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Abstract
Given smooth manifolds M1, . . . , Mn (which may have a boundary or corners), a smooth
manifold N modeled on locally convex spaces and α ∈ (N0 ∪ {∞})n , we consider the set
Cα(M1 × · · · × Mn, N ) of all mappings f : M1 × · · · × Mn → N which are Cα in the
sense of Alzaareer. Such mappings admit, simultaneously, continuous iterated directional
derivatives of orders ≤ α j in the j th variable for j ∈ {1, . . . , n}, in local charts. We show
that Cα(M1 × · · · × Mn, N ) admits a canonical smooth manifold structure whenever each
Mj is compact and N admits a local addition. The case of non-compact domains is also
considered.

Keywords Infinite-dimensional manifold · Infinite-dimensional Lie group · Compact-open
topology · Exponential law · Evaluation map · Mapping group · Regularity · Box product ·
Non-compact manifold

Mathematics Subject Classification Primary: 58D15; secondary: 22E65 · 26E15 · 26E20 ·
46E40 · 46T20

1 Introduction and statement of the results

As known from classical work by Eells [9], the set C�(M, N ) of all C�-maps f : M → N
can be given a smooth Banach manifold structure for each � ∈ N0, compact smooth mani-
fold M and σ -compact finite-dimensional smooth manifold N . More generally,C�(M, N ) is
a smoothmanifold for each � ∈ N0∪{∞}, locally compact, paracompact smoothmanifoldM
with rough boundary in the sense of [15] (this includes finite-dimensional manifolds with
boundary, and manifolds with corners as in [7,8,21]) and each smooth manifold N modeled
on locally convex spaces such that N admits a local addition (a concept recalled in Defini-
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tion 5.6); see [4,14,16,21,22,25] for discussions in different levels of generality, and [20] for
manifolds of smooth maps in the convenient setting of analysis. For compact M , the model-
ing space of C�(M, N ) around f ∈ C�(M, N ) is the locally convex space �C� ( f ∗(T N )) of
all C�-sections in the pullback bundle f ∗(T N ) → M , which can be identified with

� f := {τ ∈ C�(M, T N ) : πT N ◦ τ = f };
ifM is not compact, the locally convex space of compactly supportedC�-sections of f ∗(T N )

is used. Let L be a smooth manifold modeled on locally convex spaces (possibly with rough
boundary), and k ∈ N0 ∪ {∞}. For compact M , it is known from [4, Proposition 1.23 and
Definition 1.17] that a map

g : L → C�(M, N )

is Ck if and only if the corresponding map of two variables,

g∧ : L × M → N , (x, y) 
→ g(x)(y)

is Ck,� in the sense of [3], i.e., a continuous map which in local charts admits up to �

directional derivatives in the second variable, followed by up to k directional derivatives in
the first variable, with continuous dependence on point and directions (see 2.11 and 2.12 for
details). We thus obtain a bijection

� : Ck(L,C�(M, N )) → Ck,�(L × M, N ), g 
→ g∧.

Asour first result, for compact L weconstruct a smoothmanifold structure onCk,�(L×M, N )

which turns � into a C∞-diffeomorphism. More generally, analogous to the n = 2 case of
Ck,�-maps, we consider N -valued Cα-maps on an n-fold product M1 × · · · × Mn of smooth
manifolds for any n ∈ N and α = (α1, . . . , αn) ∈ (N0 ∪{∞})n . With terminology explained
presently, we get:

Theorem 1.1 Given α = (α1, . . . , αn) ∈ (N0 ∪ {∞})n, let M j for j ∈ {1, . . . , n} be a
compact smooth manifold with rough boundary. Let N be a smooth manifold modeled on
locally convex spaces such that N can be covered by local additions. Then, the set Cα(M1 ×
· · ·× Mn, N ) admits a smooth manifold structure which is canonical. The following hold for
this canonical manifold structure:

(a) Cα(M1 × · · · × Mn, N ) can be covered by local additions. If N admits a local addition,
then also Cα(M1 × · · · × Mn, N ) admits a local addition.

(b) Given m ∈ N and β = (β1, . . . , βm) ∈ (N0 ∪ {∞})m, let L j be a compact smooth
manifold with rough boundary for j ∈ {1, . . . ,m}. Then, canonical smooth manifold
structures turn the bijection

Cβ(L1 × · · · × Lm, Cα(M1 × · · · × Mn, N ))

→ Cβ,α(L1 × · · · × Lm × M1 × · · · × Mn, N )

taking g to g∧ into a C∞-diffeomorphism.

The following terminology was used: We say that a smooth manifold N can be covered
by local additions if N is the union of an upward directed family (N j ) j∈J of open sub-
manifolds N j which admit a local addition. For instance, any (not necessarily paracompact)
finite-dimensional smooth manifold has this property, e.g., the long line.We also used canon-
ical manifold structures.
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Note that if a map f : L1 × · · · × Lm × M1 × · · · × Mn → N on a product of smooth
manifolds with rough boundary is Cβ,α with α ∈ (N0 ∪ {∞})n and β ∈ (N0 ∪ {∞})m , then
the map

f ∨(x) := f (x, ·) : M1 × · · · × Mn → N

is Cα for each x ∈ L1 × · · · × Lm (see [1, Lemma 3.3]).

Definition 1.2 Let N be a smooth manifold modeled on a locally convex space, M1, . . . , Mn

be finite-dimensional smooth manifolds with rough boundary and α ∈ (N0 ∪ {∞})n . A
smooth manifold structure onCα(M1×· · ·×Mn, N ) is called pre-canonical if the following
condition is satisfied for each m ∈ N and each β ∈ (N0 ∪ {∞})m : If L j for j ∈ {1, . . . ,m}
is a smooth manifold with rough boundary modeled on locally convex spaces, then a map

g : L1 × · · · × Lm → Cα(M1 × · · · × Mn, N )

is Cβ if and only if the map

g∧ : L1 × · · · × Lm × M1 × · · · × Mn → N

given by g∧(x1, . . . , xm, y1, . . . , yn) := g(x1, . . . , xm)(y1, . . . , yn) is Cβ,α . Thus,

Cα(L1 × · · · × Lm, Cβ(M1 × · · · × Mn, N ))

→ Cβ,α(L1 × · · · × Ln × M1 × · · · × Mn, N ), g 
→ g∧ (1)

is a bijection. Themanifold structure is called canonical if, moreover, its underlying topology
is the compact-open Cα-topology (as in Definition 3.4).

Canonical manifold structures are essentially unique whenever they exist, and so are pre-
canonical ones (see Lemma 4.3 (b) for details).
We address two further topics for not necessarily compact domains:

(i) We formulate criteria ensuring that Cα(M1 × · · · × Mn,G) admits a canonical smooth
manifold structure (making the latter a Lie group), for a Lie groupG modeled on a locally
convex space;

(ii) Manifold structures on Cα(M1 × · · · × Mn, N ) which are modeled on certain spaces of
compactly supported T N -valued functions, in the spirit of [21].

To discuss (i), we use a generalization of the regularity concept introduced by John Milnor
[22] (the case r = ∞). If G is a Lie group modeled on a locally convex space, with neutral
element e, we write λg : G → G, x 
→ gx for left translation with g ∈ G and consider the
smooth left action

G × TG → TG, (g, v) 
→ g.v := Tλg(v)

of G on its tangent bundle. We write g := TeG for the Lie algebra of G. Let r ∈ N0 ∪ {∞}.
The Lie group G is called Cr -semiregular if, for each Cr -curve γ : [0, 1] → g, the initial
value problem

η̇(t) = η(t).γ (t), η(0) = e

has a (necessarily unique) solution η : [0, 1] → G. Write Evol(γ ) := η. If, moreover, the
map

Evol : Cr ([0, 1], g) → Cr+1([0, 1],G)

is smooth, then G is called Cr -regular (cf. [12]). If s ≤ r and G is Cs-regular, then G is
Cr -regular (see [12]). We show:
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Theorem 1.3 Let G be a Cr -regular Lie group modeled on a locally convex space with
r ∈ N0 ∪ {∞}. For some n ∈ N, let M1, . . . , Mn be locally compact smooth manifolds with
rough boundary and α ∈ (N0∪{∞})n. For each j ∈ {1, . . . , n} such that M j is not compact,
assume that α j ≥ r + 1 and Mj is 1-dimensional with finitely many connected components.
Then, we have:

(a) Cα(M1 × · · · × Mn,G) admits a canonical smooth manifold structure;
(b) The canonical manifold structure from (a) makes Cα(M1 × · · · × Mn,G) a Cr -regular

Lie group.

The Lie algebra of Cα(M1 ×· · ·× Mn,G) can be identified with the topological Lie algebra
Cα(M1 × · · · × Mn, L(G)) in a standard way (Proposition 6.6). Of course, we are most
interested in the case that the non-compact 1-dimensional factors are σ -compact and hence
intervals, or finite disjoint unions of such. But we did not need to assume σ -compactness in
the theorem, and thus Mj with α j ≥ r + 1 might well be a long line, or a long ray.
Disregarding the issue of being canonical, the Lie group structure on
C∞(M1 × · · · × Mn,G) = Cα(M1 × · · · × Mn,G) with α1 := · · · := αn = ∞ was
first obtained in [24], for smooth manifolds Mj without boundary which are compact or
diffeomorphic to R. The Lie group structure for n = 1 was first obtained in [2] for domains
diffeomorphic to intervals, together with a sketch for the case n = 2 (assuming additional
conditions, e.g., α1 ≥ r + 3 and α2 ≥ r + 1 if M1 = M2 = R). Our approach differs: While
the studies in [24] and [2] assume regularity of G from the start to enforce exponential laws,
and build it into a notion of Lie group structures on mapping groups that are “compatible
with evaluations,” we take canonical and pre-canonical manifold structures as the starting
point (independent of regularity) and combine them with regularity or compatibility with
evaluations (adapted to Cα-maps in Definition 6.2) only when needed.
As to topic (b), our constructions show:

Theorem 1.4 Given α = (α1, . . . , αn) ∈ (N0 ∪ {∞})n, let M j for j ∈ {1, . . . , n} be a
paracompact, locally compact smooth manifold with rough boundary; abbreviate M :=
M1 × · · · × Mn. Let N be a smooth manifold modeled on locally convex spaces such that N
admits a local addition. Let πT N : T N → N be the canonical map. For f ∈ Cα(M, N ) and
a compact subset K ⊆ M, the set

� f ,K := {
τ ∈ Cα(M, T N ) : πT N ◦ τ = f&τ(x) = 0 ∈ T f (x)N for all x ∈ M \ K

}

is a vector subspace of
∏

x∈M T f (x)N, and a locally convex space in the topology induced by
Cα(M, T N ). Give� f = ⋃

K � f ,K the locally convex direct limit topology. Then, Cα(M, N )

admits a unique smooth manifold structure modeled on the set E := {� f : f ∈ Cα(M, N )}
of locally convex spaces such that, for each f ∈ Cα(M, N ) and local addition  : T N ⊇
U → N of N, the map

� f ∩ Cα(M,U ) → Cα(M, N ), τ 
→  ◦ τ

is a C∞-diffeomorphism onto an open subset of Cα(M, N ).

In the case that n = 1, k = ∞ and M := M1 is a smooth manifold with corners, we recover
the smooth manifold structure on C∞(M, N ) discussed by Michor [21].
Using manifold structures on infinite Cartesian products of manifolds making them “fine box
products” (a concept recalled in Sect. 7), Theorem 1.4 turns into a corollary to Theorem 1.1.
In the case n = 1, for compact M and � ∈ N0 ∪ {∞}, canonical manifold structures on
C�(M, N ) as in Theorem 1.1 have already been considered in [4], in a weaker sense (fixing
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m = 1 in Definition 1.2). Parts of our discussion adapt arguments from [4] to the more
difficult case of Cα-maps.

2 Preliminaries and notation

We write N := {1, 2, . . .} and N0 := N ∪ {0}. If α, β ∈ (N0 ∪ {∞})n with n ∈ N, we write
α ≤ β if α j ≤ β j for all j ∈ {1, . . . , n}. We let |α| := α1 + · · · + αn ∈ N0 ∪ {∞}. As usual,
∞ + k := ∞ for all k ∈ N0 ∪ {∞}. For j ∈ {1, . . . , n}, let e j := (0, . . . , 0, 1, 0, . . . , 0) ∈
(N0)

n with 1 in the j th slot. We abbreviate “Hausdorff locally convex topological R-vector
space” as “locally convex space.” We work in the setting of differential calculus going back
to Andrée Bastiani [5] (see [10,15,16,21–23] for discussions in varying generality), also
known as Keller’s Ck

c -theory [19]. For C
α-maps, see [1] (cf. [3] and [15] for the case of two

variables, α ∈ (N0 ∪{∞})2). We now introduce concepts for later use and collect basic facts.
For proofs, see “Appendix”.

2.1 Consider locally convex spaces E , F and a map f : U → F on an open subsetU ⊆ E .
Write

(Dy f )(x) := d

dt

∣∣∣
t=0

f (x + t y)

for the directional derivative of f at x ∈ U in the direction y ∈ E , if it exists. Let k ∈ N0∪{∞}.
If f is continuous, the iterated directional derivatives

d j f (x, y1, . . . , y j ) := (Dyj . . . Dy1 f )(x)

exist for all j ∈ N0 such that j ≤ k, x ∈ U and y1, . . . , y j ∈ E , and the maps d j f : U ×
E j → F are continuous, then f is calledCk . IfU may not be open, but has dense interiorUo

and is locally convex in the sense that each x ∈ U has a convex neighborhood inU , following
[15] a map f : U → F is called Ck if it is continuous, f |Uo is Ck and d j ( f |Uo) has a
continuous extension d j f : U × E j → F for all j ∈ N0 with j ≤ k. The C∞-maps are also
called smooth.

Remark 2.2 If E = R
n andU is relatively open in [0,∞[n , then f as above is Ck if and only

f has a Ck-extension to an open set in Rn (see [13], cf. [17]).

2.3 Let k ∈ N ∪ {∞}. A manifold with rough boundary modeled on a non-empty set
E of locally convex spaces is a Hausdorff topological space M , together with a set A of
homeomorphisms (“charts”) φ : Uφ → Vφ from an open subset Uφ ⊆ M onto a locally
convex subset Vφ ⊆ Eφ with dense interior for some Eφ ∈ E , such that φ ◦ψ−1 is Ck for all
φ,ψ ∈ A, the union

⋃
φ∈AUφ equals M , and A is maximal. If k = 0, assume in addition

that φ(x) ∈ ∂Vφ if and only if ψ(x) ∈ ∂Vψ for all φ,ψ ∈ A with x ∈ Uφ ∩ Uψ (which is
automatic if k ≥ 1). Let ∂M be the set of all x ∈ M such that φ(x) ∈ ∂Vφ for some (and
hence any) chart φ around x . If E is a singleton, M is called pure. If M is a Ck-manifold
with rough boundary and ∂M = ∅, then M is called aCk-manifold or a Ck-manifold without
boundary, for emphasis. (See [15] for all of this in the pure case; cf. [4] for modifications in
the general case).

2.4 All manifolds and Lie groups considered in the article are modeled on locally convex
spaces which may be infinite-dimensional, unless the contrary is stated. Finite-dimensional
manifolds need not be paracompact or σ -compact, unless stated explicitly. As we are inter-
ested in manifolds of mappings, consideration of pure manifolds would not be sufficient.
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2.5 IfU is an open subset of a locally convex space E (or a locally convex subset with dense
interior), we identify its tangent bundle TU with U × E , as usual, with bundle projection
(x, y) 
→ x . If M is a Ck-manifold with rough boundary and f : M → U a Ck-map with
k ≥ 1, we write d f for the second component of T f : T M → TU = U × E . Thus,
T f = ( f ◦ πT M , d f ), using the bundle projection πT M : T M → M .

2.6 If G is a Lie group with neutral element e, we write L(G) := TeG (or g) for its tangent
space at e, endowed with its natural topological Lie algebra structure. If ψ : G → H is a
smooth homomorphism between Lie groups, we let L(ψ) := Teψ : L(G) → L(H) be the
associated continuous Lie algebra homomorphism.

2.7 If G is a Lie group with Lie algebra g and I a non-degenerate interval with 0 ∈ I , we
define δ�(η) for η ∈ C1(I ,G) via δ�(η)(t) := η(t)−1.η̇(t), with η̇(t) := Tη(t, 1).

Lemma 2.8 Let k, r ∈ N0 ∪ {∞} with k ≥ r . If G is Cr -semiregular and γ ∈ Ck(I , g), then
there exists a unique η ∈ C1(I , g) such that η(0) = e and δ�(η) = γ . Moreover, η is Ck+1.

2.9 Let M be a smooth manifold (without boundary). A subset N ⊆ M is called a subman-
ifold if, for each x ∈ N , there exist a chart φ : Uφ → Vφ ⊆ Eφ of M around x and a closed
vector subspace F ⊆ Eφ such that φ(Uφ ∩ N ) = Vφ ∩ F .

2.10 Let M be a smooth manifold with rough boundary. A subset N ⊆ M is called a full
submanifold if, for each x ∈ N , there exists a chart φ : Uφ → Vφ ⊆ Eφ of M around x such
that φ(Uφ ∩ N ) is a locally convex subset of Eφ with dense interior.

2.11 Let F and E1, . . . , En be locally convex spaces, Uj ⊆ E j be an open subset for j ∈
{1, . . . , n} and f : U → F be a map onU := U1×· · ·×Un . Identifying E := E1×· · ·×En

with E1 ⊕ · · · ⊕ En , we can identify each E j with a vector subspace of E , and simply write
Dy f (x) for a directional derivative with x ∈ U , y ∈ E j (rather than D(0,...,0,y,0,...,0) f (x)
with j−1 zeros on the left and n− j zeros on the right-hand side). For y = (y1, . . . , yk) ∈ Ek

j ,
abbreviate

Dy := Dyk . . . Dy1 .

Let α ∈ (N0 ∪ {∞})n . Following [1], we say that f is Cα if f is continuous, the iterated
directional derivatives

dβ f (x, y1, . . . , yn) := (Dyn · · · Dy1 f )(x)

exist for all β ∈ N
n
0 with β ≤ α, x ∈ U and y j = (y j,1, . . . , y j,β j ) ∈ (E j )

β j for j ∈
{1, . . . , n}, and

dβ f : U × Eβ1
1 × · · · × Eβn

n → F

is continuous. IfUj may not be open but is a locally convex subset of E j with dense interior,
we say that f : U → F is Cα if f is continuous, f |Uo is Cα and dβ( f |Uo) has a continuous
extension dβ f : U × Eβ1

1 × · · · × Eβn
n → F for all β ∈ (N0)

n such that β ≤ α.

2.12 Let M1, . . . , Mn be C∞-manifolds with rough boundary, α ∈ (N0 ∪ {∞})n and N be
a Ck-manifold with k ≥ |α|. We say that a map f : M1 × · · · × Mn → N is Cα if, for each
x = (x1, . . . , xn) ∈ M1 × · · · × Mn , there are charts φ j : Uj → Vj for Mj around x j for
j ∈ {1, . . . , n} and a chartψ : Uψ → Vψ for n around f (x) such that f (U1×· · ·×Un) ⊆ Uψ

and

ψ ◦ f ◦ (φ1 × · · · × φn)
−1 : V1 × · · · × Vn → Vψ
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is Cα . The latter then holds for any such charts, by the chain rule for Cα-maps (as in [1,
Lemma 3.16]).

2.13 Let N and M1, . . . , Mn be C∞-manifolds with rough boundary, σ be a permutation of
{1, . . . , n}, and α ∈ (N0 ∪ {∞})n . If f : Mσ(1) × · · · × Mσ(n) → N is Cα◦σ , then the map

M1 × · · · × Mn → N , (x1, . . . , xn) 
→ f (xσ(1), . . . , xσ(n))

is Cα . This follows from Schwarz’ Theorem (in the form of [1, Proposition 3.5]).

We shall use simple facts:

Lemma 2.14 Let E j for j ∈ {1, . . . , n} and F be locally convex spaces, and U j ⊆ E j be a
locally convex subset with dense interior. Let E := E1 × · · · × En, U := U1 × · · · × Un,
α ∈ (N0 ∪ {∞})n and f : U → F be a map.

(a) If Y ⊆ F is a closed vector subspace and f (U ) ⊆ Y , then f is Cα if and only if its
co-restriction f |Y : U → Y is Cα .

(b) If F is the projective limit of a projective system ((Fa)a∈A, (λa,b)a≤b) of locally convex
spaces Fa and continuous linear maps λa,b : Fb → Fa, with limit maps λa : F → Fa,
then f is Cα if and only if λa ◦ f : U → Fa is Cα for all a ∈ A.

Lemma 2.15 Let M, N, and L1, . . . , Ln be smooth manifolds with rough boundary, F be a
locally convex space,ψ : M → F×N be aC∞-diffeomorphism, and f : L1×· · ·×Ln → M
be a map. Assume that F is the projective limit of a projective system ((Fa)a∈A, (λa,b)a≤b) of
locally convex spaces Fa and continuous linear mappings λa,b : Fb → Fa, with limit maps
λa : F → Fa. For a ∈ A, let Ma be a smooth manifold and ρa : M → Ma be a C∞-map.
Assume that there exist C∞-maps ψa : Ma → Fa × N making the diagram

M
ψ−→ F × N

ρa ↓ ↓ λa × idN

Ma
ψa−→ Fa × N

commute. Then, f is Cα if and only if ρa ◦ f is Cα for all a ∈ A.

2.16 If α = (α1, . . . , αn) ∈ (N0 ∪ {∞})n and β = (β1, . . . , βm) ∈ (N0 ∪ {∞})m , we
shall write (α, β) as a shorthand for (α1, . . . , αn, β1, . . . , βm) and abbreviate C (α,β) as Cα,β .
Likewise for higher numbers of multiindices.

Let r ∈ N0 ∪ {∞}, E1, . . . , En and F be locally convex spaces and Uj be a locally convex
subset of E j with dense interior, for j ∈ {1, . . . , n}. We mention that a map f : U1 × · · · ×
Un → F is Cr if and only if it is Cβ for all β ∈ (N0 ∪ {∞})n such that |β| ≤ r . More
generally, the following is known (as first formulated and proved in the unpublished work
[18]):

Lemma 2.17 For i ∈ {1, . . . , n}, let Ei be a locally convex space of the form Ei = Ei,1 ×
· · ·× Ei,mi for some mi ∈ N and locally convex spaces Ei,1, . . . , Ei,mi . Let Ui, j be a locally
convex subset of Ei, j with dense interior for all i ∈ {1, . . . , n} and j ∈ {1, . . . ,mi }; define
Ui := Ui,1 × · · · ×Ui,mi . Let α ∈ (N0 ∪ {∞})n. Then, a map f : U1 × · · · ×Un → F is Cα

if and only if f is Cβ1,...,βn on
∏n

i=1
∏mi

j=1Ui, j for all (β1, . . . , βn) ∈ ∏n
i=1(N0 ∪ {∞})mi

such that |βi | ≤ αi for all i ∈ {1, . . . , n}.
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3 The compact-open C˛-topology

As a further preliminary, we introduce a topology on Cα(M1 ×· · ·×Mn, N )which parallels
the familiar compact-open Ck-topology on Ck(M, N ). Basic properties are recorded, with
proofs in “Appendix A”.
As usual, T 0M := M , T 1M := T M and T kM := T (T k−1M) for a smooth manifold M
with rough boundary and integers k ≥ 2 (see [15]).

3.1 In 3.2–3.10, M1, . . . , Mn will be smooth manifolds with rough boundary, and M :=
M1 × · · · × Mn . In 3.3–3.9, we let N be a smooth manifold with rough boundary and
α ∈ (N0 ∪ {∞})n .

3.2 We define the β-tangent bundle of M as T βM := T β1M1 × · · · × T βn Mn for β =
(β1, . . . , βn) ∈ (N0)

n .

3.3 Let f : M → N be a Cα-map. For β = (β1, . . . , βn) ∈ (N0)
n with β ≤ α, we define

T β f : T βM → T |β|N

recursively, as follows: We first note that, by Lemma A.1,

T (0,...,0,βn) f : M1 × · · · × Mn−1 × T βn Mn → T βn N ,

(x1, . . . , xn−1, vn) 
→ T βn ( f (x1, . . . , xn−1, ·))(vn) is a C (α1,...,αn−1,0)-map. If a
C (α1,...,αk−1,0,...,0)-map g := T (0,...,0,βk ,...,βn) f : T (0,...,0,βk ,...,βn)M → T βk+···+βn N has
already been constructed for k ∈ {2, . . . , n}, then the map

T (0,...,0,βk−1,...,βn) f : T (0,...,0,βk−1,...,βn)M → T βk−1+···+βn N

taking (x1, . . . , xk−2, vk−1, . . . , vn) to T βk−1(g(x1, . . . , xk−2, ·, vk, . . . , vn))(vk−1) is a
C (α1,...,αk−2,0,...,0)-map (see Lemmas 2.13 and A.1).

Definition 3.4 The compact-open Cα-topology on Cα(M, N ) is the initial topology with
respect to the mappings

T β : Cα(M, N ) → C(T βM, T |β|N ), f 
→ T β f

for β ∈ (N0)
n with β ≤ α, using the compact-open topology on C(T βM, T |β|N ).

Pushforwards and pullbacks are continuous.

Lemma 3.5 Using compact-open Cα-topologies, we have:

(a) If L is a smooth manifold with rough boundary and g : N → L a smooth map, then the
following map is continuous:

g∗ := Cα(M, g) : Cα(M, N ) → Cα(M, L), f 
→ g ◦ f .

(b) Let L j be a smooth manifold with rough boundary for j ∈ {1, . . . , n} and g j : L j → Mj

be a smooth map. Abbreviate L := L1 × · · · × Ln and g := g1 × · · · × gn. Then, the
following map is continuous:

g∗ := Cα(g, N ) : Cα(M, N ) → Cα(L, N ), f 
→ f ◦ g.
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Remark 3.6 If L j is a full submanifold of Mj for j ∈ {1, . . . ,m}, then the inclusion map
g j : L j → Mj , x 
→ x is smooth. By Lemma 3.5 (b), the map

ρ := Cα(g1 × · · · × gn, N ) : Cα(M, N ) → Cα(L, N )

is continuous, which is the restriction map Cα(M, N ) → Cα(L, N ), f 
→ f |L .
Lemma 3.7 Let (Ki )i∈I be a family of subsets Ki ⊆ M whose interiors K o

i cover M, such
that Ki = Ki,1 × · · · × Ki,n for certain full submanifolds Ki, j ⊆ Mj for j ∈ {1, . . . , n}.
Then, the compact-open Cα-topology on Cα(M, N ) is initial with respect to the restriction
maps Cα(M, N ) → Cα(Ki , N ) for i ∈ I .

Lemma 3.8 For j ∈ {1, . . . , n}, let S j be a full submanifold of M j . Abbreviate S := S1 ×
· · ·×Sn. Then, T β S is a full submanifold of T βM for all β ∈ (N0)

n, and the smooth manifold
structure on T β S as the β-tangent bundle of S coincides with the smooth manifold structure
as a full submanifold of T βM. Analogous conclusions (with submanifolds in place of full
submanifolds) hold if ∂Mj = ∅ for all j ∈ {1, . . . , n} and S j ⊆ Mj is a submanifold.

Lemma 3.9 If S is a full submanifold of N or ∂N = ∅ and S ⊆ N is a submanifold, then the
compact-open Cα-topology on Cα(M, S) coincides with the topology on Cα(M, S) induced
by Cα(M, N ).

Lemma 3.10 If F is a locally convex space, then Cα(M, F) is a vector subspace of FM. The
compact-open Cα-topology makes Cα(M, F) a locally convex space.

Lemma 3.11 Let M1, . . . , Mn be smooth manifolds with rough boundary, M := M1 × · · ·×
Mn, and α ∈ (N0 ∪ {∞})n.
(a) If F is a locally convex space whose topology is initial with respect to a family (λi )i∈I

of linear mappings λi : F → Fi to locally convex spaces Fi , then the compact-open
Cα-topology on Cα(M, F) is initial with respect to the (λi )∗ : Cα(M, F) → Cα(M, Fi )
for i ∈ I .i .

(b) If F is a locally convex space and F = ∏
i∈I Fi for a family (Fi )i∈I of locally

convex spaces, let pri : F → Fi be the projection onto the i th component and
(pri )∗ : Cα(M, F) → Cα(M, Fi ). Then,

� := ((pri )∗)i∈I : Cα(M, F) →
∏

i∈I
Cα(M, Fi )

is an isomorphism of topological vector spaces.
(c) Assume that all of M1, . . . , Mn are locally compact. Let Ni be a smooth manifold with

rough boundary for i ∈ {1, 2} and pri : N1 × N2 → Ni be the projection onto the
i th component. Using the compact-open Cα-topology on sets of Cα-maps, we get a
homeomorphism

� := ((pr1)∗, (pr2)∗) : Cα(M, N1 × N2) → Cα(M, N1) × Cα(M, N2).

Using the multiplication R × T N → T N , (t, v) 
→ tv with scalars, we have:

Lemma 3.12 Let M1, . . . , Mn be locally compact smooth manifolds with rough boundary,
M := M1 ×· · ·× Mn, α ∈ (N0 ∪{∞})n, and N be a smooth manifold with rough boundary.
Then, the map

μ : Cα(M,R) × Cα(M, T N ) → Cα(M, T N )

determined by μ( f , g)(x) := f (x)g(x) is continuous.
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In [1], exponential laws were provided for function spaces on products of pure manifolds.
The one we need remains valid for manifolds which need not be pure:

Lemma 3.13 Let N1, . . . , Nm and M1, . . . , Mn be smooth manifolds with rough boundary
(none of which needs to be pure). Let α ∈ (N0 ∪ {∞})m, β ∈ (N0 ∪ {∞})n and E be a
locally convex space. Abbreviate N := N1 × · · · × Nm and M := M1 × · · · × Mn. For
f ∈ Cα,β(N × M, E), we then have fx := f (x, ·) ∈ Cβ(M, E) for each x ∈ N and the
map f ∨ : N → Cβ(M, E), x 
→ fx is Cα . The map

� : Cα,β(N × M, E) → Cα(N ,Cβ(M, E)), f 
→ f ∨

is linear and a homeomorphism onto its image. If M j is locally compact for all j ∈ {1, . . . , n},
then � is a homeomorphism. The inverse map �−1 sends g ∈ Cα(N ,Cβ(M, E)) to the map
g∧ defined via g∧(x, y) := g(x)(y).

The next lemma describes the Cα-topology on Cα(U , F) more explicitly. It will not be
used here. The proof, which parallels the Ck-case in [15, Lemma 4.1.12], can be found in
the preprint version of this article, arXiv:2109.01804.

Lemma 3.14 Let E j be a locally convex space for j ∈ {1, . . . , n} and U j ⊆ E j be a locally
convex subset with dense interior. Let F be a locally convex space, α ∈ (N0 ∪ {∞})n, and
U := U1 × · · · × Un. Then, the compact-open Cα-topology on Cα(U , F) is initial with
respect to the maps

dβ : Cα(U , F) → C(U × Eβ1
1 × · · · × Eβn

n , F), f 
→ dβ f

for β ∈ (N0)
n with β ≤ α, using the compact-open topology on the ranges.

4 (Pre-)Canonical manifold structures

In this section, we establish basic properties of canonical manifolds of mappings, and pre-
canonical ones. We begin with examples.

Example 4.1 Let n ∈ N and α ∈ (N0 ∪ {∞})n .
(a) Let M1, . . . , Mn be locally compact smooth manifolds with rough boundary and E a

locally convex space. Then, Cα(M1 × · · · × Mn, E) is a canonical manifold due to
Lemma 3.13. The same holds for Cα(M1 × · · · × Mn, N ) if N is a smooth manifold
diffeomorphic to E , endowedwith theC∞-manifold structuremakingϕ∗ : Cα(M, N ) →
Cα(M, E) a diffeomorphism, where ϕ : E → N is a C∞-diffeomorphism.

(b) Familiar examples of mapping groups turn out to be canonical, notably loop groups
Ck(S1,G) for G a Lie group, and certain Lie groups of the form Ck(R,G) discussed in
[2,24]. We extend these constructions in Sect. 6.

We will now establish general properties of canonical manifolds.

4.2 ConventionsWe denote by α, β multiindices in (N0 ∪{∞})n for some n ∈ N. Likewise
we will usually adopt the shorthand M :=M1 × M2 × · · · × Mn where the Mi are locally
compact manifolds (possibly with rough boundary). If M is the domain of definition of the
function space Cα(M, N ) we will assume that the number of entries of the multiindex α

coincides with the number of factors in the product M .
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Lemma 4.3 If Cα(M, N ) is endowed with a pre-canonical manifold structure, then the fol-
lowing holds:

(a) The evaluation map ev : Cα(M, N ) × M → N, ev(γ, x) := γ (x) is C∞,α .
(b) Pre-canonical manifold structures are unique in the following sense: If we write Cα

(M, N )′ for Cα(M, N ) with another pre-canonical manifold structure, then id :
Cα(M, N ) → Cα(M, N )′, γ 
→ γ is a C∞-diffeomorphism.

(c) Let S ⊆ N be a submanifold such that the set Cα(M, S) is a submanifold of Cα(M, N ).
Then, the submanifold structure on Cα(M, S) is pre-canonical.

Proof (a) Since id : Cα(M, N ) → Cα(M, N ) is C∞ and Cα(M, N ) is endowed with a
pre-canonical manifold structure, it follows that id∧ : Cα(M, N ) × M → N , (γ, x) 
→
id(γ )(x) = γ (x) = ev(γ, x) is C∞,α .

(b) Themap f := id : Cα(M, N ) → Cα(M, N )′ satisfies f ∧ = ev where ev : Cα(M, N )×
M → N is C∞,α , by (a). Since Cα(M .N )′ is endowed with a pre-canonical manifold
structure, it follows that f is C∞. By the same reasoning, f −1 = id : Cα(M, N )′ →
Cα(M, N ) is C∞.

(c) As Cα(M, S) is a submanifold of Cα(M, N ), the inclusion ι : Cα(M, S) → Cα(M, N )

is C∞. Likewise, the inclusion map j : S → N is C∞. Let L = L1 × · · · × Lk be a
product of smooth manifolds (possibly with rough boundary) modeled on locally convex
spaces and f : L → Cα(M, S) be a map. If f is Cβ , then ι ◦ f is Cβ , entailing that
(ι◦ f )∧ : L×M → N , (x, y) 
→ f (x)(y) isCβ,α . As the image of this map is contained
in S, which is a submanifold of N , we deduce that f ∧ = (ι ◦ f )∧|S is Cβ,α . For the
converse, assume that f ∧ : L×M → S isCβ,α . Then also, (ι◦ f )∧ = j◦( f ∧) : L×M →
N isCβ,α . Hence, ι◦ f : L → Cα(M, N ) isCβ (themanifold structure on the range being
pre-canonical). As ι ◦ f is a Cβ -map with image in Cα(M, S) which is a submanifold
of Cα(M, N ), we deduce that f is Cβ . ��

Remark 4.4 Note that due to Lemma 4.3 (a), the evaluation on a canonical manifold is a
C∞,α-map whence it is at least continuous. For a Ck-manifold M which is Ck-regular1 and
a locally convex space E �= {0}, it is well known that for the compact-open Ck-topology the
evaluation ev : Ck(M, E) × M → E is continuous if and only if M is locally compact. A
similar statement holds for the compact-open Cα-topology. Using a chart for N and cutoff
functions, we deduce that the evaluation ofCα(M, N ) is discontinuous ifM fails to be locally
compact, provided N is not discrete and M is C |α|-regular; then Cα(M, N ) cannot admit a
canonical manifold structure.

We now turn to smoothness properties of the composition map.

Lemma 4.5 Assume that C |α|+s(N , L), Cα(M, N ), and Cα(M, L) are endowed with pre-
canonical manifold structures. Then, the composition map

comp : C |α|+s(N , L) × Cα(M, N ) → Cα(M, L), ( f , g) 
→ f ◦ g

is a C∞,s -map, for every s ∈ N0 ∪ {∞}.
Proof Since Cα(M, L) is pre-canonical, comp is C∞,s if and only if

comp∧ : C |α|+s(N , L) × Cα(M, N ) × M → L, ( f , g, x) 
→ f (g(x))

1 Meaning that the topology on M is initial with respect to Ck (M,R). This holds if M is a regular topological
space and all modeling spaces are Ck -regular, see [15].
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is aC∞,s,α-map. The formula shows that comp∧( f , g, x) = ev( f , ev(g, x)), where the outer
evaluation map is C∞,|α|+s and the inner one C∞,α , by Lemma 4.3 (a), as C |α|+s(N , L) and
Cα(M, N ) are pre-canonical manifolds. Using the chain rule [1, Lemma 3.16], we deduce
that comp∧ is C∞,s,α . ��
Corollary 4.6 If Cα(M, N ) and Cα(M, L) are endowed with pre-canonical manifold struc-
tures, then the pushforward f∗ : Cα(M, N ) → Cα(M, L), g 
→ f ◦g is a Cs-map for every
f ∈ C |α|+s(N , L).

Corollary 4.7 Let C |α|+s(N , L) and Cα(M, L) be endowed with pre-canonical manifold
structures. For a Cα-map g : M → N the pullback g∗ : C |α|+s(N , L) → Cα(M, L), f 
→
f ◦ g is smooth for every s ∈ N0.

The chain rule also allows the following result to be deduced.

Lemma 4.8 Let Cα(M, N ) and Cα(L, N ) be endowed with pre-canonical manifold struc-
tures where α = (α1, . . . , αn), M = M1 × · · · × Mn and L = L1 × · · · × Ln. Assume that
gi : Li → Mi is a Cαi -map for i ∈ {1, . . . , n}. Then, the pullback

g∗ : Cα(M, N ) → Cα(L, N ), f 
→ f ◦ (g1 × · · · × gn)

with g := g1 × · · · × gn is smooth.

Proof Due to the chain rule, the pullback g∗ makes sense. Since Cα(L, N ) is pre-canonical,
g∗ will be smooth if (g∗)∧ : ( f , �) 
→ ev( f , ev((g1 × · · · × gn), �)) is a C∞,α-map. Again,
this is a consequence of Lemma 4.3 (a). ��

The key point was the differentiability of the evaluation map together with a suitable chain
rule. Thus, by essentially the same proof, one obtains from the chain rule [1, Lemma 3.16]
the following statement whose proof we omit.

Proposition 4.9 Assume that all the manifolds of mappings occurring in the following are
endowed with pre-canonical manifold structures. Further, we let β = (β1, . . . , βn) ∈ (N0 ∪
{∞})n such that for multiindices αi ∈ (N0 ∪ {∞})mi , i ∈ {1, . . . , n} we have βi = |αi | + σi
for some σi ∈ N0 ∪ {∞}. Let now N = ∏

1≤i≤n Ni and Mi := Mi
1 × · · · × Mi

mi
for

certain locally compact manifolds Mi
j with rough boundary (with j ∈ {1, . . . ,mi }). Then,

for σ = (σ1, . . . , σn) and α = (α1, . . . , αn), the composition map

Cβ(N , L) ×
∏

1≤i≤n

Cαi
(Mi , Ni ) → Cα(M1 × · · · × Mn, L),

( f , g1, . . . , gn) 
→ f ◦ (g1 × · · · × gn)

is a C∞,σ -map.

The above discussion shows that composition, pushforward, and pullbackmaps inherit dif-
ferentiability and continuity properties. The following variant will be used in the construction
process of canonical manifold structures.

Proposition 4.10 Let K be a compact smooth manifold such that Cα(K , M) and Cα(K , N )

admit canonical manifold structures. If � ⊆ K × M is an open subset and f : � → N is a
C |α|+k-map, then

�′ := {γ ∈ Cα(K , M) : graph(γ ) ⊆ �}
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is an open subset of Cα(K , M) and

f� : � → Cα(K , N ), γ 
→ f ◦ (idK , γ )

is a Ck-map.

Proof By compactness of K , the compact-open topology on C(K , M) coincides with the
graph topology (see, e.g., [15, Proposition A.6.25]). Thus, {γ ∈ C(K , M) : graph(γ ) ⊆ �}
is open in C(K , M). As a consequence, �′ is open in Cα(K , M). By Lemma 4.3 (a), the
evaluation ev : Cα(K , M) × K → M is C∞,α and hence Ck,α , whence also Cα(K , M) ×
K → K × M , (γ, x) 
→ (x, γ (x)) is Ck,α . Since f is C |α|+k , the chain rule [1, Lemma
3.16] shows that

( f�)
∧ : �′ × K → N , (γ, x) 
→ f�(γ )(x) = f (x, γ (x))

is Ck,α . So f� is Ck , as the manifold structure on Cα(K , N ) is canonical. ��

For later use, we record several observations on stability of (pre-)canonical structures
under pushforward by diffeomorphisms.

Lemma 4.11 Let N1 and N2 be smooth manifolds and α ∈ (N0 ∪ {∞})n, β ∈ (N0 ∪ {∞})m.
(a) If Cα(M, N1) and Cα(M, N2) are endowed with (pre-)canonical manifold structures,

then the smooth manifold structure on Cα(M, N1 × N2) which turns the bijection
Cα(M, N1 × N2) → Cα(M, N1) × Cα(M, N2) sending a mapping to the pair of com-
ponent functions into a C∞-diffeomorphism, is (pre-)canonical.

(b) Ifψ : N1 → N2 is a C∞-diffeomorphism and Cα(M, N2) is a (pre-)canonical manifold,
then the smooth manifold structure on Cα(M, N1) turning the bijection

ψ∗ : Cα(M, N1) → Cα(M, N2), f 
→ ψ ◦ f

into a diffeomorphism is (pre-)canonical.
(c) Let Cα(M, N ) be endowed with a pre-canonical manifold structure and assume that both

Cβ(L,Cα(M, N )) and Cβ,α(L × M, N ) are smooth manifolds making the bijection

� : Cβ,α(L × M, N ) → Cβ(L,Cα(M, N )), f 
→ f ∨

a C∞-diffeomorphism. Then, Cβ(L,Cα(M, N )) is pre-canonical if and only if the
manifold Cβ,α(L × M, N ) is pre-canonical.

Proof Let L = L1 × · · · × Lm be a product of manifolds.

(a) A map f = ( f1, f2) : L → Cα(M, N1) × Cα(M, N2) is Cβ if and only if f1 and
f2 are Cβ . As the manifold structures are (pre-)canonical, this holds if and only if
f ∧
i : L × M → Mi is Cβ,α for i ∈ {1, 2}. However, this holds if and only if f ∧ =

( f ∧
1 , f ∧

2 ) is Cβ,α .
(b) A map f : L → Cα(M, N1) is Cβ if and only if ψ∗ ◦ f is Cβ . Since Cα(M, N2) is

pre-canonical, this is the case if and only if (ψ∗◦ f )∧ = ψ ◦ f ∧ isCβ,α . Asψ is a smooth
diffeomorphism we deduce from the chain rule that this is the case if and only if f ∧ is of
class Cβ,α . Thus, Cα(M, N1) is pre-canonical. If Cα(M, N2) is even canonical, the Cα-
topology is transported by the diffeomorphism ψ∗ to the Cα-topology on Cα(M, N1).
Hence, the manifold Cα(M, N1) is also canonical in this case.
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(c) By construction, amap f : K → Cβ,α(L×M, N ) is of classCγ (for somemultiindex γ )
if and only if � ◦ f = ( f (·))∨ is Cγ as a mapping to Cβ(L,Cα(M, N )). As Cα(M, N )

is pre-canonical, we observe that (� ◦ f )∧ : K × L → Cα(M, N ) is Cγ,β if and only
if ((� ◦ f )∧)∧ = f ∧ : K × L × M → N is a Cγ,β,α-map. Hence, Cβ,α(L × M, N ) is
pre-canonical (i.e., f is Cγ if and only if f ∧ is Cγ,β,α) if and only if Cβ(L,Cα(M, N ))

is pre-canonical. ��
Lemma 4.12 Fix α ∈ (N0 ∪ {∞})n and a permutation σ of {1, . . . , n}. Denote by φσ : M1 ×
· · · × Mn → Q:=Mσ(1) × · · · × Mσ(n) the diffeomorphism taking (xi )ni=1 to (xσ(i))

n
i=1.

(a) If Cα◦σ (Q, N ) and Cα(M, N ) are smooth manifolds such that the bijection

φ∗
σ : Cα◦σ (Q, N ) → Cα(M, N ), f 
→ f ◦ φσ

from 2.13 becomes a diffeomorphism, then Cα(M, N ) is (pre-)canonical if and only if
Cα◦σ (Q, N ) is (pre-)canonical.

(b) If Cα(M, N ) andCα◦σ (Q, N ) are endowed with pre-canonical manifold structures, then
φ∗

σ is a C∞-diffeomorphism.
(c) If ψi : Li → Mi is a smooth diffeomorphism for every i ∈ {1, . . . , n} and Cα(M, N ) is

(pre-)canonical, then the smooth manifold structure on Cα(L, N ) turning the bijection

(ψ1 × · · · × ψn)
∗ : Cα(M, N ) → Cα(L, N )

into a diffeomorphism is (pre-)canonical.

Proof (a) Assume that Cα(M, N ) is (pre-)canonical. Then, f : K → Cα◦σ (Q, N ) is Cβ

if and only if φ∗
σ ◦ f is so. Now we deduce from Cα(M, N ) being pre-canonical that

this is equivalent to (φ∗
σ ◦ f )∧ = f ∧ ◦ (idK ×φσ ) : K × M → N being a Cβ,α-map.

Exploiting the Theorem of Schwarz [1, Proposition 3.5], this is equivalent to f ∧ being
Cβ,α◦σ . Thus, Cα◦σ (Q, N ) is pre-canonical. The converse assertion for Cα◦σ (M, N )

follows verbatim by replacing φσ with its inverse. Note that if one of the manifolds is
even canonical, it follows directly from the definition of theCα-topology, Definition 3.4,
that reordering the factors induces a homeomorphism of the Cα- and Cα◦σ -topology.
Hence, we see that one of the manifolds is canonical if and only if the other is so.

(b) Note that the inverse of φ∗
σ is (φ−1

σ )∗ whence the situation is symmetric and it suffices to
prove that φ∗

σ (and by an analogous argument also its inverse) is smooth. As Cα(M, N )

is pre-canonical, smoothness of φ∗
σ is equivalent to (φ∗

σ )∧ : Cα◦σ (Q, N ) × M →
N , ( f ,m) 
→ ev( f , φσ (m)) being a C∞,α-mapping. This follows from Lemma 4.3 (a),
the chain rule, and Lemma 2.17.

(c) Replacingφσ withψ1×· · ·×ψn , the argument is analogous to (b). IfCα(M, N ) is canon-
ical, then the Cα-topology pulls back to the Cα-topology under the diffeomorphism, by
Lemma 3.5. ��
An exponential law is available for pre-canonical smooth manifold structures.

Proposition 4.13 Let L1, . . . , Lm and N be smooth manifolds with rough boundary,
and M1, . . . , Mn be locally compact smooth manifolds with rough boundary. Assume
that Cα(M, N ) is endowed with a pre-canonical smooth manifold structure and also
Cβ(L,Cα(M, N ) and Cβ,α(L × M, N ) are endowed with pre-canonical smooth manifold
structures. Then, the bijection

� : Cβ,α(L × M, N ) → Cβ(L,Cα(M, N ))

from (1) is a C∞-diffeomorphism.
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Proof If we give Cβ(L,Cα(M, N )) the smooth manifold structure making � a C∞-
diffeomorphism, then this structure is pre-canonical by Lemma 4.11 (c). It therefore coincides
with the given pre-canonical smoothmanifold structure thereon, up to the choice of modeling
spaces (Lemma 4.3 (b)). ��
There is a natural identification of tangent vectors for pre-canonical manifolds, in good cases.
If Cα(M, N ) is pre-canonical, an element v ∈ T f Cα(M, N ) corresponds to an equivalence
class of curves γv : I → Cα(M, N ) on some open interval I around 0 such that γv(0) =
f and γ̇v(0) = v. As Cα(M, N ) is pre-canonical, the map γ ∧

v : I × M → N is C1,α .
Hence, T εm(v) = T εm(γ̇v(0)) ∈ T N is Cα in m ∈ M , where we use the point evaluation
εm : Cα(M, N ) → N , f 
→ f (m) at m. We thus obtain a map

� : TCα(M, N ) → Cα(M, T N ), v 
→ (m 
→ T εm(v)). (2)

Under additional assumptions, one can show that � is a diffeomorphism, allowing tangent
vectors v ∈ TCα(M, N ) to be identified with �(v). We will encounter a setting in which
this statement becomes true in the next section (see Theorem 5.14).

5 Constructions for compact domains

We now construct and study manifolds of Cα-mappings on compact domains. The results of
this section subsume Theorem 1.1. They generalize constructions for Ck,�-functions in [4,
Appendix A].

5.1 Let N be a smooth manifold, α ∈ (N0 ∪ {∞})n and M = M1 × · · · × Mn be a locally
compact smooth manifold with rough boundary. If π : E → N is a smooth vector bundle
over N and f : M → N is a Cα-map, then we define

� f :={τ ∈ Cα(M, E) : π ◦ τ = f }
with the topology induced by Cα(M, E). Pointwise operations turn � f into a vector space.
Let us prove that� f is a locally convex space. To this end, we cover N with open sets (Ui )i∈I
on which the restriction E |Ui

∼= Ui × Ei (with Ei a suitable locally convex space) is trivial.
Combining continuity of f and local compactness of M we can find families K j of full
compact submanifolds of Mj with the following properties: The interiors of the sets in K j

cover Mj . There is a set K ⊆ ∏
1≤ j≤n K j such that for every K = K1 × · · · × Kn ∈ K

we have f (K ) ⊆ UiK for some iK ∈ I and the interiors of the submanifolds in K cover M .
Hence, we deduce from Lemma 3.7 that the map

� : Cα(M, E) →
∏

K∈K
Cα(K , E), σ 
→ (σ |K )K∈K

is a topological embedding. Now by construction � f is contained in the open subset
{G ∈ Cα(M, E) | G(K ) ⊆ π−1(UiK ),∀K ∈ K}. Restricting � to this subset we obtain a
topological embedding

e : � f →
∏

K∈K
Cα(K , π−1(UiK )) ∼=

∏

K∈K
Cα(K ,UiK ) × Cα(K , EiK ), (3)

where the identification exploits Lemma 3.11 and the fact that pushforwards with smooth
diffeomorphisms induce homeomorphisms of the Cα-topology (see Lemma 3.5). The image
of e are precisely themappings which coincide on the intersections of the compact sets K (see
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(10) and the explanations there). Hence, we can exploit that point evaluations are continuous
on Cα(K , EiK ) by [2, Proposition 3.17] to see that the image of e is a closed vector subspace
of

∏
K∈K{ f |K } × Cα(K , EiK ). As the space on the right-hand side is locally convex, we

deduce that the co-restriction of e onto its image is an isomorphism of locally convex spaces.
Thus, � f is a locally convex topological vector space.

We will sometimes write � f (E) instead of � f to emphasize the dependence on the vector
bundle E .

The previous setup allows an essential exponential law to be deduced.

Lemma 5.2 In the situation of 5.1, let β ∈ (N0 ∪ {∞})m and g : L → � f be a map, where
L1, . . . , Lm are smooth manifolds with rough boundary and L := L1 × · · · × Lm. Then, g
is Cβ if and only if

g∧ : L × M → E, (x, y) 
→ g(x)(y)

is a Cβ,α-map.

Proof With the notation as in 5.1 we identify � f via e with a closed subspace of the locally
convex space

∏
K∈K Cα(K , EiK ) (the identification will be suppressed in the notation).

Thus, Lemma 2.14 (a) implies that the map g is Cβ if and only if the components gK : L →
Cα(K , EiK ) are Cβ -maps. By the exponential law [1, Theorem 4.4], the latter holds if and
only if the mappings

(gK )∧ : L × K → EiK , (x, y) 
→ g(x)(y)

are of class Cβ,α . Since the interiors of sets K ∈ K cover M , we deduce that this is the case
if and only if g∧ is of class Cβ,α . ��
Remark 5.3 If all fibers of E are Fréchet spaces and K is σ -compact and locally compact,
then �F is a Fréchet space; if all fibers of E are Banach spaces, K is compact, and |α| < ∞,
then � f is a Banach space. To see this, note that we can choose the familyK in 5.1 countable
(resp., finite). Suppressing again the identification,

ψ : � f →
∏

j∈J

Cα(K j , Fj ), τ 
→ (τ |K j ) j∈J

is linear and a topological embedding with closed image. If all Fj are Fréchet spaces, so is
each Cα(K j , Fj ) (cf., e.g., [15]) and hence also � f . If all Fj are Banach spaces and |α| as
well as J is finite, then each Cα(K j , Fj ) is a Banach space (cf. loc. cit.) and hence also � f .

Observe that the exponential law for � f gives this space the defining property of a pre-
canonical manifold (and the only reason we do not call it pre-canonical is that it is only a
subset of Cα(M, E)). In particular, the proof of Lemma 4.3 (a) carries over and yields:

Lemma 5.4 In the situation of 5.1, the evaluation map

ev : � f × M → E, (τ, x) 
→ τ(x)

is C∞,α .

Lemma 5.5 Let π1 : E1 → N and π2 : E2 → N be smooth vector bundles over a smooth
manifold N. Let α ∈ (N0 ∪ {∞})m and f : M → N be a Cα-map on a product M =
M1 × · · · × Mn of smooth manifolds with rough boundary. Then, the following holds:

123



Annals of Global Analysis and Geometry (2022) 61:359–398 375

(a) If ψ : E1 → E2 is a mapping of smooth vector bundles over idM, then ψ ◦ τ ∈ � f (E2)

for each τ ∈ � f (E1) and

� f (ψ) : � f (E1) → � f (E2), τ 
→ ψ ◦ τ

is a continuous linear map.
(b) � f (E1 ⊕ E2) is canonically isomorphic to � f (E1) × � f (E2).

Proof (a) If τ ∈ � f (E1), then ψ ◦ τ : M → E2 is Cα by the chain rule and π2 ◦ ψ ◦ τ =
π1 ◦ τ = f , whence ψ ◦ τ ∈ � f (E2). Evaluating at points we see that the map � f (ψ) is
linear; being a restriction of the continuousmapCα(M, ψ) : Cα(M, E1) → Cα(M, E2)

(see Lemma 3.5), it is continuous.
(b) If ρ j : E1 ⊕ E2 → E j is the map taking (v1, v2) ∈ E1 × E2 to v j for j ∈ {1, 2} and

ι j : E j → E1 ⊕ E2 is the map taking v j ∈ E j to (v1, 0) and (0, v2), respectively, then

(� f (ρ1), � f (ρ2)) : � f (E1 ⊕ E2) → � f (E1) × � f (E2)

is a continuous linear map which is a homeomorphism as it has the continuous map
(σ, τ ) 
→ � f (ι1)(σ ) + � f (ι2)(τ ) as its inverse. ��

Construction of the canonical manifold structure

Having constructed spaces of Cα-sections as model spaces, we are now in a position to
construct the canonical manifold structure on Cα(K , M), assuming that M is covered by
local additions and K is compact.

Definition 5.6 Let M be a smooth manifold. A local addition is a smooth map

 : U → M,

defined on an open neighborhoodU ⊆ T M of the zero-section 0M := {0p ∈ TpM : p ∈ M}
such that (0p) = p for all p ∈ M ,

U ′ := {(πT M (v),(v)) : v ∈ U }
is open in M × M (where πT M : T M → M is the bundle projection) and the map

θ := (πT M , ) : U → U ′

is a C∞-diffeomorphism. If

T0p (|TpM ) = idTpM for all p ∈ M, (4)

we say that the local addition  is normalized.

Until Lemma 5.9, we fix the following setting, which allows a canonical manifold structure
on Cα(K , M) to be constructed.

5.7 We consider a product K = K1 × K2 × · · · × Kn of compact smooth manifolds with
rough boundary, a smooth manifold M which admits a local addition  : T M ⊇ U → M ,
and α ∈ (N0 ∪ {∞})n .
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5.8 Manifold structure on Cα(K , M) if M admits a local addition
For f ∈ Cα(K , M), let � f :={τ ∈ Cα(K , T M) : πT M ◦ τ = f } be the locally convex space
constructed in 5.1. Then,

O f :=� f ∩ Cα(K ,U ) is an open subset of � f ,

O ′
f :={g ∈ Cα(K , M) : ( f , g)(K ) ⊆ U ′} is an open subset of Cα(K , M), and

φ f : O f → O ′
f , τ 
→  ◦ τ (5)

is a homeomorphismwith inverse g 
→ θ−1◦( f , g). By the preceding, if also h ∈ Cα(K , M),
then ψ :=φ−1

h ◦ φ f has an open (possibly empty) domain D ⊆ � f and is a smooth map
D → �h by Lemma 5.2, as ψ∧ : D × K → T M ,

(τ, x) 
→ (φ−1
h ◦ φ f )(τ )(x) = θ−1(h(x),(τ(x))) = θ−1(h(x),(ε(τ, x)))

is a C∞,α-map (exploiting that the evaluation map ε : � f × K → T M is C∞,α , by
Lemma 5.4). Hence, Cα(K , M) endowed with the Cα-topology has a smooth manifold
structure for which each of the maps φ−1

f is a local chart.

We now prove that the manifold structure on Cα(K , M) is canonical. Together with
Lemma 4.3 (b), this implies that the smooth manifold structure on Cα(K , M) constructed in
5.8 is independent of the choice of local addition.

Lemma 5.9 The manifold structure on Cα(K , M) constructed in 5.8 is canonical.

Proof We first show that the evaluation map ev : Cα
f (K , M) × K → M is C∞,α . It suffices

to show that ev(φ f (τ ), x) is C∞,α in (τ, x) ∈ O f × K for all f ∈ Cα(K , M). This follows
from

ev(φ f (τ ), x) = (τ(x)) = (ε(τ, x)),

where ε : � f ×K → T M , (τ, x) 
→ τ(x) isC∞,α by Lemma 5.4. Now let β ∈ (N0∪{∞})m
and h : N → Cα(K , M)be amap,where N = N1×· · ·×Nn is a product of smoothmanifolds
with rough boundary. If h is Cβ , then h∧ = ev ◦(h × idK ) is Cβ,α . Conversely, let h∧ be
a Cβ,α-map, then h is continuous as a map to C(K , M) with the compact-open topology
(see [15, Proposition A.6.17]) and h(x) = h∧(x, ·) ∈ Cα(K , M) for each x ∈ N . Given
x ∈ N , let f := h(x). Then, ψ f : C(K , M) → C(K , M) × C(K , M) ∼= C(K , M × M),
g 
→ ( f , g) is a continuous map. Since ψ f (g) is Cα if and only if g is Cα , we see that

W := h−1(O ′
f ) = h−1(ψ−1

f (Cα(K ,U ′))) = (ψ f ◦ h)−1(Cα(K ,U ′))

= (ψ f ◦ h)−1(C(K ,U ′))

is an open x-neighborhood in N . As the map (φ−1
f ◦ h|W )∧ : W × K → T M ,

(y, z) 
→ ((φ f )
−1 ◦ h|W )∧(y, z) = (θ−1 ◦ ( f , h(y)))(z) = θ−1( f (z), h∧(y, z))

is Cβ,α by [1, Lemma 3.16], the map φ−1
f ◦ h|W : W → � f (and hence also h|W ) is Ck , by

Lemma 5.2. ��
Proposition 5.10 Let K = K1 × · · · × Kn be a product of compact smooth manifolds with
rough boundary and M be amanifold covered by local additions. For every α ∈ (N0∪{∞})n,
the set Cα(K , M) can be endowed with a canonical manifold structure.
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Proof Let (Mj ,  j ) j∈J be an upward directed family of open submanifolds Mj with local
additions i whose union coincides with M . As K is compact, we observe that the sets
Cα(K , Mj ):={ f ∈ Cα(K , M) | f (K ) ⊆ Mj } are open in the Cα-topology. Following
Lemma 5.9, we can endow every Cα(K , Mj ) with a canonical manifold structure. Now if
Mj ⊆ M�, Lemma4.3 (c) implies that also the submanifold structure induced by the inclusion
Cα(K , Mj ) ⊆ Cα(K , M�) is canonical. Thus, uniqueness of canonical structures, Lemma
4.3 (b), shows that the submanifold structure must coincide with the canonical structure
constructed on Cα(K , Mj ) via 5.8. As Cα(K , M) = ⋃

j∈J C
α(K , Mj ) and each step of the

ascending union is canonical, the same holds for the union. ��

The tangent bundle of themanifold of mappings

In the rest of this section, we identify the tangent bundle of Cα(K , M) as the manifold
Cα(K , T M) (under the assumption that K is compact and M covered by local additions).
To explain the idea, let us have a look at Cα(K , T M).

5.11 Consider a smooth manifold M covered by local additions. Then also, T M is cov-
ered by local additions, cf. [4, A.11] for the construction. Thus, for K a compact manifold
Cα(K , M) and Cα(K , T M) are canonical manifolds. If we denote by π : T M → M the
bundle projection, Corollary 4.6 shows that the pushforwardπ∗ : Cα(K , T M) → Cα(K , M)

is smooth. The fibers of π∗ are the locally convex spaces π−1∗ ( f ) = � f from 5.1. We deduce
that π∗ : Cα(K , T M) → Cα(K , M) is a vector bundle (see Theorem 5.14 for a detailed
proof).

We will first identify the fibers of the tangent bundle.

5.12 The tangent space T f Cα(K , M) is given by equivalence classes [t 
→ c(t)] of C1-
curves c : ]−ε, ε[→ Cα(K , M)with c(0) = f , where the equivalence relation c1 ∼ c2 holds
for two such curves if and only if ċ1(0) = ċ2(0). Since the manifold structure is canonical
(Lemma 5.10) we see that c is C1 if and only if the adjoint map c∧ : ]−ε, ε[×K → N is
a C1,α-map. The exponential law shows that the derivative of c corresponds to the (partial)
derivative of c∧, i.e., the mapping � from (2) restricts to a bijection

� f : TγC
�(K , M) → � f = {h ∈ C�(K , T M) | π ◦ h = f }, (6)

[c] 
→ (k 
→ [t 
→ c∧(t, k)]).
We wish to glue the bijections on the fibers to identify the tangent manifold as the bundle

from 5.11. To this end, we recall a fact from [4, Lemma A.14]:

5.13 If a manifold M admits a local addition, it also admits a normalized local addition.

Hence, we may assume without loss of generality that the local additions in the following
are normalized. Moreover, we will write εx : Cα(K , M) → M for the point evaluation in
x ∈ K . Then, the tangent bundle of Cα(K , M) can be described as follows.

Theorem 5.14 Let K = K1×· · ·×Kn be a product of compact smooth manifolds with rough
boundary and M be covered by local additions. Then,

(πT M )∗ : C�(K , T M) → C�(K , M)

is a smooth vector bundle with fiber � f over f ∈ C�(K , M). For each v ∈ T (C�(K , M)),
we have �(v) := (T εx (v))x∈K ∈ Cα(K , T M) and the map (2),
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� : TCα(K , M) → Cα(K , T M), v 
→ �(v)

is an isomorphism of smooth vector bundles (over the identity).

If we wish to emphasize the dependence on M , we write �M instead of �.

Proof Since M is covered by local additions, there is a family of open submanifolds (ordered
by inclusion) (Mj ) j∈J which admit local additions j . Now by compactness of K the image
of f ∈ Cα(K , M) is always contained in some Mj and similarly for τ ∈ � f we then
have τ(K ) ⊆ π−1(Mj ) = T Mj , where π :=πT M is the bundle projection of T M . As the
family (Mj ) j of open manifolds exhausts M , we have Cα(K , M) = ⋃

j∈J C
α(K , Mj )

and all of these subsets are open. Hence, it suffices to prove that � restricts to a bundle
isomorphism for every Mj . In other words we may assume without loss of generality that
M admits a local addition . Given f ∈ Cα(K , M), the map φ f : O f → O ′

f ⊆ Cα(K , M)

is a C∞-diffeomorphism with φ f (0) = f , whence Tφ f (0, ·) : � f → T f (Cα(K , M)) is an
isomorphism of topological vector spaces. For τ ∈ � f , we have for x ∈ K

T εx Tφ f (0, τ ) = T εx ([t 
→  ◦ (tτ)]) = [t 
→ (tτ(x))]
= [t 
→ |T f (x)M (tτ(x))] = T|T f (x)M (τ (x)) = τ(x),

as  is assumed normalized. Thus, �(Tφ f (0, τ )) = τ ∈ � f ⊆ Cα(K , T M), whence
�(v) ∈ � f ⊆ Cα(K , T M) for each v ∈ T f (Cα(K , M)) and � takes T f (Cα(K , M))

bijectively and linearly onto � f . As the manifolds T (Cα(K , M)) and Cα(K , T M) are the
disjoint union of the sets T f (Cα(K , M)) and � f = π−1∗ ({ f }), respectively, we see that � is
a bijection. If we can show that� is aC∞-diffeomorphism, π∗ : Cα(K , T M) → Cα(K , M)

will be a smooth vector bundle over Cα(K , M) (like T (Cα(K , M))). Finally, � will then be
an isomorphism of smooth vector bundles over idM .
For the proof, we recall some results from the Appendix of [4]: Denote by 0 : M → T M the
zero-section and by 0M :=0(M) its image. Let now λp : TpM → T M be the canonical inclu-
sion and κ : T 2M → T 2M the canonical flip (given in charts by (x, y, u, v) 
→ (x, u, y, v)).
Then [4, Lemma A.20 (b)] yields a natural isomorphism � : T M ⊕ T M → π−1

T 2M
(0M ) ⊆

T 2M,�(v,w) = κ(Tλπ(v)(v,w)). On the level of function spaces2 � induces a diffeomor-
phism (cf. [4, Lemma A.20 (e)])

� f : O f → O0◦ f , γ 
→ � ◦ (0 ◦ f , γ ).

Here for f ∈ Cα(K , M) we have considered the composition 0 ◦ f ∈ Cα(K , T M). Then,
the sets S f := Tφ f (O f × � f ) form an open cover of T (Cα(K , M)) for f ∈ Cα(K , M),
whence the sets �(S f ) form a cover of Cα(K , T M) by sets which are open as �(S f ) =
(φ0◦ f ◦ φ f )(O f × � f ) = φ0◦ f (O0◦ f ). Hence, it suffices to prove that the bijective map �

restricts to a C∞-diffeomorphism on these open sets. In other words it suffices to show that

� ◦ Tφ f = φ0◦ f ◦ � f

for each f ∈ C�(K , M) (as all other mappings in the formula are smooth diffeomorphisms).
Now

Tφ f (σ, τ ) = [t 
→  ◦ (σ + tτ)]

2 While the results in [4] were only established for the case of Ck,�-mappings, they carry over (together with
their proofs) without any change to the more general case of the Cα-mappings considered here.
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for all (σ, τ ) ∈ O f × � f , and thus we can rewrite �(Tφ f (σ, τ )) as

([t 
→ (σ(x) + tτ(x))])x∈K = ([t 
→ ( ◦ λ f (x))(σ (x) + tτ(x))])x∈K
=(T ( ◦ λ f (x))(σ (x), τ (x)))x∈K = (T M ((κ ◦ Tλ f (x))(σ (x), τ (x))))x∈K
=((T M ◦ � f )(σ, τ )(x))x∈K = (φ0◦ f ◦ � f )(σ, τ ).

Thus, the desired formula holds and shows that � is a C∞-diffeomorphism. This concludes
the proof. ��
Remark 5.15 Assume that the local additions  : Ui → Mi covering M are normalized.
Then, the proof of Theorem 5.14 shows that

� ◦ Tφ f (0, ·) : � f → Cα(K , T M)

is the inclusion map τ 
→ τ , for each f ∈ Cα(K , M) (where φ f is as in (5)).

Using canonical manifold structures, we have:

Corollary 5.16 Let K = K1×· · ·×Kn be a product of compact smooth manifolds with rough
boundary, α ∈ (N0 ∪{∞})n and g : M → N be a C |α|+1-map between smooth manifolds M
and N covered by local additions. Then, the tangent map of the C1-map

g∗ : Cα(K , M) → Cα(K , N ), f 
→ g ◦ f

is given by T (g∗) = �−1
N ◦ (Tg)∗ ◦ �M. For each f ∈ Cα(K , M), we have

�M (T f (Cα(K , M))) = � f (T M),�N (Tg◦ f (Cα(K , N ))) = �g◦ f (T N ) and (Tg)∗ restricts
to the map

� f (T M) → �g◦ f (T N ), τ 
→ Tg ◦ τ (7)

which is continuous linear and corresponds to T f (g∗).

Moreover, the identification of the tangent bundle allows us to lift local additions (cf. [4,
Remark A.17]).

Lemma 5.17 Let K = K1 × · · · × Kn be a product of compact smooth manifolds with
rough boundary, α ∈ (N0 ∪ {∞})n and M a manifold covered by local additions. Then, the
canonical manifold Cα(K , M) is covered by local additions.

Proof Consider first the case that M admits a local addition  : U → M with θ =
(πT M , ) : U → U ′ ⊆ M × M the associated diffeomorphism. Since also T M admits a
local addition, we have canonical manifold structures onCα(K , T M) andCα(K , M×M) ∼=
Cα(K , M) × Cα(K , M). Now K is compact, whence Cα(K ,U ) ⊆ Cα(K , T M) is an
open submanifold, whence canonical by Lemma 4.3 (c). In particular, ∗ : Cα(K ,U ) →
Cα(K , M) and θ∗ : Cα(K ,U ) → Cα(K ,U ′) ⊆ Cα(K , M × M) are smooth by Corol-
lary 4.6. As also the inverse of θ is smooth, we deduce that θ∗ is again a diffeomorphism
mapping Cα(K ,U ) to Cα(K ,U ′) and we can identify the latter manifold with an open
subset of Cα(K , M) × Cα(K , M) containing the diagonal. Hence, we only need to ver-
ify that 0 f ∈ T f Cα(K , T M) is mapped to f . However, using the point evaluation
εx (∗(0 f )) = (0( f (x))) = f (x) (where 0 is again the zero-section of T M), we obtain the
desired equality pointwise and thus also on the level of functions. This proves thatCα(K , M)

admits a local addition if M admits a local addition.
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If now M is covered by open submanifolds (Mj ) j∈J each admitting a local addition, it
suffices to see that Cα(K , Mj ) is an open submanifold of Cα(K , M) which admits a local
addition by the above considerations. Thus, Cα(K , M) is covered by the open submanifolds
(Cα(K , Mj )) j∈J and as each of those admits a local addition, Cα(K , M) is covered by local
additions. ��
Proposition 5.18 Let K = K1 × · · · × Km and L = L1 × · · · × Ln be products of
compact manifolds with rough boundary and M be a manifold covered by local addi-
tions. Fix α ∈ (N0 ∪ {∞})n, β ∈ (N0 ∪ {∞})m. Then, Cβ,α(L × K , M), Cα(K , M)

and Cβ(L,Cα(K , M)) admit canonical manifold structures. Using these, the bijection
Cβ,α(L × K , M) → Cβ(L,Cα(K , M)) is a C∞-diffeomorphism.

Proof We apply Proposition 5.10 to obtain canonical manifold structures on Cα(K , M) and
Cβ,α(L × K , M). By Lemma 5.17, Cα(K , M) is covered by local additions. Hence, we may
apply Proposition 5.10 again to obtain a canonical manifold structure on Cβ(L,Cα(K , M)).
By Proposition 4.13, the bijection Cβ,α(L × K , M) → Cβ(L,Cα(K , M)) is a diffeomor-
phism. ��

6 Lie groups of Lie group-valuedmappings

We now prove Theorem 1.3, starting with observations.

Lemma 6.1 Let M1, . . . , Mn be locally compact smooth manifolds with rough boundary, G
be a Lie group, and α ∈ (N0 ∪ {∞})n. Setting M := M1 × · · · × Mn, the following holds:

(a) Cα(M,G) is a group.
(b) If a pre-canonical smooth manifold structure exists on Cα(M,G), then it makes

Cα(M,G) a Lie group. Moreover, it turns the point evaluation εx : Cα(M,G) → G,
f 
→ f (x) into a smooth group homomorphism for each x ∈ M.

Proof (a) The group inversion ι : G → G is smooth, whence ι ◦ f is Cα for all f ∈
Cα(M,G) (by the chain rule [1, Lemma 3.16], applied in local charts). Letμ : G×G →
G be the smooth groupmultiplication and f , g ∈ Cα(M,G). Then, ( f , g) : M → G×G
is Cα by [1, Lemma 3.8]. By the chain rule, f g = μ ◦ ( f , g) is Cα .

(b) The group inversion in Cα(M,G) is the map Cα(M, ι) and hence smooth, by Corol-
lary 4.6. Identifying Cα(M,G)×Cα(M,G) with Cα(M,G ×G) as a smooth manifold
(as in Lemma 4.11 (a)), the group multiplication of Cα(M,G) is the map Cα(M, μ) and
hence smooth. The group multiplication in Cα(M,G) being pointwise, εx is a homo-
morphism of groups for each x ∈ M . By Lemma 4.3 (a), ev : Cα(M,G) × M → G is
C∞,α . Thus, εx = ev(·, x) is smooth. ��

Another concept is useful, with notation as in 2.6.

Definition 6.2 Let M1, . . . , Mn be locally compact smooth manifolds with rough boundary,
G be a Lie group, and α ∈ (N0∪{∞})n . For x ∈ M := M1×· · ·×Mn , let εx : Cα(M,G) →
G be the point evaluation. A smooth manifold structure on the set Cα(M1 × · · · × Mn,G)

making it a Lie group is said to be compatible with evaluations if εx is smooth for each
x ∈ M , we have φ(v) := (L(εx )(v))x∈M ∈ Cα(M, L(G)) for each v ∈ L(Cα(M,G)), and
the Lie algebra homomorphism

φ : L(Cα(M,G)) → Cα(M, L(G)), v 
→ φ(v)

so obtained is an isomorphism of topological vector spaces.
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Remark 6.3 In the case that n = 1 andα = ∞, compatibility with evaluationswas introduced
in [24, Proposition 1.9 and page 19] (in different words), assuming thatG is regular. Likewise,
G is assumed regular in [16, Proposition 3.1], where the case n = 1, α ∈ N0 ∪ {∞} is
considered.

Lemma 6.4 Let M1, . . . , Mn and N1, . . . , Nm be locally compact smooth manifolds with
rough boundary, α ∈ (N0 ∪ {∞})m, β ∈ (N0 ∪ {∞})n, M := M1 × · · · × Mn, N :=
N1×· · ·×Nm, andG be a Lie group. Assume thatCβ(M,G) is endowedwith a pre-canonical
smoothmanifold structure which is compatible with evaluations and that Cα(N ,Cβ(M,G)),
whose definition uses the latter structure, is endowed with a pre-canonical smooth manifold
structure which is compatible with evaluations. Endow Cα,β(N × M,G) with the smooth
manifold structure turning the bijection

� : Cα,β(N × M,G) → Cα(N ,Cβ(M,G)), f 
→ f ∨

into a C∞-diffeomorphism. Then, the preceding smooth manifold structure on Cα,β(N ×
M,G) is pre-canonical and compatible with evaluations.

Proof By Lemma 4.11 (c), the C∞-manifold structure on Cα,β(N × M,G) is pre-canonical,
whence the latter is a Lie group. The C∞-diffeomorphism � is a homomorphism of groups.
Hence,

L(�) : L(Cα,β(N × M,G)) → L(Cα(N ,Cβ(M,G)))

is an isomorphism of topological Lie algebras. Consider the point evaluations εx :
Cα(N ,Cβ(M,G)) → Cβ(M,G), ε(x,y) : Cα,β(N ×M,G) → G and εy : Cβ(M,G) → G
for x ∈ N , y ∈ M . By hypothesis, we have isomorphisms of topological Lie algebras

� : L(Cβ(M,G)) → Cβ(M, L(G)), w 
→ (L(εy)(w))y∈M

and � : L(Cα(N ,Cβ(M,G))) → Cα(N , L(Cβ(M,G))), v 
→ (L(εx )(v))x∈N . Then also,

�∗ : Cα(N , L(Cβ(M,G))) → Cα(N ,Cβ(M, L(G))), f 
→ � ◦ f

is an isomorphism of topological Lie algebras and so is

� : Cα(N ,Cβ(M, L(G)) → Cα,β(N × M, L(G)), f 
→ f ∧,

by the exponential law (Lemma 3.13). Hence,

φ := � ◦ �∗ ◦ � ◦ L(�) : L(Cα,β(N × M,G)) → Cα,β(M × N , L(G))

is an isomorphism of topological Lie algebras. Regard v ∈ L(Cα,β(N × M,G)) as a geo-
metric tangent vector [γ ] for a smooth curve γ : ]−ε, ε[→ Cα,β(N ×M,G)with γ (0) = e.
Then, L(�)(v) = [� ◦ γ ] and �(L(�)(v)) = ([εx ◦ � ◦ γ ])x∈N =: g. Thus,

φ(v)(x, y) = �∗(g)(x)(y) = (� ◦ g)(x)(y) = �([εx ◦ � ◦ γ ])(y)
= L(εy)([εx ◦ � ◦ γ ]) = [εx ◦ εy ◦ � ◦ γ ] = [t 
→ εx (εy(�(γ (t))))]
= [t 
→ γ (t)(x, y)] = L(ε(x,y))([γ ]) = L(ε(x,y))(v).

We deduce that (L(ε(x,y))(v))(x,y)∈N×M = φ(v) ∈ Cα,β(N × M, L(G)). Since φ is an
isomorphism of topological Lie algebras, the Lie group structure on Cα,β(N × M,G) is
compatible with evaluations. ��
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Lemma 6.5 Let M1, . . . , Mn be locally compact smooth manifolds with rough boundary,
M := M1 × · · · × Mn, α ∈ (N0 ∪ {∞})n, and G be a Lie group. Assume that Cα(M,G)

is endowed with a pre-canonical smooth manifold structure which is compatible with eval-
uations. If the Lie group G is Cr -regular for some r ∈ N0 ∪ {∞}, then also the Lie group
Cα(M,G) is Cr -regular.

Proof Consider the smooth evolution map Evol : Cr ([0, 1], g) → Cr+1([0, 1],G), where
g := L(G). For x ∈ M , let εx : Cα(M,G) → G, f 
→ f (x) be evaluation at x . By
hypothesis, φ : L(Cα(M,G)) → Cα(M, g), v 
→ (L(εx )(v))x∈M is an isomorphism of
topological Lie algebras. Then also,

φ∗ : Cr ([0, 1], L(Cα(M,G))) → Cr ([0, 1],Cα(M, g)), f 
→ φ ◦ f

is an isomorphism of topological Lie algebras. By Example 4.1, the smooth manifold struc-
tures on all of the locally convex spaces Cr ([0, 1],Cα(M, g)),

Cr ,α([0, 1] × M, g), Cα,r (M × [0, 1], g), and Cα(M,Cr ([0, 1], g))
are canonical. By Lemma 3.13, the Lie algebra homomorphism

ψ : Cr ([0, 1],Cα(M, g)) → Cr ,α([0, 1] × M, g), f 
→ f ∧

is an isomorphism of topological Lie algebras. Flipping the factors [0, 1] and M (with
Lemma 4.12 (b)) and using the exponential law again, we obtain an isomorphism of topolog-
ical Lie algebras

θ : Cr ,α([0, 1] × M, g) → Cα(M,Cr ([0, 1], g))
determined by θ( f )(x)(t) = f (t, x). By Theorem 1.1,Cr+1([0, 1],Cα(M,G)) has a canon-
ical smooth manifold structure. Using Lemmas 4.11 (c), 4.12 (a), and 4.11 (c) in turn, we can
give Cα(M,Cr+1([0, 1],G)) a pre-canonical smooth manifold structure making the map

β : Cα(M,Cr+1([0, 1],G)) → Cr+1([0, 1],Cα(M,G))

determined by β( f )(t)(x) = f (x)(t) a C∞-diffeomorphism. The structures being pre-
canonical,

Evol∗ : Cα(M,Cr ([0, 1], g)) → Cα(M,Cr+1([0, 1],G)), f 
→ Evol ◦ f

is smooth. Hence also, E := β ◦ Evol∗ ◦ θ ◦ ψ ◦ φ∗ is smooth as a map

Cr ([0, 1], L(Cα(M,G))) → Cr+1([0, 1],Cα(M,G)).

It remains to show that E is the evolution map of Cα(M,G). As the L(εx ) separate points on
h := L(Cα(M,G)) for x ∈ M , it suffices to show that εx ◦ E(γ ) = Evol(L(εx ) ◦ γ ) for all
γ ∈ Cr ([0, 1], h) and x ∈ M (see [12, Lemma 10.1]). Note that (φ◦γ )(t)(x) = L(εx )(γ (t)),
whence

((ψ ◦ θ)(φ ◦ γ ))(x)(t) = L(εx )(γ (t))

and
(
Evol∗((ψ ◦ θ)(φ ◦ γ ))

)
(x) = Evol(((ψ ◦ θ)(φ ◦ γ ))(x)) = Evol(L(εx ) ◦ γ ). So

(εx ◦ E(γ ))(t) = (Evol∗ ◦ θ ◦ ψ ◦ φ∗)(γ )(x)(t) = Evol(L(εx ) ◦ γ )(t). ��
We establish Theorem 1.3 in parallel with the first conclusion of the following proposition,
starting with two basic cases:
Case 1: The manifolds M1, . . . , Mn are compact;
Case 2: M is 1-dimensional with finitely many connected components.
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Proposition 6.6 In Theorem 1.3, the Lie group structure on Cα(M,G) is compatible with
evaluations, writing M := M1 × · · · × Mn. Moreover, there is a unique canonical pure
smooth manifold structure on Cα(M,G) which is modeled on Cα(M, L(G)).

The final assertion is clear: Starting with any canonical structure on Cα(M,G) and a chart
φ : Uφ → Vφ → Eφ around the constant map e, using left translations (which are C∞-
diffeomorphisms) we can create charts around every f ∈ Cα(M,G) which are modeled on
the given Eφ . We can therefore select a subatlas making Cα(M,G) a pure smooth manifold.
Since Eφ is isomorphic to L(Cα(M,G)), which is isomorphic to E := Cα(M, L(G)) as a
locally convex space (by compatibility with evaluations), we can replace Eφ with E . The
pure canonical structure modeled on E is unique, since idCα(M,G) is a C∞-diffeomorphism
for any two canonical structures (cf. Lemma 4.3 (b)).

Lemma 6.7 Let M1, . . . , Mn be compact smooth manifolds with rough boundary, G be a Lie
group and α ∈ (N0 ∪ {∞})n. Abbreviate M := M1 × · · · × Mn. Then, Cα(M,G) admits a
canonical smoothmanifold structure which is compatible with evaluations. If G is Cr -regular
for r ∈ N0 ∪ {∞}, then so is Cα(M,G).

Proof By Theorem 1.1, Cα(M,G) admits a canonical smooth manifold structure. Let
θ : M → G be the constant map x 
→ e. By Theorem 5.14, the diffeomorphism (T εx )x∈M
maps L(Cα(M,G)) = Tθ (Cα(M,G)) onto

�θ = {τ ∈ Cα(M, TG) : πTG ◦ τ = θ} = Cα(M, L(G)).

ByLemma3.9,Cα(M, TG) induces onCα(M, L(G)) the compact-openCα-topology. Thus,
the Lie group structure on Cα(M,G) is compatible with evaluations. For the last assertion,
see Lemma 6.5. ��
Lemma 6.8 Let M bea1-dimensional smoothmanifoldwith roughboundary, such that M has
only finitely many connected components (which need not be σ -compact). Let r ∈ N0 ∪{∞},
G be a Cr -regular Lie group, and k ∈ N ∪ {∞} such that k ≥ r + 1. Then, Ck(M,G)

admits a canonical smooth manifold structure which makes it a Cr -regular Lie group and is
compatible with evaluations.

Proof We first assume that M is connected. Let g := L(G) be the Lie algebra of G. If N is a
full submanifold of M , we write �1

Ck−1(N , g) ⊆ Ck−1(T N , g) for the locally convex space

of g-valued 1-forms on N , of class Ck−1. Using the Maurer–Cartan form

κ : TG → g, v 
→ πTG(v)−1.v,

a g-valued 1-form

δN ( f ) := κ ◦ T f ∈ �1
Ck−1(N , g)

can be associated to each f ∈ Ck(N ,G), called its left logarithmic derivative. Fix x0 ∈ M .
For every σ -compact, connected, full submanifold N ⊆ M such that x0 ∈ N , there exists a
C∞-diffeomorphism ψ : I → N for some non-degenerate interval I ⊆ R, such that 0 ∈ I
and ψ(0) = x0. Then, the diagram

Ck(N ,G)
δN−→ �1

Ck−1(N , g)

ψ∗ ↓ ↓ θ

Ck(I ,G)
δ�−→ Ck−1(I , g),
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is commutative, where ψ∗ : Ck(N ,G) → Ck(I ,G), f 
→ f ◦ ψ and the vertical map θ on
the right-hand side, which takes ω to ω ◦ ψ̇ , are bijections. For each ω ∈ �1

Ck−1(N , g), there

is a unique f ∈ Ck(N ,G) such that f (x0) = e and δN ( f ) = ω: In fact, Lemma 2.8 yields a
unique η ∈ Ck(I ,G) with η(0) = e and δ�(η) = θ(ω); then f := (ψ∗)−1(η) is as required.
We set EvolN (ω) := f .
If ω ∈ �1

Ck−1(M, g), we have EvolL(ω|T L) = EvolN (ω|T N )|L for all σ -compact, connected
open submanifolds N , L of M such that L ⊆ N . As such submanifolds N form a cover
of M which is directed under inclusion, we can define f : M → G piecewise via f (x) :=
EvolN (ω|T N )(x) if x ∈ N and obtain a well-definedCk-map f : M → G such that δM ( f ) =
ω. Thus,

δM (Ck(M,G)) = �1
Ck−1(M, g),

which is a submanifold of �1
Ck−1(M, g). Let K be the set of all connected, compact full

submanifolds K ⊆ M such that x0 ∈ K . By the preceding, δK (Ck(K ,G)) = �1
Ck−1(K , g),

which is a submanifold of �1
Ck−1(K , g). Since

M =
⋃

K∈K
Ko, (8)

[16, Theorem 3.5] provides a smooth manifold structure on Ck(M, g) which makes it a
Cr -regular Lie group, is compatible with evaluations, and turns

ψ : Ck(M,G) → �1
Ck−1(M, g) × G, f 
→ (δM ( f ), f (x0))

into a C∞-diffeomorphism. It remains to show that the smooth manifold structure is canoni-
cal. To prove the latter, we first note thatK is directed under inclusion. In fact, if K1, K2 ∈ K,
then K1 ∪ K2 is contained in a σ -compact, connected open submanifold N of M (a union
of chart domains diffeomorphic to convex subsets of R, around finitely many points in the
compact set K1 ∪ K2). Pick a C∞-diffeomorphism ψ : I → N as above. Then, ψ−1(K1)

and ψ−1(K2) are compact intervals containing 0, whence so is their union. Thus, K1 ∪ K2

is a connected, compact full submanifold of N and hence of M .
For K , L ∈ K with K ⊆ L , let rK ,L : �1

Ck−1(L, g) → �1
Ck−1(K , g) be the restriction map.

As a consequence of Lemma 3.7 and (8),

�1
Ck−1(M, g) = lim←−K∈K

�1
Ck−1(K , g)

holds as a locally convex space, using the restrictionmaps rK : �1
Ck−1(M, g) → �1

Ck−1(K , g)

as the limit maps. For K ∈ K, let ρK : Ck(M,G) → Ck(K ,G) be the restriction map;
endow Ck(K ,G) with its canonical smooth manifold structure (as in Lemma 6.7), which is
compatible with evaluations (the “ordinary” Lie group structure in [16]). Then,

ψK : Ck(K ,G) → �1
Ck−1(K , g) × G, f 
→ (δK ( f ), f (x0))

is a C∞-diffeomorphism (see [16, proof of Theorem 3.5]). Note that ρK = ψ−1
K ◦ (rK ×

idG) ◦ ψ is smooth on Ck(M,G), using the above Lie group structure making ψ a C∞-
diffeomorphism. Let α ∈ (N0 ∪ {∞})m , L1, . . . , Lm be smooth manifolds with rough
boundary, L := L1 × · · · × Lm and f : L → Ck(M,G) be a map. If f is Cα , then also
ρK ◦ f is Cα . Since Ck(K ,G) is canonical, the map

f ∧|L×K = (ρ j ◦ f )∧ : L × K → G
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is Cα,k . Using (8), we deduce that f ∧ is Cα,k . If, conversely, f ∧ is Cα,k , then (ρK ◦ f )∧ =
f ∧|L×K is Cα,k . The smooth manifold structure on Ck(K ,G) being canonical, we deduce
that ρK ◦ f is Cα . The hypotheses of Lemma 2.15 being satisfied with A := K, Ck(M,G)

in place of M , MK := Ck(K ,G), F := �1
Ck−1(M, g), FK := �1

Ck−1(K , g), and N := G,

we see that f is Cα . The smooth manifold structure on Ck(M,G) is therefore pre-canonical.
The topology on the projective limit �1

Ck−1(M, g) is initial with respect to the limit maps

rK , whence the topology on �1
Ck−1(M, g) × G is initial with respect to the maps rK × idG .

Since ψ is a homeomorphism, we deduce that the topologyO on the Lie group Ck(M,G) is
initial with respect to the maps (rK × idG) ◦ ψ = ψK ◦ ρK . Since ψK is a homeomorphism,
O is initial just as well with respect to the family (ρK )K∈K. But also the compact-open
Ck-topology T on Ck(M,G) is initial with respect to this family of maps (see Lemma 3.7),
whence O = T and Ck(M,G) is canonical.
If M has finitely many components M1, . . . , Mn , we give Ck(M,G) the smooth manifold
structure turning the bijection

ρ : Ck(M,G) →
n∏

j=1

Ck(Mj ,G), f 
→ ( f |Mj )
n
j=1

into a C∞-diffeomorphism. Let ρ j be its j th component. Since ρ is a homeomorphism
for the compact-open Ck-topologies (cf. Lemma 3.7) and an isomorphism of groups, the
preceding smooth manifold structure makes Ck(M,G) a Lie group and is compatible with
the compact-open Ck-topology. As each of the Lie groups Ck(Mj ,G) is Cr -regular, also
their direct product (and thusCk(M,G)) isCr -regular. Since ρ = (ρ j )

n
j=1 is an isomorphism

of Lie groups,

(L(ρ1), . . . L(ρn)) : L(Ck(M,G)) → L(Ck(M1,G)) × · · · × L(Ck(Mn,G))

is an isomorphism of topological Lie algebras. For x ∈ Mj , the point evaluation
εx : Ck(M,G) → G is smooth, as the point evaluation ε̄x : Ck(Mj ,G) → G is smooth
and εx = ε̄x ◦ ρ j . We know that φ j (v) := (L(ε̄x )(v))x∈Mj ∈ Ck(Mj , g) for all
v ∈ L(Ck(Mj ,G)) and that φ j : L(Ck(Mj ,G)) → Ck(Mj , g) is an isomorphism of topo-
logical Lie algebras. For each v ∈ L(Ck(M,G)), we have

(L(εx )(v))x∈Mj = (L(ε̄x )(L(ρ j )(v)))x∈Mj = φ j (L(ρ j )(v)) ∈ Ck(Mj , g)

for j ∈ {1, . . . , n}, whence φ(v) := (L(εx )(v))x∈M ∈ Ck(M, g). Let us show that the Lie
algebra homomorphism φ : L(Ck(M,G)) → Ck(M, g) is a homeomorphism. Lemma 3.7
entails that the map

r = (r j )
n
j=1 : Ck(M, g) →

n∏

j=1

Ck(Mj , g), f 
→ ( f |Mj )
n
j=1

is a homeomorphism. By the preceding, r ◦ φ = (φ1 × · · · × φn) ◦ (L(ρ j ))
n
j=1 is a homeo-

morphism, whence so is φ. Thus, the Lie group structure on Ck(M,G) is compatible with
evaluations. If α, L = L1 × · · · × Lm and f : L → Ck(M,G) are as above and f is Cα ,
then f ∧ is Cα,k by the above argument. If, conversely, f ∧ is Cα,k , then f ∧|L×Mj is C

α,k ,
whence ( f ∧|L×Mj )

∨ = ρ j ◦ f is Cα for all j ∈ {1, . . . , n}. As a consequence, ρ ◦ f is Cα

and thus also f . We have shown that the smooth manifold structure on Ck(M,G) is pre-
canonical and hence canonical, as compatibility with the compact-open Ck-topology was
already established. ��
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Another lemma is useful.

Lemma 6.9 Let N1, . . . , Nm and M1, . . . , Mn be locally compact smooth manifolds with
rough boundary, α ∈ (N0 ∪ {∞})m, β ∈ (N0 ∪ {∞})m, and G be a Lie group. Abbreviate
N := N1×· · ·×Nm and M := M1×· · ·×Mn. Assume that Cβ(M,G) has a pre-canonical
smooth manifold structure, using which Cα(N ,Cβ(M,G)) has a canonical smooth manifold
structure. EndowCα,β(N×M,G)with the pre-canonical smoothmanifold structure turning

� : Cα,β(N × M,G) → Cα(N ,Cβ(M,G)), f 
→ f ∨

into a C∞-diffeomorphism. Assume that there exists a family (Ki )i∈I of compact full sub-
manifolds Ki of N whose interiors cover N, with the following properties:

(a) For each i ∈ I , we have Ki = Ki,1 × · · ·× Ki,m with certain compact full submanifolds
Ki,� ⊆ N�; and

(b) Cβ(M,Cα(Ki ,G)) admits a canonical smooth manifold structure for each i ∈ I , using
the canonical smooth manifold structure on Cα(Ki ,G) provided by Theorem 1.1.

Then, the pre-canonical manifold structure on Cα,β(N × M,G) is canonical.

Proof Let O be the topology on Cα,β(N × M,G), equipped with its pre-canonical smooth
manifold structure.UsingTheorem1.1, for i ∈ I weendowCα(Ki ,Cβ(M,G))with a canon-
ical smooth manifold structure; the underlying topology is the compact-open Cα-topology.
The given smooth manifold structure on Cα(N ,Cβ(M,G)) being canonical, its underlying
topology is the compact-open Cα-topology, which is initial with respect to the restriction
maps

ρi : Cα(N ,Cβ(M,G)) → Cα(Ki ,C
β(M,G))

for i ∈ I . We have bijections

Cα(Ki ,C
β(M,G)) ∼= Cα,β(Ki × M,G) ∼= Cβ,α(M × Ki ,G) ∼= Cβ(M,Cα(Ki ,G))

using in turn the exponential law (in the form (1)), a flip in the factors (cf. Lemma 4.12 (a)),
and again the exponential law. If, step by step, we transport the smooth manifold structure
from the left to the right, we obtain a pre-canonical smooth manifold structure in each step
(see Lemmas 4.11 (c) and 4.12 (a)). As pre-canonical structures are unique, the pre-canonical
structure obtained on Cβ(M,Cα(Ki ,G)) must coincide with the canonical structure which
exists by hypothesis. Hence, using this canonical structure, the map

�i : Cα(Ki ,C
β(M,G)) → Cβ(M,Cα(Ki ,G))

determined by�( f )(y)(x) = f (x)(y) is aC∞-diffeomorphism. LetLk be the set of compact
full submanifolds of Mk for k ∈ {1, . . . , n}. Write L1 × · · · × Ln =: J . If j ∈ J , then
j = (L j,1, . . . , L j,n) with certain compact full submanifolds L j,k ⊆ Mk ; we define L j :=
L j,1 ×· · ·× L j,n . By Lemma 3.7, the topology on Cβ(M,Cα(Ki ,G)) is initial with respect
to the restriction maps

ri, j : Cβ(M,Cα(Ki ,G)) → Cβ(L j ,C
α(Ki ,G)),

using the compact-open Cα-topology on the range which underlies the canonical smooth
manifold structure given by Theorem 1.1. Let �i, j be the composition of the bijections

Cβ(L j ,C
α(Ki ,G)) → Cβ,α(L j × Ki ,G) → Cα,β(Ki × L j ,G);
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thus �i, j ( f )(x, y) = f (y)(x). As each of the domains and ranges admits a canonical
smooth manifold structure (by Theorem 1.1), all of the maps have to be homeomorphisms
(see Proposition 4.13 and Lemma 4.12 (b)). Thus, �i, j is a homeomorphism. By transitivity
of initial topologies, O is initial with respect to the mappings

ρi, j := �i, j ◦ ri, j ◦ �i ◦ ρi ◦ � for i ∈ I and j ∈ J ,

which are the restriction maps Cα,β(N × M,G) → Cα,β(Ki × L j ,G). Also the compact-
open Cα,β -topology on Cα,β(N × M,G) is initial with respect to the maps ρi, j , and hence
coincides with O. The given pre-canonical smooth manifold structure on Cα,β(N × M,G)

therefore is canonical. ��
Lemma 6.10 Let M1, . . . , Mn be locally compact, smooth manifold with rough boundary,
M := M1 × · · · × Mn α ∈ (N0 ∪ {∞})n, and G be a Lie group. Assume that the group
Cα(M,G) is endowed with a smooth manifold structure which makes it a Lie group and is
compatible with evaluations. Let σ be a permutation of {1, . . . , n} and Q := Mσ(1) × · · · ×
Mσ(n). Consider φσ : M → Q, x 
→ x ◦ σ . Then, the smooth manifold (and Lie group)
structure on the group Cα◦σ (Q,G) making the bijective group homomorphism

(φσ )∗ : Cα◦σ (Q,G) → Cα(M,G), f 
→ f ◦ φσ

a C∞-diffeomorphism is compatible with evaluations.

Proof The map ψ : Cα◦σ (Q, L(G)) → Cα(M, L(G)), f 
→ f ◦ φφ is an isomorphism of
topological vector spaces, by Example 4.1 and Lemma 4.12 (b).Write ε̄y : Cα◦σ (Q,G) → G
for the point evaluation at y ∈ Q and εx : Cα(M,G) → G for the point evaluation at
x ∈ M . For v ∈ L(Cα(M,G)), let φ(v) := (L(εx (v))x∈M . Then, εx ◦ (φσ )∗ = ε̄φσ (x). As a
consequence,

φ̄(v) := (L(ε̄y)(v))y∈Q = (ψ−1 ◦ φ ◦ L((φσ )∗))(v) ∈ Cα◦σ (Q, L(G))

for all v ∈ L(Cα◦σ (Q,G)). Moreover, φ̄ = (ψ−1)∗ ◦ φ ◦ L((φσ )∗) is an isomorphism of
topological vector spaces, being a composition of such. ��
Proof of Theorem 1.3 and Proposition 6.6. Step 1. We first assume that Mj is 1-dimensional
with finitely many components for all j ∈ {1, . . . , n}, and prove the assertions by induction
on n. The case n = 1 was treated in Lemma 6.8. We may therefore assume that n ≥ 2 and
assume that the conclusions hold for n−1 factors.We abbreviate k := α1, β := (α2, . . . , αn),
and L := M2 ×· · ·×Mn . By the inductive hypothesis, Cβ(L,G) admits a canonical smooth
manifold structure whichmakes it aCr -regular Lie group and is compatible with evaluations.
By the induction base, Ck(M1,Cβ(L,G)) admits a canonical smooth manifold structure
making it a Cr -regular Lie group. Since Cβ(L,G) is canonical, the group homomorphism

� : Ck,β(M1 × L,G) → Ck(M1,C
β(L,G)), f 
→ f ∨

is a bijection (see (4.13)). We endow

Cα(M,G) = Ck,β(M1 × L,G)

with the smoothmanifold structure turning� into aC∞-diffeomorphism.ByLemma6.4, this
structure is pre-canonical, makes Cα(M,G) Lie group, and is compatible with evaluations.
TheLie groupCα(M,G) isCr -regular, as� is an isomorphismofLie groups. LetC1, . . . ,C�

be the connected components of M1. LetK be the set of compact, full submanifolds K of M1.
Then, the interiors Ko cover M1 (as the interiors of connected, compact full submanifolds
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cover each connected component of M1, by the proof of Lemma 6.8). NowCk(K ,G) admits
a canonical smooth manifold structure making it a Cr -regular Lie group, by Lemma 6.7.
Thus, Cβ(L,Ck(K ,G)) admits a canonical smooth manifold structure, by the inductive
hypothesis. By Lemma 6.9, the pre-canonical smooth manifold structure on Cα(M,G) is
canonical.
Step 2 (the general case). Let M1, . . . , Mn be arbitrary. Using Lemma 4.12 (a), we may re-
order the factors and assume that there exists an m ∈ {0, . . . , n} such that Mj is compact for
all j ∈ {1, . . . , n}with j ≤ m, while Mj is 1-dimensional with finitely many components for
all j ∈ {1, . . . , n} such that j > m. If m = 0, we have the special case just settled. If m = n,
then all conclusions hold by Lemma 6.7. We may therefore assume that 1 ≤ m < n. We
abbreviate K := M1 × · · · × Mm and N := Mm+1 × · · · × Mn . Let γ := (α1, . . . , αm) and
β := (αm+1, . . . , αn). By Step 1, Cβ(N ,G) admits a canonical smooth manifold structure
which makes it a Cr -regular Lie group and is compatible with evaluations. By Lemma 6.7,
Cγ (K ,Cβ(N ,G)) admits a canonical smoothmanifold structurewhichmakes it aCr -regular
Lie group and is compatible with evaluations. We give Cα(M,G) = Cγ,β(K × N ,G) the
smooth manifold structure making the bijection

� : Cγ,β(K × N ,G) → Cγ (K ,Cβ(N ,G)), f 
→ f ∨

a C∞-diffeomorphism. By Lemma 6.4, this smooth manifold structure is pre-canonical,
makes Cα(M,G) a Lie group, and is compatible with evaluations. The Lie group Cα(M,G)

is Cr -regular as � is an isomorphism of Lie groups. Now Cγ (K ,G) admits a canonical
smooth manifold structure, which makes it a Cr -regular Lie group (Lemma 6.7). By Step 1,
Cβ(N ,Cγ (K ,G)) admits a canonical smooth manifold structure. The pre-canonical smooth
manifold structure on Cα(M,G) is therefore canonical, by Lemma 6.9. ��
The following result complements Theorem 1.3. Under a restrictive hypothesis, it provides
a Lie group structure without recourse to regularity.

Proposition 6.11 Let M1, . . . , Mn be locally compact smooth manifolds with rough bound-
ary, α ∈ (N0 ∪ {∞})k and G be a Lie group that is C∞-diffeomorphic to a locally convex
space E. Abbreviate M := M1×· · ·×Mn. Then,Cα(M,G) admits a canonicalC∞-manifold
structure, which is compatible with evaluations. If G is Cr -regular for some r ∈ N0 ∪ {∞},
then also Cα(M,G) is Cr -regular.

Proof By Example 4.1, H := Cα(M,G) admits a canonical smooth manifold structure and
this structuremakes it a Lie group (seeLemma6.1). Letψ : G → E be aC∞-diffeomorphism
such that ψ(e) = 0. Abbreviating g := L(G) and h := L(H), the map α := dψ |g : g → E
is an isomorphism of topological vector spaces. Then also, φ := α−1 ◦ ψ : G → E is a
C∞-diffeomorphism such that φ(e) = 0; moreover, dφ|g = idg. Now

φ∗ : Cα(M,G) → Cα(M, g), f 
→ φ ◦ f

is a C∞-diffeomorphism, and thus β := d(φ∗)|h : h → Cα(M, g) is an isomorphism of
topological vector spaces. For x ∈ M , let εx : H → G and ex : Cα(M, g) → g be the
respective point evaluation at x . We show that β(v) = (L(εx )(v))x∈M for each v ∈ h,
whence the Lie group structure on H is compatible with evaluations. Regard v = [γ ] as a
geometric tangent vector. As L(εx )(v) ∈ g, we have

L(εx )(v) = dφ(L(εx )(v)) = d(φ ◦ εx )(v) = d

dt

∣∣∣
t=0

(φ ◦ εx ◦ γ )(t)

= d

dt

∣∣∣
t=0

(ex ◦ φ∗ ◦ γ )(t) = ex
d

dt

∣∣∣
t=0

(φ∗ ◦ γ )(t) = d(φ∗)(v)(x),
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since (φ ◦ εx ◦ γ )(t) = φ(γ (t)(x)) = (φ ◦ γ (t))(x) = ex (φ∗(γ (t))) = (ex ◦ φ∗ ◦ γ )(t) and
ex is continuous and linear. For the final assertion, see Lemma 6.5. ��

7 Manifolds of maps with finer topologies

We now turn to manifold structures on Cα(M, N ) for non-compact M , which are modeled
on suitable spaces of compactly supported Cα-functions. Notably, a proof for Theorem 1.4
will be provided. Such manifold structures need not be compatible with the compact-open
Cα-topology, and need not be pre-canonical. But we can essentially reduce their structure to
the case of canonical structures for compact domains, using box products of manifolds as a
tool. We recall pertinent concepts from [14].

7.1 If I is a non-empty set and (Mi )i∈I a family of C∞-manifolds modeled on locally
convex spaces, then the fine box topology Ofb on the Cartesian product P := ∏

i∈I Mi is
defined as the final topology with respect to the mappings

�φ :
⊕

i∈I
Vi :=

(
⊕

i∈I
Ei

)

∩
∏

i∈I
Vi → P, (xi )i∈I 
→ (φ−1

i (xi ))i∈I , (9)

for φ := (φi )i∈I ranging through the families of charts φi : Ui → Vi ⊆ Ei of Mi such that
0 ∈ Vi ; here Eφ := ⊕

i∈I Ei is endowed with the locally convex direct sum topology, and
the left-hand side Vφ of (9), which is an open subset of Eφ , is endowed with the topology
induced by Eφ . Let Uφ := �φ(Vφ). Thus,

Uφ =
{
(yi )i∈I ∈

∏

i∈I
Ui : yi �= φ−1

i (0) for only finitely many i ∈ I
}
.

Note that the projection pri : P → Mi is continuous for each i ∈ I , entailing that the fine
box topology is Hausdorff. In fact, using the continuous linear projection πi : Eφ → Ei onto
the i th component, we deduce from the continuity of pri ◦ �φ = φ−1

i ◦ πi |Vφ for each φ that
pri is continuous.

7.2 Let φ be as before and ψ be an analogous family of charts ψi : Ri → Si ⊆ Fi . If
φ−1
i (0) = ψ−1

i (0) for all but finitely many i ∈ I , then

(�φ)−1(Uφ ∩Uψ) =
⊕

i∈I
φi (Ui ∩ Ri ),

which is an open subset of
⊕

i∈I Ei . The transition map

(�φ)−1 ◦ �ψ :
⊕

i∈I
ψi (Ui ∩ Ri ) →

⊕

i∈I
φi (Ui ∩ Ri ), (xi )i∈I 
→ ((φi ◦ ψ−1

i )(xi ))i∈I

is C∞ (as follows from [11, Proposition 7.1]) and in fact a C∞-diffeomorphism, and hence a
homeomorphism, since�−1

ψ ◦ �φ is the inversemap. Ifφ−1
i (0) �= ψ−1

i (0) for infinitelymany

i ∈ I , then (�φ)−1(Uφ ∩ Uψ) = ∅ and the transition map trivially is a homeomorphism.
Using a standard argument, we now deduce that Uφ = �φ(Vφ) is open in (P,Ofb) for all φ
and�φ is a homeomorphismonto its image (see, e.g., [15, ExerciseA.3.1]). By the preceding,
the maps �φ := (�φ |Uφ )−1 : Uφ → Vφ ⊆ Eφ are smoothly compatible and hence form an
atlas for a C∞-manifold structure on P . Following [14], we write P fb for P , endowed with
the topology Ofb and the smooth manifold structure just described, and call P fb the fine box
product.
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Some auxiliary results are needed. We use notation as in 5.8 and Theorem 1.4.

Lemma 7.3 Let M := M1 × · · · × Mn be a product of locally compact smooth manifolds
with rough boundary, N be a smooth manifold, α ∈ (N0 ∪ {∞})n and f ∈ Cα(M, N ).

(a) If M1, . . . , Mn are compact, then the following bilinear map is continuous:

Cα(M,R) × � f → � f , (h, τ ) 
→ hτ with (hτ)(x) = h(x)τ (x).

(b) If M1, . . . , Mn are paracompact, L ⊆ M is a compact subset and K := K1 × · · · × Kn

with compact full submanifolds K j ⊆ Mj for j ∈ {1, . . . , n}, then the linear map
� f ,L → � f |K , τ 
→ τ |K is continuous.

(c) If M1, . . . , Mn are paracompact, K := K1 × · · · × Kn with compact full submanifolds
K j ⊆ Mj for j ∈ {1, . . . , n} and L ⊆ K be compact. Then, r : � f ,L → � f |K ,L ,
τ 
→ τ |K is an isomorphism of topological vector spaces.

Proof (a) The bilinear map is a restriction of the continuous mapping μ : Cα(M,R) ×
Cα(M, T N ) → Cα(M, T N ) from Lemma 3.12.

(b) The map is a restriction of the restriction map Cα(M, T N ) → Cα(K , T N ), which is
continuous (see Remark 3.6).

(c) For each x in the open subset M \ K of M , there exist compact full submanifolds
Kx, j ⊆ Mj for j ∈ {1, . . . , n} such that Kx := Kx,1×· · ·×Kx,n ⊆ M \K and x ∈ Ko

x .
Lemma 3.7 implies that the compact-open Cα-topology on � f ,L is initial with respect
to the restriction maps ρ : � f ,L → Cα(K , T N ) and ρx : � f ,L → Cα(Kx , T N ) for
x ∈ M \K . As each ρx is constant (its value is the function Kx ∈ y 
→ 0 f (y) ∈ T f (y)N ),
it can be omitted without affecting the initial topology. The topology on� f ,K is therefore
initial with respect to ρ, and hence also with respect to the co-restriction r of ρ. Thus, r
is a topological embedding and hence a homeomorphism, as r(τ ) = σ can be achieved
for σ ∈ � f |K ,L if we define τ : M → T N piecewise via τ(x) := σ(x) if x ∈ K ,
τ(x) := 0 f (x) ∈ T f (x)N if x ∈ M \ L . Being linear, r is an isomorphism of topological
vector spaces. ��

Proof of Theorem 1.4. For j ∈ {1, . . . , n}, let (K j,i )i∈I j be a locally finite family of compact,
full submanifolds K j,i of Mj whose interiors cover Mj . Let I := I1 × · · · × In . Then, the
sets Ki := K1,i1 ×· · ·×Kn,in form a locally finite family of compact full submanifolds of M
whose interiors cover M , for i = (i1, . . . , in) ∈ I . The map

ρ : Cα(M, N ) →
∏

i∈I
Cα(Ki , N ), f 
→ ( f |Ki )i∈I

is injective with image

im(ρ) =
{
( fi )i∈I ∈

∏

i∈I
Cα(Ki , N ) : (∀i, j ∈ I ) (∀x ∈ Ki ∩ K j ) fi (x) = f j (x)

}
. (10)

In fact, the inclusion “⊆” is obvious. If ( fi )i∈I is in the set on the right-hand side, then a
piecewise definition, f (x) := fi (x) if x ∈ Ki , gives a well-defined function f : M → N
which is Cα since f |(Ki )

o = fi |(Ki )
o is Cα for each i ∈ I . Then, ρ( f ) = ( fi )i∈I .

For each i ∈ I , endow Cα(Ki , N ) with the canonical smooth manifold structure, as in
Theorem 1.1, modeled on the set {� f : f ∈ Cα(Ki , N )} of the locally convex spaces � f :=
{τ ∈ Cα(Ki , T N ) : πT N ◦ τ = f } for f ∈ Cα(Ki , N ). Let  : T N ⊇ U → N be
a local addition for N ; as in Sect. 5, write U ′ := {(πT N (v),(v)) : v ∈ U } and θ :=
(πT N |U , ) : U → U ′. For f ∈ Cα(Ki , N ), consider O f := � f ∩ Cα(Ki ,U ), O ′

f :=
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{g ∈ Cα(Ki , N ) : ( f , g) ∈ Cα(Ki ,U ′)}, and φ f : O f → O ′
f , τ 
→  ◦ τ as in Sect. 5. For

f ∈ Cα(M, N ), let � f be the set of all τ ∈ Cα(M, T N ) such that πT N ◦ τ = f and

{x ∈ M : τ(x) �= 0 f (x) ∈ T f (x)N }
is relatively compact in M . Define O f := � f ∩ Cα(M,U ) and let O ′

f be the set of all
g ∈ Cα(M, N ) such that

( f , g) ∈ Cα(M,U ′) and g|M\K = f |M\K for some compact subset K ⊆ M .

Then, φ f : O f → O ′
f , τ 
→  ◦ τ is a bijection with (φ f )

−1(g) = θ−1 ◦ ( f , g). The linear
map

s : � f →
⊕

i∈I
� f |Ki , τ 
→ (τ |Ki )i∈I

is continuous on � f ,L for each compact subset L ⊆ M (see Lemma 7.3 (b)) and hence
continuous on the locally convex direct limit � f . As above, we see that

im(s) = {(τi )i∈I ∈
⊕

i∈I
� f |Ki : (∀i, j ∈ I ) (∀x ∈ Ki ∩ K j ) τi (x) = τ j (x)}, (11)

which is a closed vector subspace of
⊕

i∈I � f |Ki . We now show that s is a homeomorphism
onto its image. In fact, s admits a continuous linear left inverse. To see this, pick aC∞-partition
of unity (hi )i∈I onM subordinate to (Ko

i )i∈I ; then Li := supp(hi ) is a closed subset of Ki and
thus compact. The multiplication operator βi : � f |Ki → � f |Ki ,Li , τ 
→ hiτ is continuous
linear (by Lemma 7.3 (a)). Moreover, the restriction operator si : � f ,Li → � f |Ki ,Li is an

isomorphismof topological vector spaces (Lemma7.3 (c)). Thus, s−1
i ◦βi : � f |Ki → � f ,Li ⊆

� f is a continuous linear map. By the universal property of the locally convex direct sum,
also the linear map

σ :
⊕

i∈I
� f |Ki → � f , (τi )i∈I 
→

∑

i∈I
(s−1
i ◦ βi )(τi )

is continuous. Hence, σ |im(s) is continuous and linear. We easily verify that σ ◦ s = id� f .
Abbreviate φi := (φ f |Ki )

−1 and φ := (φi )i∈I . We now use the C∞-diffeomorphism

�φ :
⊕

i∈I
O f |Ki → Uφ, (τi )i∈I 
→ (φ−1

i (τi ))i∈I = ( ◦ τi )i∈I

from 7.1, the inverse of which is the chart

�φ : Uφ →
⊕

i∈I
O f |Ki , (gi )i∈I 
→ (φi (gi ))i∈I

of
∏fb

i∈I Cα(Ki , N ) around ( f |Ki )i∈I . For (τi )i∈I ∈ ⊕
i∈I O f |Ki , we have

�φ((τi )i∈I ) ∈ im(ρ) ⇔ (τi )i∈I ∈ im(s).

In fact, for i, j ∈ I and x ∈ Ki ∩ K j we have (τi (x)) = (τ j (x)) if and only if τi (x) =
τ j (x), from which the assertion follows in view of (10) and (11). Thus,

�φ(im(ρ) ∩Uφ) = im(s) ∩
⊕

i∈I
O f |Ki ,
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showing that im(ρ) is a submanifold of
∏fb

i∈I Cα(Ki , N ). Let

�φ : im(ρ) ∩Uφ → im(s) ∩
⊕

i∈I
O f |Ki , (gi )i∈I 
→ �φ((gi )i∈I )

be the corresponding submanifold chart for im(ρ). Then,

ρ(O ′
f ) = im(ρ) ∩Uφ and s(O f ) = im(s) ∩

⊕

i∈I
O f |Ki .

Hence, (φ f )
−1 = s−1 ◦ �φ ◦ ρ|O ′

f
: O ′

f → O f is a chart for the smooth manifold structure

on Cα(M, N ) modeled on E (the set of all � f ) which makes ρ : Cα(M, N ) → im(ρ) a C∞-
diffeomorphism. Note that the smooth manifold structure on Cα(M, N ) which is modeled
on E and makes ρ a C∞-diffeomorphism is uniquely determined by these properties. Thus,
it is independent of the choice of . On the other hand, the (φ f )

−1 form a C∞-atlas for a
given local addition . As the definition of the φ f does not involve the cover (Ki )i∈I , the
smooth manifold structure just constructed is independent of the choice of (Ki )i∈I . ��
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A Details for Sects. 2 and 3

In this “Appendix”, we provide proofs for preliminaries in Sects. 2 and 3.

Proof of Lemma 2.8. The right-hand side (t, y) 
→ y.γ (t) of the differential equation ẏ(t) =
y(t).γ (t) is Ck , whence its solution η will be Ck+1, if it exists.
To verify existence and uniqueness of η, we may assume that I is a non-degenerate compact
interval with initial point 0 or endpoint 0, since I is covered by such intervals. Thus, let I be
a line segment joining 0 and τ �= 0. Define ξ : [0, 1] → g via ξ(t) := τγ (tτ). By the chain
rule, a C1-function η : I → G with η(0) = e satisfies δ�η = γ if and only if θ : [0, 1] → G,
t 
→ η(tτ) satisfies δ�θ = ξ . The assertion now follows from the case I = [0, 1], which
holds by Cr -semiregularity. ��
Proof for Lemma 2.14. (a) Let λ : Y → F be the inclusion map, which is continuous linear

and thus smooth. If f |Y is Cα , then also f = λ ◦ f |Y is Cα , by the chain rule [1,
Lemma 3.16]. Conversely, assume that f is Cα and f (U ) ⊆ Y . It suffices to deduce
that f |Y is Cα if α ∈ (N0)

n . The proof is by induction on |α|, and establishes in parallel
that dβ( f |Y ) = (dβ f )|Y for all β ≤ α. If |α| = 0, the conclusion holds since f |Y is
continuous. If |α| ≥ 1, let j ∈ {1, . . . , n} be minimal with α j > 0. Then, dβ( f |Y ) exists
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for all β ≤ α such that β j ≤ α j − 1, and equals (dβ f )|Y . If β ≤ α with β j = α j , let

x ∈ Uo and yi ∈ Eβi
i for i ∈ { j, . . . , n}. Then, all difference quotients needed to define

dβ f (x, 0, . . . , 0, y j , y j+1, . . . , yn)

are linear combinations of function values of dβ−e j f and hence in Y . Since Y is closed,
the limit dβ f (x, 0, . . . , 0, y j , y j+1, . . . , yn) is in Y as well, and this remains valid for
x ∈ U , by density of Uo in U . Thus, (dβ f )|Y is a continuous function which extends
dβ( f |YUo). We deduce that f |Y is Cα and dβ( f |Y ) = (dβ f )|Y .

(b) If f isCα , then alsoλa◦ f , using thatλa is continuous linear and thus smooth. Conversely,
assume that λa ◦ f is Cα for all a ∈ A. Then,

Y := {(xa)a∈A ∈
∏

a∈A

Fa : (∀a ≤ b) xa = λa,b(xb)}

is a closed vector subspace of
∏

a∈A Fa and the map

λ : F → Y , x 
→ (λa(x))a∈A

is an isomorphism of topological vector spaces. Let pra : Y → Fa be the projection onto
the ath component. Since pra ◦λ ◦ f = λa ◦ f is Cα for all a ∈ A, the map λ ◦ f
is Cα to

∏
a∈A Fa by [1, Lemma 3.8]. By (a), λ ◦ f is Cα also as a map to Y . Thus,

f = λ−1 ◦ (λ ◦ f ) is Cα . ��
Proof of Lemma 2.15. If f is Cα , then ρa ◦ f is Cα for each a ∈ A, the map ρa being
smooth. Assume that, conversely, ρa ◦ f is smooth for each a ∈ A. Writeψ = (ψ1, ψ2)with
ψ1 : M → F andψ2 : M → N . Sinceψa is smooth,ψa ◦ρa ◦ f = (λa × idN )◦ψ ◦ f isCα ,
whence so is its second component ψ2 ◦ f (see [1, Lemma 3.8]). Also the first component
λa ◦ ψ1 ◦ f is Cα for each a ∈ A, whence ψ1 ◦ f is Cα by Lemma 2.14 (b). Hence, ψ ◦ f
is Cα , by [1, Lemma 3.8], and hence so is f = ψ−1 ◦ (ψ ◦ f ). ��
Proof of Lemma 2.17. The proof is by induction on m := m1 + · · · + mn . If m = n,
there is nothing to show. Assume that m > n. After a permutation of E1, . . . , En , we
may assume that mn ≥ 2 (cf. Lemma 2.13). Let (β1, . . . , βn−1) ∈ ∏n−1

i=1 (N0 ∪ {∞})mi ,
βn = (βn,1, . . . , βn,mn−1) ∈ (N0 ∪ {∞})mn−1 such that |βi | ≤ αi for all i ∈ {1, . . . , n}.
Abbreviate β ′

n := (βn,1, . . . , βn,mn−2). For all k, � ∈ N0 such that k + � ≤ βn,mn−1, the map
f is Cβ1,...,βn−1,β

′
n ,k,�. Hence,

f :
n−1∏

i=1

mi∏

j=1

Ui, j ×Un,1 × · · · ×Un,mn−2 × (Un,mn−1 ×Un,mn ) → F

is Cβ1,...,βn , by [1, Lemma 3.12]. By the inductive hypothesis, f is Cα . ��
The following lemma fills in the details for 3.3.

Lemma A.1 Let M1, . . . , Mn and N be smooth manifolds with rough boundary, M := M1 ×
· · · × Mn and f : M → N be a Cα-map with α ∈ (N0 ∪ {∞})n. Then, f (x̄, ·) : Mn → N is
Cαn for each x̄ ∈ M̄ := M1 × · · · × Mn−1 and

hk : M1 × · · · × Mn−1 × T k(Mn) → T k N , (x̄, v) 
→ T k( f (x̄, ·))(v)

is a Cα−ken -map for all k ∈ N0 such that k ≤ αn.
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Proof We showby induction on k0 ∈ N that the conclusion holdswith k ≤ k0 for all functions
as described in the lemma, for all α with αn ≥ k0. Using local charts, we may assume that
Uj := Mj is a locally convex subset of a locally convex space E j for all j ∈ {1, . . . , n} and N
a locally convex subset of a locally convex space F ; thus f is amapU := U1×· · ·×Un → F .
The case k0 = 0 being trivial as h0 = f is Cα . Let 1 ≤ k0 ≤ αn now. Then,

den f : U1 × · · · ×Un × En → F

is a C (α−en ,0)-map. Being linear in the final argument, den f is Cα−en as a map

U1 × · · · ×Un−1 × (Un × En) → F

of n variables, i.e., as amap on the domain T enU = U1×Un−1×TUn (see [1, Lemma 3.11]).
Let pr1 : TUn = Un × En → Un be the projection onto the first component. Then, g :=
f ◦ idU1 × · · · × idUn−1 × pr1 : U1 × · · · × Un−1 × TUn → F is Cα by the chain rule [1,
Lemma 3.16], and hence Cα−en . Thus, h1 = (g, den f ) is Cα−en , by [1, Lemma 3.8]. By the
inductive hypothesis, the maps

U1 × · · · ×Un−1 × T j (TUn) → T j (T F), (x̄, v) 
→ T j (h1(x, ·))(v)

are Cα−en− jen for all j ∈ {0, . . . , k0 − 1}. It only remains to observe that this map equals
h j+1. ��
Proof of Lemma 3.5. (a) For β ∈ N

n
0 with β ≤ α, consider the maps

T β : Cα(M, N ) → C(T βM, T |β|N ), f 
→ T β f

and τβ : Cα(M, L) → C(T βN , T |β|L), f 
→ T β f . Going through the recursive con-
struction of T β(g ◦ f ) in 3.3 for f ∈ Cα(M, N ) and making repeated use of the
functoriality of T , we see that

T β(g ◦ f ) = T |β|g ◦ T β f . (12)

Thus, τβ ◦ Cα(M, g) = C(T βM, T |β|g) ◦ T β , which is a continuous map by [15,
Lemma A.6.3]. The topology on Cβ(M, L) being initial with respect to the maps τβ , we
deduce that Cα(M, g) is continuous.

(b) For β ∈ N
n
0 with β ≤ α, consider the maps T β : Cα(M, N ) → C(T βM, T |β|N ),

f 
→ T β f and τβ : Cα(L, N ) → C(T βL, T |β|N ), f 
→ T β f . Going through the
recursive construction of T β( f ◦ g) in 3.3 for f ∈ Cα(M, N ) and making repeated use
of the functoriality of T , we see that

T β( f ◦ g) = (T β f ) ◦ hβ (13)

with hβ := T β1g1 × · · · × T βn gn . Thus, τβ ◦Cα(g, N ) = C(hβ, T |β|N ) ◦ T β , which is
a continuous map by [15, Lemma A.6.9]. The topology on Cα(L, N ) being initial with
respect to the maps τβ , we deduce that Cα(g, N ) is continuous. ��

Proof of Lemma 3.7. By definition, the compact-openCα-topologyO onCα(M, N ) is initial
with respect to the maps τβ : Cα(M, N ) → C(T βM, T |β|N ), f 
→ T β f for β ∈ (N0)

n

such that β ≤ α. As the interiors (T βKi )
o cover T βM , the compact-open topology on

C(T βM, T |β|N ) is initial with respect to the restriction maps ρβ,i : C(T βM, T |β|N ) →
C(T βKi , T |β|N ), by [15, Lemma A.6.11]. By transitivity of initial topologies, O is initial
with respect to the mappings ρβ,i ◦τβ . Let ρi : Cα(M, N ) → Cα(Ki , N ) the restriction map.

123



Annals of Global Analysis and Geometry (2022) 61:359–398 395

The compact-open Cα-topology on Cα(Ki , N ) being initial with respect to the mappings
τβ,i : Cα(Ki , N ) → C(T βKi , T |β|N ), f 
→ T β f , we deduce from

ρβ,i ◦ τβ = τβ,i ◦ ρ

that O is initial with respect to the maps ρi . ��
Proof of Lemma 3.8. The case n = 1 is well known. The general case follows as T β S =
T β1 S1 × · · · × T βn Sn and T βM = T β1M1 × · · · × T βn Mn . ��
Proof of Lemma 3.9. The inclusion map λ : S → N is smooth. By Lemma 3.8, the inclusion
map T |β|λ : T |β|S → T |β|N is a topological embedding, for eachβ ∈ (N0)

n such thatβ ≤ α.
Thus, (T |β|λ)∗ : C(T βM, T |β|S) → C(T βM, T |β|N ) is a topological embedding for the
compact-open topologies (see, e.g., [15, Lemma A.6.5]). The compact-open Cα-topologyO
on Cα(M, S), which is initial with respect to the maps τβ,S : Cα(M, S) → C(T βM, T |β|S),
f 
→ T β f is therefore also initial with respect to themappings (T |β|λ)∗ ◦τβ,S . The compact-
open Cα-topology on Cα(M, N ) is initial with respect to the maps τβ,N : Cα(M, N ) →
C(T βM, T |β|N ), f 
→ T β f . As (T |β|λ)∗ ◦ τβ,S = τβ,N ◦ λ∗, we see that the topology
O is initial with respect to the inclusion map λ∗ : Cα(M, S) → Cα(M, N ). Thus, O is the
induced topology. ��
Proof of Lemma 3.10. For each k ∈ N0, T k F = F2k is a locally convex space. For each
β ∈ (N0)

n such that β ≤ α, the map

T β : Cα(M, F) → C(T βM, T |β|F), f 
→ T β f

is linear. In fact, T k : Ck(N , F) → C(T kN , T k F) is linear for each smoothmanifold N with
rough boundary [15, proof of Proposition 4.1.11] and k ∈ N0, establishing linearity if n = 1.
If n ≥ 2, the preceding entails that T (0,...,0,βn) f (v) = T βn ( f (x1, . . . , xn−1, ·))(vn) is linear
in f for all x j ∈ Mj for j ∈ {1, . . . , n − 1} and vn ∈ T βn Mn , showing that T (0,...,0,βn) f is
linear in f . Likewise, g and T (0,...,0,βk−1,...,βn) f is linear in f in the recursive construction
in 3.3, which gives the assertion for n ≥ 2. Thus,

Cα(M, F) →
∏

β≤α

C(T βM, T |β|F), f 
→ (T β f )β≤α

is a linear map. It is a homeomorphism onto its image, which is a locally convex space. Hence
also, Cα(M, F) is a locally convex space. ��
Proof of Lemma 3.11. (a) For each k ∈ N0, the topology on T k F = F2k is initial with

respect to the linear maps T kλi = λ2
k

i : F2k → F2k
i . For each β ∈ N

n
0 with β ≤ α,

the compact-open topology on C(T βM, T |β|F) is therefore initial with respect to the
mappings

C(T βM, T |β|λi ) : C(T βM, T |β|F) → C(T βM, T |β|Fi )

for i ∈ I , see [15, LemmaA.6.4]. Thus, the compact-openCα-topologyO onCα(M, F)

is initial with respect to the maps C(T βM, T |β|λi ) ◦ T β with T β : Cα(M, F) →
C(T βM, T |β|F). As T β(λi ◦ f ) = (T |β|λi ) ◦ (T β f ), writing τi,β(g) := T βg for
g ∈ Cα(M, Fi ) we have

C(T βM, T |β|λi ) ◦ T β = τi,β ◦ Cα(M, λi ).

The topologyonCα(M, Fi )being initialwith respect to themappings τi,β : Cα(M, Fi ) →
C(T βM, T |β|Fi ) for β ≤ α, we deduce that O is initial with respect to the mappings
Cα(M, λi ) = (λi )∗.
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(b) By [1, Lemma 3.8], the linear map � is a bijection. The topology on F being initial
with respect to the maps pri , (a) shows that the topology on Cα(M, F) is initial with
respect to the maps (pri )∗ and hence makes � a topological embedding. Hence, � is a
homeomorphism, being bijective.

(c) By [1, Lemma 3.8], � is a bijection. By Lemma 3.5, � is continuous. To see that
�−1 is continuous, we prove its continuity at a given element ( f1, f2) in Cα(M, N1) ×
Cα(M, N2). For x ∈ M , pick a chart φx,i : Ux,i → Vx,i ⊆ Ex,i of Ni around fi (x), for
i ∈ {1, 2}. There exist compact full submanifolds Kx, j of Mj for j ∈ {1, . . . , n} such
that Kx := Kx,1 × · · · × Kx,n ⊆ ( f1, f2)−1(Ux,1 ×Ux,2) and x ∈ Ko

x . By Lemma 3.7,
the topology on Cα(M, N1 × N2) is initial with respect to the restriction maps

ρx : Cα(M, N1 × N2) → Cα(Kx , N1 × N2).

It thus suffices to show that ρx ◦ �−1 is continuous at ( f1, f2) for all x ∈ M . Now ρx ◦
�−1 = �−1

x ◦ (ρx,1 × ρx,2) using the continuous restriction maps ρx,i : Cα(M, Ni ) →
Cα(Kx , Ni ) for i ∈ {1, 2} and the map

�x : Cα(Kx , N1 × N2) → Cα(Kx , N1) × Cα(Kx , N2)

taking a function to its pair of components. Thus, it suffices to show that �−1
x is con-

tinuous at ( f1|Kx , f2|Kx ). Now fi |Kx is contained in the open subset Cα(Kx ,Ux,i ) of
Cα(Kx , Ni ), on which the latter induces the compact-openCα-topology, by Lemma 3.9.
The map �−1 takes this set onto Cα(M,Ux,1 × Ux,2), on which Cα(M, N1 × N2)

induces the compact-open Cα-topology. It thus suffices to show that �−1
x is continuous

at ( f1|Kx , f2|Kx ) as a map

Cα(Kx ,Ux,1) × Cα(Kx ,Ux,2) → Cα(Kx ,Ux,1 ×Ux,2).

Now (φx, j )∗ : Cα(Kx ,Ux, j ) → Cα(Kx , Vx,i ) is a homeomorphism for i ∈ {1, 2} and
also (φx,1×φx,2)∗ : Cα(Kx ,Ux,1×Ux,2) → Cα(Kx , Vx,1×Vx,2) is a homeomorphism,
by Lemma 3.5. It thus suffices to show that the mapping (φx,1×φx,2)∗ ◦�−1

x ◦((φx,1)∗×
(φx,2)∗)−1 :

Cα(Kx , Vx,1) × Cα(Kx , Vx,2) → Cα(Kx , Vx,1 × Vx,2)

is continuous. But this mapping is a restriction of the homeomorphism Cα(Kx , Ex,1) ×
Cα(Kx , Ex,2) → Cα(Kx , Ex,1 × Ex,2) discussed in (b). ��

Proof of Lemma 3.12. The scalar multiplication σ : R × T N → T N being smooth, the map
σ∗ : Cα(M,R × T N ) → Cα(M, T N ), h 
→ σ ◦ h is continuous (see Lemma 3.5). Hence,
μ = σ∗◦�−1 is continuous, using the homeomorphism� : Cα(M,R×T N ) → Cα(M,R)×
Cα(M, T N ) from Lemma 3.11. ��
Proof of Lemma 3.13. Let (Ui )i∈I be the family of pairwise distinct connected components
of N and (Vj ) j∈J be the family of components of M . Then,

r : Cβ(M, E) →
∏

j∈J

Cβ(Vj , E), f 
→ ( f |Vj ) j∈J

is a bijective linear map; by Lemma 3.7, it is a homeomorphism. Likewise,

ρ : Cα,β(N × M, E) →
∏

(i, j)∈I×J

Cα,β(Ui × Vj , E), f 
→ ( f |Ui×Vj )(i, j)∈I×J

123



Annals of Global Analysis and Geometry (2022) 61:359–398 397

and R : Cα(N ,Cβ(M, E)) → ∏
i∈I Cα(Ui ,Cβ(M, E)), f 
→ ( f |Ui )i∈I are isomorphisms

of topological vector spaces.ByLemma3.5, themappingCα(Ui , r) : Cα(Ui ,Cβ(M, E)) →
Cα(Ui ,

∏
j∈J C

β(Vj , E)) is an isomorphism of topological vector spaces and so is the map

�i : Cα
(
Ui ,

∏

j∈J

Cβ(Vj , E)
)

→
∏

j∈J

Cα(Ui ,C
β(Vj , E))

taking a map to its family of components (see Lemma 3.11 (b)). Hence,

� :=
∏

i∈I
�i ◦

∏

i∈I
Cα(Ui , r) ◦ R : Cα(N ,Cβ(M, E)) →

∏

(i, j)∈I×J

Cα(Ui ,C
β(Vj , E))

is an isomorphism of topological vector spaces. By [1, TheoremB], themap�i, j : Cα,β(Ui ×
Vj , E)) → Cα(Ui ,Cβ(Vj , E)), f 
→ f ∨ is linear and a topological embedding, whence so
is

� :=
∏

(i, j)∈I×J

�i, j :
∏

(i, j)∈I×J

Cα,β(Ui × Vj , E) →
∏

(i, j)∈I×J

Cα(Ui ,C
β(Vj , E)).

Evaluating at x ∈ N and then in y ∈ M (say x ∈ Ui and y ∈ Vj ), we verify that

f ∨ = (�−1 ◦ � ◦ ρ)( f )

for all f ∈ Cα,β(N ×M, E), whence f ∨ ∈ Cα(N ,Cβ(M, E)) and�makes sense as a map
to the latter space. We have a commutative diagram

Cα,β(N × M, E)
�−→ Cα(N ,Cβ(M, E))

ρ ↓ ↓ �
∏

i, j C
α,β(Ui × Vj , E)

�−→ ∏
i, j C

α(Ui ,Cβ(Vj , E))

where the vertical arrows are homeomorphisms and � is a topological embedding. Hence,
� is a topological embedding. If M is locally compact, then so are the Vj , whence each
of the maps �i, j is a homeomorphism by [1, Theorem 4.4] and hence also �. Then also,
� = �−1 ◦ � ◦ ρ is a homeomorphism. ��
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