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Abstract

The efficiency of deep convolutional neural networks (DCNNs) has been demon-
strated empirically in many practical applications. In this paper, we establish a theory
for approximating functions from Korobov spaces by DCNNs. It verifies rigorously
the efficiency of DCNNs in approximating functions of many variables with some
variable structures and their abilities in overcoming the curse of dimensionality.
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1 Introduction

Deep neural networks (DNNs) demonstrate excellent performances in many fields of
science and technology these days. In particular, for functions with special properties
or structures, DNNs can often take advantage of these properties or structures to
improve the learning and approximation abilities of many classical tools remarkably
and break the “curse of dimensionality” (e.g., [3, 4, 10, 11, 13, 16, 18-20]).

Deep convolutional neural networks (DCNNS5), as an important class of struc-
tured deep neural networks, are very efficient for tasks in many areas [7, 11] such
as speech recognition and computer vision. Compared with their practical success,
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the theory of DCNNESs is far behind. Recently the universality of DCNNSs is proved in
[21, 23] asserting that any continuous function on any compact subset of a Euclidean
space of the input data variable can be approximated to an arbitrary accuracy by a
DCNN with zero padding when the number of layers is large enough. The rates of
uniformly approximating functions from Sobolev spaces W’? with r > ‘51 + 2 are
obtained. It is further shown in [22] that every fully connected neural network (FNN)
can be realized by a downsampled DCNN with the same order of free parameters.
Inspired by this, we may expect that downsampled DCNNs can also make use of
special structures to improve rates of function approximation. In fact, it is true for
additive ridge functions [5] and radial functions [14].

All the above results for DNNs and CNNs present rates of type QN _5) for
approximating functions of smoothness index » > 0 on subsets of the Euclidian space
R? by neural networks with A free parameters. When d is large, the convergence is
rather slow. This is due to the isotropic nature of the function smoothness measured
with respect to all the variables.

The great success in practical applications dealing with data from spaces of
large dimensions d motivates us to expect faster convergence of deep learning algo-
rithms when the target function has some special structures involving the variables
X1, ..., xq. One such variable structure considered in [16] for DNNs is measured by
Korobov spaces defined below in terms of mixed derivatives.

The purpose of this paper is to show that DCNNSs perform excellently for approx-
imating in L? (1 < p < oo) functions from Korobov spaces involving mixed
derivatives of order 2.

In this paper, we use the ReLU activation function ¢ : R — R defined as

o (x) = max{0, x}, x eR.
For vectors, it acts componentwise.

Given a sequence a = (ag)iez supportedin {n1, ..., m} and another b = (by)rez
supported in {n,, ..., my}, the convolution of a and b is a sequence supported in
{n1+ny,...,m+my} given by (axb); = ZkeZ a; by = er{”inz a;_yby fori € Z.

Consider a sequence w = (wg)kez supported in {0, 1,...,s} and x = (xp)rez
supported in {1, 2, ..., D} with s, D € N. The convolution of w and x is a sequence
supported in {1, 2, ..., D 4 s}, which can be expressed alternatively with possibly
nonzero terms by [(w * x),-]l.';ﬁs = T“’[xi]igl, where

[wg O O O ... 0 0]
wp wo 0O 0...0 O
ws wWs—1 ... wo ... 0 0
0 wy ...w; "~ : 0

T" = [wi—jli=1,...04s, = ’ ‘ ()

j=1,...D T
0 ws ... wy wy
0 wy wi
L 0O ... 0 wy
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Here the (D + 5) x D Toeplitz matrix T¥ is called a convolutional matrix. In
DCNNe, this is the connection matrix between layers.
For notational simplicity, for a sequence a = (ax)kez, we use the notation [a]

to denote the vector [ay, ...,am]T € R™ "l in the rest of this paper (instead
of [ax]},)- We also say a sequence a = (ak),‘(’i_oo is represented by [a]) =
[a] LA ] am7n+]]T lf
_ Ak —n+1, ke{n7"‘7m}5
Gk = {O, otherwise. (1.2)

Now we state deep convolutional neural networks and Korobov spaces of func-
tions vanishing on the boundaries.

Definition 1 Let x = (xq,...,x4) € R4 be the input data vector, s, J € N, {dj}JJ.:1
given by dy = d,
dj:dj,1+s, jel{l,....J}
The DCNN {h) : R? — R‘l/‘}]’.zl wiﬂ_l widths {d,,'}]f.zl, filters w := {wU)}]f.:]
supported in {0, 1, ..., s} and biases {b() € R% }]J.:1 is defined by the following
composition
AP0 =Ajo...oAi(x), Jjefl,....J}, (1.3)

where for j = 1,...,J, A; : R%-1 — R% is a map given by
A;j) :a(Tw('/)v—b(j)), v e R4,

The classical DNNs have the same expression as (1.3) except that the connection
matrix 7% is replaced by ad; xd;_; full matrix. As we can see, the free parameters
in the connection matrix 7"’ come from the filters {wi};_o- While the number of
free parameters in the connection matrix is (d; 1 +s)d; 1 in a fully connected layer,

the number in the convolutional matrix 7%" is only s+ 1. This great reduction allows
DCNN s to have large depths.

For the deep CNNs of depth J, the hypothesis space is a set of functions defined
by

dy
HYP = 1> an’ @) ceRY (1.4)
k=1
el . d
For k € Z4, denote D* f = —3—L— with [|k|l; = Y k; and ||lk]|co = max k;.
0x " ...0x, j=1 1<j<d

For any r € Nand 1 < p < oo, the norm of a classical Sobolev space W7 ([0, 11%)
is defined as

ILf dy = max
WEPAOAID T =

o+ sl (1.5)

Definition 2 For | < p < oo, the Korobov space X%r(Jo0, l]d) consists of
functions f € L7 ([0, 11%) which vanish on the boundary of [0, 11 and satisfy

@ Springer



84 Page4of26 T.Mao, D.-X. Zhou

Dkf e LP([0, l]d) for any k € Zf‘f_ with |k|so < 2. The norm is given in terms of the

1/p
L2-nom | 11 = (flo, 1 1 £ @)IPdx) " by

ade
8x12 - 8x§

I fllzp = + 1S llp- (1.6)

p

Remark 1 The property of vanishing on the boundary satisfied by functions from the
Korobov space X 2.p (10, l]d) was required in the sparse grid method [1] for numer-
ical analysis to handle boundary elements. The DCNNs represented in terms of the
convolutional matrix (1.1) are ones with zero padding [24], meaning that we fill the
entries of x outside {1, ..., D} by 0. This corresponds to the condition of vanish-
ing on the boundary for the approximated functions from the Korobov space. In our
approximation analysis, we also need a function expansion (6.1) in terms of a basis
of hat functions which naturally vanish on the boundary.

2 Main results
The following theorem to be proved in Section 6 is our first main result. The theorem
gives rates for approximating functions from X>7([0, 1]¢) by deep convolutional

neural networks.

Theorem 1 Letd € N, 1 < p < oo and f be a function in XZ'P([O, l]d) that
satisfies || f|l2,p < 1. Forany N > 216 there exists a deep neural network of depth

168 5
I +2 (log, d) d*(logy N)N
T

constructed in Definition I associated with a filter sequence w = {w} le and a bias

sequence b = {bj}]J.:] such that

N Y (-1
inf{||f}”‘b —flly: P e H”f"} < ((log2 N)<3 5)@=n +1)N (>-3)
2.1
The number of free parameters of the CNN is bounded as
N < 13385d%(log, d)*(log, N)*N. (2.2)

What is nice about the bounds for the depth and number of free parameters is the
slow growth of their dependence on the data dimension d.

The following complexity analysis is an immediate consequence of Theorem 1
with ﬁ = % for p = oco. When approximating functions from X>°°([0, 1]¢),
DCNNSs perform as well as the DNN constructed in [16] (up to a multiplication by
llog €]).
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Corollary 1 Letrd € N, 1 < p < oo and f be a function in X*>? ([0, 11%) that
satisfies || f||2,p < 1. For any € > 0, there exists a DCNN of depth

_r _
J = O (6_2[7p_]|10g26|(2p—1+1)(d 1)+1)

constructed in Definition I associated with a filter sequence w = {w} ]]'=1 and a bias

sequence b = {bj}jl.:1 such that

. b b b
mf{ufj“ —fllp: P eny }56. 2.3)
The number of free parameters of the DCNN satisfies

N=0 <€_2"p"llog2 e|(251“)(”"““> .
Proof Choosing N = ’723(‘1_1)6_# |log, €| ﬁﬂ-l in Theorem 1, we know

—(3=L1) - -
273D jlog, €] (3-1)@ 1>|210g26|(3 L)@-n

=
< €.

L = £,

We also see that the depth can be bounded as

168
J < ( 1 +2) (log, d) d*(log, N)N

s —

= 5 —

168 __r _p _
< ( 1 + 2) (]0g2 d) d2(6d _ 3)23(d—1) |:E 217’71 |]0g26|(2p—1+1)(d 1)+1i| .

The number of free parameters can be bounded as

N < 13385d°(log, d)*(logy N)>N

IA

P —
1338542 (log, d)?(6d — 3)*23@=D [e‘zp’ﬂ llog, e|(21’*1 +1)w ””} .
This proves the desired bounds. O

Let us demonstrate the role of Korobov spaces in measuring smoothness by the
following example.

Example 1 Let g be a piecewise quadratic polynomial on R given by

x2, if x € [0, 11,
—2(x — H2+ 4, ifx € (3. 9,
= 2.4
SO=1 -, ifx e (3,1], @4
0, if x ¢ [0, 1].

Then g € C!(R) and g” exists almost everywhere as

2, ifxe© HUG D,
') =1 -4, ifx e (3, ),
0, ifx ¢ (—oc0,0)J,00).
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Hence g € X>*°([0,1]). For1 < p <ooand0 <t < %,

2, ifx e (—t,0),

—6.ifxe (-1,
" o ) O ifxe(3—1,3),
EgUHD=EM=1 5 ifxed—r1,

0, ifx e (—oo,—1)JO, 1 -1
UG. 2 -oUG. 1-nUJd, 00).
1 1 1 1
It follows that || " (- +1) — g”llLrr) =27 (2P +6P)Pt7.Then g € w25 P(R) and
g ¢ WHP(R) forany r > 2 + %
For d € N, we define f| and f> on [0, l]d by

d d
H@ =) gkp, L =]]exp,  xelo 11
j=1

j=1

We see that DX f; € LP([0, 11¢), D* f> € LP([0, 1]1%) for 1 < p < oo and |k|so < 2.
Hence fi, f>» € X>P([0, 11¢). However, fi ¢ WP ([0, 1]1%) and f> ¢ W"P ([0, 1]9)
forr > 2+ %.

3 Comparisons and discussion

Although there is a large classical literature on approximation by shallow networks
[9, 15, 17], the recent success of deep learning gives strong reasons to use deep
neural networks instead of shallow ones [4, 6, 12, 18, 19, 25]. The most important
reason is the curse of dimensionality: deep neural networks often break the curse
of dimensionality since they can make use of special structures or properties of the
function classes, while shallow neural networks usually cannot. Our result can be
regarded as evidence of breaking the curse of dimensionality in approximation by
deep neural networks. For functions from Holder spaces W"°°([0, l]d), it is known
that the optimal rate of approximation by neural networks is O(N ~1), where \ is
the number of free parameters. Then a rate O(N ~2) is possible only when r > 2d,
whereas for functions from the Korobov space X> ([0, 1]¢) the approximation rate
is O(N™2). As we can see from Example 1, the restriction on the smoothness of
functions from Korobov spaces is much weaker: Holder spaces require the essential
boundedness of all derivatives of order 2d:

d
DFf e L™®(0,119), Vk=(ki,..., ks) € Z satisfying ij <2d,
j=1

while the Korobov space X 2.20(10, l]d ) only requires that of

ade
2 2°
8x1 ...axd

@ Springer



Approximation of functions from Korobov spaces by deep convolutional neural networks Page 7 of 26 84

In the literature, theory of deep CNNs has been established for various problems. It
was shown in [21] functions with Fourier transform f satisfying fRd | f(w)] |a)2|da) <

oo can be approximated by CNNs of depth J in the rate O(J _%_5). Then it was
found that deep CNNs approximate optimally functions with some special structures,
such as ridge functions [5], radial functions, and functions with polynomial features
[14], which is much faster than FNNSs. In this paper, we consider a function class in
another perspective: the Korobov space defined by the regularity in terms of mixed
derivatives instead of some special composite structures or properties.

It was also shown in [22] that a downsampled DCNN with at most 8 times free
parameters can realize the same output of an FNN. However, when constructing deep
neural networks to approximate functions, the networks are often sparse, and it is
often possible that the neurons share common weights in most of the layers [16, 20]
(which is called parameter sharing in [8]). From our construction, we can see that
in some cases DCNNs do not need to be designed with specified sparsity. They can
automatically make use of the sparsity and reduce the number of free parameters
remarkably. One reason for this phenomenon is that DCNNSs benefit from the orderli-
ness of DNNSs to carry out the sparsity. Another reason is that convolutions naturally
share weights, so we do not need to treat each layer as a fully connected one and
produce a large number of weights.

More work can be done about DCNNs to see how they make use of different
structures. Since the work [2] relies heavily on locally Taylor polynomials, one may
expect DCNNSs to also perform efficiently for learning spatially sparse functions.

4 Two basic blocks of CNNs

In this section, we construct two groups of deep CNNs, which represent two basic
blocks in the construction of wa’b. Throughout the paper, we use notations a; =
[a,...,aloray =[a,...,a]T for vectors of k identical components a € R.

Before introducing these deep CNNs, we specify the following fact: zeros at
the beginning or end will make no difference to the result of the convolution.
Mathematically, let &, B be sequences supported in {1, ...,/1} and {0, ..., >}, and

a= (“k*m)kez’ b= (ﬂk*"Z)keZ

withny,ny € Z4. Then with L =1; + I +ny +ny +my + mp formy,my € Z4,
there holds

[a * b]]L = [Onl-H’lzv (C{ * ﬁ)lv R (C( * ﬁ)ll-‘rlzs 0m1+m2]~ (41)

This reflects the shift-invariance of convolutions, which is believed to ensure the
super efficiency of DCNNs.

4.1 Representing shallow networks by DCNNs

The following lemma was proved in [21]. We apply (4.1) and give the following
version for convenience.
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Lemmal Lets,m,n € Nand M > 0. For any sequence W supported in {0, ..., n},
B supported in {1, ..., m + n}, there exist J < L”Tl , filters w = {w(j)}j!zl, each
supported in {0, 1, ..., s}, and biases b = {b')) € R }JJ.:l with b)) of the form
0 — W) ()N )! ()R )) ()T -
bV =1[by",....b by, ..., bs ’bdj—s+2""’bdj] , j=1,...,J—1,
d_/'—ZS
4.2)
such that
Wo
Js
[wu) . w(f)] — :
0 W,
OJs—n

and for any input
T
=002, 00, ] € (=m, Mt

the last layer of the deep CNN with filters w and biases b is
(3
W@ =a || lzxW—BI""" | ], (4.3)
0L2+Jsfn

where 7 is the sequence supported and identical to Z on {1, ..., m}.
The number of free parameters in this network is bounded by

As+1)J+Li+ L+ m. 4.4
4.2 Approximating quadratic polynomials by DCNNs

Definition 3 Let #, L € N. The hat function and its iterations, tooth functions, are
defined as

S(x) =20(x) — 4o (x — %) +20(x — 1),

Su(x) =So0-08(x), x e RE.
u folds
We denote
T, =27"S,
and the sum of tooth functions as

Ry(x) = T;(x).
j=1

For convenience, we also define
To(x) = x, Ro(x) =0,.

Using the functions above, Yarotsky [20] proved that the univariable quadratic
polynomial f(x) = x? with L = 1 can be approximated with accuracy 2~ for V
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N by a deep fully connected network with O(V) layers and O(V) free parameters.
The following lemma shows that this process can be replaced by a deep CNN with
O(V) layers and O(V?) free parameters.

Lemma 2 Let Ly, L, L, € N. For any V € N there exists a deep CNN {h(j) :
RL+L+Ly ]Rdf};.(:l such that for any input y = [0z, y",0,]" € [0,1]
Li+L+Lla the last layer is

T
HEOG) =00, 7 00,57 = RyG)T 0] (4.5)

where y = [y1, ..., yL]T, the zero vectors are set consistent, and K is bounded as

g < VIS

s —

+3V +2. (4.6)

Furthermore, only 3V 42 bias vectors do not satisfy the restriction (4.2). The number
of free parameters in this network is bounded in terms of dimension dim ()7) =L+
Li+ Ly ofy by

N =6V +10)(7V + 15 L + 3V +2)(3V + 5)s + 3V 4+ 2)dim (§).  (4.7)

The proof of this lemma is given in Appendix.

In many cases, when [20, Proposition 2] or its method can be applied, Lemma 2
also works. As an example, we can use Lemma 2 to prove DCNNs (without down-

samplings) of depth J can approximate almost optimally (up to a logarithmic term)
functions from the Sobolev space W with rate O (J /¢ (log J)?).

5 Constructing deep CNNs for approximation

In this section, we introduce the standard nodal point basis of the Korobov space [1]
to deduce our approximation scheme. This basis consists of functions of the form

d
1_[1 ¢i;.1;(x;), where {¢;, s} are hat functions.
j:

To realize such a basis function by deep CNNs, we first use O(N) convolutional
layers to construct univariable basis functions, then we introduce O(N log N) lay-

d
ers to compute the approximations of the products [] ¢; j.1;(xj). Finally, a linear

j=1
combination gives an approximation of f, which gives our construction.

5.1 Generating univariable basis functions by deep CNNs

We first introduce a standard basis in [1]. Let i, I, n € N and

— x|, if x € [-1,1],
, otherwise.

p0x) = {(1)
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Define

@Aﬂ=¢<x;”j, l<i<?2l—1,
l

where h; = 2~ and X1 =1ihy.

| 1|---
{1
¢ 3
-1 1 1 1
2
(a) (b)
$21 D23 3.1 3.7
1E=7- - 1Fr 1
2,
11 3 1 11 1 71
i 2 13 84 2 3
(© (d)

Figure (a) for ¢, Figures (b), (c), (d) for ¢y ;.
Foranyi, I N4, let 2! .= (211, e, 2’6’) e N4,
d
I =[] {13,5,....20i -1}
j=1
be the set of integer vectors with positive odd entries, and

d
¢1i(x) := H¢1_,,i_,(xj), i=(1,....0) €1y

j=1
Now we choose n = ny :=max{n’ € N: 3 #I; < N} for N € N where
[}y <n'+d—1
#1; denotes the number of elements of the set I;. By [1, Lemma 3.6], n satisfies
I N <n<logy, N 5.1
0 —_— n<lo . .
Z gy W77 =" =78

For notational simplicity, let

N' =N, :=#{ri(x): lh <n+d—1, i€l
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then 21> < N/2 < N’ < N. We also denote a bijection
wi{l,.. . Ny > {¢ri(x): |l <n+d—1,1i¢€l}.

For each k € {1, ..., N’'}, we also use a notation w(k); to denote the index (I;,i;),
where (I, i) is the image (k).
We first construct the univariable hat functions

{pri;(xj): Mh<n+d—-1,iel;, 1 <j<d}

by deep CNN:ss.
Now we introduce the first group of deep CNN layers. Let P = |_10g2 d-| eN,

then 21 < d < 2%, Set
bijiy(xj) =1, Vil <n+d—1,iel;, d+1<j<2?,
then

2P
¢ri() =[x, Vxelo, 1%
j=1
Notice that for 1 < j <d,

Xj — Xl,i; Xlii; —Xj
$1;.i;(xj) =0 (1 —0 (T”) -0 (#)) )

For each [ satisfying |I| <n +d — 1 and i € I;, we take 4 vectors in R42" 45

Wo.rin [ Wourin
Wo.ri = : , Wori = : ;
Wo,1.i,27 [ Wo.1,i 20
Bo1,i1 [ Boui
Boii = : , Boyi= :
By 1i2p L Bogior
where for j = 1,...,d,
04— | 04—
Woii,j = ﬁ ; Wo,l,i,j = _ﬁ ,
Oj_1 i Oj—l
and
|:2n+d1d_1' R |:2n+d1d_li|
Boui,j = i s Bogiy=| _*iuo |,
h]]. h//.
while for j =d + 1, ..., 2", the vectors are 0.

Now wetake L1 = Lo, =0, m =d, M = 1, W be represented by
2d2P N'—1 T T T &T T
(Wl =Wo.uy -+ Wouvys Wouys -+ Wo w1

B by

242P N'+d—1 _ [ pT T AT AT T
[B] = [BO,/A(I)’ e, BO#(N,), BO,M(I)’ BO,#(N,), 0411
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. . . Py/_ .
and z = x according to Lemma 1, we know that there exist Jy < ’72‘127#—‘, filters

N
{w(j)};oz1 and biases {b(j)}/Jp:l satisfying (4.2) such that

2d2P N'+d—1
R (x) = o [z W — B]; +
010s+1—2d2PN/
T

= I:HO,M(]), ceey HO,}.L(N/)a H()’M(]), ey HO,[L(N/)7 0.]03+d72(12PN/:| 5
5.2)
where Hy ;) = Ho,,; is given by means of the bijection u as

T _[yr T T AT _ [T AT AT
Hy,;; = |:H0,l,i,l’ Hy 10 ~~~»Ho,1,,~,2P]’ Hy,;; = [HO,l,i,l’ Hypinneoos Ho,l,i,zP]7

with
01,0 [ 2ok ' ifl<j<d
HO,l,i,j — d—1> hlj ) =] =4a,
07, ifd+1<j=<2P,
- 0 o (i=Y ' ifl<ji<d
HO,l,i,j — d—1, hlj 5 =] =4da,
07, ifd+1<j<2"

The number of free parameters from the input layer x to the Jyp-th layer is bounded
by (4.4) as

N < @s+1DJyg+d <1842 N +d +4s — 8. (5.3)
The explicit expressions of Hy; ;j and Hoy.i. ;j follow from direct computations,
using the facts |x;/hy;| < 2! <29 ~Vand o(t) = 0 for t < 0. This gives the first
group of Jy layers.

For the second group of convolutional layers, we take Ly = 0, m =
2d2PN', Ly = Jo(s —2) +d — 2d2P N’, M = 297"~1 W be represented by
[WIEN = [~ 1,000y —117,
B by
[BRZ™N = 10400y =120 51, 02 i1

and

R R T
= [Ho,u(l), ooy Ho vy, Hopu(tys - - HO,u(N/)] )

. . . . PN -
in compliance with Lemma 1, and know that there exist J; < Jo + {dz 11\/ —‘ filters

§—

{w(j)}]J.IZJ(H_1 and biases {b(j)}jj.lzjo+1 satisfying (4.2) such that

h(Jl)(x) =0 <|: [W * n(lo)(x) _ B]?dz N’ :|)

0 sta—3a2P N’ (5.4)

_ T
= [0z n7s Hipu(1ys -+ Hiu(nys 05y 54d—2a0P N1
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where each Hy ;; € [0, 114 <" and the Jjd-th component satisfies

o <_g (%) _ <’“/h]7—*x> +1> =¢(x)), if 1 <j<d,
(Hl,l,i)jd: 1 1 Joli

1= 1y, (x)), ifd+1<j<2P.
Using (4.4), we see that the number of free parameters for this second group of
J1 — Jo convolutional layers is bounded by

No < (4s + 1)(J1 — Jo) + Jos +d < 13d2° N’ +d + 55 — 1. (5.5)
5.2 Approximating products exponentially by deep CNNs

In this subsection, we use Lemma 2 to construct next groups of convolutional layers
by induction to realize an approximation x of the product function (¢1, tp) > tit>

satisfying | X (11, 12) — o] = O (2%,)

Definition 4 Let X = X(U) be amap x : R?> — R defined by

~ ) x+y 1. 1.
x(x,y) = (id = Ry) <T) 7 (id — Ry) (x) — 1 (id— Ry) (y), (5.6

where id is the identity function, and
U=[3+log,d+2log, N']. 3.7

For vectors x, y with equal dimension, X acts componentwise.

Foranyk € {I,...,N'}andr € {1,...,2P},define

Ak, 1,13 x) = Qu, (xr) = @, (X)),

where (I,i) = (Iy,...,14,1i1,...,iq) is the image (k).

ForQe{2,...,P+1}andr € {1,...,2°P~ 2%} define

Ak, Q,r;x) = X (A(k, Q,2r — 1;x), Ak, Q,2r; X)) .

Now we are ready to construct CNNs realizing the approximate products
A (k, Q,r; x) by inductionon Q = 2,3, ..., P based on the hat functions ¢, ;, (x)
with O = 1. Suppose that for some Q < P, we have

Jo) T _ 0T T T T
W@ =107 H ity Hp iy 07 1 (5.8)

yvhere Lo Ly € Zy4,each Hy ) € [0, 1192" andits d x 22! x r-th component
is

(Houm)axae-1xr = Ak, Q,r3 2, r=1,2,..., 2 ¢
We show how to construct the convolutional layers for realizing the approximate
products for Q + 1. First applying Lemma 1 to Ly = Lg, m = d2PN', L, =
L/Q, M = 1, W represented by

P/ 0-1 1 1
[W]g2 N5 — 1, 000N —1> ok 0 00-1_1, E]T,
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B by
2d2P N'+d22~!
[B]; = [02027 7 2q20-1]
and
v T T T
= [HQ,ua)v ""HQ,;L(N’)] ’

. Py 0-1 J J,
we know there exist Jo41,1 < JQ+|V%-‘ {w (J)} QH] and {p()} %}' 1+1
such that

0.,
h(JQH’l)()C) — 0 [z%W — B]ZdZPN +d20-1

OLQ+(JQ+1’17.]Q)A*(2d2PN/+d2Q_])

T 3T
Hy vy Ho pays -+

 H

T
T T T
[OLQ’HQ-,M(l)"'.’ Q/L(N/)’O Q+ll] ’

where Ly, | = Ly + (Jor1.1 — Jo) s — 2d2PN', Ho, u) € 10, 219%2" and for
re{l,...,2P=2) the d x 22=! x 2r-th component of HQ w(k) is the half sum
(HQ,u(k))dsz t2r T (HQ, ) ax20-1x (2r—1y glven by

A 1
(Ho ) axa0-1x2r = 5 (Ak, Q. 2r: ) + Alk, Q. 2r — 1 ).

Again by (4.4), the number of free parameters for these Jo1,1 — Jo convolutional
layers is bounded in terms of the width dim (~/9)(x)) by

N3(Q = (s + DUgi11 — Jg) +dim (A0 (x))
< 92PN’ + 42271 4 dim (h(JQ)(x)> s 41 (5.9)

Then we take Ly = Lo, L = 2d2FP N, Ly = LQ_‘_1 » V = U in Lemma 2,
and we can see there exist Ly = Ly (Q), Ly = L, (Q) € Zy, {w}: Joi12 | and

Jj=Ko+
{b<J>}’Q+‘2 ., such that

- .
hte12) (x) = Hy iy Houvys O1aaor v

T T
[ 0y, Ho ytys -+ Ho vy
. T . T
(Gd — Ry) (Hg.u1)))" ..., ((d = Ry) (Ho uv)

(G0~ Ro) (g uan) ... (d— Ro) (o) oL/U}T,

where »
2(7U 4+ 15)d2" N’
Jo+12—Jo+1,1 = ( s—)l +3U +2
and the number of free parameters of these convolutional layers is bounded by (4.7)
as

N4(Q) < 2(6U + 10)(7U 4 15)d2P N’ + 3U 4+ 2)3U + 5)s + 3U + 2)dim (hV2) (x)) .
(5.10)
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Finally, another application of Lemma 1 with L; = Ly(Q), m =
18d2P° N, L, = L;,(Q), M =1, W represented by

P i 1n0—1 1 1
(W1 N+ = (1,000 gy, == 0g0-1_y, =17,
4 4
B by
19427 N'4-d22-! T
(B - = [217027 N7+ O2a2P N1 y20-1]7
and
Yy T T 3T 2
°= [ Hy iy By uvy Ho oy -+ Honavys Ovagor v
. T . T
(Gd — Ry) (Hg,u(1)))" ..., ((d — Ry) (Hg uv) "
. T . . T
(Gd = Ro) (Hguan) -+ (Gd = Ru) (Hg.uar) }
tells us that th ist Joy1 < J 2’ N'42071 (e d
ells us that there exist Jo41 < Jot12 + | “—— |, {w }j:JQ+l,2+1 an
(e
{b }j:JQ+1,z+1 such that
0.,
he)(x) = o 2% W — BJd2" N +a22"!
OL/U+(JQ+17JQ+1<2)X7d2PN’72Q_]
B [OL”+16d2PN’+"2PN” Ho i1y Hopn vy O+ (ow~ g 2)s
(5.11)

where Hpy1,,k) € [0, 1]dX2P and by direct computation the d x 22~! x 2r-th
component of Ho41, (k) is

(= Ro) (o) o1, = (0= RO (Ho00) 012
— ((d = Ru) (Ho.uk)) gz0-1 x(2r—1)
L (id - Ry) (% (Ak, Q,2r; %) + Ak, 0,2 — 1 x)))

— 1 [Gd — Rp) (Ak, Q,2r; )] — 1 [(id — Rp) (Ak, Q,2r — 15 x))]
= X (A, Q,2r; x), Ak, Q,2r — 1; x))
= Ak, Q+1,r;x).

The number of free parameters of these layers is bounded by

N5(Q) < (4s + D(Jg41 — Jo41,2) + dim (hVe+12)(x))
< 9(d2PN' +d29271) 4 dim (hVe+12) (x)) + 4s + 1.

(5.12)

Hence h/o+V) satisfies (5.8) with Q replaced by Q+1, Lo4+1 = Ly (Q)+16d2P N'+
d2P N’ and L/Q—H = Li(q) + (JQ+1 - JQ+1,2) s. This completes the induction
procedure. The final step of the procedure with Q + 1 = P + 1 gives

J T T T T r
h( P+1)(_x) :[OLP+1’HP"rl,ll«(l)’”"HP“FLM(N/)’ 0L/P+1]’ (513)

where for each j(k), the d2°-th component of Hp1, k) 18
(HP+1’M(k))d2P =Ak, P+1,1;x).
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Let J = Jp,1, and ¢ € R% be the vector given by

0251+ 0427 1 V1) O 12 V@) -+ O 1 Vvr—1)s Oz 1 Ve O, 17
where
d 2d
9
=/ [T (=200 000) a—faz(x)dx. (5.14)
0,11 5
Then
dy N’
70 =30 =Y vug Ak, P +1,1: x) (5.15)
j = k=1

is the desired output function constructed by our deep CNN network.
5.3 Complexity analysis

We analyze the complexity of our CNN network by counting its depth and number
of free parameters. The depth is bounded as

J = Jo+ (J1 = Jo) + Z [(-IQ+1 —Jo+12) + Jot+12 — Jo+1,1) + (Jo41,1 — JQ)]

7””“"”4%12%/ + GU +4)P +2.

IA

By means of the fact that P < 1+ log, d and U < 3log, N’, we have

168
J < ( Ct 2) (log, d) d*(log, N)N.
S —_—

Given the upper bound of the depth J, for any j < J, the width of the layer 2/ (x)
can be bounded as

, 168
dim (h(f>(x)) <d+Js < (—1 + 2) (log, d) d>(logy N)Ns +d.
5§ —
The total number of free parameters in our network can be bounded as

»
N =N+ Mo+ Y [N3(Q) + Na(Q) + N5(Q)] + dim () (x))
0=1

[2(6U + 10)(7U + 15)P + 18P + 32]1d2P N’ + [3U +2)(3U + 5)P +4P +9]s
+[BU +4)P + 11dim (A (x)) + P — 9.

IA

Since N > 2'®, we have N’ > 213, using the previous upper bounds and the fact that
s < d we can conclude

N < 13385d%(log, d)*(log, N)*N. (5.16)
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6 Estimating the approximation error

Now we carry out our error estimates. Take an intermediate function fn(l) defined on

[0, 114 by
V=3 > vid 6.1)
1 <n+d—1i€l;
The basis of hat functions provides nice bounds [1] for the error term || f,,(l) - fllp

when f is from the Korobov space X 2.p ([O, l]d). Then we make use of the so-
called 0-in-0-out property of the map x applied in [16] in the case p = oo to bound

1 b
1A = P,

Proof of Theorem 1 A series expansion of f € W>? ([0, 1]") in terms of the basis
{qbl’,-} found in [1] (3.19) and (3.24) provides an expansion of the error function

f—fVin LP as
F=10= 3 D i 6.2)

1 >n+d—1iel;

Observe that supp(¢y ;) (| supp(¢; ;) = @ for i # i’. We first estimate in the case
p = 00. By (6.1),

A

_ D max|vy | < 9=2kpd—1 < o y 9=2np,d-1
n lloo = ] il = =
1) >n+d—1 i€l k>n+d—1

(log, N)S(d_l) N2,

IA

(6.3)
where the second inequation follows from [1, Lemma 3.3].
It remains to estimate the distance between fjw’b and fn( D We claim that for Qe

{1,..., P+ 1}, the functions {A(k, Q. r; )}2 %" satisfy

290-1yp 2Q—1
. . — d
Ak Qo= [T uw, 6| = s xel0 1),
j=22-Tx(r—1)+1
201y
Ak, Q,r; x) = 0 whenever I ¢M(k)j (xj) = 0,and Ak, Q,r;x) €

J=22"Ix(r—1)+1
[0, 1] for all x € [0, 179
We prove our claim by induction. The case Q = 1 is trivial since

Ak, 1,73 ) = ), (xr), r=1,...,2°

Suppose that the claim is true for some Q € {1, ..., P}. Consider A(k, Q + 1,r; x)
with some r € {1, ..., 2P~2}. By our construction,

Ak, Q,r;x) = X (Ak, Q,2r — 1; x), Ak, Q,2r; x)).

A direct computation shows that, on the domain [0, 1], the function id — Ry is
exactly the linear interpolation of the univariable quadratic polynomial 72 at the points
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2U
{(2% (2%)2) }k 0 (see also [20]). Then for any #;, #; € [0, 1], there holds

X(t,0) =0 iftjrn =0 (6.4)
and

| X (11, 12) — 1112
[Gid = Ry) (152) = (4527 + 31(Gd = Ro) (1) = 17| + 31(id = Ry) (12) = 13]

=
S RN S S o B
= 20 T 130 T 430 = 344N7-

Hence for any x € [0, 119,

29x%r
Ak, Q+1,r;x) — [1 Puiwy; (x;)
J=22x(r—1)+1
< |X (A, Q,2r;x), Ak, Q,2r — 1;x)) — Ak, Q,2r; x) x Ak, Q,2r—1; x)
20— 1x2r
+|Ak, Q,2r; x)A(k, Q,2r — 11 x) — [1 i (x)
j=22-1x(2r—2)+1
1 2011 _ 20
S v P2} Ty = e
20x%r 20-1x(2r—1)
Furthermore, if I1 Guky; (x;) = 0, then I Buwr); (xj) =
J=22x(r—1)+1 j=22-1x(2r—2)+1
20-1x0r
0 or I ®uw);(xj) = 0. By the induction hypothesis, this implies

j=20"1x@2r—1)+1
Ak, Q,2r; x)A(k, Q,2r — 1; x) vanishes and thereby

Ak, O+ 1,r;x) = X (Ak, Q,2r;x), Ak, Q,2r — 1;x)) = 0.

Finally, it is easy to verify A(k, Q + 1,r;x) € [0, 1], hence we complete the
induction and verify our claim. From the proved claim, we know that

,
- P11
Ak, P+1,1;x) —j]:[l¢ﬂ<k),.<x,~> < o<W

and supp (A(k, P + 1, 1; -)) < supp(Puk))-
Since supp(¢;) [ supp(¢y ;7)) = 9, we have

1

- 69

1 1 &
(1) _ Wb < o< 2—2kkd—1 <
FACIE <x>|_—NQIENdrigzng,A_—Nz k§ 1: <
c =

Together with (6.3), f}v’b is a function constructed by a deep neural networks which
satisfies

1/ = 17" loe = ((logy M)V 4 1) N2, (6.6)

This completes the estimate in the case p = oc.
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Then, we turn to the case 1 < p < oo. Notice that

ade

ax2 ... 9x2 =1
1 d P

I fll2.p =

By (6.2) we have

=P Y D] viagia

1 >n+d—1 |iel;

p
Since supp(¢z,;) () supp(¢; ;1) = @ fori # i’, we have
p
Jone| 2 “i,l‘ﬁj,l‘ dx = 3 Juppigr | 2 Viddi
Jel; iel; Jel;

- Z fsupp(dn,') |vi6ia|" dx
ielp '

2 )\ o
< (53) 27 S,

iEIl

where the last inequation is a consequence of [1, Lemma 3.1].

dx

By the explicit expression (5.14) for the expansion coefficients {v;;} and

[1, Lemma 3.1], for any I € N andi € I;, we have

_ _ 32d _ _ 9
Juril = 270 g e 14 () 5= x| < 27yl | 55—
-
< p-Mh-d (q%)‘f 27
where ¢ is the dual number of p givenby g = - if p> landg = oc0if p=1.
Therefore,
)y 2 )5y mdzif’l—&p%
viidig| = (—) 27 |:2_ = (—) 2 ‘1:|
iel; ) Pl tGIl g+l 6.7)
2 Vi (2 \i oo lhi(1+d) = _ —(2=5)m
= (71)" (7%1)"2 =207
and

T LI SR o) LI S ) P

A

|1 >n+d—1 k>n+d—1

<2x 27(27%>”nd*1 < (log, N)(L%)(CFI) N7<27%).

On the other hand,

1
1 b 1 b
1D = 17" < 150 = 17 oo < 5

Hence

1= 171 < (o )02 ) v C70),

This verifies the desired error bound (2.1).
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The bounds for J and N were proved in Section 5.3 . The proof of Theorem 1 is
complete. O

Appendix: Proof of Lemma 2

In this appendix, we prove Lemma 2.

Proof of Lemma 2 'We show how the iterations of tooth functions can be realized by
DCNN .

For the Ist step, we take in Lemma 1 that Ly = Li,m =L, Ly =Ly, M =1, W
represented by

(WISE = 11,0421, 1,05.1",

B by [B]EI;L = 0gz, and Z = y. Then we conclude there exist filters {w(j)}fil and
biases {bU)}fO1 satisfying (4.2) such that

0., ,
BEOG) = | [zx WIE | = {0057 052,37, 032,05 |
0,

where Ky < IVJ_—LI-‘ andng = Ly + Kos — 7L.

For the u + 1-th step, we assume the K,-th layer has the form
BEOG) = 004,97 0. T 0o, R0, ] 61)

Notice /K0) already has this form (see Definition 3).
Now following from Lemma 1 by letting Ly = Ly,, m = 8L, Lo = Ly,
M =1, W represented by

W13k =12,0,_1,4,0,1,2]",

B by

(B = (o, 031, (2741) 42,017,

and

2= 7 00, T 02, R |
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. o Ky . Ky e
we find there exist filters {w(/)} iz?llbrl and biases {b\/)} iz?llbrl satisfying the
restriction (4.2) such that ’ ’

i OLl.u
h K1) (5) = o [z%W — B]%OL
:0L2,u+(K_u+l‘l—_Ku)S—2L _
OLLu Ly . _
2y 4, 0L,
4y 4. 027,
2y 0L 2y
OL 0L 0L
N N YOO B _ | 2@
AT (y) (271, 2740 (4S5 (y) = 20) |
27, (y) (2-u+1), 270 (28,(y) — 21)
2Ry () 4, 027,
4R, (y) 4. 2Ry (y)
2R, (y) 0r | Onu+1,1 _l
L 0”u+l,1 _ L Onqul,l _

wheren, 111 = Loy + (Ku+1,1 — Ku) s —2L and the number of layers K, 1.1 — K,
is bounded by ’12_—%-‘

Again, appealing Lemma 1 by letting Ly = Ly, +2L, m = 8L, Ly = ny41,1,
M = 2, W represented by

(W1 =11,0,-1, —1,0,_1, 117,

B by

(B =[02,45., 07,45, 0., 42,17,
and

Z= [ 2y",00, 270 28, (), 27 0 (4Su(y) — 20)7,

270 (28u(y) = 207, 02r, 2Ru(y)T}
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Kut12

3 i Ku . .
j=Kyq1+10 Diases (b} +"i| |41 satisfying the

we find there exist filters {w(/)} Pty

restriction (4.2) such that

0L, ,+2L
A1) (5) = o [z+ W — B]}°L
0”14+],]+(KL(+1‘27KM+L])572L

i 0, ,+2L T [ O0rp,+2L 7]
2y 0,
=2y 4,
2y + 2740 (285,(y)) 4;
2740 (28,(y)) + 270 (48, (¥) — 2L) 4,
— 270 (28,(y)) =270 (48, (y) = 2L) + 270 28, () —2L) | _ 0,
- 2740 (48, (y) —21) — 2740 (28, (y) — 2L1) 4,
270 (28, (y) —2L) 4,
2Ru (y) 0L
2R, (y) 4,
2R, (y) 4;
- onu+l,2 . L 0”u+l’2 _

T
= [0r,,420.2y7. 032, 2T 1 (N7, 02, 2R ()T, O,y p 422

where ny412 = nus1,1 + (Kus1,2 — Kug1,1)s — 2L and the number of layers
K,+1,2 — Ky+1,1 1s bounded by {%-I

Again we can deduce from putting L1 = Ly, +2L, m =8L, Ly = ny112+2L,
M = 2, W represented by

1 1
W3L=—,0 _’_T7
(W1 [2 3L—1 2]
B by

[BI}'E = [032, 12, 061, 1217,
and

T
=27 050, 2T ()T, 02, 2R () |
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. — ¢ . Ky, .
in Lemma 1 that there exist filters {w(/)}ji}—(l:;i—l,l - biases {b(/)}j:}gi“ 41 satisfy-
ing the restriction (4.2) such that

[ 0L, ,+21
h K13 (y) = o [zx W — B]j'L
L 0nu+|,2+(Ku+1,3—Kui-|,2)S:3L _
0L, ,+2L 0r,,+2L
y 0,
02r 02r
y 1z
Y Tuv1(y) B 0
02r 021
Ry(y) + Ty+1() 0,
02 02r
Ry (y) 1.
Onu+1.3 _ L 0”u+1.3 .

- T
= [OLLM—I—sz yT’ 03L1 Tu+1 (y)Ta 02L7 Ru—‘rl ()’)T, Onu+1t3+3L] s
where n,413 = ny412 + (Ku+1,3 — Ku+1,2)s — 3L and the number of layers
Kut13 — Kut1.2 is bounded by [ffﬂ

Let Ky+1 = Ku+13, Liu+1 = L1y + 2L and Ly 41 = ny41,3 + 3L. This is
exactly the form (6.1). By repeating this process V times, from the input y we obtain

T
hEV) () = [OLLV, ¥y, 05, Ty ()T, 001, Ry(M)T, 0L2_V]

To realize (4.5), we only need to construct y — Ry (y) by a deep CNN. Applying
LemmaltoL; =Ly, m=8L, Ly =Ly, M =1, W represented by

WL = 11,011, —1,07,_1, 117,
B by

[BI{%F = [047, 12, 010z, 1217,
and

T
= [yT, 032, Ty (»)", 02, Rv(y)T] ,
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we see that there exist filters {w(j)}f:KV e

restriction (4.2) such that

biases {b(/‘)};(:KVJrl satisfying the

OLl,V
By = o [z % W — B]I6L
L 0L2,v+(K—K_V+1)S:8L
0L|,v 0L|,V
y 0,
-y 0,
02r 02r
Ty (y) 1.
Y “Tv(y) | _| O
0, 0,
Ry (y) 0,
Yy —Ry(y) 0,
Osr O6r
Ry (y) 1,
0ny i L 0”V+1 i

- T
= [0L1_V’ yT907L7 yT_RV(y)T’07L10n\/+1] )

whereny 1 = Ly v+ (K — Ky) s —8L and the number of layers K — Ky is bounded
by (%ﬂ This is exactly (4.5) with Ly = L.y and L/, = ny_.

We finally count the depth K and the number of free parameters A/. At the first
step, Ko < IV:TL1-|+1. Atthe u+1-thstep, K, 1,1 — K, < {i—Ll], Kyt12—Kys11 <

’Vf_—Ll_‘, Kutv13—Kut12 < {f_—Ll-‘ At the last step, K — Ky < ’18_—1“1-‘ Therefore,

o QVHISL

< +3V 4+ 2.
s—1

The dimension of each bias »/) are bounded by dim(h/)) < dx < L+ Ks. Then the
number of free parameters in these biases b Ko pE) pKupr1) | pKut12) | p(Kut1.3)
u=1,..., psatisfies:

Ne < 3V +2)[dim (§) + Ks].
Together with the number of free parameters in the other layers, we have

Ny < BV +2)[dim (§) + Ks] + 3Ks
< (6V +10)(7V + 15)L + BV +2)(V +5)s + (3V +2)dim ().

This completes the proof of Lemma 2. O
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