Advances in Computational Mathematics (2023) 49:48
https://doi.org/10.1007/s10444-023-10044-0

®

Check for
updates

Error bounds for a least squares meshless finite difference
method on closed manifolds

Oleg Davydov'

Received: 23 August 2022 / Accepted: 27 April 2023 / Published online: 30 June 2023
© The Author(s) 2023

Abstract

We present an error bound for a least squares version of the kernel based meshless finite
difference method for elliptic differential equations on smooth compact manifolds of
arbitrary dimension without boundary. In particular, we obtain sufficient conditions
for the convergence of this method. Numerical examples are provided for the equation
—Apqu+u = f onthe 2- and 3-spheres, where A 4 is the Laplace-Beltrami operator.
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1 Introduction

Let M be a smooth compact manifold of dimension d without boundary, and let L be
an elliptic differential operator of order 2«, k € N, on M with infinitely differentiable
coefficients in local coordinates, and a trivial null space. Then the equation

Lu=f (1)

has a unique solution u in the Sobolev space H'(M), t € R, whenever f €
H!~% (M), and there are constants A, B > 0, depending only on M, L.t and the
choice of the Sobolev norms, such that

Al f M2 ay = Nlullar vy = BILF I ge-2e (@)

see e.g. [3, Sect.6].
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Meshless numerical methods are particularly attractive for solving operator equa-
tions on manifolds, in particular on the sphere [32, 33], because of the difficulties
of creating and maintaining suitable meshes or grids in this setting. Error bounds for
meshless methods for the approximation of functions and specifically solutions of
operator equations on manifolds have been studied for example in [12, 14, 34, 36, 37,
42, 43, 4547, 53]. However, these results do not apply to localized finite difference
type methods considered below.

Meshless finite difference methods discretize a differential equation (1) (or similarly
a boundary value problem) on a set of irregular nodes X = {x{, ..., x,} C M with
the help of numerical differentiation formulas

Lu(x) ~ Y wiju(x)), JicJ:={l.....n}, iel, (3)
JEJi

where the coefficients w;; € R are obtained by requiring that the formula is exact
for certain finite dimensional spaces of functions, for example polynomials or kernel
sums or a combination thereof, and the size of the sets of influence X; = {x; : j € J;}
is bounded by a fixed number v < n. In particular, the kernel-based formulas are
exact for all linear combinations Zje],- cjK(-,xj),cj € R,where K : MxM—R
is a positive definite kernel [20]. The discrete approximate solution # € R" of (1),
such that &i; ~ u(x;),i =1, ..., n, is obtained by solving the sparse linear system

D wijiy = fx), i€l 4

Jjedi

Numerical performance of methods of this type has been studied e.g. in the book
[32] and papers [6, 31, 40, 52, 61-64, 66], in particular for differential equations on
the sphere and other manifolds. In contrast to those meshless methods that discretize
the weak form of the equations (see the surveys [7, 49]), no integration of the trial
functions over subdomains is needed, which is challenging in the meshless setting as
the subdomains are not generated from a few reference shapes controlled by the mesh.
In contrast to the global collocation methods (see e.g. [39, 54]), the linear systems
are sparse. Moreover, by optimizing the selection of the sets of influence J;, they
may be made as sparse as they are in the mesh based methods, such as the finite
element method, with comparable accuracy [18, 21-24, 50]. However, error bounds
for meshless finite difference methods are underdeveloped.

In the classical setting I = {1, ..., n}, and hence (4) is a square linear system. An
extension of the classical error analysis that requires that the system matrix of (4) is an
M -matrix has been proposed in [28], and conditions for the M-matrix property were
investigated in [28, 60]. However, this approach only applies to special geometric
configurations of the sets of influence with low convergence order, and no general
theory exists. Moreover, except of the situations when the M-matrix property can be
shown, no conditions are known to guarantee the solvability of the square system (4),
even if the method performs very well in numerical experiments.

By using more than n numerical differentiation formulas (3) we arrive at an overde-
termined system, and & may be obtained by the least squares minimization. In [40,
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67] this situation arises from evaluating Lu in the left hand side of (3) on a different
set of nodes, larger than X. This is similar to the “overtesting” mode that admits, for
the collocation and other methods employing trial functions, an error analysis under
very general conditions [56, 58], which however does not cover finite difference type
methods [59]. The papers we just mentioned also discuss numerical and theoretical
motivations for using overtesting instead of the classical setting of a square linear sys-
tem. An error analysis of the overtesting least squares method is provided in [67] with
the help of trial spaces defined by piecewise radial basis functions over the Voronoi
tessalation of the domain with respect to the nodes in X. The overtesting is supposed
to be dense enough, such that the discrete bilinear form that defines the least squares
method inherits coercitivity from the continuous bilinear form in a continuous least
squares formulation of the boundary value problem.

In this paper we derive error bounds for an overdetermined version of the meshless
finite difference method for elliptic differential equations on smooth closed manifolds,
solved by least squares, where the numerical differentiation formulas (3) are generated
in blocks corresponding to a family of overlapping subsets J; C J,

[Lu(xj)]ljes, = Welu(xj)ljes,, €=1,...,m. (5)

The local differentiation matrices Wy are invertible since they correspond to a repro-
ducing kernel K for a Sobolev space H®(M), such that L is positive and self-adjoint
with respect to the inner product defined by K. This condition in particular implies that
the system matrix has full rank and hence there exists a unique least squares solution
of the overdetermined linear system

Weliijljes, = [f (X)]jes, €=1,...,m. (©6)

Under certain regularity assumptions that involve in particular the quasi-uniformity
of X and the existence of an atlas A = {(Uy, ¢¢)}y._; with sufficiently nice Uy C M
such that X N Uy = Xy := {x; : j € J¢} and X, X; significantly overlap whenever
Uy N Ui # ¥, we show in Theorem 1 that

) —iijl =00, o = max{0, [4] — 2 + 1),
r]r_lea;(|u(xj) il (g ) ro := max{0, | 7| k + 1}

and there exists i € H*1t2¢(M) such that u(xj)=1iuj,jeJ,and
llw — i || yoetr =OW' >4y, 0<r<s—«k,
H (M) A

where h 4 is the maximum diameter of the sets ¢, (Uy). This shows the pointwise
convergence of the method for 4 4 — O whens > max{2«, %—l— 1}+d, and convergence
in H* (M) when s > 2« +d.

The results apply in particular to the operators of the form L = (—Ap + « )",
k € N, o > 0, where A ) is the Laplace-Beltrami operator, / is the identity, and
M = $9 is the d-dimensional sphere. In this case the differentiation matrices W, may
be efficiently computed by employing restrictions to S? of the Matérn or Wendland
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kernels for the ambient Euclidean space R?*!. Numerical experiments in the case
o =k = land d € {2, 3} provided in Section 6 indicate higher convergence orders
than those shown in Theorem 1.

The paper is organized as follows. Sections2 and 4 are devoted to auxiliary state-
ments on various topics needed in the main parts of the paper, such as equivalent
norms for Sobolev spaces on manifolds, properties of reproducing kernels and self-
adjoint differential operators, sampling inequalities and local differentiation matrices.
Our least squares meshless finite difference method is presented in Section 3, the
error bounds in Section 5, numerical examples in Section 6, and a short conclusion in
Section 7.

2 Preliminaries

We denote the partial derivative of a real function u defined on a subset of R¢ by

Q. alely d L d ) . .
%u = PRI where o € Z4 and || := ) ;_; ;. We will extensively use the

Leibniz product rule and the estimates that follow from the multivariate chain rule,
see e.g. Sections 1.2, 1.63 and 3.41 in [1].

The cardinality of a finite set X will be denoted #X, and 9S will stand for the
boundary of aset S in R4 or M. We will use the usual notations C(S), C*°(S), L®(S),
L?(S) for the spaces of continuous, infinitely differentiable, essentially bounded or
square integrable functions on appropriate subsets of R? or M.

Apart from the usual restriction f|s for a subset S of the domain of definition of
a function f, we denote by f|x the vector [ f(x)]yex when X is a finite set, and by
w|; the vector [w;]jer, for any w = [w;]jcs and a subset I C J.

In what follows various “constants” denoted C, Cy, Ca, etc. will be different at
different occurrences and depend on the manifold M (and thus on d) on default. We
will explicitely list other parameters these constant may depend on in each case unless
stated otherwise.

2.1 Sobolev spaces on manifolds

Recall that in the case of integer s > 0, Sobolev spaces H®(2) are defined on any
open set 2 as Hilbert spaces with the norm [1]

s 12 12
el = (3l Tl = (X 10%ulag) @
k=0

lo|=k

in particular, H($2) = L?(2). When s € R\ Z, and € is a Lipschitz domain in R?,
we refer to [3] for the definition of H*(S2) as the restriction to €2 of the space H* (R%)
defined as the Bessel potential space. The Bessel norm for H*(R?) is equivalent to
I - Il s may of (7) when s € Z.. However, the definition via restriction, if applied to
non-Lipschitz domains and integer s, leads in general to smaller spaces due to the lack
of extension of some functions with a finite norm (7), see e.g. [11, p. 287]. Even for
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Lipschitz domains, where extension theorems guarantee the equivalence of (7) to the

restriction norm, the constants of equivalence depend on 2 and must be taken into

account when they influence estimates that have to be uniform with respect to 2.
Following the standard definition of Sobolev spaces on smooth manifolds, we pick

A N n
a finite smooth atlas A = [(U(, gbg) }z | and a smooth subordinate partition of

unity = {)7[}2‘:1, see e.g. [41], such that y, € C®°(M), y¢ > 0, suppy; C Uy,
Y %— ¢ = 1, and fix a norm for the Sobolev space H*(M), s € R, in the form

n 12
s vy = (3 N9 0 67 1)) @®)
=1

Below, when we speak of a norm for H*(2) or H*(M) we will always assume
that it is generated by an inner product. We reserve the notations || - || gs(@), 2 C
RY, and || - | Hs(M)» /M a manifold, for the specific norms defined in (7) and (8),
respectively. Different norms for H*(€2) and H® (M) defined by reproducing kernels
will be discussed in Section 2.2.

2.2 Reproducing kernels

We first recall some basic facts about reproducing kernels and kernel based interpo-
lation, see [4, 10, 29, 30, 51, 69] for details, and then discuss reproducing kernels for
Sobolev spaces.

Functions K : @ x Q — R will be called kernels on €2, where 2 is any set. For a
kernel K and two sets S, T, K | s, 7 stands for the restriction of K to S x 7', and for two
finite sets X, Y we also denote by K|x,y the matrix [K (x, y)]xex, yey. To simplify
the notation we set K'|s := K|g s and K|y := K|x x. For an operator A that can be
applied to one or both of the arguments of the kernel K, we write A1 K or A>K in
order to clarify whether A is applied to the first or the second argument. We will also
use the notation K4 := A1 K.

A kernel K : Q x Q — R is said to be symmetric if K(x,y) = K(y, x) for all
x, y € Q, and positive (semi-)definite if the matrix K |y is positive (semi-)definite for
any finite subset X of .

If K is a symmetric positive semi-definite kernel on a set €2, then there is a unique
Hilbert space Hx = Hg (S2) of functions on 2 called native space of K, with the

inner product denoted by (-, )k = (-, )k, andnorm by || - [|[x = || - | k., such that
K(,y) e Hk forall ye Q, ©)]
(f.KC,y)k = f(y) forall feHg, yeQ. (10)

A Hilbert space H of functions on €2 admits a kernel K with these properties if and
only if the linear functional 8, f := f(x) of point evaluation is bounded on H for all
x € Q. Then K is a reproducing kernel of H, and H is said to be a reproducing kernel
Hilbert space.
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48 Page 6 of 42 0. Davydov

The identity (10) means that K (-, y) is the Riesz representer of the linear functional
dy € H ;g Moreover, the kernel K delivers Riesz representers for all bounded linear
functionals.

Lemma 1 [69, Theorem 16.7] For any bounded linear functional y € H3, the Riesz
representer of y is the function y1 K = y» K that belongs to Hg.

Assume that K is positive definite. The kernel sums of the form
n
o=y cjK(.xj)), ¢jeR, x;eQ, (11)
j=I

are dense in Hg (€2), and their kernel norm is given explicitely by

n
ok =) ciciK (xi, x)). (12)
ij=1
Given X = {x1,...,x,} C €, and data ay,...,a, € R, the kernel sum (11) is
uniquely determined by the interpolation conditions o (x;) = a;,i = 1, ..., n. We will
call it the kernel interpolant of this data. In the case when a; = v(x;),i = 1,...,n,

for some v € Hk, we say that o is the kernel interpolant of v. It satisfies
(v—o0,0)g =0 (13)
and hence
o= olk +llolx = vl (14)
The restriction K|g on a subset G C 2 is obviously also a symmetric positive
semi-definite kernel. Thanks to (12), any kernel sum (11) satisfies

lollk.c = llollx whenever X C G. (15)

The native space of K |g can be described as follows.

Lemma 2 [4]IfK isareproducing kernel on 2 and G C €2, then K |g is a reproducing
kernel on G with native space Hg (G) := {u|g : u € Hx (2)}, and

lullk,¢c =min{llullk,@ : & € Hx(Q), ilg = u}.

If Qis an open set in R, then by Sobolev embedding H* (€2) is a reproducing kernel
Hilbert space as long as s > d/2. Every (equivalent) norm for H*(£2) corresponds to
a positive definite kernel on 2.

For G ¢ © C R, the space H*(G) may be larger than the restriction of H*(£2)
to G. Indeed, the existence of an extension of every u € H*(G) to  with a finite
H*-norm is known to be possible only under additional assumptions on the open set
G. Even if this extension is available for all u € H*(G), we may need to know how
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much the H*-norm may be increased as a result, and hence how much the kernel norm
lu|l k¢ may differ from the Sobolev norm ||u|| g5 (). To quantify this, for any pair of
opensets G C Q C R4, we denote by & (G, 2) the extension constant

E(G, Q)= sup inf{llillgs/lullmsc) i € H (RQ), il = u}.
ueH*(G)\{0}

In the case = R? we write & (G) := & (G, R?). The extension constant & (G) is
finite for Lipschitz domains due to well known extension theorems.
The next statement follows immediately from Lemma 2.

Lemma3 Let 2, G be two open sets in R with G C , and let K be a reproducing
kernel for H*(2), where s > d /2. Then Hg (G) C H*(G) and

lullgsy < Cillullk,g, u € Hg(G).
Moreover, if the extension constant E(G, ) is finite, then Hx (G) = H*(G) and
lullk.c < C265(G, Dlullpsy, ue Hg(G).

The constants Cy, Cy depend only on the constants of equivalence between | - ||k .o
and || - || i ()-

Any reproducing kernel for H* (£2) satisfies K (x, -) € H*(2) forall x € 2 because

of (9). However, with the help of Lemma 1 we see that also derivatives 8{3 K(x, "),
with |8| < s — d/2, belong to H*(L2).

Lemma4 Let K : Q x Q@ — R be a reproducing kernel for H*(2), s > d /2. Then
B{QK(x, ) € HY(Q) forall x € Qand all B € fo_ satisfying |B| < s —d/2.

Proof By Sobolev embedding (applied to a ball centered at x and contained in £2)
the linear functionals y of the form yv = 8fv(x), v € H*(), are bounded on
H*(Q) = Hg forallx € Q and B € Zi with |8] < s — d/2. Hence the statement
follows by Lemma 1. O

If M is a smooth closed manifold of dimension d, then H*(M) is a reproducing
kernel Hilbert space when s > d/2. It may however be difficult to compute the
reproducing kernel such that its native space coincides with a given norm of H*(M).
If an orthonormal basis is known for a Sobolev space, for example for L2(M) =
H%(M), then reproducing kernels can be constructed via infinite series, see e.g. [43,
46] and [69, Section 17.4]. We discuss this in somewhat more detail in Section 2.3.

If M is embedded into R™, m > d, then in view of the trace theorems (see e.g.
[3, Theorem 2.3.7]) reproducing kernels K for H*(M), s > d/2, can be obtained
by restricting to M one of explicitely known positive definite kernels defined on R™
with the native space norm equivalent to H*+("=4)/2(R™)_ The best known examples
are Matérn and Wendland kernels.
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The Matérn kernel is given by

—d/2
Ma(x, ) = Bsalx —3), Psa(®) = 3t KomapUxIDIxly ™, x e R,

(16)
where KC,, denotes the modified Bessel function of second kind. The native space norm
Il - llo,, coincides with the Bessel potential norm of H s+m=d)/2(R™Y since the m-
dimensional Fourier transform of @ 4is (1+ ||w||%)’“<m’d)/2. By scaling My 4 with
a shape parameter ¢ > 0, we obtain the kernel M; 4, y) = Mg 4(ex, ey) whose
native space also coincides with HS+t=4/2(R™) with a different but equivalent
norm.

The native space of the Wendland compactly supported kernel Wy, ((x,y) =
Gme(lx — yl2), £ € Z4, see [69], is norm equivalent to H”(’”’d)/z(Rm) for
s = (d+1)/24+ € (wherem > 3if £ = 0). Hence, in the case when s —d /2 € Z++%,
the restriction of Wy, ,, m > d,r = |s —d /2] = [s —d/2] — 1, is a reproducing
kernel for H*(M).

2.3 Differential operators

Assuming that M is a smooth compact manifold of dimension d without boundary,
we say that a differential operator L on M has smooth coefficients if its coefficients
ag.o in local coordinates,

Lu ogﬁ[l = Z ag 9% (u o@[l), u:Up >R, apg:¢eUp) — R,

lee]<m

are infinitely differentiable and uniformly bounded, such that for some constants Cyg,
1% ac.all oo, 0yy < Cops @ BEZY, lal<m, €=1,....4. (A7)

Consider an elliptic operator L with smooth coefficients and even order m = 2«.
In fact, all elliptic operators have even order if d > 2 [3]. Forallt € R, L is a bounded
linear operator from H' (M) to H'~%<(M). Moreover, its inverse is a bounded linear
operator from H'~2¢ (M) to H' (M) as soon as the null space N(L) = {u : Lu = 0}
of L is trivial [3, Theorem 6.2.1], which implies (2).

Since H™ (M) is compactly embedded in H't (M) for #; < t; [3, Theorem 2.3.1],
the operator L~V H'(M) —> H' (M) is compact for any ¢t € R. Hence the spectrum
of L consists of isolated eigenvalues of finite multiplicity with no finite accumulation
points. Assume that L, as an unbounded operator on H* (M) with domain H*+2¢ (M),
is positive and self-adjoint with respect to an inner product (-, -); in H*(M), that
is, (Lv,v); > 0 for all v € H*t2(M) \ {0} and (Lv, w); = (v, Lw), for all
v, w € H(M). Then it follows from the spectral theorem (see e.g. [68, Theorem
7.17], where real valued Hilbert spaces are considered) that there exists an orthonormal
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basis of H*(M) consisting of eigenfunctions e;, j € N, of L, such that

it 00
Lv = Z)”-/C/e-/’ L~y = Z)\;lc‘/ej forany v = ZCjej € H' (M),
j=1 j=1 j=1

where A ; > 0 are the eigenvalues of L and ¢; € R. This implies for all k € N,

o0 o0
H = {3 "Whejej tllclla < oo}, H ™ (M)={D "2 kjcje; : liclla < oo},
Jj=1 j=1

where ||c||% = Z;x;l c?, and by interpolation (see e.g. [3, Section 13]),

o0
H' (M) ={Y 287 cje;tflella <00}, reR.
j=I

The norm in H'(M) defined by [| >"72, A(/.S_l)/mcjej||, := ||c|l2 is equivalent to

the standard Sobolev norms, and As.s_t)/ e j»J = 1,2,..., is an orthonormal basis

with respect to this norm. It is easy to see that L is positive and self-adjoint with
respect to the corresponding inner products (-, -);, ¢ € R. Note that eigenfunctions
e; belong to H (M) for all t € R, and thus to C*°(M) since the eigenspaces of
L are independent of the choice of s and inner product in H*(M). The eigenvalues
Aj, numbered in nondecreasing order with multiplicities taken into account satisfy
Aj = j2/4(C + o(1)), j — oo, where C is a positive constant independent of j, see
[2, Theorem 6.1.1].

If s > d/2, then H* (M) is embedded into C (M), and hence H*(M) is a repro-
ducing kernel Hilbert space. It is easy to see that its kernel corresponding to the inner
product (-, ) is given by

K(x,y) =Y ej(x)e;(y), (18)

j=1

where the series is a well defined real function on M x M since for each fixed
x € Mthesequence e;(x) = (vy,e;),j =1,2,..., where v, € H*(M) is the Riesz
representer of the point evaluation functional at x, is square summable. If > d/2,
then the kernel of H? (M) for the norm || - |, is given by

o0
LMK (e y) = Y2307 e (e (), (19)
j=1
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where the powers of L are defined by

e ¢]

o0

0, — 0., — .

L v_ZAjc]e], v_Zc]e], 0 e R,
j=1 j=I

such that

UL vlle = [0llime, 1,6 €R, ve HF™ (M),
Since A; > 0 for all j, the kernels K;o = L?K are positive definite whenever
s — 0k >d/2.

We summarize in the following lemma the main findings of this section.

Lemma5 Let L be an elliptic differential operator of order 2k with smooth coefficients
and trivial null space, and let K be a reproducing kernel for H* (M), where s >
d/2. Assume that L is positive and self-adjoint with respect to the inner product of
H*(M) defined by K. Then K;o = L?K is a positive definite reproducing kernel
for HS=9<(M) for any 6 € R such that s — Ok > d /2. In particular, K, -1 is a
reproducing kernel for HY<(M). If s > « + d /2, then K| is a reproducing kernel
for H* (M) and
ILvlk, = Ivlk, . ©veH*WM). (20)
Note that Lemma 5 also holds for certain classes of pseudodifferential operators on
M, see [2, 3].

Lemma 6 Under the hypotheses of Lemma 5, K (-, x) € H 7 (Q) for all x € ,
where r is any integer satisfying 2kr < s — d /2. In particular, K (-, x) € H*T?(Q)
forallx € Qifs > 2k +d/2.

Proof By Lemma 4, L1 K (x,-) € H*(Q) for all x € Q as soon as 2kr < s —d /2.
Since the kernel L K is symmetric, it follows that L} K (-, x) € H*(2) forall x € €,
and the statement is obtained by applying (2) to u = K (-, x) and the operator L" of
order 2«r. O

In the case of the d-dimensional sphere M = S¢ of particular interest is a class of
elliptic pseudodifferential operators [33] that can be represented in the form

0]

o
Lv=> Xjcjej, v=) cjej, Arj>0, jeN, 1)
j=1 j=1

where e are the spherical harmonics, thatis the eigenfunctions of the Laplace-Beltrami
operator A 54, normalized with respect to the standard inner product of L?(S?). For
d = 2 these operators have important applications in physical geodesy.

In particular, operators of the form

L= (—Anpm+al), keN, ao>0, (22)
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where I is the identity operator, are elliptic differential operators of order 2« on S¢
with smooth coefficients and trivial null spaces. These operators satisfy (21) and are
positive and self-adjoint with respect to the inner products for Sobolev spaces H*(S%),
s > d /2, generated by reproducing kernels of the type

K(x,y) =) mjejx)e;(y), (23)
j=1

with appropriately decaying positive real sequences {u j}?‘;l. Explicit zonal kernels

K(x,y) = ¥ (xTy) with this property are obtained as restrictions to S¢ of radially
symmetric kernels (radial basis functions) K (x, y) = ¢ (||x — yll2),x,y € R+ since
lx=vyl2 =+/2—=2xTyif ||x|l2 = |lyll2 = 1, seee.g. [69, Section 17.2]. In particular,
the hypotheses of Lemma 5 are satisfied for the differential operators (22) and kernels
for H*(S?) obtained by restricting to S¢ the Matérn and Wendland kernels for R4*1,
as well as their scaled versions.

If M is a Cartesian product of multiple spheres, possibly of different dimensions,
then appropriate kernels, with respect to which the corresponding tensor products of
the operators (22) are positive and self-adjoint, are obtained for H*(M) by taking
tensor products of the spherical restrictions of the Matérn and Wendland kernels. This
follows from the fact that tensor products of kernels may be identified with the kernels
of the tensor products of the respective reproducing kernel Hilbert spaces, see e.g. [51].
This applies in particular to the d-dimensional torus M = T¢ [46].

Differential operators (22) on arbitrary Riemannian manifolds also satisfy the
assumptions of Lemma 5, see [3]. However, closed form formulas for the kernels
of the form (23), where ¢; are the eigenfunctions of A x, are not available in general.
By considering the flat torus M = R¢/Z? we may find appropriate kernels for the
periodic boundary value problems for the operators L = (—A + «)* on the unit
cube, where A is the d-dimensional Laplace operator. In the univariate case d = 1
this kernel is known in terms of Bernoulli polynomials, see e.g. [30, Section 3.2].

3 A meshless finite difference method

Assume that L is an elliptic differential operator on M of order 2« with smooth
coefficients and trivial null space, and K is a reproducing kernel for H*(M), where
s > k +d/2, such that L is positive and self-adjoint with respect to the inner product
(-, )k of H*(M) defined by K.

We consider the equation Lu = f, with continuous f, and look for a discrete
solution iz € R” to approximate u|x on a given set of nodes X = {x1, ..., x,} C M.

We choose asystem X = {X; : £ =1,...,m}of subsets X = {x; : j € Jo} #0,
with J, C J := {1,..., n}, such that UZ’:I X¢ = X. Let ny := #X,. Consider the
local differentiation matrices W, := Wy, € R"¢*"*¢ of (40), that is

We=Krlx,(Klx)™"  £=1....m. (24)
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The kernel K is well defined and positive definite by Lemma 5, and hence the matrices
W, are non-singular.
We now set up an overdetermined linear system

WMv = Mf|x 25)

with unknown vector v € RY, the block diagonal matrix

Wi 0
W =diag(Wy,...,Wy):=| @ . eRVN N :=n 4+ +n,,
0 - Wy,
and the incidence matrix
M, | i
ifi = j,
M= : | eRN" My =1[8lics, jcs € R*X" 8=
: ¢ = Wijlies.jes Y 0 otherwise.
My,

The matrix WM has the full rank n since W is non-singular and rank M = n. We
determine the discrete solution &7 € R”" as the unique least squares solution of (25),
such that

IWMi — Mflxl2 ZJIGI]iRI}l [WMv — Mflxll2. (26)

Note that (25) can be more explicitely written as
Wevly, = flx,, €=1,....m, 27)

and hence, in line with the main idea of meshless generalized finite differences, each
linear equation in (25) is derived from a numerical differentiation formula

{4 .
Lu(xj) ~ Z wl.(’]).u(xj), i€Jg,
J€Je

where the weight vector [wi(fz]).] jeJ, 18 the row of Wy corresponding to the node x;.
Since

m
IWMv — MfIx[5 =) Wevls, — flx, |3, (28)
(=1
we in fact minimize in (26) the sum of squared residuals of the numerical differentiation
on the subsets Xy.

Even if this method is well defined for any arbitrarily chosen nodes X C M and
any system X of their subsets satisfying | J;_, X; = X, we have in mind X, being
clusters of neighboring nodes, with a significant overlap between neighboring clusters.
In Section 5 we present an error bound for |lu|x — il under certain assumptions
on X and X, that in particular quantify the overlaps in terms of certain determining
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properties of the images of the non-empty intersections Xy N X, in the charts of an
atlas for M.

For a practical realization of the method we suggest to choose a set ¥ =
{y1,..., ym} C M, possibly ¥ C X, and select each X, as the set of n; nearest
nodes to yy, either in the sense of a properly defined distance on M, or by the distance
in an ambient Euclidian space. The latter approach with ¥ = X is used in numerical
examples of Section 6 for M = S4.d e {2, 3}, with Rt a5 ambient space.

Remark 1 Instead of (26) we may in principle define ## € R” by minimizing a different
p-norm,

||WMﬁ_Mf|X||p=Jr€1]i§}' [WMv — Mflxllp, 1=p=oo, (29)

see also Remark 4 below. The 2-norm is preferable from the point if view of compu-
tational efficiency. In particular, for large n and m and small n, we may use existing
efficient methods for sparse linear least squares, see [8]. Both cases p = 1 and oo have
the interesting property that the solution i of (29) satisfies certain linear systems with
a matrix A consisting of relatively few rows of WM, and vector b of corresponding
components of M f|x. Namely, A is an n x n-matrix with Ai = b when p = 1 [16],
and an (n+ 1) x n-matrix with all components of the residual Azt — b equal in absolute
value when p = oo [13, p. 36]. In both cases this means that # may be obtained by
minimizing ||Av — b||, as soon as A has full rank. This size reduction of the system
(25) is however computationally demanding.

4 Auxiliary results

Before formulating and proving in Section 5 the error bounds for the above method
we provide several technical results needed in the proof.

4.1 Admissible atlases

~ ~ n
Recall that we have chosen and fixed a finite smooth atlas A = { (Ug, (/34) } 1 of M

and a smooth subordinate partition of unity [= {)9@}?:1, and consider the norms for
the Sobolev spaces H* (M) in the form (8) dependent on this choice.
It follows from the properties of P, that the sets U; := {x € M : py(x) > ¢} C Uy,

¢ =1,...,n,forman open cover of M when ¢ = 0, and hence also for all sufficiently
small ¢ > 0. We say that a finite smooth atlas A = {(Uy, o)}, for M is c-
admissible, where ¢ > 0, if for each £ = 1, ..., m there exists k = k(¢£) such that

U, C 0,§ and ¢y = @kly,. An atlas A is admissible if it is c-admissible for some
¢ > 0. The covering number of A is defined as

nA = max #{j:U; NU; # 0}. (30)

1<t<m
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We show that the Sobolev norm of a function # on M may be characterized in terms
of Sobolev norms of the compositions u o <p[1 for any c-admissible atlas, without
multiplying u by the partition of unity function y; as in (8).

Lemma?7 Let A = {(Uq, po)};_, be a c-admissible atlas for M for some ¢ > 0. Then
for all integer s > 0,

n 12
clnuum(M)s(Z||uo¢;‘||%,.yw(w))) < Gy lullgsomy, w € HY (M),

(=1
~ G31)
where Cy > 0 depends only on s, the choice of the atlas A and the partition of unity
I', and C, depends in addition on c.

Proof Let Ly := {¢ : Uy N Uy # #}. Then Uy C Uy, Ue and hence

It 0 @i Wogs ey = N © O e 00y = XLjnmwk e ity
teLly

Since gb,:l = %4 o Q) © (,?),:1 on ¢ (Ug N Uy), we have by the Leibniz and the chain
rules,
lupi o @112 <Cluog, "I’

HS (G (UenUp)) — H5 (9 (UeNTp))’

where C depends only on the size of derlvatlves of order up to s of the functions
) ‘/A)k and the transition maps ¢ (pk lof A, and the (nonzero) determinants of their
Jacobi matrices. Finally,

n

m m
2 —142
> Z 2 0 Wi = 7 210 @ M-
=1

(=1 k=1
lely

and we deduce the first inequality in (31).
On the other hand, foreachk =1, ...,n

Z e 00 Whrsigewon = HAln 0 6 Wy o ey
k(IZ) k

By applying the Leibniz product rule to = - (uyx) and estimating the L2 -norm of the

products of (bounded) derivatives of — A,l with derivatives of u o (pk , we obtain
VkoPy

Al N
flu o Dr ”H‘Y(@k(l};)) = C”u)/k S ”HS(]R‘J)’ (32)

where C depends only on /i, f‘, c and s. This completes the proof of the second
inequality in (31). O
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Note that (31) holds without any assumptions about the boundaries of the sets
@¢(Uy). In particular, they do not need to be Lipschitz domains. If they are, then we
can extend the functions u|y, to M, which will be useful for establishing double
estimates for ||u|| gsrq) in terms of the native space norms of a reproducing kernel in
charts, see (34) below.

Lemma8 Let U C M be a domain such that U C lA],E for some ¢ > 0 and k, and the
extension constant E; (P (U)) is finite for an integer s > 0. Then for any u : U — R
such that u o (Z)k_l € H*(¢r(U)) there exists a function it € H* (M) such thatiily = u
and

il 2 Aty < CE(@UN Nl © G s g
where C depends only on .Zt\, f‘, s, C.

Proof Let w € H*(RY) be an extension of u o O ! such that

Wl s ey < 2E5(@(UD U 0 Gl s g wy)-
We define & as follows,

(Xk.cw o ) (x), if x € Uy,

i(x) = .
0, otherwise,

where xx . € C OO(]Rd) is a cutoff function, see e.g. [41], that satisfies

Xee@) =1, xegp(U), and yxic(x) =0, x & ¢(Up).

Then |y = u, and for any £ by the Leibniz and the chain rules,

LA Al A Al
||I/l}/eO(p[ ”HS(R‘])ZH(VZO(/)({ )(Xw0<Pk°(Pg )”H‘Y(@((l}kﬂ[]())

<C ||w||H.V(¢k(l7kﬁl}z))’

where C| depends only on ¢, s and the choice of .Z, T and the cutoff function Xk.c-
Clearly, cutoff functions x¢ ., k = 1, ..., 71, may be chosen once and for all as soon
as other parameters are fixed. Hence

n

~ ~ A A—] A ~ A—1

N3 vty = D NP 0 @7 s ey < 4ACTEN @ UMt 0 G 15 4,01
(=1

]

If K is a reproducing kernel on M, U an open set in M, and ¢ : U — R?
a homeomorphism from U to ¢(U) C R4, then K% (x, y) = K((p_l(x), gp_l(y)),
x,y € ¢(U), is obviously the reproducing kernel for the Hilbert space

Hg(p(U) =f{uog™' 1ue Hy(U)) (33)
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isometric to Hg (U), with the norm given by

-1
luoe ™ lkepw) = lulk,u,
where we use the notation introduced in Lemma 2. We show an analogue of Lemma 3,
relating the native space norm on U to the Sobolev norm on its chart image in R? in
the case when K is a reproducing kernel for a Sobolev space.
Lemma9 Let K be a reproducing kernel for H* (M), with an integer s > d/2,

and let U C M be a domain such that U C lA],f for some ¢ > 0 and k. Then
Hi (9x(U)) C H*(¢r(U)) and

Aol
luog, llus@wy < Cillullk,u, ue€ HgU).

Moreover, if the extension constant Eg(¢p(U)) is finite, then Hg(Pr(U)) =
H*(¢r(U)) and

lullg,u < C2E @O lu o G sy, u € Hr(U).

The constants C1, Ca depend only on K, AT cands.

Proof Let v € Hg (¢ (U)), thatis v = u o (,?Jk_l for some u € Hg (U). Then u is the
restriction to U of a function in Hg (M), denoted u again. By Lemma 2 we assume
without loss of generality that |u| g v = llullx _ar. As in the proof of Lemma 7, we
obtain by (32),

~A—1 ~A—1 ~ ~A—1
||Lt SRZ% ”HA'((/A?/((U)) = ||Lt SRZ% ”H‘(@k(l};)) =< C||M)/k o ¢y ”HS(R‘I) < C”u”Hs(M),

where C depends only on ]l\, T, c and s. Since the norms Il Ik A and || - || s are
equivalent, the first assertion of the lemma follows.

We now assume that E (¢ (U)) < oo. For any v € H*(¢x(U)), the function
u = v o ¢ is by Lemma 8 the restriction to U of a function & € H*(M) such that

2l s Ay < CE@UN IV B3 )
where C dependsonlyonc, s, .Zt\, T. Since H* (M) = Hg (M) with equivalent norms,

it follows from Lemma 2 that [ullx,uv < Clli]l gs(m), where C depends only on
K, A, T.Hence v € Hg (¢ (U)), and the second assertion follows. O

Given a c-admissible atlas A = {(Uy, @)}, for M, with ¢ > 0, we obtain from
Lemma9, foranyu € H*(M) and ¢ =1, ..., m,

. -1 -1
Ci Nluoo, Hs e < vk, vy < C265(0eUe)) 1 0 @ |l Hs 0y (Ue)) »
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with constants C, C; of Lemma 9. Hence, it follows by Lemma 7 that

" 1/2
il = (3 Wlolkp,) ™ = Coviz, max &) o,
=1 A a4)
for all u € H* (M), with constants C, C, depending only on K, A, F, cands.
Since ||ull gsam) and the native space norm |ul| g are equivalent, we also get the
same double estimate with ||u]| gs A1) replaced by |lu|| k. Thus, a detour via Sobolev
spaces delivers a relation between |lu||x and |u|y, |k u,, £ =1,...,m.

4.2 Extension constants

Since we will need to bound the extension constants Es (¢ (U)) uniformly for families
of local subdomains U C M, compare (34), we consider the question of estimating
&;(R2) for Lipschitz domains  C R,

A bounded domain €2 satisfies the Lipschitz condition if it has a locally Lipschitz
boundary, that is, each point on the boundary of €2 has a neighborhood whose inter-
section with 92 is the graph of a function satisfying the Lipschitz condition, with
uniformly bounded Lipschitz constants.

For any bounded domain Q2 C R?, we denote by x (R2) its chunkiness parameter
[9], the quotient of the diameter of €2 to the maximum radius of aball B C 2 such that
Q2 is star-shaped with respect to B. Clearly, x (£2) < oo if and only if €2 is bounded and
star-shaped with respect to a ball. It is known that such domains satisfy the Lipschitz
condition, see [11, Section 4.3] or [44, Section 1.3.2].

Since 32 is compact, there is a finite system £ consisting of P open sets in R that
cover 92 such that their intersections with 92 are the graphs of continuous functions
with Lipschitz constants not exceeding some number M .. Such a system is not unique,
and a smaller M may be obtained at the expense of increasing P,. We will call any
such system L a Lipschitz cover of 0S2. Apart from P, and M, another parameter of
L important for the extension constant is a number r, > 0 such that for each x € 9Q2
the ball with radius . centered at x is contained in one of the sets of L. It is easy to
see that a positive r, exists for any Lipschitz cover.

The Stein Extension Theorem [65] shows that £ (€2) is bounded from the above by
a constant depending only ond, s, Pz, M, and rp.

Since we will need bounds for & (£2) for domains with diameter tending to zero,
we will use the parameter 7, := rp/ diam(£2) in place of r.. The following estimate
follows immediately from the results in [44, Section 3.1.5].

Lemma 10 Ler @ C RY be a bounded domain star-shaped with respect to a ball, and
let L be a Lipschitz cover of its boundary. If x () < x, P < P, My < M and
e > T > 0, then for any integer s > 0,

E(Q) < Ch™?, h = diam(Q),

where C depends onlyond, s, x, P, M and t.
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4.3 Sampling inequalities

Sampling inequalities bound a weaker Sobolev norm of a function f in terms of its
values on a finite set X C €2 and a stronger Sobolev norm of f, see the survey [55]
and references therein. In Lemma 11 we follow a standard way of proving sampling
inequalities, as e.g. in [48, 70], but obtain a local version that makes use of the diameter
of the domain 2 as the discretization parameter /. instead of the fill distance of X.
Therefore our estimates (35), (36) depend on a polynomial Lebesgue constant, which
is usually avoided in global estimates by requiring that X is sufficiently dense in €2.
We refer to [25, Section 4] for a demonstration that this requirement is too restrictive
for the setting of local error bounds to which we will apply the sampling inequalities
in Section 4.4. A different local sampling inequality in terms of a growth function is
given in [25, Corollary 13].
For any finite ¥ € R we consider the Lebesgue function

A (3, Y) =sup{lp(| : Iplylleo < L forall p e %}, yeR?, reN,

where Hf, r € N, denotes the space of d-variate polynomials of total order at most r
(or degree less than r). Note that 1(y,Y) < oo forall y € R? if and only if Y is a
r-determining set, that is p € T1¢ and p|y = 0 imply p = 0. For any set @ C RY, the
Lebesgue constant is given by

A (R2,Y) = sup A (3, Y).
yeQ

Note that the Lebesgue constant is the reciprocal of the norming constant [38]. On the
other hand, the Lebesgue function is a special case of a growth function [17, 26], and
we rely in the proof on a general duality theory for growth functions [26, Theorem 9]
that replaces the “local polynomial reproduction” arguments, compare [69, Chapter
3].

Lemma 11 Ler Q C R? be a bounded domain with chunkiness parameter x (2) < x
for some constant x < oo, let X = {x1,...,x,} C Q be an r-determining set for
some integerr > d /2, and let v € H" (Q2). We set h = diam(S2). Then for any integer
kwithO <k <r,

0l k(@) < Ch™ 0 (R, X (R |[vlxlloo + A" 0] 1@ (35)
where C depends only on r,d and x. Moreover, for any € Zi with |B| <r —d/2,

19Pv0)| < Ch 0,2, X)(Ivixlles + A~ 0lur), x€Q,  (36)

where C depends only onr,d and .

Proof By Sobolev embedding we identify v with an m times continuously differ-
entiable function in €2, where m is the largest integer such that m < r — d/2. By
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Proposition 4.3.2, equation (4.1.18) and Lemma 4.3.8 in [9] there is a polynomial
p € ¢ such that

10Pv(x) — 0P p(x)| < 1A B2 1y yrqy, x €, |Bl<r—d/2,  (37)
lv— plyky < C2h" i@, k=<, (38)

where both C| and C; depend only on r, d and .
Leta € Z‘i with || = k. Since X is r-determining, for any x € Q there exist
weights w; € R such that

n n
0*p(x) =Y wip(x;) and Y |w;|=sup{d*q(x):q €M, qlx| <1},
j=1 j=1
see [26, Theorem 9]. By Markov inequality (see e.g. [48, Proposition 2.2]),
9%g(0)] < Ch~¥llgllze@. ¢ €07,
where C3 depends only on , d and x. Hence
n

> lwjl = C3h 7R, X).
j=1

By (37),
l(x;) = pxp)l < Cik" ™ lpry, j=1,...,n.

Hence

0 )] = | Yo wjuee) + 3w (px) = viy))|

j=1 j=1
< C3h (2, X) (vl x loe + 1" 0| pr (),

(39)

which implies
10 pll 2@y < CaC3h™ 20 Q, X) (Ivlxlloo + C1H" =0l pr ()
where C4 depends only on d. By (38),
18 — 8% pll 2y < Coh" ¥ vlar ).

and (35) follows since [[0%v|2q) =< [10%v — 3%Ppll2) + 10%pllL2q) and

Ar(2, X) > 1. Similarly, (36) follows directly from (37) and (39). O
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4.4 Local differentiation matrices

Let L be a differential operator of order m on M, K the reproducing kernel of a
Hilbert space Hx (M) embedded into C"* (M), and X = {x, ..., x,} C M. For any
u € C™(M), an approximation of Lu can be obtained by applying L to the kernel
interpolant (11),

n
o= chK(-,xj), o) =uxj), j=1,....n,
j=1

n
Lu~ Lo = ZCjKL(',Xj)-
=1

In particular, the approximation Lo |x of Lu|x can be computed with the help of the
differentiation matrix Wy,

Loly = Wxuly, where Wy :=K|x (K|x)". (40)

If U is an open set in M and ¢ : U — R? is a homeomorphism from U to
U? := ¢(U) C R?, then we denote by L the differential operator L in the local
coordinates defined by ¢, that is

Lv:=L(wog)ogp !
for any sufficiently smooth function v on U¥. Then the kernel K¢(x,y) =
K(ga_1 (%), (p_l (y)) of the space Hx (U¥) defined in (33) obviously satisfies

LYKY = (L;K)?, i=1,2, 41

where L1 K and L, K denote the result of applying the operator L to the first, respec-
tively, second argument of K, according to the notation introduced in Section 2.2. In
particular,

Wx = K7 |xe (K?|xe)™",

where K¥ := LYK% and X¥ := ¢(X).

Lemma 12 Let L be a differential operator on M of order m with smooth coeffi-
cients, and let K be a reproducing kernel for H* (M), with an integer s > m + d /2.
Furthermore, let X = {x1,...,x,} C U for an open set U C 0,f C M for some
kel{l,...,n}andc > 0. For ¢ = ¢y, assume that U? is star-shaped with respect to
a ball, with x (U¥) < x < 00, and X¥ is an r-determining set for some r > m +d /2
such that K (-, x) € H" (M) for all x € M. Then for any u € H" (M),

ILuly — Wxulxlloo < Ci1A, (U, XK 208 — 6% prey,  (42)
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1 1

where h = diam(U?), u® :=uo¢@™", 0% ;=0 o¢™" and C| depends onlyonr,d, x
and L. Moreover, if X? is an s-determining set and u € H* (M), then

ILulx — Wyu|xlloo < CoAg(U?, XORS ™2 u) x y (43)

< C3as(UY, XOE U T 2)u? || s ey, (44)

where Co, C3 depend in addition on K, .Zl\ Tandec.

Proof By Sobolev embedding, the condition r > m + d /2 ensures that u € C™ (M),
hence Lu is well defined as a continuous function on M as soonasu € H" (M). Since
U? is a Lipschitz domain, it follows that £ (U?) < oo, and Lemma 9 shows that K¥
is a reproducing kernel for H%(U¥). Since s > m + d /2, H*(U¥) is embedded into
C"(M). Moreover, 0¥ € H"(U?) as alinear combination of the functions K (-, x;),
j=1,...,n.

In view of (40) and (41), the i-th component of the vector Lu|x — Wxu|x has the
form

Lu(x;) — Lo(x;) = L‘pu‘p(x;p) — L‘paw(x;ﬂ),

where xlfp = ¢(x;). Since (u? — 0?)|xe = 0, the sampling inequality (36) implies
LU (xf) = LYo (x| < CA (U, X" |u? — 0¥ | r (o),

where C depends only on r, d, x and the constants in (17), which implies (42).
In the case r = s the condition that K (-, x) € H*(M) for all x € M is satisfied
since K is a reproducing kernel for H*(M), and we have by Lemma 9,

[u? — o uswey < lu? —o?|pswey < Cllu—ollk,u,

where C depends only on K, A, T and c. Then the minimum norm property (14) of
the kernel interpolant implies |4 — o ||k, < |lullk,v, and (43) follows.

Finally, by Lemma 9, |ullx,v < C&(U?)||u®|l gswe), where C depends only on
K, A, T, c and s, which implies (44). O

Different types of local error bounds for kernel based numerical differentiation can
be found in [25, 27].

Note that for an operator L and kernel K satisfying the hypotheses of Lemma 5, the
estimate (42) holds, thanks to Lemma 6, for all » satisfying 2« +d /2 <r < 2s —d /2
such that r — s is a multiple of 2«. Hence, it holds in this case for all integer r with
2k +d/2 <r <s+2k.

5 Error bounds

The discrete solution # is well-defined by (26) for any node set X with subsets Xy
such that | Jj_; X¢ = X as soon as L is positive and self-adjoint with respect to the
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inner product defined by the reproducing kernel K for H* (M) with s > « 4+ d/2.
However, in order to provide an estimate of the error of i,

i — ulxlloos (45)

we will make a number of additional assumptions. In particular, we will need to assume
that
s is an integer satisfying s > 2k +d /2, (46)

rather than allowing any real s > « + d /2. This restriction comes from an application
of Lemma 12 in the proof of Theorem 1.

As in Section 2.1, we denote by || - || gs(rr) the norm of H® (M) associated with
a fixed finite smooth atlas A = {(ﬁk, @k)}zz | and a smooth partition of unity [ =
{ﬁk}i’zl subordinate to it.

We assume that the sets X, of the system A’ satisfy

Xe=XNUp,, €=1,....m, A7)

for a finite smooth atlas A = {(Uy, ¢¢)};_, of M, such that:

(A1) A is c-admissible with respect to Aand T, for some ¢ = ¢ 4 > 0.
(A2) Each U f := @¢(Uy) is bounded and star-shaped with respect to a ball By C RY.
Thus, the following quantity is finite:

xA = max x(Up),
l=1,...n

where y (€2) denotes the chunkiness parameter of €2, as defined in Section 4.2.
(A3) For all £ and p such that U, N Uy # @, the set p¢(X, N X¢) is an (s + «)-
determining set. In other words, As4, (A, X) < 0o, where

A (A, X):= max m:}xkr(Uf,gz)g(X,' NXe)), Ie:={i :UiNUg 0}, r € Zo.
4

1<l<m ie

Condition (A3) may be weakened, see Remark 3 below.

Note that these conditions can be taken into account when selecting the sets X,.
For example, we may choose Uy = <;3k_ 1(Bg) for suitable balls By C gﬁk((},f) and
1 < k < n, such that U, and U, overlap significantly if Uy N U, # ¥, and define
the subsets X, of X as X; = X N U,. If we first select the system X, then we need
to make sure that the intersections Xy N X, are sufficiently big when non-empty to
ensure the existence of a suitable atlas A. In this case Condition (A3’) of Remark 3 is
significantly easier to fulfill than (A3).

In addition to the parameters ¢4 > 0, x4 < 00 and Asy, (A, X) < oo of the
assumptions (A1)—(A3), we now define several further quantities needed in the esti-
mate. Since by (47) the sets X, are determined by X and A, we do not indicate in the
notation when these quantities depend on {X,}} ;.
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e As the main parameter, against which the error will be measured, we will use

hg = max hy,

1<t<m

where /1, is the diameter of the smallest open ball in R? containing U f .
Furthermore, we set

Vx A = max ng,

1<t<m

where ny = #X, as in Section 3.
We denote by &, the separation distance of the set X, in Uy, that is, the largest
8 > 0 such that the open balls of radius § centered at @, (x;) for all j € J, are
pairwise disjoint and contained in U,

8¢ := min {dist(X}, dU), %mijn dist (pe(xj), XP \ {pe(xp)}. £=1,....n,
JE€J

(48)
where X! 1= @¢(Xy).
To measure the quasi-uniformity of A and X, we define
h; h 4 h
‘= max -— = max —— = max
1A 1<i,j<m h 1<t<m hy’ A= T znl/d
Note that
qA < 4x.A (49)

since n chzi < (%)d for all ¢, which is clear from the comparison of the volume of
the union of the balls in the definition of §; with the volume of a ball of diameter
h containing U .

It follows from (A2) that the domains U f satisfy the Lipschitz condition. For each
£, we choose a Lipschitz cover £ of BUlfp and consider Py = P, My = My,
Ty = T, as defined in Section 4.2. Let

Py ::(max Py, M4 = max My, T4 = min T,

=1,...,n =1,...,n =1,...,n

and
E(A) = n11ax S(U ), r €.

,,,,,

Finally, we choose a smooth partition of unity I' = {y,};_, subordinate to A such
that

n
ye € CO(M), =0, suppye CUp, Y ye=1, (50)
=1
and set
n,(A) := max max 10%gell ooy, 7 € Zy, (51)
1<t<m |a|<
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where g, : RY — R is defined by

(Ve ooy D+ hey), if ye +hey € UY,

§e(y) = 0, otherwise,

with y, € RY being the center of the ball B, in (A2).

Although a subordinate partition of unity I always exists and corresponding 7, (A)
is finite, we provide an example of how a suitable I' may be constructed and 7, (A)
estimated under an easy to check condition on .A.

Example 1 According to (A2), each U f contains a ball By with radius p, and center
ve, such that hy < y_4p0¢. We assume that there exists a positive « < 1, such that

for each x € M There is an £ withx € Uy and ||@; (x) — yello < ap,. (52)

Let W : RY — R be an infinitely differentiable bump function supported on the unit
ball of R?, for example W(y) = w(||y||%) for some ¥ € C*°[0, o0), with ¥ (0) = 1,
YR 0)=0,keN, () >0and /(1) <0for0 <t < 1,and ¥ (r) =0 forr > 1.
We set

\p(w();))[yz)’ x e Uy,

@ =0 xe M\ U,

and

m
ye) =48, e=1,....m  with 7(x):=) 7).

i=1
Then
7)) =¥ @) >0, xeM,

each function gy is supported in the ball of radius p,/h, centered at the origin, and for
y in this ball,
W(hey/pe)

7o, (e +hey))

ge(y) =

Here

o (@iop; N (yethey)—yi
Vo e+ hey)) = Y w(FRAEIRN),
iely(y)

L(y) = {i ¢, ' (ve + hey) € Ui} C i : Ui N U, # 0.

Then by the Leibniz and the chain rules it is easy to see that 1, (A) can be bounded
above in terms of (the upper bounds for)

XA HA, ga and 1/y(a?),
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as well as the constant

max max ||0%(¢;
i,j=1,...i la|<r

© 97 Ml )

that depends only on the atlas A that defines (8). Note that more general domains e.g.
unions of ellipsoids may be used instead of balls as supports of the partition of unity
functions y; if we want to estimate the smallest possible constant 7, (A) for a given
choice of Uy and X; = X NU, and given r. The size of 1, (A) for r = s+« influences
the constants in the error bounds below.

We stress that in contrast to the partition of unity methods [5, 35, 40], I" is not used
in the computation of the discrete solution ## ~ u|y, and we only need to choose a
partitions of unity in order to prove the error bounds.

Theorem 1 Let L be an elliptic differential operator of order 2k with smooth coeffi-
cients and trivial null space, and let K be a reproducing kernel for a Sobolev space
H* (M) with an integer s satisfying s > 2k + d /2, such that L is positive and self-
adjoint with respect to the inner product defined by K. Assume that a set of nodes
X and an atlas A = {(Ug, @o)Yj_, satisfy (Al1)~(A3). For any f € H*7*(M), let
u € HY (M) be the solution of Lu = f, and let ii be the discrete approximate
solution determined by (26). Then there exists a function ii € H*t? (M) such that
i|lx =uandforall0 <r <s —«,

. - —d/2—
e — @@l goesr pgy < CrR 2 Null s vy + Cob’

lull gs+e ), (53)
where C1, Co < oo are independent of f,u and hq. If pag < i, Asre (A, X) < A,
XA = X vx A SV gxA < g Ns(A) < PA < P, Mg < M, T4 > 1,
cA > c, forsome positivereal u, A, x,v,q,n, P, M, 1,c, then(53)holdSW1th Cy, C2
depending only on u, A, x,v,q,n, P, M, t,c, in addition to M, L, K, A and T.
Moreover,

2e—d— /2
lulx —dilloo < llu—itllcany < Crh’y = lull s py+Cah’y < P20 e gy
(54)

where ro = max{0, L%J — 2k + 1}, with the same properties of C1, C».

Proof Recall that we assume that 4 < @, Asq (A, X) < A, ca = ¢, x4 < X
vx A <V, gx. A < ¢, Ns+«(A) < n. Then also A, (A, X) < Aforallr <s+«,in
particular forr = s andr = s—«. The constants denoted by C, C1, C», ... in the proof
will be independentof f, u, h 4 and the Lipschitz cover parameters P4, M M 4, T . They
in general depend on M, L, K, the atlas A and the partition of unity T that we use
to fix the Sobolev norms, as well as on u, A, x, v, g, n, c. The constants in (53) and
(54) will also depend on P, M, t via the final application of Lemma 10 to (71). We
assume without loss of generality that 74 < 1.
Since s > 2x + d /2, we obtain by (44) and (A1)—(A3),

—2k—d/2 —
”WU‘|X4 LM|X@”00 < C& (U(p)hé k=] ||u0§0g 1”[-1.?((_/2/’): t=1,...,m. (55)
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Since, in view of (26) and (28),

m
IWMi — Mf|x|l5 < |WMulx — Mf|x|5 =Y Weulx, — Lulx, |3,
=1

we obtain by (55) and Lemma 7,
. ~ s—2k—d/2
e1:=[[WMit — Mf|xll2 < CE& (AR 4 el s (M) (56)

We will construct a function # € H*T* (M) such that ii|x = i, and estimate its
distance to u in Sobolev spaces of lower order as in (53). We define local interpolants
g on the sets X, and then combine them together with the help of a partition of unity.

Foreach ¢ =1, ...,m,let

e (x) = Z ciK(x,x;),

J€le
where the coefficients c; are uniquely determined by the interpolation conditions
elx, = uly,. (57)
By (24), Lii¢|x, = Weii¢|x,. Hence
Liglx, = Weill,. (58)
Moreover, by Lemma 6, ii; € H7<(M). By (2) and Lemmas 3 and 5,
el prsteaty < CliLugll iy - (59)

It follows from (58) and (28) that

m m
> lLiielx, —Lulx, 5 =Y |Wedtl s, — Lulx, |3 = [WMi—Mf|x|5 = 1. (60)
(=1 =1

Our next goal is to estimate the K7 -norm of Lii,. Note that due to (15), || Lit¢|| x, =
”LﬁKHKL,Ug since Xy C Uy. Let

ug € span{K (-, x;) : j € J¢}
be the kernel sum determined by the interpolation conditions
Lu[lX[ = Lu'Xg‘
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Then Luy is the K1 -kernel interpolant of f = Lu. By Lemma 5, K is a reproducing
kernel for H*7* (M), and by Lemma 9 and (A2), Hg, (U;) = H“"(Uf). Hence, by
(15) and the minimum norm property (14), since Xy, C Uy,

Lu¢llg, = Luellk,,u, < 1 fllkp v,

and by Lemma 9,
£ 1kp.ve < CE&—UDIf 00 e wp)-

It follows by Lemma 7 that
m
D MLuel, < CE (AW rgy- 1)

Consider the functions vy = Lity — Lug, £ = 1, ..., m, that satisfy

m

2 2
> llvelx, I3 < &1,
(=1

thanks to (60). Let

\IJ(W(X)—W(X/')) xeU
— ve(x; )lIJ , lIJZ (x) := 8 s s
Ve Z e(Xj) % J.8 0, x € M\ Uy,

Jjele

where W (y) = ¥ (||y ||%) is a radially symmetric bump function in C*° (R%) supported
on the unit ball, as in Example 1, and §; is defined in (48). Then the supports of the
functions \IJf 5,0 J € Ju, are pairwise disjoint and hence

Yelx, = velx,

and
—r4d/2

Weow, |y w) =8¢ Wlgr@allvelx 2, r € Zy.

Since 8[1 < 2v1/dqh;\1 and §; < h 4 < 1, we obtain

anw o) = ZW,W)Z(S g x, 113

(=1

-2 +d
< C81 ||\IJ||HA K(Rd)h (=)
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By (15), the minimum norm property (14) of v, as the Kz -kernel interpolant of ¥, €
Hg, (Ug), and by Lemma 9,

—1
loellk, = lvellk,.ue < 1Wellk,, v, < CE&— (U IVe 0 g, I = gy

and it follows from the above that
m
—2(s—K)+d
D lvelk, < CEZ (Weth 207
=1
Combining this with (61), we obtain for Lit; = Lug + vy,

m . 12 B
(Z IILWII%(L) < E (A (CL f sty + Creth THF2) (62
=1

We set

where {y,}}._, is the smooth partition of unity (50) subordinate to A. Note that i €
HST2¢(M), which follows from the same property of ii,. It follows from (57) and
(50) that

iy = u. (63)

We now use (62) and the properties of the partition of unity in order to obtain an
estimate for || Lit|| gs-«(pqy. By Lemma 7,

m
-2 ~ —1,2
ILalGs s py < C D ML o g, Vrsvwp):
(=1

Foreachl =1, ..., m,
ILit 0 9yl pgse sy < ILiig 0 9y 'l gsmeugy + LG = o) 0 97l gee ity
By Lemma 9 and (15),
ILitg 0 ¢l ggseqpy < CliLiielk,

and we will be able to estimate the terms of this type by applying (62). It follows from
(17) and the Leibniz rule that

ILGi = i) 0 9y 'l e gy < CllG@ = i) 0 9l yoe g
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By the definition of i,

U—ily = Z yp(ﬁp—ﬁg) inUp, I ={i:U; NU, #}.
pel\{t}

Applying the Leibniz rule again, we obtain for |«| < s + «,
o (@-Torer)= 3 X < ) 0~ (vper") o (@, —i0e)" 9;) in UF
peli{l} p<a

By (51),
1097 (vp 0 @7 Dl ey = A N10° P gell ey < 1™ s (A) < lf =,

Hence

||a ((I/t ue)o(p@ )”LZ(UW <C Z Z( >h|€ﬂ_0l|||8'B(('Zp—ﬂ()oﬁl)(_l)“LZ(Ug’)

pele\{t} =a

Let p € I, \ {€}. By (57),
Uplx,nx, = Ny = lelx,nx,-
Hence, it follows from (35) and (A3) that for |B| < s + «,
108 ((Gip = iie) 0 o7 Vigaey < Chy ™ PG, = i) 0 07 ey (64)
By Lemma 7,
|Gip —ie) 0 ¢ e ey < Clitp — el st mt)-

By (59),
iy — tellgstepy < CUILUplIk, + I Litel k)

stk —|o|

By combining these estimates, since 2 4 < 1 and hence £, < 1, we obtain

IGi = iie) o @y e ey < € ) ILiiplik, - (65)
pely

This implies
Z [ACEEY 7 A CZ ILiel, -

(=1
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Summarizing the estimates, we get

’" 12
Ll = C( D ML, )
(=1

and hence by (62),

~ — d/2
ILal sty < Cullf Nl pzs—x vy + Cagrh T2, (66)

Finally, we will estimate Sobolev norms of Lu — Lu by applying Lemma 11 locally,
which in turn will give us estimates for u — i thanks to (2). Since X = UZ":lX ¢, it
follows from (60) that

m

3 5 N\ 1/2
ILilx = Lulxllz = (Y ILalx, - Lulx13) " <ei+e  (67)
=1
where
" _ ~ N\ 1/2
e = (Y ILalx, — Liclx,13) -
(=1
By (58) and (63),

Liiglx, = Wyit] 5, = Witlx, .

By construction, iy is the kernel interpolant to # on X, compare (57) and (63). Hence
by (42),

~ ~ _ ~ ~ s—k—d/2,, ~ ~ —1
| Lulx, — Lielx,lloo = l[Lit|x, — Weit]|x, llc < Ch, | —ite) 0@y s )

In view of (65),

m m
2 ~ ~ 2 2s—2Kk—d ~ 2
&5 <v Y |Lilx, — Litelx, I3 < ChZ 77> " | Lit¢l, -
=1 =1

and by (62) we get
—k—d
&2 < & (A (CIE P ILull gty + Caer). (68)
Letv=Lu — Lu. Thenv € H*~(M) and

e3 = vl sy < Ll ety + ILull e any-

Hence by (66),

£3 < Ec (A (CllLul s gy + Caerh T H2). (69)
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By Lemma 11, for any integer r withO <r <s —«,andeach¢ =1, ..., m,
_ — d/2 _ _
vo g, urwey < Chy (2 10lx, lloo + B 10 0 0 | pma t)-
Hence by Lemma 7,

m
2 —12
1l g < c; v 0 00 s e

m m

d—2 2(s—Kk— —1

= C( X m Mol e + T Yoo T ey)
=1 =1

_ 2s—K —
< G I3 + Coh ™ T e -
By (67) and definitions of v and ¢3, we get
|Lu — Lii| < C1hY* ™ (61 + £2) + Cob* "
H M) = L1 4 &1 T &2 21y £3.
It follows in view of (2) that forany 0 <r < s — «,
e — i < CihP( Cohs " (70
H+2 (M) = C1 4 e1t+é&)+Cr A £3. )
By (56), (68) and (69),
s—2ic—d /2 —k—d/2
o1+ &2 < CLER TP ull s vy + CoEmie (CORS ™ PILu e )
£3 = Ec (A (CrllLull s my + C2&s (A ull s )
Hence by (70),
it =i 3¢ oty < Exmie (A (CLE AR Nl sty +Coh " | Lt s () -
By using (2) again, we arrive at
it =il g2 gy < Exmie (A (CLE AR Nutll s oty + Col’ T Nl sy )
(71)
which implies (53) in view of Lemma 10.
To show (54) we use (63) and Sobolev embedding of H**" (M) into C(M) as
soon as 2k +r > d/2. It is easy to see that g in (54) is the smallest nonnegative
integer r satisfying this inequality. O

Note that convergence in the norm of H 2+ (M) as h A — 0 follows from (53)
only when 0 < r < s — 2k — d, thus under the assumption

s > 2k +d,
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which is stricter than (46), and the discrete convergence follows from (54) under the
assumption that
s > max{2«, % + 1} +d.

In particular, in the discrete case in order for the power of & 4 to be positive, we need
s> 2 +d+ro=max{2 +d,d+ 4] + 1},

which is equivalent to s > max{2«, % + 1} + d since s is integer.
For example, for x = 1 and d < 3 we obtain the Sobolev norm convergence with
the order

lu = il g2er agy = OG> i s2d+3, 0<r<s—d=3  (72)
and the discrete norm convergence
lulx = dlloo = O™ if s >d+3. (73)

Remark 2 The function # of the proof of Theorem 1 may be used for the approximate
evaluation of the solution and derived quantities such as gradient at any points in M,
which however requires construction of a suitable partition of unity I". Instead, for
the same purpose we may employ the local interpolation functions i, determined by
(57). Indeed, since i, is a kernel interpolant to & on X, the sampling inequality (36)
applied tov = (1 — it¢) o <p[1 on Q= Uf with r = s leads to the estimate

~ ~ —d/2 ~
li(x) — i ()| < CH il gsomy, x € Us,

where the factor C is independent of u and h 4, compare the proof of (43) in the above.
By (66) and (56) we have

Il gs(py < ChS Nl s amy-

By taking into account (54), we arrive at the bound

u(x) — g < Crhsy ™l ety + CobS P ull s gy, x € U,

(74)
which shows that 7y may be used as approximation of u on U, as soon as s >
max{2«, % + 1} +4d.

Remark 3 Condition (A3) prohibits small non-empty intersections X, N X, because
the images of any such set under ¢, and ¢, are required to be (s + k)-determining
sets. In fact, we only need that sufficiently many intersections have this property. More
precisely, we may replace (A3) by the following assumption:

(A3’) Giveno € N, x < 00, R < ocoand A < 00, assume that for each pair £, p with
U NU, # @, there is a set Uy, C M and a chain U, Up,, ..., Upg, with
po =4, ps = pand S < o, such that
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o Ul Uy C U, U forsome 1 < k < i,

o x(@k(Uep)) < X,

o diam (¢ (Up,p)) < R max {diam(U}), diam(U})},

o hsii (kU p), (X p; N X)) <hi=1,...,8, and

e in the case £ = p we choose § = 1, Uy, , = U, and k such that ¢, = klu, -

The last condition ensures that (A2) follows from (A3’), with x 4 < x, and that
At (UYL, X7) < 1. If we assume (A3’) instead of (A2) and (A3), then Theorem 1
still holds, with C; and C» depending in addition on ¢ and R. Indeed, we apply (A3)
in the proof twice, namely to show (55) and (64). While (55) uses the case £ = p,
where there is no difference between (A3”) and (A3), in order to replace (64) we write

S
Up —ug = Zupi —Up;_y>
i=1
and deduce

197 ((@p — o) o 0 )l 2wey < CIOP (Gp — i) 0 G )2 wr )
S
~ ~ Al
< CY N8P (Gip — i) o 0 Mi2guwe,y-
i=1

In view of (57),

pi| Xy 0xp,_, = Wlgy00,_ = lpglx,nx, o i=1....5,
and hence by (35) and (A3’) we have for || < s +«xandalli =1,..., S,
_ Aol 1Bl ~  ~ Al
||aﬂ((upi _Mpi—l)o(pk )||L2(¢k(Ul,p)) < Cth'( |(upi _upi—l)owk |Hs+K(¢k(ULp)),
where hy , := diam(@x(Uy,,)), which may serve as a replacement for (64) in the

arguments leading to (65) since iy , < R h 4 by (A3’), and as in the proof of Lemma 7
it can be shown that

[(fp, — i )0 @,;1|H.Y+K(¢,k(%)) < Clliip, — fip lsters i=1,...,8.
Remark 4 Theorem 1 remains valid if we define # € R” by minimizing a p-norm
(29) instead of least squares as in (26). Indeed, the proof goes through with obvious

changes. In particular, to show (56) with

e1 1= |WMit — Mflxll, < |WMulx — MfIxl, = [{IWeulx, — Lulx,llp},_, [,

we need a p-norm version of Lemma 7, which holds with ./t 4 replaced by pci{p .
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6 Numerical examples

The goal of this section is numerical verification of the convergence orders suggested
by the error bounds of Theorem 1, in particular by the discrete maximum norm bound
of (73).

We consider the d-dimensional sphere M = S¢ embedded into R4*1,

ST ={x e R xfa = 1),
and solve the equation
Lu:=—-Apu+u=f in M, (75)

wrt. u : S? — R, where A4 is the spherical Laplace-Beltrami operator, and f :
S? — R is given by

fx) = (4d +5— sz(x)) sins(x) +ds(x)coss(x), x € Sd,

where s(x) := 2 Z?:ll x;. The exact solution of (75) is

d+1
u(x) = sins(x) = sin (ZZx,-), xeSs?.
i=1

The operator L in (75) is the special case of (22) with « = k¥ = 1. As discussed
in Section 2.3, it satisfies all assumptions required for the least squares method of
Section 3 and for the error bounds of Theorem 1, as soon as K is a zonal reproducing
kernel for the Sobolev space H* (M) for sufficiently large s.

We use the (scaled) Matérn kernels

K(x,y) =M (x.y) = My q(ex.ey),  x,y €S,

where M, 4 is given in (16). As noticed in Section 2.2, Mf’d restricted to M is a
reproducing kernel for H* (M) whenever s > d /2. We discussed in Section 2.3 that
these kernels are zonal and satisfy the hypotheses of Lemma 5 with respect to the
operator L. Since the order of L is two, the method of Section 3 is well defined
as soon as s > d/2 + 1. The assumption (46) used in the error bounds is satisfied
whenever s is an integer greater than d/2 + 2, in particular s > 3 ford = 1, s > 4 for
d=2or3.

In order to compute the differentiation matrices (24) we need evaluations of the
kernel Ky (x, y) = L1 K (x, y) for arbitrary x, y € S9. For this, we use the following
general formula for the application of the Laplace-Beltrami operator A x4 to the first
argument of any zonal kernel K in the f-form K(x,y) = f(¢), where t = ||x —
y”%/z =1 —XTy,.X,y € Sd7

Kap e, y) =t =0 ") +d(1—1) f'(1). (76)
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The formula can be easily shown by using [15, Lemma 1.4.2]. For more information
on the f-form, see [57] and [19].

For d € {2, 3} we generate rather regular sets of nodes on the unit sphere S¢ by
first producing a quasi-random set with uniform probability distribution on $¢, and
then applying a thinning algorithm to increase the minimum separation of the nodes.
More precisely, for a given 8 > 0, we first generate Ny points in R¢+! with normally
distributed components, where N is obtained by rounding voly(S%) /8¢ to the nearest
integer. We then project these points to the sphere S?, and run on them MATLAB’s
command uniquetol with absolute tolerance 28, to produce the final set X whose
cardinality will be denoted by N. For each d € {2, 3} we create five sets of this type
obtained with § = 4_i/d80, i =0,1,...,4, where we choose §p = 0.1 in 2D and
80 = 0.15 in 3D. The cardinalities N of the resulting sets X can be found in Table 2
below. An example of a node set X obtained this way for the sphere S? is shown in
Fig. 1.

We run our method using the kernels MSS‘ 4»5 = 3,...,7, with the shape parameter
¢ reported in Table 1. We choose the set X, of (47) for each £ = 1,..., N by
collecting ny = 2 dim Hf_l nearest neighbors of the node x, in X with respect to the
Euclidian distance in R4t The numbers n; are also included in Table 1. In all cases
these numbers were big enough in our experiments so that the approximation order
would not increase if n, were increased, even though Conditions (A3) or (A3’) are
not guaranteed with this choice of X,.

Recall that the error bound (73) is given in terms of the maximum diameter 4 4 of
the sets U f that depend on the choice of the atlas .4. However, we do not generate
either the sets Uy, the atlas A, or the partition of unity I" as they are not needed for

g ¥y 7% u‘#‘,,
¥ ¥ * * * * ¥
o "‘* * =~ *
* ¥* ¥
# * L —¥ * * s 3
o = * * * % e
*¥; e - *’k‘
¥ * * * * % % K 9
* *
* ¥ ¥ *
* * * * K
* * * % * o
E * * * 5\ ¥
* * & 2 X% &
p A * * * T
y** p) * . *
< *
e * Ok * * * ok ¥ * X W« E
¥ *
A x * * ¥ o4 ¥
£ * % * * * % * ¥
% * * * * ¥ ¥ *
*
ax Xy * * ok > * * *
oK * * %
*1 ¥ x T * i o
* * x * 5 \ ** *
* *
¥ A * ¥ * -
* * *
* *
x * * * % * e L
* ¥ *
* * e . T * «x * %
o * ** * x ¥
) *
e * % * , ¥
a¥ % v * oy e *
Ty * % * *
~ * . * * * K7 A
R x - * g Fx
a o* x X *
e wr

Fig.1 Example of a node set X in S2: 604 nodes obtained with § = 0.05
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Table 1 The number of nearest B 3
. S S”
neighbors n, used to generate

the sets X, and the shape s " N e ¢
&
paramet'er € gf the kernel M L 3 6 s 3 29
chosen individually for each
s=3,...,7inboth2Dand 3D 4 12 0.5 20 274
5 20 2 40 0.25
6 30 3 70 1

the computation of the discrete approximate solution . Therefore we replace 4 by
the easily computable quantity

hy := max ﬁg,
1<¢<N

where /¢ denotes the Euclidean diameter of X, C R¢+!. By choosing the primary atlas
A for example as a number of half-spheres projected to appropriate tangent hyper-
planes to S? in R?*!, we may achieve that the quantities & 4 and &y are equivalent
in order when one of them goes to zero, for any admissible atlas .A. The numbers
hy depending on d, N and s are reported in Table 2. We have also estimated the
quasi-uniformity of X and X by computing

h; hy
gx = Max =, gx A:= mMax —-—
1<i j=<N h; 1<t<N zné/dae

as replacement for ¢ 4 and gx_4. In all experiments both quantities were below 2.1.

Table2 7 y: maximum

diameter of subsets X, for (a) s? N ; 7 5 5

and (b) S, depending on N and

' ()
152 0.82 1.19 1.40 1.62
604 0.45 0.61 0.78 0.90
2414 0.22 0.31 0.39 0.48
9,560 0.12 0.16 0.21 0.25
38,358 0.06 0.08 0.10 0.13
OF
257 1.06 1.41 1.68 1.90
1,014 0.73 0.93 1.16 1.35
4,048 0.45 0.60 0.74 0.88
16,276 0.29 0.39 0.49 0.57
65,164 0.19 0.25 0.31 0.36
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max error on nodes

10°® -
hy: max diameter of subsets X,

Fig.2 Maximum error |lu|y — it||oo in 2D as function of 4 . For comparison we also include straight lines
with slopes corresponding to convergence orders between % y and hé(

We plot the error ||u|x — ii]|oo against iy in Fig. 2 for S? and in Fig. 3 for S*. The
plots indicate convergence orders between hSX_3 and hSX_ 2 for both d = 2, 3, which
is higher than the theoretical estimate (73) that justifies hS); 4 in 2D and hs)gs in 3D.
Numerical convergence is observed for s > 3 in 2D and s > 4 in 3D.

Note that the values for ¢ in Table 1 are chosen as small as possible such that the
results are not yet affected by the rounding errors. In most cases we choose ¢ as an

max error on nodes

104 L
0.2 1

hy: max diameter of subsets X,

Fig.3 Maximum error ||u|yx — it||co in 3D as function of 4 y
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max error on nodes
10° T T

5 —4—e=1
1073 ——e=2
7 —*—e=3
7 —p—e=4
10°F P — ==k |
/,/‘/ 77777 ht
10»7 [ 1 1
0.2 1

hxy: max diameter of subsets X,

Fig. 4 Maximum error |u|y — i o in 2D for s = 6 and several choices of ¢

integer power of two, ¢ = 27 for some Jj € 7Z. However, in the case s = 6 in 2D
we make an exception and take ¢ = 3 because ¢ = 2 gives errors severely affected
by rounding for the largest set X produced with § = 1/16, whereas ¢ = 4 leads to
solutions whose errors are too high, see Fig. 4. This figure illustrates that the errors tend
to be smaller for smaller ¢ > 0, without changing the approximation order. However,
when we decrease ¢, we get to the point that the kernel matrices M ;|x, become too
ill-conditioned, affecting the computation of W, in (24), which leads to a high error
of the solution on denser sets X, as we see for ¢ € {1, 2} in the figure.

7 Conclusion

In this paper we introduced a discrete least squares version of the meshless finite
difference method for elliptic differential equations on closed manifolds, based on
invertible local differentiation matrices for overlapping subsets of nodes. We obtained
error bounds for this method by a new technique, and tested its convergence properties
numerically. The sparse overdetermined linear system this method relies on has full
rank without any additional assumptions like sufficient density of nodes. In particu-
lar, it is not related to a discretization of any variational or continuous least squares
formulation of the differential equation. Since no exact or approximate integration is
involved, the scheme does not require any partition of the manifold or its ambient
space and is purely meshless.

Numerical examples suggest better convergence orders of the method than predicted
by the error bounds, which indicates that theoretical results may be improved by
refining the techniques introduced in the proof of Theorem 1. In particular, we expect
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that the factor A~9/2 in the estimate of Lemma 10 may be removed, which would
allow to somewhat improve the bounds (53) and (54), but will not be sufficient for
explaining numerical results. The assumption that the nodes are quasi-uniform in the
sense that gx, 4 is uniformly bounded does not seem natural, but is essential for the
proof.

New ideas are needed in order to extend the method with guaranteed full rank of
the system matrix to boundary value problems, conditionally positive definite kernels,
or to the case when the elliptic operator L is not necessarily self-adjoint with respect
to the inner product of H* (M) generated by the kernel K. In particular, conditionally
positive definite kernels may help to improve the conditioning of the least squares
problem (28), as they are known to do in the RBF-FD method on domains in R4 [61,
and remove the need for tuning the shape parameter ¢ we observed in Section 6.
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