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Abstract We examine the total mixed scalar curvature of a smooth manifold endowed with a
distribution as a functional of a pseudo-Riemannian metric. We develop variational formulas
for quantities of extrinsic geometry of the distribution and use this key and technical result
to find the critical points of this action. Together with the arbitrary variations of the metric,
we consider also variations that preserve the volume of the manifold or partially preserve
the metric (e.g., on the distribution). For each of those cases, we obtain the Euler-Lagrange
equation and its several solutions. Examples of critical metrics that we find are related to
various fields of geometry such as contact and 3-Sasakian manifolds, geodesic Riemannian
flows, codimension-one foliations, and distributions of interesting geometric properties (e.g.,
totally umbilical and minimal).
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1 Introduction

Distributions on manifolds appear in various situations—e.g., as fields of tangent planes of
foliations or kernels of differential forms. When the metric of a pseudo-Riemannian man-
ifold is non-degenerate on a distribution, it defines a pseudo-Riemannian almost-product
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structure—i.e., a pair of orthogonal, complementary distributions that span the tangent bundle
[8]. The mixed scalar curvature is one of the simplest curvature invariants of a pseudo-
Riemannian almost-product structure. It is defined as a sum of sectional curvatures of planes
that non-trivially intersect with both of the distributions. (We give the exact definition and
formula (1) later.) Its investigation led to multiple results regarding the existence of vector
fields [5], foliations [18], and submersions [19] of interesting geometric properties.

The fundamental and open question (similar to the question about existence of Einstein
metrics on a manifold) is the following: What are the best metrics on a smooth manifold
endowed with a distribution? On a manifold with a distribution, we can define the total mixed
scalar curvature as a functional on the space of all pseudo-Riemannian metrics that are non-
degenerate on the distribution. Every such metric yields a pseudo-Riemannian almost-product
structure and hence the mixed scalar curvature of our distribution (and of its metric-dependent
orthogonal complement). Since we deal also with non-compact manifolds, we assume that
the total mixed scalar curvature is in fact an integral of the mixed scalar curvature over a
sufficiently large, relatively compact set. When viewed as a functional of the metric, the total
mixed scalar curvature may be considered an analogue of the Einstein—Hilbert action [1],
and the best metrics (of the above question) are proposed to be among critical metrics of the
action.

The goal of this paper is to examine metrics critical for the total mixed scalar curvature
with respect to different kinds of variations of metric. Apart from varying among all the
metrics that are non-degenerate on the distribution, we shall also restrict to the case when
the varying metric remains fixed on the distribution, and the “complementary” case when
metric varies only on the distribution—preserving its orthogonal complement and the metric
on it. This approach applies to finding an optimal extension of a metric that is defined
only on a distribution—which is a problem of the relationship between sub-Riemannian and
Riemannian geometry. Moreover, in analogy to the Einstein—Hilbert action, all variations will
be considered in two versions: with and without the additional requirement that the metrics
preserve the volume of the manifold [3]. The Euler-Lagrange equations that we obtain for
those various cases are actually similar enough to be viewed as slight modifications of one
general equation, and hence can be presented in a concise form.

The first part of the paper starts with all necessary definitions, continues to the development
of variation formulas for several geometric quantities, and culminates in the formulation of
the Euler—Lagrange equation for the total mixed scalar curvature. The equation we obtain
is difficult to solve in full generality, although it can be related to Ricci-type curvatures
previously described in the literature [12]. It can be decomposed into three independent
parts, two of them being symmetric with respect to interchanging the given distribution and
its orthogonal complement. Those two equations are also the same as the ones obtained
for more restrictive, so-called adapted variations, considered in [2,14]. It is worth noting
that the variation formulas for geometric quantities, that we obtain along the way to the
Euler-Lagrange equation, can be of use also for many other functionals.

The second part of the paper is dedicated to examples of metrics critical for the total
mixed scalar curvature. In Sect. 3.1, we consider the case when the fixed distribution is
one-dimensional, i.e., tangent to the flowlines of a unit vector field. (In four-dimensional,
general relativity setting, this case corresponds to the one examined in [1].) We rephrase the
Euler—Lagrange equation and examine it in the case of geodesic Riemannian flows, compar-
ing the results for different types of variations. In Sect. 3.2, we consider situation “dual” to
the one from Sect. 3.1—fixing a distribution tangent to a codimension-one foliation. Then,
with the assumption of a special coordinate system, the Euler—Lagrange equation can be in
some cases explicitly solved. This setting allows us to find more critical metrics in the case
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of general variations preserving the volume of the manifold. In Sect. 3.3, we consider the
one-dimensional distribution spanned by the Reeb field on a contact manifold, which allows
us to give an interpretation of some geometric quantities that appear in the Euler-Lagrange
equation. Using the results obtained earlier for geodesic Riemannian flows, we show that the
metrics of K-contact structures are critical with respect to all variations that fix the volume
and partially preserve the metric (either on the distribution or everywhere else except it),
thus generalizing a theorem from [4]. As a different application of the variational formulas
obtained earlier, we also examine a measure of non-integrability of the orthogonal comple-
ment of the Reeb field, showing that contact metric structures are critical for this functional.
The results we obtain for contact manifolds are then generalized to the setting of 3-Sasakian
manifolds. Finally, in Sect. 3.4, we consider variation of the total mixed scalar curvature of a
manifold endowed with a non-integrable distribution. Because of the complexity of the aris-
ing Euler-Lagrange equation, we look only for those critical metrics for which the orthogonal
complement of the distribution is integrable. We show that K -contact and 3-Sasakian metrics
(when the orthogonal complement of the distribution is integrable and has dimension one
or three) are critical with respect to all variations that fix the volume and partially preserve
the metric also in this setting. In case of codimension-one distribution, one of the variations
that we consider has a particularly interesting geometric interpretation; we give an additional
example of metric critical with respect to it.

2 Main results

In this part, we give necessary definitions, develop variation formulas for geometric quantities
(that is the most technical and key result), and formulate the Euler-Lagrange equation for
the total mixed scalar curvature of a manifold endowed with a distribution.

2.1 Preliminaries

This section recalls definitions of some functions and tensors, used also in [2,14] and
introduces several new notions related to geometry of pseudo-Riemannian almost-product
manifolds.

Let Sym? (M) be the space of all symmetric (0, 2)-tensors tangent to a smooth manifold M.
A pseudo-Riemannian metric of index g on M is an element g¢ € Sym?(M) such that each
gx (x € M) is anon-degenerate bilinear form of index ¢ on the tangent space 7y M. Forg = 0
(i.e., gx is positive definite), g is a Riemannian metric, and for ¢ = 1 it is called a Lorentz
metric. Let Riem(M) C Sym?(M) be the subspace of pseudo-Riemannian metrics of given
signature.

LetR(X,Y) = VyVx—VxVy+V|x y] be the curvature tensor of the Levi-Civita connec-
tion Vof g. Atapointx € M,atwo-dimensional linear subspace X AY (called a plane section)
of Ty M is non-degenerate ift W(X,Y) == g(X, X) g(¥Y,Y)—g(X,Y)g(X,Y) # 0. Forsuch
section at x, the sectional curvature is the number K(X AY) = g(R(X, V)X, Y)/W(X,Y).

A subbundle D c TM (called a distribution) is non-degenerate, if g, is non- degenerate
on D, C T, M for every x € M; in this case, the orthogonal complement of D, denoted
by D, is also non-degenerate [10], and we have Dx N Dy =0, DX @® Dy = T M for
all x € M. A connected manifold M"P with a pseudo- -Riemannian metric g and a pair
of complementary orthogonal non-degenerate distributions D and D of ranks dim D, = n
and dim D, = p for every x € M is called a pseudo-Riemannian almost-product structure
on M, [8]. Such (M, 5, D, g) is also sometimes called a pseudo-Riemannian almost-product
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manifold. Let Riem(M, 5, D) C Riem(M) be the subspace of metrics making D and D
orthogonal and non-degenerate.

Let X be the module over C*° (M) of all vector fields on M, and let Xp and X be the
modules of sections of D and D, respectively. The following convention is adopted for the
range of indices:

a,b,c...e{l...n}, i,j,k...e{l...p}

The “musical” isomorphisms # and b will be used for rank one and symmetric rank 2 tensors.
For example, if ® € TolM isal-formand X,Y € X/, thenw(Y) = g(wﬁ, Y)and X*(Y) =
g(X,Y). For (0, 2)-tensors A and B we have (A, B) = Tr ,(A*B®) = (A%, B¥).

The sectional curvature K (X A Y) is called mixed if X € Dand Y € D. Let {Eq, &} be
a local orthonormal frame adapted to (5, D), i.e.,

E,eD, & eD,

andlete; = g(&;, &), € = g(Eq, E;). Wehave |€;| = |e,] = land W(E,, &) = €q€; # 0.
The function on M,

Smix = 3 K(Ea AE) =Y €a€i §(R(Eq. &) Ea, &) )

a,i a,i

is called the mixed scalar curvature, see [ 18], and does not depend on the choice of the adapted
orthonormal frame. If a distribution is spanned by a unit vector field N, i.e., g(N, N) = ey €
{—1, 1}, then Spix = ey Ricy,n, where Ricy y is the Ricci curvature in the N-direction.

To compute Spix on (M, g) we only need to fix one of the distributions, say 5, then
we obtain the second distribution as its g-orthogonal complement and the function (1) is
well defined. Given a pair (M, D) of a manifold and a distribution, we shall study pseudo-
Riemannian structures non-degenerate on D and critical for the functional

Jmix,ﬁ,Q P8 / Smix(g) d volg, 2)
Q

where @ in (2) is a relatively compact domain of M (and Q2 = M when M is closed),
containing supports of variations of the metric. The Euler-Lagrange equation for (2), that
we shall obtain later, is expressed in terms of extrinsic geometry of the distribution D and
its orthogonal complement D. In order to understand it, we shall define several notions on a
pseudo-Riemannian almost-product manifold (M, D, D, , 8)-

For every X € X) we have X = X + X+, where X = X7 is the D- component of X
(respectively, X is the D-component of X) W1th respect to g. We define g~ and g by

X)) =gxtrh), T =gX", YD, (X.Y eXp).
The symmetric (0, 2)-tensor r p, given by

rp(X,Y) =) € g(R(Eq, X)Eq, YT), (X, Y € Xn),

is referred to as the partial Ricci tensor adapted for D; see [2,14]. In particular, by (1),
Tr ¢rp = Smix(g)- 3)

Note that the partial Ricci curvature rp (X, X) in the direction of a unit vector X € D is the
sum of sectional curvatures over all mixed planes containing X .
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LetT,h:DxD — Dand T,h:DxD — Dbethe integrability tensors and the second
fundamental forms of D and D, respectively.

T(X,Y)=(/2)[X, YI5, h(X,Y)=(1/2) (Vx¥Y + VyX)' (X,Y € X5),
TX,Y)=1/2)[X, Y]", h(X,Y)=(1/2)(VxY +VyX)| (X,Y € Xp).

Using an orthonormal adapted frame, one may find the formulae

(h,hy =) eiej g(h(&, &), h(Ei, €))),
i,j

(h.h) =) ea€p §(h(Eq. Ep). h(Eq, Ep)).
a,b

(T, T) =Y ei€;e(T(&, &), TE,E),
ij

(T.T) =) €a€r &(T(Ea, Ep), T(Eq, Ep)).
a,b

The mean curvature vector fields of D and D are, respectively,

H=Trgh=Y eh(Es, Es). H=Trh=Y eh(&. &)
- :

1

A distribution D is called totally umbilical, minimal, or totally geodesic,if h = %H ¢g', H=
0, or i = 0, respectively. There exist minimal, nowhere totally geodesic distributions of any
codimension > 1 on Lie groups with left-invariant metrics, see [15]. In the case of foliations,
the metric can be chosen to be bundle-like and mixed scalar curvature is leafwise constant.

The Weingarten operator Az of D with respect to Z € D, and the operator T§ are
defined by

g(AZ(X), ¥) = g(h(X, V), 2), ¢ (T5(0.Y) = g(T(X. ), 2) (X.Y € Xp).
Similarly, we define for N € D
g(Ay(X).Y) =g(h(X.Y),N), g (Tﬁ(X), Y) =g(T(X,Y),N) (X.Y € Xp).

For the local orthonormal frame {E;, &,} (adapted to the distributions), we use the following
convention for various (1, 1)-tensors: faﬁ = Tgu, A; = Ag,, etc.

The Divergence Theorem states that f y(divE)dvol, = 0, when M is closed; this is
also true if M is open and & € X is supported in a relatively compact domain Q C M.
The Dl—divergence of £ is defined by divte = > € 8(Ve €, &) ; similarly, &Rf“g‘ =
> 1€ 8(VEg, &, Ey). Thus, the divergence of £ isdiv € = Tr (V&) = divt & +div &. Observe
that for X € Xp we get

divtX =divX + g(X, H). 4)

Indeed, using H = ) €. h(E,, E;) and g(X, E,;) = 0, one derives (4):

a<n

a

divX —diviX =) € g(VE, X, Ea) = — Y € g(h(Eq. Eq), X) = —g(X, H).
a
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For a (1, 2)-tensor P define a (0, 2)-tensor divl P by

(divtP)(X,Y) = Zei g((Ve, PY)(X,Y), &) (X, Y € Xp).

1

Then the divergence of P isdiv P = div P+div! P. Fora D-valued (1, 2)-tensor P, similarly
to (4), we have

> €ag((Ve, PY(X.Y). Eq) = —g(P(X.Y), H)

a

and
divtP =divP + (P, H), 5)

where (P, H)(X,Y) := g(P(X,Y), H) is a (0, 2)-tensor. For example, divth = divh +
(h, H).

For any function f on M, we introduce the following notation of the projections of its
gradient onto distributions D and D:

Vif=Vfr=mn', vif= st

The ﬁ-Laplacian of a function f is given by the formula Zf = &Rf(% f). The D-
deformation tensor Defp Z of a vector field Z (e.g., Z = H) is the symmetric part of
V Z restricted to D,

2Defp Z(X,Y) = g(VxZ,Y) + g(VyZ, X) (X.Y € Xp).

Asin [2,14], we define self-adjoint (1, 1)-tensors: A := Zl- eiAl.2 , called the Casorati oper-
atorof D,and T =), ¢ (Tiﬁ)Z. Similarly, we deﬁngﬁ =>. EaA% and7 = > ea(TH2.
We also define the symmetric (0, 2)-tensors W and ¥ by formulas

W(X,Y) =Tr (AyAX 4 TQT,?) (X,Y € Xp),
VX 1) =Tr (AyAx +T7T5) (XY € Xp).

The partial Ricci tensor can be presented in terms of the extrinsic geometry. Using its def-
inition and the decomposition of tangent bundle into two orthogonal distributions, similarly
as in [2], one can obtain the following lemma, that we prove below for readers’ convenience.

Lemma 1l Let g € Riem(M, D, D). Then the following identity holds:
rp =divh+ (h, HY — A —T° — W + Defp H. (6)
Proof For X,Y € Xpand U, V € X5 we have, see [11, Lemma 2.25],
gRY(U, X)V, ¥) = g((Vu CO)y = CyCu)X,Y) + g((Vx O)y = Cy Cx)U, V), (7)
where the conullity tensors C:DxD—>DandC:D x D — D are defined by
Cu(X)=—(VxU)", CxW)=—(VuX)".

Note that Cy = Ay + T}, Cx = Ax + Tg, (U, V) = Tr o(CyCy) and (X, Y) =
Tr ((CyCx). We can assume that Vx Y € Dy and Vx E, € D, at a given point x € M.
Note that

Zéag((vx O)y(Eq), Eq) = Vx (g <Zeah(Eas E,), Y)) =g(VxH,Y).
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LetdivC = ZZ:I €2(V; C)q. Then, tracing (7) over 5;; yields
rp(X,Y) = g(divC(X),Y) — ¢ (Z €aCr(X), Y) +g(VxH.,Y) = Tr ¢(CyCx). (8)
a

Using Tr g(AyT)%) =0="Tr g(T}I,iAX) (since h is symmetric and T is antisymmetric), we
extract (6) as the symmetric part of (8). ]

The extrinsic scalar curvatures of D and D are defined by

Sex = g(H, H) = (h, h),  Sex = g(H, H) — (b, ),

respectively. Tracing (6) over D and applying (3) and the equalities
Tr A= (h,h), Tt T =—(T,T),
Tr W =Tr(A+7)=(h,h)—(T,T),
Tr o (divh) =divH, Tr,(Defp H) =divH + g(H, H)

yields the formula (see also [18])

Smix = Sex + Sex + (T, T) + (T, T) + div(H + H), ©)

which shows how Spx is built of invariants of the extrinsic geometry of the distributions.
We define the following (1, 2)-tensors on (M, D, D, g) forall X, Y, Z € X:

«(X,Y) = % (AXL(YT) + AyL(XT)), &(X,Y) = % (AXT(YL) + AyT(XL)),
1 i P N

0x.7) = 5 (TL. D+ 17D 0. 1) = 2 (T b + T (xh).

5,(X,Y) = % (g (VXTZ, YL) +g(Vyr Z, Xi)).

For any (0, 2)-tensors P, Q and S on T M, we define a tensor A p g by
(Ap,g,S) = ZGAGM[S(P(QA» e, Qlen, en)) + S(Qen, en), Plen, en))l,
A

where {e; } is a full orthonormal basis of TM and €, = g(e,, ¢;) € {—1, 1}. Note that

Ap,o=Agp and Ap 40, =Ap,0, + AP,

forall (0, 2)-tensors P, Q, Q1, Q>. We also use symmetric (0, 2)-tensors ®; and @7 defined
asin [2,14],
(®y, S) = S(H, H) =) €q €y S"r(Ea, Ep), h(Eq, Ep)),
a,b
(D7, §) ==Y €qaer S(T(Eq, Ep), T(Eq, Ep))
a,b

for any symmetric (0, 2)-tensor S. Note that ®7 = —1 A7y and &) = H* ® H” — Y App.
Tensors @ and @ are defined analogously.
We define a self-adjoint (1, 1)-tensor (with zero trace)

K=Y a[rfa] =Y« (174 - a1)
i

i
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and its counterpart K= D a€a [faﬁ, Al Ttis easy to see that all the above tensors defined
with the use of an adapted orthonormal frame in fact do not depend on the choice of such
frame.

Remark 1 (see [14]) Let us clarify the geometrical sense of @, and K. If g is definite on D,
then ®; = 0 if and only if one of the following point-wise conditions holds:

1) h=0; (i) H#0, Sex = 0 and the image of / is spanned by H .

If D is integrable, then TP =0 (@ =1,...,n), hence K= D a€a [Taﬁ, A~a] =0.IfDis
totally umbilical, then every operator A, is a multiple of identity and K vanishes as well.

2.2 Variation formulas

Let(M, D, g) be amanifold with distribution and a pseudo-Riemannian metric g. We consider
smooth 1-parameter variations {g; € Riem(M) : |t| < &} of the metric g9 = g. We
assume that the induced infinitesimal variations, represented by a symmetric (0, 2)-tensor
B; = dg;/dt, are supported in a relatively compact domain 2 in M, i.e., g = g outside Q2
for all |t| < . We adopt the notations

8,58/8[, BE3tg,‘,=0,

but we shall also write B instead of B; to make formulas easier to read, wherever it does
not lead to confusion. Since B is symmetric, for any (0, 2)-tensor C, we have (C, B) =
(Sym(C), B). We denote by D(¢) the g;-orthogonal complement of D.

Definition 1 (i) Let D be a distribution on (M, g). A family of metrics {g; € Riem(M) :
|t| < e} such that go = g and for all |¢| < &:

&(X,Y) =g(X,Y) (X.Y € Xp),

will be called gL-variation. For g'-variations the metric on Dis preserved.

(1) Let D be a distribution on (M, g) and let D be its g-orthogonal complement. A family
of metrics {g; € Riem(M) : |t| < &} such that gg = g, for all || < ¢ the distributions
D and D remain orthogonal and

(X, Y)=g(X,Y) (X,Y € Xp),
will be called g " -variation. For g T -variations only the metric on D changes.

We will now relate the variations deﬁned above to arbitrary varlatlons of g.Let D =
D(0) be the g-orthogonal complement of D. While the distributions D and D may not
be g;-orthogonal for ¢ > 0, we can assume that they span the tangent bundle. For any
X € TM, let X3 denote the g-orthogonal projection of X onto D and let Xp denote

the g-orthogonal projection of X onto D. Let V = (D x D) + (D x D) be the subspace
of TM x TM spanned by (D x D) U (D x D). Then, given g € Riem(M), we have

8 = 8IDxD + & | DxBD T & Bxp + & | DxD> where

8 BxBX,Y)=8:(X5,Yp), & pxp(X,Y)=g(Xp, YD),
8 pxBX.Y)=8(XD,Yp), & BxpX,Y)=&(X5, Yp);

thus, g; | v(X,Y) = g;(Xp, Y5)+g: (X5, Yp), and we can present g; in the following form:

B <gt\D><D g,|pxﬁ>
8t = ~ )
8t DxD 8t DxD
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Similarly, B; = BIJ-+B,/+1§,,where BtJ- = 0:8| DxD> ét = 8tgt|5x15 andB,/ =081 |v-

For gL—variations, 8 = &DxD + & |V + 80| BxD and for gT—variations & = 80|DxD +
8| BxD (a8 g v = go|v = 0), we have, respectively,

B B b5 . (0 0
Bt:BtJ‘—}-Bl/:(IDXD flgxp), B,:Bt:( )

/ B~ o
Bz\f)xD 0 BtleD

By the above, the derivative B, of any variation g, can be decomposed into sum of derivatives
of some g*- and g " -variations.

For all X, Y, Z € Xy, the Levi—Civita connection V! of g, (|t| < &) evolves as, see for
example [17],

2 (0, (Vi Y).Z2)=(Vy B) (Y. 2)+ (Vy B) (X, Z) — (VL B) (X, Y),  (10)
where the first covariant derivative of a (0, 2)-tensor B is expressed as
(VzB)(Y,V)=Z(B(Y,V)) — B(VzY,V) — B(Y,VzV).

Let D(#) be the g;-orthogonal complement of D. Let T and * denote the gr-orthogonal
projections onto D and D(t), respectively; note that these projections are 7-dependent.

Lemma 2 Let g; be a gl—variation of g with B; = 0,g;. Let {E,, &} be a local (5, D)-
adapted and orthonormal for t = 0 frame, that evolves according to

WE, =0, 0&=—(1/2) (B?(ei))l - (Bf(g,-))T. an
Then, for all t, {Eq(t), & ()} is a g;-orthonormal frame adapted to (D, D(1)).
Proof Since 3 E, = 0 and E,(0) € D, we have for g*-variation 8, (g, (E,, Ej)) = 0. Also,
0(gr(Eq, E)) = (0,81)(Eq (1), E (1)) + 81 (3 Eq (1), Ei (1)) + g (Eq(2), ;& (2))
= Bi(Ea(1). & (1) — %g; ((Bf(s,- (t)))l : Ea(t)>
— g (Eat0. BYE)T) =0,

Now that we know that g;(E,, &) = 0, it follows that &; () € D(t), and for any X, we have
g (&, XT) = 0. We can finish the proof by computing

0 (g (&, E)) = (38 (E (1), £/ (1)) + g (3,1 (1), E; (1)) + g1 (E: (1), 8, E (1))
= Bi&®, &) - %g: ((BE(&(:)))l & <t>)
- % 8t (& (), (angj(t))l> =0.
O

The evolution of D(¢) gives rise to the evolution of both D- and D(t)-components of any
vector X on M.

Lemma 3 Let g, be a g--variation of g. Then for any t-dependent vector X on M, we have

XD =@X)" +B* X, %X =@X) - BIX).
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Proof Using the frame from Lemma 2, we can write

X' =Y egi(Xi, Ea()Ea, X' =) €gi(Xs, E0)EQ). (12)

We have

Bi(Eq(t), Ep(1)) = (3:81)(Ea(1), Ep(1))
= 01(81(Ea, Ep)) — 81 (3 Ea (1), Ep(1)) — 81(Ea(1), 9, Ep(1)) = 0;

hence, (Bﬁ(XT))—r = 0, which implies
(BF(X) " = (BH(X)T. (13)
The proof follows from differentiating (12) and using (11) and (13). m]

Remark 2 Let B be a symmetric (0,2)-tensor. The following computations will be used to
obtain variation formulas:

({a, H), B) =) eacig(@(Eq, &), H)B(Eq, &)

a,i

+_eacig(@(&, Eq), H)B(E;, Eq)

a,i

=2 c€ig(@(Eq, &), H)B(Eq, &)

a,i

=Y ea€ig(Ai(Eq), H)B(Ey, &),

a,i

(Auo. B) =Y ea€i B(Ai(Eq). T} (Eq)).

a,i

Later we will also use the fact that for X € 5, N € D we have

1 -
A, (X, N) = 5 Zéaﬂ 8X, AiE))g(N, T;&).

a,i

Similar formulas can be obtained for Ay g, Ag g, €tc.
The key and most technical result of this section is the following.

Proposition 1 Let g, be a g'--variation of g. Then

d(h,h) = (divh —4 Ay g+ K°, B) —div(h, B), (14a)

8 g(H, H) = ((divH) g- +4(0, H), B) — div((Tr pB*)H), (14b)

3 (h. hy = 2div({er, B)) — 2 ((dive) v + Ay 5,5 — %cph, B) — B(H, H), (l4c)
dg(H, H)=2((0 —a, H)+Sym(H"® H") — 8y, B)— B(H, H)

+2div(B*H) "), (14d)

T, TYy=2(T"+ Agy_, — (divd) v, B) +2div(d, B), (14e)

(T, T) = —(®r, B). (14f)
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Proof In the proof we denote by (i); the jth term of the right-hand side of formula (i). We
shall use an adapted frame that satisfies Vi &; € D and Vi Ep € Dforall X € TeM, at
a point x € M for which all the formulas are con51dered and for the value of parameter ¢
at which the variation is computed. (All the results hold true without this assumption, but it
simplifies the computations.)

Proof of (14a). We use Lemma 3 to compute 9, (ﬁ, ﬁ), as a sum of 10 terms in g(-, Ey,),

uih by = eie;B(E . E). (& &)
ij

~ T
+Z€i€jg (h(c‘fi, Ej), 0 ((Vfgi &+ Vtgj 51') ))
i,J
= Z G[Gjéag(i;l(gi, gj)v Ea)g<véa E)Tg + V(3 g )Tg + Vg ((8[5 ) )
i,j.a

+Vf€.f <(3’5")T) + Vg, ((8‘5/#) + Vé‘j <(8"9")L> + Véa,&-)l g+ Vfa,w &

+@ Ve € + (3 Ve, &, Ea): 15)

where we used B(fz(&, &), E(Ei, £j)) = 0 (since B vanishes on D x 5). The last two terms
(15)9 and (15)1¢ are equal, and their sum can be computed in the following way:

g (Ve &, Ea) = (VE, B) (€. Ea) + (VE, B) (&1 E) = (V, B) (8. &)
= Vi B, E)—B (Vi Ear &)+ Ve, BE. E)—B (Vi Ea &)
— Vg, B(Ei.€))+ B (Vg &.E)+ B (Vg £, &).

Using Lemma 2, we rewrite (15) as

duth by = = eiejeaVly, B(E &) g(h(Er &), Ea)

i,j.a

= eiei[ g(h(B*E;. £)). h(&i. £)) + g(h(B*E;. £). h(&i. £)))]

- Z cieseas (V5 ((B%) ") + Ve, ((B76)")  Ea) 8, €, )

i,j.a
- Z €i€j€q g (VZB%‘ )T5 + V(Bug)ng’ Ea) g(h(&, &), Eq)
i,j.a

+ Y cicsea (VEBE) Ea) + Vi BE E) g€, E)), Ea)

i,j.a

— Z €i€j€q <B (V(tgi E,, Sj) +B (Vfgj E,, 5i)) g(h(&, &), Eq)
i,j.a

+ Y ei€jea (B (Vi & &) + B (Vi &), &)) 8(h(Ei. E)), Ea). (16)
i,j,a
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From the definition 2 Sym(C) = C + C*, we have
b
L \D e
<ZZea (T:4a) . B> =2 <Sym (Z eaTaﬁAa> , B>
a a
~ ~ b ~
= (> e|fi A B) =& B),

a

and we obtain (14a), using the following computations for all seven lines of (16):

Y ciejg(h(B* &, £), h(&, €)) = (A, B),

iJ

> aicieas (Vs (BENT) Ea) g€, €, Ea) = divi@, B) - (@iva) v, B),
i,j.a

Z €i€j€q g (VEBﬁE-)TSi’ Ea) g(h(&, &), Eq)

.o J

i,j.a

==Y B (Au@), AiED T (ED) = ~(Agao B),

Z €i€jea g(h(Ei. ), Eq)Ve B(Eq, £) = div(@, B) — (diva)y. B),
i,j.a

> ci€jeag(h(Ei, £)), Ea) Vi, B(Ei, €j) = div(h, B) — (divh, B),

i,j.a

3 ciejeq B (V;:l_ Ea, 5j) g(h(&. &), Eq) = —(A° +K°/2, B).

i,j.a

> eicjeag(h(EiL E)), Ea) B (V& E))

i,j.a

== cia B (Aa(E). Ai(Eo) + TH(E0)) = ~(Bgaso. B).

As an example, we give a detailed computation of the fourth line above:
Z €i€j€q g(h(&, Eis Ea)VfgiB(Ea, &)
i,j.a
=Y ci€cjea Vi (g(h(E, E)), Ea)B(Eq, £)))
i,j.,a
— Y €icjea B(Eqa. E)VI((A(E E)). Ea))
i,j,a
= Y €i€jea VI (Q(B(Ea, EN AL} E))
i.j.a

— Y ciejea BELE) (Vig (k) &)

i,j.a

= eg|Vi|D €jeaB(Ea. £)AE | . &
i

j.a
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- Zejea B(Ey, Ej)g (Zei V;Aagj, 5,-)
j.a i
= divt(B, @) — (B, divt @) = div(&, B) — ((div@) v, B).

Note that while & = a v, its divergence div @ may not vanish on D x D or D xD.
Proof of (14b). We compute for any X € T, M, using Lemmas 2 and 3,

¢ H, X) = Zei g (a, ((V,&_ gi)T) , X) - Zei g (a, (Vgi gi) : XT)
=)« (V(—Braf ()&~ Ve (578

2 i

€L
— Vg, <<;Bji,-> ) + (3 Ve, &, XT). a7

Using known formula (10) for z-derivative of the Levi—Civita connection, see [17], we present
(17)s5 (i.e., the fifth term in g (-, XT) of (17)) as the following sum (we omit summation by i
below):

g ((a,vf)gi &, XT) = Ve, <g (Bﬁg,-, XT)) —g (Bﬁg,-, Ve, XT)
- % Vyr(B(E. &) — B ((Al- + T,.ﬁ) xT), 5,»)
+B((Vir&)' &) = B(VES. XT). (18)

The last two terms above, (18)s and (18)g, vanish by the assumption (Vé(T &t = (Vgi &t =
0 and vanishing of B on D xD. We present the term (17)3 as the sum of two terms

e (Vgl.((Bﬁgi)T), XT) — _g (Vgi (B%S)). XT) tg (Vgi ((Bﬁgi)l) , XT) . (19)
and then rewrite the term (19); as
¢ (Vs (Beh), XT) = —g ((BP6)", Vs, XT)

=-D €8 ((Btgi)l ; 5]') & <€j’ Ve, XT)
J

> e BELENg (Ve & xT)
j

= € BE. £ gh&i, £, X ).
J
Note that (18)1 + (18)2 + (19)1 =0. For the sum (17) + (17)4, we get

g (—V(é B:&)L & — Vg, ((; Bﬁgl)l) ,XT> =—g (ﬁ (& Bﬁ&-) , XT).

For the term (17), we get

- g (V(Bﬁs,»)Tgi’ XT) =—) ecig (VEa &i, XT) g (B*&i, Ea)
i

i,a
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=) ecig ((Ai + T,-ﬁ) (Ea), XT) B(&i, Ea)

=({a+6,X"), B).

For the term (18)3, we obtain

— > & Vyr(B(&, &) = =X (Tr pB).

1

For the term (18)4, we get

~Yan((a+7F)x".5)

— Zei g ((A,' + T,ﬁ) x", Bﬁ(gi))

— Y eicag (B Ea) g (4 +T7) (X7, Ea)

i,a

~Y e BE ED g (4= TF) (B, XT)

i,a

=((0—-a X"), B).

Finally, we collect results: (17)= (17)1 + (17)2 + (19)1 + (19)2 + (17)4 + (18)1 + (18)2 +
(18)3 4+ (18)4 + (18)5 + (18)6 to obtain

g@H,X)=(2(0,X"), B) — %XT(Tr pB). (20)

Let X = H. Using B(H, H) = 0 and H(Tr pB?) = div((Tr pB*)H) — (Tr pB?)div H,
we get

&g(H,H) =2gH, H) = (4(0, H), B) — div(Tr pB*)H) + (Tr pB)div H.

Finally note that Tr pB = (g, B), and that completes the proof of (14b).
The computations for & and H are easier, since B(X,Y) =0for X, Y € D.
Proof of (14c). We observe that

0t (h, h) = ZGafb (B(h(Ea, Ep), h(Eq, Ep)) 42 8(3:h(Eq, Ep), h(Eq, Ep))),
a,b

where, using Lemma 3 and formula (10) for 3, V', we compute

t t +
g 3, (VEa Eb + VE’) E[l) s h(Eua Eb)

g (2 (VE, Ev + Vi, Ea) . h(Ea, b))

g(ath(E[lv Eb)a h(Ea» Eb)) =

N[ == =

g (V") Ep + 3,V g, Eq. h(Eq, Ep))
1 t t
= 5 D€ 8(h(Eq, Ep), &)( Vi, B(Ei, Ep) + Vi, BE:, Ea)
i
~ 2 BU(Eqs Ep). €)+ B (VE, Ear Ep)+B (VE, Ep, B )
We used in the above
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28V, Ep, &) = VfgaB(&', Ep) + V’EbB(&w E,)
—2BUn(Eq, E), &) + B (&, Eas Ep) + B (V& Ep. Ea )
T
- B ((VtEaEb+V1tnga) ,Ei)—Vs,-B(Ea, Ep) — B (Vg,&i, Ep)
— B (Vg,&i, Ea) .
. T 1
and the assumptions (Vz_aEb) = (V%bE ) =0, (VEb ) (VEaSi) = 0 and

B(X,Y)=0for X,Y € D, due to which the last four terms in the formula above vanish.
Note that

Z €q€p€i g(h(Eq, Ep), El-)V’EaB(Eb, &) =div(B,a) — ((diva) v, B),
a,b,i

> €acvei gUh(Ea, Ep). ENB(Vg Ea. Ep) = —(Ay 5.4 B).
a,b,i

Finally, we obtain (14c):

o (h, h)y = ZeaebB(h(Ea, Ep), h(Ey, Ep)) +2 div(B, a) — 2 ((divar) v, B)
a,b

—2 " €a€r B(h(Eq, Ep), h(Eq, Ep)) —2(A, 5,5, B).
a,b

Proof of (14d). We observe that
0g(H,H)=B(H,H)+2g(3:H, H).

For arbitrary X € T, M, using Lemma 3 and formula (10) for d,V’, we obtain

g@H, X) = g (3 ((VE, Ea) ) X)
=Y eug (V") g, Ea X*) - Zeag (B ((Vh,Ea)") . XT)
=Z€“ (VE“B) (EH’XJ_>_7Z€LI LB (Eqy Eq) — B(H, X ).

We have

Zea Vi B) (Eq. X*) = ZeavE g(BF(X™), Ey)
=Y e (Ve Ea X*) = Y eug (B*Ea. Vi, X7)
- Zaeag (Vh, (B (XM, Ea) s (B xh. 1) = B X*)
_“Z euci B(Eq, €0 (Vi X5, &)
= div?ll?j(XL))T +g(B*(x1Y), H) — g(B*(X1), H) — (5y., B).
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Also, for g*-variations
—Zea B) (Eq, Eq) ==Y €a B(Vy. Ea, Ea) = (@ — 0, X"*), B;
a

hence,

g H, X) = div(B* (X)) " + g(B*(Xh), H) — g(B*(X*), H) — (5x1, B)
—((&—6,X),B)— B(H,X"). 1)

It follows that

dg(H,H) = B(H,H)+2(({0 —&, H), B) +div(B*H)" — B(H, H)
+B(H,H) — (8, B))

Finally, using B(H, H) = (Sym(H" ® H"), B), we obtain (14d).
Proof of (14e). We compute

T, T) =) eicjdg(T(&, &), T(E, E)
iJ
=) i€ (BT (&L E). TEL EN) + 280 T (&, E). T(E.E)))).
ij

For the last term of the above, by symmetry (atvf)g,. Ei = (o v & & and omitting sum,
we get

28T (.. T E)) =g (a, ((Vg £j = Vg, 5)T> : T(gi,gj)>
—g(az (Vg £ — Vi € ) T(S,,S))
+g (Bti ((vf&, £ — Vi, 5,») ) L T(&, 8,-))
= g<V<a,g,~)T Ei+Vent £+ Ve, ((a,sj)T) + Vg, ((a,gj)l)
— Ve, & = Vige,t & — Ve, (€D ")

— Ve, (30D, T(&, 5,->), (22)

where we have used the assumption (Vfgi E j)J- = (ng &) = 0. We will compute eight
terms in (22) separately. First we calculate

g (T ((a,s,»)l, 5,) , XT) —% g (T ((Bﬁgi)l , 5,) : XT)
- ——Zeag( ( (B'&)' ¢ )Ea) g(Eq, X 1)
=5 Zea g (fat (Bué‘z) ) 5./‘) g(Eq, X1).
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Then, assuming X = T(&, &), we find the sum (22), + (22)g:

2) eicjeq (—%) g (T,f(Bﬁ&), 5j) g (Ea’ (&, 51'))

i,j,a

= Z €i€j€q g (flfgj, Bﬁgi) g (Taﬁgi, 5]')
i,j.a

= Y aeieas (Ti6). &) B s g (Tie€))
i,j,a.k

= - Y s (Tien Ti6) BE &0

i,a,k
= 2
=3 cicucr g ((T) sk,si) B, &).
i,a,k

For (22)4 + (22)¢ we have the same, thus (22), + (22)4 4+ (22)s + (22)s = 2 (7, B).
For (22)1, which is equal to (22)s, we have

= ei€jg (V(Bugi)Tfj, T(&, 5j))
i
=Y aejeas (Ve T(EL€)) BE, E
i,j,a
S cicieag ((A)+77) Ea T €)) BE Ea)
i,j.a
Z €i€j€q€p 8 ((Aj + T}j) E,, Eb) g <Tbﬁ£,', (‘:j) B(&;, E,)

i,j,a,b

=-Y e B (& (4, -1)) ) ¢ (Tje).€)
i,j,b

==Y e B(Tje, (A, =T)) Es) = (8,0 B).
J.b

Thus, 22); + (22)5 = (2 Aé,e—a’ B). For the term (22)3, we have
T ~
> eicjg (Vgl- ((—Bﬁz‘)j) ) T (&, 5/'))
i,j
T ~
=Y eejeag (Ve ((-5%€)" ) Ea) g (T ). Ea)

i,j.a
= eeje <Vg[ g ((Bﬁgj)T , E) _g ((Bﬁgj)T Ve, Ea) )g (Taﬁ(&), 5,~)
i,j,a
= - «eje <v&. (s(BE). Ea) (~T585) . €0) = B, EVe 8 (—Ti€). &) )
i,j,a
=divh(6, B) = Y eiejeq BE;, EaVe, g (Ti€).&)
i,j.a

T ~
+g((B%) " Vs Ea) g (Tiei€))
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= divt(f, B) — ((divt ) v, B)
=div(6, B) + ((0, B), H) — ((div) v, B) — ({6, B), H),

T
where we have used the assumption (V’gi Ea) = 0 to remove the second term of the third

line above. Thus, (22)3 + (22)7 =2 div(é, B)—2((div ) |v, B).Using the above, we obtain
(14e).
Proof of (14f). We calculate using Lemma 3,

1
g (a, ((vga Ep— Vi, Ea) ) , XL)
1
=5¢ (a, (Vga Ey— Vi, Ea) , Xl)

_% g (B: ((leaEb — V%bEa)l> , (XJ—)T> =0.

(T (Eq, Ep), X1) =

| —

Then we obtain (14f):

(T, Ty =0 ) _ €ac g(T(Eq, Ep), T(Eq, Ep))
a,b

= 3" euer (B(T(Eq, Ep). T(Ea, Ep)) + 2 83T (Ea, Ep). T(Eq, Ep)))
a,b

= Y €ay B(T(Eq, Ep), T(Eq, Ep)) = —(®r, B).
a,b

This completes the proof. O

Corollary 1 For g*-variations, we have

% Sex = ((divH) gt +4(0, H) —divh +4 Az — K, B)

+ div((h, B) — (Tr pB)H), (23a)
O Sex = (—Py +2(0 —&, H)+2Sym(H” ® H") — 25y + 2(diva) |v
+2 A, 540 B) + 2div((B*H)T — (o, B)). (23b)

Proof Formula (23a) follows from (14a) and (14b), and (23b) follows from (14c) and (14d).
O

Similarly as Lemma 2, one can prove the following

Lemmad Let {E,, &} bealocal (5, D)-adapted and g-orthonormal frame. For any vari-
ation g;, the frame evolving according to equations:

1 4 T
Ea(o) = Eas atEa = _E(B Ea) s
1

&) =&, 8&=—(BE)" - 5(3”&-)%

where B = 0;g;, remains an orthonormal frame adapted to D and D(t).
For any g -variation, the frame evolving according to equations:
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1 fp T
Ea(o) = Eq, atEa = _E(B Ea) s
&) =&, 6& =0,

where B = 0;g;, remains an orthonormal frame adapted to D and D.

Lemma 3 remains true without any changes for both g,- and g " -variations, and Proposi-
tion 1 has the following analogue.

Proposition 2 For g -variations of g, we have

d(h,h) = (¥;, B) — B(H, H), (24a)
dg(H,H) = —B(H, H), (24b)
3 (h, h) = (divh + K°, B) — div(h, B), (24c)
dg(H, H) = ((divH)g', B)—div((Tr 3B%) H), (24d)
(T, T)=—(®z, B), (24e)
(T, T) =2(T", B). (24f)

Proof The claim follows in fact from the computations that we already did in the proof
of Proposition 1. Careful comparison of Lemmas 2 and 4 indicates that in order to obtain
(24a)—(24f) it is enough to take formulas dual (with respect to interchanging D and D) to
(14a)—(14f) and assume in them that B = B\ﬁxﬁ' ]

Remark 3 Note that g | -variations coincide with one of two families of adapted variations
considered in a previous paper of the authors [14] and in [2]. The adapted variations are
a special case of variations considered in this paper—as they are additionally required to
keep the distributions D and D(0) orthogonal for all g;. Here we make no such assumption,
allowing the g;-orthogonal complement of the distribution D to vary, which enables us to
consider arbitrary variations of the metric. Indeed, one can prove that variation formulas for
general variations g; are sums of the corresponding formulas from Propositions 1 and 2. This
follows from the fact that every infinitesimal variation of g can be decomposed into the sum
of infinitesimal g*- and g " -variations. Such decomposition would not be possible with the
use of adapted variations only.

As the last of technical tools that we shall use, we note the following formula for variation
of the volume form, true for any variation of a metric g; with B = 9;gs;=0 [17]:

1
dd volg—o = E(Tr ¢B)dvolg . (25)
2.3 Euler-Lagrange equation
In this section, we present the Euler—Lagrange equation for the action (2). We consider
different kinds of variations of metric. For arbitrary variations of the metric, the Euler—

Lagrange equation is simply a condition for vanishing of the gradient of the functional:
8Jmix. B.2(8), where

d
a Jmix,ﬁ,Q(gt) [t=0 = / <8Jmix,’5,§27 B)dVOlg
Q
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for any variation g, with B = 9,gy,_,- In analogue to the Einstein—Hilbert action, one can
also consider variations preserving the volume of 2. For such variations, using (25), we have

1 1
0=8,/ dvolg =/ 0;d volg, =f =(Tr B)dvol, = f/(g, B)dvoly .
M M M2 2 Ja

Hence, metric g is critical for the volume-preserving variations if and only if the condition

f (8 i .00 BYd VOl =0
A B,

holds for all B satisfying fQ g, B) = 0. It follows that the Euler-Lagrange equation is now
8‘]mix,5,§2 = )"g’ (26)

where A € R is an arbitrary constant [3] (i.e., every metric satisfying it with some constant
A € R is critical). Unfortunately, in our case the functional Jmix,ﬁ,sz is not a Riemannian
functional (i.e., it is not invariant under all diffeomorphisms of M), hence we cannot take as
A an arbitrary function [3]. Note that the Euler—Lagrange equation for arbitrary variations is
a special case of (26), with A = 0.

We can also consider volume- preservmg g'- and gt-variations. For g-variations, B
is restricted to D x D and for g-variations B vamshes on D x D. Hence, the Euler—
Lagrange equation is still (26), only either restricted to D x D (for g | -variations) or considered
everywhere except D x D (for g1-variations).

Theorem 1 (Euler-Lagrange equation) A metric g € Riem(M, D, D) is critical for the
action (2) with respect to volume-preserving g--variations if and only if

rp—(h, H + & —T" + &, + &7 + U — Defp (H) + K
e 1,1
5 (Smix +div(H — H)) g~ = Ag™, (27a)
2(0, H) + (div(e — 0))|v + (0 — @&, H) + Sym(H" ® H")
— 81 +20g0 + Ao+ Ayg =0 (27b)

A metric g € Riem(M, D, D) is critical for the action (2) with respect to volume-preserving
T

g ' -variations if and only if
5—(h, H + A —T" + ®; + &7 + U — Defp (H) + K

1~ ) -
-5 (Smix +div(H — H)) g" =2g". (27¢)
Proof Let g; be a gl—variation, and let Q(g) := Smix — div(H + I:I). Then

d
—J

d d
a mix, D.0(8t) |1=0 = a/ﬂ O(gr)dvolg, |1=0 +—

/ div(H + H)dvolg, |1—0 .
dt Q

Differentiating the formuladiv X-d vol, = Lx(d vol,), and using (25) we obtain 9, (div X) =
div(d; X) + (1/2) X (Tr BY) for any t-dependent vector field X. In particular, it follows that

d ~ ~ -
a/ div(H + H)dvolg, = / 0; (div(H + H))d volg, —I—/ div(H + H) 9; (d volg,)
Q Q Q

:/ div(d;(H + H))d volg,
Q
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+ /Q (1/2) ((H + H)(Tr B%))dvol,,

+f9(1/2)(Tr B*)div(H + H) (dvoly,)
= /Q div(d,(H + H))d volg, +(1/2)

/Qdiv((Tr B*) - (H + H))dvoly, .

For gl—variations supgorted inside €2, it follows from (20) and (21) th~at both fields 0; (H + H )
and (Tr B*) - (H + H) vanish on 92, and hence % fQ div(H + H)dvol, = 0. We have
therefore

d d
& Jmix,ﬁ,Q(gt) |t=0 = a/s; Q(gt)dVOIg, [t=0,

and Q(g) can be presented using (9) as
Q(8) = Sex(8) + Sex(8) + (T. Thg + (T, T)y. (28)
Applying Corollary 1 and Proposition 1 to (28), using (5) and removing integrals of diver-

gences of vector fields compactly supported in 2, we get

/a,Q(g,)|,=odvolg=/(4A&,9—divﬁ—fé”—q>h—c1>T +27"+ 4, H)
Q Q

+(div H)g" +2(dive) v +2 A, 4,5 +2(0 — &, H)
+2Sym(H" ® H’) = 285 + 25 4_,, — 2(divé) v, B)dvolg,
(29)

where B = {0;8:}:=0. Since

d
I Jnix. B.0(81)1=0 2/ atQ(gt)\t=0dV01g+/ 0(g) (3,dvolg, |,=0),
Q Q

by (29) and (25), we have

d o N y
5 Jmin B (8)1=0 = / (4Agp—divh — K> — &y — @7 +27" + 4(0, H)
Q

+2(div(e — ) v + 27, 5, +2(0 — & H) +2Sym(H" ® H’)
~ 1 -
=280 +2855 4+ 5 (Smix +div(H — H)) g+, B)dvol,.
(30)

If g is critical for J;, 5 o with respect to g+ -variations, then the integral in (30) is zero for
arbitrary symmetric (0, 2)-tensor B vanishing on D x D. This yields the Euler-Lagrange
equation, that we can decompose into two independent parts: its D x D and V-components,
obtaining the following:

- ~ - 1 ~
divi + K+ @) + dr —27° — 5 (Smix + div(H — ) gt=0, (la)
200, H) +2Aa.0 + divia —0)) v + Ay 5,6 + (0 — @, H)
+Sym(H’ ® H") =8y + Ag y_o =0. (31b)
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For volume-preserving g--variations, the Euler-Lagrange equation will be (31b), and
instead of (31a), one needs to consider the following:

-~ o~ ~ 1 ~
divh+ K + @)+ @7 =27 = 5 (Smix +div(H = ) g~ =4¢g™. (32)

Using tensor rp (Lemma 1) and replacing div /2 in (31a) according to (6), we rewrite (32) as
(27a). Using the properties Ap 9 = Ag.p and Ap 9,10, = Ap,0, + Ap, o,, We rewrite
(31b) as (27b). Finally, using the fact that all variation formulas for gT-variations are dual
to the D x D components of the variation formulas for g---variations, we can take the dual
equation to (32) to obtain the following Euler-Lagrange equation for volume-preserving

g | -variations:

. b ~ ~ b l ) . S T o T
divh + K" + @5 + ;7 — 27T —2(Smlx+d1V(H—H))g =Ag , (33)
as the dual to S pix iS S mix. Using the dual of Lemma 1 yields (27c). O

Remark 4 (i) Equations (27a) and (27c¢) are dual to each other and coincide with the equa-
tions obtained in [14] for adapted variations of metric (see Remark 3 with a discussion of
their relationship with g+- and g T-variations). However, (27a) corresponds to the vari-
ation of the orthogonal complement of D and cannot be obtained by means of adapted
variations.

(i) We can relate the Euler-Lagrange equation for different types of variations. To obtain
the Euler—Lagrange equation for arbitrary, not necessarily preserving volume of (M, g),
g+ -variations (respectively, g -variations), one should merely set A = 0 in the
Euler—Lagrange equation obtained for volume-preserving g*-variations (respectively,
g " -variations). To obtain the Euler-Lagrange equation for arbitrary variations g, pre-
serving the volume of (M, g), one should consider both Euler-Lagrange equations for
volume-preserving g--- and g " -variations, with the same, arbitrary constant A € R.

In general, it is difficult to find critical points of (2) for arbitrary variations of met-
ric. A trivial example of such metric is the one of the metric product of manifolds, i.e.,
with both D and D integrable and totally geodesic. A more interesting case (to be con-
sidered in further work) are critical left-invariant metrics on Lie groups endowed with
left-invariant distributions. There exist, however, many interesting examples of metrics criti-
cal with respect to volume-preserving variations, or volume-preserving g+ - and g " -variations
considered separately—we shall present some of them in further sections. Note that the
volume-preserving g+ - and g ' -variations generalize other variations considered in litera-
ture, e.g., the variation among associated metrics on a contact manifold [4], discussed in
Sect. 3.3.

3 Particular cases
In this part of the paper, we examine the Euler-Lagrange equations (27a)—(27¢), assuming
particular (co)dimension of the distribution D or the existence of an additional structure on

the manifold M. In these special geometric settings, we obtain examples of metrics critical
for the action (2), with respect to variations previously discussed.
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3.1 Flows

LetDbe spanned by a nonsingular vector field N, and then it is tangent to the one-dimensional
foliation by the flowlines of N. In this case, Smix = €y Ricy n, Ry = R(N, -)N is the
Jacobi operator and the partial Ricci tensor takes a particularly simple form:

. T b
r5 =¢evRicyny g, rp=¢en(Ryn)".

V~Ve have h = h s¢ N, where h sc = €N (ﬁ, N) is the~scalar second fundar{lgntal form of D. Let
Ay be the Weingarten operator associated with /A, ang let7; =Tr A 1’\, (i > 0). We have
Sex = g(H, H) — (h,h) = g(H, H) — g(H, H) = 0, Sex = 72 — % and

divN =) € g(Ve,N. &) = —g (N, > eive, &) = —g(N,H) = -1,

1 1

div(f;N) = N(f)) + T divN = N () — 2.
The curvature of the flow lines is H = €y Vy N. From Theorem 1, we obtain the following.

Corollary 2 (Euler-Lagrange equation) Let a distribution D be spanned by a unit vector
field N on a manifold M with respect to g € Riem(M, D, D). Then g is critical for the action
(2) with respect to volume-preserving g+-variations if and only if

_ N2 e b -
v (RN + &% = (T%) + 7%, AND — #ihge + H* @ H® — Defp H
L Rien L divien N — HD) £k = agk
5 (eN Ricy y +div(eyTi N H))g =Ag, (34a)
Lt =t )’

divi 7o +2 (T5m) =0 (34b)
and the metric g is critical for the action (2) with respect to volume-preserving g ' -variations
if and only if

en Ricy vy —4(T, T) — div(eyT|N + H) = 2. (34¢)

Moreover, the metric g is critical for the action (2) with respect to all volume-preserving
variations if and only if all equations (34a)—(34c) hold, with the same constant ).

Proof An easy computation shows that
A=enAY, (N, H)=%hse, V=H @ H", W= (ext,—(T.T))g',
A=g(H H)id, T=0, (h, Hy=g(H H)g',
H=eyVyN, h=Hg', (h h)=g(H H),
H =entHN, & =enTr ghse, (h,h)=entr, DefgH=eyN(F)g' . (35

Notice that (H”> ® H)(X,Y) = g(H, X) g(H, Y). Substituting
@, =0=Sex, Sex=en(F—7), T=enTs’
into (27a) and using (35) yields (34a). Substituting
h=Hg', ®;=ey(if-%)g', ®;=—([.T)g", K'=0
into (27¢) and using (35) yields (34c).

@ Springer



110 Ann Glob Anal Geom (2018) 54:87-122

Let X be orthogonal to N with VzX € Dforall Z € TM. We have 8 = 0 and since
2(diva)(X,N) = g(VyH — 71 H, X),

2(0 —a, H)(X,N) = —¢ (T}@(H) + Ay (H), X) :

2Sym(H” ® H)(X, N) = g(f1H, X),
28u(X,N) = g(VyH, X),
2A45(X,N) = g(Ay(H), X),

the Euler-Lagrange Eq. (27b) reduces to
(divé) |y — (4, H) = 0. (36)
For X € Dsuchthat VzX € Dforall Z € T M, we have

2 divd(X, N) = Ze,- g ((vg,. Tf,) (X), 5,») teng (VN (Tf,(X)) , N)

= (divJ‘ T}‘V) X)+g (T}‘V(H), x) .
Hence, (36) is written as (34b). ]

By (5), we have div i = N (hye) — T1hge and div h = (div H) §. Then, see (6) and (9),

. a2\’ .
€N (RN +AY + (TA”/> ) = N(hs) — H' ® H® + Defp H,
en Ricy y = divH +ey(N (%) — T) + (T, T). (37)

Remark that (37); is simply the trace of (37);.

A flow of a unit vector N is called geodesic if the orbits are geodesics (2 = 0) and
Riemannian if the metric is bundle-like (2 = 0). A nonsingular Killing vector field clearly
defines a Riemannian flow; moreover, a Killing vector field of constant length generates a
geodesic Riemannian flow. Restricting Corollary 2 to the case of a geodesic Riemannian flow,
we obtain the following.

Corollary 3 Let Dbe spanned by a unit vector field N that generates a geodesic Riemannian
flow on a pseudo-Riemannian manifold (MP*1, ). Then g is critical for the action (2) with
respect to volume-preserving g*--variations if and only if all the following conditions hold:

Ry = (1/p) Ricy yid *, (38a)
Ricx y =0 (X € D), (38b)
Ricy, y = const; (38c)

and the metric g is critical for the action (2) with respect to volume-preserving g ' -variations
if and only if (38c) holds.

N2

Proof From (37); we obtain Ry = — (T)\j,) and (34a) takes the form
1

2en(Ry)’ — FEN Ricy v g = Ag™,

which together with Ricy y = Tr Ry yields (38a) and (38c).
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For a geodesic Riemannian N-flow, (34b) reduces to condition divJ-f/f, (X) = 0 for all
X € D, that we shall now examine. A Riemannian geodesic flow locally gives rise to a
Riemannian submersion with totally geodesic fibers. Such mappings can be described by the
following tensor, introduced by Gray [8] and adjusted here to our notation:

OxY = (Vo Y D+ (Ve YHT (X, Y € TM).
It follows that O is antisymmetric with respect to g and OxY = T(X,Y) for X, Y € D.
Hence,for X, Y e Dwehaveg(Tf,X, Y)= g(T(X, Y),N)=g(OxY,N) = —g(OxN,Y)
and we obtain T;,X = —0OxN.

Let X € Dand VzX € D forall Z € TM. Using an adapted frame with &; € Data
point, the fact that Vy N = 0, and the antisymmetry of VzO for all Z € T M, we obtain:

(avi75) 0 =Yg (Ve TiX.&) == ¢ (Ve OxN. &)
i i
= Y ((Va0), N.&) = Y& (Ve ) £ ).
i i
From the formula (5.37¢) from [16], adjusted to our definitions of R and Ric, it follows that

divETH(X) = = ) g(R(&. X)&. N) = —Ricy, y.

Thus, we obtain (38b). Finally, for volume-preserving g -variations, we have the Euler—
Lagrange Eq. (34c), that for geodesic Riemannian flows takes the form ey Ricy vy = —%A.
O

From Corollary 3, we immediately obtain the following.

Corollary 4 Let (MP+!, g), with p > 1, be an Einstein manifold with a geodesic Rieman-
nian flow. Let D be the 1-dimensional distribution tangent to the flowlines. Then g is critical
for the action (2) with respect to volume-preserving g and g " -variations.

The following proposition shows that the only manifolds with geodesic Riemannian flows
critical for the action (2) with respect to all volume-preserving variations locally are in fact
metric products.

Proposition 3 Let D be spanned by a unit vector field N that generates a geodesic Rieman-
nian flow on a pseudo-Riemannian manifold (MP+! | g). If g is a critical metric for the action
(2) with respect to all volume-preserving variations then D is integrable.

Proof Using Remark 4(ii), we can write the Euler—Lagrange equation for arbitrary volume-
preserving variations as follows:

AN |
v <RN - (7%) ) = 5 (ewRiewy +22) g, (39a)
Ricx vy =0 (X € D), (39b)
enRicy y =4(T, T) + 24, (39¢)

~a\2 2
where A € R is an arbitrary constant. Using RN = — (TA',) and Tr (T}\i,) =—(T,T),we
obtain from (39¢) A = —3(7~", T)/2. On the other hand, (39a) yields

AL R
-2 ((T]E,) ) =§(< Ty +22) g,
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equations for A have a solution only for (

and taking its trace we obtain (4 — p)(f, T) = 2Ap. It follows from n, p > 0 that the two
,T)=0. O

3.2 Codimension-one foliations

In this section, we consider the action (2), where Dis tangent to a codimension-one foliation
(of dimension n > 1). We find metrics critical with respect to volume-preserving g~ and
g | -variations, as well as arbitrary volume-preserving variations.

Let F be a codimension-one foliation tangent to the distribution D. Leth sc be the scalar
second fundamental form, and A y the Weingarten operator of F; then we define the functions

7, =Tr Ai\, (i > 0)—the power sums of the principal curvatures k; of the leaves. The t’s

can be expressed using the elementary symmetric functions oy, . .., oy,
gj= Y kij-ecky O<j<n),
i] <'-~<ij

called mean curvatures in the literature. For example, op = 1 = 19, 01 = 71, and 207 =

2
Tl — 12.

Wehave T =0 =T and
hse(X,Y) =eng(Vx Y, N), AN(X)=-VxN (X,Y eT7F).
We define the vector field (div Ay)* € X7 by the following equation:
g(@dVAN', X) = @VAN(X) (X € X5p).
Then we can formulate the following.
Proposition 4 Let D be the distribution tangent to a codimension-one foliation of a manifold
ML Then a metric g on M is critical for the action (2) with respect to volume-preserving
g+-variations if and only if
T} — 1 =2en A, (40a)
divAN) =V 7 =0, (40b)

and g on M is critical for the action (2) with respect to volume-preserving g ' -variations if
and only if:

1
Vinhse — T1hge = 5 (261\] (N(‘L']) — 1:12) +en (T12 — 1'2) + 2A) gT. (40c)

Moreover, a metric g on M is critical for the action (2) with respect to all volume-preserving
variations if and only if (40a)—(40c) hold with the same constant A.

Proof Equations (40a) and (40c) follow from (27a) and (27c¢). This can be shown by a direct
computation, but since the orthogonal complement of Dis spanned by a single vector field N,
we can use the equations obtained for flows, as adapted (i.e., with 3 g restricted to D x D) g*-
variations in this section correspond to gT-variations in Sect. 3.1. (See Remarks 3 and 4(i).)
Hence, (40a) is dual to (34c) and (40c) is dual to (34a), with the additional assumption that D
is integrable. Indeed, using (37) in (34c) and (34a), then taking their duals and setting 7 = 0,
we obtain (40a) and (40c). For X € Dand N € D, we have

2(&, HY(X,N) = 71 g(X, H),
2Sym(H’ ® H)(X,N) = 71 g(X, H),
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285 (X,N) = X(11),
2Ag5(X,N) = g(An(H), X),
2(diva)(X, N) = (div Ay)(X).

Using the above equations and the fact that for all X € D we have

(divAN)(X) = Y &g(Va(Ay (X)), &) — > e18(An(V2X), e5)
A A
= € g(VE,(AN(X)). Ea) + €y (VN (AN(X)), N)
— ea g(AN(VE,X), Eq) = (div An)(X) — g(An(X). H),

we reduce (27b) to (40b). ]
From Proposition 4, we obtain the following.

Corollary 5 Let D be tangent to a codimension-one foliation of a pseudo-Riemannian man-
ifold (M"*1, g), and let the unit normal field N of F be complete in M. Then metric g is

critical for the action (2) with respect to all volume-preserving variations if and only if
2 7
T —m=2eyh VNhse —Tihse =18 (41)

(divAy) = V1 =0, (42)
and 11 is bounded on M only for .. > 0; moreover, 11 = 0 when A = 0.

Proof Taking trace of (40c) and using (40a), we obtain

2neya
N —of = T 43)

—n
Using the above and (40a) in (40c) yields (41)2. Equation (43) has a global bounded solution
only for A > 0, and for A = 0, this solution is 71 = 0. O
Codimension-one foliations admit biregular foliated coordinates (xo, ..., Xxn), see [7,

Section 5.1], i.e., the leaves are the level sets {xo = ¢} and N-curves are given by {x; =
¢i (i > 0)}. From now on, we assume that a foliated pseudo-Riemannian manifold (M, F, g)
admits orthogonal biregular foliated coordinates (hence, g;j = 0 fori # j), then g =
£00 dxg + Y io08ii (dx;)?. Denote by gii,, the derivative of g;; in the 9, -direction. We
adopt the convention u € {0,...,n}, a,i,j € {1,...,n}. We have gopo = €n|goo| and
gii = €ilgiil-

Lemma 5 For a pseudo-Riemannian metric in orthogonal biregular foliated coordinates of
a codimension-one foliation on (M, g), one has [13]

N = do/+/|goo| (the unit normal),
Iy = (1/2) 8/ g, o/gn', Tho = —(1/2) go0.i/gii» Ty = —8ij gii.0/(2 goo).

hij = F,J«/go —— eN 6” 8ii.0/v/ 1800l (the second fundamental form),
i 8ii,0 .

Al =1} /+/1gool = SJ (the Weingarten operator),
i i0 / .
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2
8ii, 0 1 (gii,O)
T = = , etc.
2«/|800 41gool Z(:) 8ii

i>0

Using the above, one can obtain

EN 1
(Vn hse)ii = —5—— (gii,oo — = gii,o(loglgool), 0 — (gii,O)z/giz) ,
21800 2
~ 1 8ii, 0 1 8ii, 0
(VAN ) = 9; (— B0 . Bi, re
l l 2x/lgool 8ii 2/1gool  &ii ag(:) a
Z re. 8aa,0
2\/|800
fori=1,..., n, where
1 8aa,i
re — - . 8l 44
o 2 8ua “

Lemma 6 Let F be a codimension-one foliation of a pseudo-Riemannian manifold (M, g)
tangent to D, with a unit normal field N complete in M. Let there exist global orthogonal

biregular foliated coordinates (xq, X1, . .., X»), with the leaves of F given by {xo = c}, and
g of the form
gii = € fi(x1, ... xy) e 2 VIEODICx e x) AE Gy, (45)
where f; (i = 1,...n) are positive functions. Then (41) is written as the system
le — Ty = 2eN A, (46a)
2 .
doyi —T1/Igool yi — T —enVIgool =0, i=1.....n (46b)

wherety =y1+ -+, T2 = y]2 4+ 4 y,%, A is a constant and gy is a smooth function
of constant sign. Also, (42) takes the following form:

a,»yi+y,-2rg,. —Zyang—aiZya =0, i=1,...,n,
a>0 a>0 a>0

which can be written equivalently as

% Y vat Y. ThGi—yd=0, i=1....n (47)
a>0, a#i a>0,a#i
Proof This follows from a straightforward computation, using (45) and Lemma 5. O

The following lemma shows how the Euler—Lagrange Eqs. (46b) and (46a) are related,
when the same constant A is considered in both of them.

Lemma 7 Let goo = 1 and let yy, ..., y, be functions that satisfy (46b). If at some point
xo = 0 (46a) holds, then y1, ..., y, satisfy (46a) for all values xo € R.

Proof Let yi, ..., y, satisfy (46b). Then
n 2 n
3o (17 — m2x) = o (Z yi) — o Zylz
i=1 i=1
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n n n
=2(> v |- (Z aoyi> -2 (Zyiaoyz)
j=1 i=1 i=1
n n 2},
= 22(80)’1')(1'1 — Vi) = ZZ; (1 —, Nt Tl)’i) (T —yi)
1= 1=

n
2\ 21
=ZZ<1 —eNTI = T eni T —rly,-2>
i=1

2ni 2\ 3 5
=2 ENT] — enTi+ 7 — T2 ) =211 (“2hey + 77 — 12).

1—n 1—n
Defining u := —2A ey + 112 — 7o, we can write the above equation as dou = 277 - u. It follows
from the uniqueness of solution of this ODE, that the only solution satisfying u#(0) = 0 is
u=0. ]

We use the last lemma to give a construction of metric of the form (45) with goo = 1, that
is critical for the action (2) with respect to arbitrary volume-preserving variations.

Proposition 5 Assume the following fori =1, ..., n:

e A >0, goo = 1andlet ni(xy, ..., x,) be functions on R" satisfying

n 2 n

(Zn) -2t = -2,
i=1 i=1

o yi(x0,x1,...,x,)satisfies (46b)withty = ) _; yiand y; (0, x1, ..., xx) =ni (X1, ..., Xn),
o I'S. are any functions satisfying (47) such that T'{; =T, ,
e fu(x1,...,x,) are any functions satisfying

0ifa =2fa- (ng +8i/ya(t,x1,...,xn)dt> .

Then the metric g given by (45), with f; and y; as above, is critical for the action (2) with
respect to arbitrary volume-preserving variations.

Proof Equation (46b) holds by the construction, (46a) holds by Lemma 7, and (47) holds by
the construction and Eq. (44). m]

Example 1 Letn = 2,€ey = 1 and goo = 1. Then we have the following solution of (46b)
and (46a):

v = —/IAl coth(v/[alxo + V/Ile),  y2 = —/altanh(y/]xlxo + /IAlc),

where c is an arbitrary constant.
It is more difficult to find critical metrics of particular geometric properties.

Proposition 6 Let g be a metric on M"', withn > 1, critical for the action (2) with respect
to all volume-preserving variations and let D be tangent to a codimension-one foliation. If
D is minimal, then D is totally geodesic.

Proof 1f 1 = 0, then (4~3) yields A = 0 and from (46a), we obtain 7, = 0. It follows that
y1 =--- =y, = 0and D is totally geodesic. O
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Proposition 7 Let g be a metric on M"', withn > 1, critical for the action (2) with respect
to all volume-preserving variations and let D be tangent to a codimension-one foliation, with
unit normal field N. If D is totally umbilical, then it has constant mean curvature ty.

Proof Let y) = -+- = y, = y,then 11 = ny, 1n = rf/n and (46a) yields 2eyA =
(n— 1)r12 /n. From (43) we obtain N (t1) = 0. For totally umbilical foliations (42) reduces
to

n—1

VT‘L'l =0.
n

Since n > 1, 11 is constant on M. O

3.3 Contact and 3-Sasakian structures

Contact manifolds come with a natural foliation given by the flowlines of the Reeb field.
They also admit an (in general, non-unique) associated metric of well examined properties;
we show that for such metric one of the Euler—Lagrange Eq. (27b), always holds. We use
this fact later to show that 3-Sasakian structures are a natural source of the metrics critical
for the action (2). Recall [4] that a manifold M%* ! with a 1-form 5 such that

dné, X)=0 (X eTM), n@E)=1,

is called a contact manifold, and & is called the characteristic vector field (or the Reeb field).
A Riemannian metric g on a contact manifold (M%"*!, n) is associated if there exists a
(1, T)-tensor ¢ such that forall X,Y € TM

n(X) =g X), dn(X,Y)=g(X,$(Y)), ¢*=—-I+nQ®E. (48)

The above (¢, &, n, g) is called a contact metric structure on M. For all contact manifolds we
consider in this section, let D be spanned by £ and let D denote its orthogonal complement.

Remark 5 While we shall consider only the Riemannian metric in this section, there is a
natural way to make a Riemannian contact manifold (M, 1, g) a pseudo-Riemannian contact
manifold: by setting g = ¢ — 21 ® n as the new metric [6]. Then —g(X, §) = n(X) for all
X € T M and the remaining equations of (48) hold for g without changes. This transformation
does not invalidate our main results.

Proposition 8 Let (¢, &, n, g) be a contact metric structure on M. Then the Euler—Lagrange
Eq. (34b) is satisfied for N = &.

Proof For a contact metric structure, we have (see [4])

H=V:&=0. (49)
For all X, Y suchthat g(X, &) = g(Y, &) =0
1 1
dn(X,Y) = 3 n([X, Y] = 5 ([X,Y],6)
=g (Tgi(X), Y) —o(x, Tﬁm) .

Hence, it follows from (48), that

sX. 60 =g (X. TE D)),
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and since ¢ (§) = 0, we obtain the following equality: fsﬁ = ¢. By (49), (34b) for N = £
reduces to divl(fg) |p = 0, which takes the following form:

divite)(¥) =0 (Y € D). (50)
For Y € D, the formula for contact metric structures in [4, Corollary 6.1] yields

28((Ve; 9)(Y), &) = g([9. 41X, &), ¢ (1)),

where

[¢, $IX, ¥) = °[X, Y]+ [6(X), p(Y)] — [ (X), Y] — $[X, p(V)].

As in [4, Corollary 6.1], considering an orthonormal ¢-basis (see [4, p. 44]), i.e., assuming
that &1 po = ¢(&) fori =1,..., p/2, we obtain that

14 14
> g, GIY.E). 6(ED) = — Y gd. IV, B(EN). ().

i=1 i=1
Hence, (divi¢)(Y) = 0 and (34b) is satisfied. O

On any contact manifold, there exists a (non-unique) contact metric structure; see [4].
Among them there is a class particularly interesting from the geometric point of view.

Definition 2 [4] A contact metric structure for which £ is Killing is called K -contact.

Proposition 9 Any K-contact metric g is critical for the action (51), with respect to both
volume-preserving g and g " -variations.

Proof We have already seen in (49) that the integral curves of £ are geodesics for the contact
metric structure. On the other hand, a nonsingular Killing vector field defines a Riemannian
flow (7 = 0). Thus, in case of a K -contact structure, we can use Corollary 3.

By [4, Theorem 7.2], if (M, g) is a K -contact manifold then (38a) and (38c) are satisfied
with Ricy x = p. As was shown in Proposition 8, also (38b) holds. O

In [4], the action (2), which reduces to

Jnix Do’ & = / Ricy, n(g) dvolg (&8
Q
has been studied on the set of metrics associated with a given contact form.

Definition 3 [4, p. 24] A contact structure is regular if & is regular as a vector field, that
is, every point of the manifold has a neighborhood such that any integral curve of & passing
through the neighborhood passes through only once.

Theorem 2 (see Theorem 10.12 in [4]) An associated metric g on a compact regular contact
manifold (M, n) is critical for the action (51) considered on the set of metrics associated
with n if and only if it is K -contact.

We have g (&, &) = 1 for any associated metric and the volume form of associated metric
on a contact manifold can be expressed only in terms of n and dn. Therefore, variations
of the metric restricted to the set of all associated metrics form a subclass of the volume-
preserving g~ -variations. Hence, on compact regular contact manifolds, Proposition 9 and
Theorem 2 together give the following characteristic of some critical metrics—for a larger
space of variations.
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Corollary 6 Let (M, n) be a compact regular contact manifold, and let g be an associated
metric. Then g is critical for the action (51) for volume-preserving g*--variations if and only
if g is K-contact.

Flowlines of Reeb vector fields on contact manifolds are often described as having “max-
imally non-integrable” orthogonal distributions. We can give this notion a precise meaning
by considering the following action:

Jig: g—>/(T,T>dvolg, (52)
’ Q

and showing that contact metric structures are its critical points. Note that (52) is the total norm
of the integrability tensor of the varying orthogonal complement of a fixed distribution D.

Proposition 10 A metric g € Riem(M, 5, D) is critical for the action (52) with respect to
volume-preserving g--variations if and only if

5 o~ = 1
27 =— E(T,T)—A g, (53a)
Ajo_o=(divh)y. (53b)
Proof Let g; be a g*-variation. Using Proposition 1, we obtain
d ~ Lo |
I Jf,Q(gt) [1=0 = /Q(ZTb + 2A9~70_a —2(divO) v + 3 (T, T,) gl, B)dvoly .

Decomposing the resulting Euler—Lagrange equation into parts defined on D x D and V
yields (53a) and (53b). m]

Note that, as expected, distributions with integrable orthogonal complement are critical
for (52). Also, using the results obtained for the contact metric structure, we get the following.

Proposition 11 Let (¢, &, n, g) be a contact metric structure on M and let D be spanned
by &. Then g is critical for the action (52) with respect to volume-preserving g*-variations.

Proof Using results from the proof of Proposition 8, we compute
(T.T) =Y g(T(E.&).TE. ) =Y g(TEE). E)*
ij ij

=) _8@E).6E)* = p.

We also have 7 = (Tgi)2 = —id; hence, T = — gt. By the above, (53a) is satisfied; (53b)
reduces to (div §)|V = 0 and holds by Proposition 8. O

In higher dimensions, contact metric structures are generalized by contact 3-structures,
defined as follows [9].

Definition 4 A contact 3-structure is defined as a set of three contact structures, 1,,a =
1, 2, 3, with the same associated metric g satisfying

Ge=Pa0Pp —Na RE = —Pp 0Py +np RE,

for any cyclic permutation (a, b, ¢) of (1, 2, 3). If each of them is Sasakian structure, it is
called a Sasakian 3-structure (some authors call it a 3-Sasakian structure).
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Theorem 3 [9] A contact 3-structure is necessarily a Sasakian 3-structure.

For any Sasakian 3-structure, let D be the distribution spanned by 3 characteristic vector
fields &, &, &3, its orthogonal complement will be denoLed by D. Since [&,, &] = 2&, for
any cyclic permutation (a, b, ¢) of (1, 2, 3), we see that D is integrable.

Proposition 12 The metric of a Sasakian 3-structure on M is critical for the action (2) (where
D is spanned by the characteristic vector fields), with respect to both volume-preserving g -
and g " -variations.

Proof Since every &, defines a Sasakian structure, we can use the following formulas for any
unit vectors X, Y orthogonal to &, (so we can also have X = &, etc.):

R(X, Vs = na(N)X —nqa(X)Y, R(X, &)Y = —g(X, V)& +n.(Y)X.

The above formulas are consistent with their analogues for &, and &., and yield the following:
rp =3¢t and Iy = pg " . We also have

D (Ea, &) = V(a, &) = —pg(Ea &),
T(X,Y) = =3g(X,Y) (X,Y €D)

and (f, 7~") = 3p. It follows that (27a) and (27c) are satisfied, but never with the same
constant A. The remaining Euler—Lagrange Eq. (27b) reduces to (div é)‘v = 0. Since g is a
K -contact metric for &,, forall Y € TM we have Vy&, = —¢,(Y) [4] and Taﬁ(Y) = ¢, (Y),
and it follows that (div 8)(Y, &,) = (div ¢,)(Y). As for any contact metric structure, we have
Ve, &qa = 0and ¢, (§,) = 0. Any vector X € D is orthogonal to &, and in all tensor formulas
we can assume that Vz X is colinear with &, for all Z € T M. Then

(divO)(X, &) = Y e((Ve,¢a)(X), &) + 8((Vi, $a) (X), &)

+8((Ve¢a)(X), &) + 8((Ve, 0a) (X)), §a)
=Y 2((Veda)(X), &) + 8((Ve, 0a)(X), &)

+g((véf¢a)(x)a &) — g(¢a(X), Véusa)
= Zg((Vgi%)(X), &) + g((Ve,da) (X)), &p) + (Ve Pa) (X)), &c).

and similarly for &, &.. The formula we obtained above, when considered for a contact metric
structure (¢4, &4, Na, &) on M, is precisely (divl¢a)(X ). In the proof of Proposition 8 we
showed that (50) holds, and hence (27b) is satisfied. O

3.4 Non-integrable distributions

In this section we examine the action (2) for a fixed, non-integrable distribution Dona
manifold (M, g). As there is no explicit procedure of solving the Euler—Lagrange equation
in this case, we must resort to considering particular examples of critical metrics. For this
purpose, we set as D the distribution orthogonal to the Reeb fields on contact and 3-Sasakian
manifolds. In this setting, dual to the one considered in Sect. 3.3, K-contact and 3-Sasakian
metrics are critical for the action (2) for volume-preserving g»- and g -variations. We
show how a K -contact metric can be slightly modified and still remain critical. Finally, we
consider g--variations of a codimension-one distribution, and give an example of contact
metric structure (that is not K -contact) critical with respect to them.
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Proposition 13 LetDbea totally geodesic, non-integrable distribution with totally geodesic,
integrable orthogonal complement D on (M, g). Then g is critical for the action (2) with
respect to volume-preserving g---variations if and only if

1
@7 — (T, T) gt =xgh; (54a)

and g is critical for the action (2) with respect to volume-preserving g -variations if and

only if
1
27— E(T, T)g' =xg'. (54b)
Proof The Euler-Lagrange Eq. (27b) is always satisfied, since by the assumptions all its
terms vanish. Equation (32) becomes (54a) and (33) takes the form (54b). Notice that D is

tangent to a totally geodesic Riemannian foliation. O

One can show, similarly as in the proof of Proposition 3, that (54a) and (54b) cannot hold
together with the same constant A. Thus, in the setting of Proposition 13, one can find metrics
critical for volume-preserving g*- and g -variations, but only considered separately (each
with different constant A in the corresponding Euler—Lagrange equation).

Note that (54a) yields that the mapping D > X +— T)g € T*M ® T M is conformal with
respect to the metric g and the metric induced by g on 7*M ® T M. Since

Or(X, ¥) ==Y eerg(T(Ea, En), X)g(T (Ea, Ep), ¥) = Tr (T7T)
a,b

can be related to the Killing form on SO (n), it is natural to look for examples of critical
metrics on manifolds with the action of this group.

Example 2 (i) Let (M, g) be a K -contact manifold and let D be the orthogonal distribution
of the Reeb field. Then g is critical for the action (2) with respect to volume-preserving
g+- and g " -variations. Indeed, for the Reeb field & we have: &7 = —ngL and 7 =
—g " (in general, T7° = —eyg ', see Remark 5).

(ii) Let (M, g) be a 3-Sasakian manifold and let D be the distribution orthogonal to all
integral manifolds of the Reeb fields &1, &, &3. Then g is critical for the action (2) with
respect to volume-preserving g=- and g ' -variations. Indeed, we have &7 = —ng=+
and 7P = 3. g7,

(iii) Let (M, g) be a K-contact manifold and let D be the orthogonal distribution of the
Reeb field. Let g = ¢g' + g™, with positive functions ¢, ¥ € C>(M), then the
relations between geometric quantities on (M, g) and (M, g) are following: (T, T')z =
Y¢~2(T, T) and 7?’ = Y¢~!7°. We also have 1j = =3¢~ 1/2¢~!N(¢) on (M, ).
It follows that for all positive functions ¢, v € C%(M) satisfying N(¢) = 0 and
v~ 1/2¢ = const the metric g is critical for the action (2) with respect to volume-
preserving g and g " -variations.

Remark 6 Let D be a distribution with integrable complement D. Then for X € D and
N € D we have (0, H)(X, N) = lg (H T}@x) and Ag (X, N) = —1g (H Tf,X). It
fgllows that the Euler—Lagrange Eq. (27b) does not depend of the integrability tensor 7' of
D, only on its extrinsic geometry.

If D is a codimension-one distribution, its orthogonal complement is always integrable.
Then every g--variation corresponds to a family of foliations (by curves g;-orthogonal to D)
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that share the same transversal geometry. For example, if Dis totally geodesic or umbilical,
all foliations corresponding to metrics g, are Riemannian or conformal. Thus, g*-variation
can be a tool to find the locally “best” (e.g., minimizing a functional) metrics for foliations
of some fixed transverse property. Using equations dual to the ones formulated in Sect. 3.1
and some easy computations, we can obtain the following.

Proposition 14 Let D be a codimension one distribution on a manifold M"' with unit
normal field N. A metric g on M is critical for the action (2) with respect to volume-preserving
g+ -variations if and only if:

en Ricy y —4(T, T) — div(eyti N + H) = 22, (55a)
(divAN) =V g =0. (55b)

A metric g on M is critical for the action (2) with respect to volume-preserving g ' -variations
if and only if:

2 b - . .
en (RN + A% = (1) + 7%, AND — Tihye + H ® H” — Def 3 H

1 -
—5 (eN Ricy,y +div(eytiN — H)) gT = AgT. (55¢)

A metric g on M is critical for the action (2) with respect to all volume-preserving variations
if and only if (55a)—(55c) hold, with the same constant A.

Example 3 As an example, we can consider the following contact metric structure on R3,
which is not K-contact [4]. Let

I+y*+22 z —y
b4 I 0

1 1

n=5Wz—ydx), g=7
-y 0 1

Using an adapted orthonormal frame: E| = 2(%—z aa—v—i-y (,%) E,=2 % Ez=N=2%1

a9z’
one can show that in { £, E»} basis of D we have

~ (0 -1 = (0 1

=43 B=(5 )
We have Ricy y = 0[4], H = 0= H, 7y = 0and (Ry + A% — (T5)? + [Ty, Ay])” is not
conformal, hence (55c¢) is not satisfied, although (55a) holds. Further computations show that
Vi E> = =2E3 and Vg, E3 = 2E> are the only non-vanjghing derivatives of vector fields
E, from the frame, with respect to that frame. We obtain (divA ~)¥ = 0 and hence also (55b)

is satisfied. It follows that g is critical for the action (2) with respect to volume-preserving
g-variations.
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