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Abstract

In this paper, we show that certain trigonometric polynomial shearlets which are spe-
cial cases of directional de la Vallée Poussin-type wavelets are able to detect step
discontinuities along boundary curves of periodic characteristic functions. Motivated
by recent results for discrete shearlets in two dimensions, we provide lower and
upper estimates for the magnitude of the corresponding inner products. In the proof,
we use localization properties of trigonometric polynomial shearlets in the time and
frequency domain and, among other things, bounds for certain Fresnel integrals.
Moreover, we give numerical examples which underline the theoretical results.

Keywords Detection of step discontinuities - Trigonometric polynomial shearlets -
Directional wavelets - Periodic wavelets
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1 Introduction

In many applications in signal or image processing, great importance is attached
to precise information about the location and order of singularities of signals. In
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one dimension, this corresponds to functions which are smooth apart from pointwise
singularities. Many authors discussed this problem when the Fourier coefficients of
a periodic function are given; see, e.g., [1, 6, 7, 27, 31, 34].

Because of their localization properties in the time and frequency domain, wavelet
expansions provide a powerful tool for detecting and analyzing point discontinu-
ities in one or more dimensions [18, 26]. The reason is that only very few wavelet
coefficients of translates near the location of the singularity are large in magnitude,
while all other wavelet coefficients corresponding to translates which are further
away from the point discontinuity decay rapidly. A framework for univariate peri-
odic wavelets was investigated by several authors [19, 28-30], and some of these
constructions were successfully used for the detection of pointwise singularities of
periodic functions [27].

In two dimensions, the situation is more complex since not only point singularities
can occur but also discontinuities along curves. To deal with these types of singu-
larities, along with many other constructions, the theory of the continuous shearlet
transform was developed [5, 11, 22] and defined as the mapping:

f— 8H¢f(a, s, p) = <fv 1/fa,s,l)>

with scale parameter a > 0, orientation parameter s € R and translation parameter
p € R2. The shearlets Ya,s,p are well-localized functions in the time and frequency
domain and provide directional sensitivity controlled by the parameter s. It turned out
that continuous shearlets provide a suitable tool to precisely describe different types
of discontinuities along curves with asymptotic estimates. In particular, let 7 C R2
be a set with a smooth boundary 97 . If either p ¢ 97T orif s = sg does not correspond
to the normal direction of a7 at p, then

lim aNSHyxr(a,s0,p) =0  forall N > 0. 1)

a—0

Otherwise, if p € T and s = sg corresponds to the normal direction of a7 at p, then

lim a=3/*SHy xr(a, so,p) = C > 0. )
a—0t

The results were shown for continuous shearlets, which are compactly supported in
the time [23] or frequency domain [9, 13, 14, 21].

Based on these theoretical results, practical applications for the detection of edges
in images were developed [35]. Therefore, discrete frames of shearlets were con-
structed by sampling the parameters of the continuous shearlet systems in a suitable
way [20]. Based on the result for curvelets [4], it was possible to show that discrete
shearlet systems are essentially optimal for the sparse approximation of so-called
cartoon-like functions [12]. This result implies the upper estimate:

| ¥je)] < C27%972 3)

for some constant C > 0 independent of the scale parameter j. In [17], the authors
showed the existence of a lower estimate |(x7, ¥;,¢.k,)| = C 273//? if the localization
and orientation of the discrete shearlet are sufficiently close to the boundary curve
and its normal direction. These two estimates are the discrete analogs of Egs. 1 and 2
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implying that discrete shearlets are able to detect step discontinuities along boundary
curves of characteristic functions.

The framework of multivariate periodic wavelets was developed for example in [8,
25]. In [3, 24], the corresponding wavelet functions were trigonometric polynomials
of Dirichlet and de la Vallée Poussin-type, which can be well localized in the time
and frequency domain. The construction allows for fast decomposition algorithms [2]
with many different dilation matrices on each scale, including shearing. This gives
rise to directional decompositions of the frequency domain similar to the tilling of
the frequency plane in the case of discrete shearlet systems [4, 17].

In this paper, we use the latter construction to prove two main theorems which
provide upper and lower bounds similar to [17], but this time for a discrete system
of periodic de la Vallée Poussin-type wavelets that are trigonometric polynomials.
The upper estimate in Theorem 1 refines the estimate Eq. 3 by including the local-
ization and orientation dependency of the shearlet coefficients in the decay estimate.
Theorem 2 is the analog of the main result in [17] and implies that the constructed
trigonometric polynomial shearlets in this paper are able to detect step discontinuities
along boundary curves of periodic functions.

The paper is organized as follows. We start with the construction of a special
case of directional de la Vallée Poussin wavelets in Section 2 which we will call
trigonometric polynomial shearlets and state the two main theorems of this paper in
Section 3. Section 4 provides a numerical example to illustrate the main results. After
some preliminaries, Section 5 is devoted to formulate and to prove all auxiliary lem-
mata which are needed for the proof of the main results. In Section 6, the proofs for
the upper and lower bounds of the corresponding inner products are given. Finally, we
consider the extension of the construction to higher dimensions and discuss possible
results in the case of corner points and smooth functions.

2 Trigonometric polynomial shearlets

If a nonnegative and even function g : R — R with suppg = (—%, %) satisfies the
property:
D glx+z)=1 forall x eR,

€L

we call it window function and write g € W. If additionally g is g-times continu-

ously differentiable, we use the notation g € WW9. We remark that a consequence of

the properties of a window function is g(x) = 1 forx € (—%, %) and g is monoton-

ically increasing for x € (—% —%] and monotonically decreasing for x € [% Z).

Furthermore, we introduce functions g : R — R given by g(x) := g (§) — ().
As an example of a window function, we consider:

e’b/xz, forx > 0,
r(x) =
0, forx <O,
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Fig.1 Left: The window function gg 025 € W™ (see Eq. 4). Right: Visualization of supp llfl(é? ¢ (dark area)
and Wl%)‘ ¢ (light area) for £ = 5,25 and i € {h, v}. The red lines and the horizontal axis form the angles
(@)
(2
10,¢

where b > 0 and define s(x) = r (% + x) r (% — x). Then for

() = =) 4)
X)) = ————_
&b S s(x+k)
keZ
we have g, € W™ and this function is visualized in Fig. 1 for b = 0.025.

We denote two-dimensional vectors by x = (xy, x2)T with the inner product
x'y := x1 y1 4+ x2 y» and the usual Euclidean norm x|, := vxTx. Let C(A) denote
the space of all continuous functions on a set A C R? equipped with the norm
1flla.co == I fllccay = sup|f(X)|. For x € RZandr = (r1, )T € Né and a

XEA
sufficiently smooth function f, we use the notation:
ri+r
" f(x) = ————= f(x
10 = g )

and the space of all g-times continuously differentiable compactly supported func-
tions will be denoted by
Cg(A)::{f cA—>R:9"f e C(A) forallr € N(% with r;+ry < g, |supp f| <oo}
with the norm

I fllca =1 fllcacay := sup sup|d" f(x)].

ri+r2<q xeA

For i € {h, v}, we consider bivariate horizontal (vertical) window functions ¥ @) :
R? — R given by

v (x) 1= g(x1) g(x2), v (x) 1= g(x1) §(x2).
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We remark that for g € WY we have g Cg (R2) and in this case use the notation
w® e qu . From the support properties of the function g € W, it follows that:

h) _ 4 1 1 4 2
o = (4 4) 0 (11)) x (1.9)
o= (1)< (1) 0 (1.9)
Foreven j € Ny and ¢ € Z with |£] < 2J/2_ we define the matrices:

27 2112 W . (2770
(5 5): Nie =\e2ir2 2 )

Wl

(. _
Nj,/d =

0 201
and the corresponding discrete angles
9]({12 1= arctan (6 2_j/2> ,

Note that these matrices occur in the construction of discrete shearlet systems, for
example in [12, 17]. Based on this, we introduce the notation:

. ) N\ =T
w0 =v0 (N0) ) ©)

and, since det N(ll)g = 23J/2 it follows that

9](.72 := arccot (E 2_j/2) .

. 8 ..
detNE.',)Z =3 2312, (7

‘supp l[/&‘ = ‘supp w®

In polar coordinates, we define the sets
oy, 2 SN (h)
(0.0) eRx [~ 2] 5 <lpl <27 o), <0 <0, 1
6'")

2J .
{(,0,9) eRx[0.7]: - <l < 2+ 9;;;+2 <6< j,z—z}

M
wi

) .
Wj, 7
and based on ideas from [12, Proposition 2.1] we show the following lemma, which

is visualized on the right side of Fig. 1.
Lemma 1 Foreven j > 10, £ € Z with |£| < 2012 and i € {h, v}, we have

supp llljgfz(p, 0) C W](lz

Proof We show only the case i = h since the other one is similar. In Eq. 6, we defined

=T . . .
v = v (N0) T e) =z (20 (22 2 1))

with the support property
. 2J 2J+2
suppg(277&)) = {51 eR: = <l < T}
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and, assuming that £; € supp2(27/-), we have

. . . . 2
supp g (2—151 (2J/2 2 _ e)) =15 eR: [277g (21/2 52 _ z)‘ < —}
&1 & 3
) 2J+1
=15eR: ¢—2in %2 <—}
&1 3 |&]
cl{&eR: 0225 <2}.
&1
In the following, we introduce polar coordinates with the notation & := p @(9),

where @ (9) := (cos 6, sin6)T. Recalling the discrete angles Qj(hz) = arctan (Z 2—1'/2)
we have

supp g <2j$1 (21'/25__—?4)) - {9 c [—% %] ’e 2i/2 tan@’ < 2}

T (h) (h)
={oe[-F3 3] oha <o <o}
Since p% = 512 (l + tan? 9) and |€| < 2//% we can show
Jj+2 2]+2

2 : 172 172 .
ol = 5= (1+270e+2?) " = - (24 22792 4 22) T <27

where the last inequality holds for j > 10. As a lower bound for the radius p, we
obtain:

2 14277 (je| +2 pY
> = —.
ol = 3(+ ae+27) " > 2 -
The pattern of a regular matrix M € Z?*? is defined by P(M) := M7 N
2
[ é 2) As a consequence of [24, Lemma 2.4], the patterns of the matrices in Eq. 5
are independent of the parameter £ and have the tensor product structure:
P(N;h%) = {Z_j 71 =271 2 o 1}
X{Z’j/zzz D zp= 202 2d2 1},
P(NG) = [279P2 s o = =200 ]
{2z =272 )

Fori € {h,v}and ¥® ¢ Wq the translates of the de la Vallée Poussin wavelet

functions (see [3]) on the pattern points y € P(N( ) are trigonometric polynomials
given by

D o
Vi 0= 3 Wi el e,
kez?
where
—@ L 0T, for yeP (N,

—j— )
—0,2777hHT, for ye P (N}
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In the following, we call the functions ‘/’J(lzy trigonometric polynomial shearlets.

3 Main results

Let p(t) : [0, 2r) — [0, ) fulfilling

sup |p/7(t)] <k < o0
0<t<2m

andlety : [0,27) — (—m, )2 be a closed curve with

cost
sint

y@) = p(t)< ) t € [0,2m),

which is a parametrization of the boundary of a set T C (—, 7r)?. The space C* (k)
is defined as the collection of all functions of the form

f=fo+ fixr, (8

where fo, f1 € C*([—m, 7%, u > 2.
Following the ideas from [4, 12], let O j» J € No, be the set of dyadic squares
0 C[—m, 71)2 of the form (Fig. 2)

0= [2nn1 272 _ 7 27 (ny + 12792 — n)
x [271'}12 272 _ g 2m(ny +1)279/% - 71) ©9)
withny,ny =0,...,2//2 - 1.Let Q € Q} C Q;if T N Q # ¥ and for the non-
intersecting squares we define Q? =09\ Q}. We remark that ’Q(]).‘ < C2J and

)Q}‘ < C2 2172 (see [4, 12]).

For Lebesgue measurable sets A € R? and functions f 1 A — R define

1/p
1flla, = (/A |f [P dx) ,  l<p=<oo

and let L, (A) denote the collection of functions satistying || fl 4, < oo. In partic-

ular, two-dimensional 27 -periodic functions f : T?> — R are defined on the torus
T? := R? \ 27 Z*. Recall that the usual inner product of the Hilbert space Lo (T?) is
given by:

(f, g)2 = (2m)~? /T gk dx, f.8 € Ly(T?),
and for f € L1 (R?) we call
=) f(+2mm) (10)
neZz?

the 2 -periodization of f.

The main results of this paper are stated in the following two theorems.
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s ™
|
0o+ 0 ,
|
—T : —T

Fig.2 Left: Characteristic function of a set T C (—, ) with boundary 87'. Right: Decomposition into
dyadic squares for j = 10, where Q € Q(]). are colored white and Q € Ql]. along 97T are colored dark

Theorem 1 Let f € C%(k) and ¥ € szq, i € {h,v}forq > 2. Moreover for
Qe Q}. let Xg := x0(Q) € T N Q and y = y(Xq) such that (cosy, siny)T is the
normal direction of the boundary curve 0T in Xg. Then, we have:

. . - —q . . .
(i) | =c@ X0 (1427 o—2753) (14272 |sin0}) )| )
0eQ)]

-5

Ify eP (N%) is sufficiently far away from the boundary curve, Theorem 1
implies
oy (@) —ilg—1/2)
‘(f ) wj,[,y>2‘ <C(q)2 .
For the special case fo = 0 and f; = 1 in Eq. 8 we define 7 = x7 and denote by
T27 the 27 -periodization of 7.

Theorem 2 Let W@ ¢ szq for sufficiently large g € Nandy € P (N;')Z) for large

J. If there exists Xo € 9T with the normal direction (cos y, sin )/)T_ and curvature Ag
in that point, fulfilling |xo — 27y|, < C 27712 and 91(‘93 <y < 9](.?“ fori € {h, v},
then there is a constant C(q, Ag) > 0 such that

(727w ,) | = ca. a0

4 Numerical examples
In this section, we give numerical examples to underline the main results of this paper

by computing the shearlet coefficients of a characteristic function of a rotated ellipse.
In order to do that, we need to compute the Fourier transform of the characteristic
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function of a disc, given by

D(x) :=

1 for x|, <1,
0 else.

We transform & = p @ (#) and x = r @ (¢) into polar coordinates and use & Tx =
rp cos (0 — ¢) to obtain

— —igTx
FID1&) = (2n)2/D(x)e dx

1 2n
-5 )2// girp cosd= ¢>rd¢dr——/r Jo(rp)dr,
v

where Jj is the Bessel function of the first kind and zero order. The integral identity
u
/t Jo(t)dt = u J1(u)
0
together with the change of variable A = rp leads to

Jip) _ N (1&l)

A Jo(h) dr = = .
2np 27 gl

1
1 1
FIDIE) = g/r Jo(re) dr = —— pe
0

For a,b > 0, we define D, ;(x) := D(a—'x1, b~ 'x;) and convert the circle into
a characteristic function of an ellipse with major semi-axis of length a and minor
semi-axis of length b. By the scaling property of the Fourier transform, we have:

ab Ji(|(a&1, b&2)l,)
27 |(a&y, bE)|y

If we further rotate the function D, by an angle y € [0,27) we obtain a
rotated ellipse Dy, (X) := D, (R, X) and its Fourier transform is given by

F[Dap,y] &) = F[Dap] RE).

}—[Da,b] & =

In order to calculate the shearlet coefficients of a rotated ellipse, we consider the

2m-periodized function Dgﬂh v (x). We use Eq. 15 to see that the Fourier coefficients

of this function are given by

(D)%) =F [Dap,] k), k € Z2,

and Parseval’s identity finally gives

(05,0 0), = X F[Pasy] 00910 7K. (11
keZz?

In our numerical example, we calculate the inner product Eq. 11 with Mathematica

12. We fix the characteristic function of the rotated ellipse D2 5.1 which is depicted
°6

on the left side in Fig. 3 (gray area). For the one-dimensional window function, we
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Fig. 3 Left: Characteristic function Dlz’g x (gray) and magnitude of the inner product ‘<D2’§ 7, wl(g) 3 y> ’

20121 .
(red) for every y € P(Mjp). Right: Magnitude of ) )(Df’g 7 w](é)),l.y>2’ for every y € P(Mjo)
(=202 41
andi € {h, v}.

use the smooth function go s € W constructed in Eq. 4. We fix the scale j = 10
and for a better visualization we consider the matrix Mg = 29I, where I, is
the two-dimensional identity matrix and compute the shearlet coefficients in Eq. 11
on the pattern P(Mg), which corresponds to a two-dimensional equidistant grid of
1024 x 1024 points. Thus, the images in this example are of size 1024 x 1024, where
every pixel corresponds to the magnitude of the inner product with a translate of the
trigonometric polynomial shearlet 1//( ) v YE PMip).

On the left side of Fig. 3, we set the d1rect10na1 parameter to £ = —3 and observe
that the magnitude of the coefficients

0
LR RPN

is very close to zero except for the pattern points y € (M), for which the function
wl(g) 3y is close to points x € d D>, 1.3,z on the boundary with normal direction almost

parallel to the direction induced by the angle 6’10 _3

To make this more clear, the left image of Fig. 4 zooms into the upper right black
square. The dotted line is parallel to the line, which forms the angle 9(0 _3 with
the horizontal axis. One can observe that the only significant shearlet coefficients
are close to the boundary and nearly orthogonal to this line. In other words, only if
the trigonometric shearlet 1//10 3y is almost aligned with the boundary an’T3 x the
inner product Eq. 11 yields large values. The right graph in Fig. 4 is a 10gar1thm1c plot

of the shearlet coefficients ‘<D12’T3 7 wl(l(;?—S,y>2‘ for every y € P(Mjg) in descending

order. The red part of the line corresponds to the coefficients visible in the left picture
of Fig. 3.
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Fig.4 Left: Zoom into the upper right window from the left image of Fig. 3. Left: Logarithmic plot of the

shearlet coefficients ‘<D12”3 x wl(g?%,y)z’ for every y € P(Mjp) in descending order

The right image illustrates the capability of the trigonometric polynomial shearlets
to detect step discontinuities along the boundary of characteristic functions. For i €
(h,v}and £ = —2//2 4 1,...,2//2 — 1, we compute all the pictures of the shearlet
coefficients similar to the left image in Fig. 3 and add them component-wise to get
the final result. Thus, every pixel of the image is given by the sum:

2J/12_1

D2]‘[ . (l) )
Z K 13,2 Yioey/,

(==2J/241

, i €{h, v}, yePM),

and one can clearly see the only significant coefficients for all the directions are exact
on the boundary of D%g -
1~y 6
Besides the visual representations of the detection of step discontinuities with
trigonometric polynomial shearlets, we want to illustrate the upper and lower esti-
mates given in the two main theorems. In order to do so for the upper bound, we

compute the quantity:

27 (@)
@ . KDI&%’ wf»£~¥>2‘

. . R T 7
YEPMD s~ (1427 [xg — 27F13) q(1+21/2‘51n(9;f§—y)])
0eQ}

In the left graph of Fig. 5, the values Uj(’é are plotted for different orientation angles

95’2 One can see that the quotient U ('é is bounded from above by a moderate constant
for every j and ¢ which confirms that the estimate in Theorem 1 provides a valid
upper bound.

For the lower bound, we collect all pattern points y € P(M;) for which there
exists Xo € 97T with the normal direction (cos y, siny)T fulfilling |xo — 27yl, <
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0.15

0.1

x
0.05
0.5 i
-z 1 4

0 I L I L
B 3 = 37 3 Br x

B T 5 z s 1

Orientation angle 6.') = T H i Orientation angle 67

Fig.5 Left: UY) for j = 4 (blue line), j = 6 (red line) and j = 8 (black line). Middle: L") for j =8

and ¢ € Z w1th |£] < 24/2 (dark points), L 8 (red points) and L(V) g (green points). Right: L;’;)K‘max (red
(i),min

LY

line), (blue line) and the curvature Values %K(x) (black line)

C27J/2 and 9;.’% <y < 0](.[) 1 and call this set L( i . As an example, the set L( Y, is
shown in the middle of Fig. 5 for j = 8 and all £ e Z with [£] < 2//2 together Wlth
L(h) _gand Lév) g- The latter two sets include pattern points which are close to bound-

ary points Xo € 8T with normal direction (cos y, sin y)T fulfilling 9(1) <y < 9517
for i € {h, v}. By Theorem 2, we expect the values of the shearlet coefficients cor-
responding to the shearlets Wéf)_g,y fory e Lg’)_g to be bounded from below by a
constant. Therefore, we compute the values

(i),max _ 27 @) ({)min ,_ . 2 @)
Ly = max KD 13,2 ij’e’y>2‘ ., L;y " = min KDL? ”"”fﬁyu
yeLj, yeLj,

. . . . . . 0)
and show them in the right graph of Fig. 5 as functions of the orientation angles 6 i

One can clearly see that the minimal values L(’) mit 4 re bounded from below, which

confirms the result of Theorem 2. In our numencal example, a parametrization of the
boundary 9Dy 3, z is given by y (x) = 5 (\/gcos x 43 sinx, 3+/3 sinx — cos x) and

the curvature in each point is given by k(x) = 3 (5 +4cos(2x))~ 3/2_On the right
side of Fig. 5, the values of the curvature « (x) are shown in the points xg € 97T,
where the normal direction of x( is orthogonal to 9}% for [£] < 27/2. As anticipated in

Theorem 2, one can see that the magnitude of the coefficients L(’) nax L(') mi yaries

as the curvature of the ellipse changes. If the curvature is small, Wthh corresponds to
the “stretched” part of the boundary, the values become larger. Intuitively, this makes
sense since in that case a large part of the boundary is aligned with the corresponding
shearlet.
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5 Auxiliary results

For two-dimensional vector norms, we use the notation:
1 .
x| = (Ix1]? + |x2|7) Pl < p < oo,
p = .
max {|x1], [x2l}, if p=o00

and for binary relations and exponentials of vectors we write x < y if x; < y; and
xy <y, XY 1= xivl x%vz and xP = xP1 = )cf’2 xg for § € R. Moreover for k, n € Ng
with k < nand n € Ny with k < nl we define k! := k;! k! and

(n . n! _ (m ) (n . n!
k) " klm—Kk)! k1> (kz)’ k) T Okl(n— kY

The Fourier coefficients of a function f € L1(T?) are given by
al(f) == Q2m)2 /Tz fee M ¥ax,  keZ
The Fourier transform of f € L; (Rz) is defined as
FIAK) = FFx) = Q)2 /R F@eENE xeR
and we have the operator
FUA® = F ' fx) = /Rz FE e xdE,  xeR2

For f € L1(R?) and F f € L;(R?), the inversion formula fx) = ]-"]-"_lf(x) =
FIF f(x) holds for all x € R2. We recall some basic results about the Fourier
transform and its connection to Fourier series via the Poisson summation formula.
Letg € Noand r € N} with [r]; < ¢.If f € L1(R?) and (ix)? f € Li(R?), then
Ff e C4(R?) and

FIFfE& =F[(x" fx)] ). (12)
Moreover for f € C7(R?) and " f el (R2), we have
Fla"f1&) = Q& Ff (. (13)

It is well known that there are constants C1(q, f), C2(g, f) > 0 such that for f €
C{ (R?) with ¢ € Ny and all x € R?, we have:

C1q. ) . C2(q. )
1+ X7 P T

The sum in Eq. 10 converges for almost every x € T2 and f>* € L1(T?). For the
Fourier coefficients, we have:

a(f7) = FF(K), k € Z2. (15)

It is a consequence of Eq. 14 and [33, Corollary VIL.2.6] that for a function f €
Cg (Rz) with ¢ > 2, the Poisson summation formula

Y Frawekx= 3" fx+2mm) = (7 (x) (16)

keZ? neZ?

IFf&X)| = (14)
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holds true for all x € R2,

In the following, we prepare the proof of Theorem 1 with several auxiliary lem-
mata. Note that in the proofs we only show the case i = h since the other case can be
handled similarly.

Lemma 2 Fori € {h,v}and g € Ny let ¥ ¢ Wg be given. Then forr € N(z) with
Ir|; < q and a rotation matrix Ry, with y € [0, 2mr) we have
)

W IR, 8| = C@) 277" (14207072 fsin () - y)
;
X (1 + 20t/ ’cos (9]('2 - y) ) ’

cosy —siny
siny cosy

Proof We have R, = < > and use Eq. 6 to see

UV R, &) = g (277 siny + &rcosy) — £27 €1 cosy — & siny))

x§(2_j (&1 cos y —&; sin y)).

In this proof, we will omit the long arguments of the function of the last line and
simply write g and g. Form = (m, m>)T with Im|; < g, we use the chain rule to get

|0™Z| = 18l ca 277M™ 01 |cos y ™ [siny|™2 < C(g) 2~/ Mmh

and, since ¢ = 2//% tan (Gjhg ), we have

. . m . . m
]amg\ = llgllcq |27/ siny — 277 cosy‘ 1 ‘2_1/zcosy +¢27/ siny‘ ’
m m
R G (S
= Cy(g)2~/ml pj2l N7 T gj/2l AN /1
o () s 1)
it it
For sufficiently smooth functions f, g : R*> — R, we employ the multivariate
Leibniz rule
r
I’ =Y <)anar—Sg, (17)
S
0<s<r

which together with the triangle inequality and the binomial theorem implies

(h) 51
) ‘sm (9 y)‘
lp(h)(R)/E) < C3(q)2 jirl Z (r> 2]/2 Jit
S
ZN T

h 52
JJeos (0% - 7)|
cos (9}?)‘
< Calg) 27/ (1 4 2Ub2 (sin (9}{} - y)

. . r
X (1 +20+D/2 ‘cos (9% — )/) ) ’ ,

x | 27/

y
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since 2712 < ‘cos (9;}2)’ < 1. O

In the following, we use notations apd ideas from [4, 12] and fix a function ¢ €
C5°([—m, m1%). Denote ¢;(x) := ¢ (2//%x) and for Q € Q; given by Eq. 9 we define

bo() = ¢ (27/2(x1 +m) =72k = 1,272 (2 + 1) — 72k — 1)

fork), kp =1,...,2/ /2 and assume that ¢ defines a smooth partition of unity
Y po =1 xe[-m 1) (18)
QeQ;

The ideas of the proof of the next lemma can be found in [4, 12].

Lemma 3 Foru € Nlet f € C*(R?) and fi = f&;. Then fori € {h, v} and any
re N(z) we have

/ o TR @ dE = Cu 2/,
supp¥;

Proof Since ¢; € CgotRz) we have f; € C*(R?) and using Eq. 17 we get

u u
u _
ENEDY (s)a(s’o)@ 0O = s,

s=0 s=0

where n, == (4) 8¢:0¢; 9=0 f_The function n; is s-times continuously differen-
tiable with respect to the variable &;. For 0 < ¢ < s, we can estimate:

s+
Si6+n2 ¢ <2j/2.)

i < Cl 2j(S+t)/2 < Cl 2]’&"
0§,

.
R2,00 R2
00

which leads to

[0, < Calu, 5)27°.

N
u N —
<S> E <t>8(s+l,0)¢] 8(14 Z,O)f
t=0

By definition of the function ¢ ;, we have }supp ¢ j| < 27/ and with property Eq. 13
and the Plancherel theorem we get

,/ MQﬂ)ﬁéosfﬁAEHZdE:=/‘)N“mnxxﬂde5;C2w)2ﬂb—U,
R2 R2

R2,00
R2,00

For the first variable in supp lI/j(fg we have 2/~1 < £ < 2/%! leading to

A

o2 [ @R < [ Jemaar Fr@)f

J.t jl

Ca(u) 27D,

IA

which implies

[ 1Fn@rd < Cr 2 (19
R4
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for all 0 < s < u. Using again Eq. 13, it follows that
u
(&) Ffy = F[o“0f;] =" Fu,
s=0
which leads together with Eq. 19 to

[ F©F e < con2ie [ et 7r0 ag
J.l l

J

A

Cswy 22y [ 1@
5=07 Wi

< Ce(u) 277G+, (20)

Next, we consider the function
X fi(x) = 2—j|l‘|1/2f(x) 2JIeli/2 xX'¢; (x) = 2—=Jjlrli/2 f(X) ¢ <2j/2 X) ,

where ¢r(x) := X" ¢;(x) and see that ¢y (2//%-) € CJ°(R?) with |supp ¢| < 27/ is
fulfilled. Thus, the Fourier transform of the function f(X) ¢y (2f / 2X) satisfies Eq. 20
with a constant Cg (1, r). We use Eq. 12 to deduce

0Ff;®) = F[a0" ;0] @) =272 F[ ro0 0 (277%%) | ®),

which leads to

[ orEs@f e =2 |7 [rooe (27%)] @
gt

C7(M,I‘) 2—](2M+1+|l“1). D

IA

Lemma 4 ForueN let f € C*(R?) and fi=f®;j. Moreover, forie{h, v}and q>
20t ¢® ¢ qu be given. Then for Q € Q(J)- and anyr € N(z) with |r|; < g we have

Proof For the partial derivative of the product inside of the norm, we use the
multivariate Leibniz rule Eq. 17 and obtain

| =X ()L

Lemma 2 implies that for all £ € R? the inequality

. 2 .
o [FLref]| L = cw gamiCutiti,

RZ2

2 [Ffo] @ [w] @ as.

o [FLrnef ]|

. 2 .
gr—s I:lpj(,lt?:l (E)‘ < Ci(q) o—J(Irl—Isl)

@ Springer



Adv Comput Math (2021)47:17 Page 17 of 41 17

holds, independent of the orientation parameter £. Together with Lemma 3, we have

| er = 2 () gmbrleief

0<s<r geR?

o (FLr1e?)]

X

/suppllffi) |as []:f]] (§)|2 dE

3 <"> Ca(u, g) 2~ (K =IslD) g=j Cut1+Isl))
S

0<s<r

= C3(u, q) 0—JQu+l1+irly) O

IA

Following the approach from [4, Chapter 6.1], we assume that for j > jj the edge
curve 7 can be parametrized on the support of ¢, O € Q}, either as (x1, E(x1 ))T

or (E(x2), x2)".

Definition 1 For x, € [—27//2,277/2] let (E(x2), x2)" be a parametrization of 9T
with E(0) = E'(0) = 0. For f € C?(R?), we call:
Ei(x) = f(X) @ (X) X(x1>E(x2)} (X)

standard edge fragment.

Let &; x,,, be an arbitrary edge fragment, which tangent in the point xo € 97T is
pointing in the direction (cos y, sin y)T for y € [0,2m). Clearly, £j 90 = £ isa
standard edge fragment. Moreover, in [4, Corollary 6.7], it is remarked that, although
an arbitrary edge fragment £; x, ,, can not be obtained via rotation and translation of
a standard edge fragment, we have the connection:

FExoy (&) = e %8 F&;RT ) @1

of their Fourier transforms. The following lemma is a consequence of [4, Corollary 6.6].

Lemma 5 For j € Nlet I; = [Zj_l, 2j+l] and E; be a standard edge fragment.
Then for angles 6,y € [0,27) andr € N2, we have:

/

lplel;

7 [Fe)(p0® — )| 4o = coz I (14272 sin 0 — 1)

We can deduce the following result, whose proof uses ideas from [12, Proposition 2.1].

Lemma 6 Fori € {h, v} let ¥ ¢ Wg. Then for a standard edge fragment £;, a
rotation matrix Ry, by the angle y € [0,2n) andr € N(z) we have

/

supp ll’j(’ ;

o [7&;)(RT ¢) ‘zdg < C 27/ (142172 ‘sin(ej(.f} - y)()_s .
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Proof From Lemma 1, we know supp lI/(l) - W( and we transform the integral into
polar coordinates and use Lemma 5 to obtaln

0f) 12 it
/ o [Fe;](R] g)‘zds <2t / / o [Fe] (006 - y))(z dpdo
suppY/ ) 612 ¥
6§I;+2
< C(r)2~ /0 f (1+21'/2 |sin(9—y)|>_5 do
022

. . . -5
< Ca(r) 2—J B3/2+Irl) <1+21/2 ‘Sin(é‘](-fz—y)D
[

Lemma 7 Fori € {h,v}let W) ¢ Wg. Then for a standard edge fragment £;, a
rotation matrix Ry, by the angle y € [0,2n) andr € N(z) we have

Proof We repeat the steps of the proof of Lemma 4 and use Lemma 6 instead of
Lemma 3 in the last step. O

. 2 . . : -5
o [Fe ;@I w]| | = C@2 O (14202 sine ) - 7))

The Laplace operator is denoted by A := 39 + 3©2) and for ¢ € Ny we have
A=Y <q>32r. (22)
r
rl=¢

For the next lemma, we define the second-order differential operator L := I + 2/ A,
which was already used in [4, 12]. Using Eq. 22, we have:

q q
L7 = (1 n 2jA>q -y (Z) 2 =3 (Z) 28 Y C)a“. 23)
s=0

s=0 Ir|;=s

Lemma 8 Foru € Nlet f € C*(R?) and fi == fj. Moreover fori € {h, v} let
O ¢ W22q with g > 2. Then we have

Ci(u, q) 27/ CutD, h=f,

HLq[f[h]w(l)”Rz,zf Calg) 27312 <1+2//2‘sin(9](.f2—y)’>75 h=&®RD).
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Proof By applying the Cauchy-Schwarz inequality twice, we obtain

wa st () v £ () ]

o+ ] H
r|=s

and get the result by inserting the corresponding upper bounds for the norm from
Lemma 4 and Lemma 7. O

The last part of this section consists of lemmata which are needed to proof
Theorem 2. We start with some important localization properties.

Lemma 9 Fori € {(h,v}and g > 2let ¥ ¢ szq be given. Then for all x €
[—7, )% we have

. i q
(1420502 sin (692 — ) )

(27 |x — 27yl,)?

)| = C@) 22 min 1,

where X — 211y = |x — 27y, (cos y, siny)T for y € [0, 27).

Proof The function t]/j(? is nonnegative leading to

| = Y elw = v o) = 0292,
keZz?

where the last estimate follows from Eq. 7.
Since ¥ j(h[) € szq, we can use the Poisson summation formula Eq. 16 to arrive at

\ o
] = |2 et e
keZ?

- f‘W}f?(x—Zn(i—n)) < Y Isml, (24)

neZ? neZ?

where

h 18T (x—27 §—
Sn) := /R VG 3
Let R, be a rotation matrix by the angle y. Then

R} (x — 27%) = x — 27§, R} (cos y, siny)" = |x — 27§, (1,0)'

and in the integral S(0) we use this rotation matrix for a change of variable to see

S(O):/ l[/(h)(R E)eléllx ZJTY\zdég-
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Since the function lI/.(l}Z) is compactly supported, we can use g-times partial integra-
tion together with Lemma 2 and Eq. 7 to deduce

sup
£cR?

9(@.0) Wj(,he) R,") ‘
1S(0)]

dé

supp ¥ ") (R, )

Cq) 297 (1 4 2U+D2 ‘sin (0;‘2 - y) Dq
(27 Ix — 27¥1)*

~1q
[x —2myl,

=<

(25)

Using the same idea as before, we substitute with the rotation matrices Ry, in
the integrals S(n), where y, is the direction of the vector x — 27 (¥ — n). Similar to
Eq. 25 we use 2¢g-times integration by parts with respect to the first variable, Lemma
2 and Eq. 7 to obtain

)’

Ca(q) 2312 (1 4 2U+D/2 ‘sin (9}{‘2 - yn)

[Sm)| < .
(27 x — 27 (F — m)],)*
C 23j/2
< 3(q) - 26)
(212 x — 27§ —m)|,)™?
Observe that
2 - bid ~ ~
TE>T|X—27Y| = —= |X — 27y, > |X — 27Y]|
Y «/i Yiz Yiz
and with the inverse triangle inequality we can estimate
|x —27(¥ —m)|, > 27 |n| — |X — 27Y|oo = V/IX — 27Y[,(2 0|, — 1).
Since |{n € Z?; |n|,, = k, k € N}| = 8k we use Eq. 26 to conclude
Y ISl = i@ 27122 N x— 2§ - m,
neZ2\{0} neZ2\{0}
C3(q) 2317 & 8k
3(q) 27)

T (2 x—2ny)? Ao k- D

and the infinite sum in the last line converges because g > 2. We finish the proof by
making use of Eqgs. 25 and 27 in Eq. 24. O

Let y : [0,27) — 0T be a parametrization of the boundary 7. We assume
there is M € N such that for each x € [ak, bi],k = 1,..., M, the curve y can
either be represented as a horizontal curve (x, f(x))T or a vertical curve (f(x), x)T.
Depending on the choice of the parameter i € {h, v}, we will distinguish if a curve is
horizontal or vertical. If i = h then (f(x), x)T with | f (x)| < 1 is a vertical curve
and (x, f(x))T with | f'(x)| < 1is a horizontal curve. On the other hand, if i = v
then (f(x), x)T with | f'(x)| < 1is a vertical curve and (x, f(x))T with | f/(x)| < 1
is a horizontal curve.
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Lety = (yi,y)T € P (N%) We assume that the boundary curve can be ver-

tically parametrized by (f(x), x)T for |x — 27y, < 279/2. Form = f'Qmy,) €
[—1,1]and A := 1 f7(2my,) let

Ty(x) = fQmyr) +m(x —2my2) + A(x — 271)/2)2 (28)

be the second-order Taylor approximation for f(x) in the point xo = 2w y,. Denote
by Ty(h) the modified version of 7 by replacing the function f(x) by the approxima-
tion Ty(x) for [x — 2mwy;| < 277/ if the corresponding parametrization is a vertical

curve and similarly ﬁ(v) as the modified version of T if the parametrization is a hor-
izontal curve. Although this notation seems to be counterintuitive, it is convenient
since by Lemma 11 only the interaction of horizontal wavelets with vertical curves
and vertical wavelets with horizontal curves contributes to the desired lower bound in
Theorem 2. The analog of the following lemma can be found in [17] for the discrete
and in [13, 14] for the continuous setting.

Lemma 10 For i € {h,v} and large g € N let ¥ ¢ W22q be given. Then for
yeP (N%) we have

'<7—2n 3 (7;(1‘))2 ) >

Proof We only show the proof for i = h since the other case is similar. For this proof,
we define the set B; = {(x1 ,x)T € [—m, 7r)2 Dxp —27Ys| < 2_7//16} and write

(7= )" i) = [ ot oo — ool

< / /) ‘wj(hl?y(x)) ‘XT(X) — X7 (x)‘ dx

= .I] —I—Iz.

< C(q)279/%.

Using the definition of Ty(x) in Eq. 28, we can estimate
|f (@) = Ty)| < Clx =27y

for the area between 7 and ?(h) if |[x — 2wy < 27//2, From Lemma 9, we can

obtain the uniform bound ‘I/JJ(hZ y(X)‘ < C(g) 23//2 and we can estimate the first

integral by

mi=c@2” [ -ammPar s c@ TN = cl@ 2,

|x—27 3| <277i/16
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In addition, we use again Lemma 9 but this time for the decay term in the minimum
to arrive at

. : ~ \ 4
T2l < Cg)2¥" / (27721 —275l)  ax
|x—2m Yy |>2-77/16
< Cy(q) 2312071412 97@=Di/16 _ 0y (g) 2~ 1a/16-17/16)

for the second integral, which shows that the lemma is proved for ¢ > 21. O

From the divergence theorem, one can see that the Fourier transform of a
characteristic function 7 = x7 is given by

: )
FTE)=0m) f xr(x) e ' dx = ‘(% / e ©T(0) n(w) do(x) (29)
2

R2 aT
with the outer normal vector n(x). We remind the parametrization of d7 given by
y(x), x € [0, 27) and use polar coordinates to represent the line integral Eq. 29 as
2w

i - T X /
FT(p,0) = e Ofe PO OYOOT(@)n(y(x)) |y (x)],dx

M

i
= & Y Tilp,6),

k=1

where
by

Ti(p, 0) := / e 01O 1) @T(g) B, (x) dx (30)

ag

and B, (x) :=n(y(x)/ 1+ (fk’(x))z. Using this, we can conclude:

FH AT ] e

| FT@w e e
R2 ’

.M
=(2n22

k=1

2w
[ #2000 N L, 0 a0 ap
0

| (@) nj 27112/ p@T () ¥
= oy Z//‘I’./,e(z p.0)e
=to o

x I (21 p,6)do dp, (31

where we again transformed the integral into polar coordinates and the interchange
of summation and integration is valid since the function lI/j(lz has finite support.

Denote by MM = (1, ..., M} the set of all indices such that for k € M® the
curve y, is horizontal and by MW ¢ {1, ..., M} the set of all indices such that for
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k € MW the curve y, is vertical. Obviously we have M®™ U MM = {1,..., M}
and can prove the following lemma, whose idea of proof was given in [17].

Lemma 11 Fori € {h,v}and g € Nlet w® ¢ Wg be given. Then for any n € N
there is a constant C(n) > 0 such that for every k € M we have

0o 21w

/ / w21 p,6)eX 2O OT 1,01 p 6)do dp| < C(n) 277",
0 0

Proof We show the result for i = h since the other case is similar. Suppose that
ke M® and Vi) = (x, fr )T for x € [ag, b]. Hence, the outer normal vector
in x is given by n(y; (x)) = (f(x), —1)T leading to
by
T2/ p.0) = / e P OO AT ((x), ~1) ©() fi(x) dx.
ax
From the assumption on horizontal curves for i = h we have | fi (x)| < 1 and the

support properties of the function ¥ /(,}}z) given in Lemma 1 imply

o] < o®

1-j/2 T
< jyzj/2+2=arctan(l+2 il ) < Z+8

for some small § > 0. From that, we conclude:

[ i 0]

9
a[cos O(x + fi(x) tan 9)]‘

lcos | (1 — | f{(x)tan6|) > C.

v

For n € N, we do n-times integration by parts with respect to the variable x and
obtain |Zx(2/ p, 0)| < 27/N, which leads to

oo 21

/ / ) ip,0)e¥ 2O OT (21 p,6)d0 dp| < Cm) 277"
0 0

_
supp lI//.(’Z(Z/-) .

Lemma 1 implies ‘supp 11/].(1}2 (2/4)| < C and since n € N was arbitrary the lemma is
proven. O

The proof of the following lemma was given in [14].

Lemma 12 Fori € {h,v}and g € Nlet D e WY andy = (y1, y)T € P (Nﬁ})
be given. Then for any n € N there is a constant C(n) > 0 such that
oo 21
[[ [ whwodeomsrm et puwad
0 0 [x—27y[>273/2
<Cm27/".
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N

Fig. 6 Visualization of the functions F*(x) (black), F~(x) (blue) and (1 + ﬁ) ‘F ’(x)‘ (red) for x €

[0, 20] together with upper and lower bounds of these functions (dashed lines) and the local extremal
points from Lemma 14

The following lemma is a special case of [32, Proposition 8.3], called method of
stationary phase.

Lemma 13 Let ¢ and ¢ be smooth functions on the real line. Suppose ¢’ (tp) = 0
and ¢" (t9) # 0. If ¢ is supported in a sufficiently small neighborhood of ty, then

/e““f’(’) o()dt =ay A™V?2+ 047
R

et \1/2
as A — 00, where ag = <|¢,,%) o(ty).

For x € (0, 00), we introduce the so-called Fresnel integrals

Jx x ) Jx X )
. 2 _ [cos(v . . (o _ [sin(v
Fc(x)._Z/cos (v )dv—/ NG dv, Fs(x):= 2/ sin (t )dt_/ NG dv
0 0 0 0

and define the functions F T (x) := Fc(x) + Fs(x) and F~(x) := Fc(x) — Fs(x) to
show the following lemma (Fig. 6).
Lemma 14 We have

Fr(x)>F (x) >0 for O<x<3T”,

Frix) > (1 +J§) |F~ ()] for x> 3.
Proof 1tis clear that Fc(0) = Fs(0) = 0 and for x > 0 it is well known that Fc(x)
> 0 and Fs(x) > 0, which implies

FT(x) > Fe(x) > F~(x). (32)
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Moreover, we have

d cosx + sinx
—F+(x) = =0
dx x
for Xy := 3T” + k7w, k € Ny and
d? Cosx —sinx  Ccosx + sinx
—2F+(x) = — 3
dx Vx 2(v/x)
Since
~ . ~ ~ . ~ ~ . ~ _ 2 0 f k
COS Xj — SIN Xk COS X; + sin xi COS X} — SIN Xi b7 or k even,

Vi aE T VA | [[2s0 forkodd,
k

we see that Xy is a local maximum point of FT for k even and a local minimum point
for k odd. To get information about global extremal points, we define

X0 Xk
cosv + sinv cosv + sinv
Ip= | ———dv and Iy = ———dv fork>1
Jv Jv
0 Xk—1
~ k ~ ~
and write FT(X}) = > Ij. For v € (x¢_1,xx) we have (cosv + sinv) > 0 for
j=0

k even and (cosv + sinv) < O for k odd. It follows that I; > O for k even and
Iy < 0 for k odd. Additionally, we have Iy > 3.36 > 1.45 > |I;| and since v™/? is
monotonically decreasing we have |Iy| > |Iy4+1| for k > 1.

Putting these observations together, we obtain (/y + Ix+1) > O for k even and
(It + Irs1) < O for k odd. From that, we deduce that Xy = 37” is the global maximum
point of FT since for even k > 0 we have

k
FYt@)=1lo+ Y Ij < Ip=F (%) <3.37. (33)
j=1
Similarly for kK > 1 odd, we can write

k
FtGy=I+h+)Y Ij>I+ 1 =F'&)> 191, (34)
j=2

which shows that smallest local minimum is obtained at the point X| = 77” and thus
1.91 < F*(x) < 3.37 for x > Xp. For 0 < x < Xy we clearly have 0 < F*(x) <

3.37.
Similarly, one can show that X := % + km, k € Np, is a local maximum point
of F~ for k even and a local minimum point for k odd. Since Xy < 37” <X = ST”
and F~(3) > 0.14 > 0 we have F~(x) > 0 for 0 < x < 3, which together with

Eq. 32 gives the first statement of the lemma.
With similar arguments as in Eqs. 33 and 34, we have

—0.69 < F~ X)) < F (x) < F (%) <0.53
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for x > . Since (1 +J§) 0.69 < 1.91 we obtain F*(x) > (1 +ﬁ) |F~ ()|

for x > 3” and the proof is complete. O

For the next lemma, we define the integrals

a(h, p, A) = Zo(g (2JM+ p)\) tg (2\/m— px)) 9 dy, (35

bn, p, A) = }O(g (2M+ px) tg (2@— p/\)) SNV gy (36)
0

B

Lemma 15 For A € [% —] [—;11 }‘] and A > 0 we have a(A, p, A) > 0 and
b(A, p, A) > 0 and at least one of the inequalities

alh, p,A) —b(A, p,A) >0

or

a(h, p, A) +b(Gh, p, A) > (1 + «/5) laG. p. A) = b(x. p. A)|

is true.

Proof We consider only the case p € [O, }‘] because a(A, p, A) and b(A, p, A) are

symmetric in that variable. Let the function hE [% %] X [O, }1] x (0, 00) %[0, 00) —

R be given by
W, p, A, v) =2V A v+ pA.

For fixed G, p, A) € [, 4] x [0, 4] x (0, 00), we have

1

1
3
and the functions 4% are monotonically increasing in the variable v > 0. Since
g € W1 this implies that in the variable v the functions g(h+(k, p, A, v)) and
g(h~(x, p, A, v)) and hence the sum (g(h*(k, p. A V) +g(h~ (A, p, A, v))) are
also monotonically decreasing. Similarly, we have

2
Wt p, A, v) > h™ (A, p, A, v) > 3

p 1 p
> P L L P pA) >0,
V2 AT oan taa TR A >

which leads to (g(h+(,\, P A V) + g(h=(h, p A, v))) — 0forv > r(x, p, A).
Moreover, Eq. 37 implies

lim g (h+(k, p, A, v)) +g (h_(k, p, A, v)) =
v—=0Tt
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and we use the mean value theorem of integration to deduce that there exists x €
(0, r(, p, A)] such that

r(x,p,A)

a(h, p, A) £ b(, p, A) = / (s (2vAn0 + p2)
0
e
+g <2v Alv — p)»)) Mdv
Jv
= 2 F*(x).
Using Lemma 14, the proof is finished. U

For the last lemma of this section, we define the following integrals:

4
Py(D. p. A) = [3() A~ ([a()\, p, A+ b, p, A)] cos(D2.)
1

Il

+[a(k, p, A) —b(%, p, A)] sin(m)) da,

4
3

Pa(D. p, A) = [ G027 ([aGu, p. 4) + bk, p. ) | sin(D2)
1

Wl

—[a(x, P, A —b(h, p, A)] cos(Dx)) da.

Lemma 16 There is a constant C > 0 such that for all D € [—37”, 3T”], p €

[—A—IL, }‘] and A > 0 at least one of the inequalities

(|P1(D, D, A)| > C) or <|P2(D, Ds A)| > C) (38)

is true.

Proof We define
P*(D, p,A) := Pi(D, p, A) + Py(D, p, A)

4

3
- 2/§(x)r1 [b(k,p, A)cos(DA) + a(r, p, A) sin(DA)]dk
1
3
and show that there exists a constant C > 0 that either one of the statements in
Eq. 38 or equivalently <|P+(D, D, A)| > C) is true. For the rest of the proof, the

variables p € [—4—1‘, %] and A > 0 will be arbitrary and fixed. For simplicity, we

assume D € [0, %’] since the proof for negative values of D is similar. We consider
different intervals for the variable D and show that at least one of the equivalent
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propositions, see Eq. 38 or <|P+(D, D, A)| > C), is true. From the construction

of the window function, we deduce g(A) A~! > 0 and from Lemma 15 we know
a(h, p, A) +b(., p, A) > 0for A € [%, ‘3-‘]. Thus, for D = 0, it holds that

Pi(0, p, A) = g(x),\—l[a(x, p.A) + b\, p. A)]d,\ 0.

L»\.—\
Wl

For D € (0, 3?”], we have DA € (0, 5) leading to sin(DA) > 0 and cos(DA) > 0

and from Lemma 15 we know a(A, p, A) > 0 and b(X, p, A) > 0 which gives
Pt(D,p, A) > 0.

Wl

For D € (%”, 3%], we splitup [ = + [ + and write
1

3
Py(D, p, A) := Py (D, p, A) + Pn(D, p, A) + P3(D, p, A),
PY(D,p,A) := P/ (D, p, A) + P (D, p, A) + P (D, p, A).

I — \S‘:.
SRR TS

S‘J\b\a

Since i and suppg = [3 3], it follows that P»3(D, p, A)= P+(D p, A)=0.

We assume a(A, p, A) > b(A, p, A) > 0 (the first case of Lemma 15). In the
integral P;" we have DA € (%.%). hence sin(Dx) > 0 and cos(DA) > 0. This
leads directly to Pl+(D, p,A) > 0. Since DX € (%, ) implies cos(DA) < 0 and

sin(DA) > 0 in the integral P;r we can estimate

PH(D.p. A > | Z0)a" a(h, p. A) (cos(D)\) T sin(DA))dA

hh, p, A)(cos(m) + s1n(m)) (39)

gwu\w 3‘“\w

with ﬁ(k, p, A =g x"ta(x, p, A). This function is monotonically decreasing

for A € [% %‘] Using the substitution t = DA — T’ we obtain
3 + 4t
P;H(D, p, A)>—£ <%,p, A) sinz dz

_
7

2 4 (37441
:‘/_/[ ( T ,p,A)—h< i ,p,A>:|sintdt>O, (40)
0

D 4D
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where we used the monotonicity of the function 71 to deduce the last inequality. Over-
all, for D € (%ﬂ %”] anda(, p, A) > b(x, p, A) > 0 we showed P;' (D, p, A) >
0, P, (D, p, A) > 0 and P; (D, p, A) = 0, which leads to P*(D, p, A) > 0 in that
case.

Let us assume a(k, p, A) + b(r, p, A) > (1 n «/5) laGh. p. A) = b, p, A)]
(the second case of Lemma 15). In Py we have DA € (%.%). hence
(1 + \/5) sin(DA) > cos(DX) > 0, which allows for the estimate

2D
Py(D, p, A) > /g(mrwa(x,p, A) —b(x, p, A)|

3
x ((1 + JE) sin(D2.) — cos(D,\)) .
> 0.

To estimate the integral P»; we can use exactly the same arguments as in Eqs. 39 and
40 but this time with the function (1, p, A) := g A~ (a(x, p, A) + b(x, p, A))
instead of 4 which gives Py (D, p, A) > 0 and overall P,(D, p, A) > 0. O

6 Proof of the main results

We start with the proof of Theorem 1.

Recall that we denote the set of dyadic squares Q C [—, 7)? of the form Eq. 9
for j € No by Q; and smooth functions ¢p with support on these dyadic squares
with the property

Z Ppo(x) =1, x € [-7, )%,
QeQ;

are defined in Eq. 18. Moreover, foru € Nlet f € C "(Rz) and define fp := f¢o
for Q € Q;. We can decompose

f=Y fo=Y_ fo+ Y, fo (41)
0eQ; 0eQ! 0eQ}
where Q € Q} C Qj if 9T N Q # (. For the non-intersecting squares we define
Q(} =09\ Q}-
According to Eq. 10, we denote by fé” the 27 -periodization of fp. From the
finite support of fp, we deduce fp € L (R?) and from Eq. 15 we get

e(f§) = Flfolk).,  keZ’

Moreover by Eq. 12, we have F fp € C1 (R?) for all ¢ € Ny. The smoothness
assumption on the window function lI/].(fg € szq implies F[ fo] 11/;2 € CIRY.
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Thus, the estimates Eq. 14 hold for this function and with Parseval’s identity and the
Poisson summation formula it follows:

(737 ), = X Flrolhow o s

keZ?
-y F! [f[fQ]w;fg] (2n(§+ n)) =3 Sp(m),
neZ? neZ?

where
So(n) = /]—'[fQ](:g-) ‘1’,‘(,12 (&) eZnigT(i+n) dc.
R2

For Q € Q(,)., we choose x; € [—, n]2 such that
1 <27y —Xi|o < 27y — X1, <7 42)
and define f(x) := fo(x—x;). From Eq. 21, we see that F[ f1(§) = e/*1§ F[fp1(&)

and since F f lI/;fg € Cg (R?) we can use integration by parts repeatedly in both
variables for every r € N(z) with |r|; < g to obtain

. r 7 i igT —X
(27iG+m —x1) Som) = /R " [FLATw | @)t erGmmngg,
With the calculation
q
. q , 2r
(1 122G +n) —x; |§) = (2’)2/5 3 (i) (2n(§+ n) — x1)
s=0 Ir|y=s

and the representation Eq. 23 of the g-th order differential operator L we have

(1 +2/ 27§ +n) —x |§)"SQ (n) = /Rz LY [f[f] w;fg] (&) elf @G —x)gg

(43)
A consequence from Holder’s inequality for a set A C R? with finite Lebesgue
measure |A|, parameters 1 < p < s < oo and a function f € L, (A) is the estimate

1fla, < TAISTPPD Y F], (44)
From Lemma 8, we conclude L7 [.7—' [ f] lI/ﬂ] € L>(R?) and with the estimate Eq. 44

for p = 1 and s = 2 together with the upper bound for the support size of lI/j(iz given

by Eq. 7 we see that
PEIAO)
|es [Feret]
Next, Egs. 43 and 45 and Lemma 8 for u = 2 imply
. ~ , —q
(st = X et (e eem -
neZ?

Cl2 Y (142 prG +m —xi) . (46)

neZ?

)

< 3/ ”Lq [f[f] -pj(fg]’

(45)

”R%l R22"

R2,

IA
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We split up the infinite sum in the last line into
. - —q . —q
(1+27 ey -xB) "+ Y (142 2rG+m-x) . @)
neZ?\(0}

where due to Eq. 42 the summand corresponding to n = 0 is bounded from above
by C(g)27/4. With the monotonicity of finite vector norms and the inverse triangle
inequality, we get

~ ~ X]
mmwm—mbAMG+m—mwzn@mm—b—; )
]
> 72 nlo — 1)
X]

for n # 0, because again with Eq. 42 we have |2§ — 7l
equation |{n €Z?; |y =k ke N}| = 8k holds, leading to

< 1. Moreover the

C@271) " Y @2l -1

. —-q
3 (1 +2/ 27§ +n) —x1|§) <
neZ2\{0} k=1 |n|y =k
o0
. 8k
= C(g)2 /4 S —
@) g%%—nw
< Ca(g) 2774, (48)

Using the splitting Eq. 47 and the corresponding upper bound Eq. 48 for the infinite
sum in Eq. 46, we get:

2 ® —j(7/4+
‘(an’ j,@,y)z‘ <C(g)2 J(1/4+q)

in the case Q € Q(J?_
For O € Q}, we use Eq. 21 to write
. o
So(n) := /f[é:j](R; £) W) (§)els GOm0 g,

R2

where £; is a standard edge fragment. With the same arguments as in the first case
and again Lemma 8, we can deduce:

. . . —q
Vsl = X e reas o], (2 o s
neZ? ’
_ 4 —5/2
<C (1 2il2 ‘sin(ej.j; — y)‘)

x 3 (142727 G +m) —x0|§)_q (49)

neZ?
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and we split up the infinite sum into

. ~ —-q . —-q
<1+2f|2ny—x0|§> + ) (1+2f|2n(§+n)—xo|§)

neZ2\{0}

Using the same arguments, which led to Eq. 48, we see that the infinite sum in the
last equation is bounded from above by C(q) 27/7 implying

. . . . —-5/2 . ~n\ "4
o e (12 ot ) (14272

in the case Q € Q}.

To finish the proof, we use the decomposition Eq. 41 and the fact that ‘ Q(j). ‘ <C2/

to get
27 (D) 2n (l)
> | v+ XA vity),

0eQ) 0eQ;

= Gl Y (14272 ]sin@ff) - p)|)
0eQ]

- o\ 4
X (l + 27 |xg — 2ny|%)

2 (i)
Kf ’ ‘”M’Y>z‘

-5,2

A

O
We proceed with the proof of Theorem 2.
Fory € P(Ny,),é) let 7}(1) be the modified version of 7@ as explained in the

paragraph after Eq. 28. Since ’T;,(i) € L1(R?), i € {h, v}, we use Eq. 15 to get
a(T") =FTP M%),  keZ?

From the finite support of ?}(i), we deduce fﬁ\'y(i) € C*(R?) for all ¢ € Np.

The smoothness assumption on the window 'I/j(’lg € W22q implies F [T(l)] llf(’e c

ng (R?). Similar as in the proof of Theorem 1, this product fulfills Eq. 14 and with
Parseval’s identity and the Poisson summation formula it follows:

<(7A—y<i>)2 ,(’§y> sz— [T )] @n G +m) = Zzs(n),
nez nez

where

Sm) = / FITO1®) w ) ) 2 T g

Using again the decomposition Eq. 41 for 7 we can repeat the arguments from the
proof of Theorem 1 to see that

> Ism)l = Cig) 271,
neZ?\ {0}

Assume that we can show
[S(0)] > Ca2(q). (50)
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With the inverse triangle inequality, we can deduce
o\ 27
’<(7;(’)) v y> ‘ ISOI— > 15w = C3(q)
neZ2\{0}

and again with the inverse triangle inequality and Lemma 10 we finally get

<(T<’)) 0 y>

Thus, it is left to show the existence of a constant C2(g) > O such that Eq. 50 is
fulfilled.
From Egs. 30 and 31, we recall the representation:

) S R CORUAIELT

2

oM %

2J

SO =53 f / w21 p,0) 20O OV 1,21 p 6)d6 dp,
@) k=19 o

and consider only the case i = h since the other case is similar. First, we use Lemma
11 and the inverse triangle inequality to see that |S(0)| is bounded from below by

oo 21

’ Z //W(h)(sz 9)627{121 @T(e)yIk(sz G)dOdp‘ ‘M(h)’C(n)z jll)
ke MM

(2n>2 (

where the last term is negligible for large j and n € N. Assume that there is k* €
M such that [2mwy, — 7w 279/2, 2wy, + 279/2] C [ag+, by+]. In the following, we
omit the index k* for simplicity and let ¢ = 27//2, Lemma 12 and the inverse triangle
inequality lead to

oo 21
3 w2 p,6)e2m 20O O 6)dgdp
keM®™ o o
oo 2 2myr+e
w2 p,6) e PO ORTI-U00T) @T(9) B(x) dx df dp

v

0 0 2my,—¢
—Cp 270",

From the previous observations, we conclude that, if we want to show |S(0)| > C(q),
it is enough to find a constant C»(g) > 0 such that

00 27 2myrte
/ / / w27 p,6) PO O (DD) @T(9) B(x) dx do dp

0 0 2my,—¢
> Ca(q) 277
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We write the last integral as

00 27 2mwyr+e
I = // / l,[/j(;)(z./p’ 0) eiZJp@T(B)(2n§—(.f(x),x)T) @T(Q)ﬂ(x) dx df dp

0 0 2my,—¢
o 3 BTH 2 yrte

-/ ( [+] ) [ wlieip o et @m0
0 -5 3 Zay-e

x @7(6)B(x)dxdodp

= I+ .

In the integral I, we substitute & = 7 + 7 and use the symmetry properties of the
univariate window functions g and g to see

g(pcos(t +m)) =g (—pcost) =g (pcosT)
and
g (,o cos(t + 71)(21./2 tan(t + ) — K)) =g (,0 cos 1(2/'/2 tant — 6)) ,
which lead together with @ (t + ) = —O(t) to I = 2iIm(/;) = 2iIm(/y) since

00 & 2myr+te
= // / lp,,-(,}}z)(Ej,O,r+n)em/’@T(””)(2”?—(f'(x)’X)T)
0 7% 2wy, —¢e
X @(t+m)B(x)dxdrdp
oo 7 2myrte

= —/ / [ 'Ilj(hﬁ) (2][0’ 6) e—iz./p@T(Q)(Zni_(lf(x)!x)T)

-5 2myy—e

x ©0)B(x)dxdddp = —1.

Let us first assume A = % f"@my;) > 0. The case A < 0 is similar and will be
omitted and the case A = 0 will be discussed separately in the end of the proof. With
Lemma 10 we can replace the function f (x) locally for |x — 27 y,| < 277/ by

Ty(x) = fQ2ry2) + m(x — 27wy2) + A(x — 27 y2)*.
For every xg = (f (xp), x0)T € T with |xg — 27yl, < C 27J/2 we can write
Ty(x) = C + B(x — x0) + A(x — x0)°,

where B := m+2(xo—2my), C := f(27'ry2)+m(xo—ZJTyz)—i—(xo—Zaryz)2 andm =
f'@2mys) € [—1, 1]. We choose xo € 9T such that there is £ € {—2//2,...,2//2}
with [2/2B +¢| < Yand ¥, =27/ (21 — 3), 71 = —2/71, ..., 2/7! — 1 such that
27@r 3 - 0)| < .
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We follow the ideas of [17, Section 3.2] and change the variable to v = x — xg.
Thus, we can rewrite /| as

7 2
/ / w (2 p,0)e PP OTOUHBHC2TTT () 4y B dp

T
00
0
2¢

o0
zf/w;}?(z/p,e)eiZ’PCOS”’TY' /eiAR(”)w(v)dvde,o, (51)
0 —2¢

I

b
2

where A :=2/p, p(v) = (—1, f (v —I—xo)) O ) (v + x0) and

R() := —O©T(0)(Av?> + Bv+ C, )T

B +tan6\> (B + tan 6)?
= —cos6 | A _ cC————).
o’ ( (v+ 24 ) + 4A

The equation R'(v) = 0 gives vy = —%. Let ¢(v) = R(v) — R(vg). Then
¢ (vg) = ¢’ (vg) = 0 and ¢ (vg) = R"(vg) = —2A cosf # 0. Hence, we can write
I as

~ 5 2¢
I Z//tp]?hg(zfp,e)eiz’PCOS“”?leiAR(”e) / e 4?W p)dvdodp. (52)
0 -2 —2¢

We apply Lemma 13 for #yp = vy, which leads to

2¢

_ Lo\ 1/2
/e‘A¢’(“>¢(u)dv — <|¢3Z)‘0)|> o(vg) AT+ 0(A7Y)

—2¢
= CVTiQ2Ip |A cost]) 2 p(ug) + O(2Ip) ™). (53)

From Lemma 1, we have p € [% 2] so that the notation O((2/p)~") can be

identified with a function r(j) such that |r(j)| < C» 2=/ as Jj > Jjo. As explained in
[17, p. 115] the constant C; > 0 is independent of 0, p, j, £,y. With Eq. 53 we can
write the integral in Eq. 52 as I} = I1; + I12, where

o 5
L = Cz_j/z‘/ﬂif [ q/jf’}lz)(sz’e)eiZ-’p cos 6 2my) eiAR(vg)
0

_r
2

x(p|A cosf]) 2 (vg) do dp,

© 7
I1n = Cy 2_1/ / wj(’hé)(sz’g)eil’p cos 0 2y} eiAR(vg)de dp
0 —

(S E}
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In the integrals I7; and 11, we substitute t =2//2tan® — £ or equivalently 6 := 6, =

Qj(he) 4 leading to d6 = 2~ 172 cos? 6; dr. We remind that by Lemma 1
h T h h
supp w2/ p, 9,)C{(,0 Q)GRX[ i E]'—<|p|<2, o), <6, < e;gH}

implying that 111 = I = 0 for |¢| > 2. With the last change of variable we have

2 2
I =C2_j«/7ti//§(pcoset) g (t pcosty)

15
3
o ipcosh (2-/' C— 5 (22 B4t41)* 20 2n§1)

x(p |A cos ;)2 p(vg,) cos? 6, dr dp,

)
. ) i Jo—1 (2i/2 2 _2ion¥
Iy :2—31/2//%01@)(2,/)’9)6 1pc056,<2 €=k (272 B+0+1)* =2 271;1) cos?6, di dp.

1 -2
It is straightforward to see that /17 is negligible since
[112] < C 27972, (54)
where C is independent of j, £, and y. We use the notation

p:=2"B 4, D:=2/275% - C) (55)

and from the choice of xg € 9T we have |p| < }‘ and |D| < 37”. We show that for

this choice inequality Eq. 50 is fulfilled.

In the following, we adapt some of the ideas from [17]. Since |2‘j t’ <27/t for
|t] < 2 we have cos@; = ;¢ + OQ27//?) and sin6, = 272t ;¢ + 0277/,
where pj ¢ == (1 + 27//20)%)~Y2 fulfilling 27'/2 < |uj¢| < 1. There exists
sufficiently small g ¢ such that {ﬂ(qj,g) — /3(1)9,)| = 0(@27/?) and B(gj,¢) #0and
similarly we can approximate ‘f’(éj’g) — f/(vgr)‘ = 0Q27/?) and f'(@je) #0.To
get the lower bound for /11, after ignoring the higher order decay term we can replace
B(vg,) by aconstant (g ¢), f'(vg,) by aconstant f'(g; ¢), and cos 6; by the constant
¢ Hence, using the notation §; ¢ := B(gj,¢)(—pj¢ + f/(c}j,g)(Z’j/zﬁ);Lj,g) and
the substitution A = p ¢, we can express 111 as

0. p) = 27 il 5 // F(puj) &t (Prane?)
x g(tpmje) p ”2dtdp (56)
_ 3

3
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with
co oo
i 1 142
HQ, p, A) = /g(m) et (P2 gy — fg((u—p)x) et 41 du.
£ I

We want to emphasize the dependency of the integral /11 on the the parameters p

and D defined in Eq. 55. A direct computation with the change of variable v = A%
shows that

iv

H(\, p, A) = @f[g(2ﬁ+px)+g<z¢m_p/\)] e—ﬁdv
0

- \/g(a()\, 0, A) +ib(h, p, A)),

where a(a, p, A) and b(%, p, A) are defined in Egs. 35 and 36. With the represen-
tation of H (X, p, A) and the positive solution /i = % we can write the integral

Eq. 57 as I11(D, p) = Re(111(D, p)) +ilm(I11(D, p)) with

4
Im(I1(D, p)) = C277 [F() A~ ([a(x, P, A) + b, p,A)] cos(DA)
1

Wl

+[a(,\, p,A) = b(h, p, A)] sin(m))d,\.

Using the connection I, = —1;, we can start at Eq. 51, use again Eq. 13 and repeat
all the previous steps for I, instead of I, to get I = Iy + Iy with || < C 273172
and I (D, p) = Re(I21(D, p)) +iIlm(l21(D, p)) with

Im(Iy1(D, p)) = C2~ fjg‘(,\)rl ([a(k, p, A+ b, p, A)] sin(D.)

3

—[a(k, 0. A) —b(h, p, A)] cos(DA))dA.

As a consequence of the relation I = 2iIlm(l;) = 2ilm(/;) we see that I =
2iIm(I1; + I12) = 2iIm(l>; + I»2). By the inverse triangle inequality, Eq. 54 and
its analog for I we can use Lemma 16 in order to finish the proof of the Theorem 2
for A > 0.

In the case A = 0 we see that Eq. 51 simplifies to

7 2¢
L= f / w ) (2 p,0) e ip s0RPV BRI an0)2(C=2750) () dv b d.

Note that Lemma 13 can not be applied in this case. Instead we use the substitutions
u = 2J/%y and similar to the previous case = 2//?tanf —€ and A = p W j.¢ together
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with the simplifications and notations from the last pages to arrive at the analogous
integral to Eq. 57, which in this case is given by

L(D,p)=C27/ Z(pcos,) g (tpcosby) e P cos ((p+0u—D) dudtdp

=Cc27/ TO) gt e~ H(0u=D) 4 ¢ 4.

0\8 0\8
8\3 8\8

I
I

Some direct calculations after the change of variable y = ¢ A show that

oo oo oo

L(D, p) = cz—ffg(x) rleim/ /g(y) e Vudy | e PP dudr

0 —00 [e%e}
o o0

= C2_j/§(k) A letP2 /fg(u)e—il’“du da
0
0

= cz—ffg(x) AT el P* g(—pa)da
0

and since g(—pA) = 1 for A € [%, %] and p € [—%, }‘] this implies

[Im(1;(D, p))| = szffg(x) A~ sin(DA) dr > 0
0

for0 < |D| < 37”. For the case D = 0, we slightly modify the function g to make it
odd. Then with a similar argument as before we see that I = 2Re(Z;(0, p)) > 0.

7 Generalizations and possible extensions

In this paper, we showed that trigonometric polynomial shearlets based on the con-
struction of multivariate periodic de la Vallée Poussin-type wavelets are able to detect
step discontinuities along boundary curves of characteristic functions.

Since the constructions and results in [3] are given in d dimensions, there is a
natural extension of the trigonometric polynomial shearlets to higher dimensions.
If for example the dimension is d = 3, the multivariate window functions become
O (x) = 3(x) g(2) g3), ¥ = g F) g(x3), PO ®) = glxp)
g(x2) T(x3).
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For even j € Ng and £ = (£1, £2)T € Z* with |¢;] < 2//% and |£5| < 2//? the
matrices analog to Eq. 5 are given by

27 £, 27/% 4212 2770 0
NO=(0 272 o |, NPy =272 2 4202
’ 0o o 22 ’ 0 0 22
and
2020 0
NG = o 272 0

2 2J/2 2 2i/2 2]
We define the three-dimensional trigonometric polynomial shearlets by

=Y vk e 62 e q1,2,3),
keZ3

As in the two-dimensional case, this construction is similar to the classical shearlets
and its higher-dimensional generalizations.

The authors in [15] proved in detail that continuous shearlet systems in three
dimensions are able to detect boundary curves of piecewise smooth surfaces. As
remarked in [17], an analogous result holds for discrete shearlets in dimension 3. We
are convinced that it should be possible to derive a similar result for trigonometric
polynomial shearlets, but a detailed proof is not in the focus of this paper.

Another interesting open question is the behavior of the shearlet coefficients near
corner points. If y : [0, 2r) — 97T is a parametrization of the boundary 97, we call
Xg = y(to) € 8T a corner point, if p’ (t(;r ) # +y’ (ty ). For continuous shearlets,
this question was answered in [14] and in a more general setting in the context of
parabolic molecules in [10]. As far as we know, there is no result for corner points
in the discrete setting until now. It would be very interesting to investigate in which
way the techniques of the continuous setting can be combined with the ideas of this
paper to prove similar results for discrete shearlets. We will leave this question as a
topic for future research.

In many applications, such as image processing, the functions to be analyzed are
piecewise smooth and not characteristic functions of sets as discussed in this paper.
In [10, 16], it was shown that the continuous shearlet coefficients of functions of the
form B(x) = f(x) x7(x) with f € C°(IR?) exhibit the same decay rate as Eq. 1 if
p ¢ 0T orif s = 59 does not correspond to the normal direction of 97 atp. If p € 0T
and s = s corresponds to the normal direction of 9T at p, then

0 < lim a_("/2+3/4)SH¢B(a, 50, P) < 00,
a—07t
where n denotes the number of vanishing derivatives of f at p. As in the case of
corner points, there is no analogous result for discrete shearlet systems yet. To give
a proof for the case of piecewise smooth functions is again beyond the scope of this
paper and will be addressed in a forthcoming article.
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