Advances in Computational Mathematics (2019) 45:757-785
https://doi.org/10.1007/510444-018-9637-1

@ CrossMark

On the exponent of exponential convergence of p-version
FEM spaces

Zhaonan Dong’

Received: 22 February 2018 / Accepted: 16 September 2018 /
Published online: 28 September 2018
© The Author(s) 2018

Abstract

We study the exponent of the exponential rate of convergence in terms of the num-
ber of degrees of freedom for various non-standard p-version finite element spaces
employing reduced cardinality basis. More specifically, we show that serendipity
finite element methods and discontinuous Galerkin finite element methods with total
degree P, basis have a faster exponential convergence with respect to the num-
ber of degrees of freedom than their counterparts employing the tensor product Q,
basis for quadrilateral/hexahedral elements, for piecewise analytic problems under
p-refinement. The above results are proven by using a new p-optimal error bound
for the L*-orthogonal projection onto the total degree P, basis, and for the H L
projection onto the serendipity finite element space over tensor product elements with
dimension d > 2. These new p-optimal error bounds lead to a larger exponent of the
exponential rate of convergence with respect to the number of degrees of freedom.
Moreover, these results show that part of the basis functions in @, basis plays no
roles in achieving the hp-optimal error bound in the Sobolev space. The sharpness of
theoretical results is also verified by a series of numerical examples.

Keywords 7 p-finite element method - Discontinuous Galerkin method - Serendipity
basis - P, basis - Reduced cardinality basis - Exponential convergence
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1 Introduction

Polynomial approximation on tensor product domains plays an important role in
deriving the exponential rate of convergence with respect to the number of degrees
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of freedom for Ap-version finite element methods (FEMs) [4, 16-20, 24, 25, 29] and
hp-version discontinuous Galerkin finite element methods (DGFEMs) [21, 22, 26—
28, 31]. In general, the proof of the exponential rate of convergence usually depends
on the hp-approximation results for some suitable projection operators onto a local
polynomial space consisting of polynomials with degree less or equal than p in each
variable (known as Q, basis) over a tensor product element (quadrilateral/hexahedral
elements), for dimension d > 2.

The key reason for using the Q) basis over a tensor product element is because
hp-optimal approximation results for the multi-dimensional projection operators can
be derived by using the stability and approximation results of the one-dimensional
projections via tensor product arguments. On the other hand, the sp-approximation
results for L2-orthogonal projections onto polynomial basis with total degree less or
equal than p (P, basis) and H I_projections onto serendipity basis (S) basis) have
not been fully explored. Typically, hp-error bounds for projections onto the P, or S,
basis have been derived using the fact that there exists a ¢ < p such that the bases P,
or S, contain Q, as a subset, together with the help of the sp-optimal approximation
results for the projections onto the basis Q, (see Corollary 4.52 in [29]).

For instance, we consider the L2-norm error bound of the two-dimensional L2-
orthogonal projection [1g, onto the Q, basis as an example (cf. [11, 22]). Let kK =
(-1, l)2 andu € H 1(12), [ is an integer with [ > 0. Then, the following estimate
holds,

lu = Mo, ull72e < CEP+ D> lulf ), (1)

where the constant C(s) is independent of p and 0 < s < min{p + 1,[}. It is
straightforward to see that the above error bound is sharp in the sense that it is p-
optimal in both Sobolev regularity index / and polynomial approximation order p.

Next, we consider the L?-norm error bound of L2-orthogonal projection I[1p, onto
the P, basis. Following the Lemma 6 in [2], we define I1p, = Ilg,, , wWith [p/2]
denoting the largest integer which is less than or equal to p/2. Then, the following
bound holds:

le = T, ullfage) = lu =Ty, ull7ae < COWUP/2) + D ulfe ()

where the constant C(s) is independent of p and 0 < s < min{|p/2] + 1,1}.
We emphasize that for function u € H!(k), with p sufficiently large, the above
error bound is p-optimal because s = [. However, if function u is sufficiently
smooth or even analytic, then the above error bound is p-suboptimal by at least
p/2 orders because s = | p/2| + 1. The similar p-suboptimal error bound holds for
H'-projections onto S p basis.

Using the p-suboptimal error bound for L2-orthogonal projections onto the Py
basis and H'-projections onto the S p basis, itis possible to derive an exponential rate
of convergence for hp-FEMs employing the S, basis and 1p-DGFEMs employing
the P, basis, but the resulting exponent is much smaller with respect to the num-
ber of degrees of freedom than the exponent of FEMs and DGFEMs employing the
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Q) basis. This contradicts the numerical observation in work [8-10, 13], where it is
observed that the error with respect to the number of degrees of freedom for DGFEMs
with the P, basis on tensor product elements has a steeper exponential convergence
compared to DGFEMs with the Q, basis, for sufficiently smooth problems. This sit-
uation has been numerically tested on many different examples. We also observed
numerically that the ratio of the slope of the exponential error decay for DGFEMs
with the P, basis compared to that of the Q, basis depends only on the space dimen-
sion. The same phenomenon is also observed when comparing conforming FEMs
with the S, basis and the Q, basis.

The disagreement between the numerical observations and theoretical results
implies that the error bound (2) is not a sharp bound for P, and S, bases. To address
this, in this work, we derive an hp-optimal error bound for the L>-orthogonal projec-
tion onto the P, basis in the L*-norm, and for the H'-projection onto the S p basis
in the L2-norm and H '-seminorm.

The technique for proving the new error bounds is different from the existing
techniques for 2p-approximation with the @, basis, due to the lack of a tensor prod-
uct structure in the P, and S, bases, thereby hindering the use of the usual tensor
product arguments. The key tools used in this work are: a multi-dimensional orthog-
onal polynomial expansion and the careful selection of basis functions. To the best
author’s knowledge, the new error bounds for both projections never appeared in the
literatures. The resulting bounds are hp-optimal with respect to both Sobolev regu-
larity and polynomial approximation order. Moreover, it also shows that the Q, basis
contains in a sense “extra” basis functions that are unnecessary for optimal conver-
gence. These basis functions do not increase the order in p of the error bound, but
instead only reduce its “constant”.

By using the new hp-optimal error bound for the L2-orthogonal projection onto
the P, basis and the H !_projection onto the S, basis, we can prove that methods
using P, and S, bases offer exponential convergence with a larger exponent with
respect to the number of degrees of freedom than comparable methods using Q, basis
for piecewise analytic problem under p-refinement. Furthermore, the approximation
results also show that there are a lot of basis functions in Q,, basis with no roles in
improving the hp-optimal error bound, which can be generalized to other FEM with
the local polynomial space employing reduced cardinality basis. Finally, we empha-
size that we are using DGFEM employing P, basis for quadrilateral and hexahedral
elements also and this is the key novelty of the approach, since this is possible for
DGFEM and essentially for serendipity spaces.

The remainder of this work is structured as follows. In Section 2, we introduce
the required notation and the weighted Sobolev spaces together with some prop-
erties about the orthogonal polynomials. Then, the p-optimal error bound for the
L2-orthogonal projection onto the Pp basis in L*-norm is proved in Section 3. In
Section 4, we derive the p-optimal error bound for H !-projection onto the S p basis
in both L?-norm and H!-seminorm. Section 5 is devoted to deriving the exponen-
tial rate of convergence for the L?- and the H'-projections employing different local
polynomial bases. The sharpness of the approximation results is verified through a
series of numerical examples in Section 6.
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2 Preliminaries
2.1 Notation

We employ the multi-indices i = (i1, ...,ig) and ¢« = (¢, ..., ®g), where each
component is non-negative. We denote by | - | the /1-norm of the multi-index i, with
li| = Z?:l lix|. Further, for multi-indices, the relation i > « means that iy > «ay for
alk=1,...,d.

Next, we define the following shorthand notation for the summations of indices.
For multi-indices i and « satisfying i > «, we define Y 72, = > 7L, -~ 2,
and the summation for multi-indices i satisfying |i| > p is defined as ZTIT= - More-
over, we also define a summation for a multi-index i satisfying multiple conditions,
e.g. multi-index i satisfying the condition i > « and the condition |i| > p is defined
as ZTIF\;IJJZW

We introduce a function ®4(m, n) which will be used frequently in this work,
given by

F(m—l’l +1) d
®4(m,n) = (m) ,

where I' is the Gamma function satisfying I'(n 4+ 1) = n! for integer n > 0.

3)

2.2 Weighted Sobolev spaces

For the reference element & := (—1, 1)?, let W (x) = ]_[f{l:l Wi (x)%, where the
weight function Wy (x) := (1 — x,%)l/z, fork =1,...,d, and oy > O are integers.

Next, we define the weighted Sobolev spaces V! (k) as a closure of C* (%) in the
norm with the weights W, defined by

1
ISy = D Wl and Julfug) = Y IWeD ullfag). ()
Jat|=0 la|=l

It is easy to see that |ulyi) < [ulyik), Yu € H'(k), with some integer [ > 0. We
note that the above definition for weighted Sobolev spaces can be extended to the
fractional order weighted Sobolev spaces and weighted Besov spaces by using the
real interpolation techniques (cf. [7]).

For u € L?(k), we introduce the Legendre J)olynomial expansion over the refer-
ence element &, given by u(x) = Z\Cﬁzo a;i [ Tee Liy (xx), where x = (xy, ..., xg),
and L;, (xx) denotes the Legendre polynomial with order ix over the variable x;. The
coefficients a; are defined by

d ..

2ir + 1

a; =/u(x)1_[ 5 Liy () dx. 5)
K
k=1
The derivatives of the function u# can be expressed as

00 d
Du(x) =Y a; [ L™ (x). 6)

iza k=l
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The derivatives of the Legendre polynomials satisfy the orthogonality property

1 28;; TG+k+1)
1 — 2% L0 5y 0 gy ge — 20 ’ -
L( ' L OLY©ds = = m ()

see [29, Lemma 3.10]. By employing (7), we have
0 d ,
2 T(r+ar+1)
o e, 2 _ 12

W=D ”"L%_;'“" Hzikﬂr(ik—akﬂ)' ®

Identity (8) establishes a link between the derivatives of the functions in the weighted
L?-norms and their Legendre polynomial expansions.

Remark 1 The weighted Sobolev space in the above definition is a special case of the
general Jacobi-weighted Sobolev spaces introduced in [5]. The key reason to intro-
duce the Jacobi-weighted Sobolev spaces is to deal with the loss of orthogonality
suffered by orthogonal polynomials in standard Sobolev spaces; the L2-orthogonality
is preserved in Jacobi-weighted Sobolev spaces. As we shall see in the forthcom-
ing analysis, orthogonality plays a key role in deriving optimal error bounds in the
polynomial order p.

3 The L2-orthogonal projection operator onto the Pp basis

In this section, we derive an hp-optimal error bound for the L2-orthogonal projection
over the reference element & := (—1, 1)¢.

3.1 The L?-orthogonal projection operator

For the reference element &, we define P, (k) and Q,, (k) be the space of all polyno-
mials with total degree less than or equal to p and with separate degree less than or
equal to p, respectively.

In order to distinguish the same projections onto spaces with different polynomial
bases, we use subscripts to signify the basis type: we use [1g, := H;,UH;Z) e H;,d)
to denote the L>-projection onto Q p» which is constructed by using tensor product
arguments together with the one-dimensional L2-projection with respect to variable
Xk, given by l'[g,k) . On the other hand, the L2-projection onto Py is denoted by I1p,.

First, we have the following hp-optimal approximation result for the L2-
orthogonal projection ITg, (c.f. [22, Lemma 3.4]).

Lemma 1 Let ¢ = (—1, 1)?. Suppose that u € H'(k), for some interger 1 > 0. Let

Mg, u be the L?-projection of u onto Qp (k) with p > 0. Then, for any integer s,
with0 < s <min{p + 1, [}, and Wy = Wi (xx), we have:

d
e = T, ul}ag < P1(p +1, s)(Z ||W;§D;§u||£) <O1(p+ 1,9 ulfe) O
k=1

@ Springer



762 Z.Dong

where ®1(p + 1, 5) is defined in (3).

Proof The result is proved by modifying the proof of Lemma 3.4 in [22]. Instead
of using triangle inequality, we use the orthogonality and stability of the one-
dimensional L?-orthogonal projection, which leads to the error bound (9). O

We remark on the asymptotic behaviour of the gamma function. Making use of
sharp double side inequalities for the gamma function (see Theorem 1.6. in [6]), for
all positive real numbers x > 1, we have

VIt e < T(x 4 1) < ex*tie, (10)
and it follows
d 2s
de(p+l,s)§C(s)(—> , (11)
p+1

with 0 <s < min{p + 1, [} and C(s) depending on the constant s only. This implies
that the error bound (9) is optimal in p with respect to both the Sobolev regularity
index / and polynomial order p. In fact, by modifying the proof of Theorem 6.2 in
[23], it is can be shown that the constant C(s) = (%)23.

Next, we introduce a useful lemma which is the key tool in proving the optimal
error bounds in p. The proof of the lemma is postponed until Section 3.2.

Lemma 2 Let & = (&1,&,...,&) and p = (p1, P2, ..., pa) be two non-negative

integer valued vectors with p > &, satisfying |p| = M, |&| = m for M, m € N. Then,
we have the (global) upper bound

d

1yl =&+ 1
F(£,p) = L[l T e tD = ®y(M, m). (12)

Furthermore, the maximum value of F (&, p) under the above constraints on & and p
is attained at & = m/d, pp =M/d, k=1, ...,d.

Theorem 1 Let & = (—1, 1)?. Suppose that u € H'(R), for some integer | > 0.
Let I1p,u be the L2-projection of u onto Py (k) with p > 0. Then, for any integer s,
0 <s <min{p + 1,1}, we have:

d 2s
e = T, ull 72y < Palp + 1, 9)lulfs ) < C(”(ﬁ) ulisey (13)

where ©4(p + 1, 5) is defined in (3).
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Proof Using the relation (7) , for any integer s, 0 < s < min{p + 1, [}, we have

) d
2
2 _ 12 2
e =Tp, ey = 3. lal*[T577= 20 Z a;] ]‘[2%+1
lil=p+1 k=1 lel=s li|=p+l,i>a
Y Y (ﬁ G+ o4 + Dy
- ]
s [il=p iz iy 2k 10—+ 1)
(ﬁ F(lk—ak+1)>
iy DUk +ox+ 1)

00 d i
2 T@r+ag+1)
2
< Du(p+1.8) Y > |a"|]£[12ik+1l"(ik—ak+l)

lal=s lil=p+Liza
<@u(p+1,9) Y IWDull3s,
|oe|=s

2s
= @u(p+ 19l ey = CO(57) Wl

where in step 1, the index set is enlarged; indeed, some of the terms with multi-index
|i] > p + 1 have been used more than once; in step 3, we use Lemma 2, taking
& =or >0, =ik =20, M = p+ 1, m = s, together with the restriction
0 <s < min{p + 1, 1}; in step 4, we used (8) and in the last step, the bound holds
from (11). [

Remark 2 We point out that the above proof for the L2-orthogonal projection
[1p, on d-dimensional reference element is a natural extension of the proof for
one-dimensional result, see [29] for details.

By comparing the L2-norm bound (9) for the projection I1g, and (13) for the pro-
Jection I1p , it is easy to see that both bounds are p-optimal with respect to Sobolev
regularity index / and also for polynomial order p. Moreover, we can see that the
bound in (13) will have a larger constant compared to the bound in (9), and this con-
stant depends on the dimension d. This result will play a key role in deriving the
exponential convergence for the P, basis.

3.2 The proof of Lemma 2
The proof will be split into three steps.

Step 1 The proof follows a constrained optimization procedure. We set,

L&, p,u,A) =F(E p)+ pn(él —m) +r(lpl — M), (14)
and we calculate the stationary points. We consider the partial derivatives with respect
to&yand pp, k=1,...,d,

AL (T(pk—&+1) Tk +&+1)
e __<F<pk—sk+1) (o + &+ 1)

>F(E,p)+u=0,
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764 Z.Dong

and

dL (F(pk—$k+1) T'(pe + &+ 1)

F(, r=0,
aor  \T(oe—&+1) r(pk+$k+1)> G

which satisfy the equations

Mok =&+ _ p—» an Mok +&+D _ pta
Clor =& +1) 2F(, p) C(or +&+1)  2FE, p)

with k = 1,...,d, by using the fact that F (&, p) > 0. The right-hand sides of
the two equations in (15) are independent of the index k. Moreover, the function
¢(z) = I'(z)’/ T'(z) is the so-called digamma function with the property that (see [1],
(6.3.16))

(15)

1 1
¢(Z+l)__y+zn(n+2) 42 () A2

n=1

where y is the Euler-Mascheroni constant. For z > 0, the function ¢(z + 1) is a
continuous monotonically increasing function, which shows that (15) have only one
solution. This solution is §k =m/dand pp = M/d,k = 1,...,d, and the F (&, p)
will have the extreme value at this stationary point, given by

FE,p) = a(M, m). (16)

Step 2 In order to find the global maximum, we need to prove the following
asymptotic relationship:

@, (M, m) < Pg(M,m), n=1,...,d -1 (17)

This is proven by considering three different cases. We first consider the special case
m = 0. In this case, (17) holds trivially. Next, we consider the case m = §M, with
0 < § < 1. By using the property (10) of gamma functions, we have the following
bound:

& (M, m) . (@)dﬁ—n(d)ZcSM(ﬂ)d%".

> - (18)
O, (M, m) 146

e n

By recalling that 0 < 6 < landn = 1,...,d — 1, we have that 0 < 1=

1+6
)28M

and the function (% is monotonically increasing with respect to M. For M >

d— 148 dy\~! .
((d +n)log (\/627> 4+ dzn log( )) (261og (£)) . the above quotient formula
is greater than 1 and therefore (17) holds.
Finally, we consider the case m = M. Using the same techniques used to derive
(18) together with the fact that I'(1) = 1, we have

Sa(M.m) _ CE+1)" (/20" (i)‘?" <g>2M+% (19)
2M '

Dy (M,m) (DM 1)yd = e n
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By using the fact that exponentially increasing functions grow faster than polynomi-
als, we know that for sufficiently large M the right-hand side of (19) is greater than
1 and therefore (17) holds.

Step 3 Finally, we need to show that the extreme value (16) is the global maximum
value of F (&, p) under the constraints || = m and |[p| = M.

First, we can see that the function F (£, p) is symmetric and continuous with
respect to £ and p. The constraints |£| = m and |p| = M restrict the domain of &
and p to be a (d — 1)-dimensional simplex, which is convex and compact. So the
maximum value of the function F (£, p) over the domain will be obtained only at the
boundary of the domain or the stationary point of F(£, p). We have calculated the
function value at the stationary point in (16) already, so now we just need to check
the function values on the boundary of the domain.

This may be proved by induction. We start with the case d = 2: the domain of &
and p satisfying the constrains are two straight lines, p; + o2 = M and §; + & = m.
Here, the stationary point is the mid-point of each of the two lines & = (m/2, m/2),
p = (M/2, M/2), and the boundary of the domain consists of the points £? = (0, m),
p? = (0, M) or £¥ = (m, 0), p® = (M, 0), due to the constraints p > &. Using the
symmetry of the function and of the domain, we know that at the two boundary points
of the domain, F (&, p) will attain the same value, with F(Eb, pb) = ®&1(M, m). By
using the asymptotic relation (17), we find

F(gb, pb) = ®1(M, m) < ®o(M, m) = F(, p).

The above relation shows that the extreme value (16) is the global maximum value
under the constraints for d = 2.

Next, we consider the case d = 3, where the domain of each of & and p will be
a triangle. In this case, the stationary point of F (&, p) is when £ and p are located
at the barycentre of their respective triangle. The boundary of each domain consists
of three straight lines. We need to calculate the maximum value of F (&, p) on the
boundary of the domain. By using the symmetry of F (&, p), and that fact that |§| = m
and |p| = M, we only need to consider one part of domain boundary where &3
=0 and p3 = 0. Then, the maximum of F'(£, p) on the domain boundary can be
viewed as exactly the same problem with the same constraints as in the case d = 2.
Consequently, the maximum value of F (&, p) along the boundary of the domain is
F (&P, p?) = ®,(M, m). Again, by using the same techniques as for d = 2, we
deduce that

F(£b, p?) = ®o(M, m) < @3(M,m) = F(E, ).

The above relation shows that the extreme value (16) is the global maximum value
under the constraints for d = 3. For the general d-dimensional case, the proof can
be carried out in a similar way. The key observation is that the maximum value of
F (&, p) on the boundary of d-dimensional domain will be at the stationary point of
F (&, p) on the (d — 1)-dimensional domain. By using the relation

Dy (M, m) < Oy(M, m),
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the proof is complete.

4 The H'-projection operator onto the Sp basis

In this section, we shall consider the H!-projection over the reference element
& = (=1, D4 with d = 2, 3. Since the three-dimensional results depend on the
two-dimensional results, we start with the two-dimensional case.

4.1 The H-projection operator on the reference square

First, we introduce the two-dimensional serendipity finite element space (cf. [29])
Sp(k) := Pp(k) + span{x]xz, x1x5}, p>1. (20)

We can see in Fig. 1 that the serendipity space S, contains two more basis functions
than the P, basis for p > 2. Another way to define the serendipity basis is to con-
sider the decomposition of the C” finite element space with Q p basis over k. For
polynomial order p, the S, basis has the same number of nodal basis functions and
edge basis functions as the Q,, basis, but the S, basis only has internal moment basis
functions (those with zero value along the element boundary dk) whose total degree
is less than or equal p (cf. [29, 30]). We note that serendipity FEMs can be defined
in a dimension-independent fashion (see [3]).

Similarly to the case of the L>-projection, we use g, =17 1(,1) nl(,z) to denote the
H 1—projection onto the Q,, basis, which can be constructed via a tensor product of

one-dimensional H'-projection with respect to variable x;, given by 7 1(,](). Similarly,
the H!-projection onto the S p basis is denoted by 7s,, which is defined in (25).

10 o o [e) o o o [°) [°) [°) o 100 o
+ nodal index + nodal index
9% = © 0 ©0 © 0 |4 ge4geindex |° 9 = o edge index
8¢ ©o o o o o o |° modalindex|s 8 o o © modal index
7% o o o o o o o o o o 76 o o o
>, 68 o o o o o o o o o o > 6% o o o o
x x
O 5@ o o o o o o [e] o [e] o O 5® o o o o o
T e
< c
= 4un o [o) [o) [o) [o) [o) o [o) o [o) = 4 o [o) [o) [o) [o) [o)
36 o o o o o o o o o o 36 o o o o o o o
26 o o o o o o o o o o 2m o o o o o o o o
1 + o o o o o o o o o 1 + o o o o o o o o o
0 + 0 & & - - - - - - s
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
index x index x

Fig.1 Q) (left) and S, (right) with polynomial order 10
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Now, we construct the two-dimensional H !-projection explicitly by using the one-
dimensional H 1-projection and tensor product arguments (see [21, 29]). For u €
H'(%),1 > 2, the projection mQ,u € Qp(k), p = 1, is defined by

X1 X2 X1
ﬂgpu(xl,xz) ::/ / HQP_13132L£(X1,X2) dxldXQ+fl H;lllalu(xl, —1)dx;

+/ n“ (au(—1, x2) dog + u(—1, —1)

p—1 p-1 p—1
= D) ann i )i (x2) + Z biy Wiy (1) + Y iy iy (x2)

i1=0ir=0 i1=0 ir=0

+u(—1, —1); @1)

the projections I1g, | and I"I;kil are the two-dimensional and one-dimensional L>-
orthogonal projections, respectively, the coefficients a;,;,, b;, and c;, are given by:

2i14+12ip + 1
Giriy = —— > [3132u(x1,Xz)Li.(Xl)Liz(xz)dX,
K
201+ 1 1
bi, = 2 lalu(xl, —DL; (x1)dxy,
2ip + 1
ci, = 3 / dou(—1, x2)L;,(x2) dxa, (22)

and the polynomial function ¥ (z) = ff 1 Lj(z) dz with degree j + 1, and satisfies
Y¥j(£1) = 0for j > 1. Moreover, for j > 1, ¥;(z) = _j(j;ﬂ)(l —zz)L/j(z) has the
following properties (cf. [29]),

28

= T (23)
JG+D@i+1)

1
/;1 I/fj(Z)Wk(Z)ﬁ

Next, we rearrange the relation (21) by separating the internal moment basis
functions:

p—1 p—1 p—1
QU1 X¥2) 1= Y Y aii iy (KDY () + Y a0t (x1)Yo(x2)+u(—1, —1)
i1=liy=1 i1=0
p—1 p—1
+ Y aoi, Yo(x) i, (x2) + Z bis Vi, (¥1) + Y iy iy (x2), (24)
ir=1 i1=0 ir=0
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768 Z.Dong

so that the first double summation in (24) only contains the internal moment basis
functions. From the definition of Sp, ms, can be constructed by removing the
internal moment basis functions with polynomial order greater than p in 7g,. More
specifically, TS, u € Sp(K), p = 4, is defined by

p—2 p—1
ws, (. x2) = Y @i i DV () + Y ai ¥ (kDYoo) +u (=1, —1)
|i]=2 i1=0
i>1,k=1,2

p—1 p—1 p—1
+ Y ao Vo) Vi, (x2) + Y by (x1) + Y e ¥ip (x2). (25)

ir=l1 i1=0 ir=0

For 1 < p < 3, the first term in (25) will vanish, because there are no internal
moment basis functions for the serendipity basis in that case. In this work, we focus
on the high-order polynomial cases, so we only consider the H!-projection ng, for
p =4

Next, we recall the following approximation lemma for ¢, from [21].

Lemma 3 Let & = (—1, 1)2. Suppose that u € H'TY(®), for some | > 1. Let QU
be the H'-projection of u onto Qp (k) with p > 1. Then, we have
mQ,u =u atthe vertices of Kk, (26)

and the following error estimates hold:

lu —7g,ullZse, < ®1(p. ) (107 ey + 2005wl o))

p(p+1)
4

P(p+17
1\ 2542
€O ()" Whiprgey @7)

+ ®1(p, s — DId135ul}a

A

and

IV @ = 70,172, < 2®1(p, S)(”a‘l”‘lu”iz(,?) + ||8;+1u||iz(,9)>

1\2s
_ s 2 s 12 - 2
PFRTRIGE 1>(||alazu||L2@)+||alazu||Lz(@)scm(p) et .
(28)

for any integer s, 1 < s < min{p, [}.
Then, we derive the hp-error bound for the H !-projection ng, forp = 4.

Theorem 2 Let & = (—1, 1) Suppose that u € HZ'H(/?), for somel > 1. Let S, U
be the H' projection of u onto Sp(k) with p > 4. Then, we have

ms,u =u atthe vertices of k, (29)
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and for any integer s, 1 < s < min{p, 1}, p sufficiently large, the following error
estimates hold:

®1(p. ) (197 w22 g + 20105 Ul )

4
2

u—7ms u N <

” Sp ||L2(K) = ( 1)

8
D (p, s — D)0105ul?,,,

+7202(p + 1,5 + DIdidaul}y g,

2 \+2
< CO(557) Wl (30)
and
IV @ = 75,w)ll72 ) < 4®1(p, s>(||af+‘u||iz® + ||ag+‘u||iz®)
16

K 512
oy @1 s = D(19flag, + 1133l )

2s
+2402(p. )[drdpul}, 1 ) < C(s)( ) Iy GD

Proof The key observation is the fact that the serendipity basis S, differs from
the Q) basis only at the internal moment basis functions which vanish along the
boundary of <. Indeed, using (24) and (25), we have

2(p—1)
(ngpu - ngpu)(xl, )= Y. annVi )Y (). (32)
lil=p—1
pflzlikzpl,k=1,2
Using the fact that ¢ (£1) = 0 for j > 1, we deduce that (mg,u — 7s,u)|y; = 0.
Thus, (29) is proved.
Next, we derive (30). The first step is the use of the triangle inequality,

lu — 75,1172 < 20U = 70, ull 72 + 270, u — 7S, ull 72y (33)

Thus, we only need to consider the error from the second term in the above bound.
By using the orthogonality relation (23) of ¥;(x) for j > 1 and 1 < s < min{p, [},
we have

2 —12
I, — 75,22z, < N0T,u — 78, W)W 12, )
2(p=1) 2 1

2
2
E @i | | -
i il 20 + 1ig(ipy + 1)

lil=p—1
p—1=ix>1,k=1,2

2
Z Z i | 1_[ 21k +1 lk(lk +1’ H 9

la|l=s—1 li|l=p—1l,i>a
ir>1,k=1,2

IA
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where in step 2, we enlarged the summation index sets by adding the high-order

internal moment basis functions with coefficients a;,;,, ix > 1 for k = 1,2 and
|i| > p — 1. Thus, we have
o0 2
MGy +or+1)
2 o2
||nqu_7TSpu“L2(;€) =< Z ' Z |a1112| <1_[21k+1 F(lk—ak+1))
la|l=s—1 lil=p—1,i>a k=1
ir>1,k=1,2
2 1 Tl—a+1
([Tl T )
bl e+ DTl 4+ar+1)
00 2 .
' +or+1)
= > '“i1i2|2<n 21k+lr(lk—ak+1))
la|l=s—1 lil=p—1,i>za k=1
iy>1,k=1,2
2
' — 1
(1—[ (k — o + )) « 36, (35)
I'(ix + ax + 3)

k=1

6

TEmTEn Ty since iy > ay and i > 1. Now, we have

where we used

zk(zl,-i-l)

[} 2 .
F(zk—f-ak—f-l)
o, = 7s,ulla, < |a--|( )

2 .

'y — 1

X(l_[ M)X%

i G +oar+3)
36P2(p+ Lis+ 1) ) WD @1dau)ll7sp,

Jo|=s—1

= 36®2(p + L5 + DId102ul} )

IA

IA

2 \2H2 ,
Co(557) " Whiprgey (36)

in step 1, we enlarge the index set by adding functions with coefficients a;,;, whose
index satisfying the relation |i| > p—1, ]—[izl ix = 0, while in step 2, we use Lemma
2,withé =a1+1 > L& =mw+1>21L,pp=i1+1 21, pp=i2+12>1,
M = p+1,and m = s+ 1, together with the restriction 1 < s < min{p, l}; in step 3,
we use (8) and (22) to build up the link between the derivatives of u and coefficients
aj,i, and in the last step, we use (11).

Using the same techniques, we can derive the error estimate for the H'-seminorm.
We have

191 (o, u — 5, WlI72) < 191G, u — 75, 10W5 172,
00 2
< - 37
- Z ) Z |alllzll(12+1)n21k+i )
la|=s—1 lil=p—1,i>a k=1

ir>1,k=1,2
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In the last step, we enlarge the summation index sets by adding the high-order internal
moment basis functions with coefficients a;;,, iy > 1 fork = 1,2 and |i| > p — 1.
Thus, we have

00 2 .
2 T(ig4ar+1)
2 2
I o u—rs, 020 < D D lail (]j TG +1)>

la|=s—1 |i|l=p—1l,i>«a k=1
ir>1,k=1,2

X<F(i1 —a+ DI —m+ 1))
P +ar+ DTG0 +ax+3)

o0 2
2 T(ig+ar+1)
< i 2( )
< E E |aiyin | 1_[ 2ig+1T(ig—ag+1)

la|=s—1 lil=p—1l,i>a k=1

(F(il —a+ )T —a+ 1)) 6
i+ +1D) TG +a2+3)
<6a(p,s) D IWID*@1dw)ll7s

|la|=s—1

5 2\ 2s 5
= 6®2(p. )1l 1 ) < C(s)(;) i1 e (38)
where in step 2, we enlarge the index set again; in step 3, we use Lemma 2, taking
Efl=1>20,6=m+1>1,p0=i120,m=i2+1>1,M=p,andm =,
together with the restriction 1 < s < min{p, [}.
Therefore, we have the bound

2s
IV (g, u— 7TS,,“)||iz(,e) < 12<I>2(p,s)|8182u|%,3_|<,g) < C(s)(%) |u]

Finally, using (36), (39) and Lemma 3, the bounds (30) and (31) follow. O]

%.IS-H (,2)(39)

4.2 The H'-projection operator on the reference cube

In this section, we shall consider the H !-projection operator over the reference cube
& 1= (=1, 1)3. First, we introduce the 3D serendipity finite element space.

A simple way to define the serendipity basis is to consider a decomposition of
the CV finite element space with Q,, basis over k. For polynomial order p, the S,
basis has the same number of nodal basis functions and edge basis functions as the
Q p basis, but the S » basis only has face basis functions (those with zero value on
12 edges and eight vertices) and internal moment basis functions (those with zero
value along the element boundary dk) whose total degree is less than or equal p. The
number of basis functions of S, basis is calculated in the following way

—2)(p—3
Dq%%@»:=8+12x@—%)+6x91—%¥L—2
p =3 -Hp-3)
+ )
6
here, we note that for p = 1, the serendipity basis only contains eight nodal basis
functions and S; (k) := Q; (k). For p > 2, the serendipity basis contains (p — 1) edge

(40)
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basis functions for each of the 12 edges. For p > 4, the serendipity basis contains
(p — 2)(p — 3)/2 face basis functions for each of the six faces. For p > 6, the
serendipity basis contains (p — 3)(p — 4)(p — 5)/6 internal moment basis functions.

Similarly to the 2D case, weuse 7o, 1= 7 ,(,1)71 1(,2)71 ;,3) to denote the H'-projection

onto the @, basis. The H I_projection onto the S p basis is denoted by 7s,,. Addition-
ally, we introduce some new notation for the forthcoming analysis. The projection
b4 gp’z) shall denote the H !-projection onto the serendipity spaces S p with variables

ly, and the projections 73" and 73"
(x1, x2) only, and the projections mg, and w5

manner.
First, we explicitly construct the three-dimensional projection 7o, =

71,(,1)71,(,2)71,(,3). Foru € H'(k),l > 3, the projection T, u € Qp(k), p = 1,is defined

by

are defined in an analogous

X1 X2 X3
mg,u(x1, x2, x3) ::/1 /1 /1 Mg, ,010203u(x1, x2, x3) dx1 dxz dx3
X| X o 5
+f / M) T 91dau(xr, x2, —1) dy dxy
-1 J—1
TS ) 46
[ gt 1)
-1 J—1
2P0 L6
[ )2 -1 o) dra
-1 J—1
X1 |
+ [ a2 s, ~1, -
—1
X2 )
[0 a1 -1 de
~1

X3
[0 b1 L dia -1 -1, )
—1

Then, the following Legendre polynomial expansion holds:

p—1 p—1 p—1
TQ UKL, X2, X3) 1= D Y Y aiyiniy Yy (1) Viy (62) Wi (x3) 4 (=1, =1, —1)
i1=0i=0i3=0
p—1 p—1 p—1 p—1
+ Z Z bi iy iy )iy (x2) + Z Z Ciyiz iy X)) Vi (x3)
i1=0i=0 i1=0i3=0
p—1p-1 p—1 p—1
F Y Y iy Ui ()i (63) + Y e Wiy (k) + Y fin iy (x2)
i»=0i3=0 i1=0 ip=0
p—1
+ ) 8 ¥in (3), (41)
i3=0
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with coefficients a;,iyis, biiys Cijiy» disiy» given by

2i14+12ip+12i3+1
Ajjiziz = ) P )

K
2ir+12ib+1 ! !
bii, = 5 5 //3132M(X1,X2,—l)Lil(Xl)Liz(n)dxldm,
—1J-1
2ip+12i3+1 (1 !
Chiz = — 5 //3133M(X1,—1,X3)Li1(X1)Li3(X3)dX1dX3,
“1J-1
2ip+12i3+1 (! !
diyi; = 5 7 f/3233M(—1,xz,X3)Li2(X2)Li3(X3)dX2dx3,
—1J-1

together with ¢;,, f;, and g;,

201+ 1 1

eil = 2 81u(x15_1’_1)Lll(x1)dx]a
-1
2ib+1 [!

Ji, = 2 / u(—1, x2, —=1)L;, (x2) dxa,
—1
2i3+1 !

8is = — / Bu(—1, =1, x3)L;; (x3) dx3.
-1

0102031 (x1, x2, x3) Ly (x1) Lip (x2) Li (x3) dx,

(42)

(43)

Now, we separate the face basis functions and internal moment basis functions

from (41).

p—1 p—1p—1

TQU(XT, X2, X3) 1= D D iy iiy Wiy (X1 Wiy (62) Y (x3)

i=1ir=1iz=1

p—1 p—1

+ Y Y (@niovn ()W, (62)Yo(x3) + biiy Y, (¥1) ¥y (x2))

i1=1ir=1

p—1p—1

+ Y Y (@i0i Vi (CD V0 ) Wiy (63) + Ciyiy Wiy (X)W (x3))

i1=1i3=1

p—1 p—1

+ Y Y (@0 Vo) Yy (x2) Wiy (x3) + digiy Vi (¥2) ¥y (3))

ir=1i3=1

+edge basis + nodal basis.

(44)

Here, the first triple summation terms contains all the internal moment basis functions
only. Three double summation terms contain all the face basis functions. The edge
basis functions and nodal basis functions will not be written explicitly because they

play no role in the analysis.
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From the definition of S,,, 7s,u can be constructed by removing the face basis
functions and internal moment basis functions with polynomial order greater than p
in TQ,U. More specifically, TS, U € Sp (), p > 6, is defined by

p—3
TS, u(xi, X2, x3) 1= Z Qi inin Viy (XD Wiy (x2) Wiy (x3)

li|=3
ir>1,k=1,2,3

p—2
+ Z (aiyio Vi, XD Vi, (x2) V0 (x3) + biyiy iy (x1)¥iy (x2))

i1+ir=2
i1>1,i>1

p—2
+ Z (aiy0i; Vi, xD) W0 (X2) Wiy (X3) + Ciyiy Vi (X1 Vi (x3))

i1+iz=2
i1>1,i3>1

p—2
+ Z (a0iris Yo (X)) Wiy (X2) Wiy (x3) + digiy Wiy (x2) Vi (x3))

ir+iz>2
ir>1,i3>1

+edge basis + nodal basis (45)

For 1 < p < 3, both face basis functions and internal moment basis functions in
(45) will vanish. For 4 < p < 5, internal moment basis functions in (45) will vanish.
Similar to the 2D case, we only consider the H!-projection ng, for p > 6.

Next, by using the stability and approximation results for one-dimensional H'-
projection in [21], we can derive the following approximation results for g ,.

Lemma 4 Let & = (—1, 1)3. Suppose that u € H'*'(®), for some | > 2. Let QU
be the H'-projection of u onto Q p (&) with p > 1. Then, we have

mQ,u =u atthe vertices of k, (46)

and the following error estimates hold:

8
lu =7, ull} 2z < ———=P1(p,s)

p(p+1)
X (107 3oy + 105 ey + 105wl )
+%¢1<p,s — 1>(||ala§u||§2 o+ 10105ull72 o) + 1102050017, ¢ )
P2(p+ 1) ) &) )

B 12542
b T s~ DI g, 5C(s)(;) ey 47)
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and

1V = 70,1022 ) = 201(p, ) (197 0l 22 0 + 1035wl + 105 ) )

s 112 s 112 s 112
oo - D (101950122, + 10205012 + 113507l
102 g + 10207l g, + 10305013 )
8
— _®(p. —2(388“1 2 18120 s
+p2(p+1)2 I(P N ) ” 102 3 u||L2(K)+|| 102 3 u”Lz(K)

s—1_ 12 l 25 2 48
+||818283 M”LZ(,Q) SC(S) p |u|H‘Y+l(I€)7 ( )

for any integer s, 2 < s < min{p, [}.
Then, we derive the hp-error bound for the H !-projection ng, forp > 6.

Theorem 3 Let ¢ = (—1, 1)3. Suppose that u € H'T' (&), for some | > 2. Let TS,u
be the H' projection of u onto Sp(k) with p > 6. Then, we have

ms,u =u atthe vertices of k, (49)

and for any integer s, 2 < s < min{p, l}, p sufficiently large, the following error
estimates hold:

lu = 705, w172y < 2l =70, ull7a e + 2l7wQ,u — 7S, ull7a -
N 3 2542
= CICD3(P + 1, s+ l)luleJrl(,g) = C(S)(ﬁ) |u|Hs+l(,2)v
(50)

and

IA

IV = 75,1726, < 20V @ =70, 01724, + 21V (g, = 75,Wll71

IA

2 3\% o
C203(p. )ulZeir g, < cm(;) e 5D
Here, C| and C; are positive constants independent of p, | and s.

Proof See the proof of Theorem 4.4 in [14]. O]

Remark 3 We again make a comparison between the bounds in the L?-norm and
H'-seminorm, given in Lemma 3 for d = 2 and Lemma 4 for d = 3 respectively
for 7g,, and Theorem 2 for d = 2 and Theorem 3 for d = 3 respectively for 7s,.
Similarly to the comparisons for the L2-projection onto Pp and Q, both bounds are
p-optimal in both Sobolev regularity and polynomial order. We can also see that the
bounds for s, have a larger constant than those for nQ,, and this constant depends
on dimension d. Moreover, we point out that the optimal approximation results for
the H!-projection with S » basis in Theorems 2 and 3 directly imply the 2p-optimal
error bound for the L2-norm on the trace of & for TS,
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Remark 4 We note that in the Theorems 2 and 3, the minimum Sobolev regular-
ity requirement for defining H'-projection is u € H9 (k) for the reference element.
In fact, this regularity requirement can be relaxed by using the the tensor prod-
uct Sobolev spaces (cf. [15, 29]). In this work, we do not consider the minimum
regularity assumptions because we only consider the standard Sobolev spaces.

4.3 The H-projection operator onto the Pp basis

Finally, we present the error bound for 7pp, which we shall define now. The key
observation is that the P, basis with polynomial order p contains the S), 11—y basis

for p > d, see [3]. Then, we can simply define P, =TS, 1 4 ford =2, 3.

Corollary 1 Let ¢ = (—1, 1), d = 2,3. Suppose that u € H'T'(k), for some
Il =d—1 Let wp,u = 7g,,, ,u be the H' projection of u onto Pp(k) with
p > 3d — 1. Then, we have:

np,u =u atthe vertices of , (52)

and the following error estimates hold:

2542
= s e, = e = 75,00 gl < CO(——) "l e
Pptiipai) pr1-a N L2R) = d HsH (k)"

p+1-—
(53)
and
d 2s
IV = R0 agey = IV = 78,0 lagy < CO(=g ) lulhmar ey
(54)

for any integer s, d — 1 < s <min{p + 1 — d, 1}, p sufficiently large.

Remark 5 We emphasize that the above error bound for the 7p, projection is p-
suboptimal by one order for d = 2 and two orders for d = 3 for sufficiently smooth
functions, but it is p-optimal for functions with finite Sobolev regularity in the case
| < p+1—d. However, sub-optimality by one or two orders in p is better than using
the JTL% /d| projection, as suggested by [29] (see Corollary 4.52 on p. 190), which is
sub-optimal in p by at least p/2 orders for sufficiently smooth functions for d = 2.
Moreover, the one- or two-order sub-optimality in p for analytic functions does not
influence the exponent of the exponential rate of convergence, as we shall see below.

5 Exponential convergence for analytic solutions

We shall be concerned with the proof of exponential convergence for serendipity
FEMs and DGFEMs with the P, basis over tensor product elements. For simplic-
ity, we only consider the case when the given problem is piecewise analytic over the
whole computational domain. Exponential convergence is then achieved by fixing
the computational mesh, and increasing the polynomial order p. Only parallelepiped
meshes are considered, which are the affine family obtained from the reference
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element ¢ = (—1, 1)¢. The analysis of FEMs and DGFEMs with a general Ap-
refinement strategy is beyond the scope of this analysis (see [25-28] for the analysis
for both methods employing the Q, basis).

The proof of exponential convergence for FEMs and DGFEMs depends on proving
exponential convergence of L2- and H'-projections for piecewise analytic func-
tions under p-refinement. The H !-projection ms, onto &), can be directly applied
to p-FEMs for second-order elliptic problems with the same optimal rate as the H'!
projection g, (see [29] for details). For deriving error bounds of DGFEMs using

the L2- and H!- projections onto Q,, we refer to [15, 21, 22]. Following similar
techniques, we can prove the corresponding 2p-bounds for DGFEMs employing the
P, basis, albeit with sub-optimal rate in p. The sub-optimality in p is due to the fact
that the p-optimal bound for L2-projection onto P, basis over the trace of the tensor
product elements is still open. Additionally, the H !-projection onto the P, basis is
suboptimal in p by d — 1 orders for sufficiently smooth functions. However, we point
out that the sub-optimality in p by d — 1 order, with d = 2, 3, does not influence the
exponent of the exponential rate of convergence.

Next, we focus on deriving the exponential convergence for the L2-projections in
the L?-norm and H '-projections in the L?-norm and H '-seminorm on analytic prob-
lems under p-refinement on shape-regular d-parallelepiped meshes. The extension
to anisotropic meshes will be consider in the future.

Let « be a parallelepiped element. For a function u# having an analytic extension
into an open neighbourhood of «, we have:

IR >0, Cw)>0, Vsc:ulpse < CU)(R)*T(se + Dix|'2, (55)
where |« | denotes the measure of element «, cf. [12, Theorem 1.9.3].
Lemma S5 Let u : k — R have an analytic extension to an open neighbourhood

of k. Also let p, > 0and 0 < s, < pc + 1 be two positive numbers such that
sk =€(pe +1),0<e <landd =2, 3. Then, the following bounds hold:

e = Tg,, wll7s ) < CCh)™* @1 (pe + 1, s lul o )
< Cu)(pe + De 21D,
and
lu = Tp, ul7s ) < CR)* Palpe + 1, sl )
< Cu)(pe + De 2Pt D),
Here, C and C(u) are positive constants depending elemental shape regularity, and

C(u) also depends on u. F1(Ry,€) = 8;31: (€RK)?€, €min = 1/J/1+ R2, by, =

$110g Fi (Re, €min)| + €min| 10g | and by := by« — €minlogd.

Proof Using standard scaling arguments for « together with Lemma 1 and Theorem
1, we have the approximation results for the L>-projection over «. For brevity, we
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set g« = px + 1. By employing the relation (11) and the fact [u|y () < u]gi (), We
have the bounds:
2 (g — s + 1)
= ol
(g +sc + 1)
(GCIK)ZHM—H a- e)q,()(l—f)lhe—(l—e)q,(
e2ac (1 4 €)q,) 1Tk =1+
< Cu)qi (F1(R,, €)% |k],

@1 (pet1, sl o) < CAI(R™ T (s + 1)

< C(u)(R)*

lie|

where |
(1—-€) ¢
Fi (R, €) = m(e&)ze.
Recalling (55), we have R, > 0,
R ? 1
in Fi(Re, €) = Fi(Re, €min) = | ——— 1, n=—.
0r<n€121 1(Ric, €) 1 (R, €min) ( /—l—i-R,%—i-l) < €min ,—1+R,%
(56)
Thus, we have
T(pe — s +2) < C(u)qgee —|log F1 (R, 6mln)lqklkl (57)

—_—u s
F(pK+sK+2)' i =

Therefore, we have the exponential convergence for the L2-projection Mg, . via
e = Tg,, ull7s < Ca)(pe + De 2 1e P, (58)

with by, = %| log F1(Re, €min)| + €minllog h|. Similarly, for the L>-projection
[lp, , Stirling’s formula implies

(L2 4+ 1)\d
Oy(pe+1, SK)|M|%.1sK(,3) < C)(R)>T (s, + 1)2(—F(qkisx " 1)) ||
d

(Eq )2€q,(+1
= Ca(RY* I =5
(1 =)gi) 1= (ed) ~ 1 —ax
X
((14€)g) 1H6x (ed) =10

< C)q(Fa (R, €))7 k],

I

where,
(1—e)l= 2
Fy(Ri,€) = m(ede) ,
with the minimum,
2
Fr(Ry, €) = Rcd 1
min Fr (R, € < 1.
O<e<l « /1+(de)2_|_1

In order to compare with the slope of projection I1g, , here, we will use the same
€min- We have

min (R, €) < F2(Ry, €min) = F1(Ry, Gmin)d2€mi"-
O<e<l
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Thus, we have

lu = Tp, ul7a ) < C@(p + De 2P Pt e, (59)

with slope by . := %| log Fi (R, €min)| + €min(| log A, | — logd). O

Next, we begin to derive the exponential convergence for H ! -projections.

Lemma 6 Let u : k — R have an analytic extension to an open neighbourhood
of k. Also let p > 2d and (d — 1) < s, < pi be two positive numbers such that
Sk = €pi, 0 < e < 1landd = 2,3. Then, the following bounds hold:

e =70, w72y < CO P @1(pe + 1 sc + Dltlyp iy (60)

< C(u)pee 2brepe|,

lu = 75, ul 72y < C™ P2 Da(pe + 1 sc + DIl iy, (6D
< Cpee 2P|,
and

IV @ = 7g, 1724 < Cl)™ S1(pi, sl 1 o) < Cw)ple> i,

IV =75, 0172y < €U Pa(pics sl i1y < Cu)pe PP [ic].

Here, C and C(u) are positive constants depending elemental shape regularity, and

C(u) also depends on u. F1 (R, €) = 8;31: (eRk)zé, €min = 1//1+ R,%, biy =

I11og Fi (Re, €min)| + €min| 10g | and by, := b} — emin logd.

Proof The proof follows by the same techniques used in Lemma 5. O

In the above Lemmas 5 and 6, we can see that the LZ-norm error for both L2-
projections Ilg, —and Ilp, , and the L%-norm and H'!-seminorm errors for the
H'-projections ns, and mg, decay exponentially for analytic functions under p-
refinement. If we measure the error against p, the exponent by , for the Q,, basis is
slightly greater than the exponent b , for the P, basis and S, basis by a small fac-
tor of (logd)/+/1 + R2. By using Lemmas 5 and 6, we can also derive the following
theorem.

Theorem 4 Let u be an analytic function as defined in (55), and exponent by , and
by defined in Lemma 5. Then, there exists C > 0 such that following bounds hold:

_ d
lu = Tg,, ull7a, < Ce 2Pt VDI, (62)
_ d d
lu = Np, ull?,,, < Ce™2b2e VO VDO (63)
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and
_ d
lu = 7Q,, ull7a,, < Ce 21w VP, (64)
_ dran d g
lu = s, ull3s,, < Ce™2Cre VADYDOT, (65)
and
_ d ]
IV =g, W], < Ce 2t VP (66)
_ dan 4
IV =75, w)|25,, < Ce (b2 VD VDT, 67)

Proof By recalling the relationship between degrees of freedom and polynomial
order p for both the Q, and P, bases, we have

Dof(Qp) = (p+ D, (68)
and
d 1)
pory = (" 1) = LA oo+ 1 (©9)

Then, (62) and (63) follow from Lemma 5.
By using relations (20) and (40), we have the asymptotic relation

pd
Dof (Sp) ~ = + o). (70)

The relations (64), (65), (66) and (67) follow from the Lemma 6. ]
For d = 2, 3, if the following condition

1
§| log F1 (R, €min)| + €min|10g A | > €min logd, (71)

holds, then we have by , ~ by . It is easy to see that for small R, or small mesh
size h, the condition (71) will be satisfied. Moreover, we point out that an analytic
function having sufficiently small R, is equivalent to the function having an analytic
continuation into a sufficiently large open neighbourhood of i, see [12] for details.

Now, if we consider the error in terms of &/Dof for the above bounds, the expo-
nent for the exponential convergence rate of the P, basis and the S, basis are larger
than the exponent for the Q, basis by a fixed factor of N2

We have observed a steeper slope in error against /Dof for FEMs with S, basis
and DGFEMs with P, basis. For d = 2, this suggests a typical ratio between con-
vergence slopes of DGFEMs with P, and Q,, bases, FEMs with S, and Q, bases,
to be /2! ~ 1.414. For d = 3, this ratio is ~/3! ~ 1.817. The numerical examples
in Section 6 show that the ratio is slightly worse than the ideal ratio, but it is not far
from the ideal ratio.
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6 Numerical examples

We present some numerical examples to confirm the theoretical analysis in the pre-
vious sections. All the numerical examples are computed by Matlab on the High
Performance Computing facility ALICE of the University of Leicester. For simplic-
ity of presentation, we use DGFEM(P) and DGFEM(Q) to denote the DGFEMs with
local polynomial basis consisting of either P, or Q, polynomials and use FEM(S)
and FEM(Q) to denote the FEMs with local polynomial basis consisting of either S,
or @, polynomials.

The comparisons are mainly made between the slope of FEM(S) and FEM(Q)
over square meshes for d = 2 and hexahedral meshes for d = 3 under p-refinement.
The slopes of the convergence lines are calculated by taking the average of the last
two slopes of the line segments of each convergence line. We will also present an
example comparing DGFEM(P) and DGFEM(Q). For more numerical examples for
DGFEMs, see [13, 14].

6.1 Example 1

In the first example, we investigate the computational efficiency of DGFEM(P) and
DGFEM(Q) schemes. To this end, we consider a partial differential equation with
non-negative characteristic form of mixed type. Let @ = (—1, 1), and consider the
PDE problem:

—xzuyy+ux+u=O, for—1<x<1,y>0, (72)
Uy +u=0, for—1<x<1,y<0,
with exact solution:
.1 2.3
u(x, y) = s¥n(?n(1 + y)) exp(—(x + ”1%‘ ), for—1<x<1,y>0, (73)
sin(57 (1 + y)) exp(—x), for—1<x<1,y<0

This problem is hyperbolic in the region y < 0 and parabolic for y > 0. In order
to ensure continuity of the normal flux across y = 0, where the partial differential
equation changes type, the exact solution has a discontinuity across the line y = 0,
cf. [9, 15].

By following [9], we use the symmetric interior penalty DGFEMs employing a
special class of quadrilateral meshes for which the discontinuity in the exact solution
lies on element interfaces. In this setting, we modify the discontinuity-penalization
parameter o, so that o vanishes on edges which form part of the interface y = 0; this
ensures that the (physical) discontinuity present in the exact solution is not penalized
within by the numerical scheme.

In this case, the exact solution is piecewise analytic on the two parts of the domain.
In Fig. 2, we observe that the DG-norm |||u — u|||pg decays exponentially for both
DGFEM(P) and DGFEM(Q) under p-refinement on 64, 4096 and 16384 uniform
square elements. The definition of DG—norm |||-|||pg can be found in [9]. More-
over, the slope of the convergence line for the DGFEM(P) is greater than the line of
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Ratio of slope P/Q 1.3891 Ratio of slope P/Q 1.3957

10? 10°
-+ DGFEM(Q) slope 0.3287 -+ DGFEM(Q) slope 0.06954
-=-DGFEM(P) slope 0.4565 -=-DGFEM(P) slope 0.097067
10° .
102
102
6} CE
= 0810
—c —c
32 2
=) -6 =}
= 10 2 10
10°®
1 -8
10710 °
10-12 10-10
0 20 40 60 80 100 100 150 200 250 300 350 400
Dof 2 Dof 2
o Ratio of slope P/Q 1.3911
10' T T T T
—-DGFEM(Q) slope 0.04041
-=-DGFEM(P) slope 0.056105|
1021
O]
8 10*
—c
?
=
= 10°
10°®
10-10 L L L L
200 300 400 500 600 700

D0f1/2

Fig. 2 Example 1: Convergence of the DGFEMs under p-refinement on uniform square elements
(lu — upnlllpc)- 8 x 8 mesh (left); 64 x 64 mesh (right); 128 x 128 mesh (bottom)

DGFEM(Q) in error against «/Dof . The ratio between the two slopes is about 1.39 on
coarse meshes and fine meshes. The numerical observation confirms the theoretical
results in Theorem 4.

6.2 Example 2

In the second example, we investigate the computational efficiency of FEM(S) and
FEM(Q) on standard tensor-product elements (quadrilaterals in 2D and hexahedra in
3D).

Firstly, we consider the following two-dimensional Poisson problem: let Q =
(0, 1)? and select f = 272 sin(rx) sin(xry), so that the exact solution is given by
u = sin(mwx) sin(wy).

In this case, the exact solution is piecewise analytic on the domain. In Fig. 3, we
observe that the H'-seminorm |u — u| H'(q) decays exponentially for both FEM(S)
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Ratio of slope S/Q 1.3962 Ratio of slope S/Q 1.4069

10° 10° "
- FEM(Q) slope 0.4999 -+ FEM(Q) slope 0.09029!
-=-FEM(S) slope 0.69805 102 = FEM(S) slope 0.12704
10-2 4
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0 10 20 30 40 50 60 50 100 150 200 250 300 350
D Of1 /2 D 0f1/2
o Ratio of slope S/Q 1.3936
10
- FEM(Q) slope 0.050563
= FEM(S) slope 0.070464
10%
__ 10*
c
T
—< 10°
7
S
10
10-10
1072
100 200 300 400 500 600

Dof1/2

Fig. 3 Example 2: Convergence of the FEMs under p-refinement on uniform square elements (|u —
unlpig))- 8 x 8 mesh (left); 64 x 64 mesh (right); 128 x 128 mesh (bottom)

and FEM(Q) under p-refinement on 64, 4096 and 16384 uniform square elements.
Again, we observe that the slope of the convergence line for the FEM(S) is greater
than the line of FEM(Q) in error against ./Dof. The ratio between the two slopes is
about 1.39 on coarse meshes and fine meshes.

We now consider the three-dimensional variant of the above problem. Let Q =
(0, 1) and select f = 372 sin(rx)sin(rry) sin(rrz), so that the exact solution is
given by u = sin(mrx) sin(;ry) sin(mwz).

In Fig. 4, we observe that the H'-seminorm |u — uy| 1(q) decays exponentially
for both FEM(S) and FEM(Q) under p-refinement on 64, 4096 and 32768 uniform
hexahedral elements. Moreover, we observe that the slope of the convergence line
for the FEM(S) is greater than the line of FEM(Q) in error against ~/Dof . The ratio
between the two slopes is about 1.62 on coarse meshes and 1.73 on fine meshes. The
numerical observation confirms the theoretical results in Theorem 4.
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0 Ratio of slope S/Q 1.6269 o Ratio of slope S/Q 1.65
10 10
-+—FEM(Q) slope 0.89276 -+ FEM(Q) slope 0.27454
-=FEM(S) slope 1.4524 -=FEM(S) slope 0.453
-2 L 4
10 102}
_10r _
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Fig.4 Example 2: Convergence of the FEMs under p-refinement on uniform hexahedral elements (Ju —
unlgig))- 4 x 4 x 4 mesh (left); 16 x 16 x 16 mesh (right); 32 x 32 x 32 mesh (bottom)
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