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Abstract

General evolution equations in Banach spaces are investigated. Based on an operator-valued
version of de Leeuw’s transference principle, time-periodic L,, estimates of maximal regu-
larity type are carried over from %-bounds of the family of solution operators (#-solvers)
to the corresponding resolvent problems. With this method, existence of time-periodic solu-
tions to the Navier-Stokes equations is shown for two configurations: in a periodically mov-
ing bounded domain and in an exterior domain, subject to prescribed time-periodic forcing
and boundary data.
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1 Introduction

The study of time-periodic solutions to evolution equations is the study of oscillations. In
this article we investigate time-periodic solutions corresponding to time-periodic data, that
is, systems of forced oscillation. A number of different methods, further described below, are
traditionally used to carry out a mathematical investigation of such solutions. In the follow-
ing we introduce a new technique to establish a priori estimates of maximal L, regularity
type for linearized equations. Such estimates are essential in the study of nonlinear prob-
lems, which we will demonstrate by some examples. For notational simplicity, we consider
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only 2m-periodic problems. By a simple scaling argument, however, all our results extend
to T -periodic problems for any 7 > 0.

The study of 2w -time-periodic solutions to evolution equations can be carried out in a
framework where the time axis is replaced with a torus T := R /27 Z. Consider for example
an abstract evolution equation

ou+Au=f inT (1.1)

in a Banach space X, where A is a linear operator on X. Since the time domain is a torus,
a solution to (1.1) is intrinsically time-periodic. We refer to estimates of the solution in
L, (T; X) norms as periodic L, estimates. Estimates that include all highest-order norms of
the solution are said to be of maximal regularity, which in the case (1.1) above means an
estimate of type

10:ullL, r.x) + 1 AullL,r.x) + el a.x < CllfllL,@.x)- (1.2)

Such estimates lead to a characterization of 9; + A as a homeomorphism in an L, (T, X) set-
ting, which is critical to the analysis of non-linear problems. In the following, we study the
case when X is a UMD space and p € (1, 00), and we show how to establish periodic L,, es-
timates of maximal regularity type for a large class of abstract evolution equations based on
their Z-solvers, that is, solution operators of the associated resolvent problems that satisfy
specific Z-bounds. For the notion of UMD spaces and %-boundedness, we refer to Sect. 2.3.
In particular, we include cases where O lies in the spectrum of A, which constitutes a par-
ticular challenge and where traditional methods have shortcomings. As we explain below in
more detail, in this case the classical maximal regularity estimate (1.2) is not available and
d; + A can only be a realized as a homeomorphism in an adapted framework of function
spaces.

Typically, L, estimates are established via Fourier multipliers, often via the multiplier
theorem of Mikhlin, which was extended to operator-valued multipliers by WEIS [77]. He
showed that Mikhlin’s theorem remains valid in the operator-valued case if boundedness is
replaced with Z-boundedness in the assumptions. On the strength of this result, it is possible
to establish maximal regularity in L,((0, T'), X) norms for initial-value problems such as

ou+Au=f in(0,T), u(0)=uo (1.3)
by establishing #-boundedness on the resolvent family
{AR(A, A) [ X € X3}, 1.4

where R(A, A) = (Al — A)~! denotes the resolvent operator of A for a resolvent parameter
A and

Sosei={heClagl) <7 —0, M=%} (<6< %)

is a sector, which excludes a ball around the origin if Ay > 0. Note that for many problems,
in particular in unbounded domains, the inclusion of the origin is not possible since 0 does
not belong to the resolvent set. However, for the derivation of L, estimates for the initial-
value problem (1.3), the origin can be excluded from the sector unless T = oo is required.
Since the appearance of [77], %-bounds for resolvent families of the form (1.4) have been
established for a substantial number of boundary-value problems, which lead to L, maximal
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regularity estimates in UMD spaces X for the associated initial-value problem, see [15, 68]
for example, and the references therein.

In this article, we develop a technique to obtain periodic L, estimates of maximal reg-
ularity type from these Z-bounds. In particular, we focus on problems where the origin
belongs to the spectrum o (A) of A, so that Z-bounds can at best be established in Xy ;,, for
some Ao > 0. In the case that 0 is included in the resolvent set as well as in the Z-bounds,
that is, the operator family (1.4) is Z-bounded for Ay = 0, classical maximal L, regularity
can be established, which was shown by ARENDT and BU [2]. If this is not the case, clas-
sical periodic L, estimates of maximal regularity type such as (1.2) cannot be established
because invertibility of the linear time-periodic problem would require invertibility of the
associated steady-state problem, that is, that O belongs to the resolvent set p(A). Therefore,
we introduce an alternative functional setting in order to characterize the parabolic operator
0; + A as a homeomorphism with respect to data in L, spaces.

The technique developed in the following is based on the transference principle intro-
duced by DE LEEUW in [14] for scalar-valued multipliers and generalized to the operator-
valued case by HYTONEN, VAN NEERVEN, VERAAR, and WEIS [33]. It states that L,
boundedness of a continuous Fourier multiplier on L, (R) is retained when the multiplier
is restricted to Z and thus becomes a multiplier in the torus T = R/27Z setting. Despite the
transference principle seeing little usage outside the field of harmonic analysis, we believe
it to be an effective tool in the analysis of periodic solutions to partial differential equations.
The promotion of this viewpoint is one of the main purposes of this article since it provides
us with an extremely useful tool to derive periodic L, estimates from known Z-bounds on
resolvent families. If for example the resolvent family (1.4) is #-bounded in a sector con-
taining the full imaginary axis iR, that is, for Ao = 0, then the operator-valued version of the
transference principle combined with the operator-valued version of Mikhlin’s multiplier
theorem by WEIS [77] immediately yields the periodic L, estimates (1.2). If, however, %-
bounds are only available in a sector excluding the origin, that is, Ao > 0, a decomposition
technique has to be introduced. Expanding (1.1) into a Fourier series, we introduce the pro-
jection of u into a lower frequency partu, =), - o ure’® corresponding to the finite num-
ber of modes k € Z with |k| < A, and a complementary higher frequency part u, = u — u,.
Based on the Z-bounds of (1.4), we can combine the transference principle with Mikhlin’s
multiplier theorem to establish periodic L, estimates for the higher frequency part. Provided
that a (possibly different) framework of Banach spaces can be identified that ensures peri-
odic maximal L, regularity for the lower frequency part, we can combine the two parts to
establish periodic maximal L, regularity for the full problem within the resulting function
spaces, where the different Fourier coefficients of the solution and the data might belong to
different function spaces. Due to the bespoke framework introduced for the lower frequency
part, the resulting type of L, estimates may not be classical in the sense of (1.2). They are,
however, effective in the investigation of time-periodic solutions to corresponding nonlin-
ear problems, which we demonstrate by specific examples. This decomposition technique
was successfully applied before, for example, to treat the time-periodic Oseen problem [29].
While for this exterior-domain problem, the non-zero Fourier modes of a solution can be
shown to belong to classical Sobolev spaces, the zero-order mode, which corresponds to a
time-independent solution, requires a treatment in a framework of homogeneous Sobolev
spaces.

Whereas the study of time-periodic solutions to ordinary differential equations goes back
to the nineteenth century, one of the first investigations of time-periodic partial differential
equations is due to PRODI [55], who examined the (parabolic) 1D heat equation. Although
the work of PRODI is predated by a few other articles [3, 36, 69, 79], it seems that [55] is the
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first rigorous, by contemporary standards, investigation into the matter. Around the same
time, articles also appeared on time-periodic solutions to the (hyperbolic) wave equation
[25, 56]. In the following years, the foundation was laid for the methods that have nowadays
become standard in the study of time-periodic partial differential equations. We shall give a
brief overview of the main ideas. Consider for this purpose a time-periodic abstract evolution
equation

du+Au=F(t,u) inR, ult+27)=u() (1.5)

in the classical setting with the whole of R as time axis, but still considered as equation in a
Banach space X for some operator A and for 27 -time-periodic (nonlinear) data F.

By far the most popular method that emerged is based on the identification of solutions
to (1.5) as fixed points of the so-called Poincaré operator.! The basic idea goes back to
the pioneering work of Poincaré [53, 54] on dynamical systems. The Poincaré operator,
sometimes also referred to as translation operator along trajectories, is the mapping @ :
X — X that maps an initial value u, to the value u(27) of the solution u to the associated
initial-value problem

ou+ Au=F(t,u) in (0,00), u(0) =uy. (1.6)

In other words, if ¢ — S(¢, ug) is the solution operator to (1.6) for the initial value uy,
then the Poincaré operator is given by ® (1) := S(2m, up). It is obvious that a fixed point
wo = ®(wyp) of @ is the initial value of a 27 -periodic solution. In this sense a fixed point
of the Poincaré operator induces a solution to (1.5). The main challenge in the application
of this method is to construct a setting of Banach spaces such that the Poincaré operator
is well defined and admits a fixed point. In some cases, this can be carried out directly for
the nonlinear problem, but often the method is first employed to obtain suitable a priori
estimates of maximal regularity type for the linearization of (1.5), which are subsequently
used to investigate the nonlinear problem by classical nonlinear functional analysis. In the
context of time-periodic partial differential equations, BROWDER introduced the Poincaré
operator approach in [10], and around the same time KRASNOSEL’SKIT [43] and his student
KOLESOV [39-41] advanced the method. The investigation of time-periodic solutions as
fixed points of the Poincaré operator depends heavily on the framework in which a solution
operator to the initial-value problem (1.6) can be realized. To illustrate this issue, assume that
A generates a sufficiently regular semi-group and consider the linear case F(t,u) = F(t).
The solution operator S then takes the form

t
S(t,up) :=e ug + / e VAR (1) dx,
0

and a fixed point wy of the Poincar€ operator is therefore given by

2
wo=SQ2m, wy) <= wo= (I — 6727”‘)_1 / e IAR(7)dr
0

provided 0 € p(A), so that 1 € p(e™2"*) and I — e~2"* is thereby invertible. In this case,
a priori estimates for the time-periodic solution u(¢) := S(¢, wy) can be established in the

INot to be confused with the Poincaré mapping, which is a related but different notion from the theory of
dynamical systems.
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setting of Banach spaces in which S is realized. If, on the other hand, 0 € o (A), the repre-
sentation formula for wg above is not valid and it becomes much more difficult to establish
a priori estimates for the corresponding time-periodic solution. For this reason, the Poincaré
operator approach is seemingly always carried out in a setting where 0 € p(A). General ap-
plications of the method can be found in articles going back to [1, 59, 71, 76] for example,
but also in more recent work such as [4, 13, 38, 47, 52]. More examples can be found in
articles devoted to specific equations; so many that an exhaustive list is beyond the scope of
our exposition here. We shall mention only the work of GEISSERT, HIEBER and NGUYEN
[31] in which the restriction O € p(A) is circumvented by introducing interpolation spaces.

Provided one is able to establish suitable energy estimates for the problem under consid-
eration, time-periodic solutions can also be obtained via a Galerkin approximation scheme.
The existence of a time-periodic solution then has to be accomplished in a finite-dimensional
setting and is thus reduced to finding periodic solutions to an ordinary differential equation.
In the finite-dimensional setting, the Poincaré operator is compact, and it is therefore much
less critical to establish existence of a fixed point. The time-periodic incompressible Navier-
Stokes problem is a good example of a system that can be treated with energy methods;
see for example [30, 57]. Also the time-periodic wave equation with suitable damping can
be solved in this way [58]. Moreover, time-periodic solutions to the compressible Navier-
Stokes equations can be established, as was first shown for the one-dimensional case by
MATSUMURA and NISHIDA [50] and then extended by several authors, cf. [35, 74] and
the references therein. Since energy estimates typically lead to a priori estimates in Hilbert
space settings, this method is not always suited to establish optimal a priori estimates for lin-
ear parabolic problems though. Nevertheless, it gives a strong tool in the case of hyperbolic
or mixed hyperbolic-parabolic systems.

We also want to mention a very different method, which is due to SEIDMAN [62], who
intentionally avoids using the Poincaré operator and shows existence of weak time-periodic
solutions in L,(T x £2) spaces to a nonlinear evolution equation based on the theory of
monotone operators.

A different approach is based on a representation formula that arises from the principle
that a solution to the initial-value problem (1.6) (at least in the linear case F(t,u) = F(t))
tends to a periodic orbit as t — oo regardless of the initial value. Equivalently formulated, a
solution to the initial-value problem with time-periodic right-hand side

ou+ Au= F(t) in (R,00), u(R)=uy,

tends to a periodic orbit as R — —oo. Assuming again that A generates a sufficiently regular
semi-group, this principle leads to the formula

u(r) :/ e VAR (r)dr (1.7

oo

for the time-periodic solution. Observe that (1.7) constitutes a solution formula for the time-
dependent problem 0, + Au = F on the whole real line R. It is easy to verify that this
integral expression indeed leads to a periodic solution of the same period as F. As with the
Poincaré operator approach, the challenge with the method based on (1.7) is to construct
a framework of Banach spaces such that the integral expression is well defined. Since F
is time-periodic and therefore non-decaying, this clearly requires suitable decay properties
of the semi-group, which again leads to 0 ¢ o (A) as a sufficient assumption. Under this
assumption, however, the representation (1.7) can be very useful, which was demonstrated
already in the paper [55] by PRODI. A similar idea was used by FIFE [26] and in subsequent
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papers [5, 27, 51, 72] as well as a number of articles on specific equations such as the
Navier-Stokes equations [42, 78].

The principle described above gives rise to yet another approach. If namely the solution
u(t) to the initial-value problem (1.6) tends to a periodic orbit as t — 00, then the sequence
u,(t) :=u(t +n2mr), n € N, will tend to a periodic solution to (1.5) as n — oo. This idea
was employed in the context of partial differential equations by FICKEN and FLEISHMAN
[25] as early as 1957, and it was later used to investigate time-periodic solutions to the
Navier-Stokes equations in the incompressible case [49, 63] and the compressible case [75].

Finally, we mention the perhaps most natural approach to time-periodic partial differ-
ential equations, namely the decomposition of data and solution into a Fourier series with
respect to time. In the linear case, the investigation then reduces to an analysis of the in-
dividual Fourier coefficients, each of which satisfying a resolvent problem in the Banach
space X, that is, a time-independent problem; see for example [9, 12, 32, 56, 60, 61]. This
technique, however, has some limitations since it is difficult to obtain satisfactory estimates
of the Fourier series based only on estimates of the individual coefficients. Typically, this
method only leads to suitable a priori estimates when working in a framework of absolutely
convergent Fourier series, see the recent articles [16, 17, 20] for examples from fluid dy-
namics, or when Parseval’s identity can be invoked, which requires a Hilbert space setting,
that is, an investigation in L, ((0, 2r), H) for some Hilbert space H. Our following analysis
based on Fourier multipliers on the torus T offers one way to overcome these limitations
and to establish a priori estimates in a general L, ((0, 27), X) Banach space setting. While
there are well-established sufficient conditions for L, multipliers on the torus, that is, in
the context of Fourier series (see [33, Sect. 5.7.c] for example), in our approach we use a
Fourier multiplier theorem in the continuous setting and combine it with a transference prin-
ciple to obtain results for the time-periodic setting. This allows us to directly make use of
the Z-solvers established in the context of initial-value problems as shown in our examples
in Sect. 4 and Sect. 5.

In order to illustrate another significant novelty of our approach, we return to the require-
ment 0 ¢ o (A) that is needed in both the Poincaré operator approach and in the method
based on the representation formula (1.7). The root cause of this restriction is the necessity
in both techniques that the investigation of (1.5) is carried out in the framework of function
spaces of the corresponding initial-value problem (1.6). Specifically, in both methods the
time-periodic solution is characterized as a special solution to the initial-value problem, and
can therefore only be estimated in the framework in which the initial-value problem is ren-
dered well posed. However, this framework is not suitable for a priori estimates of solutions
to the corresponding stationary problem Au = F when 0 € o (A). Since a stationary solu-
tion is trivially also time periodic, it is clear why the restriction O ¢ o (A) is imposed. In our
approach, based solely on Fourier multipliers, both the Poincaré operator and the represen-
tation formula (1.7) are avoided, and we are able to construct a bespoke setting of Banach
spaces that enables us to also treat cases where 0 € o (A).

As an application of the method, we shall consider the time-periodic incompressible
viscous fluid flow inside a bounded container with oscillating boundary. The correspond-
ing Navier-Stokes equations were recently investigated by FARWIG, KOZONO, TSUDA and
WEGMANN [24], who established existence of mild solutions by using an adaption of the so-
Iution formula (1.7) to non-autonomous systems. These solutions were later shown to have
more regularity, in particular, to be strong solutions [23]. Their approach was based on a
reformulation of the problem into a time-independent reference domain and on the analysis
of the resulting non-autonomous linearized system. In the present paper, we begin similarly
by reformulating the problem on a time-independent reference frame, but we then focus on
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the autonomous linearized problem, that is, the time-periodic Stokes problem in a bounded
domain. To establish suitable maximal regularity estimates for this problem, we employ the
abstract method developed before and use Z#-bounds for the associated resolvent problem,
which were derived in [65, 66]. This allows us to treat the non-autonomous linear prob-
lem by perturbation arguments. Using the contraction mapping principle, we can further
establish the existence of strong solutions to the original nonlinear problem under suitable
smallness assumptions on the data, in particular, on the body motion. Note that time-periodic
maximal regularity for the Stokes problem in a bounded domain was established before by
MAEKAWA and SAUER [48] in the case of homogeneous boundary data. However, for the
problem with a moving boundary, homogeneous boundary data mean that fluid particles at
the moving boundary would have zero velocity, which would be rather unphysical. There-
fore, we establish maximal regularity for the case of inhomogeneous Dirichlet boundary
condition.

As another example, we study the time-periodic flow around a (non-moving) rigid body,
for which we establish maximal L, regularity of the associated linearization, which is the
Stokes problem in an exterior domain. Although we derive the linear theory in the same
way as for the bounded domain, the existence result is different: Existence of time-periodic
solutions in a bounded domain can be shown in a framework of classical Sobolev spaces,
and in the final results the decomposition technique described above is not visible. This is
possible since 0 is not in the spectrum of the underlying linear operator. However, for the
exterior-domain problem the situation is different, and the zero-order mode, which is the
time mean of the periodic function, has to be treated in a separate functional framework of
homogeneous Sobolev spaces. Moreover, in order to treat the full nonlinear problem by a
fixed-point argument, we have to consider solutions with additional pointwise spatial decay,
and a large part of Sect. 5 is concerned with the asymptotic properties of the time-periodic
solutions. Since this analysis of the exterior-domain problem is already quite extensive, the
even more involved case of the Navier-Stokes flow inside a periodically moving exterior
domain is treated in the separate article [21], which is based on the results and methods
presented here.

In previous works, see [18, 29, 44—46] for example, the derivation of a priori estimates
for strong solutions to time-periodic problems in a domain  C RY was based on the avail-
ability of a suitable theory on the whole space R". There, estimates were established by a
combination of classical (scalar-valued) Fourier multiplier theorems in the Euclidean space
with a subsequent transference to the locally compact Abelian group T x RY. The a pri-
ori estimates on the domain were then recovered by localization arguments. In contrast, the
approach presented here uses the theory of operator-valued Fourier multipliers to derive a
priori estimates for the time-periodic problem from Z-bounds for the associated resolvent
families. The method can be used even if such %Z-bounds are not available on the whole
imaginary axis, and besides the specific examples presented here, it was recently applied in
the study of other problems from fluid mechanics, see [21, 22].

The article is divided into a more theoretical first part (Sect. 3), where abstract linear and
nonlinear time-periodic problems are investigated, and a second part devoted to applications
(Sects. 4 and 5). The theoretical part focuses on an abstract time-periodic boundary-value
problem, and we show statements in general terms of the periodic maximal L, regularity.
It is based on a combination of the decomposition technique described above with the ex-
istence of suitable Z-solvers; see Theorems 3.1 and 3.2. As examples of the effectiveness
of this approach, we subsequently investigate time-periodic solutions to the N-dimensional
Navier-Stokes equations in a periodically moving bounded domain in Sect. 4, and to the
three-dimensional Navier-Stokes equations in an exterior domain (at rest) in Sect. 5.
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2 Notation and Preliminaries
2.1 General Notation

Let N, Z, R and C denote the set of all natural numbers, integers, and real and complex
numbers, respectively, and set Ny = NU {0}. To denote generic constants, we use the symbol
C, and C, ;.. indicates the dependency of the constant on the quantities a, b, .. .. Here, the
constants C and C, , . may change from line to line.

For any domain D C RY, N € N, we denote Lebesgue spaces, Sobolev spaces, and Besov
spaces on D by L, (D), H}'(D) and B}, (D), respectively, while || - [l ), || - luz (p)» and
Il ”B;’p(D) denote their norms. For partial derivatives, we write 3, = d/0¢ and d; = 9/0x; for
j=1,...,N.Let Vf=(0,f,...,0nf) and sz:(a,»ajf i, ] = 1,...,N).LetI:I‘1](D)
be the homogeneous space defined by

H)(D) = {p € Ly1oe(D) | Vo € L, (D)"}.

For a topological vector space V, we let V' denote its dual space. In the following, X
and Y will always denote Banach spaces, and .Z (X, Y) denotes the space of bounded linear
operators from X to Y, and we simply write .Z(X) = .2 (X, X). Sometimes, we do not
distinguish between a space X and its N-fold Cartesian product X", and we simply write
Il Il x for the norm of XV . If X is a Banach space over C, the set of all X-valued holomorphic
functions defined on U C C is denoted by Hol (U, X). For ¢ € (0, 7) and Ay > 0 we define
the sectors

Y, ={AecC\ {0} ||argr| <7 —¢}, Xy, ={reX;||A] = Ao}
2.2 Time-Periodic Framework

The study of partial differential equations in a setting where both the data and the corre-
sponding solutions are time periodic can conveniently be carried out in a framework where
the time axis is replaced with a torus group. In the following, we consider only the torus

T:=R/2nZ,

which provides us with a framework to study 27 -periodic solutions. We endow T with the
quotient topology inherited from R via the quotient mapping

1o R—=>T, mo@):=[t]={t+2nn|neZ}.

Additionally, the quotient mapping induces a differentiable structure on the torus, and we
can therefore investigate equations such as (1.1) as a differential equation on the smooth
manifold T. A solution u in this setting corresponds to a classical time-periodic solution
u o g in the Euclidean setting and vice versa. Usually, we tacitly identify functions u on T
with their time-periodic analogue u o 7y on R.

The topology on T turns it into a compact group with a (normalized) Haar measure dt
such that

1 2
YueC(T): /u(r)dr:—/ uomp(t)dt,
T 27 Jo
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where C(T) is the class of all continuous functions on T. Bochner-Lebesgue spaces
L,(T, X) for p € [1, oo] are then defined in the usual manner.
The differentiable structure gives rise to the space

C¥(T. X):={u:T— X |uomg e C*R, X)}

of vector-valued smooth functions on T for any Banach space X. The simple structure of T
implies that the set of Schwartz-Bruhat functions . (T, X) (see [11, 18]) coincides with the
set of smooth functions, that is,

(T, X)=C>(T, X),

which is endowed with the semi-norm topology induced by the family p,(u) :=
sup, 7 [10fu(7) || x, £ € No. We refer to the space

S'(T, X) = L (F(T), X)

as the space of X-valued tempered distributions on T. One may observe that the notion of
classical distributions on T (also known as periodic distributions) coincides with the notion
of tempered distributions on T. Derivatives of distributions u € .%’(T, X) are defined as
distributions 8‘u € .#/(T, X) by duality in the usual way.

As a (locally) compact Abelian group, the torus T has a Fourier transform .#t associated
to it, see [18] for example. Obviously, this Fourier transform corresponds to the classic
expansion of a function on T into a Fourier series. In this paper, however, it is essential to
treat it as Fourier transform in the same framework as the Fourier transform .%y on the real
line, which is defined by

Ir: SR, X) > SR, X), Frlul(€) = %/ u(x)e ¥ dx,
R

Ty S RX) > SR, Ty 0 r=f v(§) e d
R

and extended to mappings Z, Z5 ' 7' (R, X') — .#'(R, X') by duality. To this end, we
recall that Z, endowed with discrete topology and counting measure, can be viewed as the
dual group of T. The X-valued Schwartz-Bruhat space on Z is given by
S(L,X)={: Z— X | Ve eNy:sup [kl (k)| x < oo}
keZ

and is equipped with the locally convex topology induced by the family of semi-norms g,

€ € No, where p¢ () := supycz, [k|llv (%)l x.
In the setting of vector-valued Schwartz-Bruhat spaces, the Fourier transform %7 is the
homeomorphism given by

Fr: S (T, X) = L (L, X), Frlulk) ;:/u(;)eﬂ'kt dr,
T

with inverse mapping

Fp' (LX)~ (T X), Fp'wle) =) wlk)e.
keZ
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As above, by a duality argument, %1 extends to a homeomorphism on the space of tempered
distributions %t : (T, X) — ’'(Z, X) in the usual way.

A standard verification shows that Lebesgue spaces L,(T, X) are embedded into
(T, X), which enables us to define vector-valued Sobolev spaces as

H”(T, X) :={u € L,(T, X) | 8/u € L,(T, X) for £ =0, ..., m},
m 1

g v = (D 18/l )
=0

for m € N and p € [1,00). A standard mollification argument shows that .#(T, X) =
C°(T, X) lies dense in L,(T, X) and H} (T, X). For 6 € (0, 1) we further define the frac-
tional Sobolev space Hf, (T, X) via Fourier transform by

HO(T, X) := {u € L, (T, X) | Z7 '[Ik|’ Zrul (k)] € L, (T, X)},

el x) = | Z5 ' [+ kD" Frlul®] [ -

This is an adaption of the vector-valued Bessel potential spaces to the torus; see [33,
Sect. 5.6] for the definition in the Euclidean setting. If X is a UMD space and p € (1, 00),
then they have the same properties as in the scalar-valued case, see also [73, Chap. 9].

2.3 Z%-Boundedness and Operator-Valued Fourier Multipliers

A family of operators 7 C .Z(X, Y) is called Z-bounded in .Z (X, Y) if there exists some
C >0 suchthatforalln € N, {Tj}’;.:1 e T", and {fj}’]":1 € X", we have

| Zrkafk ”L,((o,l),y) = C“Z”kfk ||L1((0,1),X)’ 2.
k=1

k=1

where r;, k € N, denote the Rademacher functions given by r; : [0, 1] — {—1,1},  —
sign (sin 2f7r¢). The smallest constant C such that (2.1) holds is called the %-bound of 7 and
is denoted by Zo(x.v)T,If S C Z(X,Y) and U C £ (Y, Z) are further operator families,
we have

RBoxy\S+T|SeS, TeT} < Zerix S +Z2x,v)T,

ng(X’Z){UT | Uel, Te T} §<@$(y,z)u '<%$(X,Y)T;

2.2)

see [33, Remark 5.3.14] for example. Due to Kahane’s inequality, one may further replace
the spaces L ((0, 1), X) and L, ((0, 1), Y) in (2.1) with L,,((0, 1), X) and L, ((0, 1), Y), re-
spectively, for any p € [1, o). In what follows, this choice of p makes no difference.
We introduce the notion of operator-valued Fourier multipliers on R and T. For M €
Lo (R, Z(X,Y)) we define the operator
ope[M]: R, X) — S (R,Y), opp[MIf:=F'[M Frlf]l.
Form € Lo (Z, Z (X, Y)) we define the operator

opglm]: (T, X) > (T, Y), opglmlf i=F; m Frl 1.
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If there exists a continuous extension of opy[m] to a bounded operator
opplm]:L,(T, X) — L,(T,Y),

we call m an L,(T)-multiplier. To identify such L,(T)-multipliers, we shall make use
of an operator-valued transference principle, which relates L, (T)-multipliers to L,(R)-
multipliers, and combine it with an operator-valued multiplier theorem due to WEIS [77].
For its formulation, we need the notion of %-boundedness of operator families introduced
above as well as the notion of UMD spaces. Recall that a Banach space X is called a UMD
space (or a space of class H7) if the Hilbert transform H defined by

f(t—S)dS

lx|>e s

1
0= 2l

; feZ R, X),

extends to a bounded linear operator .2’ (L, (R, X)) for p € (1, 00).
Now we can state the multiplier theorem due to WEIS [77, Theorem 3.4], which is an
operator-valued version of the classical Mikhlin theorem.

Theorem 2.1 (WEIS) Let X and Y be UMD-spaces and p € (1,00). Let M € Lo(R,
Z(X,Y)) be differentiable in R \ {0} and such that

Rrxr){M@) |1 € R\ {0}} < ro, R xn{tM' (1) | 1 € R\ {0}} < ro, (2.3)

for some ry > 0. Then opy[M] extends to a bounded operator opr[M] :L,(R, X) —
L,(R,Y), thatis, M is an L,(R)-multiplier, and

llopr M1l 2@, ®.x).L,® ) < Cpro (2.4)
for some constant Cj, > 0 depending only on p but independent of ry.

In order to investigate L,-boundedness of operators associated with Fourier multipliers
on T, we combine this theorem with the following result that allows an investigation of L ,-
boundedness of a Fourier multiplier m € Lo, (Z, Z(X, Y)) in the torus setting by extending
it to a multiplier M € Lo (R; £ (X, Y)) in the Euclidean setting.

Proposition 2.2 (Operator-valued transference principle) Let X, Y be Banach spaces and
pe(l,00). If

MeL.,(R,Z2X,Y)NCR, Z(X,Y))

is an L,(R)-multiplier, that is, opp[M] € Z(L,(R, X),L,(R, Y)), then Mz is an L,(T)-
multiplier, that is, opp[Mz] € Z(L,(T, X),L,(T, Y)), and

lopr[Mzlll 2w, cr.x).L,r. vy < lopr[MIll 2w, ® x).L,T.r)- (2.5

Proof This is a special version of [33, Prop.5.7.1], which is a generalization of the scalar-
valued case originally due to DE LEEUW [14]. O

Combining the operator-valued transference principle with the Weis multiplier theorem,

we directly obtain the following result, which we employ when studying Fourier multipliers
on the torus T.
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Corollary 2.3 Let X and Y be UMD spaces, and let
MeLoR, Z(X,Y)NCR, L(X,Y)NC(R\{0}, Z(X.Y))
satisfy (2.3) for some ro > 0. Then Mz is an L, (T)-multiplier, and

lopr[Mizlll 2w, r.x).L,.v) < Cpro (2.6)

for some constant C,, > 0 only depending on p.

Proof By Theorem 2.1, M is an L, (R)-multiplier, and Proposition 2.2 implies that M,z is
an L, (T)-multiplier. Finally, estimate (2.6) follows from (2.5) and (2.4). O

3 Maximal L, Regularity for Periodic Evolution Equations

We next show how the operator-valued transference principle (Proposition 2.2) can be uti-
lized to establish periodic L, estimates of the maximal regularity type for a large class of
abstract linear evolution equations based on their #-solvers, that is, the %Z-bounded family
of solution operators to the associated resolvent problem. We consider the abstract time-
periodic boundary-value problem

ou+Au=F inT,
3.1

Bu=TG in T.

Here, A is an abstract (differential) operator, B is a boundary (differential) operator and T
plays the role of a trace operator. Using this notion, we avoid the introduction of suitable
trace spaces whose identification strongly relies on the underlying function spaces. We show
that the existence of a unique solution to (3.1) can be derived from suitable properties of the
associated generalized resolvent problem

3.2)
Bw=Tg,

:i ow+ Aw = f,
for o € R. More precisely, while for small k the existence of a priori bounds in a suitable
functional framework is sufficient, for large k we require the existence of %Z-solvers, that
is, a functional framework such that the solution operator satisfies suitable Z-bounds. As
we shall also see in the examples of the subsequent sections, this lack of %-bounds for
the whole line often appears in applications. Moreover, the presented approach allows one
to use different function spaces for different modes, which can be a useful and necessary
modification; see also Theorem 5.2 below, where the zero-order mode requires separate
treatment.

Theorem 3.1 Let X, Y, Z and W be UMD spaces such that X and W are continuously
embedded into Y. Assume that A € L (X,Y),Be L(X,Z)and T € L (W, Z). Let 1y € R,
B €10, 1], and let

AeCHR\ (=X, 1), LY x Y x W, X))
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be an operator-valued function such that for all 0 € R\ (—X o, Ao) and all (f,g) €Y x W,
the function w = A(c)(f,0"g, g) is the unique solution in X to the generalized resolvent
problem (3.2). Assume the validity of the %-bounds

d
Rz vxyxw,x) ({0 E)ZA(G) lo € R\ (=ko, 20)}) = ro, (3.3)

d
R yvxyxw,y){ (o d_o)[(ia A(0)) o € R\ (Ao, A0)}) < 1o 3.4

for £ =0, 1 and some constant ro > 0.

Moreover, for k € 7 with k| < ko := max{k € Z | k < Ao}, let Xy, Vi, Zr and W be
Banach spaces such that (ikl+ A) € Z (X, V), B € L(Xk, Z) and T € LWy, Z;), and
such that for all (f, g) € Vi X Wy there exists a unique solution w € X to (3.2) witho =k
such that

lwllxe < Celllfllye + g lhwe) (3.5)

for some constant Cy > 0.
Then for any p € (1, 00) and (F, G) defined by

ko ko

Fy= Y Fe“+F@). Go= ) G +Gy). (3.6)
k=—ko k=—ko

with (Fy, Gy) € Yy X Wy for k € Z, k| < ko, and (Fy,, Gp,) € L[,(T; Y) x (L[,(T, w)n
H’S(T, Y)) such that (Fr[Fl(k), Fr[Grl(k)) = 0 for all |k| < kg, there exists a unique
element

Wy - v Uiy, Up) € Xy X -+ X Ay X (Ly(T, X) ﬁH;)(']T, Y)) 3.7
with Frluy](k) =0 for |k| < ko, such that
ko
w(t):= Y we™ + () (3.8)
k=—kg

is the unique solution to the time-periodic problem (3.1), and

lurllz, < Celll Filly, + 1Gillwe) (3.9)

”uh”L,,(T,X)mH},(T,Y) = CrO(”Fh”L,,(T,Y) + ”Gh”Hf,('JI‘,Y)ﬁLp(’JI‘,W))’ (3.10)

for some constant C > 0. In particular,

ko

leells, == Noaalle + Nl e xome )
k=—kqo
ko (3.11)
< Cro(lFull,crn +1Ghllyg m e, rwy) + D Cell (Fieo Go)llysoms
k=—kg
=t||Fly, + I1Glw,.
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Proof Let ¢ = ¢(0) be a C*®(R) function which equals 1 for |o| > (Ao + ko + 1)/2, and
equals O for |o| < A9. We define u as in (3.8), where u; is the unique solution to (3.2) with
o =k and (f, g) = (Fx, Gy) for [k| < ko, and

up = Fy [p(k) Ak)(Fr [ F1(k), k¥ F1[G1(k), F1[G1(k))].

One readily verifies that u formally satisfies the time-periodic problem (3.1). Moreover, for
|k| < ko we directly conclude u; € X} and estimate (3.9) since (Fy, Gi) € Vi X Wr. To
show that u, also belongs to the claimed function space, first observe that ¢(0).A(c) =0
for |o| < Ao, so that p A € C'(R, Z(Y x ¥ x W, X)). In view of [15, Corollary 3.7], from
(3.3) and (3.4) it follows that

d
Rz vxyxwx) ({0 d—a)l(go(G)A(U)) lo € R} < ll@llut, @),

d
Ry xyxw,y){ (o E)[(iafﬂ(G)A(U)) lo € R} = ll@llut, w)ro-

We can thus apply Corollary 2.3 to conclude that k — @ (k)A(k) € Z(Y x Y x W, X)
and k — ikp(k)A(k) € Z(Y xY x W,Y) are L,(T)-multipliers. We thus deduce u; €
L,(T,X)N H}, (T, Y), and (3.10) follows from the above Z-bounds together with (2.6). In
total, we have shown existence of a solution in the asserted function class.

To prove the uniqueness statement, let u be of the form (3.8) and satisfy the homogeneous
equations, that is, (3.1) with (f, g) = 0. For k € Z with |k| > ko, we set u; = Frlu,](k).
Then an application of the Fourier transform to (3.1) gives

ikug + Au, =0,
Buk =0.

We have u; € X for |k| > ko and u; € X, for |k| < ko, so that u; = 0 follows from the
uniqueness assumption for the respective resolvent problem. We thus conclude u = 0, which
completes the proof. O

The important case of homogeneous boundary conditions can be incorporated in the
above setting in several different manners. Of course, the simplest way is to take boundary
data g = 0, but one may also consider 7 = 0 as an (abstract) trace operator. Another very
common way is to simply set B =0 and T = 0, that is, to drop the abstract boundary condi-
tion in (3.1), and to incorporate the boundary condition in the function space X. Then (3.1)
reduces to the time-periodic X -valued ordinary differential equation

u+Au=F inT, (3.12)
and (3.2) becomes a proper resolvent problem
icow+ Aw = f. (3.13)

In this case, the statement of Theorem 3.1 also simplifies significantly, and it can be formu-
lated using the notion of closed linear operators.
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Theorem 3.2 Let Y be a UMD space, and let A : D(A) — Y be a closed operator with
domain D(A) C Y and resolvent set p(A). Let Ay € R such that {io |0 € R\ (—Xo, 20)} C
p(A), and assume the validity of the Z-bounds

Zow)({AAI—A)" [A=io, 0 €R\ (=L, h0)}) <70 (3.14)

for some constant ry > 0.

Moreover, for k € 7, with |k| < ko := max{k € Z | k < Ao}, let Xy and Y, be Banach
spaces such that (ikl + A) € L (X, Vi) is a linear homeomorphism.

Then for any p € (1,00) and F defined as in (3.6), the function u defined in (3.8) is a
solution to the time-periodic problem (3.12), where u;, = (ikl + A)~'Fy, and

”uh ”Lp('ﬂ‘.x)mﬂ})('ﬁ‘j) < C r()” Fh ”LI,(’]T,Y) (315)

for some constant C > 0. The solution u is unique in the sense that the Fourier coefficients
uy = Frlul(k) are unique in Xy if |k| < ko, and in D(A) if |k| > ko.

Proof We set X = D(A) C Y, equipped with the usual graph norm, which is a UMD space
since (iAol — A): X — Y is a homeomorphism. We further set A(o) = (iocl 4+ A)~! for
|o| > Ag. Then A(0o) is a solution operator for the resolvent problem (3.13) for |o| > Ag,
and we have A € C*(R \ (—A¢, Ao), -Z(Y, X)) by analyticity of the resolvent mapping.
Moreover, due to the identities

icA(o) =io(icl+ A, adi(ioA(a)) =io(icl+ A +o%(ol+ A) 2,
o

and the formulas from (2.2), the assumed %-bound (3.14) directly implies (3.4). Since

)\0—0'

A(0) = Ap) A(ro) " A(0) = AMo)io(iol+A) ™" +1,

aiA(a) =io(icl+ A) 72,
do

and since A(Xg) is a homeomorphism in .Z (Y, X), we infer (3.3) from (3.14) in the same
way. Now the statement directly follows from Theorem 3.1 with W = Z =W, = Z;, = {0}
and B=T =0. O

Next we use the derived linear theory from Theorem 3.1 to obtain a solution to the non-
linear problem

u + Au = F(u) in T,
(3.16)
Bu=TGu) in T,
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where F and G are nonlinear functions. To formulate precise assumptions, we introduce the
spaces X, Y, and W, for p € (1, 00) via

ko
Xp = {M =ug+uy|u(t)= Z ukeik’, u; € X for |k| < ko,
k=—kq

up € L, (T, X) NH, (T, )},

ko
Y, ={F=F+F|F®)= )Y Fe" Feforlkl <k F,eL,(T,Y)},
k=—ko
ko
W, ={G=Gi+Gi|Gut)= Y Gie'™, Gy e W, for |k| < ko,
k=—ko

Gh € L])(T7 W) ﬂHﬁ(T, Y)}’

which are equipped with the norms introduced in (3.11). Note that for each (F,G) € Y, x
W, Theorem 3.1 provides existence of a unique solution u € X, to the linear problem (3.1).
To obtain an existence result for the nonlinear problem (3.16), we assume have to impose
suitable conditions on the nonlinear terms.

Theorem 3.3 In the situation of Theorem 3.1, let p € (1,00), @ > 0 and U C X, be such
that F: U — Y, and G: U — W, satisfy

3C>O0Vu,vel:  |F@) ~FW)ly, +1G@) ~GW)llw, < C(llulg, +lvli, )lu—vllx,-

(3.17)
Assume that 0 € U. Then there exists ¢ > 0 such that if
IFO)ly, + 1GO0)lw, < &', (3.18)
then problem (3.17) possesses a unique solution u € X, satisfying |ulx, <e.
Proof Due to Theorem 3.1, for any v € I{ there exists a unique solution u € X, to
ou+ Au= F(v) in T,
(3.19)
Bu=TG®) inT.

Let E: 4 — X, v > u, be the corresponding solution mapping. From estimates (3.11),
(3.17) and (3.18), we obtain

lullx, = IE®Ix, < CUF®Iv, + 1G@)lw,)
< C(IF®W) = FO)llv, + 1G®) — GO llw, + IFO) v, + 1GO) I, )

a+1 a+1
< Cllolgt! + e,
Therefore, if we choose € > 0 so small that (C + 1)&* < 1 and such that
I ={veX,|lvlx, <&l CU,
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then the restriction &: Z, — Z, is a self-mapping. Moreover, using (3.11) and (3.17) again,
we deduce

IE@) = Ew)llx, < C(IF @) = F)ly, + [1G®) = Gw)lw,)

< C(Ilvllg, + lwl, ) Ilv — wllx, <2Ce”[lv — wllx,

for v, w € Z,, so that E: 7, — Z, is a contraction if we choose ¢ > 0 so small that 2C¢&* <
1. By Banach’s fixed-point theorem, we thus obtain the existence of a unique fixed point
u = E(u) € Z, that is, a solution u to (3.16) with the asserted properties. O

4 On the Navier-Stokes Equations in a Bounded Periodically Moving
Domain

Let © be a bounded domain in R¥, N > 2, whose boundary, I, is a compact connected
C? hypersurface. We assume that for each ¢ € R there exists an injective map ¢ (-, 1) : Q —
RY such that ¢(y,0) =0 and ¢(y,t +27) = ¢(y,¢t) for t € R and y € Q; possessing the
regularity

¢ e COUT; C3(QM)ncl(T; cl()M). 4.1

Again, we identify 27 -periodic functions on R with functions on T. Let €2, be a domain in
RY given by setting

Q=x=y+o(,n|yeQ} (eR), “4.2)
that is, €2, is the image of the transformation
Qz:QﬁRN, S(y)=y+o(y. 1),

for t € R. Notice that €; is a given bounded periodically moving domain in R" such that
Qo = ;. Let T, be the boundary of 2,, whichis givenby I', = {x = y+¢(y,t) | y € T'}.
We consider the Navier-Stokes equations in €2;:

ou+u-Vu—Au+Vp=F, divu=0 inQ,, u|r, =h|, 4.3)

for t € (0,2m). Here, u = (uy, ...,uy)" is an unknown velocity field, M7 being the trans-
posed M, p an unknown pressure field, F = (Fy, ..., Fy)T a prescribed external force,
and h= (hy,...,hy)" a velocity field that prescribes the boundary velocity. Assume that
F(t +2m) =F(t) and h(r + 27) = h(¢) for any ¢ € R. Then system (4.3) describes the flow
of an incompressible viscous fluid around a periodically moving body, subject to a time-
periodic external force and with prescribed time-periodic boundary conditions. Note that a
natural choice for h would be the flow velocity associated with the transformation ®,, which
means that the fluid particles adhere to the boundary. This choice corresponds to a no-slip
condition, which we further discuss in Remark 4.6 below.

We transform (4.3) into a system in €2 by using the change of variables induced by ®,,
namely x =y + ¢ (y, t). For this purpose, we assume that

||¢||LOC(T,H~;(Q)) + ”af¢”Loc('Jl',ch(Q)) < &o 4.4
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with some small number gy > 0. By this smallness assumption, we assure the existence of
the inverse transformation: y = x + ¥ (x, t). The associated Jacobi matrix d(¢, y)/d(¢, x) is
given by the formulas:

ot -1 ot e 0y Ay Yy

TR or ~ o oy, 0T gy,

forj,€=1,...,N.Setaw(y,t) = @y/3)(y+¢(y,1), 1), and ag;(y, 1) = (¢ /dx;)(y +
¢(y,1),1). Then partial derivatives transform as

of 08 |+ af ag
— t s ) — 4.5
5r = a1 + E ap(y, ) » Bx] + E ag(y ) 4.5)

for f(x,t) =g(y,t). LetJ and J, be defined by J =det(dx/dy) =1+ Jo(y, t), which is the
Jacobian of ®,. By the L,-bounds in (4.4) and a Neumann-series argument, we obtain

”w”LOC(’]I‘,H%C(Q)) F10: Y Lo (T Loo(2)) < Cé0,
so that we have

sup llag; (- Dl @ + SUP 18:e; (-, Do) + sup llao; (-, Do)

R
h 4.6)
+sup [JoC, Dz, ) + SUP 190, DL < Ceo
teR
with some constant C > 0 for j,£ =1, ..., N. For notational simplicity, we set
vy, )= (v, ...,ox) " =u(x,1), q(y, 1) =p(x, 1.
By (4.5) we have
N
ov
ou=09,v+ Zazoa—, u-Vu=v-({I+A)Vy,
Ve
=1
N 3%v 3%v
Au= Av+Z(agj +aﬂg)a Sy, -+ Z Ajlmj 7 B0
=1 j.m=1 Ym
0y 0ay;
+[;l ; 7 ay, Bym
diva =J'{divv + div Jov) + Z (agJv))}. Vp=(1+A)Vq, 4.7)
dyy

j.t=1

where A is an (N x N)-matrix whose (j, k)-th component is a . Setting we = ve + Jove +
Z;.V:I a¢jJvj, we have Jdiva = divw with w = (wy, ..., wy) . Notice that w = (I + JoI +
AT])v. In view of (4.6), choosing & > 0, we see that there exists an (N x N)-matrix B_;
such that T+ JoI+AT))"! =1+ B_; and

sup [[B_i (-, D2 (@) < Ceo,  sup 18,B_1(, D)llL@ = Céo. 4.8)
teR teR
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Summing up, we see that (4.3) is transformed to the following equations:
owWw—AW+Vqg=G+Zw,q)+ A4 (w), divw=0 inQxT, wr=H|, 4.9

where G and H are prescribed data and

N 3
Z(w,q)=—-0,(B_1w) — Zaeoa—w((l +B_pDw) + AB_w)
=1

2

+§]wfuw5 a((I+B1)w>+ X:WﬂWaa (I+B_p)w)
=1 Jj.tm=1
0ame aam] i .
+Z§:l §: a5 | gy (@+Bow) —AVa,
A (V)= (I+B_pwW) - I+ A)V(I+B_)w).
(4.10)

Observe that, due to divw = 0 and the boundedness of €2, for the existence of solutions to
(4.9) it is necessary that the boundary data satisfy

/H~nda:0 4.11)
r

for all + € R, where n denotes the unit outer normal vector at I'. The following theorem is
our main result in this section.

Theorem 4.1 Let 2 < p <00 and N < g < 00. Then, there exists numbers ¢, &y > 0 such
that if the condition (4.4) is valid, and if the prescribed terms G € L,(T, L, Q)Y and
He HL (T,L,(2)") NL,(T, Hg (DN satisfy the compatibility condition (4.11) as well as
the smallness condition

”G”L,,(’]I‘,Lq(ﬂ)) + ”H”H},(’]I‘,Lq(sz)) + ||H||LP(T‘H(21(Q)) =€
then problem (4.9) admits a solution (w, q) with
weH (T, L, (") NL,(T,H2 (@), qeL,(T,H (@),
possessing the estimate
13:Wllw, r.Ly @) + WL, m2@) + IVAllL, @i, @) <&

Moreover, w is the unique velocity field with these properties while the pressure q is unique
up to addition by a function only depending on time.

To prove Theorem 4.1, we consider the following linearization of equations (4.9):
Jju—Au+Vp=F, divu=0 inQxT, wu|lr=H|. 4.12)

For a maximal-regularity theorem for problem (4.12), we consider the associated resolvent
problem

AW—Aw+Vp=f divw=0 inQ, w|r=h|r. (4.13)
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At first, we consider the case of homogeneous boundary conditions h = 0, for which we
have the following lemma, which holds for bounded and exterior domains simultaneously.

Lemma 4.2 Let 1 <q <oo and 0 < e < m/2. Let Q be a bounded domain or an exte-
rior domain in RN (N > 2) with C? boundary. There exist operator families (. (1)) C
L L, (N, H; (@) and (2(L)) C L(L, (Y, I:I; (2))) such that for every ) € , \ {0}
and every f € L, (N the pair (w, p) = (LW, Z(VF) is a solution to (4.13) withh =0
and satisfies the estimate

I Gl @) + 1V2S Ol @) + IV 2O, @ < ClifllL, @ (4.14)

with some constant C > 0 depending on 2, q and €. Moreover, there exist constants A, ro >
0, depending on 2, q and &, such that

S € Hol (Ze9, L Ly (Y HA)Y)), P €Hol (Be,, L Ly ()" HL (@),
and
’%x(Lq<Q)N,H§’f(Q>N)

%f(Lq(Q)N,Lq(Q)N)({()\a)»)l(vgz()“)) [ A€ Zeph) <ro

({3 /2L () | 1 € ez < ro,

for£=0,1, j =0, 1,2. Additionally, if Q is bounded, then there exist ¥ (0) € Z(L, (Q)V,
H(Z{(Q)N) and Z(0) € .,‘Z(Lq(Q)N, IiI}I () such that (w, p) = ((0)f, 2(0)) is a solution
to (4.13) for . = 0 and satisfies

17 O llgz2 () + IV Z (0}l @) < ClifllL, - (4.15)

In all these cases, the velocity field w is unique while the pressure p is unique up to an
additive constant.

Proof Existence of unique solutions to (4.13) satisfying (4.14) with a uniform constant C for
A € £\ {0} was shown in [8]. The analyticity of the associated family of solution operators in
X2 for some Ao > 0 together with the asserted %-bounds was established in [65, Theorem
1.6] and [66, Theorem 9.1.4]. Finally, the statement for . = 0 follows from Fredholm’s
alternative principle since the embedding Hf[ (2) = L, (€2) is compact if €2 is bounded, and
the solution to (4.13) is unique. O

As in the results from Sect. 3, in the case of non-zero boundary values, the %Z-solvers for
the resolvent problem (4.13) are more involved than in the situation of Lemma 4.2. To state
the result, we introduce the space

Xy ={(F\, P, F3, Fy) | Fi, F, e L)Y, Fs e Hy()Y, Fy e H, ("}
Then we have the following result.

Lemma4.3 Let 1l <g <ooand 0 <& < m/2. Let Q be a bounded domain or an exterior
domain in RN (N > 2) with C* boundary. There exist constants Lo, ro > 0 and operator
families

S €Hol (Zcs. L(X, (. HX(@Y)), P eHol (S, L(X,(Q), A (Q))
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such that for any f € L, ()N andh HZ ()N, satisfying fr h-ndo =0if Q2 is bounded, the
pair (w, p) defined by w = S(\)(f, xh, A?h, h) and p = P(L) (£, h, A1/?h, h) is a solution
to (4.13), and

d
X A—

. Ceyif?
2@ @m0 ) GIP80)) [ 1€ Tepyh) < 1o,

‘%ﬁ(Xq(Q),Lq(Q)N)({(Aj_k)z(vp(k)) [Ae€ X)) <ro
for£=0,1, j =0,1,2. The pair (w, p) is unique in the sense of Lemma 4.2.
Proof See [65, Theorem 1.6]. O
Now we can prove the following result on the time-periodic linear problem (4.12).

Proposition 4.4 Let 1 < p,q < 0o, and let @ C RY be a bounded domain with C* bound-
ary. Then, for any F € L,(T,L,(2)") andH € H})(T, L,(2)")NL,(T, Hz (V) satisfying
(4.11), problem (4.12) admits a solution (u, p) with

ue HY (T, L") NL, (T, H2 (™), peL,(T,H(Q)
possessing the estimate

l9rulle, vy @) + 10l m2 @) + 1VPIL, @ @)
(4.16)
= C(”F”Lp(T,L,,(Q)) + ||8tH||L,,(T,L,,(Q)) + ||H||L17(T=H42/(Q)))'

Here, u is unique in the described function class, while p is unique up to addition by a
function only depending on time.

Proof We first consider the case H = 0, for which proceed analogously to the proof of
Theorem 3.1. Let ¢ = ¢(0) be a C*°(R) function that equals 1 for |o| > Xy + 1/2 and O
for |o| < Xo+ 1/4. Set

w, = ;' [ (i)ek) FrlFI(K)],  pu = Fp' [P(ik)g k) Fr[F(K)].
Then u;, and pj, satisfy the equations
atuh—MAuh—i—Vph:Fh, divu, =0 in QxT, llh|r:O,

where we have set F, = 7 ! [¢(k).Zr[F](k)]. Moreover, arguing as for the proof of Theo-
rem 3.1, we can use the Z-bounds from Lemma 4.2 and invoke Corollary 2.3 to deduce

19wl g @ + 10l a2 oy + 1VPrlL, g @) < ClIFAlIL, L, @)
4.17)
< C|FllL,.L,@)-

Now, in view of Lemma 4.2, we set

) =w, O+ Y eI EFNK).,  p@) =pa)+ Y NP FIAK). (4.18)

[kl=ho [kl=ho
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Then, u and p satisfy (4.12) with H =0, and from (4.14), (4.15) and (4.17) we conclude the
estimate

9l vy @) + 1l o m2 @) + 1VPIL, @i @) < CIFllL, @i, @)- (4.19)

Thus, we have shown existence for H= 0.

Now consider arbitrary H € H},(T, L, (") NL,(T, Hfi ()V) satisfying (4.11). Fix
A1 > Ao with Ao from Lemma 4.3. We use the Z-bounded solution operators S and P from
Lemma 4.3 to define

w = 75 [SGk 4+ a0)(0, (ik + A)Hg, ik + 1) *Hy, Hy)J,
p1 = Zr [Pk +21)(0, (ik +A)Hy, Gk + 1) *H, By,
where flk = .Z#[H](k). Then (u;, p;) is a solution to the auxiliary problem
ouy + 1y — puAu; +Vp; =0, divep=0 inQxT, wulr=H,
and by the multiplier theorem from Corollary 2.3, we have
w € H) (T, L, (") NL, (T, H2 ("), p1 €L, (T, H}(Q)
and the estimate
9l vy @) + il m2 @) + IVRillL, i, @)
< CUIO L, r.Ly@) + ]I, 1 12 @))-
Here, we have used the interpolation inequality
12t ) = € UL, Ly @) + IHIL, 2 @)
as well as the trivial estimate
.75 LGk + kl)ﬁk]llL,,(T,Lq(Q)) <17 [ikﬁk]”Lp(T,Lq(Q)) + allZg! [ﬁk]|le(T,Lq(Q))
=10 HllL,T.L, @) + M IHIL,TL,@)-
Now consider the problem
ou; — uAu, + Vpy=F+2u;, divupb =0 inQxT, wlr=0.

As shown in the first part of the proof, there exists a solution (u,, ¢,) in the claimed function
class and satisfying (4.19) with F replaced with F + Aju,. Then (u, q) = (u; +uy, q; + o)
is a solution to (4.12), belongs to the correct function class, and satisfies estimate (4.16).

For the uniqueness statement, let (u,p) be in the considered function class and sat-
isfy (4.12) with F =0 and H = 0. Then, for each k € Z, setting u, = .#[u](k) and
pr = Zrplk), we see that o, € Hf{ (€)% and py € I:Illl (2) satisfy the homogeneous equa-
tions

l'kﬁk—/LAﬁk-i‘Vﬁk:O, leﬁk=0 in Q, ﬁk|[‘=0~

Thus, the uniqueness statement from Lemma 4.2 yields that &y = Vp; = 0, which shows
that u = Vp = 0. This completes the proof of Proposition 4.4. g
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To conclude the proof of Theorem 4.1, we next derive an estimate of the nonlinear term
A 1in the spirit of the assumptions of the abstract theory from Theorem 3.3. Moreover, we
identify . as a small perturbation. For this purpose, we introduce the quantity

E(u,p) = ”atu”Lp(T,Lq(Q)) + ”u”LP(T,Hg(Q)) + ||Vp||L,,(T,Lq(Q))~

Lemma4.5 Let p € (2,00) and g € (N, 00), and let gy > 0 such that (4.4) is satisfied. Then
there exists C > 0 such that

-2, pollL, L, @) < CeoE(uy, p1), (4.20)

£ —wz, p1 —p2) L, rL, @) < CeoE (U —up, pr — p2), 4.21)
A ) I, rLy @) < C(+g0) E(uy, p1)?, (4.22)

IV (ay) = N (@)l (r.L, @) < C(1+£0) (Euy, p1) + E(ua, p2)) E(uy —up, py — p2)
(4.23)

for all uy, uy € HY (T, L, (") NL, (T, H2()") and py, p> € L, (T, AL ().

Proof Firstly, by (4.4), (4.6) and (4.8) we directly conclude (4.20), and (4.21) follows
from (4.20) since .Z is a linear operation. In a similar way, noting that N < ¢ < oo, by
Sobolev’s imbedding theorem we have

1A @1 Dy < CA+ e, Dl 101 ¢ Dlp - (4.24)
By real interpolation theorem, we know that

H) (T, L, (2)) N L, (T, H, (2)) < C°(T, B;',”"/" (),

(4.25)
sup || £, t)||33(]171/m(9) < CU e, @) 1Nl m2 @)
teT P

since we have p > 2, and we obtain
I f oLy @) < C||f”Loo(’]T,B2f}fl/")(Q)) = C(”f”HL(T,Lq(Q)) + ||f||]_1,(1r,1-15(9)))~ (4.26)
Therefore, we conclude (4.22). In a similar way, since

N@up) — N (uy)
=(T+B_)@ —u)) - A+ A) V(I +B_puy) + (I+B_puy)
-I+AVI+B_)u —uy)),

by Sobolev’s inequality and the assumption N < g < 0o, we have
IV @) = N W)l @ < Cllu —walle,@ g g + 2l @ llun — g q)-
Thus, from (4.26) we finally deduce (4.23). O

Proof of Theorem 4.1 We conclude the proof using the contraction mapping principle in the
very same fashion as in Theorem 3.3. We introduce the underlying space Z, defined by

T, = {(u,p) [u € HL(T, L, () N L, (T HA()Y), p e L,(T. AL (). Eu.p) <e}.
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Given (u, p) € Z, let v and q satisfy

WvV—AV+Va=G+Zu,p)+ A4 (n), divv=0 inQxT, vir=H|r. 427
The existence of (v, q) follows from Proposition 4.4 since by Lemma 4.5, the forcing term
in (4.27) belongs to L, (T, L, (2)™). More precisely, combining estimates (4.20) and (4.22)

with the smallness assumption on G and H, choosing ¢y < Ce and applying Proposition 4.4
gives the unique existence of a solution (v, q) of (4.27) with

veH (T, L, (@") N L(T.H2(@)"), qeL,(T, A (@),
possessing the estimate
E(v,q) < C(e* +eE(u,p) + E(u,p)*). (4.28)

Since we assume that E(u, p) < ¢, by (4.28) we have E(v, q) < 3Ce2. Therefore, choosing
& > 0 so small that 3Ce < 1, we have E(v, q) < ¢, so that (v, q) € Z,. Thus, the map E
acting on (u, p) € Z, by setting E(u, p) = (v, q) is a map from Z, into Z,.

We next prove that E is a contraction map. Let (u;, p;) (i = 1.2) be any two elements of
7. and set (v;, q;) = E(u;, ;). Then, v=v; — v, and q = q; — g satisfy the equations

0V —AvV+Vg=2(u; —up, p; —p2) + (A (uy) — A (n2))
divv=0 inQxT, v|p=0.
Applying Proposition 4.4 and using (4.21) and (4.23) now gives that
E(vi —va,q1 — q2) < CeE(u; —uy, pi — o).
Choosing ¢ > 0 smaller if necessary, we may assume that Ce < 1, and so E is a contraction
map on Z., which yields the unique existence of (u,p) € Z, such that (u, p) = E(u, p).

Obviously, (u, p) is the required solution of (4.9). This completes the proof of Theorem
4.1. O

Remark 4.6 In the case of no-slip boundary conditions, the fluid particles at the boundary
are attached to the body, so that the fluid velocity coincides with the velocity of boundary
particles. Then, the boundary data h in (4.3) are given by

h(x, 1) =0,Q,(y) =0,¢9(z, y),

where x = ®;(y) =y +¢@(y, 1), and in the formulation (4.9) on a time-independent domain,
this corresponds to boundary data

H=(I+JI+ATDd,0¢.
Therefore, the assumptions on H in Theorem 4.1 are additional regularity and smallness

assumptions on ¢ in this case. Moreover, the compatibility condition (4.11) is satisfied if
and only if @, preserves the volume of 2.
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5 On Periodic Navier-Stokes Flow Around a Body at Rest
5.1 Problem and Main Results

Let  be an exterior domain in R?, that is, a domain that is the complement of a compact set.
We assume that its boundary I is a connected C? hypersurface. Let b > 0 be a suffciently
large number such that Q¢ C B, where Q¢ =R3\ Q and B, = {x e R" | |x| < b}. We
further set S, = {x € R | |x| = b}. We consider the Navier-Stokes equations in £:

gu+u-Vu—puAu+Vp=F, divu=0 inQ2, u|lr=h|r. 5.1

Here, 9; = 0/0x;, x = (x1,x2,x3) € R3, w = (uy,uy,u3)" is an unknown velocity field,
p an unknown pressure field, F = (Fy,..., Fy)' a prescribed external force, and h =
(hy,...,hy)T are prescribed boundary data. Assume that F(t +27) = F(z) and h(t + 27) =
h(¢) for any r € R. Then (5.1) describes the fluid flow around a body, subject to time-periodic
external forcing F and with boundary data h.

Given any time-periodic function f = f(x, t), with period 27, we write

1 2w
fs(x)=/Tf(xJ)df=— fx,0)dr, i, t)=fx, )= fs(x),  (5.2)

27'[0

and fs and f, are called the stationary part of f and the oscillatory part of f, respectively.
By means of this decomposition, we divide the data and the solution into two parts, which
have different asymptotic properties as |x| — 0o. To quantify this spatial decay, we set

< [fs>= Suglfs(X)l(l + [xD", < fL>pe= sup £ Gy e (1 + 1]
Xe xXe
for £ € R and p € (1, 00). We shall prove the following theorem.

Theorem 5.1 Let 2 < p <00 and 3 < q < oo. Assume that F = Fg + F, with Fg = div Gy
and F| = div G . Then there exists a small constant ¢ > 0 depending on p and q such that
ifFandh e H}) (T, L, Hn L,(T, Hg (%) satisfy the smallness condition

<Fs>3+<Gs >+ <FL>,0+ <G>0 +Hihllgy @) + I, @) < 52,3
then problem (5.1) admits a solution (u, p) such thatu=ug+u, and p=ps+p, wit(h J
ug e H2(Q)?,  wy € H) (T, L, () NL, (T, H2(Q)), ps€HL(Q), pLeL, (T, H ()
satisfying the estimate

<Ug >+ < Vg >3 +Hus gz o) + 195l o
+<u>p 0+ <Vur > g0 Hudlly, o) T 18, @ @) +IVeLiL, @ @)

<e.

Moreover, u and pg are the unique functions with these properties while the purely periodic
pressure P is unique up to addition by a function only depending on time.
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Our proof of Theorem 5.1 is based on the study of the associated linearized system, the
time-periodic Stokes problem

o,v—uAv+Vp=f divv=0 inQxT, v|f=h. 54

‘We shall derive the following theorem, which ensures existence of a unique solution to (5.4)
in a framework of spatially weighted spaces. For shorter notation, we set L, 3,(2) ={f €
L, (2) | supp f C Bsp}.

Theorem5.2 Letl < p < 00,3 <g <ooandl € (0,3]. Forallf =fs+f, e L,(T,L, ()
such that fs = divGg + gs and |, =divG, + g, withg=gs+ g, € L,(T,L,3,(Q)%) and

<G>+ <divGs >3+ <G>, + <divGL >, 41 < 00,
problem (5.4) admits a solution (v, p) with
veH,(T.L, () NLy(T.H; (), peL, (T, Hy(Q).
possessing the estimate
”VS”Hg(Q)"‘ <Vs>1+ < Vvg> +||pS||H}I(Q)+ <Pps>2
FNvLllL, i @) + IVl em2@yt < Ve >pe+ < Vv >, HlIVPLIL, oL, @)
<C(<divGs >3+ <G5>+ <divG. >, 14+ <G>,

+ ”g”Lp(’]I‘,Lq(Q)) + ”h”H})(T,Lq(Q)) + ||h||L1,(']1‘,Hg(Q)))~
5.5)

Here, v and pg are the unique functions with these properties while the purely periodic
pressure P is unique up to addition by a function only depending on time.

For the proof of this theorem, we split (5.4) into two separate problems by means of
the decomposition (5.2). In the following subsections these problems are analyzed indepen-
dently of each other in the case of vanishing boundary data. In Sect. 5.4 we return to the
original linear and nonlinear problems (5.4) and (5.1) and complete the proofs of Theorems
5.1and 5.2.

5.2 Stationary Solutions to the Stokes Problem

Here we examine time-independent solutions to (5.4) with vanishing boundary data h =0,
that is, solutions (u, p) to the stationary problem

—puAu+Vp=divF+g, divu=0 inQ, ulr=0. (5.6)
We shall derive the following result.

Proposition 5.3 Let 3 < g < oo. If F satisfies the condition < divF >3 + < F >,< 0o and
ge Lq,3],(Q)3, then problem (5.6) admits a unique solution (u, p) € Hf] (Q)* x H; () pos-
sessing the estimate:

||ll||H‘2](Q)+ <u>;+<Vu>, +||P||H;(Q)+ <p>=<C(<divF >3+ <F>; +||g||Lq(Q))

5.7
with some constant C > 0.

@ Springer



Periodic L, Estimates by %7-Boundedness Page270f43 1

For the proof, we first consider the Stokes equations in R3:
—pAu+Vp=f, divu=0 inR>. (5.8)

As is well-known (cf. Galdi [28, pp.239-240]), there exist fundamental solutions U =
(Uij(x)) and q = (g1(x), g2(x), g3(x)) " of equations (5.8) with

Uy == o (20 XY g = LY (5.9)
i) ===+ —=), i(x)=——=. .
gru\x| P/ YT 4k

If we set
u(x) =Uxf(x):= '/3 UWft(x —y)dy, px)=qxf:= /3 q(y) - f(x —y)dy, (5.10)
R’ R3
then, u and p formally satisfy equations (5.8). We prove the following lemma.

Lemma5.4 Let3 < g < oo.
(1) Let F be a function satisfying < divF >3 4+ < F >, < 0o and set u =U % (divF) and
p = qx* (divF). Then, we have

||u||H5(R3) + IIpIIH(}(Rg)—i— <u>+<Vu>+<p> <C(<F >+ <divF >3)

with some constant C > 0.
(2) Letgel, (R®) such that g vanishes for |x| > b with some constant b > 0. Let v =
Uxgand q=q*g. Then, we have

IVl ) + 1l s+ <V =1+ < V¥ =2+ < 4> < Cligly, @,
for some constant C.
Proof (1) The theory of singular integrals (see [70, Ch. 2, Thm. 3] for example) yields that
||V2“||L4(R3) +IVpllL, @3 = CldivF| @) = Cg <divF >3;
IVull,, @) + 19l @) < ClIFlL, @) = Cg <F>2.

For notational simplicity, set y =< divF >3 + < F >,. By the Gaussian divergence theo-
rem, we write

u(x) =/ U(y)divF)(x — y)dy — / U(y)l ‘F(x —y)do
Iyl<lxl/2 Iyl=|x]/2 [yl

+/ VU()F(x — y)dy +/ VU)F(x — y)dy.
Ixl/2<lyl<2lx] ME

Noting that [x — y| > |x|/2 for |y| < |x|/2, |[x — y| <3|x| for |x|/2 < |y| <2|x], and |x —
y| = [y1/2 for |y| > 2|x], by (5.9) we have

ot =cyfain [

Iy~ dy + x| 711+ le)‘Z/ do
|yI=<|x|/2

[yl=Ixl/2
w2 [ [ prta) oy
lz1=3]x]| [y1=2]x]
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for x # 0. When |x| < 1, noting that [(divF)(x — y)| <y for |[y| <2 and |(divF)(x — y)| <
Cyly|™ for |y| > 2, we have

o] < f| V@B - vldy + f U @ivE)(x — y)[dy

[y|=2
sor{[ e[ pirta)scr
[yl=2 [y[=2
In total, we thus have < u >, < Cy. In particular, noting that 3 < g < 0o, we obtain
”u”Lq(R3) <Cy<u>=<Cyy.

Similarly to before, we proceed with the estimate of Vu and write

Vu(x) = / VUG @ivE) (x — y)dy — / VUG) L Fx — y)do
Iyl<lxl/2 Iyl=lxl/2 [yl

+ / VUWF( — y)dy + / VUOWF( — y)dy.
[x]/2<|y|<2|x| [y]=2|x|
Then, we have

Iy|72dy + x| >(1 + IXI)‘2/ dw
yl=lxl/2

el [ etz [ prtay) <oy
lz]=3]x| [y1=2]x]|

for x # 0. When |x| < 1, arguing as above, we have

vuco = cyfa i |

Iyl=lxl/2

Vo= [ IPU0EEG - iy + [ VU@ -l

lyI=2
sor{[ piave [ pita)sor
lyl<2 lyl=2

Summing up, we have < Vu >,< Cy.

In the very same way, we can use |q(y)| < C|y|™2 and |[Vq(y)| < C|y|~3 for y # 0 to
deduce < p >, < Cy.In particular, ||p”Lq(R3) <C, <p>=<C,y,because 3 < g < co. This
completes the proof of the first part of Lemma 5.4.

(2) As before, the theory of singular integral operators yields that

||V2V||Lq(R3) + ||VCI||L4(R3) = C||g||L,,(]R3)- (5.1
By estimates for weak singular integral operators (cf. [28, II.11]), we further have
IVVIL, By + VL, (8o F allL, By = Cogll8lIL, @3)- (5.12)
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Since |U(x)| < Clx|™!, [VU(x)| < C|x|7? and |q(x)| < C|x|~2, noting that g(y) = 0 for
|y| > b, for |x| > 2b we have

g0l _ .
IV(X)ISC/ 8 ooy 4y S Golxl / g1y < Colx ™ ligly, @):
| lyl<b

yl<b |x —

|Vv(x)|§C/ 1g(y)]

dy < Cplx| 2 lg)Idy < Cplx|2lgl, @:  (5.13)
lx — y|2 a
lyl<b y Iyl<b

2] ) .
|q(x)|sc/ B dy < Cylx| 2/ g1 dy < Colx | lglly, -
lyl<b 1X = ¥ Iyl<b

In particular, setting (By;)¢ = R3\ By, we conclude
IVliLg (Bame) + 1VVIIL, (By)9) + 1llL, () < CoqlI8lIL, @3)s
because 3 < g < 0o, which, combined with (5.11) and (5.12), yields that
IVl ) + 19l ) < Coligle, -

By Sobolev’s inequality, we have

sup. A+ xDIveol + sup. 1+ 1xD? V()| + sup. (L +1xD?q(o)]

|x|<2b [x]<2 [x]<2b
< C(||V||H§(1R3) + ||Cl||H}](R3))
= CyoliglL, ®3)-
which, combined with (5.13), yields that
<V + < Vv + <q>< Cpuligly, @)

This completes the proof of the second part of Lemma 5.4. |

Proof of Proposition 5.3 To construct a solution operator for problem (5.6), we follow the
method from [64] and first consider the case where f € Lq,31,(§2)3. Firstly, let fy be the zero
extension of f to the complement of €2, that is, we set fy(x) = f(x) for x € Q and fo(x) =
for x ¢ Q. Let Tofy = U x £y and Pyfy = q * fy. Secondly, let f;, be the restriction of f €
L,3(2)* to Q45, and let Ay and By be the operators acting on f, € L,(24;)> such that
Aofy, € Hg (Qup)3, Bofy, € IA{}] (Q4) satisfy the equations

—uAAf, + VBof, =1, divAf=0 in Qy,, Afylr= Aof},|54b =0, (5.14)
and possess the estimate
Ay 12 @) + 1B ll 31 2y = CllEollLy 24 (5.15)

Since Byf}, is only defined up to a constant, choosing a constant suitably, we may assume
that

(Pofo — B()fb) dx =0. (5 16)
Qup
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In what follows, let ¢ be a function in C*(R?) that equals 1 for x € By, and O for x ¢ B,
and let B be the Bogovskii operator [6, 7]. For f € LL,,3;,(S2)3 , let

WVof = (1 — ) Tofo + @ Aof), + BL(V@) (Tofo — Aofp)],  Wof = (1 — @) Py + ¢ Bofy,. (5.17)
Inserting these formulas into equations (5.6), we have
—uAVf+ VWt =f+Rif, divVpf=0 inQ, Wf|r=0, (5.18)

where

Rif=2u (Vo) - (VTofy — VAf,) + (Ap) (Tofy — Aofy)
— wAB[(Vo) - (Tofo — Aofp)] — (Vo) (Pofy — Bofy).

Employing the same arguments as in [34] and [37], we shall show in Lemma 5.5 below that
the inverse operator 1+ R;)~' € . (Lq,3b(Q)3) exists and

IA+R)™ L, @ < Clifl, @ (5.19)

forany fe L, 3, (£2)3. Postponing proving (5.19), we continue the proof of Proposition 5.3.
Setting

Uof :=Vo(I+Ry)7'f
=1 —@)To(d+R) Do+ A (A +R1) ')
+Bl(V) (To(d + R ™o — Ao (A + R1) ™)),
Qof := Wy +R)) = (1 — ) P(T+R1) o+ ¢Bo(T+R1) ')y,

we see that (u, p) = (Upf, Qof) is a solution to problem (5.6). Moreover, by (5.19), Lemma
5.4 (2) and (5.15), we have

Sug(l + IxDUfx)] < ClifllL, @) Sug(l + x| VU E(x)| < ClfllL, -

e . e (5.20)
sup(1+[xD*| Q] < Clfly @ Ioflley + 10Ty ey < C Ul
XE

We now consider the case where f = divF + g with < divF >3 + < F >,< 0o and
ge L, 3,(R2). We write f=div ((1 — @)F) +h withh=¢divF + (Vo) -F + g. Let

u=(1-¢)7fo +B[(Ve)Tofol, p=(1—¢)Pofo.
Notice that fy = div ((1 — ¢)F) + ho. We see that u and p satisfy the equations:
—uAu+Vp=(1—-p)fy+ R, divu=0 inQ, u|r=0,
where we have set

Rof =21 (Vo) - VTofy + n(Ap)Tofy — nAB[(Ve) - Tofo] — (Vo) Pofy.
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Moreover, by Lemma 5.4, we have

sup(1 + [x)[u(x)] + sup(l + |x[)*|Vu(x)| + sup(l + [x|)*[p(x)| + a2 ) + 1Pl o)
xe xeQ xXeQ
<C(<divF >34+ <F > +igllL,@)-
Notice that
IRAllL, @ < C(< divF >3+ <F > +ligllL, @)

and supp R,f C Bs,,. Thus, if we define operators Sy and Py acting on f by setting

Sof = (1 — @) Tofo + BI(Ve) - Tofo] + Uo (¢f + Rof),

Pof = (1 — ¢) Pofy + Qo(pf + Rof),

then, u = Spf and p = Pof satisfy (5.6), and combining the estimates above gives that

sup(l + [x ) [(Sof) (x)| + Sug(l + IXD?IVSD ()] + sug(l + XD I(Pof) (x)]

xeR x

+ 108l 0y + I Pof gy @) < C(< divE >3+ < F >, +liglr, @)

which completes the proof of Proposition 5.3. a

Lemma5.5 The operator 1+ R, : Lq$3h(Q)3 — Lq,3;,(S2)3 is invertible and there exists C >
0 such that (5.19) holds for any £ € L, 3,(Q)>.

Proof In view of (516) and V(P()fo — B()fb) € Lq(Q4b)3, we have (P()fo — Bofb) € H}] (Q4b).
Thus, Rif e H; (9)3 and suppleC Doy 3, where Dy 3 = {x e R3 | 2b < |x| < 3b}. Thus,
by Rellich’s compactness theorem, R; is a compact operator on L, 3,(2)*. Let Ker (I +
Ry ={fe Lq,3b(§2)3 | I4+7R)f = 0}. By Fredholm’s alternative principle, if Ker I+7R ) =
{0}, then I + R, is invertible, and therefore we have (5.19). To verify this, we choose f €
Ker(I + Ry) arbitrarily, and we shall show that f = 0. Since (I + R)f =0, we have f =
—Rife HCII (2) and suppf C Dy, 3. Let u = Vof and p = W)f. Then by (5.18) we see that

—uAu+Vp=0, divu=0 inQ, ulp=0. 5.21)
Since 3 <¢ <ooandu € H}(R2)* and p € I:I; (Q2), we have u € H3 | () and p € H} ().
Let ¢ be a C*®(R?) function which equals 1 for |x| < 1 and O for |x| > 2 and set Y (x) =
Y (x/R) for R > 4b. From (5.21) it follows that
0= (—pAu+Vp, yru) = u(Vu, Y Vu) + u(Vu, (Virp)u) — (p, (Vg) -u).  (5.22)
Using Lemma 5.4 (2), we obtain
lu)| < Clx|™',  [Vu)| < Clx|72, lpl < Clx|™

for |x| > 4b, and so we have

|(Vu, (VY)W < CIVY I, @R / Ix|Pdx=0(R™") -0,

2R<|x|<3R
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(b, (VYR)W| < CIIVY I, @R / x| Pdx=0(R")—>0
2R<|x|<3R

as R — oo, and so taking R — oo in (5.22), we have [|Vul|r,) = 0, which implies that
u is a constant vector. But, u|r = 0, and so u = 0. Thus, by the first equation of (5.21),
Vp = 0, which shows that p is a constant. But, p(x) = O(|]x|~2) as |x| — oo, and so p = 0.
Therefore, by (5.17) we have

(I = @)Tofo + @ Aof, +BL(Ve) - (Tofo — Aofy)] =0,
(1 — @) Pofy + ¢ Bof, =0

(5.23)
in Qg5 Since B[(V) - (Tofy — Aof)] vanishes for x ¢ D5, 35, and ¢(x) =0 for |x| > 3b and
1 — ¢(x) =0 for |x| < 2b, we have

Aof, =0, Bof,=0 for|x|<2b, Tofg=0, Pfy=0 for|x|> 3b. (5.24)
Let

(.A()fb)(x) for x € 94;,, (Bgf;,)(x) for x € Q4b,
w(x) = qx) =

0 for x ¢ €2, 0 for x ¢ Q,

and then, by (5.15) and (5.24) w € H; (Bg)? and q e H; (B4p), and w and q satisfy equations:
—puAw+Vqg=_fy,, divw=0 in By, wls, =0. (5.25)

On the other hand, by (5.24), we know that 7fy and Pofj also satisfy equations (5.25), and
so the uniqueness of solutions yields that w = 7ofy and V(q — Pofy) = 0 in By,. Noting that
q = Bof,, by (5.16) we have q = Pofy. In particular, (V@) - (Tofy — Aof,) = 0. Thus, from
(5.23) we even have

0 =Tofo — @ (Tofy — Aofy) = Tofo,
0 = Pofy — o(Pofy — Bof,) = Pofo,

which gives that f = —pu ATofy + V Pofy = 0 in Q4;,. Thus, we have f = 0. This completes
the proof of existence of (I+R)~". O

5.3 Purely Oscillatory Solutions to the Stokes Problem

In this section we consider the oscillatory part of the linearization (5.4) for h = 0, which is
given by

vy —uAvy +Vp, =f,, divv; =0 inQxT, v,.|r=0, (5.26)

where the subscript L indicates that all functions have vanishing time mean. We shall prove
the following result.

Proposition 5.6 Let 1 < p,q < co. Then, for any £, € L,(T,L,(S2)) with fT fi(,s)ds=0,
problem (5.26) admits a solution (v, p,) with

v € H) (T, L, (2)*) NL, (T, H2(Q)*), p1 €L, (T, H}(Q)).

/VL(-,s)ds:Q /pl(-,s)ds:O,
T T
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possessing the estimate

10:v L llL, g ) + VLl e 2@y + IVPLIL, L @) < CllELIL, e, @) (5.27)

Here, v is unique in the above function class while p, is unique up to addition by a function
only depending on time.

In order to prove Proposition 5.6, we first consider the corresponding resolvent problem
Aw—puAw+Ve=~f, divw=0 inQ, w|r=0, (5.28)

for which we have the results from Lemma 4.2. Observe that, with regard to the time-
periodic problem (5.4), we are mainly interested in the resolvent problem (5.28) with A = ik
for k € Z, and Lemma 4.2 gives a framework where this problem is uniquely solvable, but
merely for k € Z \ {0}. This is the main reason why we only consider the purely oscillatory
problem (5.26) in Proposition 5.6. Apart from this, Proposition 5.6 can be proved in the
same way as Proposition 4.4.

Proof of Proposition 5.6 Let A be as in Lemma 4.2, and let ¢ = (o) be a C*°(R) function
that equals 1 for |o| > Ap + 1/2 and O for |o| < %o + 1/4. Using the operator families .7
and & from Lemma 4.2, we set

Vi =Zp [ (e ®) FrHK)],  py = Fp [P ik)e k) FrHLK)].
Then v, and p,, satisfy the equations
vy, — nuAv, +Vp, =H;,, divv, =0 inQxT, wv,r=0,

where we have set H, = No(k).#r[H, ](k)]. Moreover, arguing as in the proof of The-
orem 3.1, we can use the Z-bounds from Lemma 4.2 and employ Corollary 2.3 to deduce

10:VillL, (r.Lg@) + IVall, e @) + IVPRIIL, L, @) < CIHAllL, L, @) (5.29)

< ClIHLIlL, L, @)

Now, in view of Lemma 4.2, we set

Vi =vi)+ Y Ak FrHLK),

0<lkl<ho

L =p)+ Y M P(ik)FrHLK).

O<[kl=<ho

Then, v, and p, satisfy equations (5.26), and from (4.14) and (5.29) we conclude esti-
mate (5.27). Thus, we have shown the existence part of Proposition 5.6. The uniqueness
statement follows exactly as in the proof of Proposition 4.4 noting that .%t[v,](0) =0 and
Zrp11(0) = 0 by assumption. O

Next we examine the pointwise decay of the solution (v, p ). More precisely, we show

decay properties of [[vy (x, -)||L,(r) with respect to the x-variable, as stated in the following
lemma.
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Lemma 5.7 In the situation of Proposition 5.6, let 3 < q < oo and £ € (0, 3] such that £, =
divF, 4+ g, with

/Fl(x,t)dtzo, <Fl >p,[+<diVFL>[,’g+1<OO,

- (5.30)
/gL(-x’ t) dt = 0, gL € L[)(T» Lq,Sh(Q))~

T

Then, v, has the following asymptotics:
<V >, +<Vv>, < C(< divF >per1 +<Fr>,, +||gL”Lp(’]I‘$Lq(Q))) (5.31)
with some constant C > 0.
Remark 5.8 Since 3 < ¢ < 00, we have ”diVFL”LP(’]I‘.Lq(Q)) <C,<divF, >, and so
MELlL, ri, @) < Co(<divFL >, o1 +llgLliL, i, @) (5.32)
Therefore, Proposition 5.6 really shows existence for f; as in Lemma 5.7.
To prove (5.31), we use the following theorem due to EITER and KYED [19], which
collects properties of the velocity fundamental solution I"; to (5.26), which is a tensor field

') suchthatv, :=T") «H, is formally a solution to (5.26) for Q = R3.

Theorem 5.9 Let

1-46

M= (1= $®f)]. (5.33)
wlE* +ik &1

Then, itholdsT | € L‘,(]R3 x T)>3 forq € (1,5/3), and 0;I' € Lq(R3 xT) forq € (1,5/4),

j=1,2,3. Moreover, for any @ € N3, 8 > 0 and r € [1, 00), there exists a constant Cus >0

such that

Vix|>68: [0¢TL(x, )lL,m < FECE

Remark 5.10 This theorem holds for any dimension N > 2 replacing 5/3, 5/4 and 3 + |«|
with (N +2)/N, (N +2)/(N +1) and N + |«|, respectively.

Proof of Lemma 5.7 Since we assume that 3 < g < 0o, by Sobolev’s inequality, we have

sup [[VL(, ), + sup (VYD) X)L, m < CIVLL, @) < CIHLL, L @)-
|x|<4b |x|<4b

It thus remains to estimate v, for |x| > 4b. To this end, recall the operator families .
and & given in Lemma 4.2. As seen in the proof of Proposition 5.6, we have v, =
F (k) FrHL (k)] and p, = Fr ' [P(ik) Fp[H](k)]. We shall first give a represen-
tation formula of .#(ik) for k € Z \ {0} for |x| > 3b, which will be used to investigate
the asymptotic behavior of v, for |x| > 3b. Notice that .7 (ik) € Z (L, ()3, Hg (€)% and

P(ik) € £ (L, (), HL(RQ)) satisfy the estimate

17 @OEll2 ) + IV 2L, @) < ClifllL, @ (5.34)
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for f e L, ()3, where C depends solely on ¢ and . Moreover, u = .Zr[v ](k) =
S (ik) Fr[HL](k) and q = Fr[p_ (k) = P (ik)Fr[H L ](k) satisfy the equations

ikun—puAu+Vg=f£f,, divu=0 inQ, u|r=0, (5.35)

where f;, = Zr[f ](k). Let ¢ be a function in C§° (R3) that equals 1 for |x| < 2b and 0 for
|x| > 3b. Let

w=(1—-)Z{kt +B[(Vp) - L>{ikf], rv=0—@)Z2{k)f,. (5.36)
Then w € Hf{ (R*3 and e I:I}l (R3). Moreover, by (5.35) w and ¢ satisfy the equations
ikw — pAw+ Ve= (1 —o)fi + Ra(ik)f,, divw=0 inR>

where we have set
RsWE=2u(Vy) - VW + u(Ap)s (WNf — (Vo) 2 (W
+ (A = nA)B[(Ve) - (W]

(5.37)

By the uniqueness of solutions to the Stokes resolvent problem in R?, we have w =
T (k) (1 — )f + R3(ik)fy), where

1 §Q¢&
I—
MI§|2+A( HE

Since 1 —¢ =1 and B[(Vg) - S(ik)f;] =0 for |x| > 4b, by (5.36) we thus have

TWf= 7] [ JES [f]]. (5.38)

LR =T R ((1 = )fi) + T (R3((Of) (x| > 4b) (5.39)
for any k € Z \ {0}. Thus, we have
Vo= (1= 82(0)). (ik) Fr[H, (k)]
= 7711 = 8200 T (ik) Frl(1 — p)HL1(K))] (5.40)
+ F1 (= 82.(k) T (ik) (R (i) Fr[HL1(K))]

for |x| > 4b. Moreover, from Lemma 4.2 we conclude
R oty @y {00 R () | A € R\ [=20, hol}) <70 (€=0,1), (5.41)
IR )il sy < rolfill, o (5.42)
for any k € Z\ {0} with some constant ry. In particular, we define R4H, by setting R4H,; =

ffl [(1 = 87(k))R3(ik)f,]. Then, employing Corollary 2.3 in the same way as in the proof
of Proposition 5.6, we see that

supp R4H | C Dy 3 :={(x,1) e R* x R | 2b < |x| < 3b},
(5.43)
||R4HJ_||LP(’J1‘.L,[(Q)) = CllHJ_||Lp('J1‘.Lq(Q))~
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Recalling that H; =divF, +g,,weset G=(1 —¢)F, andh=(Vp)F, + (1 —¢)g, +
R4H, . In virtue of (5.33), (5.38) and (5.40), we then have

VJ_ZFJ_*(diVG)JFFJ_*h
:// FJ_(y,s)(divG)(x—y,t—s)dyds—l—// ', (y,s)h(x —y,t —s)dyds.
T JR3 T JR3
(5.44)

for |x| > 4b. Set vi =T'}| * (divG) and v, ="} % h. By the divergence theorem of Gauf,
we write

vi(x,t) = VI, % G(x,1)

= / / VI1(y,s)G(x —y,t —s)dyds
T Jlyl=1
+// VIL (3 $)G(x — y. 1 —5)dyds
T J1=ly|=|x]/2
+ / / VI (y,5)G(x —y,t —s)dyds
T Jxl/2<]y|<2|x]

+f/ VI, (y,8)G(x —y,t —s)dyds.
T Jy|>2|x]

Let ry and r; be exponents such that p <ry <oo,ry € (1,5/4)and 1 +1/ro=1/r; +1/p.
Then, we have Young’s inequality

ILf*gliL,ym = I f L, mligl, @ (5.45)

for f*g(t) = fT f(s)g(t — s)ds. Setting y, =< G > ¢, from Theorem 5.9 we thus con-
clude

V1, My < Vel VT L, o (1 D™+ clyz/ vty + |x) "
I<lyl=lxl/2

(I+z) " dz + clye/ Iy dy.

[y1=2x]

+ Cuplxl/2) /

|z|=3|x]
Noting that p <rpand y, < <F, >, , we infer

min{¢,4}

lvi(x, L, m < Cplx]™ <F, >, for|x|>4b.

Analogously, we write

Vvl(x,t):// VI (y,s)(divG)(x — y,t —s)dyds
T Jyl<1
+// VI, (y,s)(divG)(x — y,t —s)dyds
T J1=<|y|=|x]/2
+// VI (y,s)divG)(x — y,t —s)dyds
T Jixl/2<[y|=2|x]|
+// VT L (y, $)(divG)(x — y, t — ) dyds.
T Jlyl=2lx|
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Setting yy41 =< divG >, ¢4, by Theorem 5.9 and (5.45) we have
V91, Iy ) < Vert VTl ayem (14 ) ™!

+Civens f I dy(1+ !
1<|y|<|x]/2

+ Coyen(xl/2 / (U412t dz

|z]=3]x]
+C1Vz+1/ Iy~ dy.
[y[=2]x]

Since we have
<divG >, 1< <divF >, 01+ < (VO)FL > 04

< <divF >, 01 HIVellL, w330 <F >,
and p <ry, we thus obtain
IVvi(x, )L, < Cplx|™ ™™ (< divFL >, 1+ <FL >, for x| > 4b.

Finally, we use that h(y, s) vanishes for |y| > 3b. For m =0, 1 we thus have
V"'Vz(x,t):// V' (y,s)h(x — y,t —s)dyds
T J|x—y|<3b

Since |x| > 4b and |x — y| < 3b implies |y| > |x|/4 > b, by Theorem 5.9 and (5.45), we
deduce

V™ v2(x, L, m < / VT Ly, L, The =y, )l dy
[x—y|<3b

< Cplx| > [IhllL, (B3, xT)-
Noting (5.43), we can estimate the last term as
IlIL, B3, xm) < ClIRlL, L, @) < C(<Fr>pe +lgLl, @i, @) + IRHLIL, rL, @)
<C(<FL>,¢+lgLlL,mi, @) + IHLIL, @, @)
For |x| > 4b we now conclude
IV"v2(x, )L,m < Clx| 7" (< FL >y +ligLli,mi @)+ <divFL >, 1)

in virtue of estimate (5.32). Since v = v; + v, for |x| > 4b, this completes the proof of
Lemma 5.7. 0

5.4 Existence of Periodic Solutions
The linear theory from Theorem 5.2 is now a direct consequence of Proposition 5.3 and

Lemma 5.7 if h = 0. For the case of non-zero boundary data h we proceed similarly to the
proof of Proposition 4.4.
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Proof of Theorem 5.2 At first consider the case h = 0. Let (vg, ps) = (u, p) be the unique
solution to (5.6) with F = G5 and g = gg, which exists due to Proposition 5.3, and let
(vi,p1) be the unique solution to (5.26), which exists due to Proposition 5.6 and Lemma
5.7. Then v=vg + v, and p = ps + p, defines a solution (v, p) to (5.4) with h =0, and
(5.5) follows from (5.7), (5.27), (5.31) and (5.32).

To show existence for arbitrary h € H), (T, L, (") N L, (T, H;(2)"), we fix A, > o
with A from Lemma 4.3 and define

vi = Fr [S(ik + 1)(0, (ik + Ay, ik + ) hy, )],
p1 = Fp [Pk +11)(0, ik + Aphy, ik + )2y, hy)],

where S and P are the Z-bounded solution operators from Lemma 4.3, and ﬁk = Z[h](k).
Then (vq, p;) is a solution to the auxiliary problem

vy +Avi — AV +Vp; =0, divyy=0 inQxT, vir=h|.
Following the proof of Proposition 4.4 and invoking Corollary 2.3, we further conclude
vi € H) (T, Ly (") NL, (T, H()"), p1 €L, (T, H ()
and the estimate
19:villL, g @) + 1VillL, mm2 @) + 1VRillL, L, @)
< CUIdNL, Ly + Tl 712 @)

Now let ¢ € C°(2) such that ¢ =1 in By, and ¢ =0 in R3\ Bs,. Let Dyp3p={x e R |
2b < |x| < 3b} and

H; (D2 3) = {f € H (D 3) | 85 fls, =0 for L =2b,3band |a| <1,

/ f(x)dx =0}.
D2y 3p

According to [67, Lemma 5], we know that (Vo) - v{(¢) € Hi.O,a (Dyp3p) fora.a. t € R, and
setting w; = vy — B[(Vg) - v;], we see that

wi € H (T, L, (2)°) NL,(T,H;(R)%), suppw; C By, NQ, divw; =0, wi|r=h,

19, w1 ”LP(T,L{,(Q)) + [Iwy ”LP(T,H%(Q)) =< C(”ath”Lp(’Jl‘.Lq(Q)) + ||h||Lp(T,H,2](Q)))'
(5.46)
Now let (w2, q2) be the unique solution to

oWy — Aw, + Vg =f—0,w; — Aw;, divw, =0 inQxT, w,|r=0,

which exists due to the first part of the proof. Note that w; vanishes in R3 \ Bs,, so that
(v, p) = (W) +W», ) is a solution to (5.4), and estimate (5.5) follows from the correspond-
ing estimate for w, and the properties listed in (5.46).

The uniqueness assertion follows by decomposing a solution (v, p) into a stationary and
an oscillatory part by means of (5.2) and employing the uniqueness statements from Propo-
sition 5.3 and Proposition 5.6. O
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Finally, we complete the proof of Theorem 5.1 on the existence of time-periodic solutions
to the nonlinear problem (5.1) in an exterior domain. Observe that the abstract result from
Theorem 3.3 cannot be applied directly since we use spaces of pointwise decaying functions
that allow for an appropriate treatment of the nonlinear convection term.

Proof of Theorem 5.1 We employ Banach’s contraction mapping principle. Define
T, ={(v,q) [V=vi+Vs, g=qu+ds. vi€HL(T,L (R NL, (T H(Q)),
vs €HL(Q)', divv=0, queL,(T.H)(Q). qsH (),
(v, Dllz, =&},
where we set
IV, Dllze = 19:villL,rig@) + IVLlle,mm2@) T 1Vslm2@ + VAL, @ @)
+ ||q5||H11[(Q)—|— <VL >, 1+ <VVL >0+ <Vg>1+ < Vvg>;.
For (v, q) € Z, let (u, p) be the solution of the linear system of equations
ou—uAu+Vp=F+N(v), divu=0 inQxT, wulr=h|, (5.47)
where A/(v) = v- Vv. Theorem 5.2 yields that
I, p)llz, <C(<Gs >3+ <Hs >+ < N5 >3+ <N(¥)s >4+ <GL>,5
+<Hi >, 1+ <NWL>p+<NW >, (5.48)
+ gy e + I o )

provided that the right-hand side of (5.48) is finite. Here, we write N (V) = v ®v, so that
div N (v) = NV (v) since divv = 0. We further have

N(V)S:VS'VVS'F/VL'VVLCU
T
N(V)S:VS®VS+/VL®VLCU;
' (5.49)
N(V)L:VS'VVL‘FVL'VV5+VL~VVL—/VL.VVL(1I
T

NWn=w®u+u®w+n®n—/n®nm.
T

Notice that div N (v) s = N'(v)s and div A/ (v) | = N(v) . To estimate these nonlinear terms,
we choose o > 0 so small that 0 +3/g < 2(1 — 1/p), which is possible since 2/p+3/q < 2
by assumption. By Sobolev inequality and real interpolation, we then have

IVl ioo@n = CIVLIL g wot3a gy = CIVLIL g 2010 (q)) 5:50)

=< C(||atVJ.||Lp(’J11Lq(Q)) + ||VJ_||Lp('J1‘,H(21(Q))),
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Using Holder’s inequality with p > 2, we further obtain

<NW)s>3<C(<Vg><Vvsg>,+ <V >, 1< VV] >,));
<NWs><C(<vs>T+<v, >§,$1);
<NW) L >pp<C(<Vsg>1<VV >, + <V >, 1< VVg>,
F VLI L (T L@y < VVL >p2+ < VL >, 1< VVL >,0);

<N(V)L >1),1 < C(< Vg >1<V) >p,1 +I|Vi”Loo(T,Loo(Q)) <V] >p,1 + <V] >?7’1 .
(5.51)
Combining (5.48) with (5.51) and (5.50) yields that

l(w,p)llz, <C(<Gs >3+ <Hs >+ <GL>,0+<HL >,

+ ”h”H}U(’]r,Lq(Q)) + ”h”LP(T’H(ZI(Q)) + ”(V» Q)IIZIS)
Recalling the smallness assumption (5.3) and that (v, q) € Z., we have ||(u, p)||z. < Co&?
for some constant Cy. Thus, choosing ¢ > 0 so small that Coe < 1, we have ||(u, p)||z, <e,
which implies that (u, p) € Z,. Therefore, if we define a map E acting on (v, q) € Z, by
setting E(v, q) = (u, p), then E is a map from Z, into itself.

In an analogous way, we see that for any (v;, q;) € Z, (i =1,2),

1Evi, 1) — E(va, @)z, < Ciell(vi, q1) — (v2, )l z,

for some constant Cy. Thus, choosing ¢ > 0 smaller if necessary, we have C;¢ < 1, which
shows that E is a contraction map on Z,. Therefore, there exists a unique (u, p) € Z, such
that E (u, p) = (u p), which is the required unique solution to (4.9). This completes the proof
of Theorem 5.1. O

Funding Open Access funding enabled and organized by Projekt DEAL. The third author was partially sup-
ported by Top Global University Project, JSPS Grant-in-aid for Scientific Research (A) 17H0109, and Toyota
Central Research Institute Joint Research Fund.

Data Availability Data sharing not applicable to this article as no datasets were generated or analyzed during
the current study.

Declarations

Competing Interests The authors have no competing interests to declare that are relevant to the content of
this article.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

Periodic L, Estimates by %7-Boundedness Page410f43 1

References

10.

11.

18.
19.
20.

21.
. Eiter, T., Kyed, M., Shibata, Y.: On periodic solutions for one-phase and two-phase problems of the

23.
24.
25.
26.
217.
28.

29.

. Amann, H.: Periodic solutions of semilinear parabolic equations. In: Nonlinear Analysis, pp. 1-29. El-

sevier, Amsterdam (1978)

. Arendt, W., Bu, S.: The operator-valued Marcinkiewicz multiplier theorem and maximal regularity.

Math. Z. 240(2), 311-343 (2002)

. Artemiev, N.: Uber die periodischen Losungen der nichtlinearen partiellen Differentialgleichungen. Izv.

Akad. Nauk SSSR, Ser. Mat. 1937, 15-50 (1937)

. Bader, R., Kryszewski, W.: On the solution sets of differential inclusions and the periodic problem in

Banach spaces. Nonlinear Anal., Theory Methods Appl., Ser. A 54(4), 707-754 (2003)

. Bange, D.W.: Periodic solutions of a quasilinear parabolic differential equation. J. Differ. Equ. 17(1),

61-72 (1975)

. Bogovskii, M.E.: Solution of the first boundary value problem for the equation of continuity of an in-

compressible medium. Dokl. Akad. Nauk SSSR 248(5), 1037-1040 (1979). English Transl: Soviet Math
Dokl., 20, 1094-1098

. Bogovskii, M.E.: Solution of some vector analysis problems connected with operators Div and Grad.

In: Trudy Seminar S.L. Sobolev #1, pp 5-40. Akademia Nauk SSSR, Sibirskoe Otdelnie Matematiki,
Nowosibirsk (1980) (in Russian)

. Borchers, W., Sohr, H.: On the semigroup of the Stokes operator for exterior domains in L9-spaces.

Math. Z. 196(3), 415-425 (1987)

. Brézis, H., Nirenberg, L.: Forced vibrations for a nonlinear wave equation. Commun. Pure Appl. Math.

31(1), 1-30 (1978)

Browder, F.E.: Existence of periodic solutions for nonlinear equations of evolution. Proc. Natl. Acad.
Sci. 53(5), 1100-1103 (1965)

Bruhat, E.: Distributions sur un groupe localement compact et applications a I’étude des représentations
des groupes p-adique. Bull. Soc. Math. Fr. 89, 43-75 (1961)

. Cesari, L.: Existence in the large of periodic solutions of hyperbolic partial differential equations. Arch.

Ration. Mech. Anal. 20(3), 170-190 (1965)

. Cwiszewski, A.: Positive periodic solutions of parabolic evolution problems: a translation along trajec-

tories approach. Cent. Eur. J. Math. 9(2), 244-268 (2011)

. de Leeuw, K.: On L P multipliers. Ann. Math. 81, 364-379 (1965)
. Denk, R., Hieber, M., Priiss, J.: #Z-Boundedness, Fourier Multipliers and Problems of Elliptic and

Parabolic Type. Mem. Amer. Math. Soc., vol. 166, no. 788 (2003)

. Eiter, T.: On the Stokes-type resolvent problem associated with time-periodic flow around a rotating

obstacle. J. Math. Fluid Mech. 24, 52 (2022)

. Eiter, T.: On the Oseen-type resolvent problem associated with time-periodic flow around a rotating body.

SIAM J. Math. Anal. 54(4), 4987-5012 (2022)

Eiter, T., Kyed, M.: Time-periodic linearized Navier-Stokes equations: an approach based on Fourier
multipliers. In: Particles in Flows. Adv. Math. Fluid Mech., pp. 77-137. Springer, Cham (2017)

Eiter, T., Kyed, M.: Estimates of time-periodic fundamental solutions to the linearized Navier-Stokes
equations. J. Math. Fluid Mech. 20(2), 517-529 (2018)

Eiter, T., Kyed, M.: Viscous flow around a rigid body performing a time-periodic motion. J. Math. Fluid
Mech. 23(1), 28 (2021)

Eiter, T., Shibata, Y.: Viscous flow past a translating body with oscillating boundary. arXiv:2303.09592

Navier-Stokes equations. J. Evol. Equ. 21(3), 2955-3014 (2021)

Farwig, R., Tsuda, K.: The Fujita-Kato approach for the Navier-Stokes equations with moving boundary
and its application. J. Math. Fluid Mech. 24, 77 (2022)

Farwig, R., Kozono, H., Tsuda, K., Wegmann, D.: the time periodic problem of the Navier-Stokes equa-
tions in a bounded domain with moving boundary. J. Math. Fluid Mech. 61 (2021). Paper No. 103339
Ficken, F.A., Fleishman, B.A.: Initial value problems and time-periodic solutions for a nonlinear wave
equation. Commun. Pure Appl. Math. 10(3), 331-356 (1957)

Fife, P.: Solutions of parabolic boundary problems existing for all time. Arch. Ration. Mech. Anal. 16(3),
155-186 (1964)

Gaines, R., Walter, W.: Periodic solutions to nonlinear parabolic differential equations. Rocky Mt. J.
Math. 7(2), 297-312 (1977)

Galdi, G.P.: An Introduction to the Mathematical Theory of the Navier-Stokes Equations, Steady-State
Problems, 2nd edn. Springer, Berlin (2011)

Galdi, G.P, Kyed, M.: Time-periodic flow of a viscous liquid past a body. In: Fefferman, C., Robinson,
J., Rodrigo, J. (eds.) Partial Differential Equations in Fluid Mechanics. London Mathematical Society
Lecture Note Series, pp. 20—49. Cambridge University Press, Cambridge (2018)

@ Springer


http://arxiv.org/abs/arXiv:2303.09592

Page 42 of 43 T. Eiter et al.

30.

31.

32.

33.

34.

35.

36.

37.
38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

Galdi, G.P., Sohr, H.: Existence and uniqueness of time-periodic physically reasonable Navier-Stokes
flow past a body. Arch. Ration. Mech. Anal. 172(3), 363—406 (2004)

Geissert, M., Hieber, M., Nguyen, T.H.: A general approach to time periodic incompressible viscous
fluid flow problems. Arch. Ration. Mech. Anal. 220(3), 1095-1118 (2016)

Hall, W.S.: Periodic solutions of a class of weakly nonlinear evolution equations. Arch. Ration. Mech.
Anal. 39, 294-322 (1970)

Hytonen, T., van Neerven, J., Veraar, M., Weis, L.: Analysis in Banach Spaces. Vol. I. Martingales and
Littlewood-Paley Theory. Springer, Cham (2016)

Iwashita, H.: Lg-L, estimates for solutions of the nonstationary Stokes equations in an exterior domain
and the Navier-Stokes initial value problems in Ly spaces. Math. Ann. 285, 265-288 (1989)

Jin, C., Yang, T.: Time periodic solution for a 3-D compressible Navier-Stokes system with an external
force in R3. J. Differ. Equ. 259, 2576-2601 (2015)

Karimov, D.H.: Uber die periodischen Losungen der nichtlinearen differentialen Gleichungen des
parabolischen Typus. C.R. (Dokl.) Acad. Sci. URSS, Ser. 28, 403—406 (1940)

Kobayashi, T., Shibata, Y.: On the Oseen equation in exterior domains. Math. Ann. 310(1), 1-45 (1998)
Kokocki, P.: Krasnosel’skii type formula and translation along trajectories method on the scale of frac-
toinal spaces. Commun. Pure Appl. Anal. 14(6), 2315-2334 (2015)

Kolesov, Y.S.: Certain tests for the existence of stable periodic solutions of quasi-linear parabolic equa-
tions. Sov. Math. Dokl. 5, 1118-1120 (1964)

Kolesov, Y.S.: A test for the existence of periodic solutions to parabolic equations. Sov. Math. Dokl. 7,
1318-1320 (1966)

Kolesov, Y.S.: Periodische Losungen quasilinear parabolischer Gleichungen zweiter Ordnung. Tr. Mosk.
Mat. O.-va 21, 103-134 (1970)

Kozono, H., Nakao, M.: Periodic solutions of the Navier-Stokes equations in unbounded domains. To-
hoku Math. J. (2) 48(1), 33-50 (1996)

Krasnosel’skii, M.: The Operator of Translation Along the Trajectories of Differential Equations. Trans-
lations of Mathematical Monographs (1968)

Kyed, M.: Time-periodic solutions to the Navier-Stokes equations. Habilitationsschrift, Technische Uni-
versitidt Darmstadt (2012)

Kyed, M., Sauer, J.: A method for obtaining time-periodic L? estimates. J. Differential Equations 262(1),
633-652 (2017)

Kyed, M., Sauer, J.: On time-periodic solutions to parabolic boundary value problems. Math. Ann.
374(1-2), 37-65 (2019)

Liebermann, G.M.: Time-periodic solutions of linear parabolic differential equations. Commun. Parital
Differ. Equations 24(3—4), 631-663 (1999)

Maekawa, Y., Sauer, J.: Maximal regularity of the time-periodic Stokes operator on unbounded and
bounded domains. J. Math. Soc. Japan 69(4), 1403-1429 (2017)

Maremonti, P.: Existence and stability of time-periodic solutions to the Navier-Stokes equations in the
whole space. Nonlinearity 4(2), 503-529 (1991)

Matsumura, A., Nishida, T.: Periodic solutions of a viscous gas equation. In: Mimura, M., Nishida, T.
(eds.) Recent Topics in Nonlinear PDE, Vol IV. North-Holland Math. Studies, vol. 160, pp. 49-82 (1989)
Nakao, M.: On boundedness, operiodicity, and almost periodicity of solutions of some nonlinear
parabolic equations. J. Diff. Eqns. 19(2), 371-385 (1975)

Nguyen, T.H., Tran, T.K.O.: Periodicity of inhomogeneous trajectories and applications. J. Math. Anal.
Appl. 468(1), 161-168 (2018)

Poincaré, H.: Sur le probléme des trois corps et les équations de la dynamique. Acta mathematica, F. &
G. Beijer (1890)

Poincaré, H.: The Three-Body Problem and the Equations of Dynamics, Poincaré’s Foundational Work
on Dynamical Systems Theory, vol. 443. Institute Mittag-Leffler, Sweden (1890). Translated from the
French by Bruce D. Popp. Originally published by

Prodi, G.: Soluzioni periodiche di equazioni alle derivate parziali di tipo parabolico e non lineari. Riv.
Mat. Univ. Parma 3, 265-290 (1952)

Prodi, G.: Soluzioni periodiche di equazioni a derivate parziali di tipo iperbolico non lineari. Annali di
Matematica Pura ed Applicata, Series 4 42(1), 25-49 (1956)

Prodi, G.: Ouglche risultato riguardo alle equazioni di Navier-Stokes nel caso bidimensionale. Rend.
Sem. Mat. Univ. Padova 30, 1-15 (1960)

Prouse, G.: Soluzioni periodiche dell’equazione delle onde non omogenea con termine dissipativo
quadratico. Ric. Mat. 13, 261-280 (1964)

Priif, J.: Periodic solutions of semilinear evolution equations. Nonlinear Anal., Theory Methods Appl.
3,601-612 (1979)

@ Springer



Periodic L, Estimates by %7-Boundedness Page430f43 1

60.

61.

62.
63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.
74.

75.

76.

71.

78.

79.

Rabinowitz, P.H.: Periodic solutions of nonlinear hyperbolic partial differential equations. Commun.
Pure Appl. Math. 20, 145-205 (1967)

Rabinowitz, P.H.: Periodic solutions of nonlinear hyperbolic partial differential equations, II. Commun.
Pure Appl. Math. 22, 15-39 (1969)

Seidman, T.I.: Peiodic solutions of a non-linear parabolic equation. J. Diff. Eqns. 19(2), 242-257 (1975)
Serrin, J.: A note on the existence of periodic solutions of the Navier-Stokes equations. Arch. Rational
Mech. Anal. 3, 120-122 (1959)

Shibata, Y.: On an exterior initial-boundary value problem for Navier-Stokes equations. Quart. Appl.
Math. 57(1), 117-155 (1999)

Shibata, Y.: On the %Z-boundedness of solution operators for the Stokes equations with free boundary
condition. Differ. Int. Eqns. 27(3-4), 313-368 (2014)

Shibata, Y.: On the %Z-bounded solution operators in the study of free boundary problem for the Navier-
Stokes equations. In: Shibata, Y., Suzuki, Y. (eds.) In Springer Proceedings in Mathematics & Statistics,
vol. 183, pp. 203-285. Mathematical Fluid Dynamics, Present and Future, Tokyo (2016)

Shibata, Y.: On the L -L4 decay estimate for the Stokes equations with free boundary conditions in an
exterior domain. Asymptotic Anal. 107, 33-72 (2018)

Shibata, Y.: #Z-Boundedness, maximal regularity and free boundary problems for the Navier Stokes
equations. In: Lecture Notes in Mathematics, vol. 2254, pp. 193—462. Springer (2020)

Solovieff, P.: Quelques remarques sur les solutions des équations nonlinéaires du type hyperbolique. Izv.
Acad. Nauk SSSR, Ser. Mat. 3, 149-164 (1939)

Stein, E.M.: Singular Integrals and Differentiability Properties of Functions. Princeton University Press,
Princeton (1970)

Straskraba, I., Vejvoda, O.: Periodic solutions to a singular abstract differential equations. Cech. Math.
J. 24, 528-540 (1974)

Taam, C.T.: Stability, periodicity, and almost periodicity of solutions of nonlinear differential equations
in Banach spaces. J. Math. Mech. 15, 849-876 (1966)

Triebel, H.: Theory of Function Spaces. Birkhduser, Basel (1983)

Tsuda, K.: On the existence and stability of time periodic solution to the compressible Navier-Stokes
equation on the whole space. Arch. Rational Mech. Anal. 219, 637-678 (2016)

Valli, A.: Periodic and stationary solutions for compressible Navier-Stokes equations via a stability
method. Ann. Sc. Norm. Super. Pisa C1. Sci. (4) 10, 607-647 (1983)

Vejvoda, O.: Parital Differential Equations: Time-Periodic Solutions. Martinus Nijhoff Publishers,
Hague; SNTL, Publishers of Technical Literature, Prague (1982)

Weis, L.: Operator-valued Fourier multiplier theorems and maximal L p-regularity. Math. Ann. 319,
735-758 (2001)

Yamazaki, M.: The Navier-Stokes equations in the weak-L" space with time-dependent external force.
Math. Ann. 317(4), 635-675 (2000)

Zabotinskij, M.E.: Uber periodische Losungen nichtlinearer partieller Differentialgleichungen. Dokl.
Acad. Nauk SSSR, Ser. 56, 469-472 (1947)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Periodic Lp Estimates by R-Boundedness: Applications to the Navier-Stokes Equations
	Abstract
	Introduction
	Notation and Preliminaries
	General Notation
	Time-Periodic Framework
	R-Boundedness and Operator-Valued Fourier Multipliers

	Maximal Lp Regularity for Periodic Evolution Equations
	On the Navier-Stokes Equations in a Bounded Periodically Moving Domain
	On Periodic Navier-Stokes Flow Around a Body at Rest
	Problem and Main Results
	Stationary Solutions to the Stokes Problem
	Purely Oscillatory Solutions to the Stokes Problem
	Existence of Periodic Solutions

	References


