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Abstract

Given a smooth closed oriented manifold M of dimension n embedded in R"*2, we study
properties of the ‘solid angle’ function @ : R"*?\M — S'. It turns out that a non-critical
level set of @ is an explicit Seifert hypersurface for M. This gives an explicit analytic con-
struction of a Seifert surface in higher dimensions.
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1 Introduction

It has been known since Seifert [13] that every oriented link L = [ S* c R? possesses a
Seifert surface, that is, a compact oriented surface X C R3 such that 0.5 = L. Seifert gave
an explicit algorithm for finding a Seifert surface from a link diagram.

In 1969 Erle [7] proved that any embedding M" C R"*? of codimension two of a closed
oriented connected manifold M has a trivial normal bundle and admits a Seifert hypersur-
face ™! C R™?2 with 9X = M C R"*2. The proof of the existence of the latter fact is not
constructive; it relies on the Pontryagin—Thom construction applied to any smooth map
f 1 cL(R™2\M x D?) — S!representing the generator
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1€ [cl(R™*\M x D?),S'| = H'(R™**\M) = H,M) =Z

with X = f~1(¢) for a regular value t € S'. An easy adjustment has to be made, because fis
defined outside the tubular neighborhood of M; we refer to [7] for details.

In this paper, we use intuitions from physics to construct a concrete smooth map
@ : R"\M — R/Z = S'. Namely, suppose M C R* is a loop with constant electric cur-
rent. The scalar magnetic potential @ of M at a point x € M is the solid angle subtended
by M, that is, the signed area of a spherical surface bounded by the image of M under
the radial projection, as seen from x (Fig. 1); see [10, Chapter 1] or [9, Section 8.3]. As
the complement R*\M is not simply connected, the potential @ is defined only modulo
a constant, which we normalize to be 1. The potential induces a well-defined function
@ : R3\M — R/Z. This physical interpretation suggests that there exists an open neigh-
borhood N of M such that @|,, is a locally trivial fibration. In particular, a level set D7D
should be a (possibly disconnected) Seifert surface for M. In [4, Chapter VII] the second
author proved that this is indeed the case, although the proof is rather involved. Even for
a circle, the exact formula for @ is complicated; it was given by Maxwell in [10, Chapter
XIV] in terms of power series and also by Paxton in [11]. The formulae for @ for the circle
show that the analytic behavior of @ near M is quite intricate, although we can show that
@ is a locally trivial fibration in U\M for some small neighborhood U of M; see Sect. 5.3.

The construction can be generalized to higher dimensions, even though the physi-
cal interpretation seems to be a little less clear. For any closed oriented submanifold
M" C R™?2, by the result of Erle [7] there exists a Seifert hypersurface. For any such hyper-
surface X and a point x ¢ X, we define @(x) to be the high-dimensional solid angle of M,
that is, the signed area of the image of the radial projection of X to the (n + 1)-sphere of
radius 1 and center x. The value of ®(x) depends on the choice of the hypersurface X, but
it turns out that under a suitable normalization, @(x) := E(x) mod 1 is independent of the
choice of the Seifert hypersurface. Moreover, there is a formula for @(x) in terms of inte-
grals of some concrete differential forms over M, so the existence of X is needed only to
show that @ is well defined.

As long as t # 0 € R/Z, the preimage @~'(¢) is a bounded hypersurface in R™?\M. If,
additionally, ¢ is a non-critical value, @~!(¢) is smooth. To prove that ®@~!(¢) is actually a
Seifert hypersurface for M, we need to study the local behavior of @ near M. It turns out

Fig. 1 Scalar magnetic potential as a solid angle. The scalar magnetic potential is calculated at point O
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that the closure of @~!(¢) is smooth except possibly at the boundary. We obtain the follow-
ing result, which we can state as follows.

Theorem 1.1 Let M CR™? be a smooth codimension 2 embedding. Let

@ : R™2\M — R/Z be the solid angle map (or the scalar magnetic potential map).

® On the set of points {x € R™?\M : (0,0, ...,0,1) & Sec (M)}, the map ® is given by

1 Xnt2 — Yn+2
D(x) =/ /l< >
m lly = x|+ llx—ll

n+1
DDy = x)dyy A dyy e Adyg,
i=1

and A is an explicit function depend-

where Sec  is the secant map Sec (y) = S
X

ing on the dimension n described in (2. 18)”.y |

o Lett# 0 be a non-critical value of ®@. Then ®@~(t) is a smooth (open) hypersurface
whose closure is @~ '(t) U M. The closure of ®\(t) is a possibly disconnected Seifert
hypersurface for M (in the sense of Definition 2.1), which is a topological submanifold
of R™*2, smooth up to boundary.

e Fort # 0, the preimage @~ (t) has finite (n + 1)-dimensional volume.

To the best of our knowledge, up until now, there has been no known high-dimensional
analogue of Seifert’s algorithm for constructing Seifert hypersurfaces for general links. Our
method of constructing a Seifert hypersurface is by a mixture of differential geometry and
analysis, so is not strictly speaking algorithmic. Nevertheless, it is the first explicit con-
struction for general links.

The fact that the hypersurface @~!(¢) is a level set of the scalar magnetic potential func-
tion @ leads to the following question. We have, however, not been able to answer it so far.

Question 1 Does the physical interpretation of @~!(#) imply some specific geometric or
topological properties, like being a local minimizer for some energy function?

The structure of the paper is the following. Section 1 defines rigorously the solid angle
map @. Then a formula for @ in terms of an integral of an n—form over M is given. In
Sect. 3 we prove that for ¢ # 0 the inverse images of ®@~!(r) C R™! are bounded. It is also
proved that @ extends to a smooth map S"*2\M — R/Z. In Sect. 4 we calculate explicitly
@ for a linear subspace. The resulting simple formula is used later in the proof of the local
behavior of @ for general M. In Sect. 5 we derive the Maxwell-Paxton formula for @ if M
is a circle. These explicit calculations allow us to study the local behavior of @ in detail
and give insight for the general case. In Sects. 6 and 7 we study the local behavior of @ for
general M. This is the most technical part of the paper. We prove Theorem 1.1 in Sect. 8.

2 Definition of the map @

Consider a point x € R"*2 and define the map Sec , : R™?\{x} — §"*! given by
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y—Xx
lly = xII’

Sec (y) =

The map Sec, can be defined geometrically as the radial projection from x onto the sphere:
for a point y # x take a half-line /,, going out from x and passing through y. We define
Sec ,(y) as the unique point of intersection of /,, and §,, where S, is the unit sphere with
center x.

Let w, be the (n + 1)-form

n+2
W, = (—1)i+lbt_]-du1 A Adug A Adu,y,
=1

on S"*!. Define also

Opt1 = / Wyt15
S/H-l

that is, the volume of the unit (n 4+ 1)-dimensional sphere; for instance, o, = 27, 0, = 47.
Let M be a closed oriented connected and smooth manifold in R"t2 with dimM = n.

Definition 2.1 A compact oriented (n + 1)-dimensional submanifold X of R™*?2 such that
0X =M, X is smooth except possibly at the boundary and X has finite (n + 1)-dimensional
volume, is called a Seifert hypersurface for M.

Remark 2.2 Unlike in many places in low-dimensional knot theory, we do not assume that
2 is connected.

By Erle [7] any closed oriented submanifold M C R"*? admits a Seifert hypersurface,
which is smooth. Given such a hypersurface X, consider x € R™?\ X. The map Sec
restricts to a map from X to §™*!, which we shall still denote by Sec .

P

Definition 2.3 The solid angle of X viewed from x is defined as

D(x) =

/ Sec ®,,;. (2.4)
P

Opt1

The map D(x)is a signed area of a spherical surface spanned by Sec (M), that is, the radial
projection of M from the point x.

We have the following fact.

Lemma 2.5 The value 5(x) mod 1 does not depend on the choice of X. In particular, @
induces a well-defined function

@ :R"\M > R/Z =S

Proof Take another hypersurface X’. Let X and X’ be abstract models of X and X', that is,
X and X’ are smooth compact (n + 2)-dimensional manifoldsand¢ : X - X,¢' : X' — X’

are embeddings. Define = to be the closed (n+ 2)-dimensional manifold obtained by
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gluing X with X’ along ¢~!(M) and &' (M. Let ¢= : 5 — R"™?be the map equal to ¢ on
X and to ¢’ on X'
By functoriality of the integral, we have

* * _ * /% * — *
/d) Seclw, —/ Sec w1, / ¢ Sec w, —/ Sec w,.
X x X 4

Therefore,

1 s 1 % £ Quar_l
Sec lw, 1 — Seclw,. = [ ¢ Sec] [ONS
Opy1 Jx Ops1 J 3 z On+1

The integral on the right-hand side is the evaluation of an (n + 1)-form ¢} Sec %wn 41on
- n+1

the fundamental cycle of =. The form %w
n+l
H"™'(S™"); hence, ¢ Secjiwn .1 Tepresents an integral cohomology class on =.

.+1 Tepresents an integral cohomology class in

Therefore,

1 ‘
¢L Sec’w,
Ont1 J=

is an integer. This means that

1 1
Seciw, ;= Seciw,,, € Z.
Ont1 Jx Ont1 Jx

O

Remark 2.6 One should not confuse the solid angle with the cone angle studied exten-
sively by many authors, like [2, 3, 5]. To begin with, the cone angle is unsigned and takes
values in R, whereas the solid angle is an element in R /Z. This indicates that there exist
fundamental differences between the two notions.

From the definition of @, we recover its first important property.
Proposition 2.7 The map @ is smooth away from the complement of M C R"+2,

Proof Take a point y & M. There exists a smooth compact surface X such that 03X = M
and y € X. Then, a small neighborhood U of y is disjoint from X. Thus, the map Sec ,
depends smoothly on the parameter x. This means that Sec *w,, | depends smoothly on x.
Integrating over a finite measure hypersurface X preserves smooth dependence of a param-
eter. It follows that @ is smooth in U. ]

2.1 Q@viaintegrals over M

The fact that the definition of @(x) involves a choice of a Seifert hypersurface X is quite
embarrassing. In fact, it might be hard to find estimates for @ because we have little control
over X~. We want to define @ via integrals over M itself. The key tool will be the Stokes’
formula. We use the fact that while the volume form @, on S"*! itself is not exact, its
restriction @’ to the punctured sphere S\ {z} is.
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We need the following result.

Proposition 2.8 Let x € R™?\M and let 7 € S™! be such that 7 & Sec (M). Then, there
exists a Seifert hypersurface X for M such that Sec (X) misses z.

Remark 2.9 The result is non-trivial in the sense that one can construct a Seifert surface X
even for an unknot in R3 such that the restriction Sec ,| 5 is onto. However, notice that since
M is smooth, Sec |,, is never onto $"*! because dim M < dim S+,

Proof Let H be the half-line {x + ¢z, t > 0}. In other words H = Sec;l(z). Choose any
Seifert hypersurface ~. We might assume that H is transverse to 2. The set of intersection
points of H and X is bounded and discrete, hence finite. Let {w,...,w, } = HN X and
assume these points are ordered in such a way that on H the point w; appears first (with the
smallest value of ), then w,, and so on (Fig. 2).

Choose the last point w,, of this intersection and a small disk D C X with center w,,. We
can make D small enough so that for any w’ € D the intersection

(x+w,t>1}nX
is empty. Set now
T={x+t',t>1,w €D} and 0,T = {x+tw',t > 1,w' € oD}.

Consider a sphere S = S(x, r), where r is large. Set S’ = S\(S N T). Increasing r if neces-
sary, we may and shall assume that S’ is disjoint from X. The new Seifert hypersurface is
defined as

X =2\D)U[(0,T)NBx,NuUS.

With this construction, we have Hn %2’ = {wy,...,w,,_;}. Repeating this construction
finitely many times, we obtain a Seifert hypersurface disjoint from H. O

Fig.2 Proof of Proposition 2.8. Reducing the intersection points of H with X. The disk D is replaced by the
tube T and a large sphere
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Let 7, be an n—form on $"*'\{z} such that dn, = ,,,, and suppose X is a Seifert
hypersurface for M such that z ¢ Sec (X). By Stokes’ formula

* _ %
/Secanﬂ—/ Sec’n,.
z M

Therefore, we obtain the following formula for @:

D(x) = / Sec 5, mod 1. (2.10)
M

On+1

The necessity of making the map modulo 1 comes now from different choices of the point
7€ S I\M.

We shall need an explicit formula for #,. For simplicity, we consider the case when
z2=1(0,0,...,1) € "' c R"* and define n :=n,; the general case can be obtained by
rotating the coordinate system. We start with the following proposition.

Proposition 2.11 Ser z = {0,...,0,1}. Let A : S"*'\{z} C R™? = R be a smooth function
with variables u = (uy,u,, ..., u,,,). If A involves only u, ., (write A(u) = Au,_,) for con-
venience) and satisfies

(1- ui+2)/l’(un+2) = (n+ Dy Au, ) = (1), (2.12)
then on S™ '\ {z} we have
d(/l(un+2)wn) = Opyy-
Proof Note that

u%+ o

o =1 implies  wdu; + - +u, ,du,,, =0,

and hence
uduy A Aduy,y = (=1 u, oduy A A (TI;[ A Adu,,,
foralli € {1,2,...,n+ 1}. Therefore, by (2.12),

d(/l(un+2)wn) —WOpy = l/(un+2)dun+2 A @, + A(un+2)dwn T Wpy =
LD (o Dty Ay ) = A ) =)

Upio

dug A - Adu,

is the zero (n + 1)-form. O

To obtain a formula for #, it remains to solve (2.12). Rewriting it, we have
(n+ Du,yp (=1

Myn) = ——————.
(1 - ui+2) * (1 - u3+2)

The integrating factor of this ordinary differential equation is (1 — ui +2)%, so the general
solution of (2.12) can be written as

/l,(un+2) -
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L nl
(1=1045) 7 Atypo) = 1" / (1-1) * duypo. (2.13)
The requirement that the solution be smooth at u,,, = —1 translates into the following
formula
_ntl Upy2 n=1
Mityn) = (1" (1 —u2,,) 7 / (1-4s%7 ds. (2.14)
-1

The integral in (2.14) can be explicitly calculated. If n is odd, the result is a polynomial. If
n is even, successive integration by parts eventually reduces the integral to / V1-—s2ds.
For small values of n, the function A is as follows.

n=1; Auz) = (uz;— 1"

n=2; AMu)= _4_11 <7r +2uyq/1 - ui + 2arcsinu4> (uf1 - 1)_3/2

n=3; Mus)= %(u5 —2)(us — 1)7".

Definition 2.15 From now on, we shall assume that 5 = A(u,,,,)®,, where A is as in (2.14).

We see that 4 is smooth foru,,, € [-1,1) and has a pole atu,,, = 1. We shall work mostly
in regions, where u,,,, is bounded away from 1, so that A and its derivatives will be bounded.

2.2 The pullback of the form n

We shall gather some formulae for evaluating the pullback Sec:n. This will allow us to
estimate the derivative of @.
First, notice that

yi—x _dy
My =xll lly =l

+ (= xdlly — [, (2.16)

where d,, means that we take the exterior derivative with respect to the y variable (we treat
x as a constant). Consider the expression

Seciduy Ao Adu; Ao Aduy, .

To calculate the pullback, we replace du; by d, ”’;;” Notice that if in the wedge product the

term (y; — x)d, ||y — x||~! from (2.16) appears twice or more, this term will be zero. There-
fore, the pullback takes the form

Sec;dul VANKEXIVAN (Tl;l JANER Adun+1 = mdyl AR /\CT_)?I- ANREN dyn+1
1 . _ —
W Z(—l)g("l)(}’j —x)d, ||y — x|l PAdy A A dy;, dy; A= Ady,yg,
J#

where 0(i,j) is equal to j — 1if j < iand j— 2 if j > i. Using the above expression together
with
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dy”y —X”_1 = ((Y1 —x)dy; + -+ O _xn+1)dyn+1),

il S
lly —xII?
we can calculate the pullback of the form

n+l
®, = Z(—l)”luidul A Adug A Adu, g

i=1

We calculate

n+l
1 . —~
Sec*w, = PR 2(-1)’“@ —x)dy; A - Ady; A - Ady,y,
i=
1 n+l
+ W Z Z(_l)t+9(zJ)(yi _xi)Z(yj —xj)d)’i Ady; A A d)’iady]' A Ady,y
i=1 j#i
1 n+1
W Z Z(—l)we(l‘])(y,' —x); = -xj)zdyj AYLA = Adydy A Adyyyg.
i=1 j#i

Notice that we can change the order of the sums in the last term of the above expression
to be Z]'.’:ll Zi#j' Since i + 0(i,j) = j + 6(j, i) + 1, the last two sums cancel out. Hence, we
obtain

n+l
1

Sec o, = W Z(—l)i+l(yi —x)dy; A A &)71 A Ady,g. (2.17)
y =X

In particular, using Definition 2.15 we get a proof of the first part of Theorem 1.1.

- X
eciﬂ= 1 +l/1<yn+2 n+2>
lly — x| lly — xll

n+l (2.18)

: 2(—1)i+1()’i —x)dy; A A ‘ﬁ A Ay,
i=1

If n = 1 we obtain the following explicit formula, used in [4].

DB, xyx5) = 1 /(y2—x2)dy1—(yl—x1)dy2
X2, X3) = 77— .
o Ju ||y—x||2<1_y3"‘3 (2.19)
lly — I

It is worth mentioning the formula for » = 1 and a general z (not necessarily (0, 0, 1)),
which was given in [4, Theorem 5.3.7].

y—x
Xz | -Dy
1 <I|y—XI| >

(I)(xl,xz,x3) = — s
M y—X
lly — x| 1- 4
[ly = Il

where Dy = (dy,, dy,, dy;).
We conclude by remarking that if
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n+2
Oy = Z(—l)”luidul A Adug A Adu,,,

i=1
then analogous arguments as those that led to formula (2.17) imply that

n+2
1

W Z(_I)H—](yi - 'xi)dyl A A &;1 A A dyn+2‘ (220)
i=1

* —_—
Sec lw, | =

2.3 Estimates for derivatives of Sec, n

The following results are direct consequences of the pullback formula for #, (2.18). We
record them for future use in Sects. 3 and 6 . Recall from Sect. 2.2 that # was defined as a
form on S™*1\(0, ..., 0, 1). The form #, for general z € $"*! is obtained by rotation of the
coordinate system.

Lemma 2.21 For any m > 0, there exists a constant C# such that for each nonnegative
integers ky, ..., k,, such that Y k; = m, the (higher) dlﬁ‘erentlal of the pullback Sec*n has
the form

n+l
o " ~
- T Secw:ZHidyl/\---/\dy,»/\---/\dy,,ﬂ,
ox' - ()xn’:é i=1
where
Yn42 — i
H =) A= 2\,
Z ( Iy — x|| ’ 222)

and Hf are smooth functions satisfying |Hf| < Cfn’n ly — x||~Cr+m=D,

Proof 1f m = 0, the proof is a direct consequence of (2.18). The general case follows by an
easy induction. a

As a consequence of Lemma 2.21, we prove the following fact.

Lemma 2.23 For any D < 1and for any integer m > 0, there is a constant szm such that if

m
7 € Sy, x satisfy ( ,z) < D and Y k; = m, then the derivative 0— Sec’n,
a a n+"

n+2

is a sum of forms of type H, dyl-] A A dy,-n, where all the coeﬁ?czents H; are

bounded by C? ||y — x||="~".

Loerosly

Proof Apply a linear orthogonal map of R™+? that takes z to (0,0, ..., 0, 1). Let x’ and y' be
the images of x and y, respectlvely, under this map. We have ||y —x'|| = |ly — x|| and the
condltlon( - XI ,Z) < D becomes - ”ﬁz x’l’l“ < D. We shall use (2.22). As D < 1, on the inter-
val [-1, D] the function A and its derivatives up to m-th inclusive are bounded above by
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some constant CDm depending on D and m. The constant C” ~can be chosen as
=(m+ 1)C} O

Dm nm’

3 Properness of @

Theorem 3.1 For any t € (0, 1) there exists R, such that @~'(t) C B(0,R,). In other words,
all fibers of @ except @~'(0) are bounded.

Proof Choose a Seifert hypersurface > for M. We may assume that it is contained in a
ball B(0, r) for some r > 0. As X is compact and smooth, there exists a constant Cy such
that if an (n + 1)~form ®,,; on R"*? has all the coefficients bounded from above by T, then
I/Z CUn+1| < CZT'

Now take R > 0 and suppose x & B(0, R + r). Then the distance of x to any pointy € X
is at least R. Then Sec *a) +1 has all the coefficients bounded by R see (2.20), and

therefore, | [, Sec*w, ;| < CxR™'~". This means that
D(R"™\B(,R + 1)) C (~CxR™'™",CxR™'™),

or equivalently, that if t € (—CxR™'™", CxR™'""), then @~'(t) C B(O,R + r). O

Corollary 3.2 The map @ : R™?\M — S' extends to a C"*' smooth map from S"**\M to
St

Sketch of proof Smoothness of @ at infinity is equivalent to the smoothness of
w = @( i ”2) at w = 0. The proof of Theorem 3.1 generalizes to show that for any m > 0

there exists C, with a property that [D*®(x)| < C,, - |lx||7"'"1, and

m

||D“ﬁ|| < Cm||w||‘|"’|‘1 whenever |a| < m. Here a is a multi-index.
Now by the di Bruno’s formula for higher derivatives of the composite function, we
y g p

infer that |D*®(—

” ”2 )| < C|lwl||"+?~1«!, (The worst case occurs when @ is differentiated only

is differentiated |« | times.) Hence, the limit at w — 0 of all derivatives of

once, while
IIWII

¢<W>oforderup to n + 11is zero. O
w

We can also strengthen the argument of Theorem 3.1 to obtain more detailed information
about the behavior of @ at a large scale.

Theorem 3.3 Suppose X is a Seifert hypersurface and r is such that £ C B(0, r). For any
R > r, if|lx|l > R we have

n+2

ar+2 5
Zx -+ (n+ DB < Cyn +2) = [l "2,

(R — r)n+2

where C s depends solely on X and not on R and r.
Proof Using (2.20) write
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I8ec, O _ -l (=D dy, A Ady, A -+ Ady, o+
axi ”y x”n+2 VA Vi Vn+2
n+2
+(n+ Z)m Z( Y (y; = x)dy; Ao Ady; A e Ady,o.

This implies that

n+2

0Sec*® wn+1
Zx ==& + (n+2)§,
where
n+2
¢ = WZ( D* iy A Ady; A Ady,y,
and
1 n+2 n+2
b= i & 2000~ g A AT A A D
i=1 j=
Write also
1 n+2
b= [ly = x||+2 2(_1)l+]()’i = x)dyp A Ady A Ady, .
i=1

Now suppose ||x|| > R and ||y|| < r. Then =& —&; has all the coefficients bounded by

(RrR,)m |lx]|7"~2. Likewise, notice that

n+2

D 0= Xy
i=1

where we used Schwarz’ 1nequahty in the last estimate. Therefore, —&, — &; has all the
coefficients bounded by DL and by assumptions on ||x|| and ||y|| we have that

ly=x]in+2?

n+2

D0 —xx + lly = x| = < lyltly = xlI,
i=1

byl R -
lly —x[|"*2 = (R — ryn+2 ‘

We conclude that

’/ —& + (+2)& + (n+ D&| < Cs(n + 2>W“ x|, (3.4)
As @(x) = [ &, we obtain the statement. O
The statement of Theorem 3.3, in theory, can be used to obtain information about Cy

from the behavior of @ at infinity. The left-hand side of (3.4) is equal to
|2"+2 —+(n+ l)di‘ and does not depend on X. Therefore, if we know @ and its

derlvatlves we can find a lower bound for Cy, which roughly tells, how complicated ~
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might be. Unfortunately, we do not know of any examples where this can be used
effectively.

4 @ for an n-dimensional linear surface
4.1 Calculations

The analysis of @ near M will rely on replacing M by its tangent space and estimate the
error. Therefore, we shall now define M for an n-dimensional surface. Define

H={weR"™ :w =0,w,=0}.

The first technical problem arises because H is not compact; therefore, the map @ does not
even have to be defined. In what follows, we shall define @, for H as above. We need to
choose an analogue of the ‘Seifert hypersurface’, and our choice will be a half-hyperplane.
As H is not compact, we cannot apply the argument of Lemma 2.5 to conclude that @,
does not depend on the choice of a half-hyperplane. And indeed, @, will depend on this
choice. In fact, @, will be well defined up to an overall constant. In particular, the deriva-
gid\)/es of @, are well defined. This dependence is considered as a feature. Calculations for

- will be important in Sect. 6.

' Set X = {w : w; €0, w, =0} C R"™2, For any point x &€ X, the value of the map ®(x)
is (up to a sign) the area of the image Sec ,(X). This image can be calculated explicitly.
Choose a point y = (¥, ..., Y,2) € S"". The half-line from x ¢ X through x +y is
given by ¢ = x + ty, t > 0; see Fig. 3. By definition, y € Sec,(X) if and only if this half-
line intersects X, that is, for some #, > 0 we have

Xy + toyz = O and X1 + toyl < 0. (41)

Note that if x, = 0, then the half-line through x and any point in X will meet H,
which results in an n-dimensional image Sec (X) in S"*!. Suppose x, # 0. The condition

X
-
(z1 =22y1/y2,0)

Fig.3 The half-line from (x, x,) through (x; + y;,x, + y,) hitting the Seifert hypersurface X
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1o > 0 together with (4.1) implies that the signs of x, and y, must be opposite. Plugging
1, from the first equation of (4.1) into the second one, we obtain
X
x = —<0. (4.2)
Y2
The calculation of @ boils down to the study of the set of x,x, satisfying (4.2). Write
x; =rcos2xf and x, = rsin2xf. Multiply (4.2) by i—z (which is negative) to obtain the

inequality
v, < ¥,/ tan2xp.

There are four cases depending on in which quadrant of the plane contains (x;,x,); see
Fig. 4. We next calculate the area of the image Sec,(X) of each of those four cases. To
do so, we first deal with the calculations and then discuss the choice of the sign. For the
moment, we choose a sign for the area as e € {—1,+1}; refer to Sect. 4.2 for the discussion
of the sign convention.

Notice that the area of the two-dimensional circular sector in Fig. 4 is (up to normali-
zation) equal to the (n 4+ 1)-dimensional area of the image Sec,(X). This is because the
defining equations are homogeneous, and other variables ys, ... ,y,,, do not enter in the
definition of the region.

Casel x; > 0andx, > 0. The region Sec .(X) is given by y, < 0 (because the sign of y,
is opposite to the sign of x,), y; < y,/tan2zf and tan 2z f € (0, o0). The area of
the sector corresponding to Case 1 is equal to zf, and hence, @(x) = eff, where ¢
is a sign.

Case 2 Case 1
AN 7
A 7
N 7/
AN 7/
AN 7
AN 7
N\ 7
X “H-
mmmm - ®
7 N
7 A
7/ N
7/ N
7/ AN
7 AN
7 A
7/ N
Case 3 Case 4

Fig.4 The four cases of possible position of points (x,, x,) and the image of the projection. Instead of draw-
ing the preimage in the boundary on a circle, we draw a circular sector in a disk for better readability
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Case2 x; <0 and x, > 0. The region Sec (X) is given by y, <0, y, <y,/tan2zp,
where tan 2z € (—o0,0). The area of the sector is equal to zf and so @(x) = €f.

Case3 x; <0 and x, <0. Then y, > 0 and tan2zf € (0, ). The area of the sector
is # — 3, but now the hypersurface X is seen from the other side; hence, the
signed area is e(xf} — x). After normalizing and taking modulo 1, we obtain that
d(x) = ef.

Case4 x; >0, x, <0. Then y, > 0 and tan2zf € (—0,0). As in Case 3, we deduce
that the area is 7 — 7 and we obtain @(x) = ¢f.

Putting all the cases together, we see that @(x) = ef.

Suppose we take another ‘Seifert surface’ for H, denoted X', given by u; =0, u, < 0.
Let @’ be the map @ defined relatively to X'. To calculate @', we could repeat the above
procedure, yet we present a quicker argument. A counterclockwise rotation A in the
(uy, uy)-plane by angle % fixes H and takes X to X’. In particular, @’ (x) = @(Ax). Hence,
D' (x) =¢e(f — i) We notice that @' # @, but on the other hand @’ — @ is a constant.
This approach shows that if we take a linear hypersurface (a half-space) for the ‘Seifert
surface’ of @, then it is well defined up to a constant, and so the derivatives are well
defined.

4.2 The sign convention

Given that @ is defined as an integral of a differential form, changing the orientation of H
induces a reversal of the sign of @. We use the example of a linear surface to show how the
sign is computed.

Choose the orientation of H in such a way that a%’

0 . .. .
» 5.— Is a positive basis of TH.
U,

Stokes’ theorem is apphcable if ¥ is oriented by the rule “normal outwards first”, see [14,

Chapter 5], so that 2, -2 s is an oriented basis of T2.
ou, 0u i, o

The way of seeing the sign is by calculating /. 5 Sec’w,, . By (2.20) we know that

~ . Xy
(15()c1,...,)cn+2)=[2Sec](cunJrl =/1 <0 ||}}Wdyl/\dy3/\---/\dyn+2.
¥, =0

Given the orientation of X, we have
/ 24y ad d
T YAy A AdY,
<Oyp=0 Iy = x[|"+2 !

1
=X ——dy; ... dy, >dy.
2/_00 (/ lly — x|[+2 "> )

Notice that on the left-hand side we have an integral of a differential form, whereas on the
right-hand side the integral is with respect to the (n + 1)-dimensional Lebesgue measure on
a subset of R"*1,

The function / ”2 dy; ... dy,,, is positive; therefore, & is positive for x, > 0, nega-

(4.3)

tive for x, < 0 and 0 for X, = 0,x1 > 0 (notice that (4.3) is not defined if x, = O and x; < 0:

if this holds, the point (x;,x,,...,x,,,) lies on X and the integral diverges). Therefore,
o~

o ®D|, o0 is nonnegative. Thls is possible only if the choice of signis e = +1.
2
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5 @ foracircle

In Sect. 5 the manifold M is the round unit circle, that is
M = {(x},xy,x3) € R® : &2 +xZ =1, x3 = 0}. We now use the formula for @ via the
integrals of the pullback of #, see (2.18), to give an explicit formula for @. The output
is given in terms of elliptic integrals. Detailed calculations can be found, e.g., in [4];
therefore, we omit some tedious computations. We focus on the analysis of the behavior
of @ near the circle.

5.1 Ellipticintegrals

For the reader’s convenience, we give a quick review of elliptic integrals and their prop-
erties. We shall use these definitions in future calculations. This section is based on [1].

Definition 5.1 Let ¢ € [0, z/2]. For any k € [0, 1], the complementary modulus k' of k is
defined by K’ = /1 — k2.

1. The integral

¢ dt
F(o.k) = / —_— (5.2)
0 1 — K2 sin* ¢

is called an elliptic integral of the first kind. If ¢ = /2, it is called a complete elliptic
integral of the first kind, denoted by K(k) := F(x /2, k).
2. The integral

@
m@m=/ | K2sin? i di
0

is called an elliptic integral of the second kind. If ¢ = /2, it is called a complete
elliptic integral of the second kind, denoted by E(k) := E(x /2, k).
3. The integral

@
m@ﬁm=/ di
0

(1 —a?sin® V1 — k2 sin® ¢

is called an elliptic integral of the third kind. If ¢ = x /2, it is called a complete elliptic
integral of the third kind, denoted by H(a%, k) := (x/2, a2, k).
4. Heuman’s Lambda function Ay(f, k) can be defined by the formula
2
Ay(B. k) = p (E(OF(B, k") + K(KE(B, k') — K(K)F(B,K)).
Although K(k) blows up at k = 1, we know how fast it goes to infinity as k approaches

1 from below.

Proposition 5.3 (see [6, formula (10) on page 318]) We have
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4 2 -
K(k) =In +0(d-k)InV1-k*) as k- 1.
V1-k2 ( )

In particular,

. 4
lim (K(k) ~In — k2> =0. (5.4)

The differentials of K(k) and E(k) are calculated, e.g., in [1, page 282].

d _ E(k) — (K')?K(k)
aK(k) = —k(k’)2 (5.5)
and
d,  E®-K®
@E(k) = (5.6)

where k' = \/1 — k?. The derivative of the Heuman’s Lambda function A (f, k) is given by
the following formula; see [1, formulae 710.11 and 730.04].

iA (B.K) = 2(E(k) — K(k)) sin f cos
ok k1 — K2 sin’ B 7
and
2(E(k) — k' sin”® p K(k
iAO(ﬂ,k)= (E(k) sin” B ())' 5.8)

op 2V — k2 sin? §

5.2 Computation of @ for the circle

In this section, we follow closely [4, Sections 6.2 and 6.3]. The circle U has the parameteriza-
tiony : [-mz, z] = R3 given by

y(t) = (cost,sint,0).

Suppose x € R? is such that x & {u? +u3 = 1, u3 < 0}. Then Sec (U) does not contain
(0, 0, 1) and (2.19) implies:

1 T (x;cost+x,sint — 1)dt
¢(‘x17x27x3) = E ’ (5.9)

Q+x3\/§

where
0=1+|x|*- 2x, cost — 2x, sint.

Write x; = rcos@, x, = rsin for r > 0. Substituting this into (5.9), we observe that @
does not depend on 8; hence, we can write @ = @(r, x;), that is,

@ Springer



432 Annals of Global Analysis and Geometry (2020) 57:415-454

B(rx) = 1 /” (rcost — 1)dt
s A3) — T .
47 ) l+r2+x§—2rcost+x3\/l+r2+x§—2rcost

(5.10)

We have some special cases where we can compute the integral explicitly. If x; = 0, we use
the identity

1= tan?(/2)

cost =
1 + tan?(¢/2)

and deal with improper integrals; there are two situations:

e r < 1: wehave

1 t 14+r \1" 1.
D(r,0) = E[_E —arctan(l tan—)]_” =—=

e 7> 1: we have

1 t r+1 t\1"

D(r,0) = o [_E + arctan (r — tan E)]_” =0.
This agrees with the geometric interpretation. If we choose the disk D = {r < 1, x; = 0}
as a Seifert surface for U, then for x = (rcos 0, rsin6,0) with » > 1, the image Sec (D)
is one-dimensional, so @(x) = 0. Conversely, for x = (rcosé,rsinf,0) with r < 1 we
choose a Seifert surface X to be the disk D with a smaller disk centered at x replaced
by a hemisphere with center at x. In this way, the image Sec .(X) is a hemisphere; see
Fig. 5.

Remark 5.11 The inverse image @~'(0) contains (and actually it is equal) to the set
{x} +x3>1, x; =0}. This shows that the assumption that # 0 in Theorem 3.1 is

necessary.

We now express @(r, x;) in terms of elliptic integrals. We use the following simplifi-
cation, which follows by explicit computations.

Fig.5 A Seifert surface for the circle with the property that its image under Sec , is a hemisphere
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rcost—1

1+r2+x§—2rcost+x3\/l +r2+x§—2rcost

_ —x3(rcost—1) rcost— 1 (5.12)

= 8. .
(1+r? —2rcost)\/1 + 72 +x] —2rcost 1+ 7%= 2rcost

Define

T
C(r)=/ rcost — 1 dr

« 1 +7r2=2rcost

Then

0 if r>1
Cr):i=4 -1 if r=1.
=2z if r<1

Using (5.12) and cos 20 =1 —2 sin® 0, we write

dr

2X3 /ir/Z
2J0
V42 + 2 \/1 A o

T

4zd(r,x3) = C(r) +

26,07 = 1) /2 di

A+ /0 + )2 +x3 70 ==Y Gn?e) 1o — & iny
a+r?)

1 +r)? +x§

_ 2x; K 4r
Jarmee \Ja+n7+s
2x3(1 =) 4r 4r
+ S II N + C(r).
1+ + 712 +22 <(1+r)2 (1+r)2+x§> '

We may write the formula in terms of Heuman’s Lambda function A using the formula

relating IT and A; see [1, page 228] or [11]. After straightforward but tedious calculations,
we obtain the following explicit formula.

Proposition 5.13 (see [4, Proposition 6.3.1]) Let x = (x|, X,,X3) € R3.

. Ifx¢{x%+x§=1,x3<0} and x5 # 0. Then
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2x3
Az d(r,x;) = C(r) + ————K(k)
I+ +x3

[x5] x(1=r)

Ja-rprg |Rsil=r

[ L
(1+r2+22 .19

o Ifx3=0 but xf+x§;é1,then

+ wA,| arcsin

where

D(r,0) = %7:)

° Ifxf+x§=1 and x; <0, then
2x
+4i 3 K<‘/ 42>.
4 /4+x§ 4+x3

Another approach in computing the solid angle for an unknot was given by F. Paxton;
see [11]. He showed that the solid angle subtended at a point P with height L from the
unknot and with distance r, from the axis of the unknot is equal to

®(1,x3) = (1, —x3) =

FNTP

2L K(k) — tAg(& k) if ry <1

1
47[ anx

1

2

1 1 2L . _
D= 2_4_”R_K(k) if I"O—l

max

1 2L 1 .
_EEKU{) + ZAO(g, k) if rg > 1

where R, = /(1 +ry)?> + L2, & = arctan ﬁ and k is given by (5.14). It can be shown
-0

that the Paxton formula agrees with the result of Proposition 5.13.

Finally, we remark that the computation of the solid angle of the unknot was already
studied by Maxwell. He gave the formulae in terms of infinite series; see [10, Chapter
XIV].

5.3 Behavior of @ near U

We shall now investigate the behavior of @ and its partial derivatives near U. Let us write

xy=1+4+¢€cos2nd, x =0 and x3=¢esin2xA

where € > 0 is small and 4 € [0, 1]. We have the following result.
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Proposition 5.15 (see [4, Proposition 6.4.2]) The limit as € — 0% is given by
li%l D(1 +ecos2nA,0,esin2zx4) =—-4 € R/Z.
-0t

Sketch of proof User =1+ e cos2x4, x; = £ sin 2z 4 and apply Proposition 5.13 together
with a fact that

. 2esin2x A 4 +4decos2ni
11m+ K o 0
20" /4 + 4 cos 27 A + €2 4+decos2ni+e

O

Remark 5.16 The sign of the limit is —A and not +A4. It is not hard to see that the orienta-
tion convention for the circle, that is, such that = (cos¢, sint, 0) is an oriented parameteri-
zation of U is opposite to the convention adopted in Sect. 4.2.

Next we compute the derivatives of @ near U. It is clear that the map @ for the circle
is invariant with respect to the rotational symmetry around the z—axis. Hence, if a is the

longitudinal coordinate near U, then ()_(D = 0. The two coordinates we have to deal

a
with are the meridional and radial coordinates A and €. The first result is the following.

Proposition 5.17 (see [4, Proposition 6.4.3]) We have
1 2 sin 27 A(K(k) — E(k))
4T (| 4 ecos2mA) VAt decos InAt el

a—df'(l +ecos2zA,0,esin27 ) =

We observe that as € —» 0", we have k — 17 by (5.14). The numerator K(k) — E(k)
blows up, so the right-hand side of the formula in Proposition 5.17 is divergent as
&€ — 0. For future use, we remark that by (5.4) and Proposition 5.17 we have

aicb(l +ecos274,0,esin27x1)| < Cp,(—Ine) (5.18)
&

for some constant C;,, which can be explicitly calculated.

By Proposition 5.17 the sign of a—cb depends on sin2zA. Hence,
D(1 4+ €cos2mA,0,esin 27[2) is non-decreasing with respect to € when 4 € [0, —] and it is
non-increasing when A € [— 1]. Since we know that

11%1 D(1 +ecos2nA,0,esin2xd) = —

-0

Dini’s theorem, see, e.g., [12, Theorem 7.13], yields that as & — 0%,
@(1 + ecos2xA,0,esin2xA) converges uniformly to —4 on [0, 1]. With this, the map
(g,) » @(1 + ecos 2z A,0, e sin 2z A) extends to the set {€ = 0} even though @ itself is not
defined at (1, 0, 0).

Remark 5.19 This extension of @ through {e = 0} will be generalized in the Continuous
Extension Lemma 7.10.

We now estimate the derivative of @ with respect to A.
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Proposition 5.20 (see [4, Proposition 6.4.4])

%(b(l +ecos2mA,0,esin27xA) <0
and
lim ic17(1 +ecos2mA,0,esin2xd) = —1.
e—=0+ 04
Proof Set
k= \/ 4+4ecos2zi
4 +4ecos2mA + €2
K=vV1-k2= £ .
V4 + 4e cos 27 A + €2
Note that
ok —k3sin2x A
D g SR
04 V1+ecos2zi
and

oK _ _—k ok __kok
a4 l_kzd/l koA

Using (5.7) and (5.8), we have

icl‘)(l +ecos2xmA,0,esin2x )

a2
L i(2 sin 27 Ak'K(k) + A (arcsin | sin 27z 4|, k))
47 92
10K
= L in2ea( K% + 0 2ER N vk cos 22
oy a
1 7} . d(arcsin | sin 2z A|)
LY —" 2], ky) | Zesin [ sin 27 Al
* 4 <a(arcsin | sin2z A]) olarcsin | sin 27 4] ))> d4
+ i(%AO(arcsin | sin 274, k))) %

k!
B <E(k) — K2 sin? 2m1K(k))> 1 <(E(k) — K(k)) sin 274 cos 27r/l> ok
V1= k2 sin? 274 2z V1 = k2 sin? 2724 94

See also [4, Equation (6.11) and Proposition 6.4.3]. As € — 0%, we have k —> 1, k¥ — 0.
Since K’K(k) — 0 and K’E(k) — 0 as e — 0%, the only significant term in the above expres-
E(k)

V1= k2sin? 274

sin 27”1% (M) + K'K(k) cos 27 A

sion is — , and hence,
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lim i<D(1 + ecos2n4,0,esin2z4) = —E(1) = —1.
-0t 0/1

|

We have estimated the derivatives of @ with respect to € and A. We can now give the fol-
lowing corollary, which is a straightforward consequence of (5.18).

Corollary 5.21 The derivatives %cb(xl,xz,)%), Jj=1,2,3 have at most a logarithmic pole

J
at points (xy, x,,x3) close to U. More precisely, there exists a constant C;,, such that

circ

0
—D(x},Xy,X3)

0xj

< Cpo (= Indist((xy, x5, x3), U)).

We remark that from (2.18), we get much weaker estimates on the derivative. We do not
know whether these weaker estimates can be improved for general manifolds M.

To conclude, we show level sets of the function (r, x;) = @(r, x;) for the circle in Fig. 6.
Notice that in the figure the half-lines stemming from point (1, 0) (and not parallel to the
x3 = 0 line) intersect infinitely many level sets near the point (1, 0). This suggests that
the radial derivative ;—E@(l + £cos 2w A, e sin 27 ) is unbounded as € — 0. We proved this
fact rigorously in Proposition 5.17.

6 Derivatives of @ near M
We begin by recalling a well-known fact in differential geometry.
Proposition 6.1 Let X C R™? be a k-dimensional, smooth, compact submanifold with

smooth boundary. Then, there exists a constant Cy such that for every x € R™? and for any
r > 0 we have

vol (X N B(x,r)) < erk.

Fig.6 Level sets of the function
(r,x3) = @(r,x3) for the circle
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Moreover, increasing Cy if necessary, we may assume that if o is a k—form on R"*? whose
coefficients are bounded by T, then | /XnB( )a)| CyTr.

The result is well known to the experts; therefore, we present only a sketchy proof.

Sketch of proof Let 6, be the volume of unit k-dimensional ball. By smoothness of X, we
vol ,(X N B(x, r))

infer that lim,_, .
r

s 0, 6k or §, depending on whether x & X, x € 0X or

x € X\0X. Using Vitali’s covering theorem, see, e.g., [8, Section 1.5], one shows that there

vol (X N B(x, r))
————— < 2§, for all r < ;. We take Cy to be

exists 7, independent of x such that k
;

the maximum of 26, and vol k(X)/r(];.
The second part is standard and left to the reader. O

6.1 The Separation Lemma

The form #, used in Sect. 2.2 has a pole at z € S™! In the applications for given
x € R™?\M, we choose a point z such that z & Sec (M). Such a point exists; see
Remark 2.9. However, in order to obtain a meaningful bound for Sec :nz, we need to know
that z is separated from Sec (M), in the sense that there exists a constant D such that
(y,z) < D for any y € Sec .(M). In this section, we show that the constant D < 1 can be
chosen independently of x.

Lemma 6.2 (Separation lemma) There exist €, > 0 and D < 1 such that the set N, of
points at distance less than g, from M and not lying in M (using algebraic sums this set
can be written as N, = (M + B(0,£,))\M) can be covered by a finite number of open sets
Uy, ..., U, with the following property: for each i there exists a point z; € S"*! such that for
any x € U, we have Sec (M) C {u € S*' : (u,z;) < D}

Remark 6.3 In general, it is impossible for a given point x € M to find an element z € $"*!
and a neighborhood U C R™?2 of x, such that for every x’ € U we have z¢& Sec ,(M). In
fact, the opposite holds. For any z € $"*! the sequence x, = x — = has the property that
z € Sec, (M) and x,, — x. This is the main reason why the proof of an apparently obvious
lemma is not trivial.

Put differently, the subtlety of the proof of Lemma 6.2 lies in the fact that the image
Sec (M) can be defined for x € M as a closure of Sec ,(M\{x}), but we cannot argue that
Sec (M) depends continuously on x, if x € M.

Proof of Lemma 6.2 Take a point x € M. Let V be the affine subspace tangent to M at x,
that is, V = x + T,M. The image Sec ,(V\{x}) is the intersection

S =T MnS",

Lemma 6.4 For any open subset U C 8" containing S,, there exists r > 0 such that
Sec (M N B(x, )\{x}) is contained in U.
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Proof Suppose the contrary, that is, for any n there exists a point y, € M such that
lx=y,ll < % and Sec ,(y,) € U. In particular, y, — x. As M is a smooth submanifold of

R”™*2, the tangent space T, M is the linear space of limits of secant lines through x. This
means that if y, — x and y, € M, then, up to passing to a subsequence, Sec ,(y,) converges
to a point in S,. But then, starting with some n, > 0, we must have Sec,(y,) € U for all
n > n,. Contradiction. O

Choose now a neighborhood U of S, and r from Lemma 6.4. As S, is invariant with
respect to the symmetry y — —y, we may and shall assume that U also is. We assume that
U is small neighborhood of S, but in fact we shall only need that U is not dense in S"*'.
We shall need the following technical result.

Lemma 6.5 Suppose v € S™'\U. Then there exists an open neighborhood W, C R"2 of x,
such that if X' € W,, then either v & Sec ,(M N B(x,r)) or—v & Sec ,(M N B(x, r)).

Proof of Lemma 6.5 We argue by contradiction. Assume the statement of the lemma does
not hold. That is, there is a sequence x,, converging to x such that both v and —v belong
to Sec X, (M n B(x, r)). This means that for any n the line Zxﬂ 1= {x, + tv,t € R} intersects

M N B(x, r) in at least one point for # > 0 and at least one point for ¢ < 0. For each n, choose
a point y:lf inMnBx,r)N lX” N {z> 0}and a point y_in M N B(x, r) N lxn N {t < 0}. In par-
ticular, Sec X, (y¥) = v and Sec X, ;) =-v

By taking subsequences of {y*} and {y_ } we can assume that y* — y* and y- — y~ for
some yt,y~ € M N B(x, r); compare Fig. 7.

If y*#x, then the line [ = {x+ v} passes through y*, but this means that
v € Sec (M N B(x,r)), but the assumption was that v & U, so we obtain a contradiction.
So y* = x. Analogously we prove that y~ = x.

Finally, suppose y* =y~ = x. The line /, = {x + v} is the limit of secant lines passing

through y* and y7; therefore, /, is tangent to M at x. But then v € S, C U. Contradiction.
O

We extend the argument of Lemma 6.5 in the following way.

\

N o2

/
He
\“\_
<
:T
g 8
N =

8
V)

Fig.7 Proof of Lemma 6.5. To the left: a sequence of lines [, ,[,, converges to a line that is tangent to M
at x, so that v € T,M. To the right: a sequence of lines /, , I, converges to a line that passes through x and
intersects M at some point. Then v € Sec (M)
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Lemma 6.6 Suppose v € S™'\U. Then there exist an open set V., C S**' containing
v and an open ball B, C B(x,r) containing x such that if x' € B, then there exists a
choice of sign n € {1} possibly depending on x such that nV,,. is disjoint from the image
Sec (M N B(x, r)).

Proof The proof is a modification of the proof of Lemma 6.5. We leave the details for the
reader. O

Resuming the proof of Lemma 6.2, define the sets B),., and B, ._ by
Biyer = (X € B, : forevery V' € V|, ;wehave +V & Sec (M N B(x,r))}.

Then clearly By, UB),._ = By.
Lemma 6.7 The subsets B,,. . \M and B,,._\M are open subsets of B;..\M.

Proof The lemma follows from the fact that M N B(x, r) is closed and Sec ,, is continuous
with respect to x’ as long as X’ & M. O

The next step in the proof of the Separation Lemma 6.2 is the following.

Lemma 6.8 There exists an open set B, C R"? containing x, a point v, € S"*' and an open
set V. C S™*! containing v, such that if X' € B, and V' € V, then either V' or —v' does not
belong to Sec ,(M).

Moreover, there are two subsets BE of B, such that B U B, = B,, B¥ are open in B\M
and if X' € Bt and V' € V,, then Sec ,,(M) does not contain +V'.

Proof Let U and r > 0 be as in the statement of Lemma 6.4. The set Sec (M\B(x, r)) is
the image of the compact manifold M\B(x, r) of dimension » under a smooth map; hence,
its interior is empty. Therefore, there exists a point v € §**! such that neither v nor —v is
in the image Sec .(M\B(x, r)) and also neither v nor —v is in U. By the continuity of Sec ,,
there exist a small ball B, C B(x, r) with center x and a small ball V,, C §™*! containing v
such that if v/ € V,; and x" € By, then neither ' nor —v' belongs to Sec ,(M\B(x, r)). Let
Vioc and By, be from Lemma 6.6. Define V, = V), NV, and B, = B, N B,. Then for any
x' € B,and V' € V, we have that either v ¢ Sec ,M or—v & Sec ,..

We define BT as intersections of By, with B,, where B, are as in Lemma 6.7. O

We resume the proof of the Separation Lemma 6.2. Define

b= sup (v.y).
YESTAV,
As V_ is an open set containing v,, we have §, < 1. This means that if x' € B, and
y € Sec (M), then either (y,v,) < é,or(y,—v,) < 6,.

Cover now M by open sets B, for x € M. As M is compact, there exists a finite set
Xy, ..., %, such that M C B, U---UB, . The compactness of M implies also that there
exists g, > 0 such that the set M + B(0, €,), that is, the set of points at distance less than
g from M, is contained in B, U--UB,. Define D=max(,,...,6,) and let
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No = (M + B(0,£0))\M. Fori = 1,...,n define v; = v, and Bf' = By N N,. Then B; cover
N, and for any i, if ¥’ € B;—' and y € Sec ,(M), then (y,+v;) < D as desired. a

For points x that are at distance greater than g, from M, the statement of the Separa-
tion Lemma 6.2 holds as well.

Theorem 6.9 (Separation Theorem) There exists a constant D < 1 such that for any
x € R™2\M there exists an open neighborhood U, C R"™? of x and a point 7 € S™2, such
that for any X' € U, and y € Sec ,,(M) we have (y,z) < D.

Proof Denote by D,,,,, the constant D from the Separation Lemma 6.2. The constant D,
works for points at distance less than &, from M.

We work with points far from M. Choose R > 0 large enough so that M C B(0, R). For
any x ¢ B(0, R) we can take the point ”i—” for z and then if y € Sec (M), then (y,z) < 0. By
the continuity of x — Sec,, we may choose a neighborhood W, of x such that if ' € W,
and y, € Sec (M), then (y, z) is bounded from above by a small positive number, say 1—10
This takes care of the exterior of the ball B(0, R). We define D, = % The constant Dy,
works for points outside the ball B(0, R).

Let P = {x € B(O,R) : dist(x,M) > g,}. For any point x € P, Sec (M) is the image of
an n-dimensional compact manifold under a smooth map, so it is a closed nowhere dense
subset of §"*!. Thus, there exist a point z, € S"*! and a neighborhood of U, of z, such that
U, N Sec (M) = . Shrinking U, if necessary, we may guarantee that there exists a neigh-
borhood W, € R"™?2 of x such that if X € W, and y € Sec ,(M), then y & U,. We define
again

6,= sup (z,,y) <L

YES2\V,
The sets W, cover P, and we take a finite subcover W, ,..., W, . We define D, as the
maximum of §, , ..., 6, . The constant D,,;q works for p01nts that are at distance between at

least g, from M but stay inside B(0, R).
It is enough to take D = max(Dqee Dpmias Prar)- O

From now on, we assume that D < 11is fixed.

6.2 The Drilled Ball Lemma

We begin to bound the value of cb(x) To this end, we shall differentiate the coefficients

of Sec*n,. The pomt z will always be chosen in such a way that ( Sec ,(y),z) < D for all
y € M and for all x’ sufficiently close to x.
The next result estimates the contribution to 32 from integrating Sec *# on a drilled ball.
Xj X

Lemma6.10 Suppose a, f € (0, 1) and x € R™*2. Fix € > 0 and define
Mg 1= M0 (B(x,")\B(x, €")).

Then, foranyi=1,...,n+2
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0 .
2 Sec*
'0xl-/M e

ape

Y
< Cgrin€’s

where y = nff — (n+ a and Cyy; = CMC is independent of a, f and x.

Proof By Lemma 2.23 and the Separation Lemma 6.2, the derivative of the pullback

P
a_ Sec ¥ is an n—form whose coefﬁ01ents are bounded from above by D ”“‘H] If y € My,

then ||y — x|| > €% The form 2 Sec* w1 is integrated over M,;.. We use Proposition 6.1

twice: first to conclude that the Volurne of M, is bounded from above by C,e"¥ and sec-
ond to conclude that the integral is bounded by C?| C),e"/=(m+De, O

The next result shows that if M is locally parameterized by some ¥, then if we take a
first-order approximation, the contribution to the derivative of @(x) from the local piece
does not change much. We need to set up some assumptions.

Choose € >0 and a € (%, 1). For a fixed point x at distance & from M, we set
M, =M N B(x,e*). We assume that €, a are such that M, can parameterized by

Y:B ->M,,

where B’ is some bounded open subset in R" and ¥(0) is the point on M,, that is nearest
to x. We also assume that B’ is a star-shaped, that is, if w € B’, then tw is also in B’ for
t € [0, 1]. For simplicity of the formulae, we may transform B’ in such a way that

1 0 ... O
o 1 ... 0
DFO=ly o ®11
o o ... O
o o0 ... 0

Choose ¢ > 0 in such a way that B’ is a subset of an n-dimensional ball B(0,c) and B’
is not a subset of B(0,0/2). Let ¥, be the first-order approximation of ¥, that is
¥, (w) =¥ (0) + D¥(0)w. Let M, be the image of B’ under ¥,. Write C, and C, for the
supremum of the first and second derivatives of ¥ on B’.

Lemma 6.12 (Approximation Lemma) Suppose
€ < min ((4C,)~/*, 271D (32¢,)~1/e=D) (6.13)

anda > % There exists a constant C,,, depending on ¥’ such that

0 * 0 * 6
e Sec™n — — Sec <C s
0x; /M S et
where 6 = a(n+3) — (n+2).
Proof As our first step, we relate ¢ with £ and a. |
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Lemma 6.14 We have o < 4&°.

Proof of Lemma 6.14 Suppose w € B(0, o), w # 0. Write w for the vector in IR{”Jr2 given by

T (w 0,0). Define a function ¥,, : R — R by the formula ¥,(f) = (¥ (t— T ” w). By the

definition, we have ¥, (0) = 0. From (6.11) we calculate that —‘I’ (0) = 1. Furthermore, as

the second derivative of ¥ is bounded by C, we have that | I 5” ()] < C,. It follows that
P OGP C2 2. Set t;=2¢% As &° <z by the assumptions, we have
2

V(1)) = 2% —2C,e>* > %s". Clearly, ¥,,(f)) < ||‘I’(t0 Il hence, ¥t = 5

The condition £ < 271/@=D implies that %5" > e. By the triangle inequality,

w w a a
¥ (1o 7—2) = xll 2 [P (1o 7= — lIx]l > & + €% — e = €.
lIwll lIwll
This means that ¥'(z, i ‘) cannot possibly belong to B(x, €%); hence, it is not in the image
Y (B') = M N B(x,&%). This shows that 7,— ”W” cannot belong to B’. As w was an arbitrary

point in B’, this implies that no element in B’ can have norm 2¢®. As B’ is connected, this
implies that B’ must be contained in B(0,2¢%). By the definition of ¢, we immediately
recover that o < 4¢€°. |

We resume the proof of Lemma 6.12. Choose w € B(0,0). Write y, =¥ (w),
vy = ¥ (w). By the Taylor formula, we have

1o = yill = 11 w) = P W)l < Collwll>. (6.15)

We have ||w|| < 4% and 2« > 1. Using the assumption that £ < (32C,)~ /@D we infer
that C,(4€%)? < ls so that ||P;(w) =P (W)|| < ls. Therefore, as dist (x, M,, ) = g, we infer

that for each point y’ in the interval connecting y, and y, we have ||x — y'|| > 6 see Fig. 8.
Write now fori = 1,...,n+ L
Fig. 8 Notation of the proof of VvV
Approximation Lemma 6.12
M
€T g
. .......................
/
Yy
¥y (w) o v (w)
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dSec’n
ox;

= Y Fy@.y)dy, A dy.dy; ... Ady,,. (6.16)
1 l#‘]

By the mean value theorem, for any i, j there exists a point y’ in the interval connecting y,
and y, such that

F[](xay()) - F;](xﬁyl) = ”y() Y1 ”av l](‘x’y’)’ (617)

where 0, is the directional derivative in the direction of the vector ”ii"_“yv .
01
[lx =y > %e; hence, by Lemma 2.21:
1 —n-2
o,F )| < Chy(5¢) 6.18)

From (6.15) we deduce that

|Fye, #w) = Fyn %, )| < CllwlPe ™2 6.19)

for some constant C depending on C,.
Set G;(w) and H;;(w) to be defined by

Wy, A - dy,dy; o Ady,,, = Gydwy A Adw,
Widy A dy,dy; o Adyy, = Hydwy A - Adw,

The values of G;; and H; are bounded by a constant depending on C;. Moreover, the expres-
sion D¥Y(w) — D¥,(w) has all entries bounded from above by ||w/|| times a constant; hence,
an exercise in linear algebra shows that

|G;(w) = Hy(w)| < CglIwll (6.20)
for some constant C; depending on C,. Now write
PHF(x, y)dy; A - mj e AV, — P F (G y)dyy A o dy/i,Tyj v A0
= (F(x, ¥ W)Gy(w) = F(x, ¥))W)H(w) ) dw; A -+ A dw,.
We estimate using (6.19):
|FC, P WGy — Fiy(x, ¥)H| <
|F(x, W (W) — F (6 W (W) - [Hyw)| + [Fy(e, P W) - 1Gy(w) — Hi(w).
Combining this with (6.19), we infer that
|F 0, W 0)Gyj — Fy(x, WDH| < C(IwllPe™ 7 + [Iwlle™ ™), 6.21)

where the factor e”~! comes from the estimate of F ;i ¥ (w)) and the constant C depends
on previous constants, that is, C depends on C, C,.

We use now (6.21) together with (6.16) and the definitions of G, H;;. After straightfor-
ward calculations, we obtain for some constant C:
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/B, % (¥* Sec (v) — ;" Sec ()

%

< / Clwle™ + wlle ™).
B(0,0)

The last expression is bounded by C,,, (€)= 4 g1#2a=(1#D) “wwhere C,, is a new
constant. As @ < 1and & < 1, the term £"*32=¢"+2) i dominating. O
In the following result, we show that the constants in the Approximation Lemma 6.12

can be made universal, that is, depending only on M and « and not on x and €.

Proposition 6.22 For any a € (%, 1) there exist constants C, and €, > 0 such that for any
X & M such that dist (x, M) < €, we have

oD,

ox;

02()6) _ (X) < Ca6(11+2)a—(n+1).

0x;

Here @y, is a map @ defined relatively to the plane V that is tangent to M at a point y such
that dist (x, M) = ||x — y||.

Proof Cover M by a finite number of subsets U, such that each of these subsets can be
parameterized by a map ¥; : V;, — U,;, where V, is a bounded subset of R". By the com-
pactness of M, there exists €; > 0 such that if U C M has diameter less than ¢, then U
is contained in one of the U,. Shrinking ¢, if necessary, we may and shall assume that if
dist (x, M) < g, then there is a unique point y € M such that dist (x, M) = ||x — y||.

Set C, and C, to be the upper bound on the first and the second derivatives of all of the
¥.. The derivative D¥,(w) is injective for all w € V;,. We assume that C;, > 0 is such that
[ID¥;(wv|| = Cyllv||forallv e R",i=1,...,nandw € V,.

Choose a point x at distance € >0 to M such that 2¢* <¢g, and € <e¢,. Let
M, = B(x,e*) N M. As this set has diameter less than &, we infer that M,, C U, for some
i. Let B= T,-_I(Mae) C V. Let y € M be the unique point realizing dist (x, M) = ||x — y||.
We translate the set B in such a way that ¥;(0) = y. Next, we rotate the coordinate system

00

invertible matrix A. We know that A~!is a matrix with coefficients bounded by a universal
constant depending on ¢, and C,. Define now B, = A~!(B) and ¥, = ¥;0A. Then ¥ has first
and second derivatives bounded by a constant depending on C,, C, and c;. Denote these
constants by C;(x),C,(x). Let also be Cy(x) >0 be such that if w,w’ € B, then
|¥.(w) =P .(W)|| = Cy(x)|lw — w'||. Such constant exists because D¥(w) is injective and
we use the mean value theorem. Moreover, C,,(x) is bounded below by a constant depend-
ing on Cy, C, and C,,.

It remains to ensure that the following two conditions are satisfied. First, the set
B= Y’;I(Maé) has to be star-shaped, second the inequality (6.13) is satisfied. The second
condition is obviously guaranteed by taking &, sufficiently small. We claim that the first
condition can also be guaranteed by taking small €,. To see this, we first notice that if €, is
sufficiently small, then M, is connected for all € < €,. Next, we take a closer look at the
definition of B C V,. Namely, we can think of B as the set of points w € V; satisfying the
inequality R(w) < €%, where

in R™?2 in such a way that the image of D¥(0) has a block structure A @ <0 0> for some

Rw) = [|Z.(w) — xI* = (F,(w) — x, ¥, (W) — x).

For v € R" we have
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D*R(0)(v,v) = 2(D¥ (0)(v,v), ¥.(0) — x) + (D¥ (0)v, D, (0)v).
By the construction of ¥,, we have that (D¥_(0)v, D¥ (0)v) = ||v||%; hence,
D*RO)(v,v) = (1 = 2eCo(x)|Iv[I*.
Generalizing this for w € B and v € R”, we have
D*R(w)(v,v) = |[DRW)V|I> + 2(D*¥ (w)(v,v), ¥ (W) — X).

Now ||[D*¥ (w)W)| € C,()|[v||> and by the mean value theorem also
IDR(w) — DR(O)|| < C,(x)[|w|l. Suppose |lx — ¥, (w)|| < €”. Then ||¥,(w) — ¥, (0)]| < 2&*
and so||w|| < 2C,(x)e”. Hence,

D?RW)(v,v) = (1 = 2“Co(x)Cy(x) — 2*C,(x))||v||.

This shows that R is a convex function if ¢ is sufficiently small. Hence, B is a convex sub-
set, in particular, it is also star-shaped. Therefore, all the assumptions of the Approximation
Lemma 6.12 are satisfied; the statement follows. O

6.3 Approximation Theorem

Combining the Drilled Ball Lemma 6.10 and Proposition 6.22, we obtain a result which is
the main technical estimate.

Theorem 6.23 (Approximation Theorem) For any 0 € (%, 1) there exists a constant C,
such that if x is at distance € > 0 to M and € < €,, y, € M is a point realizing the mini-
mum of dist(x, M) and V is the tangent space to M passing through y,, then for any
j=1,....,n+2

] 9 -
T PW — =Dy (0| < Cpe 0

J J

Here, @y, is the map @ defined relatively to the hyperplane V.

Remark 6.24 In Sect. 4, we have shown that @, is not well defined, but if we restrict to
‘Seifert hypersurfaces’ for V which are half-spaces (and that is what we in fact do), then
@y, is defined up to an overall constant. In particular, its derivatives do not depend on the
choice of the half-space.

Proof Let & = ﬁi Sec*n. Set also ay = % - % We have (n+ 3)a, — (n+2) = —0;
hence, by Proposition 6.22 we obtain.

/ - ¢
MnNB(x,e%0) VNB(x,e%0)

Set a;, = o + i(ak —6). By the assumptions, we have a;, < 6, so a;,; < a; and the
sequence a; diverges to —oco. Suppose k, < oo is the first index, when o < 0. Set o =0

< Cppe ™’ (6.25)
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in this case. We use repeatedly the Drilled Ball Lemma 6.10 for f = oy, ; and a = «ay,
k=0,...,ky — 1. We are allowed to do that because for k < k, — 1 we have

"+lak—19)—(n+1)ak=—9
n

no — @+ Doy, = n(

and nay — (n+ Day, _; > —6. Summing the inequality from the Drilled Ball Lemma 6.10
for k from O to k, — 1, we arrive at

¢
/MnB(x,sakO N\B(x,e%0)

Recall that @, = 0. Equation (6.26) does not cover the part of M outside of B(x, 1). How-
ever, on M\B(x, 1), the form £ is easily seen to have coefficients bounded above by a con-
stant independent of € and x; hence,
I
M\B(x,1)

depending on M but not on x and €. It remains to show

Jumart 5
VNB(x,e%0) 14

We cannot use the Drilled Ball Lemma 6.10 directly, because V is unbounded. However,
we shall use similar ideas as in the proof of the Drilled Ball Lemma 6.10. The form & is
an n-form whose coefficients on V are bounded by C ||y — x||="*D, where D' is such that
ﬂ;l(V) C {u,,, < D'}. Its restriction to V is equal to some function F (y) times the volume

< ko - Cyne™. (6.26)

< Coxs (6.27)

for some constant C,

ext

< Cpue™®. (6.28)

form on V, where |F,(y)] < C,CP |ly — x||=™*D (it is easy to see that as V is a half-plane,
Cy exists). Therefore, we need to bound

/ ly = 2|, 6.29)
V\B(x,£%)

The method is standard. Introduce radial coordinates on V centered at y,, and notice that
lly — x|l < 2|ly, — yllas long as y € V\B(x, €%). Perform first the integral (6.29) over radial
coordinates obtaining the integral over the radius only, that is

©
/ lly = xI 7D < / 2o, 7t dr =
V\B(x,£%0) £0

_ ~An—1_—q n—1 -0
=2""¢%¢g,_ £2"0,_177,

where o,_; is the volume of a unit sphere of dimension n — 1. This proves (6.28) with
Cp = 2" '0,_,C,CP.
Combining (6.25), (6.26),(6.27) and (6.28), we obtain the desired statement. O

6.4 The main estimate for the derivative
This section extends the intuitions given in Sect. 5.3.
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The normal bundle of M c R"*2 is trivial, see [7], but there might be many different
trivializations, one class for each element of [M, SO(2)] = [M, S'] = H'(M). Choose a pair
of two normal vectors v,,v, on M such that at each point y € M, v,(y) and v,(y) form an
oriented orthonormal basis of the normal space N,M. Choose €, < €, and let N be the tubu-
lar neighborhood of M of radius ¢,. By taking g, > O sufficiently small, we may and shall
assume that each y’ € N can be uniquely written as y + #,v, + t,v, fory € M and t,,1, € R.

Let y € M. Choose a local coordinate system w, ..., w, in a neighborhood of y such
< C,, for some constant C,,. The local coordinate system wy, ..., w, on M induces
a local coordinate system on N given by w,,...,w,,t,%. Let r,¢p be such that

t; =rcos2z ), t, = rsin(2z ).

Theorem 6.30 (Main Estimate Theorem) For 6 € <"+2 1) we have | — a < C,Cor~% and

|;| < Cyr7. Moreover, |£ - e| < Cpr'=%, where € € {£1} dependmg on the orientation

of M.

Proof Choose a point x = (wy, ..., w,, 1, 1,). Let yo = (W, ..., w,,0,0) be the point mini-
mizing the distance from x to M. We shall use the Approximation Theorem 6.23. So let V
be the n-dimensional plane tangent to M at y,. The map @), is the map @ relative to V. By

the explicit calculations in Sect. 4, we infer that d(pv( ) = M" (x) Ofor j=1,...,n and

% = ¢e. Now E differs from the derivatives of @,, by at most Cgr“’ by the Approximation
J

Theorem 6.23.
On the other hand, by the chain rule @ = —rsin ¢§ + rcos ¢?« Applying Theo-
1 2

rem 6.23, we infer that @(x) a(DV (x) C,r'~% The same argument shows that
| (x)‘ C,r~9. Notice that the derlvatlves with respect to r and 6 do not depend on C,:
this is so because the length of the framing vectors v, and v, is 1. a

7 Behavior of @ near M

Throughout the section, we choose 6 € ("j 1). The constant g is as defined in Sect. 6.4.
We decrease further g, to ensure that
Coel? <1
0€ 5 (7.1)
so that, by Theorem 6.30
'62 —€| < l 7.2
o 2 72)
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7.1 Local triviality of @ near M

Let now X = (0,€5] X S' X M. Let IT : X — N\M be a parameterization given by
I : (r,¢,x) = x+ v rcos ¢ + v,rsin ¢.

The composition @oIT : X — S! will still be denoted by ®. We are going to show that this
map is a locally trivial fibration whose fibers have bounded (n + 1)-dimensional volume.

Lemma 7.3 (Fibration Lemma) The map @ : X — S' is a smooth, locally trivial fibration,
whose fiber is (0, €4] X M.

Proof Choose r € (0,¢,] and x € M. Consider the map @, :S' —S' given by
D, =d| The derivative of @, , is equal to — by (7. 2) 1t belongs either to the
1nterval (—% ——) or to (— 2 depending on the €. By the mean value theorem, a map from
S'to S* with derlvatlve 1n (— §) orin (—é ——) is a diffeomorphism. It follows that @, , is a

r}xS‘x{x

diffeomorphism. In partlcular, given r € (0, gland xe M, forany t € S 1 there ex1sts a
unique point O,(r,x) such that @(r,0,(r,x),x) =t. In this way, we get a bijection
O,(r,x) : (0,eg] XM — o).

Again by (7.2) |%| > % > 0, so by the implicit function theorem we infer that 0, is in

fact a smooth map. Then 0, is a smooth parameterization of the fiber of @. It remains to
show that @ is locally trivial.

To this end, we choose a point ¢ € S'and let U C S' be a neighborhood of ¢. Define the
map O : (0,g,] X Ux M — &~'(U) by the formula

O(r.1,x) = (r, 0,(r, x), x).

Clearly, Oisa bijection. As ©, depends smoothly on the parameter 7, we infer that Oisa
smooth map and the map o~ 1(U) = (0, g0l X U X M given by (r,¢,x) = (r,P(r, $p,x),x)
is its inverse. Therefore, © is a local trivialization. O

Remark 7.4 Define the map @,, : X — S! x M by ®@,,(r, ¢, x) = (®(r, p, x), x). The same
argument as in the proof of Fibration Lemma 7.3 shows that @, is a locally trivial fibration
with fiber (0, &,]. For given (¢,x) € S' X M, the map r + (r, O,(r, x), x) parameterizes the
fiber over (¢, x).

As a consequence of Fibration Lemma 7.3, we show that @ : R™*?\M — S! does not
have too many critical points. This is a consequence of Sard’s theorem and the control of @
near M provided by Lemma 7.3.

Proposition 7.5 The set of critical values of ® : R"™>\M — S' is a closed nowhere dense
set of measure zero.

Proof Extend @ to a map from S"*2\M — S' as in Corollary 3.2. We split the S"*>\M as
a union of S"+2\N and N\M, where, recall, N is the set of points at distance less than or
equal to g,. By Sard’s theorem, the map @ restricted to S"+2\N has a set of critical points
which is closed boundary and of measure zero. On the other hand, on N\M the map has no
critical points at all, because by the Fibration Lemma 7.3 the map @ restricted to N\M = X
is a locally trivial fibration. O
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We conclude by showing the following control of the fibers of @ : X — S":

Lemma 7.6 (Bounded Volume Lemma) There exists a constant A > 0 such that for any
t € S' the (n + 1)-dimensional volume of @~'(t) N X is bounded from above by A.

Proof Parameterize @~'() N X by O, : (0,6)] XM — X as in the proof of the Fibra-
tion Lemma 7.3. Choose local coordinate system on an open subset Y C M, and let
X¢ = [r,£,] x §' X Y. We aim to show that

vol , (@7'(1) N X*°)

is bounded by a constant independent of r. Write

vol .., @7\ (1) ﬁXl"C = / 1+ O’il + -+ @’fvn + @'f dl,.., (7.7)

[reqIXY

where dl,  is the (n + 1)-dimensional Lebesgue measure on [, 4] X Y, we write @ for 6,

and @; is a shorthand for ’ZQ, and z is any variable of {r,w, ..., w,}. By the implicit func-
. 2

. ;oo (0@ . s o0 1

tion theorem O, = -~ (—M ) . Equation (7.2) implies that | Fr > 3 then

I@;,|<2C9er‘9, j=1,....n
! Y (7.8)
10/ < 2C,r™.

Hence,

\/1 +O + o+ 0 + 07 < \/1 +4C2+4(n+ DC2C2r? < Cor?,
where Cg is a constant. Thus,
vol,., @' (1) N X1 < Coley ™ — ') vol Y < Coey~? vol Y.

Now M being compact can be covered by a finite number of coordinate neighborhoods, we
sum up all the contributions to get

vol ., @71 (1)) N X < Coey’ vol M.

|

Remark 7.9 Bounded Volume Lemma 7.6 shows that the volume of the fibers @~!(z)
is bounded near M by a constant that does not depend on z. This does not generalize to
bounding a global volume of @~!(¢): one can show that the volume of @~'(0) is infinite
using Corollary 3.2.

7.2 Extension to of @ throughr =0

We pass to study the closure of the fibers @~!(#) N X. This is done by extending the map
@. Set

@ Springer



Annals of Global Analysis and Geometry (2020) 57:415-454 451

X =[0,£,] X S' x M.

The manifold X can be regarded as an analytic blowup of the neighborhood N\M.

Lemma 7.10 (Continuous Extension Lemma) The map @ : X — St extends to a continu-
ous map ® : X - S\,

Proof Let f, : S' x M — S'be given by f.(¢), x) = D(r, ¢, x). We shall show that as r — 0
the functions f, converge uniformly. The limit, f;, will be the desired extension.

We use Proposition 6.30. In fact, choose ry, r; € (0, &y]. Then for (¢p,x) € S! x M we
have

d
Efr(d)’ X)

@0 =f, @0l < [ ol

rl C
dr < / Cer_‘gdr = 1o 0 (rl_e - r:_‘g).
o -

As r — ' is a uniformly continuous function taking value 0 at 0, we obtain that f. uni-

formly converge to some limit, which we call f;,. This amounts to saying that @ extends to
a continuous function on X. O

Remark 7.11 Consider the map @,, defined in Remark 7.4. Then the proof of the Continu-
ous Extension Lemma 7.10 generalizes to showing that the map @, extends to the continu-
ousmap @,, : X - S' X M.

We can also calculate the function @ for r = 0.

Proposition 7.12 There exists a continuous function p: M —S' such that
@0, ¢, x) = e + p(x) mod 1.

Proof By Main Estimate Theorem 6.30 we have that for any ¢ > 0 there exists r. > 0 such
that if r € (0, 7)), then for ¢, ¢’ € S' and x € M:

(1-0lp - ¢'| < 1D, ¢, %) = D(r, ¢, 0| < (1 + )|~ ¢'I. (7.13)

As @(r, ¢, x) converges uniformly to @(0, ¢, x), we infer that (7.13) holds for » = 0 and
arbitrary ¢ > 0. This means that actually

(0, ¢, x) — D0, ¢, x)| = |¢p — §'|.

This is possible only if 5(0, ¢, x) = 5(0, 0,x) + ¢ mod 1, where the sign is equal to €. We
set p(x) = @(0,0, x). O

Recall from the Fibration Lemma 7.3 that
0, : (0,g)] XM — &7 (1)

is a diffeomorphism.

Theorem 7.14 For any t € S, the maps O, : (0,£,] X M — ®~\(t) extend to a continuous
— — — —
map 6, : [0,eg] XM — @ (1) C X. The map O, is injective.
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0 r=¢&o

Fig.9 The picture indicates the necessity of proving the surjectivity of 5,; the map 5, is not onto. In Theo-
rem 7.15 we show that the situation as on the picture cannot happen

Proof By (7.8) ? is bounded by 2C,r?, so we the same argument as in the proof of
Lemma 7.10 shows that O,(r, x) converges as r — 0 uniformly with respect to x. Therefore,
5[ is well defined.

The composition @00, : (0,eg] XM — (0,eg] XM is an identity. Hence,
@,,00, : [0,6,] X M — [0,£,] X M is also an identity. In particular, ©, is injective. O

We next prove the surjectivity of 5[. Before we state the proof, we indicate a possible
problem in Fig. 9.

— —1
Theorem 7.15 The map O, is onto @ (t).

Proof By the Fibration Lemma 7.3, the map O, is onto @~!(¢) C X. Hence, it is enough to

show that ©, | {0} 1S Onto D (t) N (X\X)
Observe that by Proposition 7.12 the intersection D (t) N {0} x S' x {x} consist of one
point forany x € M andt.
On the other hand, since @ (1) N ({0} x S! x {x}) is a single point, this point has to be
— 1 —1
equal to 6,(0, x). Therefore, ©,(0,x)isonto @ (t) N {r =0} so O,(r,x)is onto @ ().
a

As a corollary, we shall show the following result.
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Theorem 7.16 (Continuous Fibration Theorem) The map ® : X — S! is a continuous,
locally trivial fibration.

Proof We show that for any closed interval I C S', the preimage X ;= 5_1(1) is home-
omorphic to the product ¥, :=1x[0,g,] X M by a homeomorphism that preserves the
fibers. Consider the map 5, 1 Y, —» X, given by 5,0, X) = 5,(x) for x € [0,¢y] X M. By
Theorems 7.14 and 7.15, this map is a bijection. Moreover, its inverse is 5, which is con-
tinuous by the Continuous Extension Lemma 7.10. A continuous bijection between com-
pact sets is a homeomorphism. It is clear that ©, preserves the fibers. a

8 Constructing Seifert hypersurfaces based on @

Theorem 8.1 Let t € S' be a non-critical value of the map ® and t # 0. Then the closure
of ®\(¢) is a Seifert hypersurface for M which is smooth up to boundary. Moreover, the
(n + 1)-dimensional volume of ®~(¢) is finite.

Proof Let X = &@~!(¢). Recall that N is the closure of a tubular neighborhood of . By the
implicit function theorem, X is a smooth open submanifold of R"*2\M. By Theorem 3.1
we infer that X is contained in some ball B(0, R) for large R. This implies that X\intN is
compact (here int denotes the interior of N).

The main problem is to show that boundary of the closure of X is M. To this end
we study the intersection X, := X N (N\M). Notice that we have a diffeomorphism
X, = @~'(t) N X via the map X—:>(N\M).

Now X is a smooth submanifold diffeomorphic to (0,&,] X M. By Theorem 7.14 the
closure fo of X, in X is homeomorphic to the product [0, £,] X M. Under the map XN
the closure EO is mapped to the closure of X in N. It follows that the boundary of the clo-
sure of X N N is M itself.

To show the finiteness of the volume of X, notice that the area of X\ N is finite, because
2\N is smooth and compact. The finiteness of the volume of X NN follows from the
Bounded Volume Lemma 7.6. O

In numerical applications, calculating the map @ in N can be challenging due to the lack of
a good bound for derivatives of @ in N. Therefore, the following corollary should be useful.

Proposition 8.2 Choose t€S', t#0 to be a non-critical value of ®. Define
M =& ' )N ON. Let X' = &' (t)\N. Then M’ is diffeomorphic to M, isotopic to M as
knots in S"*? and X' is a smooth surface for M.

Proof The fact that M’ is diffeomorphic to M follows from the Fibration Lemma 7.3. The
isotopy is given by M, = wo®,({r} X M), where @ is as in Theorem 7.14 and 7z : X - N
is the projection. By definition 0%’ = M’ and as 2’ is closed and bounded, it is also com-
pact. O
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