Adv Comput Math (2021) 47: 47
https://doi.org/10.1007/510444-021-09868-5

®

Check for
updates

C*-smooth isogeometric spline spaces over planar
bilinear multi-patch parameterizations

Mario Kapl'2 @ . Vito Vitrih3

Received: 14 August 2020 / Accepted: 8 April 2021 / Published online: 30 May 2021
© The Author(s) 2021

Abstract

The design of globally C®-smooth (s > 1) isogeometric spline spaces over
multi-patch geometries with possibly extraordinary vertices, i.e. vertices with valen-
cies different from four, is a current and challenging topic of research in the
framework of isogeometric analysis. In this work, we extend the recent methods
Kapl et al. Comput. Aided Geom. Des. 52-53:75-89, 2017, Kapl et al. Comput.
Aided Geom. Des. 69:55-75, 2019 and Kapl and Vitrih J. Comput. Appl. Math.
335:289-311, 2018, Kapl and Vitrih J. Comput. Appl. Math. 358:385-404, 2019 and
Kapl and Vitrih Comput. Methods Appl. Mech. Engrg. 360:112684, 2020 for the
construction of C!-smooth and C2-smooth isogeometric spline spaces over particu-
lar planar multi-patch geometries to the case of C*-smooth isogeometric multi-patch
spline spaces of degree p, inner regularity r and of a smoothness s > 1, with
p>2s+1lands < r < p— s — 1. More precisely, we study for s > 1
the space of C*-smooth isogeometric spline functions defined on planar, bilinearly
parameterized multi-patch domains, and generate a particular C*-smooth subspace
of the entire C*-smooth isogeometric multi-patch spline space. We further present
the construction of a basis for this C*-smooth subspace, which consists of simple
and locally supported functions. Moreover, we use the C*-smooth spline func-
tions to perform L? approximation on bilinearly parameterized multi-patch domains,
where the obtained numerical results indicate an optimal approximation power of the
constructed C*-smooth subspace.
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1 Introduction

Multi-patch spline geometries with possibly extraordinary vertices, i.e. vertices with
valencies different from four, are a useful tool in computer-aided design [15, 24] for
modeling complex objects, which usually cannot be described just by single-patch
geometries. The concept of isogeometric analysis [6, 14, 25] allows the construction
of globally C*-smooth (s > 1) isogeometric spline spaces over these multi-patch
geometries. The smooth spline spaces can then be used to solve high-order partial
differential equations (PDEs) on the multi-patch domains directly via the weak form
and a standard Galerkin discretization. While in case of fourth-order PDEs such as
the biharmonic equation, e.g. [5, 13, 26, 49, 57], the Kirchhoff-Love shell problem,
e.g. [3,7,41-43], the Cahn-Hilliard equation, e.g. [17, 18, 45], and problems of strain
gradient elasticity, e.g. [16, 46, 51], C!-smooth isogeometric spline functions are
needed, even C2-smooth functions are required in case of sixth order PDEs such as
the triharmonic equation, e.g. [5, 34, 57], the phase-field crystal equation, e.g. [5, 20],
the Kirchhoff plate model based on the Mindlin’s gradient elasticity theory, e.g. [40,
52], and the gradient-enhanced continuum damage model, e.g. [60]. Isogeometric
collocation, see, e.g. [1, 4, 19, 35, 47], is another possible application of globally
smooth isogeometric spline spaces. Solving the strong form of the PDE requires now
in case of a second order PDE C2-smooth isogeometric spline functions and in case
of a fourth-order PDE already C*-smooth functions.

Beside solving high-order PDEs directly via their Galerkin discretization or via
isogeometric collocation by employing exactly C*-smooth isogeometric spline func-
tions as described in the previous paragraph, there exist further possible strategies in
isogeometric analysis to deal with high order PDEs by using function spaces of lower
regularity. We will briefly discuss two of them. The first approach is to couple the
neighboring patches instead of in a strong sense as for the case of exactly C*-smooth
functions just in a weak sense. Then, the isogeometric spline space for solving the
PDE is in general not exactly C*-smooth but the solution of the PDE is enforced to
be approximately C*-smooth, e.g. by adding penalty terms and jump terms along the
interfaces to the weak form of the PDE, see, e.g. [2, 22], or by using Lagrange mul-
tipliers, see, e.g. [2, 56]. The second strategy is based on the application of a mixed
variational formulation for the corresponding high order PDE, which requires a refor-
mulation of the problem and the solving of a system of lower order PDEs but allows
the usage of isogeometric spline spaces of lower regularity, see, e.g. [54, 55].

The construction of globally, exactly C*-smooth isogeometric spline spaces over
multi-patch geometries with possibly extraordinary vertices is mainly based on the
observation that an isogeometric function is C*-smooth over the given multi-patch
domain if and only if its associated multi-patch graph surface is G*-smooth (i.e.
geometrically continuous of order s). In this work, we will focus on the design
of smooth isogeometric spline spaces over planar multi-patch geometries, which
may have extraordinary vertices. So far, most existing techniques are limited to a
global smoothness of s = 1 and s = 2. In case of s = 1, these methods can be
roughly classified into three approaches depending on the used multi-patch param-
eterization. While the first strategy employs a multi-patch parameterization, which
is C!-smooth everywhere and therefore possesses a singularity at the extraordinary
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vertices, see, e.g. [50, 59], the second approach uses a multi-patch parameteriza-
tion, which is C!-smooth everywhere except in the neighborhood of an extraordinary
vertex, where a special construction of the parameterization is needed, see, e.g
[37-39, 49]. In contrast to the first two approaches, where the multi-patch geom-
etry is C'-smooth at most parts of the multi-patch domain, the used multi-patch
parameterization in the third strategy is in general just C%-smooth at the interfaces.
Examples of such parameterizations are (mapped) piecewise bilinear parameteriza-
tions, e.g. [8, 26, 36], general analysis-suitable parameterizations, e.g. [13, 27, 28,
30], non-analysis-suitable parameterizations, e.g. [11, 12], and general quadrilateral
meshes of arbitrary topology [9, 10, 48]. The recent survey article [29] provides more
details about the single methods of the three approaches and also includes further
possible constructions.

In case of s = 2, there exist only a small number of possible constructions, which
mainly follow the third strategy for s = 1, see, e.g. [31-35]. All these methods can be
applied to the case of (mapped) bilinear multi-patch parameterizations, but the tech-
niques [33-35] work also for a more general class of multi-patch parameterizations,
called bilinear-like G? multi-patch geometries, cf. [33]. The design of C*-smooth
isogeometric spline spaces for planar multi-patch geometries with possibly extraor-
dinary vertices has not been considered so far for a global smoothness of s > 2, and
is the topic of this paper. A related approach, which is based on a polar configura-
tion and enables the construction of C*-smooth isogeometric spline functions with a
smoothness of s > 3, is the technique [58].

In this paper, we study and generate C°®-smooth isogeometric spline functions,
which are defined over planar, multi-patch parameterizations. We will restrict our-
selves to a smoothness s with 1 < s < 20, which should cover all cases of
practical interest. This limitation is due to the fact that one step in the proof of The-
orem 2 requires the use of a computer algebra system and has been verified for
1 < s < 20. Howeyver, it is worth to mention that numerical tests (not shown in the
paper) have indicated the validity of Theorem 2 for a smoothness s > 20, too, and
that then all other results of the paper would be directly applicable to an arbitrary
smoothness s > 1.

The construction of the C*-smooth spline space is mainly described for the case of
bilinearly parameterized multi-patch domains, but can be extended to the wider class
of bilinear-like G* multi-patch geometries, which has been already introduced for
the case s = 2 in [33], and which allows the modeling of planar multi-patch geome-
tries with curved interfaces and boundaries. The presented study and construction of
the globally C®-smooth isogeometric spline functions can be seen as an extension of
the techniques [27, 30] and [33-35] for the design of C*-smooth isogeometric multi-
patch spline spaces for the case of s = 1 and s = 2, respectively. More precisely, we
develop for the case of a planar bilinear multi-patch parameterization a theoretical
framework to study the C*-smoothness condition of an isogeometric function and to
characterize the resulting C*-smooth function. We also use this framework to gen-
erate a particular C*-smooth isogeometric spline space for a given planar, bilinearly
parameterized multi-patch domain and to construct a simple and locally supported
basis for the C*-smooth space. Several numerical tests by performing L? approx-
imation using the C*-smooth isogeometric spline space for different s indicate an
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optimal approximation power of the constructed C*-smooth space and demonstrate
the potential of the space for the use in isogeometric analysis.

The remainder of this paper is organized as follows. In Section 2, we introduce the
particular class of planar multi-patch geometries, which consists of bilinearly param-
eterized quadrilateral patches, and will be used throughout the paper. Moreover, we
present the concept of C*-smooth isogeometric spline spaces over this class of multi-
patch geometries. Section 3 studies the C*-smoothness condition of an isogeometric
function across two neighboring patches and describes first the construction of a par-
ticular C¥-smooth isogeometric spline space for the case of a bilinearly parameterized
two-patch domain. This requires the introduction of auxiliary functions, where some
concrete examples of these functions are presented in the Appendix. In Section 4,
we then extend the particular construction to the case of bilinearly parameterized
multi-patch domains with more than two patches and with possibly extraordinary ver-
tices. For both cases, we also explain the design of a simple basis, which consists of
locally supported functions. A first possible generalization of our approach beyond
bilinear parameterizations is briefly discussed in Section 5. Numerical experiments
in Section 6 indicate optimal approximation properties of the presented C*-smooth
isogeometric multi-patch spline spaces. Finally, we conclude the paper in Section 7.

2 The multi-patch setting and C-smooth isogeometric spline spaces

In this section, we will first describe the multi-patch setting, which will be used
throughout the paper. Then, we will give a short overview of the concept of C*-
smooth (s > 1) isogeometric spline spaces over the considered class of multi-patch
domains.

Let £ and 2@, ¢ T, be open and connected domains in R2, such that
2 = Ve, 2O, where Zg is the index set of the indices of the patches 2.
Furthermore, let .{2(’), i € Tg, be quadrangular patches, which are mutually dis-
joint, and the closures of any two of them have either an empty intersection, possess
exactly one common vertex or share the whole common edge. We will further assume
that each patch £2() is parameterized by a bilinear, bijective and regular geometry
mapping F©,

FO01P >R §=¢.8)~ FO@=F"¢.6). icTq,
such that 2 = F@ ([0, 11%), see Fig. 1. In addition, we denote by F the multi-
patch parameterization consisting of all geometry mappings F D, i e Io. We will

also use the splitting of the multi-patch domain £2 into the smgle patches 20, i e
T, edges ' j e Zr,and vertices £D,i € Iz, i.e.

e=Jevulyroul e,

i€elo ielr i€elz

where U denotes the disjoint union of sets and Zj and Zz are the index sets of the
indices of the edges I"®) and vertices 5 ), respectively.
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Fig.1 The multi-patch domain £2 = U;cz,, 2@ with the corresponding geometry mappings F®, i € Zp

Let us describe now the isogeometric spline spaces that will be considered in this
work. We denote by S,'l’ ([0, 1]) the univariate spline space of degree p, regularity r
and mesh size h = klﬂ, which is defined on the unit interval [0, 1], and which is
constructed from the uniform open knot vector

0 0o . -L L _k_ ko 1
£ .7 ’k_;’_la 7k+17 7k+17 ak+15 ’ .7 £
(p+1)—times (p—r)—times (p—r)—times (p+1)—times

where k is the number of different inner knots. Furthermore, let Sf: o’ ([O, 1]2) be
the tensor-product spline space S,f’r([O, 1) ® Sf’r([O, 1]) on the unit-square [0, 112
We denote the B-splines of the spaces S,’:’r([O, 1]) and Sf’r ([O, 1]2) by N]’.” and

Nj’.’l’,rj2 = Nﬁ’rNj’;’r,respectively, with j, j1, j2=0,1,...,n—1,wheren = p+1+
k(p —r). We assume that p > 2s +1and s <r < p — (s + 1). Since the geometry

mappings F®, i € Zg, are bilinearly parameterized, we trivially have that
FO &SP (10,112) x SP7 (10.117)
The space of isogeometric functions on §2 is given as
V= {qb e L2(2) I $lgm e ST (10.11) o (F(i)>_l e IQ} :

In addition, let

V' =Vvnc (2)
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be the space of C*-smooth isogeometric functions on £2. For an isogeometric func-
tion ¢ € V, we denote the spline functions ¢ o F®, i € Zg, by f@, and specify
their spline representations by

n—1 n—1

(l) (l) p.r (i)
€1, 8) = Z Z i Njp €82, dj e R

J1=0 j2=0

Moreover, we define the graph X' C £2 x R of an isogeometric function ¢ € V as
the collection of the graph surface patches X : [0, 11> - 2@ x R, i € I, given
by

. . . T
2068 = (FO@ &), 176 &)

The space V* can be characterized by means of the concept of geometric conti-
nuity of multi-patch surfaces, cf. [24, 53]. An isogeometric function ¢ € )V belongs
to the space V* if and only if for any two neighboring patches £2¢) and 201,
ig,i1 € Zg, with the common edge I') = 0 N QG i € I, the associ-
ated graph surface patches ¥ and X are G*-smooth, see, e.g. [21, 36], i.e.

there exists a regular, orientation-preserving reparameterization @) = (@fi), cbg)>,

@10, 1> — [0, 1], j = 1,2, such that
aljl 852 Z(i1)|m: aljl 8{2 (Z(io) ° cb(i)) im, 0<ji+j2<s, ig,i1 €Zg. (1)

Here and throughout the paper, we will denote by BK] the jth partial derivative with
respect to the £th argument of a multivariate function, while we will denote by 3/ the
Jjth derivative with respect to the argument of a univariate function.

In the next section, first, the case of a two-patch domain will be analyzed. For this
purpose but also for the remainder of the paper, the smoothness s will be restricted to
the case 1 < s < 20 as explained in the introduction.

3 C*-smooth isogeometric spline spaces over two-patch domains

In this section, we will consider the case of bilinearly parameterized two-patch
domains £2. In order to simplify the notation, we will denote the patches of the two-
patch domain as £2 = £200) U 201, their intersection by I' = £2(0) N 221 and the
corresponding reparameterization just as @. We will first study the G*-smoothness
condition of the graph surface of a C*-smooth isogeometric spline function defined
on a bilinear two-patch domain, and will then use it to construct a particular C*-
smooth isogeometric spline space. The presented work in this section can be seen as
an extension of [27] and [33] for s = 1 and s = 2, respectively, to a higher smooth-
ness s in case of bilinear two-patch parameterizations. A possible strategy beyond
bilinear parameterizations is briefly explained in Section 5.
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3.1 G®-smoothness of graph surfaces

Letp € V,and let fO = ¢ o F® ¢ € {ig, i1}, be the two associated spline
functions. To ensure that the graph surface ¥ = X U X1 of the isogeometric
function ¢ is G*-smooth, X0 and X D) have to be joint above their common edge
I" with G*-continuity. Without loss of generality, we can assume that @ (0, &) =
0, &), i.e. the GO smoothness across the common interface can be written as

200, &) = £1(0,8), & e[0,1]. @

In this way, the patches £2(0) and £2(1) are parameterized as shown in Fig. 2.
Furthermore, the G '-smoothness can be expressed as

det (0 20, £), 0120 0,6), nED0.6) =0, £el0.1, O
which is equivalent to
a D E)a1 0. &) — W ( )01 f 00, &) — BE)RSVO0.6) =0, @)
for& € [0, 1], witha™®, B : R — R,
() = det (0 FD0,6), F P 0,8)), 7 € lio, ), )
and
B(&) = i det (0 F@ (0,£), 01 FV(0,8)).
We can select 11 € R in such a way, that
e + 1117, + [l — 1117, (6)
is minimized, cf. [34].
Remark 1 The proposed choice of A for the functions a0, /1) and 8 will ensure
later together with additional scaling factors that the constructed basis functions

across the interfaces in Section 3.2 will be uniformly scaled, see also Remark 3.

Note that @ < 0 and @ > 0, since the geometry mappings F@ and F )
are regular. In addition, we can write § as

BE) = E)B1 (&) — ' (£)B10(£) (7

Fig.2 The parameterization of the two-patch domain £2(0) U (1) with the common edge I”

@ Springer



47 Page8of34 Adv Comput Math (2021) 47: 47

with B : R — R,

NFD(0,&) -3, F(0,8)

() —
Pre 18, F (0, )| |2

. 1 elio, i1} ®)

where (0, o (1), B (i) and B @1 are linear polynomials, and B is a quadratic one, cf.
[13, 33].
Recall (1), and leta; j, b; j : R — R,

ai;®) = (0(0]®1) 0.&),  bi;© = (9]0]02) ©. ). ©)
By (1), (4) and (9), we observe that
a1 §) B®)
a1,0§) = 2 (&)’ bro() = 2@ (&)’ (10)

In a similar way as for the G! smoothness, we can derive conditions for the G*-
smoothness, 2 < £ < s (see, e.g. [24]). For each particular £, 1 < £ < s, one only
needs to consider the equation

3L X0, &) = ot (z("o) ° cp) 0,8), & el0,1], (11)

since the continuity of all mixed derivatives of total order £ follows directly from
(11) for 1 < £’ < £. Now, we would like to express G*-smoothness conditions in a
similar way as in (3). By introducing &, = (E.' ‘ a)g) : R — R3 with components
Z,:R— R?and oy : R — R, defined as

20®) = (Eu®). 00(®) = 3 EW0.6) = 9 (E@ 0 0) (0.8) + 0091 E©(0.8)
+beo 1 X0, 8), (12)
relations (11) imply
det (2062, NED0.6), EW0.6)) =0, &el0.1l.  (3)
Expanding (13) and multiplying with A leads to
he a0 (&) wp(€2) + 10(E2) 91 £10(0, &) + 04(E2) 02/ 0(0,8) =0, (14)
for & € [0, 1], with ng, 6 : R — R,

1e(®) = 2 det (2F00,), 20(§)) , 0:6) = e det (Ee@), 0 F(0,9)).

(15)
Since F (0 is a bilinear mapping, (9), (11) and (13) imply
E(E) = —cr(®) 110, F (0, ),
with ¢¢ : R — R, defined as
-1
14
ce(§) = Z <.>ai,o(é)bei,o(é), £>2. (16)
i

i=1
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Then by (15), it follows that
Ne®) = —rikece(®) det (2F©0,), 010:F @ (0, 6))

=i (a0 ®) crt®), (17
and
00(§) = —hihe ce(®) det (910:F©(0,), 5 F 00, 6))

. . / . / .
= (a"o)@) (B7@®) - («™®) ﬂ(’O)(E)) c®.  (8)
The last equalities in  (17) and  (18) follow directly by computing
det (3, F10)(0,£), 313 F1(0,£)) and det (3;3,F (0, ), 3, F0(0,£)) for a
bilinear patch F ), and using (5) and (8). Inserting wy, defined in (12), into (14)
and considering coefficient functions at 9 f (o) (0, &) and 0> f (@) (0, &) gives
o) = —he a0 (E)ag o(8), 0(€) = —re " (E)bro()), 1<e<s. (19

Remark 2 For the sake of simplicity, we will choose in the following A, = 1 for
=23, ...,s.

Comparing Egs. (17) and (18) with (19) directly leads to the following lemma.

Lemma 1 The functions ag o and bpo, 1 < £ < s, can be expressed by a®, po,
t € {ig, i1}, via the recursion
a (&) BE&)
ayo(§) = oc(T)(E)’ bl,O(S) = O((T)(S)’
ag0(§) = F(E)ce(§),  beo) =ul)ce§), 2=t<s,

where the function c, is given in (16), and the functions ¥, u : R — R are defined as
(@)’ («@ (80 ®) ~ (@@ @) )

Y= o) (&)

nE) =—

Explicit expressions for the functions &, n, and 6, for the cases £ € {1, 2,3}
are given in Example 1 in the Appendix. Lemma 1 provides us now with closed
form formulae for the functions a, o0(§) and by o(§), £ > 2, which only depend on
a0 (g), @) (), B0 (£) and BV (&), and which are equal to

aDE) BE) o ey S . PRYPRY, P
ago(€) =1 0 @) DE) Y NE—1,j+1) (M(é)a ! (5)) (&) BE)) ,
o ]=0

; =2 ) : .
beo(§) = ¢! % wE X NE=1j+ D (m®) e ®) 06 e
o J:

where (&) is given in (7) and

1 /m m
N(ml,m2)=—< l)( ! ) 1 <mp <my, m;,mp €N,
my \mp /) \my—1

are the well-known Narayana numbers. Summarizing the results of this section
implies the following theorem.
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Theorem 1 Let $2 be a bilinearly parameterized two-patch domain, i.e. 2 = 20U

00, An isogeometric function ¢ € V belongs to the space V° if and only if the two
associated spline functions ™ = ¢ o F®, © € {ig, i1}, fulfill

8¢ FiD (0, £) = a° (f<i0> ° qb) 0.8), &Hel0,1], £=0,1,...,s,

or equivalently _ '
£, &) = 90, &),
a0 (52) w(€2) + 10(82) 31 £ (0, £2) + 6(£2) 821 (0, £2) = 0,
for& € [0,1],and € = 1,2,...,s, where i) jg defined via (5) and (6), and wy,
ne and 0, are expressed by means of (12), (19) and Lemma 1.

3.2 Construction of C*-smooth isogeometric spline spaces

Theorem 1 describes the C*-smoothness condition for an isogeometric function ¢ €
V. Theorem 1 will provide now an equivalent but simplified condition, which will be
the key step for the construction of C*-smooth isogeometric functions. Before stating
the theorem, we need the closed-form expression for af (Z‘ (o) o <D) (0, &), which
requires the use of the generalized Faa di Bruno’s formula [23], i.e.

¢
o (20 00)0.6) = Y 400072 E@ 0, 8), 20)
lo]=1
where ¢ = (o1, 03) is a multi-index with the indices 01,00 € {0,1,...,¢}, 1 <

o1+ o2 < ¢, |o| = o1 + 02 is the length of the multi-index, and Ag. : R — R,

Z . .
Ace® =0 3, [ )o@ b)) 21

Viptioj 1 j,V
i,J)eTy p=1 peJp

with a, 0(§) and b, (&) givenin (9), and with

4
Tou={ G =120 i G O)lil =01, =02, Y pp+ip) =€
p=1
(22)
Example 2 in the Appendix states the expressions for the functions A, for the
case { =3 and |o| < 3.

Theorem 2 Let §2 be a bilinearly parameterized two-patch domain, i.e. 2 = §200U

0D, An isogeometric function ¢ € V belongs to the space V* if and only if the
corresponding spline functions %) = ¢ o FUO and @) = ¢ o FU satisfy

F® = 1@ = ). €=0.1....s, 23)

with

¢ -1 ) (1) =i )
10 = (@) a0 -3 () <f ()g> R AC e
i=0

fort € {ip, i1}.
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Proof Tt directly follows from Theorem 1 that an isogeometric function ¢ € V
belongs to the space V* if and only if the associated spline functions £ and f¢1)
fulfill the equation

<Ot(i1)(‘,>&)>_/Z (aff(il)(()’ £) — af (f(io) ) @) (O, é)) =0, £€[0,1], (25)

for £ = 0,1,...,s. We will prove the equivalence of Eqgs. (23) and (25) for any
£ = 0,1,...,s, by means of induction on £. The equivalence of both equations
trivially holds for £ = 0 and can be directly obtained for £ = 1 by applying (10) in
Eq. (25). We will assume now that the equivalence of the two Egs. (23) and (25) holds
for all ¢ < s — 1, and we will show it for £ = s. Using the induction assumption,
multiplying Eq. (24) for T = iy by (2 (&))" and expressing ¢ £ (0, &) gives

£

. ¢ . —i ;. i
o006 =" (l) (B2®)  («0@) 07 f©), 1=t=s-1 Q6
i=0

Furthermore, differentiating 8{5 £U02(0, £) with respect to the second argument
yields

of of 1 0.8) = ZZ( )( )af p((ﬂ“w(s))l*i (a<f°)(5))i) 0 £ @) @D)
i=0 p=0

for] <€ <s—1and j > 0. In the following, we will skip the arguments in order
to simplify the expressions. Using (20) and (27), (25) is equivalent to

aff(il) B 3ff(i°)

- (am))s (a(io))s

Z ( ) ii ((’1> <°‘2) §02—p <(IB(10)> (a(io)>i> go1=ite f,
a 1

lo|=1 i=0 p=0

(7| <s
315f(i1) 3ff(i°)
(O[(il))s B (auo))f
a(’]) i
01—002—0 i=0 p=0
3ff(”) if(l())

(@)’ B (@)’

s—1s—1s—0oy 02

IR0 e e e o

i=001=ior=0p= 0
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It is straightforward to see that o1 —i + p < s —i. By writing j = 01 —i + p and
applying that p > 0 implies o1 < i + j, we can express Eq. (28) also as

i fi gy plio) o 1s—i
= @) @) 2(;253 (29)
0 =

where Blrv R - R,
{s—1,i+j} . \
B ,_mm Azl ! Sf‘j Agss_ 92 ) gor—(itjon) (Ig(io))al_l(a(io))l
J a(’l) i+j—oi '
o1=i or=i+j— cr|
(30)

In order to prove the theorem, which means now to demonstrate the equivalence
of the Egs. (23) and (29), it remains to show that functions (30) simplify to

) s Bl s Bio) s .
B”’:<i> ol I b . i=0,1,...,s—1, (31)

szz(), j=01...,s—i—1, i=0,1,...,5s =1 (32)
We will first consider the case i + j = s, and will hence prove formula (31). Now,
0y = s — oy, thus (30) equals

A(a s—op):s [ O1 i\
s _ 1,501 (io) (i0)
Bis—i = Z (@) \i (’3 ) ("‘ ) '

0’1=i

and

Applying (21), we obtain
s—1

=gty S0 6 ).

Using u = o1 — i gives

1 o lio) i ’ 1 i+u i+ :
s _ =z (ip) s—(+p)
Bl s—i — (a(il))s (ﬂ([O)) (l + M)( ) ai, O,B ) bl,O

1 Qi \' < , ! o
_ (10) s—(i+up)
BRPEDR (ﬂ“")) ( >(> o) .
M:

where the binomial identity (; ) (") = (W ’)(}) has been used. Expanding the sum

by one additional term and then subtracting it and further using the binomial theorem
implies

= gy () ) () (£ 051 o) s )

u=0

(a(i))s (ZZ‘;) (aloﬂ(lo)> (l) ((alo/f("”er, 0) —i (al’oﬂ(io))y—i).

%
|
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By (10), it follows thatal,o,B("O) = i) glio) (oz(’.(’))_1 andal,oﬂ(i°)+b1,o = g,
Thus, B} _; finally simplifies to

s _ (S 1 i) i) glio) s (s Bl s—i Blio) s—i
B[,si_<i)(a(i1))s_i(<'3 ) _< o (io) _(i ) - 20 .

Let us now consider (32),ie.i + j < s — 1. We can show with the help of a
computer algebra system that expression (30) is equivalent! to

e eI aNi—1 el
B (=1~ +Dg(s — 1 — z)g(vil) (ﬁ(l.]))Aj (Ot(ll))l (i e (a(i0)>/ @ (ﬂ(io))/>
i,j IT (a(il))s (a(io))Z(S*(l+J))

s—1—(i+Jj)

, (O[(iwﬂ(il) (aao))’ 4o (a(io) (lg(i()))’ — 2l (a(i")),>) (33)

A ((a(i1)>zﬂ(io) _ g gl 4 (aao))zal oby 0) .
Since the last factor of (33) is equal to zero, i.e.
(am))z Bli0) _ (i) gli1) (O[(i()))zal.() bio= —al® (a(i())’g(il) _ a(il)ﬁ(i())) +ag =0,
relation (32) holds. Employing (31) and (32), we can now simplify Eq. (29) to

3y i gy flio) s s g s . s=l s B0 S
1 1 s—i s—i

= - — 1 9 . E ] 9 =0,
(O[(il))A (a(io))s Z (l> (i) fi+ —~ (l) o (i) Ji

i=0

which is equivalent to Eq. (23), and which finally concludes the proof. O

The C*-smooth isogeometric spline space V* over a bilinearly parameterized two-
patch domain 2 = £200) U 2D can be decomposed into the direct sum of three
subspaces, namely

V= V_Sq(i(p ® Vé(n) ®Vr,

where the subspaces V%, ), T € {ip, i1}, and V}. are given by

2
n—1 n-—1
Voo =10eV 1 /P )= Y Y d7 NI L 8), fOE.6)=0F£T, d), eR
Ji=s+1 ja=0

and

s n—1
Vi=16eV' | D@ &)= > a7 NI (51,8, T elio.ir), df]), Ry,
J1=0 j2=0

IThis equivalence has been verified for 1 < s < 20 using the Mathematica file available on https:/osebje.
famnit.upr.si/~vito.vitrih/notebook.html
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respectively. The subspaces V5, ., T € {ig, i1}, can be simply described as

0@
V‘;W):span[(bmr);jl,jz”l:s+1,...,n—1, j2:0,1,...,n—1], T € {io, i1},

with the functions o). j, j, 2 —> R,

NPT o (F® ) (x) if x € 20,

¢)-Q(T)2j1,j2(x) = ( ]1 2 ( ) . S (34)
0 if x € 2\20,

Sincethefunctionsqb_Q(z);jlyjz,j1 =s+1,....,n—1,jp=0,1,...,n—1,are just

“standard” isogeometric spline functions of at least C*-continuity, they are linearly

independent and therefore form a basis of the space V;Z(,) The following theorem

specifies now an explicit representation of an isogeometric function ¢ € Vy..

Theorem 3 Let ¢ € V5., then the two associated spline functions f™ = ¢ o F®,
T € {ig, i1}, can be represented as

UCRSEDS (Z (;) (&) (@@@) o, (sz)) M €D, (35)
i=0 \ j=0

where the functions f; are defined in (23) and (24), and the functions Mip TR —
R, which fulfill 8ZMip’r(O) =8¢, £ =0,1,...,5, with 6; ¢ being the Kronecker
delta, are given as

p.r - ({)hl pr .
MP (&) = Z— NPT, i=0.1,....s
11]_12 0(

Proof By means of the Taylor expansion of (™) (£, &) at (§1, &) = (0, &), and
due to Theorem 2, we obtain that

2
FOG.E) = FO0.6)+ 000006+ 006+ 4ol 00.8) T 10 (67)
fo@) + («P@) fie) + B @ i) &

+ <<a<”)2 6126 + 20V 1) + (5°) @) 5/(52)) % !
+ (Z <j> (/5”’(52))5_’ (a<’>@z>) >’ (¥2>) Tio (&)
j=0

Using the fact that the functions f(’)(él, &), T € {io, i1}, possess just a spline
representation of the form

AUGEIEDY Z A NPT (61, 6),

J1=0 j»=0
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we further get

FO68) = hEM) €+ (¢ A& + 76 fi&) M )

2 2
+ ((oﬁ”) ) 12&) + 280 @) fE) + (8 <sz>f(;/<sz>) MPT @)+

+ (XS: (j) (ﬂ(r) (sz))s‘f (am(&))/ #If, (&)) M€,

j=0
with
N
MPTED) =) xpNPTED, i=0,1,..
j=0
The unknown parameters A; j,i, j =0, 1, ..., s, are then determined by the con-

ditions 3M?""(0) = & ¢. By the properties of the B-splines N 7", we obtain for the
unknowns 2; ; the following system of 2(s + 1) equations

-1 ¢
L
Ml =" | [T(p =0 Z(—l)z‘p< )Ai,p, i 0=01,...s,
p=0 p=0 P
which possesses the solution
Aio=Ai1=-=Xx,;-1=0, A ;=
O

The construction of a basis for the space V-, and hence for the space V, is a very
challenging task, which requires the study of a lot of different possible cases, cf. [27]
and [33] for s = 1 and s = 2, respectively. This is a direct consequence of the fact
that the dimension of the space V. heavily depends on the configuration of the two
underlying bilinear patches F0) and FUD. Therefore, we consider instead of the
entire space V* = V§z<io> ® V5, ® Vi asubspace W* C V*, given as

WS =V @ Vi, @ Wi, (36)

with VTJ} C Vy. The subspace W} is defined as
Wi = span{¢r.ji pl 1 =0,1,...,8, p=0,1,...,nj —1},

where the functions ¢r j, j, : $2 — R possess the form

¢ (x) ( ;10/)1/ ° (F(iO))_l> @) i xR, 0,1 p=0,1 1
rijnp(*) = ; - ——  a=0L.s p=01n5 =1

P e e e e 2 |
€0)
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andnj, = dim (S,f‘f‘*’“‘f'l([o, 1])) = p+1—ji+k(p—r—s+ji). The functions

fl(f;)].hjz : [0, 11> = R, t € {io, i1}, are further given by

s . .. .
i o , .
fﬁ?jm ELE)=v)) (;1)(,3&)(&2)) fl(a(r)@z))ha,—ﬂ(szzm,rﬂm(&))Ml_p,r@] )
i=ji

‘ (38)
where y;,, j1 =0, 1, ..., s, are scaling factors of the form y;, = h— ]_[g;(l)(p—jz).
The selection of the subspace YW is motivated by the numerical results in [33] for
s = 2, and by our numerical experiments in Section 6 for s = 1,...,4, which
indicate that the subspace WW* (and consequently also the entire space V*) possesses
optimal approximation properties. It remains to show that Wy € V3§, which is
covered amongst others by the following theorem.

Theorem 4 It holds that
Wi C V5.,

Moreover, the functions ¢r.j, j,» 1 =0,1,...,s, j2=0,1,...,nj, — 1, forma
basis of the space W..

Proof In order to prove VTJ} C V., we show that ¢r.; ;, € Vi forall j; =
0,1,...,5, jo = 0,1,...,n;, — 1. Note that any (s + 1)-tuple of functions
(fo, fi. ..., fs), which assures after inserting in (35), that the two functions f(*) =
$oF®, 1 € {ig, i1}, belong to the spline space S,f’r ([0, 1]2), defines an isogeomet-
ric function ¢ € Vy.. One can easily verify by means of representation (35), that the
(s + 1)-tuples formed by

(for fisoeos )= 0,0, 0,y NLTW" 00, of, (39)
N— e’ —— ——
J1 s=Ji
for p=0,1,...,n; — 1, j1 =0,1,...,s, yield isogeometric functions ¢ € Vi,

since we get f(f) € Sf’r ([0, 1]2), T € {ig, i1}. However, the resulting functions ¢ €
V}- obtained by the (s 4 1)-tuples in (39) are now exactly the isogeometric functions

érijinp1=0,1,...,5,jo=0,1,...,n; —1, which hence implies that ¢r; ;, ;, €
V} forall jy =0,1,...,s, jo=0,1,...,nj — 1. Since the functions ¢r j, ;, are
linearly independent by construction, they form a basis of the space Wi, U

Remark 3 The scaling factors y; in (38) guarantee together with the proposed
choice of A; for the functions a0 ) and B in Section 3.1 that the basis func-
tions ¢r; .5, j1 = 0,1,...,5, jo =0,1,...,nj — 1, are uniformly scaled. This
scaling has been already used for the construction of C*-smooth isogeometric spline
functions for the case of s = 1 and s = 2 in [29, 30] and [34, 35], respectively.
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Finally, we obtain the following theorem as a direct consequence of the results
from this subsection.

Theorem 5 The space W?*, given in (30), is a subspace of the C*-smooth space V.
In addition, the functions ¢Q(t);jl‘j2, ji=s+1,....,n—1,j=0,1,...,n—1, 7 €
{io, i1}, together with the functions ¢r.j, j,» 1 =0,1,...,5, j2=0,1,...,nj —1,
form a basis of the space W*, which further implies that the dimension of the
subspace W* is independent of the configuration of the two underlying bilinear
patches F () gnd F, and is equal to

dimW* = dim V!, + dim V5, + dim Wy,
with
- s
dimVS, =dimVi =n(n—(s+1) and dimWj =" (n;, +1).

J1=0

Remark 4 While for s = 1 we have VT/} = VIL except for special configurations of
the two patch geometry F, see [27], for s > 2 it always holds Ws - Vf—, since the
linear combinations of the functions ¢r. j, j,, j1 =0,1,...,5, o =0,1,...,nj—1,
are not the only functions in V}-, see, e.g. [33] for s = 2. An example of a special con-
figuration of the two-patch geometry F with W} C V} for s = 1, too, is to choose
the two geometry mappings F 0 and F') as bilinear mappings F : [0, 1]> —
[—1,0] x [0, 1] and F : [0, 1]*> — [0, 1]%. In this case, the dimension of V. is
trivially equal to
dimVy = (s + Dn,

but which is always larger than dim Wf-

4 C*-smooth isogeometric spaces over multi-patch domains

In this section, we will extend the construction of the C*-smooth isogeometric sub-
space W* C V¥ for bilinearly parameterized two-patch domains, which has been
described in the previous section, to the case of bilinear multi-patch domains 2
with more than two patches and with possibly extraordinary vertices. The proposed
construction will work uniformly for all possible multi-patch configurations and is
much simpler as for the entire C*-smooth space V°. Thereby, the design of the sub-
space WW* will be based on the results of the two-patch case, and is motivated by the
methods [29, 30] and [34, 35], where similar subspaces have been generated for a
global smoothness of s = 1 and s = 2, respectively. There, it has been numerically
shown that the corresponding subspaces possess optimal approximation properties.
This will be also numerically verified in Section 6 on the basis of an example for the
subspace W* fors =1, ...,4.
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The subspace W* will be generated as the direct sum of smaller subspaces corre-
sponding to the single patches 2, i € T, edges I'”, i € T and vertices 2,
ielg,ie.

W= PwWho |e| P Wi || Pwio |- (40)

ielo ielr i€elz

In order to ensure h-refinable and well-defined subspaces, we have to assume

additionally that the number of inner knots satisfies k > 4;:1:5’ , which implies

h < £==%. The construction of the particular subspaces in (40) will be based on
functions from the subspaces V;N)’ Tt € {ip, i1}, and WY, which have been both
defined in Section 3 for the case of a bilinearly parameterized two-patch domain
2 = 200 U 201 with the common edge I = 20) N 201, and will be described
in detail below.

4.1 The patch and edge subspaces

We will first describe the construction of the subspaces W;'N), i € Lo, and W;L(i),

i € Zr. Analogous to (34) in case of a two-patch domain, we define the func-
tions ¢, j, £2 — R in case of a multi-patch domain 2 = U;cz, 2@ as

NPT o (F® _1>(x) if x € 20,
¢Q(i)ljl,j2(x) = ( ]1.»12 (_ )_ (41)
0 if x € 2\20,
and then define the patch subspace W;Z @ as
W = span{¢9(i);jl,j2| jlp=s+ 1,542 . n—1—(s+ 1)}.
We clearly have W_g(,) C V¥, since the functions ¢Q(">;j1,jz’ Jji,jo = s +
1,...,n—1—(s+ 1), have a support entirely inside 2O are clearly C*-smooth on

2® and have vanishing values and derivatives up to order s on 92,

Let us construct now the edge subspaces W‘}(i), i € ZIr, where we have to
distinguish between boundary and inner edges I"”). In case of a boundary edge
r® c W, iop € Zp, we can assume without loss of generality that the boundary

edge I'¥) is given by F'0) ({0} x (0, 1)). Then, we generate the edge subspace W}m
as

W) = span[d)_(z(,-o);jl’jzl =254 1= 1, ntji—(2542), j1 =0, 1,...,s},

where the functions b, i, are defined as in (41). Similar to the patch sub-
space W;z(l.), the functions ¢_Q(i0);j1’j2, J2 =_2s +1—ji,....n+ j1 — 2s + 2),
j1=0,1,...,s,are trivially C*-smooth on £2, which implies that WI{(” c Vs,

Let us consider now the case of an inner edge ') C QG0 N GV, jy, iy €
Zg. Without loss of generality, we can assume that the two associated geometry
mappings FU) and F@) are parameterized as shown in Fig. 2. The edge subspace
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Wi, is now defined as

W) =span {¢r(i>;j1,j2| R=2s+1=j1,...,nj+j1—@2s+2), i1=0,1,..., S} .

where the functions ¢ roj 2 >R possess the form

(f;lﬁz i (F(iO))_l) (x) if x € 200,
braj,j,*¥) = (fl(j(llz i (F(il))_l) (x) if x € 20, (42)

0 otherwise,

similar to the two-patch case (37), and where the functions f ROE , T € {ig, i1},
are spe01f1ed 1n (38). In contrast to the two-patch case (37), the indices Jjo of the

functions f FO iy are restricted to the choice of j, =2s +1— ji,...,nj + j1 —

2s+2),j1 = O, 1, ..., s, which implies that the functions f ro. . have vanishing

values and derivatives up to order s at all edges W, Lelr, except the edge ro,
that is for all edges r® ¢ e Zr \ {i}. This property of the functions ¢, ;,

=2s+1—ji,....,n5 +j1 — @2s+2), j1 =0,1,...,s, together with the
fact that the functions ¢, ; ;, possess a support contained in 200 U 2D and are

C*-smooth at the edge ") by construction directly leads to W$... C V*.

ro =

4.2 The vertex subspaces

We will denote by v; the patch valency of a vertex %), i € Tg. To generate the
vertex subspaces W,,(l), we will distinguish between inner and boundary vertices. We
will follow a similar approach as used in [29, 30] and [34, 35] for the construction of
C! and C%-smooth isogeometric spline functions in the vicinity of the vertex & .
Let us start with the case of an inner vertex &), i € Zg. We can assume without
loss of generality that all patches 0o, p=0,1,... — 1, around the vertex Z©,

ie. 50 = ﬂg"z_ol 20»)  are parameterized and labeled as shown in Fig. 3. In addition,

we relabel the common edges 20 N2+ p =0,1,..., v;—1,by '+ where
we take the lower index p of the indices i, modulo v;.

The design of the subspace WY, =) 1s based on the construction of C*-smooth func-
tions in the vicinity of the vertex & @, which will be formed by the linear combination
offunctlonsqﬁrgp);jl’jz,]2 =0,1,...,2s—j;, 1 =0,1,...,5,0=0,1,...,v; —
1, coinciding at their common supports in the vicinity of the vertex = ), and
by subtracting those “standard” isogeometric spline functions ¢ ). i J1 T2 =
0,1,...,s,0=0,1,...,v; — 1, which have been added twice. For this purpose, let
us consider the isogeometric spline function ¢ ) : 2 > R,

(£ o (F9) ™) ) ifx e 200, p=0,1,....0 — 1,

0 otherwise,

Pzi(xX) = { (43)
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Fig. 3 The parameterization of the patches Q) oG QWi-D  with  the edges
rbo @ -1 around the inner vertex 5©

= @)

where the functions f =110, 117 — R are given as

.‘()

Gen =@+ 1 @ - 12 @ s, @

. (ip+7) ip)
with fif: " ,fif(" 10,12 = R,

s 25—j1
(ip+t) (ip+v) ( ) (ip+t)
G E) = Y0 Y al T s G ), af 5T €R T =01,
150 =0 (45)
olip) (ip) , (@ip)
2@ 8) =) Y a) NPT (L&), a)f) €R,
Jj1=0 j2=0
and with the functions f (,p v TS 0,1, given in (38). The function ¢z is
T) [ .
now C*-smooth on £2, i.e. ¢zo € V°, if the coefficients aJI: j’:r a;.ll”;é satisfy the
equations
(@ ) (1 )
8‘19%2 ( FE g ) ©0) =0 and (462)
£ oL rlo+1) QUp)
alla;(fl.ﬂ B ”)(0)_0 (46b)

for0 < £1,4, <sand p = 0,1,...,v; — 1. The Egs. (46) form a homogeneous
system of linear equations
TWa =0, (47)

+7) i .
where the vector a consists of all coefficients aII ],)2 o aﬁ{’ ;2 Any choice of the vec-

tor a, which fulfills the linear system (47), yields an isogeometric function (43)
belonging to the spline space V°. Each basis of the kernel ker (T(‘)) determines

dimker (7?) linearly independent C*-smooth isogeometric spline functions, which
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are denoted by ¢z ;. j € {0, 1, ..., dimker (T) — 1}, and which can be used to
define the vertex subspace W, via

W2, = span {qbsm,j ljelol,..., dimker(rm) - 1}} c Vs

As in the case of the three-patch domain in the numerical examples in Section 6,
see Fig. 5 (bottom row), we can employ the algorithm developed in [32] for comput-
ing a basis of ker (T(i)), which is based on the concept of minimal determining sets
(cf. [44]) for the coefficients a.

Note that dim ker (T(i)), and hence dim Wé «@» does not depend just on the valency

v; of the vertex &@ but also on the configuration of the bilinear patches around
the corresponding vertex. The computation of dim ker (T(i )) would require the study
of various different possible cases, see, e.g. [8] and [31] for s = 1 and s = 2,
respectively, and is beyond the scope of this paper. However, the following lemma
provides us with a first lower and upper bound for dim ng.

Lemma 2 Let £Y, i € Tz, be an inner vertex of patch valency v;. Then, dim Wi
can be bounded by

1 1
7 vis(s+1) < dimWém < 3 s+ D24 v)s +2).

Proof Clearly, dimker (7)), and hence dim W5, is given by the the number of
unknowns in the homogeneous linear system (47) minus the number of linearly
independent equations in this linear system. The number of unknowns is now just
Gprv) (i
g sjszr ’ ;173'2’
vi ((s + 1% + %(s + 1)(3s + 2)). To estimate the number of linearly independent
equations, we will study the Eqgs. (46) in more detail, since they form the linear
system (47). In doing so, we aim to give a lower and upper bound for this number.
Let us start with the v; (s + 1)? linear Egs. (46b). All these equations are not
only linearly independent from each other but also from the linear Eqgs. (46a).
This is a direct consequence of their construction and of the fact that for each p,

the number of the possible involved coefficients a which is equal to

p=01,...,v; — 1, the (s + 1)2 coefficients a;ipi.z, 0 < ji, j» < s, arise just in
Eqs. (46b), and there only in the equations for the corresponding patch £2¢»).

Let us continue with the v; (s + 1)2 linear Egs. (46a). For each patch Q0Up),
rGp)
Ji,J2°

,j1=0,1,...,5,jo=0,1,...,2s—j1, and are clearly linearly independent

p=0,1,...,v; — 1, the (s + 1)2 equations contain at most the coefficients a
Yo+
.2

by construction. Therefore, starting with the (s 4+ 1) equations for patch £2¢0), and

adding step by step the (s 4 1)? equations for the patches 20, p =1,2,...,v; —2,

one can easily verify that the resulting (v; — 1) (s +1)? equations are linearly indepen-

dent, since in each step for the patches 0o, p=1,2,...,v; — 2, the coefficients
rtp)
Jtj2° i
the last (s + 1)? equations, namely the equations for the patch 2U4i-1 we cannot
assume as before that the (s + 1)? additional equations are linearly independent with

Jj1=0,1,...,5,jo=0,1,...,2s — ji, just arise for the first time. Adding
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all the remaining ones, since now the coefficients al i r' j ), Jj1=0,1,...,s, jo =
0,1,...,2s — ji, could have already appeared in the equations for patch 200 and
therefore some of these equations could be linearly dependent with the previous equa-
tions. By assuming the two extreme cases that all or none of these (s 4+ 1)? equations
are linearly dependent with the previous equations we get in total (2v; — 1) (s 4 1)?
as a lower and 2v; (s + 1)? as an upper bound for the number of linearly independent
equations in (46). Using these bounds to estimate the dimension of WH(I ,» we finally

obtain for dim WY, as a lower and upper bound

vi ((s + D% + %(s—f- DBs +2)) —2v; (s + 1)? = %vis(s—}- 1
and
Vi <(s + 1%+ %(s + 1D(3s + 2)> —Qui—D s+ = % (s + D(Q+v)s +2),

respectively. O

Let us continue with the case of a boundary vertex. This can be handled sim-
ilarly as an inner vertex by assuming that the two boundary edges are labeled as
@) and ") Then, the only difference in the construction of the C*-smooth func-
tions ¢z ; and of the C*-smooth space ng C V* is that for the patches £20) and

(i) rt o
§27i1" the functions fi.; ;, and fi ;. 5

Following the steps in the proof of Lemma 2 and counting the number of unknowns in
the adapted homogeneous linear system (47) minus the number of equations (which
are now clearly all linearly independent) in this linear system, we further obtain that
for any boundary vertex & @ of valency v; it holds

in (45) are just the standard B-splines.

dim W, = <((s + D% + E(s + 1DBs +2)(v; + 1)) —2(s+ D%y = %(s+1)((3+v,-)s+2).

For boundary vertices &) of patch valency v; € {1,2}, the vertex sub-
spaces Wé @ can be also directly constructed without solving a homogeneous linear
system (47). In case of a boundary vertex & of patch valency v; = 2, we can
assume without loss of generality that the two neighboring patches £2¢0) and £2¢1),
io, i1 € Zg, which contain the vertex & 2@ and possess the common edge I"(0) =
200 N G, jy € Ir, are parameterized as shown in Fig. 2 and that the vertex &)
is further given as ) = F (0)(0) = FU1(0). Then, the vertex subspace WL ;) can
be also generated as B

- , o1 2=y if gy <25
WS, =span o). =0,1,...,3s, p= ]
g0 ="5P {¢“()’]1’j2| J 2 0,1,...,3s—j; ifj; > 2s

with the functions 55(;)”-1’& 12 —> R,

¢1"(j0);j1,j2(x) ifj1=01,...,s
(i)E(i);jl’jz(x) = ¢9(i0);j1’j2(x) ifji=s4+1,s+2,...,2s
¢>_Q(i1>;jl_syj2(x) if ji=2s+1,2s4+2,...,3s,
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where the functions ¢ ). £ =0,1, and ¢ p. are defined as in (41) and

g2’ W)
(42), respectively. Clearly, all functions ¢E<,~>; ji.jp are C*-smooth on £2, since the
functions @ ). i 1 =0,1,...5j =0, 1,...,2s — Jj1, are C*-smooth by
construction on £2, and the functions qbg(,l) e b= 0,1, j1=s+1,5s4+2,...,3s,
j2=0,1,...,2s — j1if j;1 < 2s and]2 =0, 1,...,3s—j1 if j1 > 2s, which

possess a support in £20e), are C*-smooth on £2¢¢), and have vanishing values and
derivatives of order < s along all inner edges '), j € Z.

In case of a boundary vertex & @ of patch valency v; = 1, we can assume without
loss of generality that the boundary vertex &) is given by & = F)(0), iy € Zo.
Then, the vertex subspace W5, =) can be simply constructed as

Wi = span {@gap j, )| i j2 =0, 1,025, ji+ jo = 25}

where the functions ¢ ). are given as in (41). Again, the functions ¢ ).

S 2 s’
ji,jo =0,1,...,2s, j1 + j» < 2s, are entirely contained in 200)_ are CS-smooth

on 200, and have vanishing values and derivatives of order < s along all inner

edges I'/), j € Tr, which implies that the functions are C*-smooth on £2.
Summarizing the results from Section 4, we obtain:

Theorem 6 The space W?*, given by the direct sum (40), is a subspace of the C*-
smooth space V°. Moreover, the functions which have been used to generate the
spaces WQ(,), i € o, W;(i), i elr, and Wg(,), i € Ig, form a basis of the
space W*, and the dimension of the space W* is equal to

dimW* = Z dim W, + Z dim Wy, + Z dim W,

ieZp i€eZr ielg
where
dimW?Z(i) = -2+ 1))2’
dim W5, ;, = s+ 1) (n—ks = (5 +2)) l{fF(':) l:s an inner edge,
r s+Dn—-35s—-2) lf]"(’) is a boundary edge,
and |
dim W, = dim ker (T(’)> ,
with

dim ker (T<f>) - %(s + (G + vi)s +2),
if 29 is a boundary vertex of valency v;, and with
%U,S(H 1) < dlmker(T(’)) S (s + D@+ v)s +2).
if 29 is an inner vertex of valency v;.

Proof W* C V* follows from the fact that W? on S Vi,ieZlp, WFM cVi,ielr,
and Wi(,) C V¥, i € Iz, as already shown before Since the functions which have

been used to generate the spaces Wj,z(l), i €1o, WF(,), i €Zr,and WE(,), ielz,
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are linearly independent by definition and/or by construction, they form a basis of
the individual spaces W‘;?(i) ) WI{(,.) and WfE - and therefore, they build a basis of the
space W*. Finally, the dimension of WW* results from the direct sum (40), from the
dimensions of the spaces W, ;,, W, and WL, and from Lemma 2. O

Remark 5 In case of a bilinearly parameterized two-patch domain, the two slightly
different constructions described in this and in the previous section lead in both
cases to the same subspace WW* with the same basis, which can be easily verified by
comparing the two differently generated bases.

An alternative approach for the construction of a vertex subspace Wg@, which
leads also for inner vertices to a vertex subspace whose dimension is independent of
the configuration of the bilinear patches (and even independent of the valency v;),
is to enforce additionally C 25s_smoothness of the functions at the vertex =@, see,
e.g. [29, 30] and [35] for s = 1 and s = 2, respectively. Thereby, we will compute a
subspace Wi, of the vertex subspace W), i.e. WL, S WL, For this purpose,
letyj, j, : 2 = R, j1,j2=0,1,...,2s with jj + j» < 2s, be functions which are
C*-smooth on 2 and additionally C%-smooth at the vertex =) such that

0 052 (B0) =0 RSS2, 0 =01, 25 £+ 6 <25,

where o is a scaling factor (cf. [30]) given by
—1

h vi—1
o=|—> IIF@ O]
p i =0

with JF @) being the Jacobian of F (p), Then, isogeometric functions 55(1-); i
2 >R ji.ja=0,1,....25 ji + j2 < 2, can be defined via gz 0., ;, = Pz 0,
with the functions ¢z givenin (43), by means of the interpolation problem

01080z (59) =0{'0005.5 (59), 0 6=01,..25 ti+6 =2
(43)

The isogeometric functions ¢z, and therefore the isogeometric functions
bz, j1.ja» are uniquely determined by (48) and can be computed via the coeffi-

(p4t) 1 . . o) . .
g ;; " and a;ll" ;2 of the spline functions fi;‘() in (44) with the help of the

following equivalent interpolation conditions

cients a

o 032 £ ) = o 02 (W o FO) @), 061225, 0255, L+ =2s,
o 052 127 ) = o' (Vi o F) 0, 012 <5,

for p = 0,1,...,v; — 1. The resulting isogeometric spline functions 55@; 1.2
Jj1,jo = 0,1,...,2s, j1 + j» < 2s are well-defined, C*-smooth on 2 and even
C?5_continuous at the vertex =), and determine by

Weo = Span{$5<i>;jl,jzl Ji,j2=0,1,....2s, ji+j2 = 2s} cV,
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a vertex subspace WS, =) with a dimension which is independent of the valency v;
of the vertex &) and of the configuration of the bilinear patches around the vertex,
since it just equals

dimW5, = (s + 1D(2s + 1). (49)

The resulting dimension of the alternative vertex subspace V/\\/sw @ can be used now
to give an improved lower bound in Lemma 2 for the dimension of WY, ~() 1n case of
an inner vertex & Z @) when the valency v; of the corresponding vertex & B0 is small.
Since W,,(,) - WH(I )» (49) is a further lower bound for the dimension of W}
which dlrectly leads with Lemma 2 to the following corollary.

7—1(1)7

Corollary 1 Let 9, i € Tz, be an inner vertex of patch valency v;. Then,

max ((s FDH@2s+1), = v, (s + 1)) < dimW, < —(s F (2 +vi)s+2).

5 Beyond bilinear parameterization

In this section, we will briefly discuss a first possible generalization of the presented
construction to a wider class of multi-patch parameterizations than the considered
bilinear one. Motivated by [13] for s = 1 and by [33] for s = 2, we are interested
in multi-patch parameterizations which possess similar connectivity functions as in
the bilinear case, in particular linear functions o0, @), gG0) B0 "ajong the inter-
faces ', i e Zr. There, but also in further publications for the case s = 1 or
s = 2, see, e.g. [29, 30, 34], it was numerically shown that such multi-patch param-
eterizations can allow the construction of globally C*-smooth isogeometric spline
spaces with optimal approximation properties, similar to the bilinear case. Inspired
by [33], we call these particular multi-patch parameterizations bilinear-like G* and
define them as follows.

Definition 1 A multi-patch parameterization F consisting of the geometry map-
pings

FOesp” (10.17) x 8P (10.17), i eZa,
is called bilinear-like G* if for any two neighboring patches F) and FU) ig, i €
Tq, assuming without loss of generality that

F10,6) = F'(0,5),

there exist linear functions a0, /1), gl0) g1 . R — R, such that

F@€) = F/V@E) = Fu®), €=01,....s,

with

. = @ =
FO© = (@) o FO0.) - Z@ (5(8) 0 TF©), 7€ lio, ).

i=0
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Fig.4 Two examples of bilinear-like G multi-patch geometries beyond bilinear multi-patch parameteri-
zations, which can have curved interfaces and boundaries

For example, Theorems 2 and 3 can be directly applied by employing bilinear-
like G° multi-patch parameterizations. The advantage of using bilinear-like G*
multi-patch parameterizations instead of bilinear multi-patch parameterizations is
the possibility to deal with multi-patch domains with curved interfaces and curved
boundaries, see, e.g. [28-30] and [33] for s = 1 and for s = 2, respectively. Two
instances of possible bilinear-like G multi-patch geometries beyond bilinear multi-
patch parameterizations are visualized in Fig. 4. Both domains consist of polynomial
patches of bi-degree (p, p) = (7,7), and have been constructed by following the
two strategies presented in [29, Section 3.3] for the case of s = 1, which have been
adapted to the case of s = 3. While the left multi-patch geometry is a mapped piece-
wise bilinear domain generated from the bilinearly parameterized three-patch domain
in Section 6, the right multi-patch geometry is a first simple example of a bilinear-like
G* multi-patch parameterization, which extends the class of mapped bilinear multi-
patch domains, and possesses a C3-smooth outer boundary and an inner boundary
with sharp corners. However, a detailed study about the construction of bilinear-like
G* multi-patch geometries as well as the generalization of our method to the design
of C*-smooth isogeometric spline spaces over bilinear-like G* multi-patch parame-
terizations are beyond the scope of the paper and will be part of our planned future
research.

6 Examples

The goal of this section is to numerically study the approximation power of the iso-
geometric spline space WV by performing L? approximation over the two bilinearly
parameterized multi-patch domains §2 given in Fig. 5 (left column). More precisely,

we will approximate the smooth function z : 2 — R,

z2(x) = z(x1, x2) = 4cos(2xy) sin(2x2), (50)
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visualized in Fig. 5 (middle column) on these two multi-patch domains, by employing
isogeometric spline spaces WW* for a global smoothness s = 1,...,4, and a mesh
size h = with L =0,1,...,50r L =0,1,...,6,foraspline degree p = 25+ 1

and for an inner patch regularity r = s. Let {¢; }‘}ijows_l be a basis of such an

2_L’

isogeometric spline space YV, then we compute an approximation zj, : £2 — R,

dim W*—1

@wE@) = Y o), ¢€R,

j=0

of the function z, by minimizing the objective function

f (zn(x) — z(x))%dx.
2

Finding a solution of this minimization problem is equivalent to solving the linear
system

o
Me=z, ¢=(cp)im)"",

where M is the mass matrix with the single entries

min = [ 68,00, (51)
2
107"
(-3,11/3) 107
(8/3,13/4)
5 107
2
b}
AT
—
10713 \
: \ " p=7,8=r=3
107 ' p=9,s=r=4
1) 10 1000 100000
(-13/5,-3/5) ’ NDOF
107!
h4
107
$5 53 gore
(13/4,13/4) 5 107 1 o pede==t
5
(716,178) AL'] 1071 O\ p=5.s=r=2
(37/8,12/7) R
10713 p1o ‘\‘\‘~p:7,s:r:3
1071 5,
(0,0) (5.0) ‘p=9,s=r=4
10 1000 100000
(5/2,-3/4) NDOF
Multi-patch domain §2 Smooth function z Relative L? errors

Fig.5 L2 approximation of the smooth function (50) (middle column) on two different bilinearly parame-
terized multi-patch domains £2 (left column) using spline spaces WW* for a global smoothness s = 1, ..., 4,
and a mesh size h = %,withL =0,1,...,50r L =0,1,...,6, for a spline degree p = 2s + 1 and for
an inner patch regularity r = s. The resulting relative L errors (right column) are visualized with respect
to the number of degrees of freedom (NDOF)
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and z is the right side vector with the single entries
Zj = / zZ(x)¢;(x)dx. (52)
2

Using the relation fj(i) = ¢jo F9D i e To, the entries (51) and (52) can be
computed via

Mjjn = ) /[0’1]2 £ 6 £ 61 )| detUFD (&), £2))1dE1dE,

ielo

and

6= / d(FO &, ) 17 (1. 82 detUF D (&1, £))|d 1 dé,
(0,112 /

ielo

respectively.

While in case of the bilinearly parameterized two-patch domain, see Fig. 5 (top
row and left column), the basis for the space W* is generated as described in
Section 3.2; in case of the bilinearly parameterized three-patch domain, see Fig. 5
(bottom row and left column), the basis is constructed as explained in Section 4.
In the latter case, the design of the vertex subspaces Wém has to be slightly mod-

o g . p—r—s
ified in case of a mesh size 1 ——7 T

vertex subspace W‘é(i) for a boundary vertex =) is then just generated by those
corresponding functions ¢ ro: . and/or (]5_(2(,'); 1. which have not been already
used to construct the vertex subspace for another vertex especially for the inner
vertex.

Figure 5 (right column) displays the resulting relative L? errors with respect to the
number of degrees of freedom (NDOF) by performing L? approximation on the two
different bilinearly parameterized multi-patch domains. In all cases, the numerical
results indicate a convergence rate of optimal order of O(h?*!) in the L? norm. In
case of the three-patch domain, the shown results have been obtained by employing
the minimal determining set approach for the construction of the vertex subspaces
for the inner vertex. However, the use of the alternative interpolation strategy instead
would lead to a nearly indistinguishable result but which is not presented here. The
number of degrees of freedom, i.e. the dimensions of the obtained isogeometric spline
spaces W* for the two different multi-patch domains are reported in Table 1. Again,
the dimensions for the spaces based on the alternative interpolation strategy for the
three-patch domain are not presented in the table. However, they are very similar to
the numbers presented in the table, namely they are the same for the first column,
reduced by one for the second column, by two for the third one and by four for the
last column.

< h < 1 for boundary vertices. Namely, the
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Table 1 The number of degrees of freedom, i.e. the dimensions of the generated isogeometric spline
spaces YW* in Section 6 for a mesh size h = %, L =0,1,...,5, for the two bilinearly parameterized
multi-patch domains shown in Fig. 5 (left column)

h p=3s=r=1 p=5s=r=2 p=Ts=r=3 p=9s=r=4

Two-patch domain

1 23 51 90 140
3 57 126 222 345
1 173 384 678 1055
: 597 1332 2358 3675
= 2213 4956 8790 13715
5 8517 19116 33942 52995

W
D&

Three-patch domain

1 24 52 90 139
3 66 142 246 379
i 222 484 846 1309
3 822 1816 3198 4969
= 3174 7072 12510 19489
= 12486 27952 49566 77329

7 Conclusion

We have studied the space of C*-smooth (s > 1) isogeometric spline functions on
planar, bilinearly parameterized multi-patch domains and have presented the con-
struction of a particular subspace of this C*-smooth isogeometric spline space. The
use of the C*-smooth subspace is advantageous compared to the use of the entire C*-
smooth space, since the design of the subspace is simple and works uniformly for all
possible multi-patch configurations, and furthermore, the numerical experiments by
performing L2 approximation indicate that the subspace already possesses optimal
approximation properties.

The construction of the C*-smooth subspace and of an associated simple and
locally supported basis is first described for the case of two-patch domains, and is
then extended to the case of multi-patch domains with more than two patches and
with possibly extraordinary vertices. In the latter case, the C*-smooth subspace is
generated as the direct sum of spaces corresponding to the individual patches, edges
and vertices.

Moreover, a possible generalization of our approach to a more general class of pla-
nar multi-patch parameterizations, called bilinear-like G* multi-patch geometries, is
briefly explained. This class of multi-patch parameterizations provides the possibil-
ity to model multi-patch domains with curved interfaces and boundaries. A detailed
study of this class of geometries is beyond the scope of the paper and is a topic of
our future research. Further open problems which are worth to study are, e.g. the the-
oretical investigation of the approximation properties of the constructed C*-smooth
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isogeometric spline space, the use of the C*-smooth isogeometric spline functions for
applications which require functions of high continuity such as solving fourth order
PDEs via isogeometric collocation, and the extension of our approach to multi-patch
shells and volumes.

Appendix
We present concrete examples of functions which have been introduced in Section 3.

Example 1 We give for the cases £ € {1, 2, 3} explicit expressions for the functions
Z¢, ne and 6y, which have been firstly considered in (12) and (15). Based on (12),
(19) and Lemma 1, we get for £ = 1

E18) =3 290,68, m@E) =-raE), 61 =—r BE),
foré =2
E2(8) = 91 21(0,8) — (a%,o(s)a%z“o)(o, £)

+2a1,0(§)b1,0E)31H X0, 8) + b o ©)B X 0.9)).

22 (E)BE) 22 (E)BE)

mnE) = — (), 626)=- n(é),

(ali0)(£)) (a0 (&)
and for{ =3
256 = 52D 0.6 — (a]©d 20,6 + 3 ©)b1.0) 9700, 8)
+ 3a1,0(€)b] ((£)8103 X1 (0, &) + b7 ()83 X1 (0, &) + 3ay 0 (E)az0(£)3F (0, &)
+ 3(b1,0(E)az0 (&) + a1,0(E)b2,0(6))319, X (0, &) + 3b1,0(6)b2,0(8)33 X1 (0, 5)) .
60 (1) (io) (i) (i) "4+ (i) / _ oG (i)
) = & OE) (@ EaE BV ) (:z &) (BE) — (&) (£))) ),
(@) (£))’
60 (1) (io) (i) (i) I+ (i) / _ oG (i)
bty = & EBE) (@ E)a™ @) (B (éig(s);}a @) (BE) —a @) (E)))ms).

Example 2 We consider particular examples of the functions A4.¢ and of the sets
Zs.¢ introduced in (21) and (22), respectively. Let |o| < 3. Then, the sets Z5.3 as
well as the functions A3 are equal to

Za.0:3 = {((0,0,1),(0,0,0)},  Z,1);3 = {((0,0,0), (0,0, D))},
Zo.0:3 = {((1,1,0),(0,0,0)},  Zo.2:3 = {((0,0,0), (1, 1,0))},
Za.1y:3 = {((1,0,0), (0, 1,0)), ((0, 1,0), (1,0, 0))},

Z3.0:3 = {((3,0,0),(0,0,0)},  Ze1y3 =1{((2,0,0), (1,0,0))},
Ta.23 = {((1,0,0),(2,0,0)},  Zo.3):3 = {((0,0,0), (3,0,0)},
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and

Aq,0:3) = a306), Awn:;36) =b308), Ap0):38) =3a106)az0),

A n:3E) = 3 (a1,0(6)b2,0§) +b1,0(E)azo&)) . A©2):3) =3b1,0E)b2o(E),
AG03E) = aj o),  AenaE) = 3ai o&)b1o),

Aa,238) = 3a10)bi o), A©3):35) = b7 o(®).
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