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Abstract

We show that the probability of the exceptional set decays exponentially for a broad
class of randomized algorithms approximating solutions of ODEs, admitting a cer-
tain error decomposition. This class includes randomized explicit and implicit Euler
schemes, and the randomized two-stage Runge-Kutta scheme (under inexact infor-
mation). We design a confidence interval for the exact solution of an IVP and perform
numerical experiments to illustrate the theoretical results.
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In this paper, we consider randomized versions of the following algorithms approx-
imating solutions of ordinary differential equations (ODESs): explicit Euler scheme,
implicit Euler scheme, and two-stage Runge-Kutta scheme. Error bounds for these
and other randomized algorithms have been broadly studied in the literature (see
[4-6, 8-11, 14]). In [2, 3], the L?-norm of worst-case errors of the three aforemen-
tioned schemes has been analysed in the setting of inexact information.

The main concept investigated in this paper is the exceptional set, i.e. the random
event when the worst-case error of a given randomized algorithm exceeds some pre-
defined threshold. As the threshold, we will consider the rate of convergence given
by the mean-square error bound. As a well-known example, we may recall the Monte
Carlo integration. If the integrand is Borel-measurable and bounded, Hoeffding’s
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inequality can be employed to show that the probability of the exceptional set of the
crude MC method has an exponential decay (see [12, 13]).

Similar approach, based on Azuma’s inequality (see [1]), has been applied by S.
Heinrich and B. Milla to a family of randomized Taylor schemes for ODEs. For these
algorithms, the probability of the exponential set also proved to decay exponentially,
see Proposition 2 in [6]. In this paper, we aim to extend this result in two directions.
Firstly, we will cover the algorithms investigated in [2, 3], under very mild assump-
tions considered in these papers. Secondly, our analysis will be performed in the
setting of inexact information.

The structure of this paper is as follows. In Section 1, we introduce notation, the
class of initial value problems, and the model of computation. We also recall def-
initions of randomized Euler and Runge-Kutta schemes under inexact information.
In Section 2, we provide an upper bound for the probability of the exceptional set
for each algorithm admitting a certain error decomposition. The general setting con-
sidered in this paper covers all algorithms analysed in [2, 3, 6]. In Section 3, we
construct a confidence region for the exact solution of the IVP, based on the inequality
established in the previous section. We also carry out numerical experiments which
illustrate theoretical findings. Summary of this paper is provided in Section 4, as well
as directions for further research.

1 Preliminaries

1.1 Notation and the class of IVPs

d
Let || - || be the £; norm in R?, ie. |x| = > |xg| for x € R?. For x € R? and
k=1
r € [0, 00), we denote by B(x,r) = {y € RZ: ||y — x|| < r} the closed ball in R?
with center x and radius r. Moreover, B(x, 00) = R4 for all x € RY.
We consider IVPs of the following form:

{z/(r) = f(t,z(1)), t € [a, b], W

z(a) =,

where —oo <a <b <oo,neRY, f:la,b]xR? > R, d e Z,.
As in [2, 3], by Flg = Flg(a, b,d, o, K, L) we denote the class of pairs (n, f)
satisfying the following conditions:
(A0) IInll = K,
(Al)  f eC(la,b] x RY),
(A2) | f@,x)l < K (1+ |x]) forall (¢, x) € [a, b] x RY,
(A3) ”f(t’-x) - f(s3 x)” =< L|t - S|Q for all 1,5 € [as b]s xX€B (17’ R)a
(Ad) NIf(t,x)— f@, Il =Llx—ylforallz €[a,bl,x,y € B(n, R)

for some constants K, L € (0,00), R € (0,00], and o € (0, 1]. Under the above
assumptions, the solution of (1) exists and is unique (cf. [2]).
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1.2 Model of computation - general description

By F, we denote a certain class of IVPs of the form (1) or, equivalently, pairs (7, f).
For example, we can choose F = Flg with specified parameters a, b, d, 0, K, L, R.
We investigate randomized algorithms approximating solutions of (1) based on
inexact information about f. To this end, we consider the following model of com-
putation (cf. [2, 3, 15]). We introduce a parameter §, which will be called a precision
parameter (or a noise parameter). By KC(§), we denote a class of noise functions

8:[a,b] x R - R

such that § is Borel measurable and may satisfy some additional assumptions (where
8 can be a parameter, e.g. a Lipschitz constant). Let

Vi) =1{f: f— fek®)} )
and
Vin.f)(8) = B(n, 8) x Vr($) (3)

for (n, f) € Fandé € [0, 1].

Let (n, f) € F and (7, f) € Vi, (6). Let (2, X, P) be a complete probabil-
ity space and let ' = {A € £: P(A) = 0}. Any random vector N(7j, f): Q@ —
RCi+Dd of the following form:

NG, £) =17, Ft1, 1), o ou £, ), FO1L, 21), -0y F(O;, 7)),

where i € N, t,...,t; € [a,b] are deterministic values and (6;,...,6;): Q —
[a, b]" is a random vector on (€2, X, IP), will be called a vector of noisy information
about (n, f) based on 2i noisy evaluations of f. Moreover, we assume that

1, 21) = ¥ (@)

and
()’], Z}) = wj(ﬁf f(tl» )’l)» s f(tj—l» yj—l)s f~(911 Zl)a e f(ej—lv Zj—l))

for some Borel measurable mappings ¥; : R@i+Dd 5 Rrd « RY, je{2,...,i}
We define the following filtration: 7y = o (N) and F; = o (o (61, ...,6;) UN) for
jell,... i}

For a given n € N, we consider the class ®,, of algorithms A which aim to com-
pute approximate solutions of (1) using at most n = 2i noisy evaluations of f. That
is, the class @, contain algorithms of the following form:

A@, f) = o(N G, f)),
where
¢ : ROV D((a, b]; RY)

is a Borel measurable function. In the Skorokhod space D([a, b]; R9), endowed with
the Skorokhod tgpology,~we consider the Borel o-field B(D([a, b]; RY)). Note that
for fixed 77 and f, A(7, f) is a random element taking on values in D([a, b]; RY).
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1.3 The algorithms

We formally define the algorithms which will be investigated in this paper. For each
of them, we specify the class of IVPs and the class of noise functions, for which
error bounds have been established in [2, 3]. Notation introduced in this subsection is
generally consistent with those articles, however some changes have been introduced
in order to facilitate reading of this paper.

Letn € Zy, h = =% t; = a+ jhtfor j € {0,1,....,n},0; = tj_1 + tjh,
7; ~U(0,1) for j € {1,..., n}. We assume that the random variables 11, ..., 7, are
mutually independent.

The randomized explicit Euler method under inexact information is defined as
follows:

WO = 7, WJ=WJ—1+h.f(9j,W/—1), jell,....n). @)

The approximate solution of (1) on [a, b] is the function IEE: [a, b] — R? given by
IEE() = lj‘?E(z) fort € [tj_1,;], where

Wi — Wil
h

The randomized explicit Euler scheme has been analyzed in [3] assuming that

m, f) e F,%’EE and (ﬁ, f) € V(g’Ef)@), where

Rpp = max|(K +2)e XV L g — 1 K(1+b-a)eX®9 1 Kk}, (6

IFE(1) = t—tji-)+ W/l je{l,... nk )

the class of noise functions is defined as
Kee(6) = [S: [a, b] x R? - R? . §is Borel measurable,
18I <81+ IyDforallr e la,bly e R, (D
and similarly as in (2)—(3), we define
VEE@®) ={f: f — f € Kee(®)
and
VEE (6) = B(1,8) x VFE ()

for (n, f) € Fg,, and$ € [0, 1].
The randomized implicit Euler scheme under inexact information is given by the
following relation:
U°=4, O/ =U0"+h-f(6;,07), jell,...,n} (8)

The function /£ : [a, b] — R¢ is defined in the same fashion as /¥ (i.e. through
the linear interpolation) but this time we use U j instead of Wj forj€{0,1,...,n}.

The error bound for this scheme in [3] has been obtained assuming that (n, f) €
F% and (7, f) € V(ff) (), where

K1£®) = §eKer@®): |5, 2)-5(, v)]| <8lx—yl forallt € [a, b], x, y € R
©)
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and definitions of VI E(8) and VI E )(8) are analogous as definitions formulated
above for the explicit scheme

The randomized two-stage Runge-Kutta scheme under inexact information is given
by
0._ =

/= Vi 1—|—htjf(tj LVITh, (10)

VIiTly hfe;. V).

<| <| <<i

./
J

where j € {1,...,n}. In [2] it was assumed that (1, f) € FﬁRK and (7, f) €
V(’; ’;) (8), where

Rrx = max{K(l +b— a)<1 KO- 4 k(b — a))),
K+®B-a)(d+K)
1 K(b—a)(1+K (b—a))
+(?+1>(1+K(b—a))(e (1+K)—1)}. (11

and

Krx () = {8 : [a, b] x R?Y - R?: § — Borel measurable,
18(¢, y)|| < 8 forallz € [a, b], y € RY}. (12)

Definitions of [RX VfK (8) and V(§I§)(6) are analogous as for Euler schemes.

2 Main result

The following theorem is the generalization of Proposition 2 from [6]. As we
will see, it can be applied to any randomized algorithm admitting a certain error
decomposition.

Theorem 1 Let (Ay);2 | be a sequence of algorithms approximating the solution z

of the IVP (1) such that A, € ®, and for each (n, f) in certain class F and (ﬁ, f) €
Vi, 1)(8), the following bound for an approximation error holds with probability 1
foreachn € N, n > ng:

sup J2(6) — Ay(0)]l < €1 max HZE (h)H FOR 4G, (13)

a<t<b

where

° (E (h)) | isan (f ])jzl-adapted process;

o E(E; (h)|]-‘/_1) = 0 and |E;(h)|| < Coh?™/? with probability 1 for all j €
{la L) n};

o (o, Cy, Ca, C3 > 0 are constants which do not depend on n.
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Then,~ there exist constants c1, ¢ > 0 not dependent on n, such that for all (n, f) €
F, (ﬁ, f) € V.1 (8), n e N, n > no, and for all & > cy, the algorithm A, satisfies

( sup =) — A, 0| > Emax{hy,S}) < exp(—c2&?). (14)

a<t<

Proof Let us define

k
E(h) = max ’
1<k<nll £
j:

Kj(h) = esssupl|E;(h)]| < Coh? /2

we2

and
n

() = Y (Kj().

j=l1
It is easy to see that
vi(h) <n-CIh¥ T = (b — a)h* . (15)
Let us consider any i € {l,...,d} and let E; (h) denote the ith coodinate of

Ej(h). By Remark 1 in [1], the sequence (E;(h)/Kj (h))?z1 satisfies the assump-
tions of Lemma 2 in [1]. Hence, for any sequence (b J');l':l of real numbers and for
any real number ¢, the following inequality holds:

k i n
() 12
§ ,K || [ =8ew E;:l:bﬁ : (16)

Let us consider an arbitrary 8 > 0. Then by exponential Chebyshev’s inequality (cf.
[71, p. 96) and (16) with b; = K ;(h) for j € {I,...,n}and t = /32’(1;), we obtain

Efexp|¢t-

1<k<n

E[exp(z-max1<k<n Z]/(-:]E;(h)‘)il 2,2
=k= /S h2y
P max Z E} (h)’ > Bh) = SXp(BITT) = 8eXp<_ 2v2<h>>‘
By (15), we get
‘32
P | max Eh‘> h” | <8ex _— 17
I<k<n Z O R P 2C§(b —a) ("
forany 8 > O and forany i € {1, ..., d}. Let us note that

E(h) = mai( Z‘ZE (h)) <d- max max

1<i<d 1<k<n

ZE’ (h)’
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with probability 1. Hence, by (17),

IA

k
P ZE;i(h)‘ > g%ﬂ’)

max max
J=1

1<i<d 1<k<n
. B
S| > g}

d
U{ max
) I<k=nl“®
i=1 j=1
: i
i Py
max E_lEj(h)‘ > dh )

1<k<nl!®
i=1 Jj

P(E(h) > Bh”)

IA
M-
=

A

‘32

By (13) and (18), the following inequality holds for £ > C; + Cj:
IP’( sup [lz(t) — Au ()l > & max{h?, 8})

a<t<b
E—Cr—C
Ci

< IP’(E(h) > 3 max{h?, 5})

< P(E(h) . w;ﬂ/)

1

g2 § —Cr— C3\2
< 8dexp <_2C§C12d2(b—a) g £ ) )

For sufficiently large £, we have

—C—C3\2 1 1
(5#) > - and 8d§exp(—$2>.

£ 8C3Cid2(b — a)
As a result,
IP’( sup [lz(t) — Au (D)l > & max{h?, 8}) <exp (—%52)
a<t<b 8C;C1d*(b — a)
for sufficiently big £, which completes the proof. O

Remark 1 1If the assumptions of Theorem 1 are satisfied with y > %, then A, (1) —
z(t) with probability 1, uniformly on [a, b], as n — oo and § — 0. In fact,

k n
. . _ y—1/2
max [ 37 E; ()| < 3 IE; (] < Colb — ah
j=1 j=1
and by (13) we obtain
sup [2(t) = A, ()] < CoCi(b — a)h? =12 + Coh” + C38 — 0
a<t<b

with probability 1 when n — oo and § — 0.
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The property pointed out in this remark implies that A, (¢) is a strongly consistent
estimator of z(¢) for each ¢ € [a, b].

In the next three corollaries, we apply Theorem 1 to randomized explicit and
implicit Euler schemes, and to the randomized two-stage Runge-Kutta scheme.

Corollary 1 There exist constants ci, ¢3 > 0 dependent only on a, b, d, K, L, such
that for all (n, f) € Fg_, (7, f) € v(’f;@.)(a), neNn>|b—al+1,andforall
& > ¢y, the randomized explicit Euler scheme satisfies

]P’( sup “z(t) - lEE(t)” > Smax{hmm lo+1/2,1} 8}) < exp(—c2&2).

a<t<b

Proof Let
1
Ej(h) = / Z'(s)ds — hZ'(9j) for j e{l,...,n}.
tji—1
Let us note that ]E(Ej(h)|]-"j_1) = E(Ej(h)) = 0 and [E;(W)| =
Coh™inte+1/2.11+1/2 with probability 1 for all j € ({I,...,n}, where Cy =
Co(a,b, K,L) > 0. To prove the last inequality, we use Lemma 2(ii) from [3].
Specifically, for each j € {1, ..., n} we have
J J tj
1E; )l < /||z’<s>—z/(9,-)|| dSSC0/|S—9jIQdS < Co / 5 ds = Coho*.
tj-1 tj—1 tj—1
(19)
From (14), (15) and arguments between (15) and (16) in [3], we obtain
sup [l2(0) =I*F (O < rh®™ 4+ max. X fl2()) = W/l + m max W/ —w/|| (20)
a<t<b
with probability 1 for some oy = «j(a,b,d, K, L) > 0. By (Wj);f:() we denote
approximations produced by the explicit Euler scheme under exact information (i.e.
when § = 0). Moreover,

max ||z(t;) — W/|| < eF0=9
1<j<n

. (Iilax + max || 52 ||) 2n

with probability 1, which can be shown in the same fashion as inequality (18) in [3].

Furthermore, by (20) in [3], we have
max | S5 < aoh (22)

1<k<n

with probability 1 for some oy = @z (a, b, K, L) > 0. Fact 2 in [3] implies that there
exists o3 = a3(a, b, K, L) > 0 such that

max |W/ — W/|| < a38 (23)

0<j<n
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with probability 1. By (20), (21), (22) and (23), we obtain
sup Jlz(t) —IEE @)

a<t<b

IA

arhet! 4 Lb-a) . (max
<k<n

Z E;(h) H n azh) + a3

eL(b—a)

IA

max
1<k<n

ZE (h)H + (a1 + apel ”))hm‘"{9+1/2 4 azs

with probability 1. The desired claim follows from Theorem 1. O

Corollary 2 There exist constants ci, ¢2 > 0 dependent only on a, b, d, K, L, such
that for all (n, f) € F%, (i, f) € v(;Ef)(a), neNn>|b—al+1such that
h(K+1) < % hL < % and for all § > c, the randomized implicit Euler scheme
satisfies

P( sup [2() = "E@)] > & max{pmnle 21 5)) < exp(—cag?),

a<t<b

Proof Let Ej(h) for j € {l,...,n} be defined as in the proof of Corollary 1. Of

course E(E;j(h)|Fj—1) = E(Ej(h)) = 0and || E;(h)|| < Coh™me+/2U+1/2 with

probability 1 forall j € {1,...,n}, where Co = Co(a, b, K, L) > 0. From the proof

of Theorem 2 in [3], we conclude that

sup [z(t) = I"E@)| < arh®™ + Jmax ||z(t y—U'| + max \Ul =0
<js

a<t<b

oLb=a) .

max Z Ej(h) H 4 g pMintet1/21) g

1<k<n

with probability 1 for some oy = «1(a, b,d, K, L) > 0and op = a2(a, b, K, L) >
0. The first passage above follows from the first two lines of the proof of Theorem
2 in [3] — compare also with (20) in this paper. The second passage can be justified
using two lines before (28), (28), inequality after (28) and before (29), and Fact 3 in
[3]. It remains to use Theorem 1 to conclude the proof. O]

Corollary 3 There exist constants cy, ¢ > 0 dependent only on a, b, d, K, L, such
that for all (n, f) € FIQSRK, (ﬁ, f) € V(I;Ij[)((S), neN n>|b—a]+1,and forall
& > c1, the randomized two-stage Runge-Kutta scheme satisfies

P( sup [2() = %K ()] > & max {72, 5} ) < exp(—ca).

a<t<b

Proof Let Ej(h) for j € {1, ..., n} be defined as in the proof of Corollary 1. We
have E(E;(h)|Fj—1) = E(E;(h)) = 0and | E;(h)|| < Coh®*! with probability 1
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forall j € {1,...,n}, where Cy = Co(a, b, K, L) > 0 (cf. (19) in this paper and
(22) in [2]). We have

IA

supb||z(t) — IR (1) ||

arth®™ +3 max ||z(¢;) — V|| +3 max |[V/ — V||
a<t< 0<j=<n 0<j=n

IA

n
o hetl/? 4 a2< max HZ Ej(h)H + hQ'H/z) + a3d
1<k<n P

with probability 1, where constants oy, a2, 3 > 0 depend on a, b, d, K, L. For
justification, see (37), (38), (56) in [2] for the first passage, and (45), (47) in [2]
combined with discrete Gronwall’s lemma for the second passage. The desired claim
follows from Theorem 1. [

Remark 2 We note that the randomized two-stage Runge-Kutta scheme considered
in [2] is a special case of randomized Taylor schemes considered in [6]. However, in
[2] and in Corollary 3, we assume only local Lipschitz and Holder conditions, see
Assumptions (A3) and (A4), and we allow noisy evaluations of f. Thus, Corollary
3 is not a special case of Proposition 2 in [6], where global Lipschitz and Holder
conditions as well as exact information were assumed.

3 Confidence regions and numerical experiments

3.1 Construction of the confidence region

The following corollary is an immediate consequence of Theorem 1. By a suitable
choice of £ in (14), one may construct the confidence region for the exact solution
of (1).

Corollary 4 Let ¢y, cp be the constants which have appeared in Theorem 1 and let

s = (

—lnS)%

for e € (0, 1). Under the assumptions of Theorem 1, it holds that

IP’( sup [z(t) — A ()| < &(e) max{h?”, 8}) >1—c¢.

a<t<b

forall (n, f) € F, (ﬁ, f) eEVun@,neNn>nyand0 < e < exp(—c%cz).
Remark 3 With max{h, 8} approaching 0, the confidence region for z constructed in

Corollary 4 tightens, whereas the confidence level 1 — ¢ remains unchanged. Hence,
this confidence region is uniform with respect to max{#, 8}.
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3.2 Numerical experiments

Let us consider the following test problems:

Z/(t) = 2tz(t), t € [0, 1],
{ 20) =1 A)
and ( 5 )
7/(t) = cos(z?(1)), t € [0, 1],
{Z(O) =1. (B)

The exact solution of (A) is z4 () = exp(z?) for ¢ € [0, 1]. By zp we denote the exact
solution of (B). Let l_;f X be the approximate solutions of test problem X € {A, B},
generated by scheme S € {EE, RK} (the randomized explicit Euler scheme or the
randomized two-stage Runge-Kutta scheme, respectively) with n steps. We note that
o = 1 for both test problems (cf. assumption (A3)). Thus, y R = % and yFF =1
(cf. (14), Corollaries 1 and 3).

We consider the setting where the class of IVPs is restricted to the test problem
(A or B), and the class of algorithms is restricted to the randomized explicit Euler
scheme or the randomized two-stage Runge-Kutta scheme. By Corollary 4,

P(sup |ax (@) =¥ )] < 65% @) - max{n " 5} ) 21— 4)

a<t<b

2 S x —Ilne\:
for 0 < & < exp(—c2cy), where X € {A, B}, S € [EE, RK}, £5% () = ( )
)

and cy, ¢y are some positive constants, dependent on S and X.
Since the constants ¢y, cp are not known, we propose the following approach to

illustrate the property (24). Let S be given by the following equation:

e,n, 6
P sup ox () = X 0] = &5 max{n™’ 5}) —l-e (29
a<t<b
a<[<
values in the increasing order: r;.x < ... < ry.n, and consider the following

estimator:

/S,\ .8 -1
Eoms = TTA=eNTN - (max{n v ,3})

In general, é 3 is only a lower bound for £5-X (). However, as we will see, some

/\

patterns can be noticed in the behaviour of E 5 for different choices of n and § (at
least for the considered test problems). Thus, W1th a certain degree of caution, we
may provide estimates of £5-X (¢) for S € {EE, RK} and X € {A, B}.

In the performed tests, each evaluation of f has been disrupted by a random noise
(in cases other than § = 0). Specifically, f (t, x) has been simulated as f (¢, x)+ (1 +
|x]) e (for S = EE) or f(t,x) + e (for § = RK), cf. (7) and (12), where e is taken
from the uniform distribution on [—§, §], independently for all noisy evaluations of f.
Thus, in numerical experiments, we have further restricted the class of noise functions
specified by (7) and (12).
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14 Page 12 of 16 T. Bochacik

Table 1 SEE_::(’SA for ¢ = 0.05 and different choices of n and §; N = 10°

n §=0 S(n) =n~11 S(n)=n""! 8(n) =n"0° §=2-1073 §=10"*
10 2.29 2.82 3.04 2.64 2.30 2.29
20 223 2.58 2.79 2.29 2.24 223
50 2.12 2.31 248 1.86 2.12 2.12
100 2.04 2.17 230 1.60 2.06 2.04
200 1.98 2.06 2.17 1.39 2.02 1.98
500 1.92 1.97 2.04 1.18 2.04 1.92
1000 1.89 1.92 1.97 1.06 1.05 1.89
2000 1.87 1.89 1.93 0.95 0.56 1.87
5000 1.85 1.86 1.89 0.84 0.25 1.86

Moreover, we have assumed that the exact solution zp of (B) can be replaced by
lRK B (under exact information). We note that some deviation in estimates of S
may be attributed to errors inherited from MC simulations.

Based on the results displayed in Tables 1, 2, 3 and 4, we make the following

observations.

&,n,d

e Typically 55 " 5 is close to ES " 0 if § < nr. However, the case § =2 - 1073 in
Table 2 does not follow this behav1our Other exceptions are observed in cases

d(n)y=n =7* and d(n)y=n =r5=0.1 for small values of n.

® Incase0 <6 <n -7 , estimates 58 " 3 appear to stabilise when n increases.
This means that the probabﬂlty of hlttlng the confidence reglon (24) is stable for

sufficiently blg values of n, provided that § is bounded by n -7,

N . . . .
e  Generally, 58 ;IXS < S e, 0 when § > n~7", which indicates that assumptions

imposed on the noise functions, cf. (7) and (12), can be relaxed. Some exceptions

Table 2 EEE B for & = 0.05 and different choices of n and §; N = 10

&,n,8

n 5=0 S(n) =n~"11 S(n)=n"" 5(n) =n=09 §=2-10"3 5=10"*
10 0.166 0.546 0.659 0.636 0.173 0.166
20 0.159 0.411 0.512 0.482 0.170 0.160
50 0.157 0.299 0.376 0.336 0.175 0.157
100 0.156 0.248 0.308 0.258 0.183 0.157
200 0.155 0.216 0.261 0.203 0.195 0.157
500 0.155 0.189 0.221 0.152 0.221 0.158
1000 0.155 0.177 0.201 0.126 0.125 0.159
2000 0.155 0.169 0.187 0.106 0.074 0.161
5000 0.155 0.163 0.175 0.087 0.039 0.164

@ Springer



On the properties of the exceptional set for...

Page 130f 16 14

Table 3 Sf’féA for £ = 0.05 and different choices of n and §; N = 10°

n §=0 S(n) =n"10 S(n) =n=1 S(n) =n"14 §=2-1073 §=10"*
10 478 4.82 4.86 3.87 479 478
20 5.17 5.17 5.22 3.87 5.20 5.18
50 5.46 5.47 5.46 3.71 5.48 5.48
100 5.60 5.63 5.59 3.55 2.79 5.59
200 5.70 5.67 5.70 3.36 1.02 5.71
500 5.74 5.78 5.76 3.10 0.28 5.18
1000 5.81 5.79 5.79 2.89 0.12 1.83
2000  5.83 5.83 5.82 2.73 0.06 0.65
5000  5.85 5.86 5.85 2.49 0.04 0.17

are observed in Tables 1 and 2 for small values of n in the case §(n) = n
When 8 > n~ 7"

/-\

, the expression S

®  When n is fixed, S e, 5 seems to achieve its maximum for § = n=""

-0.9

5 appears to underestimate £5-X (g).

. This is in

line with the intuition as § = n="" is the maximal value of § with no impact on

max{n~"", 8} (cf. (25)).

e Based on the above, we suppose that EEE’A ~ 3, EEE*B ~ 0.7, ERK’A ~ 5.9,
and £RX-B ~ 0.6. However, since it is impossible to test numerically all possible
choices of n and §, these approximations may be valid only under additional
conditions on n and §.

In Figs. 1 and 2, we plotted sample confidence regions for test problems (A) and
(B), respectively, based on randomized explicit Euler and two-stage Runge-Kutta

schemes. We used n = 25 steps with noise level § = n_VS, S € {EE, RK}. We took

gEEA — 3 gEEB — (7 gRK.A — 59 and §RK-B = 0.6 in order to achieve the
Table 4 EPRf BB for & = 0.05 and different choices of n and §; N = 10°

n 5=0 5(n) =n"10 S(n) =n"13 S(n) =n"14 §5=2-10"3 5=10"*
10 0.485 0.527 0.550 0.461 0.486 0.485

20 0.459 0.480 0.494 0.386 0.462 0.461

50 0.455 0.464 0.471 0.330 0.465 0.458
100 0.460 0.463 0.466 0.301 0.244 0.459
200 0.463 0.464 0.467 0.279 0.102 0.464
500 0.467 0.466 0.469 0.254 0.045 0.419
1000 0.469 0.469 0.469 0.237 0.030 0.150
2000 0471 0.471 0.470 0.221 0.021 0.056
5000 0471 0.470 0.472 0.202 0.013 0.018
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(A) Confidence region based on the random- (B) Confidence region based on the random-
ized explicit Euler method. ized two-stage Runge-Kutta method.

Fig. 1 Confidence regions for the solution of the test problem (A) with confidence level 1 — ¢ = 0.95

confidence level of 1 — & = 0.95 (cf. the last bullet above). Confidence regions are
shaded in navy blue. In Fig. 1, the white curve represents the exact solution z4 of
(A), whereas in Fig. 2—the approximated solution / ﬁ)IS(’B of (B) obtained through the
randomized RK scheme with the large number of steps.

As we can see, for both test problems the randomized two-stage Runge-Kutta
scheme generates more accurate confidence regions in comparison to the randomized

explicit Euler scheme. This is due to the fact that y £F =1 < % = yRK,

4 Conclusions and future work

In this paper, we have shown that the probability of the exceptional set for a class of
randomized algorithms admitting a particular error decomposition has an exponen-
tial decay (see Theorem 1). A uniform almost sure convergence of such algorithms
to the exact solution has been established when the step size and the noise parameter

0.9 0.9
0 0.2 0.4 0.6 0.8 1

0.2 0.4 0.6 0.8 1

(A) Confidence region based on the random- (B) Confidence region based on the random-
ized explicit Euler method. ized two-stage Runge-Kutta method.

Fig.2 Confidence regions for the solution of the test problem (B) with confidence level 1 — & = 0.95
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tend to O (see Remark 1). Furthermore, we have used Theorem 1 to design a confi-
dence region for the exact solution of the IVP, uniform with respect to max{A, §} (see
Corollary 4 and Remark 3).

The general setting which has been considered comprises randomized explicit and
implicit Euler schemes, and the randomized two-stage Runge-Kutta scheme under
inexact information (see Corollaries 1, 2 and 3). Theorem 1 covers also the family of
Taylor schemes under exact information, which has been investigated in [6].

Our future plans include further research related to the probabilistic distribution
of the error of randomized algorithms for ODEs, e.g. investigation of its asymptotic
behaviour.
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