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Abstract

We study worst-case optimal approximation of positive linear functionals in repro-
ducing kernel Hilbert spaces induced by increasingly flat Gaussian kernels. This
provides a new perspective and some generalisations to the problem of interpolation
with increasingly flat radial basis functions. When the evaluation points are fixed and
unisolvent, we show that the worst-case optimal method converges to a polynomial
method. In an additional one-dimensional extension, we allow also the points to be
selected optimally and show that in this case convergence is to the unique Gaussian
quadrature—type method that achieves the maximal polynomial degree of exactness.
The proofs are based on an explicit characterisation of the reproducing kernel Hilbert
space of the Gaussian kernel in terms of exponentially damped polynomials.

Keywords Worst-case analysis - Reproducing kernel Hilbert spaces -
Gaussian kernel - Gaussian quadrature
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1 Introduction

Most popular kernels used in scattered data approximation [11, 37] and Gaussian
process regression [27] are isotropic (i.e., radial basis functions), depending only on
the Euclidean distance |- || between the points:

Ko(x,x') = @ (M) (1.1)

Communicated by: Robert Schaback

< Toni Karvonen
tkarvonen @turing.ac.uk

Simo Sarkka
simo.sarkka@aalto.fi

Department of Electrical Engineering and Automation, Aalto University, Espoo, Finland

The Alan Turing Institute, London, United Kingdom

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10444-020-09767-1&domain=pdf
http://orcid.org/0000-0002-5984-7295
mailto: tkarvonen@turing.ac.uk
mailto: simo.sarkka@aalto.fi

21 Page2of 17 Adv Comput Math (2020) 46:21

for a continuous positive—definite function @: [0, 00) — R and a length-scale
parameter £ > 0. Given any function f: RY — R evaluated at distinct points
X ={x,...,xy} C R4, such a kernel can be used to construct a unique ker-
nel interpolant based on the translates {K,(-, x,,)}glzl. The kernel interpolant is as
follows:

N
sepx () =Y fxuea(x), (1.2)
n=1
where u, are the Lagrange cardinal functions that solve:
Ke(xi,x1) -+ Ke(x1, xn) ue,1(x) Ke(x, x1)
: o : =1: (1.3)
Ke(xn, x1) - Ke(xn, xn) | | we,n(x) Ko(x, xn)

and satisfy ug , (xXm) = 8nm- Uniqueness of the solution for each x € RY is guaranteed
by positive—definiteness of the matrix on the left-hand side of this system.

When £ — oo, the kernel K, becomes increasingly flat and the linear system (1.3)
increasingly ill-conditioned.! Nevertheless, the corresponding kernel interpolant is
typically well-behaved at this limit. Starting with the work of Driscoll and Fornberg
[10], it has been shown that a certain unisolvency assumption on X implies that the
kernel interpolant converges to (i) a polynomial interpolant if the kernel is infinitely
smooth [10, 13, 19, 20, 31, 32] or (ii) a polyharmonic spline interpolant if the kernel
is finitely smooth [21, 33]. Further generalisations appear in [22]. The former case
covers kernels such as, Gaussians, multiquadrics, and inverse multiquadrics while
the latter applies to, for example, Matérn kernels and Wendland’s functions. Among
the most interesting of these results is the one by Schaback [31] who proved that the
interpolant at the increasingly flat limit of the Gaussian kernel

) lx —x'l13
Ko(x,x") =exp g (1.4)

exists regardless of the geometry of X and coincides with the de Boor and Ron
polynomial interpolant [6, 7]. Furthermore, numerical ill-conditioning for large ¢,
mentioned above, has necessitated the development of techniques for stable evalua-
tion of the kernel interpolant [5, 12, 14, 38]. Increasingly flat kernels have been also
discussed independently in the literature on the use of Gaussian processes for numer-
ical integration [24, 26, 34], albeit accompanied only with non-rigourous arguments.
Even though the intuition that the lowest degree terms in the Taylor expansion of
the kernel dominate construction of the interpolant as £ — oo and that this ought
to imply convergence to a polynomial interpolant is quite clear, this is not always
translated into transparent proofs.

The purpose of this article is to generalise the aforementioned results on flat limits
of kernel interpolants for worst-case optimal approximation of general positive linear
functionals in the reproducing kernel Hilbert space (RKHS) of the Gaussian kernel

Note that most of the literature we cite parametrises the kernel in terms of the inverse length-scale & = 1/¢
and accordingly considers the case ¢ — 0.
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(1.4). That such generalisations are possible is not perhaps surprising; it is rather the
simple proof technique made possible by the worst-case framework and an explicit
characterisation [23] of the Gaussian RKHS that we find the most interesting aspect
of the present work.

1.1 Worst-case optimal approximation

Let £2 be a subset of R? with a non-empty interior and L: C(£2) — R a positive lin-
ear functional acting on continuous real-valued functions defined on £2 and satisfying
L[| p|] < oo for every polynomial p on §2. The functionals most often discussed in
this article are the point evaluation and the integration functionals

L:[fl=f(x) and Lﬂ[f]:/fd,u for a Borel measure i on £2, (1.5)
2

respectively. Derivative evaluation functionals L)(C”)[ f1= "™ (x) are also often con-
sidered. A cubature rule (quadrature if d = 1) Qx(w): C(£2) — R with the distinct
points X = {x1,...,xy} C £2 and weights w = (w(l),..., w(N)) € RV isa
weighted approximation to L of the form

N
Ox(w)f] =) wm) f () ~ LLf]. (1.6)

n=1
When restricted on §2 x £2, the positive—definite kernel K, in (1.1) induces a unique
reproducing kernel Hilbert space H(K,;) C C(£2) where the reproducing property
(fs Ko X))pyk,) = f(x) holds for every x € £ and f € H(K,). With minor
modifications everything in this section holds also when the kernel is not isotropic.
Because the kernel is isotropic, L[K¢(x, x)] < L[®(0)] < oo by the assumption that
L[p] is finite if p is a polynomial. This guarantees that L[ K, (-, x)] € H(K) for any

x € £2 and consequently that L[ f] < oo for any f € H(Ky).

The worst-case error eg(Q x (w)) of the cubature rule (1.6) in H(K) is as follows:

N
e (Qxw) = sup |LIf1=) wn)f(x,)|. (1.7)

Il kg <1 =1
Given a fixed set of distinct points, we are interested in the kernel cubature rule

Qx (w}) whose weights are chosen so as to minimise the worst-case error:

w; =argmine; (Qx(w)) and e (Qx(w})) = iIgN e (Ox(w)).
weRN we

These weights are unique and available as the solution to the linear sys-
tem [25, Section 3.2]

Ke(x1,x1) -+ Ke(xy,xn) wy (1) L[K(-, x1)]
: R : =|: . (1.8)
Ke(xn, x1) -+ Ke(xy, xn) wy(N) L[K¢(-, xn)]

Although our notation does not make this explicit, the weights obviously depend on
the linear functional L and the evaluation points X. For each x € R?, the kernel
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interpolant sy f, x (x) now arises as the kernel cubature rule for approximation of the
point evaluation functional Ly in (1.5) and the Lagrange functions are uy ,(x) =
w;f (n). In this case, the worst-case error coincides with the power function [30]. For
an arbitrary L, the kernel cubature rule can be obtained by applying L to the kernel
interpolant as follows:

Ox(w}) = Lls¢ s.x] = Z FGen) Llug.nl.

n=1

That is, the weights are wj (n) = L[ug ).
1.2 Contributions

Recall that we only consider the Gaussian kernel (1.4). This article contains two
theoretical main contributions:

— In Section 2, we prove that if X is unisolvent with respect to a full polynomial
space I1,, and N = dim IT,,, then Q x (w}) converges (as £ — 00) to the unique
cubature rule Qx(w,,) that satisfies Qx (w,,)[p] = L[p] for every polynomial
p of degree at most m. This result, contained in Theorem 2.2 and Corollary 2.1,
is a generalisation for arbitrary positive linear functionals of the interpolation
results cited earlier. If £2 is bounded, the results hold for any positive linear func-
tional satisfying the mild assumptions imposed earlier. However, boundedness
of £2 is not necessary: at the end of Section 2, we supply an example involving
integration over R¢ with respect to the Gaussian measure.

— In Section 3, we present a generalisation, based on a theorem of Barrow [2], for
optimal kernel quadrature rules [25, Chapter 5] that have both their points and
weights selected so as to minimise the worst-case error. The result, Theorem 3.2,
states that such rules, if unique, converge to the N-point Gaussian quadrature
rule for the functional L, which is the unique quadrature rule Q x,(w;) such that
Ox,(ws)[pl = L[p] for every polynomial p of degree at most 2N — 1. This
partially settles a conjecture posed by O’Hagan [26, Section 3.3], and further dis-
cussed in [24, 34], on convergence of optimal kernel quadrature rules to Gaussian
quadrature rules.

Some generalisations for other kernels and cubature rules of more general form than
(1.6) are briefly discussed in Section 4.

2 Fixed points

The following theorem, which provides a characterisation of the RKHS of the Gaus-
sian kernel (1.4), is the central tool of this article. This results is due to Steinwart
[36] and Minh [23]; see also [35, Section 4.4] and [8, Example 3]. In this theorem
(and the remainder of the article), Ng stands for the collection of d-dimensional non-

negative multi-indices: Nd = {(ag,...,aq) € RY:ap,...,a4 € Np}. The absolute
value and factorial of @ € Ng are ol = a1 +---F+aganda! = aop! x .-+ x agl.
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Theorem 2.1 (Steinwart 2006; Minh 2010) Let $2 be a subset of RY with a non-
empty interior. Then, the RKHS H(Ky) induced by the Gaussian kernel (1.4) with
length-scale € > O consists of the functions

flx) = e Ix13/2e) Z fux®  such that ||f||%-[(1([) = Z gl 2 < oo,

aeNg aeNg
2.1
where convergence is absolute. lIts inner product is (f, g)yk, =
ZaeNg 2l £, g4 Furthermore, the collection
{ _ et e } 22)
IAVET aeNg

of functions forms an orthonormal basis of H(Kp).

Two crucial implications of this theorem are that H(K;) consists of functions
expressible as series of exponentially damped polynomials, the damping effect van-
ishing as £ — oo, and that, due to the terms £2/%/ appearing in the RKHS norm,
the high-degree terms contribute the most to the norm. Consequently, the worst-case
error (1.7), taking into account only functions of at most unit norm, is dominated by
low-degree terms when £ is large. The rest of this section formalises this intuition.

Let IT,, C C(£2) stand for the space of d-variate polynomials of degree at most
m e No:

m, = span{xo‘ ra e NG, o Sm}-

In this section, we assume that the point set X C £2 C R is IT,,-unisolvent. That is,

m+d> _ (m+a)!

N =#X = dim I, =
d d\m!

and the zero function is the only element of IT,, that vanishes on X. This is equivalent
to non-singularity of the (generalised) Vandermonde matrix

31 oy
N N

where {a1, ..., ay} = {@ € N& : |a| <m} C Ng. It follows that there is a unique
polynomial cubature rule Qx(w,,) such that Qx(w,,)[p] = L[p] < oo for every
p € II,. Its weights solve the linear system P}-[ w,, = L of N equations, where
the N-vector L7 has the elements [L7], = L[x*']. In this section, we prove that
the worst-case optimal weights wj for the Gaussian kernel (1.4) converge to w,,
as £ — oo.

Define then

d)ﬁ(x) — e—llxllg/(2e2) x, (2.4)
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so that functions in the Gaussian RKHS, characterised by Theorem 2.1, are of the
form f(x) = ZaeNg’ faqbﬁ (x) for coefficients f, decaying sufficiently fast. Since

the exponential function has no real roots, the determinant of the matrix

oL (x1) -+ L, (x1)

Py o= (2.5)

DL (xen) -+ Pl (Xw)

satisfies |Py¢| = |Pp|exp (— N ||x,,||§/(2£2)) £ 0 and Py is hence non-
singular. From non-singularity, it follows that there are unique weights w ¢ such that
Qx(w¢,g)[¢§] = L[¢£] for every o € Ng satisfying |o| < m. The weights solve
PJ’(wqg,g = Lg.¢, where the N-vector Lo ¢ has the elements [Ly ¢], = L[¢£n]-2
This auxiliary cubature rule plays an important role in our argument. To summarise,
the following three weights (or sequences of weights) appear in the proofs below:

1. The weights wZ‘, solved from (1.8), are the worst-case optimal weights for the
Gaussian kernel (1.4). The results concern the behaviour of these weights as
{ — oo.

2. The weights w,, are constructed such that the cubature rule defined by them
is exact for all polynomials up to degree m: Qx(w,,)[p] = L[p] whenever
p € Il,.

3. The auxiliary weights wy ¢ satisfy Qx(wd),g)[d)g] = L[¢£] for every £ > 0 and
loe] < m.

Lemma 2.1 Suppose that X is I,,-unisolvent and limg_moL[qSﬁ(x)] = L[x%]
for every |a| < m. Then, there is a constant Cy¢, > 0 such that

SUPy= ¢, fo:l lwg.e(n)| < Cy, forany £y > 0.

Proof The assumption limy_, o L[qﬁfl (x)] = L[x*] and unisolvency of X imply that
limg_s o0 Wy ¢ = w,y. Because L[|p|] < oo for any polynomial p, both the weights
w,, and wy ¢ are finite, which implies the claim. O]

Lemma 2.2 Suppose that X is I1,,-unisolvent and limg_, L[¢£ (x)] = L[x*] for
every |a| < m. If (wg)¢>0 is any sequence of weights such that

limy_ o0 [LIP5] — Ox(we)[pl]| =0  forevery |a| <m,

then, limy_, oo Wg = Wy

2See [12] for an interpolation method based on a closely related basis derived from a Mercer eigendecom-
position of the Gaussian kernel and [17] for an explicit construction of weights similar to wg ¢ in the case
L is the Gaussian integral.
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Proof We have PI-rIwn = L and
ILm — Phwella < 1L — Loella + 1Lg.e — Py gwellz + 1P ywe — Prwella,

where each of the terms on the right-hand side vanishes as £ — oo. Because
ILg — Phwellz = |IPf(w, — we)ll2 and Pr7 is non-singular, we conclude that

limg— o0 We = Wy O

We are ready to prove the main result of the article for a fixed IT,,,-unisolvent point
set X C 2 consisting of N distinct points. First, by considering one of the basis func-
tions (2.2), we show that |L[¢5] — Qx(wH[¢f]l < «/aﬂ“‘eg(Qx(wZ‘)) for every
o€ Ng. Second, the sub-optimal cubature rule Q x (wy ¢) defined above can be used,
in combination with (2.1), to establish the upper bound e;(Qx (w})) < C¢~+D.
These two bounds imply that |L[¢5] — Qx (w})[¢l]] — O for every || < m. If
limy_s oo L[¢>£ (x)] = L[x*], Lemma 2.2 then implies that w; — w,.

Theorem 2.2 Let N = dim [T, for some m € Ny and X be I1,,-unisolvent. Suppose
that limy_, oo L[d)ﬁ (x)] = L[x%] for every o € Ng such that |a| < m and that

|ao |
L —x%| | <CL < (2.6)
Z “m+D)
la|=m+1 E‘OO!| (D a!

for some £y > 1 and any sequence (aq), eNd such that " aeNd ag < 1. Then,

lim w; =w,, and e (QX(wZ‘ ) =0 (E_("H'l)),

{—o00

where w,, are the weights of the unique polynomial cubature rule such that
Ox(w)pl = Llp] for every p € Iy,

Proof For every a € Ng, select the function

b ey e L e
ga) = o e M x = gl ),

From Theorem 2.1, it follows that ||ga||%_[( Ky = 1 since g, is one of the basis
functions (2.2). Thus, by definition of the worst-case error,

IL[g5] — Ox (w4l = IL[ga] — Ox w))gall < er (Qx(w))). (2.7)

ool /ol

Next, we derive an appropriate upper bound on e;(Qx(wj;)) by considering the
unique sub-optimal cubature rule Q x(wg,¢) that is exact for every ¢£ with x| < m.
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In the expansion (2.1) of a function in H(K/), we have L[¢£] = QX(de,l)M’g] for
every term with |a| < m. Consequently, the worst-case error is bounded as follows:

er (Ox(wg.0))

= sup  |L| > fudl|—Qx(wso)| D fudl

1 I 7 kg <1 la|>m+1 lor|zm+1

< sup L| Y fallgll |+ sup  (Ox(wpo) | Y. fadl

Hf”H(K[)Sl |a\2m+l Hf”’H(Kl)Sl |a‘2m+1

where f, are the coefficients that define f € H(K,) in Theorem 2.1. A consequence
of (2.1) is that || fll(k,) < 1 implies |fy| < ay/ (0% /) for some real numbers
lag| < 1 such that ZaeNg aﬁ < 1. Therefore, for £ > £y > 1,

sp L] Y 1nlel ] =] Y g.la';'—"l’f@'

”f”'H(K[)ﬁl la|>=m+1 |Ol‘>m+l

<o Y || m
— lal—m+1) /_

| lee|=m+1 e ]
< E_(m-'rl)L Z |aa| |x0l|
- lor]—(m—+1)

| lal=m+1 £y Ja! i
< CLg—(m+l)

by assumption (2.6). Moreover, because

max _ |¢l(x,)| < max |x?| < Cx
1 N n=1 N

for some Cx > 0 and every £, we have the following:

sup [Ox(wg.0) | D fudlh

Il kg <1 lo|=m+1
N
< sup o DY lwgem] Y | fallgh ()l
I f k=1 , =4 la|=m+1
<€‘(’"“’in ml > el gt )
B n=1 . la|>m+1 gl =mt D) J e
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N
Cx
< DN g o (n)] _—
Z ’ Z Kl)ot|—(m+1)\/a

n=1 loe|>=m+1
<~ (m+1) (Sup Z|w¢£(n)|) Z L
Zm+l)
=: Cot~ "D

where Cp < oo follows from convergence of the last term and Lemma 2.1. Thus,
er (Qx(wg.0)) < (Cp + Co)t™ "D = cg=0mtD 2.8)

when £ > {g. Since Q X(wj;) is worst-case optimal, we have thus established with
(2.7) and (2.8) that, for sufficiently large ¢,

el f Lig51 — Ox i1l < ee(Qx(w))) < e (Qx(wy,0)) < C~ "D

for every € Ng such that || < m and a constant C independent of £. That is,

IL[p4] — Ox (w)pl)] < CVal e=mHDFel < cmte™! - 0 as € — .
(2.9)
The claim then follows by setting wy = wj in Lemma 2.2. O

Assumptions of Theorem 2.2 hold, for instance, if the domain £2 is bounded.

Corollary 2.1 Let N = dim IT,, for some m € No and X be I1,,-unisolvent. Suppose
that S2 is bounded. Then,

lim w; =w,, and e (Qx(wZ‘ ) =0 (Z_(mH)),

{—o00

where w,, are the weights of the unique polynomial cubature rule such that
Ox (ww)pl = Llpl for every p € Iy,

Proof On a bounded domain, the convergence qbﬁ (x) > x% as £ — oo is uniform.
Thus,
ILIx*] = Liggll < L[1] sup |x* — ¢y (x)] = 0
xef

as £ — oo forevery o € Ng. Assumption (2.6) is also satisfied as follows:

|Go | o B
L Z E\al (m+1)f|x =L Z E‘“' D /g1 < 00,

loe|>=m+1 la|>m+1
where B = (b,...,b) € RY forb = sup,cq lIzll2 and finiteness follows from the
assumption L[1] < oo. O
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However, boundedness of §2 is not necessary. Consider Gaussian integration as
follows:

d
1 2
I1x13/2 4, — =X /2 4.
L1 = Gy S0 = lz][m/ﬁ“‘)e o .

Ifae Ng has an odd element, L[¢£] = L[x*] = 0 for every £ > 0 by symmetry. If

o = 2 for some B € Ng, the convergence L[¢£ (x)] = L[x“*] as £ — oo follows
from the monotone convergence theorem. To verify (2.6), recall that the absolute
moments of the standard Gaussian distribution are as follow:

d
L[|x*|] = n—d/21_[2di/2p a,'_-i—l
2

i=1

[T =207 <—“"2‘1>z x [ [T —1)!!},

«; odd o; even

where I'(-) is the Gamma function. Because (n — 1)!! < Vn! for any n € N and

_1/22/2 n—1 7_[—1/22/2 (n — D! /’(n—l)u \/‘
N 2 = N Q=172

if n is odd, we have the following:

L{|x*]] _ip 2472 ozl—l (a,—l)”
va - I LI )=

«a; odd
Thus,
|ay| 1
R S Il D D
lee|—=(m+1) - le|—(m~+1)
loe|>=m+1 600( " \/a loe|>=m+1 6001 "
if 6o > 1.
3 Optimal points in one dimension
Letd = 1 and 2 = [a,b] for a < b. In this section, we consider quadrature

rules whose points are also selected so as to minimise the worst-case error. A kernel
quadrature rule is optimal if its points and weights satisfy the following:

ec(Qx; D)= inf er(Qx(w).

weRN, Xe2

In order to eliminate degrees of freedom in ordering the points, we require that the
points are in ascending order (i.e., x, < x,41). Even though optimal kernel quadra-
ture rules have been studied since the 1970s [1, 3, 18, 28, 29] for the integration

functional L[ f] = fub f(x)w(x)dx, w(x) > 0, their theory is still not complete (the
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main results have been recently collated by Oettershagen [25, Section 5.1]). Although
uniqueness results have been proved only for totally positive isotropic kernels of the
form (1.1) and integration when w = 1 [4], there exists numerical evidence suggest-
ing that the optimal rule is unique in more general settings [25, p. 97]. Note that the
Gaussian kernel (1.4) we consider is totally positive.

In Theorem 3.2, we show that uniqueness of an optimal kernel quadrature rule for
each £ > 0 implies that its increasingly flat limit is Q; = Qx,(ws), the N-point
Gaussian quadrature rule for the linear functional L. This is the unique quadrature
rule that is exact for every polynomial of degree at most 2N — 1: Qg[x"] = L[x"]
whenever n < 2N — 1. This degree of exactness is maximal; there are no N-
point quadrature rules exact for all polynomials up to degree 2/N. The most familiar
methods of this type are of course the classical Gaussian quadrature rules for numer-
ical integration [15, Section 1.4]. For example, the Gauss—Legendre quadrature rule
satisfies the following:

1
Qclpl = / 1 p(x)dx

for every polynomial p of degree at most 2N — 1 and its points are the roots of the Nth
degree Legendre polynomial. Theorem 3.2 was conjectured by O’Hagan [26, Section
3.3] in 1991 in the form that the optimal kernel quadrature rule has the classical
Gauss—Hermite quadrature rule as its increasingly flat limit if the kernel is Gaussian
and L is the Gaussian integral. More discussion of this conjecture—but no rigorous
proofs—can be found in [24, Section 4].

The proof of Theorem 3.2 is based on a general result by Barrow [2] on existence
and uniqueness of generalised Gaussian quadrature rules. This result replaces the
polynomials in a Gaussian quadrature rule with generalised polynomials formed out
of functions that constitute an extended Chebyshev system [16, Chapter 1]. A col-
lection {u,,};";(} c ¢m-l ([a, b]) of functions is an extended Chebyshev system if
any non-trivial linear combination of the functions has at most m — 1 zeroes, count-
ing multiplicities. That is, if u € span{u,,},'l":_o1 and u(qP)(xp) = 0 for x,, € [a,b],
p=1..,P,andg, =0,...,0, — 1, then Zf,’:l Qp, < m — 1. Any basis
of the space of polynomials of degree at most m — 1 is an extended Chebyshev
system. Importantly, the functions {qbﬁ}Z:Ol in (2.4) are an extended Chebyshev sys-
tem for any m € N. To verify this, note that any ¢ € span{q’),f}Z;Ol can be written

as ¢(x) = e=¥*/20) p(x) for some polynomial p of degree at most m — 1 and
consequently

-1

90 (x) = e (Z 5P (@) + p (x))
r=0

for some polynomials s,. From this expression, we see that ¢)(x) = 0 for every

1 =0,...,qif and only if p¥(x) = 0 forevery I =0, ..., q. Since p can have at
most m — 1 zeroes, counting multiplicities, it follows that the same is true of ¢.
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Theorem 3.1 (Barrow 1978) Let {un}iﬁal c C*N=1([a, b)) be an extended Cheby-
shev system and L a positive linear functional on span{un}ﬁz 0 L. Then, there exist
unique points a < x1 < --- < xy < b and positive weights w € RY such that

Ox(w)u,] = Llu,] forevery n=20,...,2N —1.

Lemma 3.1 Ler 2 C RY and suppose that a cubature rule Q x (w) with non-negative
weights satisfies Q x (w)[u] = L[u] for some positive function u: 2 — (0, 0o) such
that 0 < ¢; <u(x) < cy forall x € $2. Then,

N
Cu
max w(n) < Z w(n) < L[l]c—l.

n=I1,...,
n=1

Proof The claim follows immediately from the inequalities

N N N
ey jwn) < inf u() Y wn) < Y wuln) = Llu] < L{lley.
xXe

n=1 n=1 n=1

O

Lemma 3.2 Let A be a metric space, £y > 0 a constant, and
g: [£p,00) x A — [0,00) a function. If there is a continuous function
8oo: A — [0, 00) such that g(€, -) — goo uniformly as £ — oo and a unique min-
imiser x% for which goo(x%) = 0O, then any function z: [£o, 00) — A such that
limp_, o0 (€, z(£)) = 0 has limy_, 5o 2(€) = x%..

Proof The inequality g, (z(€)) < g€, z(€)) + |g0(2(£)) — g(£, z(£))| shows that
8o0(z(£)) — 0O since g(¢, z(£)) — 0 by assumption and |goo(z(£)) — g(€, z(£))| —
0 by uniformity of the convergence g(£, ) — goo. Because g, is continuous, non-
negative, and has a unique minimiser x_, this implies that z(€) — x%_. ]

Theorem 3.2 Suppose that 2 = [a, b] for a < b. If for every £ > 0, there exists a
unique optimal kernel quadrature rule Qj = Q X3 (wy), then its points and weights
converge to those of the N-point Gaussian quadrature rule for L:

lim X; =X; and lim w; = wg,
{— 00 {— 00

where X, and wg are the unique points and weights such that Q x,(wg)[x"] = L[x"]
forevery0 <n < 2N — 1. Moreover, e;(Q}) = 02Ny,

Proof In a manner identical to the proof of Theorem 2.2, we establish the lower
bound

1 . *
g L9 = Q78,1 < e (@)
2N-—1

that holds for every n > 0. Because {¢,€}n:0 is an extended Chebyshev sys-
tem, Theorem 3.1 guarantees the existence of a unique N-point quadrature rule
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Qﬁ = QXé(wg) such that Q£[¢£] = L[¢>£] for every n < 2N — 1. The points

Xt = {xij’g, e va’z} of this rule are distinct and lie inside £2 and the weights w’ are

positive. We can then replicate the rest of the proof of Theorem 2.2 in one dimen-
sion but with m = 2N — 1 and Lemma 2.1 replaced with Lemma 3.1 (applied to the
function u = ¢g) to show that, for sufficiently large £ and a constant C independent
of ¢,

1
En—mwwﬁ] — OFl1l < ee(QF) < ee(0Y < Ce™N

for every n < 2N — 1. Consequently,

IL[¢!]1 — Q%lptl < vVl 0N <Cc/eN — 1)1t~ >0 as £ — oo
3.1
for every n < 2N — 1. We then fix ¢y > 0 and invoke Lemma 3.2 with the function

2N—-1

g, (X,w) = Y [LIg5]1— Oxw)lafll,

n=0

domain A = (2" x[0, 00)V), and z(¢) = (X}, w}). Because the domain 2 = [a, b]
is bounded, limy_, oo L[gbﬁ] — L[x"] for every n € Ny. Thus,

2N—1

g, (X, w)) = goo((X, w)) = Z ILIx"] — Ox(w)[x"]] as £€— oo
n=0

uniformly on A. Since the unique minimiser of g, is (Xg, wg), the claim follows
from (3.1) and Lemma 3.2. O]
4 Generalisations

This section discusses some straightforward generalisations of the results in
Sections 2 and 3.

4.1 Damped power series kernels

Theorem 2.1 for the Gaussian kernel (1.4) is a consequence of the identity

Ko(x,x') = e~ I¥12/26%) o=Ix"l2/2¢%) 3

d
aeNj

xOl(x/)O[

ale?ll
= e IXIR/CE) =/ Q8 oy 1),

where K™ (x, x') is a power series kernel [39]. Accordingly, the results in Sections 2
and 3 can be generalised for a class of kernels that we call damped power series
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kernels. Let G : RY — R\ {0} be a non-zero function and define G¢(x) = G(||x||/£).
Then, a damped power series kernel is defined as follows:

Ke(x, x') = Ge(x)Gy(x) Z X% (x)® (4.1)

)2£q|a|

for ¢ > 0 and weight parameters w, > 0 such that the series converges for any £ > 0
and x, x" € 2. Arguments identical to those used in [23, 39] establish that K, defined
in (4.1) is a positive—definite kernel and that its RKHS H(K/) consists of functions

N2gqlel
) =Gu(x) Y fax® suchthat [ fll3;k,,) = Y Lf(f < 0.

Wy
d d
aeNj aeNj

The Gaussian kernel is recovered by setting G(x) = e’”x”%/z, qg = 2,and wy = al.
Note that the Gaussian kernel is an exception; damped power series kernels are rarely
stationary.

Denote w(f (x) = Gex)x*. If we assume that (i) G is bounded, (ii)
limy_,s oo L[wﬁ (x)] = L[x%] forevery a € Ng, and (iii) a summability condition anal-
ogous to (2.6) holds, then a generalisation of Theorem 2.2 for damped power series
kernels is readily obtained. To generalise Theorem 3.2, we also need to assume that
{1/fn}2N ! constitutes an extended Chebyshev system.

4.2 Taylor space kernels
Let d = 1. Taylor space kernels [9, 40] are obtained by selecting G = 1 in (4.1).

As ¢ — oo, the corresponding kernel quadrature rules then converge to polynomial
rules. Perhaps the two most interesting special cases are the exponential kernel are

Ko(r, x) xx' (xx")?
x,x)y=exp| — | =
¢ P £ — {"n!
and the Szeg6 kernel
e )
K , N — o n
¢, x) 2 —xx'  1—0 2xx Z (exy"

The Szegd kernel induces a Hardy space on a disk of radius £. Interestingly, it has
been pointed out already in the 1970s that approximation with the Szegé kernel
yields polynomial methods as £ — oo [18, Section 3]. See also [24, Section 4].
An extensive numerical investigation has been recently published by Oettershagen
[25, Section 6.2].
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4.3 General information functionals

It would also be easy to replace the cubature rule (1.6) with a generalised version as
follows:

N
OLf1=Y wnLylfl,

n=1

where L, are any bounded linear functionals. If L,, are such that the matrices

Ly[x*1] -+ Ly[xo¥] Li[¢f, )] -+ Lilgf, )]
: Lo and : o

Ly[x®] -+ Ly[x®] Ly[¢f, ()] -+ Lylgl, ()]
which are generalisations of (2.3) and (2.5), are non-singular, then Theorem 2.2 and
Corollary 2.1 can be generalised.

4.4 Non-unisolvent point sets

If the kernel is Gaussian but point set X C £2 is not unisolvent, Schaback [31] has
proved that the kernel interpolant (1.2) converges the de Boor and Ron polynomial
interpolant [6, 7], which is the unique interpolant to f at X in a point-dependent
polynomial space ITx having in a certain sense minimal degree. We expect that
extensions for non-unisolvent points of the results in Section 2 are possible. The ker-
nel cubature weights would presumably convergence to the weights w’ such that

Ox(w)[p] = LIp] for every p € Ix.
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