Adv Comput Math (2022) 48:45
https://doi.org/10.1007/510444-022-09958-y

®

Check for
updates

Design and analysis of the Extended Hybrid
High-Order method for the Poisson problem

Liam Yemm'

Received: 5 August 2021 / Accepted: 10 May 2022/ Published online: 2 July 2022
© The Author(s) 2022

Abstract

We propose an Extended Hybrid High-Order scheme for the Poisson problem with
solution possessing weak singularities. Some general assumptions are stated on the
nature of this singularity and the remaining part of the solution. The method is formu-
lated by enriching the local polynomial spaces with appropriate singular functions.
Via a detailed error analysis, the method is shown to converge optimally in both dis-
crete and continuous energy norms. Some tests are conducted in two dimensions for
singularities arising from irregular geometries in the domain. The numerical simula-
tions illustrate the established error estimates, and show the method to be a significant
improvement over a standard Hybrid High-Order method.

Keywords Hybrid High-Order methods - Enriched scheme - Error analysis -
Singular solution - Polytopal meshes
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1 Introduction

This century has seen a growing interest in so-called polytopal methods for the dis-
cretisation of elliptic problems. These methods extend the classical finite element
method to generic polytopal grids. A short list of such methods includes discon-
tinuous Galerkin and hybridisable discontinuous Galerkin methods [13, 16, 21],
multi-point flux approximation finite volume methods [1], hybrid mimetic mixed
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methods [27], virtual element methods [3, 7, 12, 14], weak Galerkin methods [32],
and polytopal finite elements [33]. The Hybrid High-Order (HHO) method is a recent
addition to these techniques, and also benefits from being of arbitrary order and
dimension independent. Additionally, HHO methods allow for static condensation
of the system matrix, and depend on polynomial reconstructions which account for
the physics of the problem. For a comprehensive discussion of the method and its
applications, we refer the interested reader to the monograph [19].

Hybrid High-Order methods have been used to model diffusion and diffusion-
advection-reaction equations [22, 23], elasticity problems [10, 20], Leray Lions and
p-Laplace equations [17, 19], and the Stokes and Navier-Stokes equations [11, 19,
24]. The method has also been shown to be robust on highly irregular grids consist-
ing of elements with arbitrarily many small faces [26] and on skewed meshes such
that each element possesses a linear map to an an isotropic element [25]. All of these
schemes, however, rely on error estimates which assume certain regularity of the
exact solution. This is typical of high-order approximations which require high-order
regularity to obtain optimal approximation rates. On non-smooth domains (such as
regions with non-convex corners or those possessing cracks), it is expected that the
exact solution to elliptic problems will contain weak singularities [28]. This lack of
regularity is well documented in the finite element literature and is typically over-
come through enriched approximations based on the partition of unity method [6, 30].
The extended finite element method [8, 31] is one such method, originally designed
to handle discontinuities in crack growth models. In particular, by enriching the local
spaces with basis functions that are discontinuous across the crack, the method allows
for optimal approximation without the need for mesh refinement near the discontinu-
ity. A similar approach was taken for polygonal finite elements [34]. More recently,
an enriched virtual element method for the Poisson problem was designed in [9];
however, no estimates of the error were given. Following this work, the same authors
have proposed in [9] an enriched VEM for a linear elasticity fracture problem. The
Hybrid High-Order method is closely linked (cf. [19, Section 5.5]) to the noncon-
forming virtual element method (NCVEM) [5]. The recent article [4] designs an
enriched NCVEM for harmonic singularities arising from irregular domains in two
dimensions. Moreover, the enriched NCVEM is capable of handling highly irregu-
lar harmonic singularities, including those arising from cracked domains. While the
assumptions we make in Assumption 2 do not cover cracked domains, the method
presented here is robust for all other boundary singularities and has the particular
advantage of not requiring the singular functions to be harmonic. This can be particu-
larly useful if the irregularity of the problem is due to singularities in the source term,
and not due to non-smooth domains. We also note that the analysis carried out in
this paper does not require that inverse inequalities hold for the enriched polynomial
spaces.

In this paper, we propose an Extended Hybrid High-Order (XHHO) method for
the Poisson problem. The work is presented dimension independent, and capable
of handling arbitrary singular functions satisfying Assumption 2. Specifically, we
assume the exact solution consists of a ‘weakly singular’ part lying in a finite dimen-
sional singular space. The local polynomial spaces on the mesh elements and faces
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are enriched with the appropriate singular space. By then adjusting the local projec-
tors and potential reconstruction accordingly, an optimal XHHO scheme is developed
that mimics the standard method [19, Section 2]. However, the analysis is far more
involved as we can no longer rely on the Lebesgue/Sobolev embeddings and discrete
trace inequalities that apply to polynomial spaces. In Section 3, we provide a thor-
ough error analysis of the scheme under minimal regularity assumptions. The paper
is concluded with an analysis of the choice of stabilisation term in Section 4 and a
discussion on the implementation of the scheme, its numerical limitations, and some
benchmark tests in Section 5.

1.1 Model problem

Let us consider the typical Dirichlet problem in a polytopal domain @ c R¢, d > 2:
find u € H} () such that

a,v) = L), Vve HN(Q), (1.1)

where a(u, v) := (Vu, Vv)q, £(v) := (f, v)q for some f € L*(S2). Here and in the
following, (-, -)x is the L2-inner product of scalar- or vector-valued functions on a
set X for its natural measure. To ease the analysis, we consider only homogeneous
Dirichlet boundary conditions in this paper. However, the scheme extends quite natu-
rally to more general Dirichlet and Neumann problems. Such an extension is outlined
in [19, Section 2.4].

Consider a partition of the domain €2 into a mesh M, = (7, F;) where the set
of mesh elements 7, are a set of disjoint polytopes such that Q = Ur T T and the

set of mesh faces 7, form the mesh skeleton Uy.7; 07 = Upcr, F. A detailed
definition of this structure can be found in [19, Definition 1.4]. The parameter &
denotes the maximal element diameter /2 := maxrc7, hr where,for X =T € T, or
X = F € Fj, hx denotes the diameter of X. We shall also collect the set of faces
attached to an element T € 7, in the set Fy := {F € F, : F C T}. Similarly,
the set containing the one or two elements attached to a face F' € Fj, is defined as
Tr :={T € T, : F C dT}. Foreach T € 7T, we denote by nyr the unit normal
directed out of T, and its restriction to a face F € Fr is given by nrr = nyr|r. We
further make the following assumption on the mesh inline with that stated in [26].

Assumption 1 (Connected by star-shaped sets) There exists a constant ¢ > 0 such
that for every h € H, each T € T, and F € Fy, is connected by star-shaped sets with
parameter o (see [19, Definition 1.41]).

It is worth noting that Assumption 1 is independent of the size of and number of
faces in each mesh element. Thus, as in [26], all error estimates in this work remain
robust with respect to small and numerous faces.

A typical Hybrid High-Order discretisation of problem (1.1) relies on piecewise
H**2_regularity of the solution where k > 0 is the polynomial degree of the face
unknowns. We consider here an exact solution of the form u = u, + & where u,
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denotes the ‘regular part’ and & € W(7,) where W(Tj) is a finite dimensional,
‘weakly singular’, enrichment space such that the following assumption holds.

Assumption 2 (Assumptions on the enrichment space) We assume that every W €
W (Ty) satisfies the following conditions:

(A1) VT €T, v € HU(T),
(A2) VT € Tp, Ay € LX(T),
(A3) VT €T, VF € Fr, Vi -npp € L2(F).

As mentioned, we assume throughout this paper that the exact solution to (1.1) can
be written as the sum of a regular part and an element of W (7). More specifically,
for some k € N, we define the solution space to be

VF2(Q) i= (w € HN(Q) : Aw € LA(Q), w € HPX(T) + W(Th)),  (1.2)
where we denote by H¥*2(7},) the broken Sobolev space
H(Ty) i= {(w € L*(Q) : w|r € HX(T) VT € Th),

and assume that the exact solution satisfies u € Vk+2(Q). We note here that Assump-
tion 2 does not require the enrichment function to be harmonic. Such a case is
considered in Section 5.5.

Remark I We note that the conditions on both the regular part and the singular part
are purely local and the only global conditions enforced on the exact solution are
those of u € H} (Q) and Au € L*(Q).

2 Discrete problem

On each T € Tj, we define the discrete space
Pyt (T =P + W(T), .1

where W (T') denotes the restriction to T of W (7), and P¥*1(T) denotes the space
of polynomials on T of degree no more than k 4 1, k € N. The extended elliptic
projector on the space IP’i"’l (T) is defined as the unique 7'[;:;+1 cHYT) > IP"';H (T)
such that for all v € H'(T)

(Vw—mo5 ), Vw)r =0, Yw e PEH(T) (2.2)

and
-y v, D =0. (2.3)
Analogous to [19, Section 2.1], we wish to define a discrete space U ];‘T, a recon-
struction operator pf;rTl : QQT — IP”;“(T), and an interpolator [ ’;’T c HY(T) —

U I;’T such that pi}l ol ];’T = 71;”;“. Due to the regularity assumptions on the
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enrichment space, the following integration by parts formula holds for all v € H'(T)
and w € PATI(T),

Vo, Vu)r = —(v, Aw)r + (v, Vw - my7)a7. (2.4)
To introduce projectors to (2.4), we first define the local discrete spaces

PA(T) :=PX(T)+AW(T) and PY(F) :=PH(F)+ Z VW(T) -nrp. (2.5)
TeTF3

Remark 2 A common application of the method designed in this paper is to irregu-
larities in the solution arising from corners in the domain. In such cases, the singular
functions considered are harmonic (see Section 5) and the space IP’kA(T) coincides
with the polynomial space P¥(T').

Remark 3 Much of the time, the gradient of an enrichment function ¢ € W (7j) is
continuous across each face F € Fj, and the definition of ]P’kV(F ) is equivalent to

PX(F) := PX(F) + VW (T;) -np

for an arbitrary normal n ¢ to the face F. However, definition (2.5) is still well defined
for discontinuous enrichment functions. As the space PX(F) is defined independent
of any particular T € 7Tp, it is essential in such cases to include the Neumann traces
from both elements T € T attached to the face F. This is particularly useful when
considering locally enriched schemes. Further discussion on this matter is given in
Section 5.3.

The discrete broken space on an element boundary is defined as
P (Fr) :={v e L'OT) : v|r € PS(F) VF e Fr).
It follows from Assumptions (A2) and (A3) that
PA(T) c PX(T) c LX(T) and PN(Fr) c PS(Fr) c L*0T).

We denote by ng”kT and ﬂ%r the L?-orthogonal projectors on IP’"A(T) and

IF’kV (F7) respectively. Thus, it follows from (2.2) and (2.4), as well as the inclusions
APKFL(T) € P (T) and VPYHN(T) - nyr € PY(Fp), that for all v € HI(T),

1,k+1 0,k 0,k
(Vrgr v, Vu)r = —(r25v, Aw)r + (g pv. Vwmgr)ar - Yw € PyTH(T).
(2.6)

2.1 Local space

The local space of unknowns is defined to be

UL = PE(T) x PY(Fr). 2.7
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For all Vg1 = = (vx,7, Vx.3T) € UX r» the reconstruction operator karl Q’; r =
PE+I(T) is defined by

(Vo v s Vudr = —(ox 1, Aw)r + (uxar, Vw - mar)yr  Yw € BT
(2.8)
and
(x.7 = Pyl u s D1 =0, (2.9)
Naturally, the interpolator is defined as /¥ I v = (rr A, Tv nggrv) By comparing

equations (2.6) and (2.8) as well as the closure condition (2.9), we observe the desired
commutation property

pitt oIk p = mopth. (2.10)

Due to the L?-regularity of the unknown spaces, the local reconstruction and interpo-
lator mimic those defined in [19], and the formulation of the discrete problem follows
a standard procedure (albeit with non-standard analysis). The continuous form a(-, -)
is approximated on each element by the discrete form ay 7 : U’ k T X U — R
defined by

k+1

aXT(M}\(T’_XT) —(Vp _XT’Vpr—XT)T+SXTLXT’—XT)

where sy 7 : U k T X U — R is a stabilisation term satisfying the following
assumption. From hereon We shall write f < g to mean f < Cg where C is a
constant depending only on €2, k and the mesh regularity parameter .

Assumption 3 (Local stabilisation term) The stabilisation term sx T is a symmetric,
positive semi-definite bilinear form that satisfies:

1. Coercivity. For all vy € QI;’T, it holds that

e llvxr = Py v 717 S axr @y rs vy r) (2.11)
and
hy ||Ux BT_PXr_x T”aT S ay, T(UX T xT) (2.12)
2. Consistency. For all w = wy + where w, € H**2(T) and v € W(T), it holds
that )
sor (X pw, 18 pw) S [h’;+1|w,|Hk+z(T)] . 2.13)

Remark 4 For the case of regular, polynomial unknowns, the two coercivity con-
ditions (2.11) and (2.12) are equivalent to the single coercivity condition stated in
[26, Assumption 2]. However, we have to consider the two conditions here to account
for the lack of regularity of the solution.

Some examples of stabilisation terms satisfying Assumption 3 are given in
Section 4.

The definition (2.2) of the extended elliptic projector and the consistency (2.13)
infer for all ¥ € W(T) the identities

ror =y and  sor(k vl Ik py) =0, (2.14)
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which, together with (2.10) and the definition of ay 7, yield
axr (s 9, I 7o) =a(y,v)  Yve H(T). (2.15)

Equation (2.15) shows the scheme to be exact on elements of W (7). More generally,
Y can be replaced by an arbitrary w € IP";+1 (T) in equations (2.14) and (2.15) which,
as in standard HHO, shows consistency on the discrete space.

2.2 Global space
The global space of unknowns is defined as

Qi,h,o = {Ex,h = ((vx.1)1eT;» k. F)FeF,) © vx1 € PA(T) VT €Ty,

ver €P(F) YFeFy vgp=0 YFC asz}. (2.16)

For any vy, € Qi,h,o’ we denote its restriction to an element 7 by vy r =
(vx,T, Ux,0T) € Q;T (where, naturally, vy 7 is defined from (vx, ) pe 7, ). We also
denote by vy j the piecewise function satisfying vx |t = vy r for all T € 7Tj,. The
global problem reads: find u, , € U ]; 5.0 Such that

axnlity V) = (froxw)e Yo, € UK, (2.17)
where

aX,h(nglv Qx,h) = Z aX,T(ZX,Tv EX,T)'
TeTy,

We endow the global space U’ i‘( 5.0 With the norm

1
lvg pllax.n = axn @y s Uy p)2-

We shall also denote by /' ’; , and pﬁll the global operators whose restrictions to an

element T are given by [ ;T and pffT] respectively. The global stabilisation term is

defined as

SX,h(EX’h7 Qx’h) = Z SX,T(nyTa EX,T)'
TeTy,

3 Error analysis

Providing a robust error analysis is often the pitfall of enriched schemes as many
tools available for polynomial spaces (such as discrete trace and inverse inequalities)
no longer apply. The lack of H'-regularity of the element unknowns in ]P’kA means
we cannot consider their gradients or traces. We are also restricted to considering
approximation properties of the extended elliptic projector only in the H !-seminorm.
Despite these shortcomings, we are able to show consistency of the scheme and
provide estimates for the discrete and continuous energy errors.
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We first make note of the following continuous trace inequality (cf. [26]): for all
T eTpve H(T),
hr i3y S 0lF + A7 1005 ) 3.1)

The following lemma is also crucial to the consistency of the scheme.

Lemma 1 (Characterisation of V¥t2(Q)) For all w € V¥T2(Q), F € Fy, F ¢ 9,
Vw -nTlp—}—Vw “RT,F =0, (3.2)
where {Ty, Tr} =

Proof The proof is analogous to that of [21, Lemma 1.24] once we note that for all
w € VM2(Q) we have: Aw € L?(Q), w € H'(Q), and Vw - nyr € L>(3T) for all
T €7y. L]

Theorem 2 (Consistency error) Let w = w, + ¢ € VKT2(Q) with w, € H*2(T;)
and ¢ € W(Ty). The consistency error is given by the linear form Ey(w;-) :
UI; no R defined for all vy ,, € Qi,h,o via

En(w; vy ) = —(Aw, vxp)e — axa (LK ,w, v, ).

The consistency error satisfies

|Enw: vy )| S v laxnh*we | gesz g - 3.3)

Proof Consider

—(Aw,vxp)e = Y —(Aw, vx7)7
TeTh

= Z —(Aw, v, 7)1 + (VW - RyT, Ux 9707,
TeTh
where we justify introducing the term

Z (Vw - nyr, vxor)or = Z Z (Vw -nrF, vx F)F

TeT, TeT, FeFr
= Y > (Vw-nrp,vr)r =0
FeF, TeTr

due to equation (3.2) and the homogeneous condition (2.16) on the discrete space.
Due to the commutation property (2.10), the discrete form is given by

1,k
an il w,vg) = 2 [ (Vi w, Ok 7 | 4+ s v
TeT,

1k 1k+1
> [ (Amy'r w, ver)r + (Va, T+ w - naT,vx,aT)aT]
TeTy,

k
+SX,h(£X‘hw7 yx,h)‘
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Therefore,
En(w; vy ) + sxn(Ls w, vy )

=y [ (Aw —mor w), ver)r + (Vw — 7y w) - nar,vxar)ar]
TeTh

Lk+1 Lk+1
Z [—(A(wr - we), i)t + (V(wy — 7 p " wy) - R, vx,ar)aT] ,
TeTh

3.4

where ¥ has been eliminated via the invariance (2.14) of 711 ke

1Lk+1
Ty

. Let us denote by

the elliptic projector [19] on the polynomial space IP’k+1 (T) C ]P”;H (T). On
each element T € Ty, we introduce the elliptic projector as follows,

—(Awr — mop we) v )T + (Vwr — 13 wy) - mar, vear)ar
= —(A@wr — 7" we), ve )7 + (Ve — 7wy - oz, vear)ar
~ A we = i w) ve ) e+ (Ve e —r 5 w) oz vear)ar
(3.5)
As n}’kﬂwr — n; ;er € IP”;H(T), we may invoke the definition (2.8) of the
potential reconstruction to write
(A(7T1 K, — ﬂ,: ;er) Vg, T)T-l-(V(7T1 K, — 7T,§ §+1wr) “MYT, Vx 3T)AT
= (Verr" wy — mer wn) Vi v (3.6)
Consider also
—(A(w,—, ﬂ;’kﬂwr), vx,7)7 + (V(w, — rr} K hw,) - mar, vear)er

1,k+1 k+1 1,k+1 k+1
= —(Aw, — 77" wy), vt = Py Ve )T — (A(wr — T w,), P vy )T

1 1
+(V(w, — 7TT o wy) - BYT, vx,aT)BT
1,k 1,k+1
= —(A@w, — 77w v — o v e + (VO — ), Vol e, or
lk 1
+(V(w, — " M we) - nar, veor — pET vy ot 3.7)

where we have introduced the term pk‘H_X r and integrated by parts. Combining
(3.5), (3.6), and (3.7) yields

—(Aw, — oy w), v+ (Vwr — 207 we) - mar. vear)ar
= —(Awr — 77w ver — pEH v + (Ve — oy we), Ve v, 7
+(V(w, — 0 we) - mar, vear — PR vy o (3.8)
By the definition (2.2) of the extended elliptic projector, we have that
(V(wr — 7y we), Ve v, )7 =0. (3.9)
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Therefore, combining (3.4), (3.8), and (3.9) yields

. k 1,k+1 k—+1
En(wi vy ) = —sxn(Lyw. v )+ Y [—(A(wr—nT W), Ux,T —Py 1 Vy.7)T
TeT
1k+1 k+1
+ (Vw, = ) - mar, var = i o par |

and thus

1,k+1
EACZEN IS sx,r(L’,i,Tw,yx.T)H > ((A(wr—nT * wr),vx,r—p';}lyx,r)r’
TeTh TeTh

+) ‘(V(wr — " w,) mar var — Pij}]yx,r)aT‘ . (3.109)
TeTy

By a Cauchy—Schwarz inequality, the coercivity condition (2.11), and the approxi-
mation properties of the elliptic projector [19, Theorem 1.48],

1,k+1 k+1
‘(A(wr — 77 w,), v — Py p yx,r)r‘

1,k+1 k+1
< A, =77 w)lirllver — P oxrli
1,k+1 1
S lwr = T wel g ryhrax T (Vg 7 Uy 1) 2
k+1 1
S R wp | e ryax T Uy 7 Vi ) 2 (3.11)

Similarly, by a Cauchy—Schwarz inequality, the continuous trace inequality (3.1), and
(2.12),

1,k+1 k+1
|(V(wr —Tr Wr) - RYT, Vx, 8T — pX:i_T Qx,T)8T|

1,k+1 k+1
< NIV, — 7" we)llar vk, o — p;T Uxrllar
1 1 1
-3 1,k+1 2 1,k+1 3 1
S (hTz |w, — Tr wr|Hl(T) + h%|wr —Tr wr|1—12(T)) h%ax,T(ﬂx,T, QX,T)z

1
S RS we | s ryax, T Uy 70 Vg ) 2 (3.12)

where we have again invoked the approximation properties of the elliptic projec-
tor. The stabilisation term is bounded using a Cauchy—Schwarz inequality and the
consistency condition (2.13),

k k 1 1
SX,T(Lx’Tw’ Lx,rw) 2 Sx,T(Qx,Ty Ex,T) 2

IA

k
Sx,T(Lx)Tw, Qxyr)‘

AN

k+1 1
hT |wr|Hk+2(T)ax,T@x’T’QX,T)Z- (3.13)
Substituting (3.11), (3.12), and (3.13) into (3.10) yields
1
Enwivg )] S D RS e ryaxr (0 70 vy )2
TeTh

The proof follows from a discrete Cauchy—Schwarz inequality and noting that it <
hforall T € Tj. [
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The proof of the consistency error given above is significantly more detailed than
that of regular HHO given in [19, Section 2.2]. The reason for this is partly due the
limited regularity of element unknowns, vy 7 € LZ(T). However, even if we were to
assume H !-regularity to arrive at the equation

En(w; v _xh)+sxh(lxhw Vep) = 2 [(V(wr —nlk“wr),va,r)T
TeTh

1Lk+1
+(V(w, — 77 wr) - N7, Ux, 9T — Ux,T)BT] ,

this is still not useful. The first term does not equate to zero as vy, 7 ¢ P§+1 (T) in
general. Moreover, there is no guarantee that ||V (w, — nl ;H wy) -nyt|la7 Will scale
appropriately. Thus, the extra and lengthy details in the proof of Theorem 2 appear

necessary.

Theorem 3 (Energy error) Letu = u, +u € VE2(Q) be the exact solution to the
continuous problem (1.1) where u, € H*>(T;) and it € W(Ty,). Let Uy € Ql;,h,O
be the solution to the discrete problem (2.17). The following energy error estimates
hold:

k k—+1 k+1
iy sy — Ly pttllax + Py s — gy S B e g, (3.14)

Proof By the coercivity conditions (2.12) and (2.11), as well as the homogeneous
conditions on the discrete space, it is clear that || - ||a,x » describes a norm on Uk Us o
As such, we infer from the Third Strang Lemma [18] that

En(u; vy )|

k |En (s vy,

lug p — Iy pttllaxn < sup ————.
Vy 70 v lla.x.n

Combining with the consistency error (3.3) yields the estimate

Ny p = I8 pullaxs S B el sz (3.15)
Consider on each element 7' € 7, the triangle inequality,

k1, k1, 1Lk+1 1,k+1
IPx7Ux 7 —ulgiry = IPx7lxr —Tp Ulgiqy + s w—ulgir
k+1 K 1k+1
= |P (Zx T~ _X T”)|H1(T) + |7'l'x T Ur— Mr|H1(T)

k 1,k+1
< axr(uygr— Iy pu g p—1I% Tu)2+|71 ur—urlgi(ry,

where n; ’?H is replaced by 7’ LA+ que to orthogonal projectors minimising their

respective norms and 7'[1 k+1ur € IP’,E“ (T). Squaring, summing over all T € 7y, and

invoking the approx1mat1on properties of the elliptic projector yield

k+1 k+ 2
|pxh U h ”'1—11(7’) Hﬂxh - iy, hu”ax nt [h |u”|H"+2(77,):| :

The proof is complete by applying the estimate (3.15). O
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4 Stabilisation

In this section, we give an example of a stabilisation term satisfying the coercivity
and consistency properties of Assumption 3. We first give below an extension of
[19, Lemma 2.11] to the extended discrete spaces considered here. The difference
operators 81; T Q’; T IP”‘ (T) and SI;’BT : Q’; = Pk v (Fr) are defined via

k k1 k 0k _k+1
Oy 7Ux,T = Ux,T— ”ATPxT Wr and Oy o7 Vx,7 = Vx0T =7y 57Py 7 Vx T

Lemma 4 (Dependency of sx 1) For sx 1 to satisfy the consistency condition (2.13),
it is necessary (but not sufficient) that sx v depends on its arguments only through
8’; 7 and 8’; aT

Proof Consider a symmetric, positive semi-definite bilinear form sy 7 that satisfies
condition (2.13). Thus, for all w = w, + ¥ € PEHI(T) with w, € P¥HI(T) and
¥ e W(T),

2
Sx,T(iﬁ,va L];,Tw) < [hl}'H IerHk+2(T)] =0.
Therefore, by a Cauchy—Schwarz inequality,
s .7 (I8 7w, v, 1) =0

forall vy 7 € Q];’T. Thus,

k+1
SX,T(ﬂx,T’ yx,T) = SX,T(Zx,T7 Y1 — TpXT—x,T)
— k k+1
= sxr(Uyr — lx,TPX,T U 7> VxT — Tpx T Vx,7)-
The proof is complete by noting that
k+1 k
Uy — Tpx T U T = (3x TVx, T+ O, o7 V% T)-
O
A stabilisation term satisfying Assumption 3 is obtained setting
e =25k k —1/ck k
Sx, T Uy 7 Uy 1) = hp" (g ity 7, 85 7Vx )T + hy (85 g7Ux 7+ Ox g7 Ux T)0T-
4.1)

Lemma 5 (Coercivity) The stabilisation term defined by (4.1) satisfies the coercivity
conditions (2.11) and (2.12).

Proof Consider by a trlangle inequality, and the inclusion P¥(T') c PX '\ (T') along
with the minimisation of 7° A T on P (),

hllloxr — Pii vg 77
S W loxr =7 e v r 17 + A I o v — B v 17
< ser Qe Uer) + Iy i e 7 — pE S v 13
S sx s r) + P v 1 31 ) = AT @y Uy r)s
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where the final inequality follows from the approximation properties of the L2-
orthogonal projector on P*(T) [19, Theorem 1.4.5]. Similarly, by a triangle inequal-
ity and noting that PX(T) |37 C IP’]‘V (Fr) (so to replace ng’ﬁ,T with n?’k),

—1 k+1 2
hp I vxar — Py T v rllar

Sk lvsar — w9 ver 137 + A I r o r — pE vy 37

= sk7@yr V) Hhp g e kPTTlfx r =P v rlliy

S osxrQxrsc7) Hhy ||7Tg kP];jT1 Uy 1 P];?Lrlﬁx,T”T + |7T¥ kP];erT1 - P];,Jrrlﬂx,ﬂi]l(r)
S Sx,T(Ex,T, EX,T) + |P],§+T yX,TlHl(T) = ax,T(Ex,Ts EX~T)7

where we have used the continuous trace inequality (3.1) and again invoked the
approximation properties of the L2-orthogonal projector. O

Lemma 6 (Consistency) The stabilisation term defined by (4.1) satisfies the consis-

tency condition (2.13).

Proof By the definition of sy 7, the commutation property (2.10), and the bounded-
ness of orthogonal projectors, it holds that

k k 0.k _Lk+1 0.k _Lk+l 2
sx .7 Uy rw. Iy yw) = hy ””A TW = TN T T w||T+hT ||”v aTW = Ty sy Wlhr
1/<+1 1k+1
< ||w Ty, wllF +hT lw— 7, wll3z

By the continuous trace inequality (3.1) and a Poincaré inequality due to the zero

mean value of w — 711 k+1w, we infer that
k k -2 1,k+1 1 k+1
SerUS pw, 15 pw) S b llw — s wiid 4w — 2wl g
Lk+1_ 2

S lw—my

We note the inclusion P¥T1(T) ¢ ]P”,i“‘1 (T) and invoke the invariance and minimisa-
tion properties of orthogonal projectors to conclude that

Lk+1

jw — 7k Lk+1

1,k+1
|w, — T Wr

< |w, —mp

w|H1(T) |H1(T) r|H1(T)~

The proof then follows from the approximation properties of the elliptic projector
[19, Theorem 1.48]. ]

Designing alternate stabilisation terms proves difficult due to the limited regularity
of the unknowns. However, if we assume that AW (T') C PX(T) (so that the element
unknowns are polynomials), the stabilisation terms

v ._ k k —1, ok k
Se, 7 Uy 7, U 1) 1= (VO gty 7. VO3 70y p)T+Hhp (Sg yrtty 7. 0y g7¥x 7)oT,  (4.2)

Ser v r) = hy (G o7 = 8¢ )ity . By o7 = 8 7)Vy )T (4.3)
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as defined in [26, Section 4] both satisfy Assumption 3. While this may at first seem
contrived, it is quite natural to consider a singular enrichment function with zero
Laplacian (see Section 5) which clearly satisfies the aforementioned condition.

5 Implementation and numerical tests

As mentioned in the introduction, singular solutions to (1.1) can arise from corners
in the boundary of an otherwise smooth domain. In particular, at non-convex corners,
we cannot even assume H2-regularity of the solution [cf. 28]. Moreover, singula-
rities on the boundary can arise from irregular boundary data, or a transition from
Dirichlet to Neumann data. For simplicity, we consider here a domain Q C R? with
one re-entrant corner located at the origin. Thus, after a possible rotation of coordi-
nates, the domain Q2 corresponds with the region {(x1, x2) = (rcos@,rsinf)|r >
0,0 < 6 < w} in some neighbourhood of the origin, where 7 < w < 27 is the angle
of the re-entrant corner. For each j € N, we define a function

LA S 1 o
® =0 fi= ¢ 7
uj = {r sin( - ) it~ ¢ G.1)

s (Inr sin(ZZ6) + 6 cos(LZ6)) it ez

Given a source term f € H k (€2), there exist numbers c; such that the solution to the
homogeneous Dirichlet problem (1.1) satisfies

u— Z cjuj € H2(Q), (5.2)
1<j<2(k+1)

where Qo C 2 is some open neighbourhood of the origin. We refer the reader to
[28, Chapter 5], which is dedicated to proving (5.2) and equivalent results on polyg-
onal domains with generic boundary data. Each singular function u; clearly satisfies
Assumptions (A1) and (A2) (the latter due to Au; = 0). On an edge F € Fy
containing the singular point » = 0, the least regular function (j = 1) satisfies
Vui-np € LP(F)forall p < ﬁ Therefore, Assumption (A3) holds true provided
that w < 2w (corresponding to a cracked domain).

In practice, to assure H*T2-regularity in a polygonal domain, singular functions
require to be defined at every corner. However, for computational simplicity, we con-
sider only one singular function defined at the re-entrant corner. In particular, we
consider here an L-shape domain Q = (—1, l)2 \ [0, 112 and exact solution

u = sin(mwxy) sin(wxo) + V¥,
where ¥ = r%sin(a(d — %)), a = % = % and 5 < 6 < 2m. Naturally, we
define the enrichment space as W (T;) = span{y/}. We remark that the exact solution
considered does not have homogeneous boundary conditions. However, as mentioned
in the introduction, the extension of the XHHO scheme to inhomogeneous boundary
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data follows seamlessly. Indeed, if we consider the inhomogeneous condition u = gp
on 02, we define U D = (O reT;, (ux,F,D)FeT;) € Q]; , Where

wer no'egp if F C 99
o 0 otherwise

The inhomogeneous problem is given by finding uy , o € U. ]; 5.0 Such that

k
ax,h(ﬂx’h’o’ yx’h) = (fa vx,h)Q - ax,h(ﬁxyh,Dv yx,h) VEX,}, S Qx’h’o’

and the discrete solution is given by uy , = uy , o0 + U, p-
5.1 Basis functions

The Extended Hybrid High-Order scheme designed in this paper requires the com-
putation of spaces ]P”;“(T) and IP’]‘A(T) on each element T € 7}, and of the space
IP’kV(F ) on each face F € Fj,. As the Laplacian of the singular function is 0, i.e.
AW(Ty) = {0}, it holds that P (T) = PX(T) C PXFI(T). Therefore, on each
mesh element, we define basis functions for the space ]P”;Jrl (T) and consider IP’"A(T)
a subspace.

dlm{P k1 (7)) dlm{P (F)}

Consider monomial basis functions, {ng} and {¢>J } ,in locally
scaled coordinates for the respective polynom1a1 spaces. On each mesh element, we
write the extended space as

]P)];-i‘l (T) Span {(¢T)jlmlpk+|(T)}, Iﬂ} , (53)

and we then L?-orthonormalise the basis functions following a Gram-Schmidt pro-
cess. It is natural to define a basis for the enriched space on the mesh faces
as

PI‘V(F) span {((j)lp)dlm{IED () ,Vyr .np} , 5.4

for some choice of normal vector n . However, there may exist certain faces F' € Fy,
such that this choice of basis is not linearly independent. Consider a unit normal to
a face F' € F}, defined by np = (cos 8y, sin6,) for some constant angle 6,,. Taking
the scalar product with Vi,

Vo -np = ar®sin (9,, Ot a (9 - %)) . (5.5)

If 0 = const then 6, = 6 + (2j + 1)75, for an integer j € N. Substituting into (5.5)
yields
b4

V¢ -np = tar® ! cos (oz (9 — E))

which is identically 0 if 8 = W for some j € N. Thus, as we only consider
7 < 6 < 2m, the basis for ]P’kv (F) defined by (5.4) is linearly independent except
along faces such that 6 = const = ST” (for which ]P’/%(F ) = PX(F)). The bases on
each face are then also L?-orthonormalised via a Gram-Schmidt process.
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5.2 Integration rules

It is well known that classical Gauss-Legendre quadrature rules suffer from large
errors and numerical instability near a singularity. To design an alternate numeri-
cal integration rule, we make use of the fact that vy is a homogeneous function of
degree «. Thus, we can use a homogeneous integration rule (as described in [15])
to rewrite the volumetric integrals on the boundary. In particular, we consider the

integral fT wng for some 1 < j < dim{P**1(T)}. As ¢T is a monomial in local

coordinates X = tho, it is homogeneous in x — x¢. By Euler’s homogeneous func-

tion theorem, Vi - x = oy and V¢% -(x —x0) = q¢§', where ¢ is the degree of the
monomial ¢;.. Therefore,

/ Vélx mar = fw¢4V-x+/x-V<w¢4>
oT T T

(d+a+q)/rw¢4+frwxo-w;,

which yields

Wratq) [ vt = 3 wronrr [ o= [ vxo-voq,

FeFr

where xr is an arbitrary point in the face F. As each component of qu% is a
monomial of degree ¢ — 1, the above process can be repeated iteratively until the
whole integral is described on the boundary. For edges that do not pass through the
singular point r = 0, the integral || F 1/1(1)} can be accurately approximated using
Gauss-Legendre quadrature. On edges F € Fj with 8 = const (which include
edges passing through the origin), the integral can be computed exactly. Consider the
arc-length parametrisation x = (r cos(#), r sin(f)), Rp < r < Rj and write

, R .
/F Vo = /R Y (x(r))dy(x(r)dr.

An integration by parts yields

- Ry dr Ry d ;
) /R wojdr+ [ el ar

1

- R - dx i dx
d VY - — + ¢y Ve - —)dr.
| vetars [ Crofve v uver- S
(5.6)
Notlng that x = r 4% %> and again invoking the homogeneity results Vi - x = ay/ and
V¢T (x —x9) = q¢T, (5.6) is evaluated as

. v Ry . Ry .
llx 19 (x) 5 (x) =(l+a+gq) Yoy dr + Yxo - Vo dr,

x=1 Ry R
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where v and v; are the vertices corresponding to r = Ro and r = Rj respectively.
Again, we may follow an iterative procedure for each component of |’ 151 2 x[rxon)} dr

to evaluate the entire integral f P 1/r¢% on the vertices v, v;.
The calculations of integrals involving gradients are marginally simpler as they
can be transformed directly onto the boundary via

/w-w%:f IV - nyr,
T oT

(due to Ay = 0). Each edge integral is calculated using the process described above,
noting that each Vi - n7 r is a homogeneous function of degree o — 1.

5.3 Local enrichment

Far from the singular point » = 0, the enrichment function ¥ is smooth. More pre-
cisely, for any open set V containing the point r = 0, v € C*(Q\V). As such,
away from the singularity, ¥ can be efficiently approximated by a polynomial. This
can cause the local matrices appearing in the orthonormalisation process of the bases
(5.3) and (5.4) to be highly ill conditioned. Naturally, this leads us to consider a
scheme such that the unknown spaces are enriched near the singular point and are oth-
erwise polynomial spaces. We follow a similar approach to that taken in [4, Section
3.2].
Consider a parameter y > 0 and define the set

Ty ={T €Tp: 10 —xr| <y} (5.7

where we denote by x7 the centroid of an element T'. A cut-off function §, : & — R
is defined by

1 ifTeT7,
8y|T = ..
0 otherwise

Ifu =u, 4+, withu, € C*°(Q), wecanwrite u = u, +¥ —8, ¥ +8,% = ii, +8, v
where u, + ¢ — 8, = u, € Hk+2(7}1). Thus, we define the enrichment space
as W(7;,) = span{d, ¥ }. As the assumptions on the enrichment space are all made
locally, W (T,) clearly still satisfies Assumption 2. Definitions (2.1) and (2.5) of the
discrete spaces then correspond to

PEH(T) — PEI(T) + span{y}) if T €T,
X PAI(T) otherwise
. PK(F) +span{Vy -np} if F € F,
PG(F) = |, .
P*(F) otherwise

for an arbitrary normal n r, where

Fy={FeF,:TrNT, #0}.
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Fig.1 Two members of the mesh sequence

5.4 Tests

As mentioned previously, we consider an L-shape domain Q2 = (—1, 1)2 \ [0, 1]2 and
exact solution u = sin(;wx;) sin(wxp) + r¢ sin(a (6 — %)), o= % The stabilisation
term defined by (4.1) is considered. As the element unknowns are polynomials, more
choices of stabilisation terms exist (see Section 4). A comparison between the various
stabilisation terms is carried out for the standard HHO method in [26, Section 5]. The
XHHO scheme is tested on a sequence of hexagonal meshes with maximum element
diameter 7 — 0. Two members of this family are plotted in Fig. 1 and the mesh data
is shown in Table 1.

The conditioning of the system poses a significant challenge to the scheme. This

is a common problem for enriched schemes and the matter is discussed in detail for

o gim (kL
the enriched NCVEM [4]. For a T € Ty, let us denote by {¢. }j'l:l{]?x ()}

for PK+1(T) prior to orthonormalising. The mass matrix is defined by

the basis

Mr)i ;= (o5, ¢{")T-

The maximum condition number of the element mass matrices is defined by C :=

) . .. .

maxre, );"’“_”‘ , where At max and At i, denote the maximum and minimum eigen
.min

values of My respectively. The parameter C gives a measure of how linearly inde-
pendent the worst performing basis is. In Table 2, we present the maximum condition

Table 1 Parameters of the mesh

sequence h Nb. elements Nb. internal edges
0.3437 96 245
0.1949 341 940
0.1019 1,281 3,680
0.0514 4,961 14,560
0.0257 19,521 57,920
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Table 2 Maximum local condition number with 2 ~ 0 : 0257

k=0 k=1 k=2 k=3
y=0 1.784 - 107 3.293 . 10% 6.132-10° 1.180 - 10°
y =0.075 3.397 - 108 3.112- 10! 1.743 - 101 4.567 - 107
y =0.15 2.755 - 10° 1.521 - 103 1.260 - 108 7.646 - 101°
y =03 1.962 - 10'° 3.718 - 101 1.483 - 10" 1.282 - 10%°
y =05 8.983 . 1010 2.315- 10" 1.093 - 1020 1.282 - 1020

number on the finest mesh in the sequence with various values of k and y (where
y = 0 corresponds to an non-enriched scheme). It is clear that the conditioning of
the scheme is significantly worse for enriched schemes than non-enriched schemes
and gets progressively worse with increasing k and y. We note that once C ~ 10'°
the orthonormalisation process (and thus the scheme itself) fails due to division by
numbers which are numerically Zero.

Denote by uy ;, € Uk x.h,0 the exact solution to the discrete problem (2.17). The
relative error of the scheme is determined via the following three quantities,

=

1
2

B 0,k 2 2
Eor : 2rer, luxr — 7 ully > rer, hrllux F — JTV FMII
0.7, = 0.k 12 ! 2
ZTeﬁ, ||7TA',TM||T ZFE.F;, hF“”V,Fu”F
1,k+1 2
E . ZTGE |pXT—XT_T[ ,T ulHI(T)
LTh = 3 Th+1
TeT, |7T M|H1(T)
”ﬂx h LX hu”a,x,h
Eaxn - - .

125 2 llaxh

Unlike [4], we do not observe saturation in error rates as the condition number
gets large, but rather an instantaneous failure of the scheme. As such we would like
to choose a cut-off value y that is as large as possible and does not result in sys-
tem failure. In Figs. 2 and 3, we test convergence of the scheme with k = 1 and
k = 2 respectively. The enriched scheme performs significantly better than the non-
enriched scheme, particularly in H'-error (E 1,7;) and for higher polynomial degree
k. In Fig. 3, we test two cut-off values (y = 0.075 and y = 0.15). The larger cut-
off value performs slightly better in H'-error; however, the scheme fails on the final
mesh.

A standard error estimate with respect to k for a classical HHO scheme is given by

k+1
lwy, — Lyullan < T e (5.8)

where the hidden constant is independent of k [cf. 2, Theorem 3.3]. Therefore, if

u
[l _

(k+DF = o
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(a) L2 error (Eo,7;) Vs h (b) H' error (E1,7;) vs h (c)Energy error (Eqx,7;) VS h

Fig.2 Error vsh, k=1

for some C independent of k, then the scheme should converge exponentially with
respect to k. In Fig. 4, we fix the mesh (the second mesh in Table 1) and test con-
vergence as k increases. In this case, the polynomial spaces are enriched only on
the element containing the singular point and on its faces. While convergence with
respect to k has not been proven in this work, equation (5.8) provides a benchmark to
compare the tests to. As such, we plot on a log-linear scale and include a line of slope
log h. Again, it is quite clear that the enriched scheme (albeit enriched on a single ele-
ment) performs much better than the non-enriched scheme. However, it is apparent
that even the enriched scheme does not converge exponentially. By only enriching the
element containing the singular point, there exist non-enriched elements which are
‘close’ to the singularity. As such, the Sobolev seminorms will grow quite quickly
as k increases. Therefore, a large k may be required before the boundedness (5.9) is
apparent. This explains why exponential convergence of the enriched scheme is not
observed in Fig. 4.

In Fig. 5, we consider two local enrichment schemes on a uniform Carte-
sian mesh with 48 elements. The elements which are enriched with the singular

—e— Non-enriched —#— Locally enriched (y = 0.075) —— Locally Enriched (v = 0.15) ‘

107 10!
102 o —
— 1072
10-3 1073 -~
o« 1073
104 107"
107° 10-5 1074
—6 - I’/'// l//
1076 10-6 10-
1071610141012 101 10-0810-0610-04 1071610141012 101 10-0310-0610-0+4 1071610141012 101 10-0510-0610-04
(a)L2 error (Eo,7;) vs h (b) H! error (Ev 1) vsh (c) Energy error (Eqax, ;) VS h

Fig.3 Errorvs h, k =2
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(a) L? error (Eo,1;,) Vs k (b) H' error (E1,1;,) vs k (c) Energy error (Ey x,7;) Vs k

Fig.4 Error vs k, h ~ 0.195

functions are bordered in red. Due to the larger element diameters and ‘rounder’ ele-
ment geometries, we are able to consider a much larger radius of enrichment without
ill-conditioning causing the scheme to fail for large k. As such, the non-enriched ele-
ments are further from the singular point (particularly in scheme 2) so we expect the
high-order Sobolev seminorms to be smaller. We plot convergence of the schemes
with respect to k in Fig. 6. It appears that the locally enriched scheme 2 maintains
exponential convergence with respect to k in both L? and energy error. This is simi-
lar to results in enriched NCVEM [4, Figure 18] where exponential convergence of a
globally enriched scheme on a coarse Voronoi mesh is observed. While the H' error
of scheme 2 does observe a minor saturation in convergence rate, the rate is con-
sistently better than iX. It appears that the convergence rate of scheme 1 becomes
slightly sub-optimal as k gets large due to the existence of non-enriched elements
closer to the singular point.

(a) Local enrichment scheme 1.  (b) Local enrichment scheme 2.

Fig.5 Uniform Cartesian mesh with enriched elements bordered in red
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Fig.6 Error vs k, Cartesian mesh, 7 ~ 0.354

5.5 Oscillatory solution

We briefly consider here an application of the XHHO scheme to highly oscillatory
solutions of problem (1.1). If the source term consists of a highly oscillatory compo-
nent, it is expected that the solution will reflect this. In standard HHO, such details
can only be captured with either high-order approximations or fine meshes. The
XHHO method, however, is able to obtain improved error estimates by enriching the
local spaces with an oscillatory function.

Let us consider here a square domain € = (0, 1)> and exact solution

1
u = sin(mwx) sin(mwxp) + sin <A2—> (5.10)
r<+e€

with 72 = (x; — 0.5)2 + (xp — 0.5)2 denoting the radial distance to the domain centre
and € > 0 a small constant. We note that (5.10) does not actually define a singular
solution, thus the standard HHO method is expected to converge optimally. However,
as the multiplicative constants in the error depend on the (k + 2)-th derivative of the
solution, the error is expected to get very large as € — 0.

The oscillatory component of (5.10) is denoted by

) 1
Y = sin (f2+€>.

The enrichment space is naturally defined as W(T) = span{y/|r}. We note that as
Ay # 0 we are no longer able to consider ]P’kA(T) = ]P’k(T). We take ¢ = 0.05 and
consider both non-enriched and locally enriched schemes (here, the local enrichment
process is identical to that described in Section 5.3, except with the singular point
taken as 7 = O rather than r = 0). We consider a sequence of regular, triangular
meshes and plot the results in Figs. 7 and 8 for £ = 0, 1. It is clear that while both
schemes converge optimally, the absolute error of the non-enriched scheme can be
several orders of magnitude worse than that of the locally enriched scheme.
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—e— Non-enriched —#— Locally enriched (y = 0.5) ‘
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Fig.7 Errorvs h, k=0

6 Conclusion

In this paper, we have introduced and analysed the Extended Hybrid High-Order
method for the Poisson problem. The method is shown to be robust, and capable of
handling generic singularities satisfying Assumption 2 in arbitrary dimensions. Opti-
mal error estimates are established in both H!- and discrete energy norms. The error
analysis is backed up by numerical simulations which show the Extended Hybrid
High-Order method to be a viable technique for handling irregular solutions. The
method is also applicable to any situation where some aspects of the solution can be
(at least locally) determined. This is seen in Section 5.5 where the XHHO method is
applied to solutions possessing a highly oscillatory component. Indeed, the enrich-
ment function considered is actually smooth, yet a considerable improvement in
performance was observed which highlights the versatility of the method for any
cases where there is prior knowledge of the solution behaviour. The scheme also has
natural generalisations to more general linear elliptic problems of the form Lu = f.

The case of corner singularities is discussed and tested in detail in Section 5. The
schemes are shown to converge optimally and perform significantly better than stan-
dard HHO for solutions possessing a weak singularity at a re-entrant corner in two
dimensions. The XHHO method is capable of handling such irregularities for all but

—eo— Non-enriched —#— Locally enriched (y = 0.5) ‘
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(a) L? error (Eo, ;) vs h (b) H' error (Ev, ;) vsh (c) Energy error (Eqax,7;) Vs h

Fig.8 Errorvsh, k =1
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the limiting case of the slit domain. For such cases, further work into developing a
robust Hybrid High-Order method is required. In three dimensions, the singularities
arising from irregular geometries can be more complicated. Along an edge which
forms a non-convex corner in the domain, the singularity can be written as the product
of a smooth function and a weakly singular function whose behaviour perpendicular
to the edge is described by the two-dimensional case (cf. [29]). Again, this scheme is
capable of modelling such irregularity for all but the slit domain.
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