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Abstract
We examine which of the compact connected Lie groups that act transitively on spheres of
different dimensions leave the unique spin structure of the sphere invariant. We study the
notion of invariance of a spin structure and prove this classification in two different ways;
through examining the differential of the actions and through representation theory.
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Introduction

Given a Lie group G acting on a manifold M , it is a natural question to ask which structures
of the manifold are preserved by G. For example, if M is orientable, connected Lie groups
always preserve an orientation. However, if we consider that M admits spin structures (which
can be regarded as a refinement of orientation) the question of their preservation by G is more
complicated. We will show in the main theorem that even if the manifold has a unique spin
structure and the Lie group is connected, it is possible for the action to not preserve it.

The question is even more relevant in the case of homogeneous spaces G/H , where the
group action determines the manifold. Here, spin structures can be nicely characterized in
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terms of lifts of the isotropy representation to the group Spin(n) (see [1] and references
therein).

The question is motivated by the utility of G-invariant spin structures; in addition to their
elegant form mentioned above, G-invariance is crucial to compute the spinors which are
invariant with respect to the connection induced by the action of the Lie group. This fact is
a further motivation to carefully study the case of homogeneous spaces: most examples of
geometries admitting special spinors are indeed homogeneous (see for example [5, 18] and
[2]).

A particularly interesting case is the spheres.Most commonly viewed as the homogeneous
space Sn = SO(n + 1)/SO(n), they can actually be realized, due to their great amount
of symmetries, as various homogeneous decompositions, according to the different groups
acting transitively and effectively on them. These groups were classified by D.Montgomery
and H.Samelson (see [15]). Part of the preliminaries and an appendix at the end of this
paper are dedicated to describing each of these nine possible group actions, together with
their isotropy representations, as a comprehensible survey of these classical results is very
difficult to find in the literature. Understanding the features of these actions is of particular
importance in differential geometry; one of their most remarkable properties being the well-
known fact that the transitive effective Lie groups on spheres appear as holonomy groups
according to Berger’s classification ([6]) on simply connected Riemannian manifolds, with
the exception of Spin(9) and Sp(n) · U(1).

Our main theorem studies which of these actions leave the unique spin structure of spheres
invariant. More precisely, we prove the following:

MainTheoremLetG be a compact connectedLie group acting transitively and effectively
on a sphere of appropriate dimension. Then, its unique spin structure is G-invariant if and
only if G is simply connected, or for n odd, Sp(n + 1) · U(1) or Sp(n + 1) · Sp(1).

Perhaps the most surprising fact is that there are non-simply connected Lie groups which
preserve the spin structure.
We present two different methods to prove the main theorem. One is of more differential
geometric nature and based on the definition of the isotropy representation using differentials,
through the fact that the actions are linear. The other approach uses the characterization of
the isotropy representation as a restriction of the adjoint representation of the transitive Lie
group, which enables the use of the tools of representation theory. This method is more
general as it is not necessary for the action to be linear. It is important to point out that in
general we do not need to compute the whole isotropy representation, since it is enough to
find the image of loops whose classes generate the fundamental group of the stabilizer H . By
choosing the adequate loop representative, we can reduce the complexity of the computation.
The paper is divided as follows. First, we recall the basic concepts about the theory of
homogeneous spaces we need, focusing on describing the different transitive group actions
on spheres, and recall the concept of a G-invariant spin structure, with special attention to
the case of homogeneous spaces. In the second section, we prove our main result, which
we divide into lemmata for each of the transitive group actions. We end the paper with a
few closing remarks and results. In particular we point out that our main theorem yields a
complete classification ofG-invariant spin structures on spheres, withG a compact connected
Lie group acting transitively.
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1 Preliminaries

1.1 Homogeneous spaces

In this section, we recall somewell-known facts about homogeneous spaces. Formore details,
we refer to ([7],Chapter7). Let M be an orientable n-dimensional Riemannian manifold on
which a connected Lie group G acts transitively from the left (i.e. a homogeneous space) and
fix a point o ∈ M . Then, it is well known that M � G/H , where H = Stab(o). We denote by
μg′ : M → M, gH �→ g′gH the group action of G on M . Additionally, we assume that the
isotropy subgroup H is compact, where o := eH . Then, M admits an invariant Riemannian
metric, and the group G acts by orientation-preserving isometries.
We denote by AdG : G → GL(g) and AdH : H → GL(h) the adjoint representations of
G and H , respectively, where g = TeG denotes as usual the Lie algebra of G and h the Lie
algebra of H . Riemannian homogeneous spaces are reductive, i.e. there exists an H -invariant
vector spacem such that g = h⊕m. In this case, the tangent space To(G/H) can be identified
with m.
By definition, the isotropy subgroup fixes the point o. Hence for all h ∈ H the differential
(dμh)o : To(G/H) → Th·o(G/H) = To(G/H) yields a linear action of H on the tangent
space called the isotropy representation σ : H −→ GL(To(G/H)), such that σ(h) :=
(dμh)o. As the group acts via orientation preserving isometries, we may take the image to lie
inside SO(To(G/H)). We will assume furthermore that G acts effectively and that therefore
the isotropy representation is injective.
By the preceding paragraphs, the adjoint representation of G restricted to H satisfies
AdG |H ∼= AdH ⊕ σ . Therefore, if m is any H -subrepresentation of g such that g = h ⊕ m,
we have (AdG |H ,m) ∼= (σ, To(G/H)).
It is important to describe precisely the structure of the orthonormal frame bundle F M of the
homogeneous space G/H . By our previous considerations, this is a SO(m)-bundle and we
can consequently identify Fo M with SO(m). Consider now the H -bundle p : G×σ SO(m) →
G/H associated to the bundle G → G/H , where the right group action of H is given by
(g, A) �→ (gh, σ (h−1)A) =: [g, A]. The map

G ×σ SO(m) → F M, [g, A] �→ (gH , dμg A)

is a bundle isomorphism, with dμg : Fo M → FgH M being the pushforward of the action
by G.

1.2 Classification of group actions on spheres

We are interested in compact connected Lie groups acting effectively and transitively on
spheres. Note that the compactness condition enables us toworkwith isometric actions, while
we can always assume that the group is connected by taking the identity component, which
would also act transitively on the homogeneous space. These groups were firstly classified
by Montgomery and Samelson in [15]. We will recall the actions of the classical Lie groups
below, as we will explicitly need them later. Since a comprehensive (and comprehensible)
survey of the description of these actions is somewhat hidden in the literature, we added
the exceptional cases in an appendix at the end of the paper. We will also describe the loops
whose class generate the fundamental group of the connected Lie groupswhich are not simply
connected. For this purpose, we denote the usual rotation by
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R(t) =
(
cos(2π t) − sin(2π t)
sin(2π t) cos(2π t)

)
.

The actions of SO(n + 1), U(n + 1), SU(n + 1) and Sp(n + 1):
First, we recall that

SO(n) := {A ∈ O(n) : det A = 1}, where O(n) := {A ∈ GL(n,R) : At A = AAt = I d},
SU(n) := {A ∈ U(n) : det A = 1}, where U(n) := {A ∈ GL(n,C) : AĀt = Āt A = I d},
Sp(n) := {A ∈ GL(n,H) : AĀt = Āt A = I d}.
The group SO(n + 1) acts transitively on the unit sphere Sn := {(v0, . . . , vn) ∈ R

n+1 :∑ |vi |2 = 1} by the usual matrix multiplication. It is easy to see that the isotropy group

at (1, 0, . . . , 0)T is given in block from by the matrix

(
1 0
0 SO(n)

)
. In order to find the

generator of π1(SO(n)) = Z2 for n > 2, we use the fact that Sn is 2-connected for n > 2
(π1(Sn) = π2(Sn) = 0), together with the well-known long exact sequence of homotopy
groups for the principal bundle associated to the homogeneous space structure, to conclude
that the group morphism induced at the level of fundamental groups by the inclusion of the
isotropy subgroup is an isomorphism (or surjectivewhenn = 2).Hence,we can track back the
generator ofπ1(SO(n)) toπ1(SO(2)). Thus,we canwrite a generating loopαn : I −→ SO(n)

of π1(SO(n)) by αn(t) =
(

I dn−2 0
0 R(t)

)
.

Similarly, U(n + 1) and SU(n + 1) act by matrix multiplication on the unit sphere in
the complex (n + 1)-dimensional space, S2n+1 := {(v0, ..., vn) ∈ C

n+1 : ∑ |vi |2 = 1},
whereCn+1 is identified withR2n+2, and Sp(n +1) acts on the unit sphere in the quaternions
S4n+3 = {(v0, ..., vn) ∈ H

n+1 : ∑ |vi |2 = 1}. Here vi = ai + ibi + jci + kdi and
|vi |2 = a2

i + b2i + c2i + d2
i and again we can identifyHn+1 with R4n+4. The isotropy groups

can be computed as above and are U(n), SU(n) and Sp(n), respectively.
Wecanuse the same argument as above tofind a loopwhose class generatesπ1(U(n)) = Z.

Knowing that the loop β1 : I −→ U(1) such that β1(t) = e2π i t generates π1(U(1)) = Z it

is straightforward to see that the loop we seek is βn(t) =
(

I dn−1 0
0 e2π i t

)
.

The actions of Sp(n + 1) · U(1) and Sp(n + 1) · Sp(1):
The cases Sp(n + 1) ·U(1) and Sp(n + 1) · Sp(1) are analogous, so we will only explain

the case Sp(n + 1) · U(1) in detail.
We have that Sp(n + 1) · U(1) = Sp(n + 1) × U(1)/{±(I d, 1)}, so the group is doubly

covered by Sp(n + 1) × U(1). We denote the elements of Sp(n + 1) × U(1) by (A, z) and
the elements of Sp(n + 1) · U(1) by [A, z]. Finally, we need an embedding of U(1) ⊂ C in
Sp(1) ⊂ H. We choose ι : U(1) ↪→ Sp(1) where ι(a + ib) = a + ib + j0 + k0. Note that
there are other possible inclusions.

We define the action of Sp(n + 1) · U(1) in the following way. Given [A, z] ∈ Sp(n +
1) · U(1), we define μ[A,z] : S4n+3 −→ S4n+3 such that μ[A,z](v) = Av(ι(z))−1, where
v(ι(z))−1 = (v0(ι(z))−1, ..., vn(ι(z))−1). Note that this shows why we take Sp(n +1) ·U(1)
instead of Sp(n + 1) × U(1) to get an effective action. The action is moreover transitive,
since the usual action of Sp(n + 1) on S4n+3 is transitive. Now, we compute the isotropy
subgroup H for p = (1, 0, ..., 0). If [A, z] ∈ H then Ap = (ι(z), 0, ..., 0). From there, it is
straightforward to see that

H = {[
(

ι(z) 0
0 A

)
, z] : A ∈ Sp(n), z ∈ U(1)} ∼= Sp(n) · U(1).
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Moreover, the inclusion fn : Sp(n) · U(1) −→ Sp(n + 1) · U(1) fulfils

fn([A, z]) = [
(

ι(z) 0
0 A

)
, z].

Once again, all the inclusions of isotropy subgroups are isomorphisms at the level of funda-
mental groups. Thus, we can track back the generator of π1(Sp(n) · U(1)) = Z to the case
n = 0. Then, we have that the generator the fundamental group of U(1)/Z2 is represented
by the loop γ0 : I −→ U(1)/Z2 such that γ0(t) = [eiπ t ]. Using the inclusions, we can see
that the generator of π1(Sp(n) ·U(1)) = Z is represented by a loop γn : I −→ Sp(n) ·U(1)
such that γn(t) = [ι(eiπ t )I d, eiπ t ].

The action of Sp(n + 1) · Sp(1) = Sp(n + 1) × Sp(1)/{±(I d, 1)} on S4n+3, as well as its
isotropy group, are the same as Sp(n) ·U(1), just we replace the inclusion ι(z) by z and take
z in Sp(1). A loop whose class generates the fundamental group of π1(Sp(n) · Sp(1)) ∼= Z2

is γ ′
n(t) = [ι(eiπ t )I d, ι(eiπ t )].

1.3 Spin structures on homogeneous spaces

Let M be an orientable smooth Riemannian manifold and let (F M, p, M,SO(n)) be its
orthonormal frame bundle. Recall that the group Spin(n) is the unique connected double
covering of SO(n), which we denote by λ. Then, a spin structure is a pair (P,
), where

 : P → F M is a 2-covering such that we have a principal Spin(n)-bundle (P, p′ =
p ◦ 
, M,Spin(n)) and the following diagram commutes;

P × Spin(n) P

X

F M × SO(n) F M

�Spin


×λ 


p

�SO

p

here�Spin and�SO denote the action of these groups on the total space of their respective
principal bundles. In addition, two spin structures (P1,
1) and (P2,
2) are said to be
equivalent if there exists a principal bundle isomorphism f : P1 −→ P2 such that 
2 ◦ f =

1.

Although we fix a Riemannian metric to define a spin structure, it is well known that the
obstruction to its existence is purely topological. More precisely, an orientable Riemannian
manifold M is spin if and only if its second Stiefel–Whitney class vanishes, w2(M) = 0.
Then, there exists a one to one correspondence between spin structures up to equivalence
and cohomology classes c ∈ H1(F M,Z2) such that i∗(c) �= 0, where i is the inclusion of
a fibre. Moreover, the number of spin structures is precisely |H1(M,Z2)| (see [12, Chapter
2]). It is immediate to conclude from the above discussion the well-known fact that Sn is
spin, with a unique spin structure.

The first step to study the relation between spin structures and group actions is to under-
stand how an orientation preserving isometry f : M −→ M transforms spin structures on a
spin manifold M . Recall that each orientation preserving isometry induces an isomorphism
on the frame bundle of the manifold, which we also denote by f : F M −→ F M , such that
f (p, (v1, ..., vn)) = ( f (p), (d f|pv1, ..., d f|pvn)).
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We would like to extend this map to a map to a spin structure (P,
). More precisely, we
seek a map f̃ : P −→ P such that

P P

F M F M

f̃


 


f

that must also preserve the fibres and be equivariant with respect Spin(n) right action on
P . Since the spin structure is represented by a cohomology class c ∈ H1(F M,Z2) such that
i∗(c) �= 0 ∈ H1(SO(n),Z2), then it can be seen that the map f : F M −→ F M can be
lifted to a map f̃ : P −→ P between structures if and only if f ∗(c) = c by using Čech
cohomology (see [10]). It is important to remark that there are always two possible lifts.

Now, we can introduce the concept of G-invariant spin structure. Let G be Lie group
acting by orientation preserving isometries on a spin manifold M and let φg : M −→ M be
the isometry induced by the action of an element g ∈ G (we use φ instead ofμ to remark that
the action is not necessarily transitive). As above, we also denote by φg the unique bundle
isomorphism induced in F M . Then:

Definition 1.1 We say that a spin structure (P,
) is G-invariant if it is equipped with an
action of G on P covering the action of G on F M .

This implies that for each g ∈ G there is an isomorphism φ̃g : P −→ P such that 
 ◦ φ̃g =
φg ◦ 
.

Remark 1.2 Let G ′ ⊂ G be Lie groups acting on a spin manifold M . If a fixed spin structure
is G-invariant, then it is also G ′-invariant. Thus, if the spin structure is not G ′ invariant, then
it is not G-invariant.

Since the action of a connectedLie group is homotopically trivial, the above cohomological
condition is always fulfilled. This implies that if a connected Lie group acts on a spinmanifold
M , then either G or a 2-covering G̃ acts in a way that preserves the spin structure (see [10]).
Note that the action of G̃ on M is not effective. Finally, if G is simply connected the only
possibility for G̃ is G × Z2. This implies that every spin structure is G-invariant when G is
simply connected.

For the case of Riemannian homogeneous space, the action of G on its frame bundle
G ×σ SO(n) is simply μg([g′, A]) = [gg′, A]. Assume now that there exists a lift of the
isotropy representation to the spin group, that is a group morphism σ̃ : H −→ Spin(n)

such that σ = λ ◦ σ̃ . Note that by using covering space theory and the fact that Spin(n)

is simply connected for n > 2, it is straightforward to see that this lift exists if and only
if σ∗ : π1(H) −→ π1(SO(n)) is trivial. Then, it is a known fact that we can construct a
spin structure of the form G ×σ̃ Spin(n) with a 2-covering 
([g, x]) = [g, λ(x)]. The next
proposition shows that the existence of a lift and the existence of a G-invariant spin structure
are equivalent.Oneof the implications iswell-known (see [1, 9]),while the converse statement
and its proof are not clearly presented in the literature (for example, it is only mentioned in
[4]). Since it is a key step to prove the main theorem we provide a detailed proof of this fact.

Proposition 1.3 Let M = G/H be a spin homogeneous space where H is connected. Then,
there exists a G-invariant spin structure if and only if the isotropy representation lifts to a
map σ̃ : H −→ Spin(n).
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Proof Assume that the isotropy representation lifts to a groupmorphism σ̃ : H −→ Spin(n),
then 
 : G ×σ̃ Spin(n) −→ G ×σ SO(n) is a spin structure. We consider the action of G
on G ×σ̃ Spin(n) such that μ̃g : G ×σ̃ Spin(n) −→ G ×σ̃ Spin(n) fulfil that μ̃g([g′, x]) =
[gg′, x] for every g ∈ G. It is clear that 
 ◦ μ̃g = μg ◦ 
, hence the spin structure is
G-invariant.

Conversely suppose that we have aG-invariant spin structure, with total space P → G/H .
Then, P admits a transitive action of G ×Spin(n), with Spin(n) the usual action on the fibres,
and G acting by the equivariant structure. Let p ∈ P be a point and x ∈ G/H its projection.
The first projection G × Spin(n) → G induces an isomorphism from the isotropy Hp of p
in G ×Spin(n) to the isotropy group Hx . This is because Spin(n) acts simply transitively on
the fibres of P → G/H , so that for every element h ∈ Hx fixing x , there must be a unique
lift h ∈ Hp to an element fixing p. The inverse isomorphism Hx → Hp ⊆ G × Spin(n)

gives, by projection to the second factor, a homomorphism Hx → Spin(n). It is clear that,
when we project this further to SO(n), we obtain the isotropy action on the frame bundle at
x . ��

If the lift exists then it is unique since H is connected. In this case, a G-invariant spin
structure (P,
) on G/H is equivalent to the spin structure G ×σ̃ Spin(n) given by the map
f : G ×σ̃ Spin(n) −→ P such that f ([g, x]) = μ̃g(pox), where 
(po) = [e, I d]. This
leads to the next corollary:

Corollary 1.4 If there exists a G-invariant spin structure on G/H with H connected, then it
is unique.

Remark 1.5 Let G be a connected Lie group, seen as the homogeneous spaces G ∼= G/{e}.
Then, the isotropy representation lifts trivially andwehave aG-invariant spin structure,which
is corresponds to the trivial bundle G × Spin(n). This spin structure is the only G-invariant
spin structure on G. This fact is especially relevant when G has multiple inequivalent spin
structures, like T n , since it gives a preferred spin structure to work with.

In the spirit of the main theorem, we can also ask which connected Lie groups G acting
transitively on other Lie groups M , seen as amanifold, leave its trivial spin structure invariant.
There are cases, like M = T n , where the only group acting transitively on it is the group
itself, thus the answer is trivial. However, if we pick M = SU(2) ∼= S3, then SO(4) also acts
transitively and effectively on M , but as we will see later, the unique spin structure of S3 is
not SO(4)-invariant.

Now as we mentioned above, one of the interesting properties of the Lie groups acting
transitively and effectively on spheres is that they are almost in one to one correspondence
with the Riemannian holonomy groups. In fact we have the following nice property, which
seems as well as its proof to be missing from literature.

Proposition 1.6 Let G be the holonomy group of a simply-connected irreducible non-
symmetric Riemannian manifold of dimension n + 1 ≥ 3. Let H < G be a subgroup such
that G/H ∼= Sn given by Berger’s classification. Then, there exists a lift of the holonomy
representation h : G → SO(n + 1) to Spin(n + 1) if and only if Sn has a G-invariant spin
structure.

Proof By Proposition 1.3, the datum of a G-invariant spin structure of the sphere G/H is
equivalent to a lift of the isotropy representation σ̃ : H −→ Spin(n). Now we consider the
following commutative diagram of fundamental groups
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π1(H) π1(SO(n))

π1(G) π1(SO(n + 1))

σ∗

h∗

where the vertical arrows come from the long exact sequences of homotopy groups for the
quotient space G/H (resp. SO(n + 1)/SO(n)). Since these spaces are spheres of dimension
greater than two, the two vertical arrows are isomorphisms, which finishes the proof, since
then the map σ∗ is trivial if and only if h∗ is trivial by above mentioned criterion for the
existence of a lift. ��

2 Main result

The groups SU(n), Sp(n), G2, Spin(7) and Spin(9) are simply connected, so in these cases
the isotropy representations always lift and the spin structure is invariant. Hence, we only
need to consider the cases SO(n), U(n), Sp(n) · U(1) and Sp(n) · Sp(1).

We present two different approaches to prove the theorem for these groups. Our first
approach is to compute σ(γ (t)) = (dμγ(t))o, where γ (t) is a loop whose class generates
the fundamental group of the group we study. In the second approach, we use representation
theory to find σ by using that AdG |H = AdH ⊕ σ , and then compute σ(γ (t)).

For each of the following lemmata corresponding to the four cases above, we provide first
the proof using the first approach and then themore representation theoretical technique. Note
that for the complex and quaternionic group, we will be using complex representations which
are more convenient to deal with. One can uniquely recover, up to isomorphism, the isotropy
representation from its complexification: if ρ, ρ′ are real finite-dimensional representations
of any group, then ρ ∼= ρ′ if and only if the complexifications (ρ ⊗ C) ∼= (ρ′ ⊗ C) are
isomorphic. This follows because (ρ ⊗ C)R ∼= ρ ⊗ (C)R ∼= ρ ⊕ ρ. Here, ψR denotes the
underlying real representation of a complex one ψ .

Lemma 2.1 The spin structure of Sn is not SO(n + 1)-invariant.

Proof Recall that in this case, Sn = SO(n + 1)/SO(n) and we take o = (1, 0, ..., 0). Then,
the action is by restriction of a linear action; hence, the differential (dμαn(t))o : ToR

n+1 −→
ToR

n+1 is the matrix fn(αn(t)), where αn is the generating loop described in Sect. 1.2. If
we restrict it to Tp Sn = {v ∈ R

n+1 : 〈v, (1, 0, ..., 0)〉 = 0} = 〈e2, ..., en+1〉, we obtain that
σ(αn(t)) = αn(t) ∈ SO(n). Since [αn(t)] is the generator of π1(SO(n)), we can conclude
that the isotropy representation does not lift, which implies that the spin structure is not
SO(n + 1)-invariant.

Let us now denote by λn the standard representation of SO(n), which is given by the
left multiplication on R

n . It is a well-known fact that AdSO(n) ∼= ∧2
λn . Recall that

σ = AdSO(n+1)|SO(n) : SO(n) −→ SO(m) and that we have the chain of isomorphisms
AdSO(n+1)|SO(n)

∼= ∧2
(λn+1|SO(n)) ∼= ∧2

(λn ⊕ 1) ∼= ∧2
λn ⊕ λn , where 1 denotes

the trivial representation. The first summand is the adjoint representation of the isotropy
subgroup SO(n), which means that σ ∼= λn . This implies, as we have already seen, that
σ(αn(t)) = αn(t) and hence the isotropy representation does not lift. ��
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The next case we discuss is the action of U(n).

Lemma 2.2 The spin structure of S2n+1 is not U(n + 1)-invariant.

Proof We proceed in the same way for S2n+1 = U(n + 1)/U(n). Let again βn be the
generating loop described in Sect. 1.2. In order to compute σ(βn(t)), we view the action
as a linear action on S2n+1 ⊂ C

n+1 ⊂ R
2n+2. We can decomplexify the matrices of

U(n + 1) in order to see them in SO(2n + 2). Consequently, the isotropy representation
is given by the natural inclusions U(n) ⊂ SO(2n) ⊂ SO(2n + 1). Therefore, we obtain that

σ(βn(t)) =
(

I d2n−1 0
0 R(t)

)
∈ SO(2n + 1). Like in the above case, this means that the

isotropy representation does not lift and the spin structure is not U(n)-invariant.
We now look at the second approach. Let μn be the standard complex representation

of U(n) as a matrix acting on C
n . Then, the complexified adjoint representation satisfies

AdU(n+1) ⊗ C ∼= μn+1 ⊗C μ∗
n+1

∼= μn+1 ⊗C μ̄n+1. If we restrict it to U(n), we obtain that
AdU(n+1) ⊗ C|U(n)

∼= (μn ⊕ 1) ⊗C (μ̄n ⊕ 1) ∼= (μn ⊗ μ̄n) ⊕ μ̄n ⊕ μn ⊕ 1. Therefore,
the complexified isotropy representation is isomorphic to μ̄n ⊕ μn ⊕ 1. Note that this is
isomorphic to the complexification ofμR

n ⊕1 (where now 1 is the real trivial representation).
So the real isotropy representation is isomorphic to this.

If we apply the isotropy representation to βn(t), we obtain [R(t) ⊕ 1 ⊕ ... ⊕ 1]. So we
will obtain a rotation matrix that generates the fundamental group of SO(2n + 1). ��

For the sake of completeness, we also compute the (complexified) isotropy representation
for the Lie groups SU(n) and Sp(n). In the first case, the sphere is the same as for U(n), with
a restricted action, so we simply restrict the previous isotropy representation to SU(n).

For the second case, let νn be the standard complex representation of Sp(n) (of complex
dimension 2n). Then, AdSp(n+1) ⊗ C = S2(νn+1), where S2 denotes the second complex
linear symmetric power. Thus, AdSp(n+1) ⊗C|Sp(n)

∼= S2(νn ⊕1⊕1) ∼= S2(νn)⊕ (S1(νn)⊗
S1(1⊕ 1)) ⊕ S2(1⊕ 1) ∼= S2(νn) ⊕ νn ⊕ νn ⊕ 1⊕ 1⊕ 1. This implies that the complexified
isotropy representation is isomorphic to the last sum after removing the first summand. Note
that this is isomorphic to the complexification of νRn ⊕ 1 ⊕ 1 ⊕ 1. Thus, the real isotropy
representation is isomorphic to this.

Lemma 2.3 The spin structure of S4n+3 is invariant by the transitive actions of Sp(n+1)·U(1)
and Sp(n + 1) · Sp(1) if and only if n is odd.

Proof Both cases are analogous, so we focus mainly in the case S4n+3 = Sp(n + 1) ·
U(1)/Sp(n + 1) · U(1). Like in the previous cases, we start by computing σ([A, z]) =
(dμ fn [A,z])o. In order to do this, we will see that μ fn [A,z] is a linear map acting on S4n+3 ⊂
R
4n+4. We have that μγn(t)(v) = ι(eiπ t )vι(eiπ t )−1 = (Cι(eiπ t )v0, ..., Cι(eiπ t )vn), where

Cw : Sp(1) −→ Sp(1) is the conjugation by an element w ∈ Sp(1). Then, a tedious
computation shows that the conjugation induces a linear map on R

4 (which we can restrict
to S3) given by a 4 × 4 matrix

(
I d 0
0 R(t)

)
,
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Therefore, we have that μ fn(γn(t)) ∈ SO(4n + 4) is
⎛
⎜⎜⎜⎜⎜⎝

I d 0
0 R(t)

· · · 0

...
. . .

...

0 · · · I d 0
0 R(t)

⎞
⎟⎟⎟⎟⎟⎠

.

Now, we use that Tp S4n+3 = {v ∈ R
4n+4 : 〈v, (1, 0, ..., 0)〉 = 0} = 〈e2, ..., e4n+4〉. This

means that we have that

(dμ fn(γn(t)))o =

⎛
⎜⎜⎜⎜⎜⎝

1 0
0 R(t)

· · · 0

...
. . .

...

0 · · · I d 0
0 R(t)

⎞
⎟⎟⎟⎟⎟⎠

∈ SO(4n + 3).

Since, we have n + 1 rotations, we can conclude that σ∗[γn] = n + 1 mod 2. Hence, the
isotropy representation lifts when n is odd. In other words, the spin structure of S8m−1 is
invariant by the action of Sp(2m + 2) · U(1) and Sp(2m + 2) · Sp(1).

In order to use our second method, we need again to find the isotropy representation first.
We note that G = Sp(n +1) ·Sp(1) and Sp(n +1)×Sp(1) both have the same (complexified)
Lie algebra gC ∼= spC(2n +2)⊕spC(2) (note that here the dimension is not the quaternionic
but the complex dimension). Moreover, gC = mC ⊕ hC, where mC is isomorphic, as an
hC-representation, to the complexified isotropy representation.

Since by Sect. 1.2, H = {[
(

z 0
0 A

)
, z] : A ∈ Sp(n), z ∈ Sp(1)} ∼= Sp(n) ·Sp(1), we have

that

hC = {(
(

ξ 0
0 a

)
, ξ) : a ∈ spC(2n), ξ ∈ spC(2)} ∼= spC(2n) ⊕ spC(2)′ ⊆ gC,

where spC(2)′ = {(
(

ξ 0
0 0

)
, ξ) : ξ ∈ spC(2)}.

Note that for every direct sum of Lie algebras g = g1 ⊕ g2, the first summand is a
subrepresentation of g under the adjoint action; on g1, g1 acts by its adjoint representation,
and g2 acts trivially. Consequently if h is a Lie subalgebra of g, its action on g1 is via the

composition h → g � g1
Ad→GL(g1).

Under the projection to the first summand spC(2n + 2), hC maps isomorphically to
spC(2) ⊕ spC(2n). By the preceding paragraph, the action of hC on the first summand
spC(2n + 2) of gC is the restriction of the adjoint representation of spC(2n + 2) to
spC(2n) ⊕ spC(2) ⊆ spC(2n + 2).

Now, a complement to hC in gC can be obtained as the complement to spC(2n) in the first
factor spC(2n + 2). Namely, as we computed previously,

spC(2n + 2) ∼= S2(C2n+2) ∼= S2
C
2n ⊕ (C2n ⊗C C

2) ⊕ S2
C
2,

with the first summand S2
C
2n corresponding to spC(2n). Sowe can identifymCwith (C2n⊗C

C
2) ⊕ spC(2). In terms of matrices, this is:

mC = {(
( ∗ ∗

∗ 0

)
, 0)} ∈ spC(2n + 2) ⊕ spC(2).
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As a result, we can realize the complexified isotropy representation as (νn �Cν1)⊕(AdSp(1)⊗
C), where νn is the standard representation of Sp(n). Here, the action on the second summand
is via the projection H = Sp(n) · Sp(1) → Sp(1)/ ± I . This representation is isomorphic to
the complexification of ν̃Rn ⊕AdSp(1). Here, ν̃Rn denotes the real representation corresponding
to the first summand, which is nothing butHn with the action described in Sect. 1.2 (note that
Sp(1) does not act trivially). Note that for the second summand, the action of Sp(n) · Sp(1)
factors through the projection Sp(n) · Sp(1) � Sp(1)/ ± I (whose adjoint representation is
the same as that of Sp(1) itself).

In the case of Sp(n) · U(1), including U(1) into Sp(1) as above, we must restrict the
factor for Sp(1) to that of U(1). This yields the complexified representation νn � ν1|U(1) ⊕
AdSp(1)|U(1) ⊗ C).

Note that ν1|U(1) and AdSp(1)|U(1) ⊗C are reducible, as they are complex representations
of the abelian group U(1) of finite dimension greater than one. It is well known how to
decompose these into one-dimensional representations (e.g. by viewing U(1) as the maximal
torus inside Sp(1) and then decomposing the standard and complex adjoint representations
of Sp(1), or alternatively of the complexified Lie algebra, isomorphic to slC(2)). The one-
dimensional representations of U(1) are of the form ρm : z �→ (zm) for m ∈ Z. We have
ν1|U(1) ∼= ρ1 ⊕ ρ−1 and AdSp(1)|U(1) ⊗ C ∼= ρ2 ⊕ ρ0 ⊕ ρ−2, where ρ0 = 1 is the trivial
representation. Putting this together, the complexified isotropy representation decomposes
as:

νn � (ρ−1 ⊕ ρ1) ⊕ ρ2 ⊕ 1 ⊕ ρ−2.

This is isomorphic to the complexification of ν̃Rn |Sp(n)·U (1) ⊕ ρR

2 ⊕ 1. Here ρR

2 is a repre-
sentation of U (1) which factors through the quotient U(1)/± I , so its overall representation

of Sp(n) · U (1) is given as the composition Sp(n) ·U(1) � U(1)/ ± I
ρ2→GL(1,C). So this

sum is isomorphic to the real isotropy representation.
Plugging in the generator calculated above, one obtains:

⎛
⎜⎜⎜⎜⎜⎝

I d 0
0 R(t)

· · · 0

...
. . .

...

0 · · · I d 0
0 R(t)

⎞
⎟⎟⎟⎟⎟⎠

⊕ (R(t)) ⊕ 1.

We note that this matrix contains n+1 generators of the fundamental group of SO(4n+3)
on the diagonal, and can thus be expressed as the product ofn+1generators of the fundamental
group Z/2. This is equal to the parity of n + 1, so the isotropy representation lifts for n + 1
even. ��

We summarize the information of the transitive actions on spheres in Table 1.

2.1 Closing remarks

In this section, we discuss several applications of our results.
A first immediate consequence of the main theorem is a very short and basic proof of the

following fact proved in ([14]X.§21) and [17, Proposition 2.3].

Corollary 2.4 Any 8k-dimensional quaternionic Kähler manifold is spin.
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Table 1 Invariance of the spin structure on the sphere by transitive and effective compact Lie group actions

Lie group Manifold Isotropy subgroup Isotropy representation G-invariant spin ?

SO(n + 1) Sn SO(n) λn No

U(n + 1) S2n+1 U(n) μR
n ⊕ 1 No

SU(n + 1) S2n+1 SU(n) μR
n ⊕ 1 Yes

Sp(n + 1) S4n+3 Sp(n) νRn ⊕ 1 ⊕ 1 ⊕ 1 Yes

Sp(n + 1)Sp(1) S4n+3 Sp(n)Sp(1) ν̃Rn ⊕ AdSp(1) n odd

Sp(n + 1)U(1) S4n+3 Sp(n)U(1) ν̃Rn ⊕ AdSp(1)|U(1) n odd

G2 S6 SU(3) μR

3 Yes

Spin(7) S7 G2 ζ Yes

Spin(9) S15 Spin(7) λ7 ⊕ �7 Yes

Proof It is well known that the holonomy group of a quaternionic Kähler manifold M of
real dimension 4n + 4 is Sp(n + 1) · Sp(1). But then by Proposition 1.6, we know that there
exists a lift of the holonomy representation to the spin group if and only if there exists a lift
of the isotropy representation H = Sp(n) · Sp(1) for the corresponding sphere S4n+3. This
happens exactly in the case where n is odd by lemma 2.3, which proves our claim. ��

Note that by the same type of argument we also get immediately the well-known facts that
Calabi–Yau manifolds (holonomy SU(n)), hyperkähler manifolds (holonomy Sp(n)) and G2

andSpin(7) -manifolds are spin, though these facts are obvious since in these casesG is simply
connected. We want to point out that although the group Sp(n) · U(1) is not a Riemannian
holonomy group, it is nevertheless linked to some interesting geometric structures as it is
appearing as a weak holonomy group for particular classes of connections with torsion (see
[3]).

Now, as we have shown in the main theorem, there are cases where the spin structure of
the sphere is not G-invariant, but we can then take a double covering which does preserve
the spin structure. In all of the non-lifting cases, there is in fact a unique connected double
covering up to isomorphism. The next remark focuses on them.

Remark 2.5 For SO(n +1) acting on Sn , the double covering is precisely Spin(n) acting non-
effectively on Sn . More explicitly, the action is given by μx (v) = λ(x)v for x ∈ Spin(n + 1)
and v ∈ Sn .

For U(n + 1) acting on S2n+1, the double covering is MU(n + 1) := {(A, z) ∈ U (n +
1) × C

× | det A = z2} (sometimes called the metaunitary group).
For Sp(n + 1) · Sp(1) and Sp(n + 1) · U(1), the double coverings are Sp(n + 1) × Sp(1)

and Sp(n + 1) × U(1), respectively.

Now, given any connected group G acting transitively on a sphere by isometries via α : G →
Isom(Sn), then G/ ker(α) is one of the groups in Table 1. Then, there exists a G-invariant
spin structure on Sn if and only if either the last column is “Yes” or the map G � G/ ker(α)

factors through the aforementioned connected double covering. This classifies all groups G
acting transitively on a sphere by isometries for which the sphere admits a G-invariant spin
structure.

The next proposition describes a nice relationship between G-invariant spin structures on
G/H and finite subgroups of G:
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Proposition 2.6 Let M = G/H be a spin homogeneous space where H is connected. Then,
a spin structure in G/H is G-invariant if and only if the spin structure is invariant by all
subgroups of G isomorphic to Z2.

Proof One direction is trivial, since if the spin structure is G-invariant, then it is also invariant
by all its subgroups. Thus, we only need to proof the converse. Assume that there is a spin
structure which is not G-invariant, then there exists α ∈ π1(H) such that σ∗(α) �= 0. Firstly,
we want to find an adequate loop a : S1 −→ H , such that [a] = α. Let i : T r ↪→ H be
the inclusion of a maximal torus, then the induced map i∗ : Zr ∼= π1(T , e) −→ π1(H , e)
is surjective [8, Theorem 7.1]. Alternatively, one can see that G/T is simply connected by
arguing that G/T is a complex manifold with a CW-structure with only even dimensional
cells, and then use the long exact sequence of homotopy.

Then, there exists x = (x1, ..., xr ) ∈ Z
r such that i∗(x) = α. Note that we may assume

without loss of generality that x is primitive in Z
r (i.e. there is no y ∈ Z

r and λ ∈ Z with
|λ| > 1 such that x = λy). Thus, we have a map ã : R −→ R

r such that ã(t) = xt ,
which induces a loop a : S1 −→ T s whose class is (x1, ..., xr ). Moreover, this map is an
injective group morphism. Therefore, we have seen that we can choose the representative
of α ∈ π1(H) to be an injective group morphism a : S1 −→ H (note that if we choose a
non-primitive element, the map may not be injective).

We want to see that the involution a( 12 ) does not preserve the spin structure. Because
σ∗(α) �= 0, we can deduce that the spin structure is not S1-invariant, thus we have the short
exact sequence

1 −→ Z2 −→ S′ −→ S1 −→ 1,

where S′ ∼= S1 is the double covering which preserves the spin structure of G/H . Then, the
lift of Z2 is a subgroup of S1, which implies that it is Z4. Consequently, the involution action
Z2 = {I d, a( 12 )} does not leave the spin structure invariant. ��
Example 2.7 We can find explicitly a subgroup Z2 in the case of Sn with the group action of
SO(n). By the above proposition, we can pick the involution f = μ

αn(
1
2 )
. The isometry f :

Sn −→ Sn is given by restricting the linear map A : Rn+1 −→ R
n+1, where A ∈ SO(n +1)

is the matrix

A =
(

I dn−1 0
0 −I d2

)
.

We claim that the spin structure of Sn is not invariant under this action. Indeed, the induced
map by f on the frame bundle F Sn = SO(n +1), f A : SO(n +1) −→ SO(n +1), is simply
the matrix multiplication X �→ AX . Thus, it lifts to a map f̃ : Spin(n + 1) −→ Spin(n + 1)
which fulfils that f̃ (x) = (en ·en+1)·x , where · is theCliffordmultiplication (see the appendix
for details on Clifford algebras). Since en · en+1 · en · en+1 = −1, the map f̃ 2(x) = −x .
Hence, the lift of the action on the spin structure is given by the group Z4, which implies that
the spin structure is not invariant.

Finally, it would be interesting to study the same question of G-invariant spin structures
on other homogeneous spaces. The starting point of this problem has two difficult conditions
to check; firstly, given a homogeneous space G/H , we need to know which Lie groups acts
transitively and effectively on it and secondly we need to know if it admits a spin structure.
The first condition has been studied in [13, 16], while we refer to [1, 9] for the study of spin
structures on some classes of homogeneous spaces.
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For example, we can consider the complex projective space CPm , which is known to be
spin if and only if m is odd. Then, if m = 2n + 1, the only groups that act effectively and
transitively on them are SU(2n + 2) and Sp(n + 1) (see [16]). Therefore, its unique spin
structure is invariant by both group actions.
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Appendix: Exceptional group actions and isotropy representations

The purpose of this appendix is to give a self-contained, simple and concise description of
the three exceptional Lie group actions on spheres based on the octonions, and especially the
realization of G2 as an isotropy group, which have been scattered or missing in the literature
so far. For some of the facts mentioned here for S6 and S7, we refer to [11].

Since the octonions are a crucial tool in understanding the three exceptional Lie group
actions, we will recall their properties quickly. Let O be the eight-dimensional octonion
algebra over R, with basis {1 = i0, i1, . . . , i7} satisfying the usual relations:

1ik = ik1 = ik, for all k in {0, . . . 7}
i2k = −1, for all k in{1, . . . 7}

ik ik+1 = ik+3, ik+1ik+3 = ik, ik+3ik = ik+1, for all k in{1, . . . 7},

where the last indices are interpreted modulo 7. Any element of O can be written as z =∑7
k=0 akik , for some real numbers ak . The octonionic conjugation is given by z̄ := a0i0 −∑7
k=1 akik and the real and imaginary part of z by Rez := z+z̄

2 and Imz := z−z̄
2 , respectively.

The inner product is defined for all x, y in O by 〈x, y〉 = Re(x ȳ), which is the usual scalar
product onR8. Any triple of unit imaginary octonions (e1, e2, e3), such that e1 anticommutes
with e2, and e3 anticommutes with e1, e2 and e1e2, known as a Cayley triple, generates the
entire octonions.
The action of G2 on S6:

The group G2 is the automorphism group

G2 := {φ ∈ GLR(O) : φ(xy) = φ(x)φ(y), ∀x, y ∈ O}

of the eight-dimensional real vector space O ∼= R
8. Since φ(1) = 1, and φ preserves

the inner product 〈·, ·〉 for all φ in G2, G2 acts on the imaginary octonions Im(O) ∼= R
7,

and G2 ≤ SO(Im(O)) ∼= SO(7). We call this seven-dimensional irreducible representation
ζ : G2 → SO(Im(O)).

123

http://creativecommons.org/licenses/by/4.0/


Annals of Global Analysis and Geometry (2022) 62:437–455 451

The action restricts to a left action G2 × S6 → S6, (φ, v) �→ φ(v) on the unit imaginary
octonions S6 := {(v0, ..., vn) ∈ Im(O) ∼= R

7 : ∑ |vi |2 = 1}. Since, given any two Cayley
triples, there exists a unique automorphism of O mapping the first to the second, this last
action is transitive.

We now want to compute the isotropy subgroup G2i1 stabilizing the element i1. Note that
the field of complex numbers lives naturally inside ofO asC = span{1, i1}. Any element z in
O can bewritten as z = (a0+a1i1)+(a2+a4i1)i2+(a3+a7i1)i3+(a5+a6i1)i5 =: z0+z1i2+
z2i3+z3i5, andwe get an isomorphism f : O → C⊕C

3, z �→ z0+(z1, z2, z3)T . It is easy to
see that ifφ ∈ G2 is an automorphismfixing i1, thenφ(z) = z0+z1φ(i2)+z2φ(i3)+z3φ(i5).
It therefore fixes C, preserves C3, and induces a C-linear transformation of C3 given by
f ◦ φ(z) = z0 + A(z1, z2, z3)T , with A = (φ(i2), φ(i3), φ(i5)). Since φ is invertible, A is
in GL(3,C). Moreover, the inner product 〈, 〉 on O induces the standard real inner product
on R

6 ∼= C
3 which is preserved by φ, hence A is in U(3) = SO(6) ∩ GL(3,C).

Next we claim that two vectors v,w ∈ C
3 are orthonormal for the standard Hermitian

form if and only if (i1, v, w) is a Cayley triple. Indeed, given two octonions v and w are
orthonormal for the Hermitian form if and only if (v, i1v,w, i1w) are orthonormal for the
standard real form. Since they are orthogonal to i1 itself, the result follows. Since G2 acts
simply transitively on Cayley triples, G2i1 acts simply transitively on Cayley triples of the
form (i1, v, w). We conclude that G2i1 acts simply transitively on the pairs of orthonormal
vectors in C3.

We claim that G2i1 ⊆ SU(3); to do this, it remains to show that every element A as above
has determinant one. Since A ∈ U(3), by the spectral theorem there exists an orthonormal
eigenbasis for A. By the preceding paragraph, there is an element ψ ∈ G2i1 such that
B := ψ−1Aψ has i2, i3 as eigenvectors: let the eigenvalues beλ1, λ2 in (O).Nowwecompute
that B(i5) = B(i2i3) = B(i2)B(i3) = (λ1i2)(λ2i3) = λ1λ2i5. Thus, the determinant of A is
one, as required.

Since G2i1 ⊆ SU(3) and G2i1 acts transitively on the pairs of orthonormal vectors in C3,
it follows that G2i1 = SU(3), as a transformation in SU(3) is determined by the image of the
first two basis vectors of C3. As a result, the real isotropy representation is just the standard
six-dimensional representation μR

3 of SU (3).
The action of Spin(7) on S7:

The spin group Spin(n) is the connected double covering of SO(n). In order to understand
the action of Spin(7) and Spin(9) on spheres, we need to study the real spin representation
of these groups. Explicitly, Spin(n) can be realized in the following way. Let {ei }n

i=1 be
an orthonormal basis of (Rn, 〈·, ·〉) (with the usual scalar product). Recall that the Clifford
algebra Cln is the algebra over R generated by the vectors {ei }n

i=1 satisfying the relations
ei · e j + e j · ei = −2δi j . Then Spin(n) is the subgroup of Cln given by

Spin(n) := {x1 · x2 . . . x2k : xi ∈ R
n, ‖xi‖ = 1, i ∈ (1, . . . 2k)} ⊂ Cln

Note that the double covering is given by λ : Spin(n) → SO(n), s �→ λ(s), λ(s)x = sxs−1.

The spin representation�n : Spin(n) → GL(�n) is obtained by restricting an irreducible
representation ofCln to Spin(n). In the case n = 1 mod 4 (and hence for n = 9), theClifford
algebra Cl4k+1 has a single irreducible representation, which splits under Spin(4k + 1) into
two equivalent representations, either one of which defines �n .

In the case n = 3 mod 4 (and hence for n = 7), the representation of the Clifford
algebra Cl4k+3 is a sum of two inequivalent irreducible representations. The restriction to
Spin(4k + 3) is a unique representation, independent of which irreducible representation of
Cl4k+3 is used. In particular, in dimension n = 7 mod 8, Cl8k+7 = R(23+4k) ⊕ R(23+4k)
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and �n = R
23+4k

. From this we get immediately the action of Spin(7) on R8 ∼= O and hence
on the unit sphere S7 ∼= {v ∈ O ∼= R

8 : ‖v‖ = 1}.
We claim that the action of Spin(7) on S7 is transitive with isotropy group G2. Here,

G2 is realized inside of Spin(7) as follows: G2 < SO(7) as above and since G2 is simply
connected, this inclusion lifts to G2 < Spin(7).

To prove the claim, we first show that Spin(7) acts transitively on S7. To see this, we
realize the spin representation explicitly in the following known way. There is an action of
Cl(R7) ∼= Cl(Im(O)) on O given by the left multiplication Im(O) × O → O of imaginary
octonions. The fact that this defines an action of Cl(R7) follows from explicitly checking
the Clifford relations—a consequence of the multiplication table ofO. As this is a nontrivial
module, it must be one of the irreducible modules of dimension eight of Cl(R7), therefore its
restriction to Spin(7) is the spin representation. The Lie algebra so(7) ⊆ Cl(R7) is the span
of commutators of the generators under Clifford multiplication. Let us compute so(7) · 1,
where 1 ∈ O is considered a unit vector, hence in S7. For v,w ∈ R

7, so v ∧ w ∈ so(7), we
have (v∧w) ·1 = vw−wv, the commutator in the octonions.We see from the multiplication
table that commutators of imaginary octonions span the imaginary octonions again. Thus,
so(7)·1 = R

7, the imaginary octonions. Therefore, the orbit of 1 under Spin(7) has dimension
7. Since Spin(7) is compact, the orbit is a closed submanifold of S7, hence all of S7. This
implies transitivity.

We now compute the isotropy. Note that G2 < Spin(7) acts on the spin representationR8.
Since the only nontrivial irreducible representation of G2 of dimension ≤ 8 has dimension
7, and all finite-dimensional representations of G2 are completely reducible, it follows that
there is a trivial G2-subrepresentation of R8. That means there is a fixed vector, hence a unit
fixed vector v ∈ S7. Let H be the isotropy group at v then we have G2 < H by definition of
v. Since Spin(7) acts transitively on S7, we have dim H = 21 − 7 = 14 = dimG2. Thus,
G2 < H is an open subgroup, and as G2 is compact, it is the connected component of the
identity. Finally, since Spin(7)/H ∼= S7 is simply connected, by the long exact sequence on
homotopy groups, |π0(H)| = 1, so H = G2 as desired.

Since the isotropy representation is a nontrivial seven-dimensional representation of G2,
it has to be isomorphic to ζ .

The action of Spin(9) on S15.
In dimension n = 1 mod 8, we have Cl8k+1 = C(24k), which after restricting to

Spin(8k + 1) yields �n = R
24k

. Therefore in dimension 9, �9 = R
16 and Spin(9) acts

via the spin representation on the unit sphere S15 ⊂ R
16 ∼= O

2. Moreover, we identify:

R
9 ∼= R ⊕ O =

{
i

(
r Lz

Lz̄ −r

)
: r ∈ R, z ∈ O

}
⊆ EndC(C ⊗ O

2),

where Lz denotes themap associated to the left multiplication by z inO. There is, similarly
to Spin(7), an action of Cl(R⊕O) on C⊗O

2 given by left multiplication. Note that in this
case, C⊗O

2 is the unique irreducible representation of the real Clifford algebra Cl(R⊕O)

and the action furnishes an isomorphism Cl(R⊕O) ∼= EndC(C⊗O
2). Restricting this to the

even Clifford algebra, it splits into two isomorphic real representations,O2 and iO2. Hence,
these both identify with �9.

We can compute directly, as in the case of Spin(7), that Spin(9) acts transitively on S15.
Take the vector (1, 0) ∈ O

2. Since the orbit Spin(9) · (1, 0) ⊆ S15 is closed, to show it is all
of the sphere it suffices to prove that the tangent space so(9) · (1, 0) has dimension at least
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15. Now, so(9) is the span in Cl(R ⊕ O) of commutators of generators. We compute that
[

i

(
r Lu

Lū −r

)
, i

(
r ′ Lv

L v̄ −r ′
)]

= −
(

Lu L v̄ − Lv Lū 2(r Lv − r ′Lu)

2(r ′Lū − r L v̄) Lū Lv − L v̄ Lu

)
.

Hence, the tangent space is the span of the vectors

((r , u) ∧ (r ′, v)) · (1, 0) = −(uv̄ − vū, 2(r ′ū − r v̄)), r , r ′ ∈ R, u, v ∈ O. (1)

Taking r = 1 and r ′ = 0, u = 0, we obtain (0,−2v): this spans (0,O). Taking u = 1O, r =
r ′ = 0, we obtain (v̄ −v, 0): this spans (Im(O), 0). So the overall span is at least Im(O)⊕O,
which is the tangent space to S15 and we are done.

Note that we can explicitly compute the isotropy Lie algebra, call it h, of (1, 0) in so(9).
We claim that this is:

span
(
Tu,v := u ∧ v + 1

2
([u, v] ∧ 1O) | u, v ∈ Im(O)

) ⊆ ∧2
O

= so(8) ⊆ ∧2(R ⊕ O) = so(9). (2)

Indeed, plugging Tu,v into (1) with r = r ′ = 0 we get zero, since (uv − vu) − 1
2 ([u, v] +

[u, v]) = 0. So Tu,v ∈ h. On the other hand, these elements span a 21 = (36 − 15)-
dimensional subspace, which is the correct dimension. More explicitly, a complementary
subspace to (2) is R ∧ O ⊕ Re(O) ∧ Im(O), which we already showed acts injectively on
(1, 0), with image the tangent space to S15.

The isotropy representation is the tangent space Im(O) ⊕ O. The action of the isotropy
Lie algebra decomposes into two subrepresentations, (Im(O), 0)⊕ (0,O). The action on the
first factor induces a homomorphism ϕ : h → gl(7). Explicitly, this action is given on Im(O)

as follows, for u, v, w ∈ Im(O):

Tu,v · w = u · (v · w) − v · (u · w) − ([u, v]) · w, (3)

with multiplication taken in the octonions. This can be interpreted as “the failure of left
multiplication of Im(O) on itself to define a Lie algebra representation” (although note that
Im(O) is not a Lie algebra under commutators).

We claim that the image of this homomorphism lies in so(7). Suppose u = i1, v = i2, w =
i j . Then, u(vw) = ±(uv)w = ∓(vu)w = −v(uw), with the sign± positive if j ∈ {1, 2, 4},
and negative otherwise. It follows that the action of Tu,v is given by i3 �→ −i6 �→ i3 and
i5 �→ i7 �→ −i5. In other words, ϕ(Tu,v) is zero on the three-dimensional space spanned
by i1, i2, i4 (a line in the octonion Fano plane), and acts by 90◦ rotation on the two two-
dimensional spaces spanned by i3, i6 and by i5, i7 (which with i4 form the other three lines
through i4). In particular, ϕ(Tu,v) ∈ so(7) (it is skew-symmetric). Through automorphisms
of the Fano plane, this describes ϕ(Tik ,i� ) for all indices k, �. Indeed, each transformation
is zero on the span of ik, i�, and ik i� (which represent a line in the octonionic Fano plane),
and is a 90◦ rotation on each of the complementary two-dimensional spaces of the form
Span(im, (ik i�)im) (representing the two other lines in the octonionic Fano plane containing
±ik i�).

We claim furthermore that this gives an isomorphism h → so(7). Since the source and
target have the same dimension, it suffices to show that the ϕ(Tu,v) are linearly independent:
since Tik ,i� acts on some of the i j as multiplication by ik i� and by zero on others, it suffices to
check that the three choices of indices (k, �) with the same product ik i� (i.e. the representing
the three lines in the octonionic Fano plane through ik i�) give linearly independent elements
ϕ(Tik ,i� ). That is, ϕ(Ti1,i2), ϕ(Ti6,i3), and ϕ(Ti5,i7) should be linearly independent (and cyclic
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permutations of (1, 2, 3, 4, 5, 6, 7)). This is true: if λ1Ti1,i2 + λ2Ti6,i3 + λ3Ti5,i7 acts by zero
on i1, i2, then λ2 = −λ3; similarly to act by zero on i6, i3 we need λ3 = −λ1, and finally to
act by zero on i5, i7 we need λ3 = −λ1. So λ1 = λ2 = λ3 = 0. Similarly, applying cyclic
permutations of the indices (1, 2, 3, 4, 5, 6, 7) we get that a linear combination of the Tik ,i�
which acts by zero is the zero combination.

As a result, the isotropy representation Im(O) ⊕ O of h realizes h ∼= so(7) with Im(O)

the standard 7-dimensional representation. Note that the isotropy Lie subgroup H must be
simply-connected by the long exact sequence on homotopy groups for H → Spin(9) → S15,
hence H ∼= Spin(7). Therefore, the other summand (0,O) of the isotropy representationmust
be isomorphic to the spin representation, otherwise the isotropy representation would not be
faithful.

This is a contradiction, because H acts effectively on S15. More generally, if G acts
effectively on a compact connected manifold M and H is the stabilizer of p ∈ M is compact,
we claim that the isotropy representation is faithful. Let K < H be the kernel of the isotropy
representation. Then, (Tp M)K = Tp(M K ), since there is an K -equivariant isomorphism of
a neighbourhood of p in M and of p in Tp M (or because we can take an K -invariant metric
on M and then K preserves the exponential flow beginning at p, hence all geodesics on X
through p). As a result, since K acts trivially on Tp M and M is compact and connected, M K

is an open and closed subset of M , hence all of M . So K acts trivially on M . As the action
of G is effective, K is trivial, as desired.

Thus, this explicitly realizes H ∼= Spin(7) and the isotropy representation as a direct sum
of the standard and spin representations.
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