torsion, 0) = N A(D-torsion, 0, O) where A (D-torsion, 0, 0) :=
©<Max(D)/(c)
{IM] € A (D-torsion, 0) | Supp(M) = O}.
2. For each orbit O = O(p) € Max(D)/{c) where p = pg is a fixed element of O, the
map
D/p ® A(co-dim.) —s A(D-torsion, 0, ), [N]+> [N (N)],
is a bijection with the inverse N > .
3. Forall[M] e A (D-torsion, 0), GK(M) = 2.

Proof 1 and 2. The algebra A is a subalgebra of the simple algebra Ay x , = Ay =
(DRA; )[Y!: 0] (Lemma2.3.(2)). Let [M] € A (D-torsion, 0). Since the elements X and
@ are normal in A, tory, , (M) = O (otherwise, either XM = 0 or M = 0, a contradiction).
Now, by Lemma 5.4, the .A-module M is (Y, ¢, u)-torsionfree. So, the map

/Al(D—torsion, 0) — m (D-torsion, soc 4 # 0), [M]+— [My;.ul. 39)

is a bijection with the inverse [N] — [soc4(N)] where the condition soc 4 # 0 means
that an Ay ,-module has non-zero socle as an .A-module. Since ¢ is not a root of 1, the
centralizer of the element K in Ay, = (D® At,u)[Yil; o]is D ® A; . Therefore, every

module V € m (D-torsion, soc 4 # 0) is of the type

V =Ay,u®psr, N =K[¥*'Ie N =Pr onN
i€Z

for some N’ € D/pi@\A,,u where p € Max(D). In more detail, the D-module N’ is a
direct sum of copies of D/p. For each i € 7Z, the left D-module Y’ ® N’ is a direct sum
of copies D/o'(p) (since o' (p)(Y' @ N') = Yip ® N' = Y! @ pN’ = 0). The ideals
{oi(p)|i € Z} are distinct (as g is not a root of 1). Therefore, the D-modules ¥’ @ N’
and Y/ ® N’ are not isomorphic for all i # j. Any nonzero submodule M’ of the A-
module Ay, ®pea,, N' = Dz Y’ ® N’ is necessarily of the form @0, 7 L; for some
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Z C Z where for each i € Z, L; is a nonzero Ay ,-submodule of the simple Ao ;-
module Y! @ N'. Therefore, L; = Y! @ N’ for all i € Z. Then necessarily I = Z, i..,
M = Ay;.u ®@pon,, N'.

The action of the elements K, E, X and Y are given by Eq. 38. In more detail, notice that

_ 9 'v—qX

EY -
9 ' —q

(40)

since EY = ¢ + qYE = ¢ + g?(EY — X) and the equality (40) follows. Then

-1
. . —aX .
EXVi@v = EY- Y lgu=1 ¥ "10yi-1 g,
7' —¢q
oo —diX ‘ —iy _ git
—y14 7972 fl 12 gu=yi2gl 297 — 175,
7' —q a'—q

Notice that Supp(V) = O(p) as Voipy = Y ® N’ # 0 forall i € Z. By Eq. 37, we

may assume that N/ = NW where N € D/p ® A(co-dim.). Then by Eq. 38, the direct
sum A (N) = @z Y' ® N is an A-submodule of V. The Ap-module N is simple,

hence so are the Ap-modules Y! @ N =~ Nf”yfl. Therefore, soc4(V) = A (N). Since
Supp(soc4(V)) = O(p) as socA(V)J,-(p) =Y' QN #0foralli € Z, statement 1 follows.

Clearly, V.= Ay, u ®4y,, N' = Ayt ®49,, Niw = Av.tu @A, Aot ®ay N =
Ay 1 u® 4, N. Two simple D-torsion modules V >~ Ay, ,® 4, N and U >~ Ay; ,® 4, L are
isomorphic where [N] € D/p ® A and [L] € D/q ® A iff & := Supp(V) = Supp(U) and
Aoru Vo = Ay, Up Where p = pg is a fixed element of the orbit & and Ag ;. = (Ao)r,u-

Since Vy = N;, and Up = Usitg) = Vi ® Ly =~ ij,’;*i where p = ai(q) for some
i € Z, the simple Ag ,-modules V}, and U} are isomorphic iff the simple Ag-modules
SOC 4, (Vp) = N and soc 4,(Up) = soc 4, (L;?LY[") o~ L®~ are isomorphic. Now, statement
2 follows.

3. Statement 3 follows from statement 2 and the fact that GK (N) = 1 for all [N] €
D/p ® A(co-dim.). O

So, Theorem 5.2 and Theorem 5.5 give an explicit description of the set A(Weight)
= A (D-torsion) (see Lemma 5.1).

Corollary 5.6 Let [M] € A (weight, co-dim.)

1. Supp(M) is a single orbit in Max(D) /(o).

2. annyg(M) # 0 iff dimg(My) < oo for all p € Supp(M). In this case, the dimension
dim g (My) is the same for all p € Supp(M); and if, in additional, K is an algebraically
closed field. Then dim g (My) = 1 for all p € Supp(M).

Proof The result follows at once from the classification of simple weight A-modules. [

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
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