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Abstract
This paper investigates the effect of intra-laminar fibre hybridisation, i.e., primary and sec-
ondary fibres within a matrix, on the homogenised properties and micro-stress fields in 
uni-directional polymer composite laminae. The study is focused on S-glass/epoxy lami-
nae which are hybridised with secondary fibres (e.g., polypropylene). Two-dimensional 
repeating unit cells (2D RUCs) with periodic microstructures are developed to conduct the 
micro-mechanical analyses under transverse tensile and transverse shear loading condi-
tions. Uni-directional fibre-hybrid S-glass/epoxy laminae with different secondary fibres 
are studied by varying (a) the periodic microstructure and (b) the material properties of 
the constituent fibres to assess the effect of such geometric and material variations on the 
homogenised elastic lamina properties and intra-lamina micro-stress fields. The results 
show that intra-laminar fibre hybridisation significantly affects the elastic lamina prop-
erties and micro-stress fields. Notably, the presence of the secondary fibres significantly 
increases or reduces the stress fields in the matrix and at the fibre-matrix interfaces (i.e. 
normal and shears stress components)–depending on the microstructure and the stiffness  
of the secondary fibres–which could be explored to manipulate the damage modes and  
thus energy dissipation mechanisms. 
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1 Introduction

The impact resistance and damage tolerance of conventional composite laminates, which 
depend on the failure and energy dissipation mechanisms at micro-, meso- and macro-
scales, are the Achilles heel to ensure the structure safety and reliability due to the brittle 
behaviour of the constituents (e.g., carbon fibres and epoxy matrix). Damage modes 
such as fibre-matrix de-bonding, matrix cracking, fibre breakage and delamination, can 
significantly influence the energy dissipation and load-carrying capacity of laminates 
[1]. To address some of the disadvantages of the conventional composite laminates, two 
or more fibres can be combined to produce fibre-hybrid composites (FHCs), such as 
inter-laminar (with different single fibre-based laminae) or intra-laminar (with more than 
one fibre-based laminae) hybrid laminate. The mechanical behaviour of fibre-reinforced 
composites not only depends on the constituent properties, microstructure, and fibre 
architecture but also be influenced by matrix hybridisation, fibre hybridisation and stacking 
sequence [2–7]. Hybrid composites (with matrix hybridisation and/or fibre hybridisation) 
can offer new opportunities to tailor the overall material properties and mechanical 
behaviour of laminates, e.g., specific stiffness, specific strength, effective density, damage 
tolerance and impact resistance [8]. Recent experimental studies have demonstrated that 
an effective approach to enhance the impact performance of woven composite laminate is 
to use fibre-hybrid systems by combining either different fabric types (i.e., hybrid layup) 
or different warp and fill yarns (i.e., hybrid weave), or commingled fibres (i.e., hybrid 
yarns) [9, 10]. Fibre-hybridization allows the fibres to store strain energy that would 
otherwise be used for crack propagation, resulting in improved damage tolerance [11–14]. 
Combining high-stiffness and high-strength fibres with low-stiffness and ductile fibres 
can create a composite with a good stiffness-toughness balance, which is challenging to 
achieve as strength and toughness are often mutually exclusive properties [15]. Yarn-level 
hybridization by combining low-stiffness and high-stiffness fibres has been successfully 
used to enhance damage tolerance compared to conventional composite laminates [11, 
13, 14, 16]. The transverse properties of uni-directional composite lamina play a crucial 
role as intra-laminar transverse damage, e.g., matrix cracking and fibre debonding, can 
significantly affect the damage evolution and failure of composite structures [17–19].

The relationship between the continuum properties of a material neighbourhood and its 
microstructure and micro-constituents is important for heterogeneous materials, especially 
for fibre-reinforced polymer composites with heterogeneity at the microscale. The notion 
of a representative volume element, or repeating unit cell, is used as the physical basis for 
the transition from the microscale to the macroscale, and the associated boundary-value 
problem is formulated in terms of field variables by imposing traction and/or displace-
ment boundary conditions. Computational micromechanics plays a major role in under-
standing the deformation processes at the microscale as well as in estimating the homog-
enised properties of composite laminae with intra-laminar fibre hybrid microstructure. 
Repeating unit cells (RUCs) have been widely used to predict the homogenised elastic 
properties of uni-directional composites [20–22] and to investigate failure initiation under 
mechanical, thermal and thermo-mechanical loading [23, 24]. The influence of inter-fibre 
distance on the interface properties for irregular and hexagonal packing of fibres of a uni-
directional carbon/epoxy composite was studied by Hojo et al. [23], and it was shown that 
when the fibres were at their minimum inter-fibre distance and almost aligned with the 
loading direction (i.e. θ ≤ 30°), the tensile interfacial normal stress was significantly high. 
Furthermore, it was observed in unidirectional carbon/epoxy composites that thermal 
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residual stresses resulting from the cooling step at the end of the curing cycles reduced 
the tensile interfacial normal stress under thermo-mechanical loading in comparison with 
solely mechanical loading.

These localized deformation and fibre-matrix interface fractures are tell-tale signs of the 
mechanisms of initial transverse failure. Another research conducted by Jin et al. employed 
RUC and RVE models to understand the effect of fibre array irregularity on thermal 
residual stresses [24]. In contrast, only a limited amount of research attention has been 
given to intra-laminar or intra-two/yarn fibre-hybrid laminates using RUC or RVE models 
[25]. Recently, Banerjee and Sankar [26] investigated the micro-mechanical behaviour of 
fibre-hybrid carbon/E-glass/epoxy composite lamina using representative volume elements 
with carbon and E-glass fibres with equal fibre diameter arranged randomly in a hexagonal 
packing pattern. The model was shown to have successfully predicted the elastic and 
strength properties of the intra-laminar fibre-hybrid composites [26]. However, the effect 
of inter-fibre distance and secondary fibre stiffness on the micro-stress fields were not 
accounted for in the models. Moreover, several analytical models were developed to predict 
the elastic properties of non-hybrid uni-directional composites [27]. Banerjee and Sankar 
[26] used the rule of hybrid mixture to predict the longitudinal elastic moduli and major 
Poisson’s ratio, and a modified Halpin–Tsai equation to predict the transverse tension 
and transverse shear elastic moduli. However, the analytical model such as modified 
Halpin–Tsai requires curve-fitting parameters, depending on fibre packing and fibre type 
[26]. Overall, the effects of intra-laminar or intra-two/yarn fibre hybridisation, micro-
structure and constituent properties on the behaviour of fibre-hybrid composites are not 
well understood and thus need more research attention.

In this paper, fibre-hybrid uni-directional laminae with periodic microstructures are 
investigated using repeating unit cell (RUC) models to understand the influence of intra-
laminar fibre hybridisation on the homogenised elastic lamina properties and intra-laminar 
micro-stress fields. The RUC models are used to study the role of the secondary fibre stiff-
ness and the inter-fibre distance between the primary and secondary fibres on the fibre-
matrix interface and matrix micro-stress fields. A modified transverse diagonal packing 
scheme is adopted to accommodate fibre-hybridization. The study mainly focuses on 
S-glass/polypropylene/epoxy laminae under transverse tension and transverse shear load-
ing to understand the matrix-dominant behaviour of such fibre-hybrid composite lami-
nates. The predicted effective transverse elastic moduli are compared against Mori-Tanaka 
[28, 29] and Chamis [30, 31] analytical models for conventional unidirectional composite 
laminae. The validated RUC models are used to conduct parametric studies and the results 
are presented.

2  Methodology

2.1  RUC Modelling

Fibre-hybrid uni-directional laminae with periodic microstructures are analysed using two-
dimensional repeating unit cell (2D RUC) models to predict the homogenised elastic lamina 
properties and micro-stress fields under transverse tension and transverse shear. As the 
interaction between the constituents at the micro-scale can play a crucial role in fibre-hybrid 
polymer composites, the effects of fibre hybridisation, constituent properties and periodic 
microstructure are investigated using the RUC approach. The RUC is the smallest idealised 
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unit cell capable of representing the behaviour of the whole microstructure [32]. In this 
study, a 2D RUC model is implemented to accommodate fibre hybridization by considering 
a diagonal square packing for the periodic microstructure [33]. In Fig. 1, a hybrid laminate 
with intra-laminar fibre hybridisation, featuring primary fibres (S-glass fibres) and 
secondary fibres (Fig.  1a), and a 2D RUC with a periodic microstructure with diagonal 
square packing for the micromechanical analysis (Fig. 1b) are shown. The coordinate system 
(xi) in Fig. 1 is aligned with the principal material coordinate system of the uni-directional 
fibre-hybrid lamina. Moreover, to study the effect of the inter-fibre distance between fibres, 
as shown in Fig. 1b, the position of the centre of the middle (secondary) fibre is varied from 
the centre of the RUC. The fibre eccentricity is defined by two components: an eccentricity 
distance, �e , and an eccentricity angle, �e, which is measured counter-clockwise in degrees 
about the x2-axis. Furthermore, Fig. 1b illustrates the interfacial normal, �n , and shear, �nt , 
stresses at the fibre-matrix interface of the secondary fibre at the centre and the S-glass 
fibres at the corners. To simplify the model, the fibres within the lamina are assumed 
continuous, homogeneous, isotropic, and defect-free with circular cross-sections. The 
matrix is assumed homogeneous, isotropic, and void-free. The fibres are also assumed to 
have a perfect fibre-matrix interface. The variation in the material properties and diameter 
of each fibre type is assumed to be negligible, and the fibres and matrix are linear elastic. 
The diameters of the primary (S-glass) and secondary fibres are assumed to be 10 μm. The 
total fibre volume fraction ( Vf  ), which is the sum of the primary fibre volume fraction ( VfP ) 
and the secondary fibre volume fraction ( VfS ), is assumed to be 0.6 in all the laminae 
analysed. For example, the S-glass fibre volume fraction ( Vf = VfP = VfG ) in S-glass/epoxy 
lamina is 0.6; whereas the combined S-glass and PP fibre volume fraction is 0.6 in S-glass/
PP/epoxy lamina ( Vf = VfG + VfPP = 0.6 ). The RUC size ( L) is determined from the total 
fibre volume fraction, i.e., Vf = Af∕ARUC , where Af  is the total cross-sectional area of the 
primary and secondary fibres (i.e., 2�r2

fP
 , with rfP , the radius of primary fibre) and ARUC is 

the RUC area (i.e., L2)—thus L = r
√

2�∕Vf .

Fig. 1  The modelling approach used: a a laminate with intra-laminar fibre-hybrid lamina, and b a 2D RUC 
of S-glass/secondary-fibre/matrix lamina with diagonal square packing (with fibre eccentricity)
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The RUC model is implemented in ABAQUS/Standard. A Python script is used, and the 
displacement-based periodic boundary conditions (PBCs) are imposed by generating match-
ing nodes on the opposite edges. Considering plane strain conditions, the 2D RUC is analysed 
with a quad-dominant mesh with CPE4R (a 4-node bilinear plane strain element with reduced 
integration) and CPE3 (a 3-node linear plane strain element with full integration) elements. 
Considering the convergence of the homogenised elastic lamina properties, a mesh conver-
gence study is conducted to identify a suitable element size/mesh.

The material properties of the constituents and the diameter of the fibres are given in 
Table 1. The fibres used in the study are S-glass [34, 35] and polypropylene (PP) [36, 37], 
while the matrix is Araldite LY564/Aradur 2954, a two-part epoxy resin [38]. All the constitu-
ent materials are assumed to be isotropic and linear elastic.

2.2  Periodic Boundary Conditions

The unweighted volume averages of the micro-stresses and micro-strains within the RUC can 
be used to estimate the homogenised properties of fibre-hybrid laminae. The estimated prop-
erties, however, are dependent on the type of boundary conditions imposed on the RUCs. The 
upper and lower bounds of the homogenised properties are provided by the boundary con-
ditions of linear displacement (uniform macro-strain) and uniform traction (uniform macro-
stress). When the same average strain is considered for each case, the strain energies predicted 
by imposing uniform traction, periodic displacement, and linear displacement boundary 
conditions satisfy the inequality Wt ≤ Wp ≤ Wu (where Wt,Wp,Wu are the strain energies 
obtained by imposing uniform traction, periodic displacement, and linear displacement bound-
ary conditions, respectively). Additionally, the PBCs guarantee continuity between adjacent 
RUCs and ensure that the RUC behaves as the entire medium (i.e., composite lamina). Thus, 
the RUC is considered the smallest idealised unit cell able to behave as the infinite medium 
[39]. To apply PBC, the mesh on opposite edges must have the same number of nodes and the 
nodes must be perfectly aligned [20, 40]. Moreover, the geometry of the RUC must be peri-
odic, if a partial fibre is on an edge, the remaining part must be on the opposite edge to form 
a complete fibre. The displacement-based periodic boundary conditions (PBCs) are applied 
to the RUC model using Equation constraints in ABAQUS/Standard [41–43], and the process 
is automatized by using a Python script. The periodic displacement conditions are imposed 
by using Eq. 1 [20, 44, 45]. Although applying linear displacement boundary conditions gen-
erally does not guarantee periodic traction conditions (similarly, applying uniform traction 
conditions does not guarantee periodic displacement conditions) at the boundaries, it can be 
shown that periodic displacement conditions guarantee periodic traction conditions.

(1)ui(x + Δ x) − ui(x) = �̂ ijΔxj (i, j = 1, 2, 3)

Table 1  The material properties of the fibres and matrix used in the RUC models of S-glass/epoxy and 
S-glass/PP/epoxy fibre-hybrid laminae [34–38]

E11 = E22 = E33
[GPa]

G12 = G13 = G23
[GPa]

v12 = v13 = v23 ρ
[g/cm3]

d
[μm]

S-glass 87.0 ± 1.00 35.40 ± 0.10 0.23 ± 0.02 2.46 ± 0.03 10
Polypropylene 1.20 ± 0.10 0.42 ± 0.03 0.42 ± 0.04 0.90 ± 0.05 10
Epoxy 2.55 ± 0.10 0.94 ± 0.03 0.35 ± 0.04 1.15 ± 0.05 -
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In Eq. 1, ui is the displacement in the xi direction, x + Δx and x are the position vectors of 
the points on the opposite faces of the RVE, and �̂ij is the macro-strain components. In the case 
of a 2D domain as in Fig. 2, the application of PBCs can be defined by Eq. 2 [20, 41, 42]:

In Eq.  2, un
+|Γ2−3

i
 is the displacement at node n+ on the edge Γ between the nodes n2 

and n3 ; u
n−|Γ1−4

i
  is the displacement at node n− on the edge Γ between the nodes n1 and n4 ; 

u
n+|Γ3−4

i
 is the displacement at node n+ on the edge Γ between the node n3 and n4 ; and un

−|Γ1−2

i
 

is the displacement at node n− on the edge Γ between the node n1 and n2 . Moreover, un2
i

 and 
u
n4
i

 are the displacements at the master nodes n2 and n4 to apply the period displacements. 
Thus, for each pair of opposite nodes, the periodic displacement is equal to the displace-
ment at the master node ni . The domain is meshed such that all the nodes n− and n+ on 
the opposite edges are perfectly aligned (see Fig. 2c). Figure 2 shows the boundary condi-
tions employed to implement transverse tension (in the x2-direction) and transverse shear 
loading conditions. In both cases, the node n1 is pinned (i.e., un1

2
= 0 and un1

3
= 0 ) to avoid 

the rigid body motions. For the case of transverse tension along the x2-direction, the dis-
placement is constrained at node n4 (i.e., un4

2
= 0 ) and node n2 (i.e., un2

3
= 0 ) to prevent any 

rotation and guarantee contraction in the x3-direction, while the periodic displacement in 
the x2-direction is applied to the node n2 (i.e., un2

2
= �) as shown in Fig. 2a. For the case of 

transverse shear, a displacement ( �∕2 ) is applied to the node n2 in the x3-direction (i.e., un2
3

 
= �∕2) , and to the node n4 in the x2-direction (i.e., un4

2
 = �∕2) , see Fig. 2b. Furthermore, if 

a node belongs to the adjacent edges (node n3 in this case), the periodicity is applied to the 
node based on one of the edges. Thus, if the node n3 is assumed to belong to the edge Γ3−4 , 
it cannot belong to the edge Γ2−3 , and vice-versa [46, 47].

2.3  Homogenization

The homogenized properties of the lamina are determined by applying a macro-strain (i.e., 
�̂ij ) state (displacement applied to the master nodes) [22], and then calculating the 
unweighted volume average of the unknown variables within the repeating unit cell (RUC). 
By applying Gauss’s divergence theorem and considering the condition �ij,j = 0 for the 

(2)u
n+|�2−3

i
− u

n−|�1−4

i
= u

n2
i

u
n+|�3−4

i
− u

n−|�1−2

i
= u

n4
i

(i = 2, 3)

Fig. 2  The boundary conditions: a transverse tension in the �2-direction, b transverse shear, and c the peri-
odic mesh for the 2D RUC model



Applied Composite Materials 

1 3

micro-stress field (i.e., divergence-free), the unweighted volume averages of the micro-stress 
is obtained by using Eq. 3, from the reaction forces at the reference (master) nodes, which 
are used to impose the periodic boundary conditions. Similarly, the unweighted volume 
average of the micro-strain is obtained by using Eq. 4, whether the displacements applied at 
the control nodes to impose the macrostrain conditions can be used to calculate the mac-
rostrain components. In Eqs.  3–4, �̂ij is the macro-stress, �̂ij is the macro-strain, Ω is the 
RUC volume, ni is the outward normal at the boundary, 

(
Fi

)
j
 is the resultant force on the 

surface with the outward normal in the xj-direction) at the reference node in the xi-direction, 
and Υj is the area of the boundary surfaces with the outward normal in the xj-direction.

Using a 3D RUC model, the homogenised elastic lamina properties (i.e., Ê11 , Ê22 , Ê33 , 
Ĝ12 , Ĝ13 , Ĝ23 , �̂12 , �̂13 , �̂23 ) can be obtained from �̂ij and �̂ij . However, as plane strain condi-
tions are used for the 2D RUC model to study the transverse tensile and transverse shear 
behaviour of hybrid laminae, the homogenised properties Ê22 , Ê33 , Ĝ23 and �̂23 are ana-
lysed in this work. The specific transverse lamina elastic moduli Ê22∕�̂  and Ĝ23∕�̂  are then 
obtained (where �̂  is the effective density of the lamina). Using a square RUC (each edge 
Γi has the same dimension, L ) with unit thickness, the transverse elastic properties and 
density of the lamina are determined by using Eq. 5. The effective density is determined 
from the densities of the micro-constituents using Eq. 5d, where �m is the matrix density, 
�fi is the fibre density and Vfi is the fibre volume fraction ( i = P, S; for the primary and sec-
ondary fibres).

2.4  Model Validation

To verify and validate the 2D RUC model, non-heterogeneous (i.e., the same material prop-
erties are assigned to the matrix and fibres) and non-hybrid lamina (i.e., the same material 
properties are assigned to the primary and secondary fibres) conditions are considered for 

(3)�̂ ij =
1

Ω ∫Ω �ij dΩ = ∫�Ω=Υ

�iknkxjdΥ =

(
Fi

)
j

Υj

(no summation over the index j)

(4)�̂ ij =
1

Ω∫Ω

� ijdΩ =
1

2Ω∫�Ω=Υ

(uin j + ujn i)dΥ

(5a)Ê22 =
�̂22

�̂22
=

(
R2

)
2

u
n2
2

(5b)Ĝ23 =
�̂23

�̂23
=

(
R2

)
3

(u
n2
3
+ u

n4
2
)

(5c)v̂23 = −
�̂33

�̂22
= −

u
n4
2

u
n2
3

(5d)�̂ = �m

(
1 −

∑
Vfi

)
+
∑

�fiVfi (i = P, S)
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the periodic microstructure used. Subsequently, the non-heterogeneous condition is used 
to verify the model as the micro-stress and micro-strain must agree with the macro-stress 
and macro-stain, whereas the homogenised properties must agree with the material proper-
ties assigned to the micro-constituents [22]. Additionally, the non-hybrid condition is used 
to validate the RUC model with diagonal square packing. The variation in the homoge-
nised properties, Ê22 and �̂23, are compared with those estimated by Li [22] (i.e., with a 3D 
model) and with the upper and lower bounds by Hashin and Rosen’s theory in Table 2. The 
% variation in Table 2 is relative to the estimations by Li [22], where the fibres are assumed 
to be isotropic with E = 10 GPa and � = 0.2 and the matrix is isotropic with E = 1 GPa and 
� = 0.3 . The higher values of Ê22 and �̂23 compared to Li [22], who used a 3D Model are 
attributed to the 2D plane strain assumption employed. However, it’s important to note that 
this assumption has no effect on Ĝ23.

3  Results and Discussion

3.1  The Homogenised Elastic Properties of Fibre‑hybrid Laminae

The homogenised elastic lamina properties are calculated using the RUC model for 
non-hybrid (S-glass/epoxy) and non-hybrid (S-glass/secondary/epoxy) laminae and pre-
sented in Fig. 3. As shown in Fig. 3a, to study the effect of the secondary fibre stiff-
ness (EfS) on the homogenised properties of fibre-hybrid laminae, S-glass/epoxy lamina 

Table 2  The comparison of 
the homogenised transverse 
properties obtained from the 
RUC model for a fibre volume 
fraction of 0.6 with the data 
Li [22]. The fibre and matrix 
properties are taken from Li [22]

2D RUC model Li [22] Hashin and Rosen’s theory 
[22]

Lower bound Upper bound

Ê22 (GPa) 2.619 (+ 2%) 2.562 2.538 3.015
Ĝ23 (GPa) 1.340 (0%) 1.34 0.91 1.178
v23 0.432 (+ 8%) 0.401 0.28 0.394

Fig. 3  The comparison of the homogenised elastic lamina properties: a S-glass/epoxy with different sec-
ondary fibres with 

(
VfG, VfS, Vm

)
= (0.3, 0.3, 0.4) and �E from 4 to 0.02, b S-glass/epoxy with different 

volume fractions, and c S-glass/PP/epoxy with different volume fractions
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with secondary fibres, with 
(
VfG,VfS,Vm

)
= (0.3, 0.3, 0.4) , is analysed. The ratio of the 

secondary fibre stiffness ( EfS ) and the primary fibre stiffness ( EfP, in this case, S-glass 
fibres, thus EfG ) is denoted as �E . The Poisson’s ratios of the primary and secondary 
fibres are assumed to be equal. Table  3 shows the variation in �E , and the secondary 
fibre stiffness, EfS , considered. For �E = 4, the secondary fibre stiffness is significantly 
higher than that of the primary fibre (S-glass). With �E = 1, it represents the baseline 
lamina (as the secondary fibre stiffness is equal to the primary fibre stiffness). Moreo-
ver, for �E = 0.02, the secondary fibre stiffness is lower than that of the matrix, repre-
senting a fibre-hybrid lamina such as S-glass/PP/epoxy. The homogenised properties 
of fibre-hybrid lamina in Fig. 3a show that the stiffness of the secondary fibre plays a 
significant role. The homogenised transverse properties (i.e., Ê22, Ĝ23 and �̂23 ) are cal-
culated by the 2D RUC model and the homogenised longitudinal modulus ( ̂E11) is esti-
mated by the rule of mixture. Moreover, the homogenised properties of S-glass/epoxy 
lamina and S-glass/PP/epoxy, with varying fibre volume fraction, are shown in Fig. 3b, 
c, respectively. From Fig. 3b, c, it is seen that replacing some of the primary fibre con-
tent (S-glass) with the low stiffness secondary fibre content (i.e., PP fibres) signifi-
cantly affects the homogenised properties, especially the transverse shear modulus. As 
the lamina effective density is affected by the primary and secondary fibre contents, 
the specific elastic moduli (i.e., Ê11∕�̂, Ê22∕�̂  and Ĝ23∕�̂  ) are calculated and shown in 
Fig. 4a, b for S-glass/epoxy and S-glass/PP/epoxy laminae. The specific elastic moduli 
of S-glass/epoxy and S-glass/PP/epoxy lamina are considerably affected by the primary 
and secondary fibre contents and that the homogenised properties can be tailored by 
varying fibre types and hybridisation. It is worth noting that the homogenised properties 
could depend on the periodic microstructure and lead to transverse anisotropy.

Table 3  The secondary fibre stiffness in comparison with that of S-glass fibre

βE =  Efs/EfG 4 1 0.1 0.02
EfS (Gpa) 348 87 8.7 1.74

Fig. 4  The comparison of the specific homogenised elastic lamina properties: a S-glass/epoxy with differ-
ent with different volume fractions, and b S-glass/PP/epoxy with different volume fractions
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3.2  Fibre‑hybrid Laminae Under Transverse Tension and Transverse Shear

3.2.1  The Effect of Secondary Fibre Stiffness on Micro‑stress Fields

To study the effect of the secondary fibre stiffness (EfS) on the micro-stress fields in fibre-hybrid 
laminae, S-glass/epoxy lamina with secondary fibres, with 

(
VfG,VfS,Vm

)
= (0.3, 0.3, 0.4) , is 

analysed under transverse tension and transverse shear loading, and the von Mises matrix stress 
distributions as a measure of the local matrix stress state (normalized with the macro stress 
component applied, i.e., �vM∕�̂22 and �vM∕�̂23 ) are shown in Fig. 5. The ratio of the secondary 
fibre stiffness ( EfS ) and the primary fibre stiffness ( EfP, in this case, S-glass fibres, thus EfG ) is 
varied (i.e., �E from 4 to 0.02).

The variations in the von Mises matrix stress distribution with varying secondary 
fibre stiffness, in comparison with that of the baseline (i.e., S-glass/epoxy lamina, with 
�E = 1), are shown in Fig. 5a–h. First, the normalized von Mises matrix stress distribu-
tions ( �vM∕�̂22) under transverse tension are presented in Fig. 5a–d. Figure 5a shows that 
a secondary (middle) fibre that is significantly (400%) stiffer than the S-glass (corner) 
fibre (i.e., �E = 4) only marginally alters the micro-stress distribution within the matrix, 
when compared to that of the baseline (i.e., S-glass/epoxy lamina, Fig. 5b). When �E = 

Fig. 5  The normalised von Mises matrix stress distribution a–d under transverse tension and e–f under trans-
verse shear for different �E (i.e., the primary (S-glass) fibre stiffness to the secondary fibre stiffness ratio)
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0.1 (Fig. 5c), i.e., the secondary fibre stiffness is significantly lower than that of the pri-
mary fibre, but higher than that of the matrix, the normalised von Mises stress distribu-
tion is considerably altered, yet only a small decrease in the maximum normalised stress 
(~ 5%) is observed. The maximum normalised stress is not at the minimum inter-fibre 
distance. When �E = 0.02 (see Fig. 5d), i.e., the secondary fibre stiffness is lower than 
that of the matrix, the normalised von Mises stress distribution is significantly altered, 
but an increase of only ~ 8% in the maximum normalised stress is seen compared to that 
of the baseline lamina. The maximum stress occurred at the minimum inter-fibre dis-
tance between the S-glass fibres (which are the stiffer fibres). Next, Fig. 5e–h show that 
the normalized von Mises matrix stress distributions under transverse shear ( �vM∕�̂23 ). 
Figure 5e shows that a secondary middle fibre that is significantly (400%) stiffer than 
the corner S-glass fibres (i.e., �E = 4) has negligible effect on the matrix micro-stress 
distribution compared to that of the baseline lamina (Fig.  5f). Similarly, a secondary 
middle fibre, with significantly lower stiffness than that of the S-glass fibre (i.e., �E = 
0.1), also has insignificant influence on the matrix stress distribution. In contrast, from 
Fig.  5h, it is seen that a secondary fibre, with lower stiffness than that of the matrix 
( �E = 0.02) significantly increases (~ 53% higher than that is in the baseline, Fig.  5f) 
the maximum normalised matrix stress and significantly alters the stress distribution 
within the matrix. The maximum normalised matrix stress occurs at the shortest dis-
tance between the stiffer fibres, aligning with the loading direction [23]. Thus, the pres-
ence of a secondary fibre with a significantly low stiffness ( EfS = 1.74 GPa), compared 
to the primary (S-glass) fibre ( EfG = 87 GPa) and the matrix ( Em = 2.55 GPa), is seen to 
induce a large increase in the normalised matrix stress under transverse tension as well 
as transverse shear conditions, when compared to that of the baseline (S-glass/epoxy 
lamina). This could be attributed to the increased load-bearing role of the matrix. When 
the secondary fibre stiffness is higher than that of the matrix ( EfS = 8.7 GPa), but lower 
than that of the primary (S-glass) fibre, it is seen to redistribute the matrix stresses and 
consequently reduce the normalised peak matrix stress (as in Fig.  5c, g compared to 
Fig. 5b, f). In general, these observations emphasize the importance of the secondary 
fibre stiffness in tailoring the macroscopic properties and the microscopic behaviour of 
fibre-hybrid laminae—and thus on the structural behaviour of such hybrid laminates.

Figure 6 shows the normalized fibre-matrix interfacial normal and shear stresses under 
transverse tension and shear (i.e., �n∕�̂22, �nt∕�̂22, �n∕�̂23 and �nt∕�̂23). The normal and 
shear stress components are shown in counterclockwise (from 0° to 90°) at the fibre-matrix 
interface for the top right corner (primary) fibre and the middle (secondary) fibre. In 
Fig. 6a, �n∕�̂22 for the top right corner (S-glass) fibre is shown. When the secondary fibre 
stiffness is equal to or higher than that of the S-glass fibre (i.e., �E = 1 and 4), the maxi-
mum normalised normal stress, �n∕�̂22 , is at � = 0◦ , which is aligned to the loading direc-
tion, and a second peak is at � ≈ 45°, where the inter-fibre distance is a minimum [23]. 
The maximum normalised normal stresses for �E = 4, 1, 0.1 and 0.02 are 0.82, 0.86, 1.15 
and 1.71, respectively, showing that the normal stress at the primary fibre-matrix interface 
increases when the secondary fibre stiffness is decreased. For �E = 0.1 and 0.02, the maxi-
mum normalised normal stress is at � = 0◦ , i.e., at the shortest inter-fibre distance between 
the primary (stiffer) fibres. It occurs as the middle (secondary) fibre stiffness is lower than 
that of the corner (primary) fibre, while the loading is normal to the fibre-matrix inter-
face at � = 0◦ . Moreover, for �E = 0.1 and 0.02, the maximum normalised normal stress is 
higher by ~ 40% and ~ 110%, comparing with the baseline lamina ( �E = 1).

In Fig. 6b, the normalized interfacial normal stress �n∕�̂22 for the secondary fibre is 
shown. It is evident that as the secondary fibre stiffness decreases the normalised normal 
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stress at the secondary fibre-matrix interface decreases; and the interface normal stress 
is not amplified. Figure 6c shows the normalized interfacial shear stress ( �nt∕�̂22) for the 
corner (S-glass) fibre. The maximum normalised shear stresses are comparable (~ 0.8) 
for �E = 4, 1, 0.1, and 0.02, although the location of the maximum shear stress moves 
with varying the secondary fibre stiffness. Figure 6d shows that the maximum normal-
ised shear stress at the secondary fibre interface considerably decreases—from ~ 0.8 for 
�E = 4, 1 to ~ 0.25 for �E = 0.02. Moreover, Fig. 6e–h shows the normalized interfacial 
normal and shear stresses under transverse shear (i.e., �n∕�̂23 and�nt∕�̂23 ) for the primary 
(S-glass) and secondary fibres. From Fig. 6e–f, it is seen that the maximum normalised 
normal stress ( �n∕�̂23 ) for the S-glass and secondary fibres occurs atθ = 45◦. Notably, the 
maximum normal stress for �E = 0.02 is ~ 65% lower than the maximum normal stress 
for �E = 1 at the S-glass fibre interface, and the maximum normal stress at the secondary 
fibre decreases by ~ 50% for �E = 0.02. Figure 6g shows that the absolute normalised shear 
stress at the S-glass fibre for �E = 0.02 is significantly higher (~ 80%) when compared to 
that of the baseline ( �E = 1), with peak stresses at � = 0° and 90°. In addition, Fig.  6h 
shows that, for �E = 0.1 and 0.02, the normalised shear stresses at the secondary fibre 
are higher than those are for �E = 4 and 1. Therefore, the presence of a low-stiffness sec-
ondary fibre in S-glass/secondary/epoxy lamina under transverse tension and transverse 

Fig. 6  The normalised normal and shear stress stresses under transverse tension and transverse shear at the 
primary (S-glass) and secondary fibre interfaces, for different secondary to S-glass fibre stiffness ratios �E
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shear could influence S-glass fibre de-bonding. The low-stiffness secondary fibres could 
de-bond first, especially when the fibre interface strength is low, and influence micro-
stress redistribution—consequently, micro-damage mechanisms and energy dissipation. 
These observations can have important implications on the strength and damage toler-
ance of composite structures, as supported by the experimental observations made from 
the impact and post-impact studies on E-glass/PP/epoxy and S-glass/PP/epoxy composite 
laminates with intra-yarn hybridization [11, 13, 14].

3.2.2  The Effect of Fibre Eccentricity on Micro‑stress Distribution Under Transverse Tension

The influence of fibre eccentricity is investigated in two types of composite laminae: non-
hybrid S-glass/epoxy and fibre-hybrid S-glass/PP/epoxy. A total fibre volume fraction of 
0.6 (i.e., VfG = 0.6 in S-glass/epoxy lamina, and VfG = 0.3 and VfPP = 0.3 in S-glass/PP/
epoxy) is considered, and the fibres have the same diameter (10 μm). The middle fibre is 
used to introduce eccentricity (see Fig. 1) by varying the angle ( �e = 0°, 45°, and 90°), and 
the distance ( �e = 0.2R , where R represents the fibre radius). Figure 7 shows the normal-
ized von Mises matrix stress under transverse tension (i.e., �vM∕�̂22 ) for the non-eccentric 
and eccentric cases for S-glass/epoxy and S-glass/PP/epoxy. Figure  7a–d show that the 
normalised matrix stress distribution is significantly affected by fibre eccentricity in non-
hybrid S-glass/epoxy lamina. The maximum normalised stress increases with decreasing 
inter-fibre distance. The highest normalised stress is thus induced, with �e = 0.2R and �e = 
45° (Fig. 7c), which is ~ 90% higher than the maximum normalised stress occurred without 
eccentricity (Fig. 7a).

Next, Fig.  7e–h show that the normalised matrix stress distribution is only margin-
ally affected by fibre eccentricity in fibre-hybrid S-glass/PP/epoxy lamina as the middle 
(secondary) fibre stiffness is significantly lower than that of the corner (S-glass) fibre. 
Although the maximum normalised stress increases with decreasing inter-fibre distance, 
the highest normalised stress, with �e = 0.2R and �e = 45° (Fig. 7g), is only ~ 6% higher 
than the maximum normalised stress occurred without fibre eccentricity (Fig. 7e).

Figures 8 and 9 show the normalized normal stress ( �n∕�̂22 ) and shear stress ( �nt∕�̂22 ) 
distribution at S-glass and PP fibre interfaces under transverse tension for S-glass/epoxy 
and S-glass/PP/epoxy laminae. First, from Fig. 8a, where the normalised normal stress dis-
tribution at S-glass fibre interface is shown, it is seen that the fibre eccentricity can signifi-
cantly increase the interfacial normal stress in non-hybrid S-glass/epoxy as the inter-fibre 
distance between the high stiffness fibres is decreased, aligning with the loading direction. 
When the eccentricity angle is set to �e = 45° and 90°, a substantial rise in the normal 
stress is observed, reaching a peak of ~ 1.4 at � = 45◦ for �e = 90° and �e = 0.2R . This is 
an increase of ~ 90% compared to the normal stress without fibre eccentricity (i.e., cen-
tred). In contrast, for fibre-hybrid S-glass/PP/lamina, as seen Fig.  8b–c, where the nor-
malised normal stress distributions at S-glass and PP fibre interfaces are shown, the fibre 
eccentricity has negligible influence on the interfacial normal stress distribution because 
of the low stiffness of the middle PP fibre. Next, from Fig. 9a, it is evident that the fibre 
eccentricity significantly affects the normalised shear stress distribution at S-glass fibre in 
S-glass/epoxy lamina. But the maximum �nt∕�̂22 is observed at � = 45◦ for �e = 45◦ and 
�e = 0.2R . The increase is ~ 85% compared to that of the baseline (without eccentricity). 
For fibre-hybrid S-glass/PP/epoxy lamina, no significant variation is observed for �n∕�̂22 
and �nt∕�̂22 , where the eccentric middle fibre is the PP (low-stiffness) fibre (see Fig. 9b, c).
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3.2.3  The Effect of Fibre Eccentricity on Micro‑stress Fields Under Transverse Shear

The effect of fibre eccentricity is studied in non-hybrid S-glass/epoxy and fibre-hybrid 
S-glass/PP/epoxy laminae with a total fibre volume fraction of 0.6 (i.e., VfG = 0.6 in 
S-glass/epoxy lamina, and VfG = 0.3 and VfPP = 0.3 in S-glass/PP/epoxy). Figure 10 shows 
the normalized von Mises matrix stress under transverse shear (i.e., �vM∕�̂23 ) for the non-
eccentric and eccentric cases for S-glass/epoxy and S-glass/PP/epoxy. Figure 10a–d show 
that the normalised matrix stress distribution is considerably altered by fibre eccentricity 
in non-hybrid S-glass/epoxy lamina. The highest normalised matrix stress is induced with 
fibre eccentricity ( �e = 0.2R and �e = 45°), is ~ 20% higher than the maximum normalised 
stress occurred without eccentricity (Fig. 10a). Next, Fig. 10e–h show that the normalised 
matrix stress distribution is also considerably affected by fibre eccentricity in fibre-hybrid 
S-glass/PP/epoxy lamina. By comparing the matrix stress distributions in S-glass/epoxy 
(Fig. 10a–d) and S-glass/PP/epoxy (Fig. 10e–h), it is evident that the �vM∕�̂23 stress peak 
in S-glass/PP/epoxy is significantly higher (~ 80%) higher than that in S-glass/epoxy. It is 
also seen that the eccentricity angle, which is observed to have a significant effect under 

Fig. 7  The normalised von Mises matrix stress under transverse tension due to middle fibre eccentricity: a 
S-glass/epoxy centred, S-glass/epoxy with fibre eccentricity at b 0°, c 45°, d 90°, and e S-glass/PP/epoxy 
centred, S-glass/PP/epoxy with fibre eccentricity at f 0°, g 45°, and h 90°
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Fig. 8  Interface stress study: a normalised interfacial normal stress for the S-glass fibre in S-glass/epoxy, b 
S-glass fibre in S-glass/PP/epoxy, and c S-glass fibre in S-glass/PP/epoxy
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Fig. 9  Interface stress study: a normalised interfacial shear stress for the S-glass fibre in S-glass/epoxy, b 
S-glass fibre in S-glass/PP/epoxy, and c S-glass fibre in S-glass/PP/epoxy



Applied Composite Materials 

1 3

transverse tension, has only a marginal role under transverse shear (comparing Figs.  7 
and 10) When the fibre is eccentric the increase in stress peak compared to the base case 
is ~ 20%. Thus, under transverse shear, the von Mises matrix stress distribution is highly 
influenced by the inter-fibre distance, but not by the eccentricity angle.

Figures 11 and 12 show the normalized normal stress ( �n∕�̂23 ) and shear stress ( �nt∕�̂23 ) 
distribution at S-glass and PP fibre interfaces under transverse shear for S-glass/epoxy and 
S-glass/PP/epoxy laminae. First, from Fig. 11a, where the normalised normal stress dis-
tribution at S-glass fibre interface is shown, it is seen that the fibre eccentricity can con-
siderably increase the interfacial normal stress in non-hybrid S-glass/epoxy as the inter-
fibre distance between the high stiffness fibres is decreased. When the eccentricity is set 
to �e = 45° and �e = 0.2R , a significant rise in the normal stress is observed, reaching a 
peak of ~ 3.2, which is an increase of ~ 50% compared to the normal stress without fibre 
eccentricity (i.e., centred). In contrast, for fibre-hybrid S-glass/PP/lamina, as seen Fig. 11b, 
c, where the normalised normal stress distributions at S-glass and PP fibre interfaces are 
shown, the fibre eccentricity has negligible influence on the interfacial normal stress distri-
bution because of the low stiffness of the middle PP fibre. Next, from Fig. 12a, it is evident 

Fig. 10  The normalised von Mises matrix stress due to middle fibre eccentricity under transverse shear: a 
S-glass/epoxy centred, S-glass/epoxy with fibre eccentricity at b 0°, c 45°, d 90°, and e S-glass/PP/epoxy 
centred, S-glass/PP/epoxy with fibre eccentricity at f 0°, g 45°, and h 90°
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Fig. 11  The normalised interfacial normal stress for different eccentricity angles and distances for S-glass/
epoxy and S-glass/PP/epoxy under transverse shear: a the S-glass fibre in S-glass/epoxy, b S-glass fibre in 
S-glass/PP/epoxy, and c S-glass fibre in S-glass/PP/epoxy
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Fig. 12  The normalised interfacial shear stresses for different eccentricity angles and distances for S-glass/
epoxy and S-glass/PP/epoxy under transverse shear: a S-glass fibre in S-glass/epoxy, b S-glass fibre in 
S-glass/PP/epoxy, and (c) S-glass fibre in S-glass/PP/epoxy
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that the fibre eccentricity considerably affects the normalised shear stress distribution at 
S-glass fibre in S-glass/epoxy lamina. For fibre-hybrid S-glass/PP/epoxy lamina, no sig-
nificant variation is observed for �n∕�̂23 and �nt∕�̂23 , where the eccentric middle fibre is the 
PP (low-stiffness) fibre (see Fig. 12b, c).

4  Conclusions

This study is focused on the effect of intra-laminar fibre hybridisation, i.e., primary and 
secondary fibres within a matrix, on the homogenised properties and micro-stress fields in 
uni-directional polymer composite laminae. A 2D RUC model with periodic microstructure 
is employed to conduct the micro-mechanical analyses under transverse tensile and shear 
loading–with an emphasis on the matrix-dominant responses. Uni-directional fibre-hybrid 
S-glass/epoxy laminae with different secondary fibres are investigated to understand the 
effect of fibre hybridisation and fibre eccentricity (inter-fibre distance) on the intra-lamina 
micro-stress fields (i.e., matrix and fibre-matrix interface stress distribution). As expected, 
it is observed that the homogenised elastic lamina properties can be significantly altered 
via intra-lamina fibre hybridisation. The effective density and thus specific elastic moduli 
of unidirectional lamina can be tailored by introducing secondary fibres with varying 
stiffness and density. However, the matrix-dominant response of fibre-hybrid lamina under 
transverse tension and transverse shear conditions show that the micro-stress fields (within 
the matrix and at the primary and secondary fibre-matrix interfaces) can significantly be 
altered depending on the stiffness of the secondary fibre, especially when the stiffness of the 
secondary fibre is close to or less than that of the matrix. Moreover, the micro-stress fields 
are observed to be sensitive to fibre eccentricities (inter-fibre distance) when the stiffness of 
the secondary fibre is close to or higher than that of the primary fibre. In contrast, the effect 
of fibre eccentricities is found to be insignificant when the stiffness of the secondary fibre 
is considerably less than that of the primary fibre. In the case of S-glass/PP/epoxy lamina, 
the presence of the secondary PP fibre with a significantly lower stiffness ( EfS = 1.74 GPa), 
compared to the primary (S-glass) fibre ( EfG = 87 GPa) and the matrix ( Em = 2.55 GPa), is 
seen to induce a large increase in the normalised matrix stress under transverse tension as 
well as transverse shear conditions, when compared to that of the baseline (S-glass/epoxy 
lamina). When the secondary fibre stiffness is higher than that of the matrix ( EfS = 8.7 GPa), 
but lower than that of the primary (S-glass) fibre, it is seen to redistribute the matrix stresses 
and consequently reduce the normalised peak matrix stress. In general, the observations 
made emphasize the importance of the secondary fibre stiffness in tailoring the macroscopic 
elastic lamina properties and the microscopic behaviour of fibre-hybrid lamina–and thus  
on the mechanical behaviour of such intra-laminar fibre-hybrid laminates. As the micro-
stress fields within the matrix and at primary and secondary fibre-matrix interfaces are seen 
to be sensitive to fibre hybridisation, composite laminates with intra-laminar hybridisation 
could alter damage initiation and propagation mechanisms and could provide opportunities 
for tailoring damage tolerance and energy dissipation.
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