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Abstract

We examine which of the compact connected Lie groups that act transitively on spheres of
different dimensions leave the unique spin structure of the sphere invariant. We study the
notion of invariance of a spin structure and prove this classification in two different ways;
through examining the differential of the actions and through representation theory.
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Introduction

Given a Lie group G acting on a manifold M, it is a natural question to ask which structures
of the manifold are preserved by G. For example, if M is orientable, connected Lie groups
always preserve an orientation. However, if we consider that M admits spin structures (which
can be regarded as a refinement of orientation) the question of their preservation by G is more
complicated. We will show in the main theorem that even if the manifold has a unique spin
structure and the Lie group is connected, it is possible for the action to not preserve it.

The question is even more relevant in the case of homogeneous spaces G/H, where the
group action determines the manifold. Here, spin structures can be nicely characterized in
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terms of lifts of the isotropy representation to the group Spin(n) (see [1] and references
therein).

The question is motivated by the utility of G-invariant spin structures; in addition to their
elegant form mentioned above, G-invariance is crucial to compute the spinors which are
invariant with respect to the connection induced by the action of the Lie group. This fact is
a further motivation to carefully study the case of homogeneous spaces: most examples of
geometries admitting special spinors are indeed homogeneous (see for example [5, 18] and
(2D.

A particularly interesting case is the spheres. Most commonly viewed as the homogeneous
space " = SO(n + 1)/SO(n), they can actually be realized, due to their great amount
of symmetries, as various homogeneous decompositions, according to the different groups
acting transitively and effectively on them. These groups were classified by D.Montgomery
and H.Samelson (see [15]). Part of the preliminaries and an appendix at the end of this
paper are dedicated to describing each of these nine possible group actions, together with
their isotropy representations, as a comprehensible survey of these classical results is very
difficult to find in the literature. Understanding the features of these actions is of particular
importance in differential geometry; one of their most remarkable properties being the well-
known fact that the transitive effective Lie groups on spheres appear as holonomy groups
according to Berger’s classification ([6]) on simply connected Riemannian manifolds, with
the exception of Spin(9) and Sp(n) - U(1).

Our main theorem studies which of these actions leave the unique spin structure of spheres
invariant. More precisely, we prove the following:

Main Theorem Let G be acompact connected Lie group acting transitively and effectively
on a sphere of appropriate dimension. Then, its unique spin structure is G-invariant if and
only if G is simply connected, or for n odd, Sp(n + 1) - U(1) or Sp(n + 1) - Sp(1).

Perhaps the most surprising fact is that there are non-simply connected Lie groups which

preserve the spin structure.
We present two different methods to prove the main theorem. One is of more differential
geometric nature and based on the definition of the isotropy representation using differentials,
through the fact that the actions are linear. The other approach uses the characterization of
the isotropy representation as a restriction of the adjoint representation of the transitive Lie
group, which enables the use of the tools of representation theory. This method is more
general as it is not necessary for the action to be linear. It is important to point out that in
general we do not need to compute the whole isotropy representation, since it is enough to
find the image of loops whose classes generate the fundamental group of the stabilizer H. By
choosing the adequate loop representative, we can reduce the complexity of the computation.
The paper is divided as follows. First, we recall the basic concepts about the theory of
homogeneous spaces we need, focusing on describing the different transitive group actions
on spheres, and recall the concept of a G-invariant spin structure, with special attention to
the case of homogeneous spaces. In the second section, we prove our main result, which
we divide into lemmata for each of the transitive group actions. We end the paper with a
few closing remarks and results. In particular we point out that our main theorem yields a
complete classification of G-invariant spin structures on spheres, with G a compact connected
Lie group acting transitively.
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1 Preliminaries
1.1 Homogeneous spaces

In this section, we recall some well-known facts about homogeneous spaces. For more details,
we refer to ([7],Chapter7). Let M be an orientable n-dimensional Riemannian manifold on
which a connected Lie group G acts transitively from the left (i.e. a homogeneous space) and
fix apointo € M. Then, itis well known that M >~ G /H, where H = Stab(o). We denote by
ng M — M, gH — g'gH the group action of G on M. Additionally, we assume that the
isotropy subgroup H is compact, where o := e H. Then, M admits an invariant Riemannian
metric, and the group G acts by orientation-preserving isometries.

We denote by Ad° : G > GL(g) and Ad” : H — GL(h) the adjoint representations of
G and H, respectively, where g = T,G denotes as usual the Lie algebra of G and b the Lie
algebra of H. Riemannian homogeneous spaces are reductive, i.e. there exists an H-invariant
vector space m such that g = f@m. In this case, the tangent space T, (G / H) can be identified
with m.

By definition, the isotropy subgroup fixes the point 0. Hence for all 7 € H the differential
dun)o : T,(G/H) - Th.o(G/H) = T,(G/H) yields a linear action of H on the tangent
space called the isotropy representation ¢ : H —> GL(7,(G/H)), such that o (h) :=
(dun)o- As the group acts via orientation preserving isometries, we may take the image to lie
inside SO(T,(G/H)). We will assume furthermore that G acts effectively and that therefore
the isotropy representation is injective.

By the preceding paragraphs, the adjoint representation of G restricted to H satisfies
Ad®|y = Ad @ o. Therefore, if m is any H-subrepresentation of g such that g = h @ m,
we have (Ad® |y, m) = (0, T,(G/H)).

It is important to describe precisely the structure of the orthonormal frame bundle F M of the
homogeneous space G/H. By our previous considerations, this is a SO(m)-bundle and we
can consequently identify F, M with SO(m). Consider now the H-bundle p : G x,SO(m) —
G /H associated to the bundle G — G/H, where the right group action of H is given by
(g, A) = (gh,o(h~")A) =: [g, A]. The map

G x5 SO(m) — FM, [g, Al (gH,dugA)

is a bundle isomorphism, with dug : FoM — Fy,y M being the pushforward of the action
by G.

1.2 Classification of group actions on spheres

We are interested in compact connected Lie groups acting effectively and transitively on
spheres. Note that the compactness condition enables us to work with isometric actions, while
we can always assume that the group is connected by taking the identity component, which
would also act transitively on the homogeneous space. These groups were firstly classified
by Montgomery and Samelson in [15]. We will recall the actions of the classical Lie groups
below, as we will explicitly need them later. Since a comprehensive (and comprehensible)
survey of the description of these actions is somewhat hidden in the literature, we added
the exceptional cases in an appendix at the end of the paper. We will also describe the loops
whose class generate the fundamental group of the connected Lie groups which are not simply
connected. For this purpose, we denote the usual rotation by
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R() = (cos(Zm‘) - sin(2m)) .

sin(2t) cos(2mt)

The actions of SO(n + 1), U(n + 1), SU(n + 1) and Sp(n + 1):
First, we recall that

SO®n) := {A € O(n) : det A = 1}, where O(n) ;== {A € GL(n,R) : A’A = AA" = Id},
SU®@m) :={A € Un) : det A = 1}, where U(n) := {A € GL(n,C) : AA" = A'A = Id},
Sp(n) :={A € GL(n, H) : AA" = A’A = Id}.

The group SO(n + 1) acts transitively on the unit sphere $” := {(vg, ..., v;) € R+
> v |> = 1} by the usual matrix multiplication. It is easy to see that the isotropy group

[ 0
T . . . .
at (1,0,...,0)" is given in block from by the matrix < 0lso (n)>' In order to find the

generator of 71(SO(n)) = Z; for n > 2, we use the fact that S” is 2-connected for n > 2
(1 (S") = m(8™) = 0), together with the well-known long exact sequence of homotopy
groups for the principal bundle associated to the homogeneous space structure, to conclude
that the group morphism induced at the level of fundamental groups by the inclusion of the
isotropy subgroup is an isomorphism (or surjective whenn = 2). Hence, we can track back the
generator of 71 (SO(n)) to 1 (SO(2)). Thus, we can write a generating loop o, : I —> SO(n)
of 711 (SO(n)) by oy () = (1 dg‘z R(()t))

Similarly, U(n + 1) and SU(n + 1) act by matrix multiplication on the unit sphere in
the complex (n 4 1)-dimensional space, S>"*! := {(vg, ..., v,) € C"F1 : Y ||? = 1},
where C"*+! is identified with R*"*2, and Sp(n 4 1) acts on the unit sphere in the quaternions
§MH3 = {(vo, ..., vp) € H'™ + Y |u;> = 1}). Here v; = a; + ib; + jci + kd; and
lvi|* = a? 4+ b? + ¢? + d? and again we can identify H" ™! with R*"**. The isotropy groups
can be computed as above and are U(n), SU(n) and Sp(n), respectively.

We can use the same argument as above to find aloop whose class generates 1 (U(n)) = Z.
Knowing that the loop 81 : I — U(1) such that g;(t) = e2mit generates w1 (U(1)) = Z it

. . . Id,_1| O
is straightforward to see that the loop we seek is 8, (¢) = ( n-l )

0 e it
The actions of Sp(n + 1) - U(1) and Sp(n + 1) - Sp(1):

The cases Sp(n + 1) - U(1) and Sp(n + 1) - Sp(1) are analogous, so we will only explain
the case Sp(n + 1) - U(1) in detail.

We have that Sp(n + 1) - U(1) = Sp(rn + 1) x U(1)/{=£(Id, 1)}, so the group is doubly
covered by Sp(n + 1) x U(1). We denote the elements of Sp(n + 1) x U(1) by (A4, z) and
the elements of Sp(n + 1) - U(1) by [A, z]. Finally, we need an embedding of U(1) C C in
Sp(1) € H. We choose ¢ : U(1) < Sp(1) where t(a + ib) = a + ib + jO + k0. Note that
there are other possible inclusions.

We define the action of Sp(n + 1) - U(1) in the following way. Given [A, z] € Sp(n +
1) - U(1), we define jja. ) : S+ — %43 such that pupa ;) (v) = Av((z))~", where
(@) = (@), ..., va(t(z))1). Note that this shows why we take Sp(n + 1) - U(1)
instead of Sp(n 4+ 1) x U(1) to get an effective action. The action is moreover transitive,
since the usual action of Sp(n + 1) on $***3 is transitive. Now, we compute the isotropy
subgroup H for p = (1,0, ...,0). If [A, z] € H then Ap = (¢(z), 0, ..., 0). From there, it is
straightforward to see that

H= {[(%) ,2] 1 A € Spn),z e U(l)} = Spn) - U(1).
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Moreover, the inclusion f;, : Sp(n) - U(1) — Sp(n + 1) - U(1) fulfils

Sl 2D = [(%) L

Once again, all the inclusions of isotropy subgroups are isomorphisms at the level of funda-
mental groups. Thus, we can track back the generator of 71 (Sp(n) - U(1)) = Z to the case
n = 0. Then, we have that the generator the fundamental group of U(1)/Z, is represented
by the loop yo : I —> U(1)/Z; such that yo(t) = [¢™!]. Using the inclusions, we can see
that the generator of 71 (Sp(n) - U(1)) = Z is represented by a loop y,, : I —> Sp(n) - U(1)
such that y, (1) = [t(e!™")1d, ™).

The action of Sp(n + 1) - Sp(1) = Sp(n + 1) x Sp(1)/{x(Id, 1)} on 4113 a5 well as its
isotropy group, are the same as Sp(n) - U(1), just we replace the inclusion ¢(z) by z and take
z1in Sp(1). A loop whose class generates the fundamental group of 71 (Sp(n) - Sp(1)) = Z,
is y, (t) = [L(e™)Id, 1(e™)].

1.3 Spin structures on homogeneous spaces

Let M be an orientable smooth Riemannian manifold and let (FM, p, M, SO(n)) be its
orthonormal frame bundle. Recall that the group Spin(n) is the unique connected double
covering of SO(n), which we denote by A. Then, a spin structure is a pair (P, A), where
A : P — FM is a 2-covering such that we have a principal Spin(n)-bundle (P, p’ =
p o A, M, Spin(n)) and the following diagram commutes;

. <I:'Spin
P x Spin(n) —— P

AxA A X
7’

FM x SO(n) 2% Fm

here ®gpin and @so denote the action of these groups on the total space of their respective
principal bundles. In addition, two spin structures (P;, A1) and (P;, Aj) are said to be
equivalent if there exists a principal bundle isomorphism f : P —> P, suchthat Ay o f =
Aq.

Although we fix a Riemannian metric to define a spin structure, it is well known that the
obstruction to its existence is purely topological. More precisely, an orientable Riemannian
manifold M is spin if and only if its second Stiefel-Whitney class vanishes, wy(M) = 0.
Then, there exists a one to one correspondence between spin structures up to equivalence
and cohomology classes ¢ € H L(FM, Z,) such that i*(c) # 0, where i is the inclusion of
a fibre. Moreover, the number of spin structures is precisely | H Y(m, Z»)| (see [12, Chapter
2]). It is immediate to conclude from the above discussion the well-known fact that S” is
spin, with a unique spin structure.

The first step to study the relation between spin structures and group actions is to under-
stand how an orientation preserving isometry f : M — M transforms spin structures on a
spin manifold M. Recall that each orientation preserving isometry induces an isomorphism
on the frame bundle of the manifold, which we also denote by f : FM — FM, such that
F@. @1 va)) = (FP). @fipv1. s dfi ).
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We would like to extend this map to a map to a spin structure (P, A). More precisely, we
seek amap f : P — P such that

f

P——P
o
FM -1 Fm

that must also preserve the fibres and be equivariant with respect Spin(n) right action on
P. Since the spin structure is represented by a cohomology class ¢ € H'(FM, Z,) such that
i*(c) #0 € H! (SO(n), Z3), then it can be seen that the map f : FM —> FM can be
lifted to a map f : P —> P between structures if and only if /*(¢) = ¢ by using Cech
cohomology (see [10]). It is important to remark that there are always two possible lifts.
Now, we can introduce the concept of G-invariant spin structure. Let G be Lie group
acting by orientation preserving isometries on a spin manifold M and let ¢, : M —> M be
the isometry induced by the action of an element g € G (we use ¢ instead of x to remark that
the action is not necessarily transitive). As above, we also denote by ¢, the unique bundle
isomorphism induced in F M. Then:

Definition 1.1 We say that a spin structure (P, A) is G-invariant if it is equipped with an
action of G on P covering the action of G on FM.

This implies that for each g € G there is an isomorphism d)g P — Psuchthat Ao qbg =
g o A.

Remark 1.2 Let G’ C G be Lie groups acting on a spin manifold M. If a fixed spin structure
is G-invariant, then it is also G’-invariant. Thus, if the spin structure is not G’ invariant, then
it is not G-invariant.

Since the action of a connected Lie group is homotopically trivial, the above cohomological
condition is always fulfilled. This implies that if a connected Lie group acts on a spin manifold
M, then either G or a 2-covering G actsina way that preserves the spin structure (see [10]).
Note that the action of G on M is not effective. Finally, if G is simply connected the only
possibility for G is G x Z,. This implies that every spin structure is G-invariant when G is
simply connected.

For the case of Riemannian homogeneous space, the action of G on its frame bundle
G x4 SO(n) is simply ug([g', A]) = [gg’, A]. Assume now that there exists a lift of the
isotropy representation to the spin group, that is a group morphism ¢ : H —> Spin(n)
such that 0 = A o 6. Note that by using covering space theory and the fact that Spin(n)
is simply connected for n > 2, it is straightforward to see that this lift exists if and only
if o, : T (H) —> m1(SO(n)) is trivial. Then, it is a known fact that we can construct a
spin structure of the form G x5 Spin(n) with a 2-covering A([g, x]) = [g, A(x)]. The next
proposition shows that the existence of a lift and the existence of a G-invariant spin structure
are equivalent. One of the implications is well-known (see [ 1, 9]), while the converse statement
and its proof are not clearly presented in the literature (for example, it is only mentioned in
[4]). Since it is a key step to prove the main theorem we provide a detailed proof of this fact.

Proposition 1.3 Let M = G/H be a spin homogeneous space where H is connected. Then,
there exists a G-invariant spin structure if and only if the isotropy representation lifts to a
map ¢ : H — Spin(n).
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Proof Assume that the isotropy representation lifts to a group morphismé : H — Spin(n),
then A : G x5 Spin(n) — G X, SO(n) is a spin structure. We consider the action of G
on G Xz Spin(n) such that fi, : G x5 Spin(n) — G x4 Spin(n) fulfil that fi,([¢", x]) =
[gg’, x] for every g € G. Itis clear that A o iy, = p, o A, hence the spin structure is
G-invariant.

Conversely suppose that we have a G-invariant spin structure, with total space P — G/H.
Then, P admits a transitive action of G x Spin(n), with Spin(n) the usual action on the fibres,
and G acting by the equivariant structure. Let p € P be a point and x € G/H its projection.
The first projection G x Spin(n) — G induces an isomorphism from the isotropy H,, of p
in G x Spin(n) to the isotropy group H,. This is because Spin(n) acts simply transitively on
the fibres of P — G/H, so that for every element 7 € H, fixing x, there must be a unique
lift h € H), to an element fixing p. The inverse isomorphism H;, — H, € G x Spin(n)
gives, by projection to the second factor, a homomorphism H, — Spin(n). It is clear that,
when we project this further to SO(n), we obtain the isotropy action on the frame bundle at
X. O

If the lift exists then it is unique since H is connected. In this case, a G-invariant spin
structure (P, A) on G/H is equivalent to the spin structure G x4 Spin(n) given by the map
f : G x5 Spin(n) —> P such that f([g, x]) = fig(pox), where A(p,) = [e, 1d]. This
leads to the next corollary:

Corollary 1.4 If there exists a G-invariant spin structure on G /H with H connected, then it
is unique.

Remark 1.5 Let G be a connected Lie group, seen as the homogeneous spaces G = G /{e}.
Then, the isotropy representation lifts trivially and we have a G-invariant spin structure, which
is corresponds to the trivial bundle G x Spin(n). This spin structure is the only G-invariant
spin structure on G. This fact is especially relevant when G has multiple inequivalent spin
structures, like 7", since it gives a preferred spin structure to work with.

In the spirit of the main theorem, we can also ask which connected Lie groups G acting
transitively on other Lie groups M, seen as a manifold, leave its trivial spin structure invariant.
There are cases, like M = T", where the only group acting transitively on it is the group
itself, thus the answer is trivial. However, if we pick M = SU(2) = § 3 then SO(4) also acts
transitively and effectively on M, but as we will see later, the unique spin structure of > is
not SO(4)-invariant.

Now as we mentioned above, one of the interesting properties of the Lie groups acting
transitively and effectively on spheres is that they are almost in one to one correspondence
with the Riemannian holonomy groups. In fact we have the following nice property, which
seems as well as its proof to be missing from literature.

Proposition 1.6 Let G be the holonomy group of a simply-connected irreducible non-
symmetric Riemannian manifold of dimension n + 1 > 3. Let H < G be a subgroup such
that G/H = S" given by Berger’s classification. Then, there exists a lift of the holonomy
representation h : G — SO(n + 1) to Spin(n + 1) if and only if S" has a G-invariant spin
structure.

Proof By Proposition 1.3, the datum of a G-invariant spin structure of the sphere G/H is

equivalent to a lift of the isotropy representation ¢ : H —> Spin(n). Now we consider the
following commutative diagram of fundamental groups
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~ ~

m(H) —2— 71(SO(n))

l |

71(G) 5 7,(SO(m + 1))

~ ~

where the vertical arrows come from the long exact sequences of homotopy groups for the
quotient space G/ H (resp. SO(n + 1)/S O(n)). Since these spaces are spheres of dimension
greater than two, the two vertical arrows are isomorphisms, which finishes the proof, since
then the map o, is trivial if and only if /A, is trivial by above mentioned criterion for the
existence of a lift. O

2 Main result

The groups SU(n), Sp(n), Gz, Spin(7) and Spin(9) are simply connected, so in these cases
the isotropy representations always lift and the spin structure is invariant. Hence, we only
need to consider the cases SO(n), U(n), Sp(n) - U(1) and Sp(n) - Sp(1).

We present two different approaches to prove the theorem for these groups. Our first
approach is to compute o (¥ (t)) = (dity(r))o, Where y (¢) is a loop whose class generates
the fundamental group of the group we study. In the second approach, we use representation
theory to find o by using that Ad|y = Ad” @ o, and then compute o (y(1)).

For each of the following lemmata corresponding to the four cases above, we provide first
the proof using the first approach and then the more representation theoretical technique. Note
that for the complex and quaternionic group, we will be using complex representations which
are more convenient to deal with. One can uniquely recover, up to isomorphism, the isotropy
representation from its complexification: if p, p’ are real finite-dimensional representations
of any group, then p = p’ if and only if the complexifications (p ® C) = (o’ ® C) are
isomorphic. This follows because (p ® OF = p ® (OR = p @ p. Here, Y& denotes the
underlying real representation of a complex one .

Lemma 2.1 The spin structure of S is not SO(n + 1)-invariant.

Proof Recall that in this case, " = SO(n + 1)/SO(n) and we take 0o = (1,0, ..., 0). Then,
the action is by restriction of a linear action; hence, the differential (d i, 1))o : T,R1
T,R"*! is the matrix f,(a, (1)), where a, is the generating loop described in Sect. 1.2. If
we restrictit to 7,8" = {v € R (v, (1,0, ...,0)) = 0} = {es, ..., ent1), We obtain that
o (oy(t)) = oy (t) € SO(n). Since [a,(1)] is the generator of 1 (SO(n)), we can conclude
that the isotropy representation does not lift, which implies that the spin structure is not
SO(n + 1)-invariant.

Let us now denote by X, the standard representation of SO(n), which is given by the
left multiplication on R". It is a well-known fact that AdSO™ = AZ?,. Recall that
o = Adso(”+l)|so(,1) : SO(n) —> SO(m) and that we have the chain of isomorphisms
AdSOUHD 5600 = Aot lsom) = A2Gw @ 1) = A%, @ Ay, where 1 denotes
the trivial representation. The first summand is the adjoint representation of the isotropy
subgroup SO(n), which means that ¢ = A,. This implies, as we have already seen, that
o (0 () = a, (t) and hence the isotropy representation does not lift. ]
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The next case we discuss is the action of U(n).
Lemma 2.2 The spin structure of S+ is not U(n + 1)-invariant.

Proof We proceed in the same way for s+l — U@m + 1)/U@). Let again 8, be the
generating loop described in Sect. 1.2. In order to compute o (B, (t)), we view the action
as a linear action on §2**! ¢ C"™t! ¢ R?**2. We can decomplexify the matrices of
U(n + 1) in order to see them in SO(2n + 2). Consequently, the isotropy representation
is given by the natural inclusions U(n) C SO(2n) C SO(2n + 1). Therefore, we obtain that

1dy,— o .
o(B,(1) = ( dz(;' 1 R(zt)) € SO(2n + 1). Like in the above case, this means that the

isotropy representation does not lift and the spin structure is not U(n)-invariant.

We now look at the second approach. Let w, be the standard complex representation
of U(n) as a matrix acting on C". Then, the complexified adjoint representation satisfies
AdVOTD @ C = i1 Qc M1 = May1 ®C flny1. If we restrict it to U(n), we obtain that
AgU+h ® (ClU(n) S ®DQc (Un ®1) = (Un ® fin) ® fhn © pn & 1. Therefore,
the complexified isotropy representation is isomorphic to i, @ wu, @ 1. Note that this is
isomorphic to the complexification of uX @ 1 (where now 1 is the real trivial representation).
So the real isotropy representation is isomorphic to this.

If we apply the isotropy representation to S, (), we obtain [R(t) & 1 & ... & 1]. So we
will obtain a rotation matrix that generates the fundamental group of SO(2n + 1). O

For the sake of completeness, we also compute the (complexified) isotropy representation
for the Lie groups SU(n) and Sp(n). In the first case, the sphere is the same as for U(n), with
a restricted action, so we simply restrict the previous isotropy representation to SU ().

For the second case, let v, be the standard complex representation of Sp(n) (of complex
dimension 2n). Then, AdSPOHD @ C = S2(Vn+1), where S2 denotes the second complex
linear symmetric power. Thus, AdSP“+D ® Clgpr) = S2(1, @10 1) = S2(0,) B (ST () ®
Slde1)eS?1e1) = S2(v,) ® v, v, ® 1 1@ 1. This implies that the complexified
isotropy representation is isomorphic to the last sum after removing the first summand. Note
that this is isomorphic to the complexification of vﬂQ @ 1 & 1 & 1. Thus, the real isotropy
representation is isomorphic to this.

Lemma 2.3 The spin structure of S*" 3 is invariant by the transitive actions of Sp(n+1)-U(1)
and Sp(n + 1) - Sp(1) if and only if n is odd.

Proof Both cases are analogous, so we focus mainly in the case S***3 = Sp(n + 1) -
U()/Sp(n + 1) - U(1). Like in the previous cases, we start by computing o ([4, z]) =
(ditf,1A,21)0- In order to do this, we will see that w1, (4,7 is a linear map acting on §4n+3
R We have that 1y, (v) = t(e™)vi(e™) ™1 = (C,qintyv0, .., C,(inryn), Where
Cy @ Sp(1) —> Sp(1) is the conjugation by an element w € Sp(l). Then, a tedious
computation shows that the conjugation induces a linear map on R* (which we can restrict

to $3) given by a 4 x 4 matrix
Id| 0
0|R() )’
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Therefore, we have that u , (5, (1)) € SO(4n + 4) is

1d

0 N iaa

Now, we use that 7, S**3 = {v € R¥*4 : (v, (1,0, ...,0)) = 0} = (e2, ..., eant4). This
means that we have that

140
0[R(1)
(dif, (ru(t))o = S O € SO(4n + 3).
L

0 [R()

0

Since, we have n + 1 rotations, we can conclude that o,[y,,] = n + 1 mod 2. Hence, the
isotropy representation lifts when n is odd. In other words, the spin structure of $3"~! is
invariant by the action of Sp(2m + 2) - U(1) and Sp(2m + 2) - Sp(1).

In order to use our second method, we need again to find the isotropy representation first.
We note that G = Sp(n+1)-Sp(1) and Sp(n+ 1) x Sp(1) both have the same (complexified)
Lie algebra g(c = spc(2n +2) @spc(2) (note that here the dimension is not the quaternionic
but the complex dimension). Moreover, g¢ = m® @ hC, where mC is isomorphic, as an
bC—representation, to the complexified isotropy representation.

Since by Sect. 1.2, H = {[((z) g) ,2]: A € Sp(n), z € Sp(1)} = Sp(n) - Sp(1), we have
that

€= () 0 € b < ope@) = spen @ apc2) < e,

where spc(2) = {((%%) LE) 1 E espe(2)).

Note that for every direct sum of Lie algebras g = g; @ g, the first summand is a
subrepresentation of g under the adjoint action; on gj, g; acts by its adjoint representation,
and gy acts trivially. Consequently if § is a Lie subalgebra of g, its action on g is via the
composition h — g — g g GL(g1).

Under the projection to the first summand spc(2n + 2), hC maps isomorphically to
spc(2) @ spc(2n). By the preceding paragraph, the action of h(c on the first summand
spc(2n + 2) of g€ is the restriction of the adjoint representation of spc(2n + 2) to
spc(2n) @ spc(2) C spe(2n + 2).

Now, a complement to hC in g€ can be obtained as the complement to sp¢(2) in the first
factor sp(2n + 2). Namely, as we computed previously,

sp(c(Zn + 2) ~ SZ((CZVL+2) ~ SZ@Z}’L @ ((CZn ®c C2) @ S2@27

with the first summand S2C2" corresponding to spc(21). So we can identify mC with (C*" ®¢
CH e 5pc(2). In terms of matrices, this is:

mC = {(@%) ,0)} € spe(2n +2) @ spe(2).
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As aresult, we can realize the complexified isotropy representation as (v, Xlcvy) @ (AdSPD
C), where vy, is the standard representation of Sp(n). Here, the action on the second summand
is via the projection H = Sp(n) - Sp(1) — Sp(1)/ % I. This representation is isomorphic to
the complexification of \7,15 ®AdSPD Here, \7}5 denotes the real representation corresponding
to the first summand, which is nothing but H" with the action described in Sect. 1.2 (note that
Sp(1) does not act trivially). Note that for the second summand, the action of Sp(n) - Sp(1)
factors through the projection Sp(n) - Sp(1) — Sp(1)/ £ I (whose adjoint representation is
the same as that of Sp(1) itself).

In the case of Sp(n) - U(1), including U(1) into Sp(1) as above, we must restrict the
factor for Sp(1) to that of U(1). This yields the complexified representation v, X vi|y(1) @
AdS D]y ® C).

Note that v{|y(1) and AdSP) lua) ® C are reducible, as they are complex representations
of the abelian group U(1) of finite dimension greater than one. It is well known how to
decompose these into one-dimensional representations (e.g. by viewing U(1) as the maximal
torus inside Sp(1) and then decomposing the standard and complex adjoint representations
of Sp(1), or alternatively of the complexified Lie algebra, isomorphic to slc(2)). The one-
dimensional representations of U(1) are of the form p,, : z — (™) for m € Z. We have
viluay = p1 ® p-1 and AdSP(1)|U(1) RC = pp @ po ® p—2, where pg = 1 is the trivial
representation. Putting this together, the complexified isotropy representation decomposes
as:

v, (o1 @ p1) 21D p-2.

This is isomorphic to the complexification of T |sp)-u(1) ® o5 @ 1. Here p5 is a repre-
sentation of U (1) which factors through the quotient U(1)/ & I, so its overall representation
of Sp(n) - U(1) is given as the composition Sp(n) - U(1) — U(1)/ £ 1 = GL(1, C). So this
sum is isomorphic to the real isotropy representation.

Plugging in the generator calculated above, one obtains:

Id| 0

RO 0

@ (R1) S 1.

T1d[ 0
0 |R(t)

We note that this matrix contains n + 1 generators of the fundamental group of SO(4n + 3)
on the diagonal, and can thus be expressed as the product of n+ 1 generators of the fundamental
group 7Z/2. This is equal to the parity of n + 1, so the isotropy representation lifts for n + 1
even. O

We summarize the information of the transitive actions on spheres in Table 1.

2.1 Closing remarks
In this section, we discuss several applications of our results.

A first immediate consequence of the main theorem is a very short and basic proof of the
following fact proved in ([14]X.§21) and [17, Proposition 2.3].

Corollary 2.4 Any 8k-dimensional quaternionic Kihler manifold is spin.
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Table 1 Invariance of the spin structure on the sphere by transitive and effective compact Lie group actions

Lie group Manifold Isotropy subgroup Isotropy representation G-invariant spin ?
SO(n + 1) s SO(n) An No

Un+1) s2n+l Un) uR @1 No

SU®m + 1) s2n+l SU(n) uR e Yes

Sp(n + 1) g4n+3 Sp(n) WEelelel Yes

Sp(n + 1)Sp(1) s4nt3 Sp(n)Sp(1) iR @ AgSP() n odd

Sp(n + HU() g4n+3 Sp(m)U(1) IR @ AdSPD |y ) n odd

Go $6 SUG3) g Yes

Spin(7) s7 Gy ¢ Yes

Spin(9) s1s Spin(7) A ® Ay Yes

Proof Tt is well known that the holonomy group of a quaternionic Kéhler manifold M of
real dimension 4n + 4 is Sp(n + 1) - Sp(1). But then by Proposition 1.6, we know that there
exists a lift of the holonomy representation to the spin group if and only if there exists a lift
of the isotropy representation H = Sp(n) - Sp(1) for the corresponding sphere $*"*3. This
happens exactly in the case where 7 is odd by lemma 2.3, which proves our claim. O

Note that by the same type of argument we also get immediately the well-known facts that
Calabi—Yau manifolds (holonomy SU (n)), hyperkéhler manifolds (holonomy Sp(7)) and G,
and Spin(7) -manifolds are spin, though these facts are obvious since in these cases G is simply
connected. We want to point out that although the group Sp(n) - U(1) is not a Riemannian
holonomy group, it is nevertheless linked to some interesting geometric structures as it is
appearing as a weak holonomy group for particular classes of connections with torsion (see
(3D).

Now, as we have shown in the main theorem, there are cases where the spin structure of
the sphere is not G-invariant, but we can then take a double covering which does preserve
the spin structure. In all of the non-lifting cases, there is in fact a unique connected double
covering up to isomorphism. The next remark focuses on them.

Remark 2.5 For SO(n + 1) acting on S”, the double covering is precisely Spin(n) acting non-
effectively on S”. More explicitly, the action is given by u, (v) = A(x)v for x € Spin(n + 1)
andv € S".

For U(n + 1) acting on §2+1 the double covering is MU(n + 1) := {(A,z2) e U(n +
1) x C* | det A = z?} (sometimes called the metaunitary group).

For Sp(n + 1) - Sp(1) and Sp(n + 1) - U(1), the double coverings are Sp(n + 1) x Sp(1)
and Sp(n + 1) x U(1), respectively.

Now, given any connected group G acting transitively on a sphere by isometries viao : G —
Isom(S™), then G/ ker(«) is one of the groups in Table 1. Then, there exists a G-invariant
spin structure on S” if and only if either the last column is “Yes” or the map G — G/ ker(«)
factors through the aforementioned connected double covering. This classifies all groups G
acting transitively on a sphere by isometries for which the sphere admits a G-invariant spin
structure.

The next proposition describes a nice relationship between G-invariant spin structures on
G /H and finite subgroups of G:
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Proposition 2.6 Let M = G/ H be a spin homogeneous space where H is connected. Then,
a spin structure in G/H is G-invariant if and only if the spin structure is invariant by all
subgroups of G isomorphic to 7.

Proof One direction is trivial, since if the spin structure is G-invariant, then it is also invariant
by all its subgroups. Thus, we only need to proof the converse. Assume that there is a spin
structure which is not G-invariant, then there exists & € ;1 (H) such that o, («) # 0. Firstly,
we want to find an adequate loop a : S' — H, such that [a] = a. Leti : 7" < H be
the inclusion of a maximal torus, then the induced map iy : Z" = 71(T,e) — w1 (H, e)
is surjective [8, Theorem 7.1]. Alternatively, one can see that G/T is simply connected by
arguing that G/T is a complex manifold with a CW-structure with only even dimensional
cells, and then use the long exact sequence of homotopy.

Then, there exists x = (x, ..., x,) € Z" such that i, (x) = «. Note that we may assume
without loss of generality that x is primitive in Z" (i.e. there isno y € Z" and A € Z with
L] > 1 such that x = Ay). Thus, we have a map a : R — R’” such that a(t) = xt,
which induces a loop a : S! — T whose class is (x1, ..., x,). Moreover, this map is an
injective group morphism. Therefore, we have seen that we can choose the representative
of & € w1 (H) to be an injective group morphism a : ' —> H (note that if we choose a
non-primitive element, the map may not be injective).

We want to see that the involution a(%) does not preserve the spin structure. Because
ox(a) # 0, we can deduce that the spin structure is not S !_invariant, thus we have the short
exact sequence

l— 7y — § — ' — 1,

where §” = S! is the double covering which preserves the spin structure of G/H. Then, the
lift of Z; is a subgroup of S!, which implies that it is Z4. Consequently, the involution action
Zo = {ld, a(%)} does not leave the spin structure invariant. m}

Example 2.7 We can find explicitly a subgroup Z; in the case of §” with the group action of

SO(n). By the above proposition, we can pick the involution f = Hy L X The isometry f :
n(2

§" — S§" is given by restricting the linear map A : R"T! — R"*! where A € SO(n +1)

is the matrix
_(1dy_1] O
A= ( 0 —Idz) ’

We claim that the spin structure of S” is not invariant under this action. Indeed, the induced
map by f on the frame bundle FS" = SO(n+ 1), f4 : SO(n+1) — SO(n+ 1), is simply
the matrix multiplication X +— AX. Thus, it lifts to a map f : Spin(n 4+ 1) — Spin(n + 1)
which fulfils that f (x) = (en-en+1)-x, where - is the Clifford multiplication (see the appendix
for details on Clifford algebras). Since e, - €,41 - €, - en+1 = —1, the map fz (x) = —x.
Hence, the lift of the action on the spin structure is given by the group Z4, which implies that
the spin structure is not invariant.

Finally, it would be interesting to study the same question of G-invariant spin structures
on other homogeneous spaces. The starting point of this problem has two difficult conditions
to check; firstly, given a homogeneous space G/H, we need to know which Lie groups acts
transitively and effectively on it and secondly we need to know if it admits a spin structure.
The first condition has been studied in [13, 16], while we refer to [1, 9] for the study of spin
structures on some classes of homogeneous spaces.
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For example, we can consider the complex projective space CP™, which is known to be
spin if and only if m is odd. Then, if m = 2n + 1, the only groups that act effectively and
transitively on them are SU(2n 4 2) and Sp(n + 1) (see [16]). Therefore, its unique spin
structure is invariant by both group actions.
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Appendix: Exceptional group actions and isotropy representations

The purpose of this appendix is to give a self-contained, simple and concise description of
the three exceptional Lie group actions on spheres based on the octonions, and especially the
realization of G as an isotropy group, which have been scattered or missing in the literature
so far. For some of the facts mentioned here for S and S7, we refer to [11].

Since the octonions are a crucial tool in understanding the three exceptional Lie group
actions, we will recall their properties quickly. Let O be the eight-dimensional octonion
algebra over R, with basis {1 = iy, i1, ..., i7} satisfying the usual relations:

il =iy, forallkin {0, ...7}
—1, forallkin{l,...7}

ifik+1 = ik+3> lk+1ik+3 = Ik, ik+3ik = ig+1, forall kin{l,...7},

lig
i

where the last indices are interpreted modulo 7. Any element of O can be written as z =
ZZ:O akiy, for some real numbers ay. The octonionic conjugation is given by z := apip —
ZZ: | aki and the real and imaginary part of z by Rez := % and Imz := ZEE, respectively.
The inner product is defined for all x, y in O by (x, y) = Re(xy), which is the usual scalar
product on RS, Any triple of unit imaginary octonions (eg, €3, €3), such that e¢; anticommutes
with e>, and e3 anticommutes with e1, e, and eqez, known as a Cayley triple, generates the
entire octonions.

The action of G, on S°:

The group G is the automorphism group

Gz :={¢ € GLr(0) : ¢ (xy) = ¢p(x)¢(y), Vx, y € O}

of the eight-dimensional real vector space @ = R3. Since ¢(1) = 1, and ¢ preserves
the inner product (-, -) for all ¢ in Gz, G, acts on the imaginary octonions Im(Q) = R,
and G; < SO(Im(Q)) = SO(7). We call this seven-dimensional irreducible representation
¢ : G — SO(Im(Q)).
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The action restricts to a left action G, x S — S, (¢, v) — ¢ (v) on the unit imaginary
octonions S¢ := {(vo, ..., vn) € Im(Q) = R : > lvi|? = 1}. Since, given any two Cayley
triples, there exists a unique automorphism of @ mapping the first to the second, this last
action is transitive.

We now want to compute the isotropy subgroup Gy;, stabilizing the element 1. Note that
the field of complex numbers lives naturally inside of O as C = spanf{1, i1}. Any element z in
O canbe writtenas z = (ag+aiiy)+(ay+aqiy)iz+(az+aziy)izs+(as+aeiy)is =: zo+z1i2+
7203+ 2315, and we get an isomorphism f : O — CoC3, 7> 70+(z1, 22, z3) 7 . Itis easy to
see thatif ¢ € G5 isanautomorphism fixing i1, then ¢ (z) = zo+z1¢ (i2) +22¢ (i3)+23¢ (i5).
It therefore fixes C, preserves C>, and induces a C-linear transformation of C> given by
fod(z) =z0+ A1, 22, 23)T, with A = (¢ (i), ¢ (i3), ¢ (i5)). Since ¢ is invertible, A is
in GL(3, C). Moreover, the inner product (, ) on @ induces the standard real inner product
on R® = C3 which is preserved by ¢, hence A is in U(3) = SO(6) N GL(3, C).

Next we claim that two vectors v, w € C3 are orthonormal for the standard Hermitian
form if and only if (i1, v, w) is a Cayley triple. Indeed, given two octonions v and w are
orthonormal for the Hermitian form if and only if (v, i;v, w, i{w) are orthonormal for the
standard real form. Since they are orthogonal to i; itself, the result follows. Since G; acts
simply transitively on Cayley triples, G;, acts simply transitively on Cayley triples of the
form (i1, v, w). We conclude that Gy;, acts simply transitively on the pairs of orthonormal
vectors in C3.

We claim that G;, € SU(3); to do this, it remains to show that every element A as above
has determinant one. Since A € U(3), by the spectral theorem there exists an orthonormal
eigenbasis for A. By the preceding paragraph, there is an element ¥ € Gp;, such that
B := ¢~ Ayrhasiy, i3 aseigenvectors: let the eigenvalues be 1, A5 in (O). Now we compute
that B(is) = B(i2i3) = B(i2) B(i3) = (A1i2)(A2i3) = A1 Azi5. Thus, the determinant of A is
one, as required.

Since Gy;; € SU(3) and Gy;, acts transitively on the pairs of orthonormal vectors in C3,
it follows that G»;, = SU(3), as a transformation in SU(3) is determined by the image of the
first two basis vectors of C3. As a result, the real isotropy representation is just the standard
six-dimensional representation //%@ of SU(3).

The action of Spin(7) on s7:

The spin group Spin(n) is the connected double covering of SO(n). In order to understand
the action of Spin(7) and Spin(9) on spheres, we need to study the real spin representation
of these groups. Explicitly, Spin(n) can be realized in the following way. Let {e;}7_, be
an orthonormal basis of (R”, (-, -)) (with the usual scalar product). Recall that the Clifford
algebra Cl, is the algebra over R generated by the vectors {e;}!'_; satisfying the relations
ej -ej +ej-e; = —25;;. Then Spin(n) is the subgroup of Cl, given by

Spin(n) :={x;-x2...xp :x; €R", x;|l=1,i € (1,...2k)} C Cl,
Note that the double covering is given by X : Spin(n) — SO(n), s > A(s), A(s)x = sxs~1

The spin representation A, : Spin(n) — GL(X,) is obtained by restricting an irreducible
representation of Cl,, to Spin(n). Inthe casen = 1 mod 4 (and hence forn = 9), the Clifford
algebra Clax11 has a single irreducible representation, which splits under Spin(4k + 1) into
two equivalent representations, either one of which defines X,,.

In the case n = 3 mod 4 (and hence for n = 7), the representation of the Clifford
algebra Clagy3 is a sum of two inequivalent irreducible representations. The restriction to
Spin(4k + 3) is a unique representation, independent of which irreducible representation of
Clyis3 is used. In particular, in dimension n = 7 mod 8, Clgiy7 = R(23t%) @ R(231+%)
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and ¥, = R?™ From this we get immediately the action of Spin(7) on R® = O and hence
on the unit sphere §7 = {v € Q = R3 : |jv|| = 1}.

We claim that the action of Spin(7) on S” is transitive with isotropy group G,. Here,
Gy, is realized inside of Spin(7) as follows: Go < SO(7) as above and since G is simply
connected, this inclusion lifts to G, < Spin(7).

To prove the claim, we first show that Spin(7) acts transitively on S”. To see this, we
realize the spin representation explicitly in the following known way. There is an action of
CI(R") = CI(Im(Q)) on O given by the left multiplication Im(Q) x @ — O of imaginary
octonions. The fact that this defines an action of CI(R”) follows from explicitly checking
the Clifford relations—a consequence of the multiplication table of Q. As this is a nontrivial
module, it must be one of the irreducible modules of dimension eight of C! (]R7), therefore its
restriction to Spin(7) is the spin representation. The Lie algebra so(7) € CI (R7) is the span
of commutators of the generators under Clifford multiplication. Let us compute so(7) - 1,
where 1 € @ is considered a unit vector, hence in S7. Forv,w € R7,sov A w € 50(7), we
have (vAw)-1 = vw — wv, the commutator in the octonions. We see from the multiplication
table that commutators of imaginary octonions span the imaginary octonions again. Thus,
s0(7)-1 = R7, the imaginary octonions. Therefore, the orbit of 1 under Spin(7) has dimension
7. Since Spin(7) is compact, the orbit is a closed submanifold of S7. hence all of S7. This
implies transitivity.

We now compute the isotropy. Note that G» < Spin(7) acts on the spin representation RS,
Since the only nontrivial irreducible representation of G, of dimension < 8 has dimension
7, and all finite-dimensional representations of G, are completely reducible, it follows that
there is a trivial G;-subrepresentation of R3. That means there is a fixed vector, hence a unit
fixed vector v € S7. Let H be the isotropy group at v then we have G, < H by definition of
v. Since Spin(7) acts transitively on S7, we have dim H = 21 — 7 = 14 = dim G,. Thus,
G, < H is an open subgroup, and as G is compact, it is the connected component of the
identity. Finally, since Spin(7)/H = S’ is simply connected, by the long exact sequence on
homotopy groups, |mo(H)| = 1, so H = G, as desired.

Since the isotropy representation is a nontrivial seven-dimensional representation of G,
it has to be isomorphic to ¢.

The action of Spin(9) on sis,

In dimension » = 1 mod 8, we have Clgy+1 = C(2%), which after restricting to
Spin(8k + 1) yields ¥, = R2*. Therefore in dimension 9, 9 = R!6 and Spin(9) acts
via the spin representation on the unit sphere S'> ¢ R!® = Q2. Moreover, we identify:

r L,

R9gm@@:{i(L_ r) :reR,ze@} C Endc(C ® 0?),
-

where L, denotes the map associated to the left multiplication by z in O. There is, similarly
to Spin(7), an action of CI/(R @ @) on C ® @2 given by left multiplication. Note that in this
case, C ® @7 is the unique irreducible representation of the real Clifford algebra CI/(R @ Q)
and the action furnishes an isomorphism C/(R® Q) = Endc(C® 0?). Restricting this to the
even Clifford algebra, it splits into two isomorphic real representations, Q% and i Q. Hence,
these both identify with Xg.

We can compute directly, as in the case of Spin(7), that Spin(9) acts transitively on S 15,
Take the vector (1, 0) € Q2. Since the orbit Spin(9) - (1, 0) € S is closed, to show it is all
of the sphere it suffices to prove that the tangent space s0(9) - (1, 0) has dimension at least
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15. Now, 50(9) is the span in C/(R & Q) of commutators of generators. We compute that

AT L, ; r' L, _ (LuLi — LyLi 2(rL, —r'Ly)
L[, —r ’ L,j —r’ B Z(V/L,; —rL;)) L,;LU — L,jLu :

Hence, the tangent space is the span of the vectors
((r,u) A, v)-(1,0) = —(uv — vit, 2(+ it — rv)), r,r e R,u,v € O. (1

Taking r = 1 and ' = 0, u = 0, we obtain (0, —2v): this spans (0, Q). Taking u = 1g, r =
r’ = 0, we obtain (v — v, 0): this spans (Im(Q), 0). So the overall span is at least Im(Q) & O,
which is the tangent space to S'° and we are done.

Note that we can explicitly compute the isotropy Lie algebra, call it b, of (1, 0) in s0(9).
We claim that this is:

span(Ty,p 1= u A v+ %([M, vl A lg) | u, v € Im(0)) € A*O
= 50(8) € A*(R ® 0) = 50(9). @

Indeed, plugging 7}, , into (1) with r = r’ = 0 we get zero, since (uv — vu) — %([u, v] +
[u,v]) = 0. So T,,, € h. On the other hand, these elements span a 21 = (36 — 15)-
dimensional subspace, which is the correct dimension. More explicitly, a complementary
subspace to (2) is R A O & Re(0Q) A Im(Q), which we already showed acts injectively on
(1, 0), with image the tangent space to S'°.

The isotropy representation is the tangent space Im(Q) @ Q. The action of the isotropy
Lie algebra decomposes into two subrepresentations, (Im(Q), 0) & (0, ©@). The action on the
first factor induces a homomorphism ¢ : h — gl(7). Explicitly, this action is given on Im(Q)
as follows, for u, v, w € Im(Q):

Tyv-w=u-@v-w)—v-W- -w)—(u,v]) - w, 3)

with multiplication taken in the octonions. This can be interpreted as “the failure of left
multiplication of Im(Q) on itself to define a Lie algebra representation” (although note that
Im(Q) is not a Lie algebra under commutators).

We claim that the image of this homomorphism lies in s0(7). Supposeu = iy, v =iy, w =
ij. Then, u(vw) = £(uv)w = F(vu)w = —v(uw), with the sign £ positive if j € {1, 2, 4},
and negative otherwise. It follows that the action of 7}, , is given by i3 — —ig — i3 and
is = i7 > —is. In other words, ¢(7}, ) is zero on the three-dimensional space spanned
by i1, i2, i4 (a line in the octonion Fano plane), and acts by 90° rotation on the two two-
dimensional spaces spanned by i3, i¢ and by i5, i7 (which with i4 form the other three lines
through i4). In particular, ¢ (7}, ,) € so(7) (it is skew-symmetric). Through automorphisms
of the Fano plane, this describes ¢(T;, ;,) for all indices k, £. Indeed, each transformation
is zero on the span of iy, iy, and ixi, (which represent a line in the octonionic Fano plane),
and is a 90° rotation on each of the complementary two-dimensional spaces of the form
Span(i,,, (ixi¢)in) (representing the two other lines in the octonionic Fano plane containing
+irip).

We claim furthermore that this gives an isomorphism ) — s0(7). Since the source and
target have the same dimension, it suffices to show that the ¢ (7, ,) are linearly independent:
since Tj, ;, acts on some of the i ; as multiplication by ii; and by zero on others, it suffices to
check that the three choices of indices (k, £) with the same product ixi, (i.e. the representing
the three lines in the octonionic Fano plane through ii¢) give linearly independent elements
(T, ip)- Thatis, o(T;, i,), ¢(Ti4 i3), and ¢(T;5 ;,) should be linearly independent (and cyclic
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permutations of (1,2, 3,4,5,6,7)). This is true: if A1 T}, i, + A2 Tis i3 + A375,i; acts by zero
oniy, iy, then Ay = —AX3; similarly to act by zero on i¢, i3 we need A3 = —AX1, and finally to
act by zero on is, i7 we need A3 = —A1. So A1 = Ay = A3 = 0. Similarly, applying cyclic
permutations of the indices (1, 2, 3,4, 5, 6, 7) we get that a linear combination of the T; ;,
which acts by zero is the zero combination.

As a result, the isotropy representation Im(Q) @ O of h realizes h = so(7) with Im(Q)
the standard 7-dimensional representation. Note that the isotropy Lie subgroup H must be
simply-connected by the long exact sequence on homotopy groups for H — Spin(9) — S5,
hence H = Spin(7). Therefore, the other summand (0, Q) of the isotropy representation must
be isomorphic to the spin representation, otherwise the isotropy representation would not be
faithful.

This is a contradiction, because H acts effectively on S'°. More generally, if G acts
effectively on a compact connected manifold M and H is the stabilizer of p € M is compact,
we claim that the isotropy representation is faithful. Let K < H be the kernel of the isotropy
representation. Then, (T, M K = T,(M K, since there is an K -equivariant isomorphism of
a neighbourhood of p in M and of p in T;, M (or because we can take an K -invariant metric
on M and then K preserves the exponential flow beginning at p, hence all geodesics on X
through p). As aresult, since K acts trivially on 7, M and M is compact and connected, M K
is an open and closed subset of M, hence all of M. So K acts trivially on M. As the action
of G is effective, K is trivial, as desired.

Thus, this explicitly realizes H = Spin(7) and the isotropy representation as a direct sum
of the standard and spin representations.
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