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Abstract We formulate and analyze the dynamics of an influenza pandemic

model with vaccination and treatment using two preventive scenarios: increase and

decrease in vaccine uptake. Due to the seasonality of the influenza pandemic, the

dynamics is studied in a finite time interval. We focus primarily on controlling the

disease with a possible minimal cost and side effects using control theory which is

therefore applied via the Pontryagin’s maximum principle, and it is observed that

full treatment effort should be given while increasing vaccination at the onset of the

outbreak. Next, sensitivity analysis and simulations (using the fourth order Runge-

Kutta scheme) are carried out in order to determine the relative importance of

different factors responsible for disease transmission and prevalence. The most

sensitive parameter of the various reproductive numbers apart from the death rate is

the inflow rate, while the proportion of new recruits and the vaccine efficacy are the

most sensitive parameters for the endemic equilibrium point.
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1 Introduction

Influenza pandemic spreads rapidly and it costs society a considerable amount in

terms of health care expenses, reduction in productivity as well as loss of life. It is a

yearly concern mostly during the winter season. In the history of human influenza,

Spanish flu (1918–1920), caused by influenza A virus (H1N1), has resulted in the

biggest influenza disaster to date. It is believed to have killed 20–100 million

individuals worldwide, having a considerable impact on public health not only in

the past but also in the present, as the threat of recent avian influenza epidemics is

also causing widespread public concern (Murray et al. 2006). Estimates of deaths

worldwide if a similar pandemic were to occur have ranged between 30 million and

384 million people. An increasing number of avian flu cases in humans, arising

primarily from direct contact with poultry, in several regions of the world have

prompted the urgency to develop pandemic preparedness plans worldwide.

Individual countries and international organizations have developed and began to

implement a strategy for forestalling (that is, containing, delaying, or minimizing

the impact of) the onset of a pandemic (USGAO 2007). Influenza viruses have

coexisted with humans for centuries and have historically been a cause of excessive

morbidity and mortality (Cox and Subbarao 1999). WHO estimates that seasonal

influenza affects about 5 to 15% of the world’s population each year, causing 3–5

million cases of severe illness worldwide including 250,000 to 500,000 deaths

(Regan and Fowler 2002; USGAO 2007; World Health Organization: Influnza

2004). Because of the illness, emphasis should also be placed on treatment. Much

attention has been focused on preventive strategies such as vaccination due to the

high number of deaths associated with influenza, particularly among the elderly

(Cox and Subbarao 1999).

Pandemic influenza poses a threat to public health at a time when the World

Health Organization (WHO) has said that infectious diseases are spreading faster

than at any time in history (USGAO 2007). Leading recommendations in these plans

include basic public health control measures for minimizing transmission in

hospitals and communities, the use of antiviral drugs and vaccination (Nunõ et al.

2006a). Vaccines are considered the first line of defense against influenza to prevent

infection and control the spread of the disease (USGAO 2007). Despite the

availability of preventive vaccines and public health vaccination programs,

influenza inflicts substantial morbidity, mortality, and socioeconomic costs and

remains a major public health problem (Alexander et al. 2004). This is largely

because the protection conferred by current vaccines is dependent on the immune

status of the individual, ranging between 70–90% in healthy young adults and 30–

40% among the elderly and others with weakened immune systems (Alexander

et al. 2004). A strategic use of such partially effective vaccines to control the spread

of influenza within a certain population is of great public health interest. While

annual vaccination against the influenza virus strains anticipated to be in circulation

during the upcoming season is necessary to prevent new infections and subsequent

epidemic outbreaks, treatment is necessary to curtail such disease outbreaks. In the

event of pandemic influenza, only limited supplies of vaccine may be available

(Patel et al. 2005). Effective treatment therefore will be an adequate measure in the
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even of an outbreak. A brief comment on previous works provides the context of

this paper.

Alexander et al. (2004) explore the transmission dynamics of influenza via a

mathematical model, as well as the impact of immunization with a partially

effective vaccine. Their model incorporates the recruitment of infected individuals,

which proves to be a crucial factor in determining the transmission dynamics of

influenza. Herein, it is also shown to be the most sensitive parameter in relation to

disease prevalence. Their analysis therein is based on two parts, namely; the case in

which the population does not admit new infected individual, and the second does

admit inflow of infective individuals. The model accounts for vaccination, with a

vaccine of known efficacy, necessary to control the spread of influenza in a

population. The vaccine rate is determined based on the duration of infectiousness

and the rate of contact between infected and susceptible individuals leading to the

infection. This information is crucial for public health implementation of influenza

control measures with the aid of a partially effective vaccine. The proposed model is

different from theirs as they did not consider treatment. Consequently, if the latter is

ignored in the present study, we recover a simple version of their model. Of recent,

Arino et al. (2008) analyze a model for influenza with vaccination and antiviral

treatment. They considered treated -susceptible, -latent infective and -asymptomatic

classes, derived analytic expression for the final size of the epidemic and compared

their numerical computations with those of recent stochastic simulation influenza

models, which have great potential for predictions of outcomes and design of

control strategies. However, some of the stochastic model parameters have

considerable uncertainty and are not very amenable to sensitivity analysis. Also,

sensitivity and uncertainty analysis of the dependence of the control reproduction

number on the parameters of the model give a comparison of the various

intervention strategies. We do not carry out uncertainty analysis, but the sensitivity

analysis which focuses on disease transmission and prevalence. Rwezaura et al.

(2009) study a similar model to that of Arino et al. (2008) with some unique

features, such as the observation that the treatment only sub-model exhibits the

phenomenon of backward bifurcation which has important public health implica-

tions for disease control, since the classical requirement of having the basic

reproductive number less than unity, although necessary, is no longer sufficient for

disease control (Sharomi et al. 2007). There are significant differences in the

content and approach in these two studies, with more detail mathematical analysis

given in the latter, but, their common results agree on the point. Qiu and Feng

(2009) also study a transmission dynamics model of an influenza with vaccination

and antiviral treatment and noted that the benefit of antiviral use can be

compromised if drug-resistant strains arise. Their model includes both drug-

sensitive and resistant strains. One of the major findings is that higher levels of

treatment may lead to an increase of epidemic size, and the extent to which this

occurs depends on other factors such as the rates of vaccination and resistance

development, which suggests that antiviral treatment should be implemented

appropriately. The present study is more realistic as it includes natural recovery,

which has not been previously given prominence. An economic analysis of

influenza vaccination and anti-retroviral treatment for healthy working adults has
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been carried out by Lee et al. (2002), and it was found that vaccination in a variety

of settings is cost beneficial in most influenza seasons.

Shim (2006) study epidemic models with infective immigrants (also see Brauer

and van Den Driessche 2001) and vaccination, while Piccolo and Billings (2005)

analyze the effect of vaccination in an immigrant SIR model. Iwami et al. (2006)

propose and interpret a mathematical model of the spread of avian influenza from

the bird world to the human world, where two types of outbreaks of avian influenza

may occur if the humans do not prevent its spread. Their result suggests that in order

to prevent the spread of avian influenza in the human world, we must take the

measures not only for the birds infected with avian influenza to exterminate but also

for the humans infected with mutant avian influenza to quarantine when mutant

avian influenza has already occurred. Casagrandi et al. (2006) develop a simple

ordinary differential equation model to study the epidemiological consequences of

the drift mechanism for influenza A viruses. Improving over the classical SIR

approach, they introduce a fourth class for the cross-immune individuals in the

population, i.e., those that recovered after being infected by different strains of the

same viral subtype in the past years. Their SIRC model predicts that the prevalence

of a virus is maximum for an intermediate value of the basic reproduction number.

Nishiura (2007) examine the time variations in transmission potential with regard to

pandemic influenza and suggests methods to be explored to construct effective non-

pharmaceutical interventions such as household quarantine and mask-wearing.

Nunõ et al. (2006a) analyze a more complex mathematical model for the

evaluation of the pandemic flu preparedness plans of the United States, the United

Kingdom and the Netherlands. Their results show that while the use of antiviral

alone could lead to very significant reductions in the burden of a pandemic, the

combination of transmission control measures, antiviral and vaccine gives the most

optimal result (also see Rwezaura et al. 2009), but developing countries with limited

antiviral stockpiles should emphasize their use therapeutically (due to the extra cost

involved in the prophylactic measures). Motivated by this last argument, we

introduce treatment in a simplified model, which captures the disease dynamics in

poor settings such as rural communities in developing countries. Various studies of

the flu pandemic have been carried out in recent years (Alexander et al. 2007;

Casagrandi et al. 2006; Chowell et al. 2006a, b, c; Chowell et al. 2007; Nunõ et al.

2006b). Vaccination and treatment are two elements of the international strategy to

forestall a pandemic, applying them concurrently have been shown to be most

effective as public health measures in curtailing disease outbreak (Rwezaura et al.

2009). Such a model is more suitable for developing countries where access to

medical care is difficult, only a few may get vaccinated, some may have access to

treatment depending on the proximity of the health services. The combination of

these strategies with non-pharmaceutical individual countermeasures which are

crucial for poor resource settings, especially in developing countries (World Health

Organization Writing Group 2006), provides a better way to curtail the epidemic in

rural communities, where household quarantine and mask wearing could offer hope

for development of these effective non-pharmaceutical interventions. Even though

standard incidence may be more realistic in terms of the qualitative behavior for

modeling human diseases, without loss of generality, we use the mass action
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incidence herein since the focus is on the numerics. Analysis (such as investigating

the stability and whether the model exhibits backward bifurcation (Alexander et al.

2004; Rwezaura et al. 2009) using standard incidence has been done elsewhere

(Arino et al. 2008).

The rest of this work is organized as follows: Sect. 2 is the model framework

while in Sect. 3, we derive the optimality system and use the Runge-Kutta fourth

order scheme to numerically simulate the treatment and vaccination efforts. Section

4 deals with the sensitivity analysis with some numerical simulations, predictive

plots and plots of density distribution for some parameters. For illustrative purpose

and due to the paucity of reliable data, we use two sets of parameter values, one for

the optimal control (Sect. 3) and the second in Sect. 4 (for the sensitivity analysis).

We note that the result would not differ if a single set of parameter values is used

because these two set of values fall in the realistic ranges.

2 The Model

The model flow diagram of the transmission dynamics of the proposed vaccination

and treatment model is depicted in Fig. 1. From the flowchart, we derive the

following system of equations which captures the dynamics of influenza in a

homogeneously mixing population (Table 1):

S0 ¼ pKþ xV þ cR� bSI � ð/þ lÞS;
V 0 ¼ /S� xV � ð1� rÞbVI � lV ;

I0 ¼ ð1� pÞKþ bSI þ ð1� rÞbVI � ðlþ jþ mþ nÞI;
T 0 ¼ jI � ½aþ lþ mð1� hÞ�T;
R0 ¼ aT þ nI � ðcþ lÞR:

ð1Þ

with initial conditions S(0) = S0, V(0) = V0, I(0) = I0, T(0) = T0, R(0) = R0

and N(t) = S(t) ? V(t) ? I(t) ? T(t) ? R(t), where N(t) is the total population at

time t. The feasible set of system (1) is given by

X ¼ ðS;V; I; T ;RÞ 2 R
5
þ : Sþ V þ I þ T þ R� K

l

� �
: ð2Þ

The cyclic nature of the flue pandemic requires analysis of it asymptotic dynamics,

which has already been addressed using an autonomous model for which analytical

and numerical methods were implemented in Rwezaura et al. (2009). Since the

result of the mathematical analysis such as positivity, positively invariant feasible

set (region), boundedness of solutions and stability have bee addressed in Alexander

et al. (2004), Arino et al. (2008), Rwezaura et al. (2009), we avoid repetition here

and only compute the reproduction numbers (when the inflow of infective immi-

grants p = 0) in this section, using the matrix operator method in van den Driessche

and Watmough (2002). Thus, the vaccination and treatment-induced reproduction

number RVT is given by (see details in the ‘‘Appendix’’).
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Fig. 1 Model flow diagram

Table 1 Variables and

parameters
Variable/

parameter

Explanation

S Susceptible individuals

V Vaccinated individuals

I Infected and infectious individuals

T Treated individuals

R Recovered individuals

N Total population (N = S ? V ? I ? T ? R)

K Rate at which new recruits enter the population

p Proportion of new recruits into the population that

are susceptible and the complementary proportion

are infectives

/ Rate at which susceptible individuals are vaccinated

c Rate of immunity loss

b Effective contact rate

r Vaccine efficacy. r [ [0, 1], if r = 0, then, the

vaccine is useless and for r = 1, the vaccine is

100% effective, and if 0 \r\ 1, then, the

vaccine is imperfect or leaky (Moghadas 2004)

x Rate at which the vaccine based immunity wanes

j Treatment rate

h Effectiveness of the drug as a reduction factor in

disease-induced death of infectious individuals

(0 \ h B 1)

a Recovery rate due to treatment

l Natural death rate from each class

m Disease induced death rate

n Natural recovery rate
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RVT ¼
bKðxþ lþ ð1� rÞ/Þ

lð/þ xþ lÞðlþ jþ mþ nÞ : ð3Þ

The threshold quantity RVT above represents the average number of infected people

produced by one infected individual introduced into a naive population in the

presence of vaccination and treatment. In the absence of treatment j = 0, we have

the vaccination-induced reproduction number given by

RV ¼
bKðxþ lþ ð1� rÞ/Þ

lð/þ xþ lÞðlþ mþ nÞ : ð4Þ

In absence of vaccination / = 0 = x = r, we have the treatment-induced repro-

duction number given by

RT ¼
bK

lðlþ jþ mþ nÞ : ð5Þ

In the absence of any intervention strategy (i.e., without vaccination and treatment)

/ = 0 = x = r = j, we have the basic reproduction number given by

R0 ¼
bpK

lðlþ mþ nÞ : ð6Þ

3 Optimal Control Analysis

Controlling the serious threat of the influenza virus requires early preparation before

the outbreak becomes overwhelming to the public sector. This virus lasts for a short

period of time, mainly, during the winter season and this support the motivation to

carry out the analysis on a finite time scale, which is reasonable, even though the

reproduction numbers (and the asymptotic analysis, see Rwezaura et al. (2009) for

details) are still important for public health purposes, since it gives an indication

about the potential severity (and impact of interventions). A number of epidemi-

ological problems have been studied using control theory (see Blayneh et al. 2009;

Culshaw 2004; Fister et al. 1998; Kern et al. 2007; Lenhart and Workman 2007) to

name a few, and the references therein). However, although the disease is seasonal,

its cycle continues yearly; this observation calls for the importance of its asymptotic

dynamics, which has been addressed in Rwezaura et al. (2009). In this section, we

formulate an optimal control problem of the above influenza model in order to study

the best strategies to curtail the epidemic.

For the optimal control problem, we consider the following equations

S0 ¼ pKþ ð1� u1ÞxV þ cR� bSI � ðð1þ u2IÞ þ lÞS; ð7Þ
V 0 ¼ ð1þ u2IÞS� ð1� u1ÞxV � ð1� rÞbVI � lV; ð8Þ

I0 ¼ ð1� pÞKþ bSI þ ð1� rÞbVI � ðlþ u3 þ mþ nÞI; ð9Þ
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T 0 ¼ u3I � aT � ðlþ mð1� hÞÞT ; ð10Þ
R0 ¼ aT þ nI � ðcþ lÞR: ð11Þ

Equations (7)–(11) represent the dynamics for increasing vaccination, waning of

vaccine and treatment rates. A analogous situation involving decreasing vaccination

strategy will also be considered by using (1 - u2D) in the Eqs. (7) and (8).

We use the following control variables: u1(t) to account for controlling the rate at

which vaccine wanes, u2(t) which measures the effectiveness of vaccination (given

limited supply and a fixed (imperfect) efficacy, by the timing at which vaccine is

administered, i.e., as soon and as much as possible until all supply is exhausted), and

u3(t) to measure the effectiveness of treatment. Due do vaccine scare, we should

split u2(t) into tow parts: u2I for increase in vaccine uptake and u2D for a decrease.

The effectiveness of vaccination could be linked to the way it is administered, for

instance, how early or late relative to the favorable season for epidemic outbreak is

the vaccine given. Also, the choice of a focused (risk) group could help save the

cost; there could be more to this (Bowman and Gumel 2006). The onset of therapy,

that is, how early the therapy started, after a positive diagnosis, could be crucial to

the effectiveness of the treatment strategy and hence to the effectiveness of drug

(Ferguson et al. 2006; Linde 2001; Murray et al. 2006), and this is measured in u2(t)
on a finite time interval [0, T] of the flu season. One question to be answered is: will

there be optimal values for u1, u2(t) and u3(t) that improves (maximizes) the efficacy

of vaccine and minimizes the cost, the side effects of the drug usage and the total

number of infected population within a given community subject to emigration?

The control problem involves a model in which the number of individuals with

flu and the cost of applying controls on waning, vaccination, and treatment rates

u1(t), u2(t) (u2(t) = u2I or u2D) and u3(t), respectively, are minimized subject to the

differential Eqs. (7)–(11). u2(t) = u2I or u2D denote respectively the increase and

decrease in vaccination rate. Generally, due to the perceived gain in vaccination, the

coverage might increase while in some instances, when the payoff to vaccinate is

not high, then, individuals may refrain from taking the shot and thus a decrease in

vaccine uptake is observed. Consequently, it is therefore important to consider these

two scenarios. Our objective functional is defined as

J ¼ min
u1;u2;u3

Ztf

0

A1I þ C1u2
1 þ C2u2

2 þ C3u3
3

� �
dt þ A2Sðtf Þ � A3Vðtf Þ; ð12Þ

where tf is the final time and the coefficients, A1, C1, C2, C3 are balancing cost

factors. This performance specification involves minimizing the number of indi-

viduals with flu, as well as the costs for applying controls on vaccine waning rate

(u1(t)), vaccination (u2(t)) and treatment (u3(t)), in individuals with flu. The costs

can include funds needed for control implementation, hospitalization and lost of

many hours of work due to illness. More often the cost of implementing a control

would be nonlinear. In this paper, a quadratic function is implemented for mea-

suring the control cost (Blayneh et al. 2009; Caetano and Yoneyama 2001; Felippe

De Souza et al. 2000; Joshi 2002; Karrakchou et al. 2006; Kirschner et al. 1997;
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Lenhart and Bhat 1992; Lenhart and Yong 1997; Yan et al. 2007; Yan and Zou

2008). Furthermore, A2S(tf), A3V(tf) are respectively the fitness of the susceptible

and the vaccinated group at the end of the process as a result of a reduction in the

rate at which vaccine wanes, vaccinated and treatment efforts are implemented.

Hence, using the result of Lukes (1982) an optimal control, u�1ðtÞ; u�2ðtÞ and u�3ðtÞ;
exists such that

Jðu�1ðtÞ; u�2ðtÞ; u�3ðtÞÞ ¼ minfJðu1ðtÞ; u2ðtÞ; u3ðtÞÞju1ðtÞ; u2ðtÞ; u3ðtÞ 2 Ug; ð13Þ

where U ¼ fðu1ðtÞ; u2ðtÞ; u3ðtÞÞjðu1ðtÞ; u2ðtÞ; u3ðtÞÞ measurable, ai �ðu1ðtÞ; u2ðtÞ;
u3ðtÞÞ� bi; i ¼ 1; 2; 3; ai ¼ 0; bi ¼ 1 t 2 ½0; tf �g is the control set.

The necessary conditions that an optimal control must satisfy come from the

Pontryagin’s Maximum Principle (Pontryagin et al. 1986). This principle converts

(7)–(11) and (12) into a problem of minimizing pointwise a Hamiltonian H, with

respect to (u1(t), u2I(t), u3(t)). First we formulate the Hamiltonian from the cost

functional (12) and the governing dynamics (7)–(11) to obtain the optimality

conditions.

H ¼A1I þ C1u2
1 þ C2u2

2I þ C3u2
3 þ kS pKþ ð1� u1ÞxV þ cR� bSIð

�ðð1þ u2IÞ þ lÞSÞ þ kV ð1þ u2IÞS� ð1� u1ÞxV � ð1� rÞbVI � lVð Þ
þ kI ð1� pÞKþ bSI þ ð1� rÞbVI � ðlþ u3 þ mþ nÞIð Þ
þ kT u3I � aT � ðlþ mð1� hÞÞTð Þ þ kR aT þ nI � ðcþ lÞRð Þ ð14Þ

where the kS, kV, kI, kT, kR are the associated adjoints for the states S, V, I, T, R.

The system of equations is found by taking the appropriate partial derivatives of the

Hamiltonian (14) with respect to the associated state variable.

Theorem 1 Given optimal control u�1; u
�
2I ; u

�
3 and solutions S*, V*, I*, T*, R* of the

corresponding state system (7)–(11) that minimizes J(u1, u2I, u3) over U; there exist
adjoint variables kS, kV, kI, kT, kR satisfying

� dki

dt
¼ oH

oi
; ð15Þ

with transversality conditions

kSðtf Þ ¼ A2; kVðtf Þ ¼ �A3; kiðtf Þ ¼ 0; where i ¼ I; T ;R; ð16Þ

u�1 ¼ min b1;max a1;
xVðkS � kVÞ

2C1

� �� �
; u�2I ¼ min b2;max a2;

SðkS � kVÞ
2C2

� �� �

and,

u�3 ¼ min b3;max a3;
IðkI � kTÞ

2C3

� �� �
:

ð17Þ

Proof Corollary 4.1 of Flemin and Reshel (1975) gives the existence of an optimal

control pair due to the convexity of the integrand of J with respect to u1, u2I and u3,

a priori boundedness of the state solutions, and the Lipschitz property of the state

system with respect to the state variables. The differential equations governing the
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adjoint variables are obtained by differentiating the Hamiltonian function and

evaluating at the optimal control pair. Then, the adjoint system can be written as,

� dkS

dt
¼ oH

oS
; kSðtf Þ ¼ A2;

dkV

dt
¼ oH

oV
; kVðtf Þ ¼ �A3;

� � �

� dkR

dt
¼ oH

oR
; kRðtf Þ ¼ 0;

evaluated at the optimal control pair and corresponding states, which result in the

stated adjoint system (15) and (16). By considering the optimality conditions,

0 ¼ oH

ou1

; 0 ¼ oH

ou2I
and 0 ¼ oH

ou3

:

Solving for u�1; u
�
2I and u�3 subject to the constraints, the characterization (17) can be

derived and we have

0 ¼ oH

ou1

¼ 2C1u�1 � xVðkS � kVÞ;

0 ¼ oH

ou2I
¼ 2C2u�2I � SðkV � kSÞ;

0 ¼ oH

ou3

¼ 2C2u�3 � IðkI � kTÞ:

ð18Þ

Hence, we obtain (see Lenhart and Workman 2007)

u�1 ¼
xVðkS � kVÞ

2C1

; u�2I ¼
SðkV � kSÞ

2C2

; u�3 ¼
IðkI � kTÞ

2C3

: ð19Þ

Then, by standard control arguments involving the bounds on the controls, we

conclude for control u1:

u�1 ¼
a1

xVðkS�kV Þ
2C1

� a1;
xVðkS�kV Þ

2C1
a1\

xVðkS�kV Þ
2C1

\b1;

b1
xVðkS�kV Þ

2C1
� b1:

8><
>: ð20Þ

In compact form

u�1 ¼ min 1;
xVðkS � kVÞ

2C1

� �
; ð21Þ

Similarly, for u2I and u3 in compact form, we have

u�2I ¼ min 1;
SðkS � kVÞ

2C2

� �
; u�3 ¼ min 1;

IðkI � kTÞ
2C3

� �
:

h

For the case involving decreasing vaccination rate, we give the following

theorem

10 J. M. Tchuenche et al.
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Theorem 2 Given optimal control u�1; u
�
2D; u

�
3 and solutions S�;V�; I�; T�;R� of the

state system corresponding to decreasing vaccination rate that minimizes J(u1,

u2D, u3) over U; there exist adjoint variables kS, kV, kI, kT, kR satisfying

� dki

dt
¼ oH

oi
ð22Þ

together with the transversality conditions

kSðtf Þ ¼ A2; kVðtf Þ ¼ �A3; kiðtf Þ ¼ 0; where i ¼ I;T ;R ð23Þ

u�1 ¼ min b1;max a1;
xVðkS � kVÞ

2C1

� �� �
; u�2D ¼ min b2;max a2;

SðkV � kSÞ
2C2

� �� �
;

and

u�3 ¼ min b3;max a3;
IðkI � kTÞ

2C3

� �� �
: ð24Þ

Next, we discuss the numerical solutions of the optimality system and the

corresponding results of varying the optimal controls u1, u2I, u2D and u3, some

parameter choices, and the interpretations from various cases using the baseline

parameter values given in Table 2. Due to lack of data, most of the parameter values

are assumed within realistic ranges for a typical scenario in a rural community for

the purpose of illustration. The units where applicable are per days.

3.1 Numerical Illustrations

Numerical solutions to the optimality system comprising of the state Eqs. (7)–(11)

and adjoint Eq. (15) are carried out using MatLab and using parameters in Table 2

together with the following weight factors and initial conditions: A1 = 90,

A2 = 100, A3 = 6,000, C1 = 130, C2 = 110, C3 = 130, S(0) = 1, 000, V(0) = 500,

Table 2 Parameters values

used in the optimal control

simulation (7)–(11)

Parameter Baseline value Reference

K 0.6 Assumed

p 0.85 Assumed

c 1 year-1 Variable

b 0.01025, 0.04125/person Assumed

r 0.8 Assumed

n 0.6 Assumed

j 0.4 Rwezaura et al. (2009)

h 0.7 Assumed

a 0.7 Assumed

l 0.05 year-1 Alexander et al. (2004)

m 0.365 year-1 Assumed

/ 0.8 Variable
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I(0) = 0, T(0) = 0, R(0) = 0. The algorithm is the forward-backward scheme;

starting with an initial guess for the optimal controls u1, u2 and u3, the state variables

are then solved forward in time from the dynamics (7)–(11) using a Runge-Kutta

method of the fourth order. Then, those state variables and initial guess for u1, u2

and u3 are used to solve the adjoint Eq. (15) backward in time with given final

conditions (17), again employing a fourth order Runge-Kutta method. The controls

u1, u2 and u3 are updated and used to solve the state and then the adjoint system.

This iterative process terminates when current state, adjoint, and control values

converge sufficiently (Agusto 2009a, 2009b; Blayneh et al. 2009; Jung et al. 2002;

Kwon 2006; Lenhart and Workman 2007).

For the figures presented here, we assume that the weight factors C1 and C3

associated with controls u1 and u3 are greater than C2 which is associated with

control u2I and u2D. This assumption is based on the facts that the cost associated

with u1 and u3 will include the cost of treatment and hospitalization, and the cost

associated with u2I or u2D will include the cost of administration of vaccine.

The numerical results are obtained for different values of b, while keeping the

remaining parameters unchanged in each simulation. At first, the three optimal

control functions u1, u2I and u3 for controlling vaccine waning, increased

vaccination and treatment, are obtained respectively. These optimal control

functions are designed in such a way that they minimize the cost function given

by (12). An increased contact rate (b) is an indication that vaccine waning rate,

increased vaccination and treatment efforts have lower efficacy. Therefore, in this

case, to optimize (minimize) the number of infectious individuals, one has to give

treatment and vaccination at the onset of the out-break. We note that the shape of

the figures for u2I and u3 with u1 = 1 when b = 0.04215 and 0.01025, respectively

is the same as that in Fig. 2a. Also, when u3 = 0 the shape of u1 and u2I with

b = 0.0425 as well as that of u3, u2I when u1 = 1 but b = 0.04215 and 0.01025,

respectively, does not differ much from that from Fig. 2b (since it will take a while

before an active control program can be implemented, we conclude that Fig. 2b

provides an acceptable estimate of the control terms. Other figures are not shown to
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Fig. 2 Graphical representation of the control functions for increase in vaccine uptake using
b = 0.01025 and b = 0.04215

12 J. M. Tchuenche et al.

123



avoid repetition). Thus, after setting u3 = 0 (no treatment), we searched for optimal

control functions for the vaccine waning rate, u1, and increased vaccination, u2I: We

repeat this process to search for optimal treatment control function, u3, and optimal

increased vaccination control function, u2I, while setting u1 = 1 (no control on the

vaccine waning rate)

3.2 Discussion

Only the simulations for the vaccinated, infected and treated classes, except in

Fig. 3 are shown. From Fig. 3, if we have to use one control in addition to

increasing vaccination, then, treatment is more effective than the vaccine waning

rate in reducing the size of infectious individuals. This highlights the effectiveness

of treatment measures in controlling the diseases. In perspective, one could

conclude from the controls in Fig. 2 that full treatment should be given while

increasing vaccination at the onset of the disease, with vaccine waning rate kept

small in the middle of the time interval when control efforts are put in placed. This

means that treatment is more important in the beginning of disease outbreak. On the

other hand, prevention is more important while the disease prevails.

As it is depicted in Figs. 3 and 4, the infectious population levels obtained using

the three controls (vaccine waning rate, increased vaccination and treatment) with

increased vaccination are lower than their counter part which result from reducing

the vaccine waning rate with increased vaccination. We conclude from this that:

intervention practices which involve the vaccine waning rate, increased vaccination

and treatment controls yield a relatively better result. Another notable feature of

these figures is that when the average contact rate (b) is increased (preventive

control has poor efficacy), then a combined control effort yields a result that is not

remarkably different from those obtained using only one of the controls.

Using decreased vaccination control strategy, Fig. 5, shows that using the three

forms of control strategy at the beginning of the disease outbreak is effective in

minimizing the population of infectives. Thus, this control strategy with decreased

vaccination is not effective as the disease advances. Also, comparing the

effectiveness of the two vaccination strategies (not shown here) reveals that

increasing vaccination efforts is more effective than decreasing vaccination at all

stages of the disease. Although, a decreased vaccination strategy may be practiced

at the beginning of the disease, while a full increased vaccination strategy be

implemented as the disease advances. Nonetheless, treatment seems to do well in

the presence of increased vaccination.

4 Sensitivity Analysis

Sensitivity analysis and simulations are important to determine how best we can

reduce the effect of influenza, by studying the relative importance of different

factors responsible for its transmission and prevalence. Generally speaking, initial

disease transmission is directly related to the basic reproduction number, and the
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disease prevalence is directly related to the endemic equilibrium point E* (Chitnis

et al. 2008), specifically to the magnitude of I*. We calculate the sensitivity indices

of the reproduction numbers RVT ;RV ;RT ;R0; and the endemic equilibrium point

E* to the parameters in the model. The sensitivity of E* was not considered in

Rwezaura et al. (2009). The parameter values used in this section are shown in

Table 3, chosen from the realistic ranges for illustrative purpose.
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Fig. 3 Simulations of the influenza model (7)–(11) for increasing vaccination using b = 0.01025
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4.1 Sensitivity Analysis of RVT ;RV ;RT ; and R0

Since we have the explicit expressions for RVT ;RV ;RT ; and R0; we can derive

an analytical expression for its sensitivity to each parameter using the normalized

forward sensitivity index as described by Chitnis et al. (2008). The sensitivity

indices of RVT ;RV ;RT ; and R0 with respect to the parameters K; and b equals

1.0, and does not depend on any parameter value. Table 4 shows the sensitivity

indices of RVT ;RV ;RT ; and R0 with respect to each of the thirteen parameters

used in the model. The most sensitive parameter to all the reproductive numbers is

the natural death rate l followed by K; b and r. The least sensitive parameter was

m for RVT ;RT and R0 while for RV the least sensitive parameter was x. The

negative sign of the sensitivity indices for RVT ;RV ;RT ; and R0 implies that

increase in the relevant parameter leads to the decrease in the corresponding

reproductive number. Figure 6a is the graphical representation of RVT against the

vaccine efficacy r = 0.00, 0, 25, 0.5, 0.75, 1. RVT increases with decreasing r.

Figure 6b shows the plot of the reproductive numbers against the effective contact

rate b for b [ [0 1]. It can be seen from the plots that as b increases R0 increases

faster than the others followed by RT ;RV ; and RVT : This reveals the importance
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Fig. 4 Simulations of the V, I, T-classes for increasing vaccination using b = 0.04215
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of vaccination and treatment, a result which agrees with that in Rwezaura et al.

(2009). Consequently, this scenario for rural and developing settings will imply

that they should focus more on prevention, as vaccination seems to do better than
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Fig. 5 Simulations of the V, I, T-classes for decreasing vaccination using b = 0.01025

Table 3 Parameter values used

in this section
Parameter Value Dimension Reference

K 1.0 – Assumed

p 1.0 – Assumed

/ 0.8 – Variable

c 0.8 Year-1 Variable

b 0.15 Year-1/person Assumed

r 0.8 – Alexander et al. (2004)

x 0.7 Year-1 Assumed

j 0.4 Year-1 Rwezaura et al. (2009)

h 0.5 – Assumed

a 0.7 1
a days�1 Assumed

l 0.05 Year-1 Alexander et al. (2004)

m 0.365 Year-1 Assumed

n 0.6 – Assumed
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treatment with the same set of parameter values. Vaccination may also mean

either an inoculation which reduces susceptibility to infection or an education

program (Brauer 2004) such as encouragement of better hygiene, social distancing

or mask-wearing, even though it reaches only a fraction of the susceptible

population (whence its imperfect nature). In resource rich countries, the use of

antiviral alone which is readily available could lead to very significant reductions

in the burden of an epidemic (Nunõ et al. 2006a), but developing countries in

general have limited antiviral stockpiles. Therefore, a massive educational

campaign should be put in place in the developing world as the first strategy in

their preparedness plan.
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Table 4 Sensitivity indices of RVT ;RV ;RT ; and R0

Parameter Sensitivity Indices

RVT RV RT R0

K 1.00000 1.00000 1.00000 1.00000

p – – – –

/ -0.34031 -0.34031 – –

c – – – –

b 1.00000 1.00000 1.00000 1.00000

r -0.70330 -0.70330 – –

x 0.31762 0.31762 – –

j -0.28269 – -0.28269 –

h – – – –

a – – – –

l -1.01265 -1.02657 -1.03534 -1.04926

m -0.25795 -0.35906 -0.25795 -0.35906

n -0.42403 -0.59113 -0.42403 -0.59113
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4.2 Sensitivity Analysis of the Endemic Equilibrium

Since we do not have explicit expression of E*, the endemic equilibrium point,

analytical derivation of sensitivity indices is a daunting task. We therefore compute

the sensitivity index numerically using the method described by Chitnis et al.

(2008). This method requires the endemic equilibrium point to be known. Using

numerical methods, the endemic equilibrium point for the model using parameter

values in Table 3 is

E� ¼ ð7:7938; 8:1976; 0:3534; 0:1514; 0:3739Þ:

Table 5 shows the sensitivity indices for the endemic equilibrium with respect to

each parameter. The most sensitive parameter for state variable I* is p followed r,

then K; l; and b. The intuitive explanations of the sensitivity indices of the endemic

equilibrium point is that, increase in disease prevalence will lead to decrease in the

equilibrium of human population because of the disease-induced death rate m, and

decrease in disease prevalence will lead to an increase in the equilibrium of humans

because the disease-induced death rate will be reduced. These intuitive explanations

agree with the signs of the sensitivity indices of the endemic equilibrium with

respect to most of the model parameters (Table 5).

4.3 Numerical Simulations

To explore the dynamical behavior of influenza and illustrate some analytical

results, numerous numerical simulations are carried out using the parameter values

in Table 3. These includes the time series plots for the model system, parameters

estimation and predictive plots using Markov Chain Monte Carlo methods.

Table 5 Sensitivity indices of the endemic equilibrium

Parameter S* V* I* T* R*

K 0.0049 -0.0232 2.0167 0.0471 0.1653

p 1.9936 2.0386 -3.2274 -0.0753 -0.2645

/ -0.1751 0.8325 -0.5464 -0.0128 -0.0448

c 0.0015 -0.0069 0.6032 0.0141 -0.0277

b -0.9937 -1.0302 1.6201 0.0378 0.1328

r -0.6989 -0.6779 2.4916 0.0582 0.2042

x 0.1612 -0.7662 0.5028 0.0117 0.0412

j 0.2809 0.2912 -0.7407 0.0061 -0.0334

h 0.0000 0.0000 0.0000 -0.0046 -0.0054

a 0.0000 0.0000 0.0000 -0.0178 0.0069

l 0.0427 0.0002 -1.6692 -0.0402 -0.1431

m 0.2563 0.2657 -0.6759 -0.0111 -0.0500

n 0.4213 0.4368 -1.1110 -0.0259 -0.0364
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4.3.1 Time Series Plots

The time series plots illustrates the variation of the number of individuals in each

compartment of the population with respect to time (in years). Figure 7 shows the

time series plot for the influenza model. The initial values used for the simulations are

S0 = 1,000; V0 = 500; I0 = 0; T0 = 0; R0 = 0. From the plot, we see that the disease

tends to die down as it approaches the disease-free equilibrium E0 = (9.6774,

10.3226, 0.0, 0.0, 0.0), due to the combined effects of treatment and vaccination.
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Fig. 7 Time series plot for the influenza model

Table 6 Fitted parameters from

least square estimate using

fminsearch

Parameter Original value Fitted value

K 1.0000 1.0060

p 1.0000 1.0060

/ 0.8000 0.8022

c 0.8000 0.8037

b 0.1500 0.1501

r 0.8000 0.8024

x 0.7000 0.7042

j 0.4000 0.3999

h 0.5000 0.5030

a 0.7000 0.7034

l 0.0500 0.0503

m 0.3650 0.3658

n 0.6000 0.5977
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4.3.2 Parameter Estimation and Predictive Plots

We first generate random samples using normal distribution and fit the data using

least squares estimate (see Table 6) for the model parameter values given in

Table 3. Figure 8 shows the plot of the generated samples and the fitted data against

time. Although the model fit the data well, we are yet uncertain to what extent these

parameters are correct. We therefore employ a parameter estimation process using

MCMC methods. For a better location of the posterior distribution, we perform

1,000 initial runs using the model parameter values and the results are used as prior

distribution to re-run the model with 10,000 simulations. The chain plots reveals the

convergence of the chain and we can use the results for estimation and predictive

inference. Table 7 shows the prior distribution (Prior), mean posterior distribution

(Post-mean), the posterior standard deviation (std), the Markov Chain error (MC-

err), and the convergence of each parameter after 10,000 simulations. Figure 9

shows the chain plot of each parameter and Fig. 10 shows the density distribution of

each parameter. From Figs. 9 and 10, it can be seen that the graphs of /, x, h and m
are not normally distributed. This is due to the presence of correlation between /
and x, and h and m. Figure 11 shows the correlation between pairs of parameters for

ten parameters excluding K; p; and l. It can be seen that there is a positive

correlation between / and x, and between h and m. Figure 12 depicts the predictive

envelope of the model fit with the squares corresponding to 90–99% posterior

region. The y[i]’s, for i = 1,…, 5 represent the S, V, I, T and R classes, respectively.
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Fig. 8 Time series plot for the fit using least squares estimates
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4.4 Discussion

Sensitivity analysis of the reproductive numbers and the endemic equilibrium (EE)

are carried out numerically to determine the relative importance of each parameter to

the disease transmission and prevalence. The sensitivity results of the reproductive

numbers shows that l is most sensitive parameter (followed by K; b; r in that order)
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Table 7 MCMC statistics for nsimu = 10,000

Parameter Prior Post-mean std MC-err Convergence

/ 0.802203 0.80802 0.083214 0.005455 0.93695

c 0.803743 0.79433 0.022788 0.001396 0.98121

b 0.150087 0.15122 0.001395 0.000069 0.99613

r 0.802406 0.80827 0.008747 0.000570 0.99347

x 0.704218 0.74155 0.115850 0.008624 0.89738

j 0.399878 0.41006 0.014160 0.000897 0.98676

h 0.503013 0.34350 0.153980 0.011977 0.58604

a 0.703376 0.69297 0.052842 0.002537 0.94774

m 0.365794 0.35130 0.015061 0.001143 0.95503

n 0.597684 0.59437 0.012654 0.000535 0.99350
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compared to other parameters, and the disease induced-death rate m was the least

sensitive parameter. The sensitivity results for the EE shows that p was the most

sensitive parameter for I* followed by r, then K; l; and b. Since the reproductive

numbers measure the initial disease transmission, and E* is a measure of disease

prevalence, it is necessary to think of strategies to reduce the various reproductive

numbers and E*. Since l is the most sensitive parameter for the initial transmission,

it is insensitive to reduce the disease transmission by allowing more individuals to

die, hence strategies to reduce the initial disease transmission while keeping the

natural death rate at a minimum should be employed. The analysis therefore suggests

some control measures such as vaccination and treatment strategies to reduce the

initial disease transmission and prevalence. We note here that the sensitivity analysis

is quite robust because it certainly agrees with results using latin hypercube sampling

(see Fig. 8). Numerical simulations of the model and MCMC runs are performed.

Using the original parameters and the posterior mean distribution parameters, the

value of the reproductive numbers were computed as shown in Table 8. Since they

are all greater than 1, this indicate that the disease is persistent in the community/

population. This calls for attention from health personnel and the society to work out

further necessary control procedures to curtail the disease. We also study the
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Fig. 11 Plot of chain parameters in pair for some parameters
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Fig. 12 Prediction plot for the model
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predictive posterior distribution of the model fit for a randomly selected subset of the

chain and calculate the predictive envelope of the model.

5 Conclusion

The construction of a mathematical model of a complex physical/biological

situation involves a certain amount of simplifications. This is because the purpose of

the model is the description and prediction of the essential patterns of the process

and not the achievement of its complete analysis. This paper presents a detailed

mathematical analysis of an ODE model representing influenza transmission

dynamics under various scenario’s of intervention measures. We use a variety of

mathematical techniques including Optimal control, Hamiltonian, numerical

simulations, sensitivity analysis and MCMC to analyze the model. Influenza virus

is seasonal with visible outbreak during the winter season, with children, elderly and

those with weakened immune system being the most susceptible (Cox and Subbarao

1999; World Health Organization Writing Group 2006). The study presented herein

is not exhaustive and can be extended in various ways to include:- time delay before

vaccine provides protective immunity—age-structure model to account for the most

vulnerable age groups—dynamics of co-infection with other diseases (accounting

for weakened immunity due to other infections). A more detail study of the effects

of seasonal variation (with the degree of seasonality) and climate change are also of

interest. We do not include seasonal forcing in the baseline model since there are

little data that can be used to estimate country-specific estimates of seasonal forcing

amplitudes (Bauch et al. 2009). However, it is observed that including seasonal

contact of the form bðtÞ ¼ bþ b sinð2pt=365Þ; damping oscillations occur in Fig. 7.

Thus, the short term impact of seasonal forcing on model outcomes is worth an

exploration. Nevertheless, the damping comes from the fact that seasonal forcing

has relatively little impact on total number of cases over a long time horizon,

regardless of the amplitude of forcing (the degree of seasonality may remove the

oscillations). This occurs because disease incidence over long periods of time is

controlled primarily by other factors such as birth rate and population density,

whereas seasonality functions primarily dictate the distribution and timing of

epidemic outbreaks on timescales of less than a decade (Bauch and Earn 2003). If

b = b(t), the system becomes non-autonomous and the analysis is more challeng-

ing. An important feature of influenza is that individuals in the exposed (or latent)

class can transmit infection, and this has not been accounted for in this study.

Table 8 Reproductive numbers

for original and posterior mean

distribution parameters

Reproductive numbers Original

parameters

Post-mean

parameters

RVT 1.2447 1.2730

RV 1.7353 1.7973

RT 2.1201 2.1515

R0 2.9557 3.0376
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Further, it is crucially important that antivirals are administered within a 48-h

window; otherwise, the treatment will be ineffective. Thus a model which accounts

for the time at which treatment is administered could be worthwhile.

Also, those vaccinated might have less severe symptoms (due to effectiveness of

the vaccine, as opposed to the efficacy of vaccine r which prevents infection) and

hence result in less chance of disease-induced death. This can be included into the

model by addition of one more class of infected vaccinated IV, say. Herein, the

effectiveness of vaccine was neglected by assuming that small a proportion of

vaccination means minor effect on mortality.

Finally, our analysis assumes that control can be implemented very fast, which

may somehow be unrealistic because in most situations, it will take a while before

an active control program can be implemented, even on a small population like a

school or a hospital, and even when preparations were made before introduction of

the infection. However, this may be an interesting point to investigate in a future

study.
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Appendix

Computation of the Reproduction Numbers RVT

These are the epidemic threshold numbers necessary for community-wide control of

the disease. From system 1 we have,

d

dt

I
T
R

2
4

3
5 ¼ FiðxÞ � ViðxÞ

¼
bSI þ ð1� rÞbVI

0

0

2
4

3
5�

�ð1� pÞKþ ðlþ jþ mþ nÞI
�jI þ ½aþ lþ mð1� hÞ�T
�aT � nI þ ðcþ lÞR

2
4

3
5 ðA-1Þ

The corresponding Jacobian matrices are given by

F ¼ oFiðxÞ
oxj

� �
¼

bSþ ð1� rÞbV 0 0

0 0 0

0 0 0

2
4

3
5 ðA-2Þ

and

V ¼ oViðxÞ
oxj

� �
¼

lþ jþ mþ n 0 0

�j aþ lþ mð1� hÞ 0

�n �a cþ l

2
4

3
5 ðA-3Þ
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with

V�1 ¼

1
lþjþmþn 0 0

j
ðlþjþmþnÞðaþlþmð1�hÞÞ

1
aþlþmð1�hÞ 0

jaþnðaþlþmð1�hÞÞ
ðlþjþmþnÞðaþlþmð1�hÞÞðcþlÞ

a
ðaþlþmð1�hÞÞðcþlÞ

1
cþl

2
64

3
75 ðA-4Þ

FV�1 ¼
bSþð1�rÞbV
lþjþmþn 0 0

0 0 0

0 0 0

2
4

3
5 ðA-5Þ

qðFV�1Þ ¼ bSþ ð1� rÞbV

lþ jþ mþ n
ðA-6Þ

Since qðFV�1Þ ¼ RVT and that at disease-free equilibrium,

S0 ¼
Kðxþ lÞ

lð/þ xþ lÞ

and

V0 ¼
/K

lð/þ xþ lÞ

Thus, the vaccination and treatment-induced reproduction number RVT is given by:

RVT ¼
bKðxþ lþ ð1� rÞ/Þ

lð/þ xþ lÞðlþ jþ mþ nÞ : ðA-7Þ
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Alexander ME, Moghadas SM, Röst G, Jianhong W (2007) A delay differential model for pandemic

influenza with antiviral treatment. Bull Math Biol 70(2):382–397

Arino J, Brauer F, Van Den Driessche P, Watmough J, Wu J (2008) A model for influenza with

vaccination and antiviral treatment. J Theor Biol 253:118–130

Bauch CT, Earn D (2003) Transients and attractors in epidemics. Proc Royal Soc Lond A 270:1573–1578

Bauch CT, Szusz E, Garrison LP (2009) Scheduling of measles vaccination in low-income countries:

projections of a dynamic model. Vaccine 27(31):4090–4098

Blayneh K, Cao Y, Kwon H-D (2009) Optimal control of vector-borne diseases: treatment and

prevention. Discret Continuous Dyn Syst Series B 11(3):587–611

Bowman C, Gumel AB (2006) Optimal vaccination strategies for an influenza-like illness in a

heterogeneous population. In: Gumel AB, Castillo-Chavez C, Mickens RE, Clemence DP (eds)

Mathematical studies on human disease dynamics, emerging paradigms and challenges. AMS

Contemporary Mathematics Book Series 410, pp 31–50

Brauer F (2004) Backward bifurcations in simple vaccination models. J Math Anal Appl 298:418–431

26 J. M. Tchuenche et al.

123



Brauer F, Van Den Driessche P (2001) Model for transmission of disease with immigration of infectives.

Math Biosci 171:143–154

Caetano MAL, Yoneyama T (2001) Optimal and sub-optimal control in Dengue epidemics. Opt Contr

Appl Meth 22:63–73

Casagrandi R, Bolzoni L, Levin SA, Andreasen V (2006) The SIRC model and influenza A. Math Biosci

200:152–169

Chitnis N, Hyman JM, Cushing JM (2008) Determining important parameters in the spread of malaria

through the sensitivity analysis of a mathematical model. Bull Math Biol 70:1272–1296

Chowell G, Ammon CE, Hengartner N, Mac Hyman JM (2006a) Estimation of the reproductive number

of the Spanish flu epidemic in Geneva, Switzerland. Vaccine 24:6747–6750

Chowell G, Ammon CE, Hengartner N, Mac Hyman JM (2006b) Transmission dynamics of the great

influenza pandemic of 1918 in Geneva, Switzerland: assessing the effects of hypothetical

interventions. J Theor Biol 241:193–204

Chowell G, Nishiura H, Bettencourt LMA (2006c) Comparative estimation of the reproduction number

for pandemic influenza from daily case notification data. J R Soc Interface 4(12):155–166

Chowell G, Ammon CE, Hengartner N, Mac Hyman JM (2007) The transmissibility of the Spanish flu

pandemic in Geneva, Switzerland, T-7, MS B284, http://math.lanl.gov/

Cox NJ, Subbarao K (1999) Influenza. Lancet 354:1277–1282

Culshaw RV (2004) Optimal HIV treatment by maximising immune response. J Math Biol 48:545–562

Felippe De Souza JAM, Caetano MAL, Yoneyama T (2000) Optimal control theory applied to the anti-

viral treatment of AIDS

Ferguson NM, Cummings DAT, Fraser C, Cajika JC, Cooley PC, Burke DS (2006) Strategies for

mitigating an influenza pandemic. Nature 442:448–452

Fister KR, Lenhart S, Mcnally JS (1998) Optimization chemotherapy in an HIV model. Elect J Diff Eqs

32:1–12

Flemin, Reshel (1975) Deterministic and stochastic optimal controol. Springer-Verlag, New York

Iwami S, Takeuchi Y, Liu X (2006) Avian-human influenza epidemic model. Math Biosci 207:1–25

Joshi HR (2002) Optimal control of an HIV immunology model. Optim Control Appl Math 23:199–213

Jung E, Lenhart S, Feng Z (2002) Optimal control of treatments in a two-strain tuberculosis model. Discr

Cont Dyn Syst B 2(4):473–482

Karrakchou J, Rachik M, Gourari S (2006) Optimal control and infectiology: application to an HIV/AIDS

model. Appl Math Comput 177:807–818

Kern D, Lenhart S, Miller R, Yong J (2007) Optimal control applied to native-invasive population

dynamics. J Biol Dyn 1(4):413–426

Kirschner D, Lenhart S, Serbin S (1997) Optimal control of the chemotherapy of HIV. J Math Biol

35:775–792

Kwon H-D (2006) Optimal treatment strategies derived from a HIV model with drug-resistant mutants.

Appl Math Comput 188(2):1193–1204

Lee PY, Matchar DB, Clements DA, Huber J, Hamilton JD, Peterson ED (2002) Economic analysis of

influenza vaccination and antiviral treatment for healthy working adults. Ann Intern Med 137:225–

231

Lenhart S, Bhat MG (1992) Application of distributed parameter control model in wildlife damage

management. Math Models Methods Appl Sci 2(4):423–439

Lenhart S, Workman JT (2007) Optimal control applied to biological models. Chapman & Hall/CRC,

Boca Raton

Lenhart S, Yong J (1997) Optimal control for degenerate parabolic equations with logistic growth

preprint institute for mathematics and application

Linde A (2001) The impact of specific virus diagnosis and monitoring for antiviral treatment. Antiviral

Res 51:81–94

Lukes DL (1982) Differential equations: classical to controlled, mathematics in science and engineering.

Academic Press, New York

Moghadas SM (2004) Modelling the effect of imperfect vaccines on disease epidemiology. Discrete Cont

Dyn Syst B 4(4):999–1012

Murray CJ, Lopez AD, Chin B, Feehan D, Hill KH (2006) Estimation of potential global pandemic

influenza mortality on the basis of vital registry data from the 1918–20 pandemic: a quantitative

analysis. Lancet 368:2211–2218

Nishiura H (2007) Time variations in the transmissibility of pandemic influenza in Prussia, Germany,

from 1918–19. Theor Biol Med Modell (Open Access) 1–9

Optimal Control and Sensitivity Analysis 27

123

http://math.lanl.gov/
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