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Abstract 
Measurement the viscoelastic properties is important for studying the developmental and pathological behavior of soft 
biological tissues. Magnetic resonance elastography (MRE) is a non-invasive method for in vivo measurement of tissue vis-
coelasticity. As a flexible method capable of testing small samples, indentation has been widely used for characterizing soft 
tissues. Using 2nd-order Prony series and dimensional analysis, we analyzed and compared the model parameters estimated 
from both indentation and MRE. Conversions of the model parameters estimated from the two methods were established. 
We found that the indention test is better at capturing the dynamic response of tissues at a frequency less than 10 Hz, while 
MRE is better for describing the frequency responses at a relatively higher range. The results provided helpful information 
for testing soft tissues using indentation and MRE. The models analyzed are also helpful for quantifying the frequency 
response of viscoelastic tissues.

Keywords  Viscoelastic properties · Indentation · Magnetic resonance elastography · Dimensional analysis · Frequency 
response

1  Introduction

Biomechanical measurement of soft tissues in vivo plays 
an important role in diagnostics and treatment of diseases 
[1, 2]. Quantitative measurement of the viscoelastic proper-
ties provides insights into the development and pathology 
of tissues. The measured viscoelastic parameters could help 
construct theoretical models for the prognosis of diseases in 
organs such as brain and liver [3–6].

Traditionally, viscoelastic properties were measured 
using indentation or rotational rheometry [7, 8]. Magnetic 

resonance elastography (MRE) has been clinically used for 
in vivo measurement of viscoelasticity [9, 10]. To verify 
the in vivo measurement, many studies have compared the 
measurement results from rheometry and MRE [3, 11, 12]. 
Besides rotational rheometry, different forms of dynamic 
mechanical tests were also used for comparison and valida-
tion [13].

The indentation test is a widely used technique for 
quantification of mechanical properties in both macro and 
nanoscales [14–17]. It has also been modified to combine 
with rheometry for a wide range of frequency test [18]. Due 
to its capability to measure small-sized samples, indentation 
has been used for measuring the viscoelastic properties of 
many soft tissues [19–21]. However, few studies have quan-
tified the viscoelastic measurement between the indentation 
and MRE methods.

The selection of viscoelastic models is crucial for analyz-
ing results from ex vivo and in vivo measurements. Klatt 
et al. [22] were among the earliest to study the frequency 
responses of the soft tissues using rotational rheometry 
and MRE. By using multi-frequency MRE, they found that 
a 3-parameter Zener model provided the best fit for the 
dynamic response of shear moduli. Weickenmeier et al. [23] 
used a standard linear solid model to analyze the frequency 
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response of brain tissue. However, a model that can be used 
for viscoelastic characterization for both indentation and 
MRE tests is still needed.

In this study, we first analyzed and explained the physical 
meanings of the parameters from the Prony series. Then, 
viscoelastic properties measured using indentation and MRE 
were compared and analyzed. The analytical responses of 
the model based on indentation and MRE were also com-
pared. Finally, we made quantitative comparisons of the two 
tests using phantom and animal experiment data.

2 � Viscoelastic model

The deformation of soft tissues is usually small in MRE and 
indentation tests. For example, displacements of shear wave 
propagation in MRE were in the magnitude of micrometers 
[24, 25]. Therefore, small strain deformation was assumed, 
and the linear viscoelastic material model was adopted for 
the analysis.

2.1 � Linear viscoelastic models and Prony series

Linear viscoelastic models have been widely used for char-
acterizing the soft biological tissues [26–30]. A general form 
of the constitutive equation of the linear viscoelastic mate-
rial is [31]

The Laplace transform form of Eq. (1) is usually used 
for analysis:

where P(s) =
∑m

k=0
pks

k and Q(s) =
∑n

k=0
qks

k . Typically, a 
ramp-hold displacement is usually applied to the sample in 
an indentation test, inducing a stress relaxation response. If a 
step function is u(t) , the ramp-hold indentation input can be 
written as �(t) = �0u(t) . The corresponding stress response 
can be solved by substituting 

−
� (s) = �0∕s into Eq. (2)

where E(s) is the Young’s modulus in the Laplace plane. The 
time-dependent relaxation of stress is

where Y(t) = L
−1{E(s)} is the relaxation modulus. If an 

incompressible condition is assumed for the tissue, where 
the Poisson’s ratio � is 0.5, a relaxation shear modulus could 
also be defined as G(t) = Y(t)∕3 . In indentation tests, the 

(1)
m∑

k=0

pk
d
k�(t)

dtk
=

n∑

k=0

qk
d
k�(t)

dtk
.

(2)P(s)𝜎̃(s) = Q(s)
−
𝜀 (s),

(3)𝜎̃(s) =
Q(s)

sP(s)
𝜀0 = E(s)𝜀0,

(4)𝜎(t) = L
−1{𝜎̃(s)} = L

−1{E(s)}𝜀0 = Y(t)𝜀0,

relaxation process can be approximated using Prony series. 
Therefore, the relaxation shear modulus can be written in a 
series form:

where Ci and �i are constants that could be determined by 
fitting experiment curves.

For most biological tissues, a 2nd-order approximation 
could provide a reasonable approximation of the relaxation 
process. Therefore with l = 2,

2.2 � Physical interpretation of the 2nd‑order Prony 
series

The physical interpretation of the 2nd-order Prony series 
can be illustrated using a standard spring-dashpot Maxwell 
model (Fig. 1). Ei and Fi represent the spring and dashpot 
constants, respectively. The corresponding Laplacian trans-
formation of the time-dependent elastic modulus E(t) is

Once the relaxation shear modulus was determined 
from Eq. (6), the spring and dashpot parameters can be 
determined:

In fact, this constitutive equation is equivalent to a 
5-parameter Kelvin model.

2.3 � Dynamic shear modulus

For dynamic response of the linear viscoelastic material, a 
harmonic vibration is usually applied. In MRE, for example, 

(5)G(t) = C0 +

l∑

i=1

Cie
−

t

�i ,

(6)G(t) = C0 + C1 ∙ e
−

t

�1 + C2 ∙ e
−

t

�2 .

(7)E(s) = E1 +
s ∙ E2

s +
E2

F2

+
s ∙ E3

s +
E3

F3

.

(8)
E1 = 3C0,E2 = 3C1,E3 = 3C2,F2 = 3�1C1,F3 = 3�2C2.

Fig. 1   Maxwell model for the physical interpretation of the 2nd-order 
Prony series. Three spring constants ( E1,E2,E3 ) and two dashpot 
constants ( F2,F3 ) are used
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a vibration with a fixed frequency is applied to generate 
shear wave in soft tissues. If a harmonic vibration of strain 
�(t) = �0e

i�t is applied, with Eq. (1), the stress response is

For steady-state response �(t) = �0e
i�t , we have

If we define the dynamic Young’s modulus as 
E(i�) =

Q(i�)

P(i�)
 , for incompressible material, the dynamic 

shear modulus is G(i�) = E(i�)∕3 . For the 2nd-order Prony 
series,

By comparing with Eq. (7), the parameters written in 
terms of the physical parameters are

By substituting Eq. (8), the parameters can be expressed 
in terms of the fitting constants:

Using Eqs. (11) and (13), a conversion is established 
between the dynamic shear modulus and the parameters of 
the Prony series.

2.4 � Dimensional analysis

For experimental measurement, indentation tests can be 
carried out in scales from nanometers [32] to millimeters 
[30]. However, the measured displacement using MRE is 
usually on the scale of micrometers. Despite the different 
measurement scales, the equation that describes the rela-
tionship between the physical quantities should remain the 
same regardless of the unit. Therefore, if we compare tests 
in millimeter and micrometer scales, dimensional analysis 
is needed for a conversion.

For a flat-top indentation [29], the general form of the 
reaction force F is

(9)
m∑

k=0

pk
d
k�(t)

dtk
=

n∑

k=0

qk(i�)
k�0e

i�t.

(10)�0 =

∑n

k=0
qk(i�)

k

∑m

k=0
pk(i�)

k
�0 =

Q(i�)

P(i�)
�0.

(11)E(i�) =
−q2�

2 + iq1ω + q0

−p2�
2 + ip1ω + 1

.

(12)

q2 =
E1 ∙ F2 ∙ F3 + E2 ∙ F2 ∙ F3 + E3 ∙ F2 ∙ F3

E2 ∙ E3

,

q1 =
E1 ∙ E2 ∙ F3 + E1 ∙ E3 ∙ F2 + E2 ∙ E3 ∙ F2 + E2 ∙ E3 ∙ F3

E2 ∙ E3

,

q0 = E1, p2 =
F2 ∙ F3

E2 ∙ E3

, p1 =
E2 ∙ F3 + E3 ∙ F2

E2 ∙ E3

.

(13)

q2 = 3�1�2
(
C0 + C1 + C2

)
,

q1 = 3C0�1 + 3C0�2 + 3C1�1 + 3C2�2,

q0 = 3C0, p2 = �1 ∙ �2, p1 = �1 + �2.

where R is the radius of the indenter, V  is the indentation 
velocity, C is the shear modulus of the tested material, and � 
is the relaxation time constant. The dimensions of the vari-
ables are

Therefore, the dimensionless independent variables are

The dimensionless dependent variable is

Based on the Pi theorem [33], Eq. (14) can be trans-
formed to Π0 =

∼

f (Π1,Π2).
Using the similarity principle [33], a conversion between 

different measurement scales could be achieved by keep-
ing the dimensionless variables the same. Considering C 
is the intrinsic properties of the material, if we keep the 
same indentation velocity, the unit of � would be inversely 
proportional to the unit of R . For example, if the indentation 
is in the scale of millimeters, and the measured relaxation 
time constant is in seconds, the converted measurement of 
the relaxation time constant should be in milliseconds cor-
responding to an indentation in micrometers.

Similar dimensional analysis has been used for indenta-
tion studies. Using the Pi theorem, Cao et al. [34] found the 
normalized relaxation modulus depends only on the inden-
tation loads, independent of the indenter geometry. The 
dimensional analysis has also been used for characterizing 
hyperelastic materials [35].

3 � Analysis of stress relaxation

In this section, we compared different procedures of fit-
ting parameters in the indentation test. As a demonstration, 
we used brain tissues of female mice (Balb/c, 8 weeks old, 
16 g, SPF grade, certificate No. SCXK 2018-0006) for all 
the analyses in this section. The indentation region of inter-
est (ROI) was the right cortex. The indentation strain and 
velocity were 8% and 0.6 mm/s, respectively. Each sample 
slice had a thickness of about 3 mm. The detailed experi-
ment protocol has been reported in previous studies [36]. 
The results validated the selection of the 2nd-order Prony 
series and provided helpful guidelines for the indentation 
experiment.

(14)F = f (R,V ,C, �),

(15)
[R] = L, [V] = Lt−1, [C] = ML−1t−2, [�] = t, [F] = MLt−2.

(16)Π1 =
V�

R
,Π2 =

CR2

F
.

(17)Π0 =
F

CR2
.
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3.1 � Comparisons of different fitting schemes

A typical relaxation test has a ramp section and a relaxation 
section. To find the best parameter estimation, we used a 
ramp section only, a relaxation section only, and both sec-
tions for fitting (Fig. 2). We observed that the model fitted 
with a ramp section only could not describe the relaxation 
behavior (Fig. 2a). It indicated that the ramp section could 
capture the elastic response of the tissue but provided no vis-
coelastic information. By fitting the relaxation section only, 
we observed that the model could not describe the ramp 
behavior, thus losing the elastic information (Fig. 2b). The 
collective fitting of both sections captures both the ramp and 
relaxation responses (Fig. 2c).

In addition, we also compared the frequency responses 
of the viscoelastic model using Eqs. (11) and (13) (Fig. 3). 
We observed no frequency-dependent response with the 
model fitted with the ramp section only. This is consistent 
with our previous observation that only elastic information 
was included in the ramp section. The shear moduli were 
higher for the model fitted with both sections. This again 
suggested a loss of elastic component when fitted for the 
relaxation section only. Therefore, the analysis of both ramp 
and relaxation sections is a necessity for accurate measure-
ment of viscoelastic behavior.

3.2 � Selection of relaxation time

Since the relaxation section provides curial information 
of the viscoelastic behavior, we compared the frequency 
responses of the model estimated from fitting different 
relaxation time. Although a longer relaxation time would 
provide a better estimation of the viscoelastic parameters, 
practical issues such as tissue dehydration and measurement 
efficiency constrained the selection of longer relaxation time. 
We took a relaxation time of 60 s, 80 s, 120 s, 180 s for 
analysis [37–39], where no significant differences in the esti-
mated shear moduli were observed. We observed a similar 
frequency response except for the low-frequency section 
(< 1 Hz). However, since most of the dynamic measurements 

of the viscoelastic properties were in the larger frequency 
range (> 1 Hz), the relaxation time does not play a signifi-
cant role in characterizing the viscoelastic behavior (Fig. 4).

3.3 � Order of the Prony series

Although higher orders of the Prony series can improve the 
fitting accuracy, it will complicate the parameter analysis 
and the computational implementation for simulations. Stud-
ies have shown that the 2nd-order Prony series could fit the 
experiment curve with enough accuracy [30, 40, 41]. We 
analyzed the frequency response of the Prony series with 
three different orders. Considering the poor performance of 
the 1st-order Prony series (Fig. 5), we focused on compar-
ing the 2nd- and 3rd-order Prony series. For the 3rd-order 
Prony series, the patterns of G2 and � values appeared to 
deviate from that of the 1st- and 2nd-order results at the 
lower frequency range (< 1 Hz). This is probably because the 

Fig. 2   Comparison of different fitting schemes of the indentation test using a a ramp section only, b relaxation section only (R2 = 0.98), and  
c both ramp and relaxation sections (R2 = 0.97)

Fig. 3   Comparisons of the frequency responses with models fitted 
with a ramp section only (green solid line), a relaxation section only 
(red dash line), and both ramp and relaxation sections (blue dotted 
line)
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3rd-order Prony series not only captured the fine details of 
the relaxation curve but also experimental noise. Therefore, 
the 2nd-order Prony series could provide the best trade-off 
between accuracy and model complexity (Fig. 6).

4 � Analysis of dynamic response 
from phantom and tissue

Based on the previous analysis, we used the 2nd-order Prony 
series to characterize the viscoelastic properties of a gel 
phantom and analyzed the corresponding dynamic frequency 
response. The dynamic shear moduli were compared with 
that measured from MRE. We also carried out similar analy-
sis using mouse brain data from literature and discussed the 
differences between ex vivo and in vivo measurements.

4.1 � Phantom test

We made a tissue-mimicking gelatin phantom [24, 42] 
for both indentation and MRE tests. Viscoelastic proper-
ties were measured using a custom-built indentation tester 
[36]. The sample was indented with 8% of its thickness and 
relaxed for 180 s (Fig. 7a).

A custom-built magnetic resonance elastography system 
was used for measuring the dynamic moduli of the phantom 
[24]. The experiments were Shanghai, China). The actua-
tor and the phantom were placed in a 24-channel head coil 
(Fig. 7b). The frequency of actuation was set to 50, 60, 70, 
80, 90, and 100 Hz. A spin-echo based echo-planar imag-
ing MRE sequence was used for imaging, a matrix size of 
127 × 127, and a slice thickness of 5 mm.

Viscoelastic properties were estimated by fitting the 2nd-
order Prony series to both the ramp and relaxation sections 
(Fig. 7c). Dynamic shear moduli from MRE were estimated 
by both local frequency estimation (LFE) and direction 
inversion (DI) method [43]. LFE method estimates the local 
wave length � and the corresponding shear modulus is

where � is the tissue density and � is the vibration frequency. 
For DI method,

where � is the tissue density, � is the vibration frequency, Δ 
is the Laplacian operator, and U1 is the Fourier fundamental 
component of the displacement field [44].

In the frequency range of 50–100 Hz, we observed an 
apparent frequency-dependent behavior by MRE (Fig. 8). 
The shear moduli increased monotonically with the vibra-
tion frequency. However, in the same frequency range, no 
apparent frequency-dependent behavior was observed based 
on the indentation test. Both tests showed the loss moduli 
were lower than the storage moduli, which indicated that the 
gel phantom is more of a solid.

(18)G =
��2�2

4π2
,

(19)G∗ = −
��2U1

ΔU1

,

Fig. 4   Comparisons of the frequency response of the viscoelastic 
model fitted with different relaxation time. G1 is the storage modulus, 
G2 is the loss modulus, |G∗| is the amplitude of G∗(iw) , and � is the 
phase angle

Fig. 5   Comparison of fitting with the a 1st-, b 2nd-, and c 3rd-order Prony series. The R2 values are 0.67, 0.97, and 0.99 respectively
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Wit h  E(i�) =
Q(i�)

P(i�)
 and  re l axa t ion  modu lus 

Y(t) = L
−1{E(s)} = L

−1{
Q(s)

sP(s)
} , we define E(i�) as

Taking the form of the 2nd-order Prony series of Eq. (7), 
E(i�) can be rewritten as

For incompressible material, G(i�) = E(i�)∕3. With 
Eq. (8), the storage modulus G1(i�) is

By fitting the frequency response data from the MRE test 
with Eq. (22), we obtained the corresponding Prony series 
parameters: C0 = 1.46 kPa, C1 = 3.72 kPa, C2 = 1.77 kPa, 
�1 = 2.01 ms, �2= 28.65 ms. Assuming the same ramp veloc-
ity and indentation depth, a pseudo indentation curve can 
be plotted (Fig. 9). We observed that the peak ramp force 
from the pseudo indentation curve was smaller due to the 
small relaxation coefficient �1 and �2 . Therefore, the shear 

(20)E(i�) =
Q(i�)

P(i�)
= i�Y(i�).

(21)

E(i�) = i�∫
+∞

0

Y(t)e−i�t dt

= i�∫
+∞

0

(E1 + E2e
−

E2 t

F2 + E3e
−

E3 t

F3 )e−i�t dt.

(22)G1(�) = C0 +
C1�

2

�2 +
1

�1
2

+
C2�

2

�2 +
1

�2
2

.

Fig. 6   Comparisons between the frequency response corresponding 
to the 1st-, 2nd-, and 3rd-order Prony series. G1 is the storage modu-
lus, G2 is the loss modulus, |G∗| is the amplitude of G∗(iw) , and � is 
the phase angle

Fig. 7   Viscoelastic properties of the gel phantom measured by a indentation and b MRE. c Experimental and fitted ramp and relaxation curves 
from indentation tests. d Wave propagation images of MRE from 6 different actuation frequencies
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modulus attenuated to C0 in a very short time, resulting in a 
lower ramp force.

Our results are consistent with the dynamic compressive 
mechanical test, where the frequency response was observ-
able only in a frequency range larger than 30 Hz [45]. This 
also implies that the dynamic response of viscoelastic mate-
rials can be predicted using a ramp-hold indentation test. 
A direct comparison between the dynamic mechanical test 
and the MRE test using gel phantom showed a close match 
of the measured shear moduli [13]. A linear correlation was 
also observed for the shear moduli measured using rotational 
rheometry and MRE [3]. However, the differences in the 

frequency response between the rheometry and indentation 
tests indicated that boundary and loading conditions may 
have considerable influences. Besides, the differences of the 
dynamic E and G values implied that the Poisson’s ratio 
could be frequency-dependent too.

4.2 � Comparison of brain tissue test

We took two indentation tests of mouse brain tissue for anal-
ysis, one in the micron-scale [46] and the other in the mil-
limeter scale [30]. The viscoelastic parameters of the cortex 
using 2nd-order Prony series are summarized in Table 1. 
The displacement in MRE is in microns [47] and the veloci-
ties of both indentation and MRE are on the same scale 
(mm/s). Therefore, the corresponding relaxation time must 
be converted from seconds to milliseconds, as discussed in 
Sect. 2.4. A similar pattern with different amplitude showed 
a clear frequency-dependent response of the mouse brain 
tissue (Fig. 10).

By comparing results from MRE test (Fig.  11), we 
observed the G1 and |G∗| values measured by MRE are 
mostly in the range from 4 to 8 kPa. The G1 value measured 
by MacManus et al. [46] is 6.5 kPa, while by Qiu et al. [30] 
is 1.73 kPa. Besides the differences in frequency response 
of the two methods, the results also quantify the differences 
between in vivo and ex vivo measurements. Because of the 
low G2 values from the indentation tests, we observed the 
small difference between G1 and |G∗| values. Compared 

Fig. 8   Comparisons of the amplitude and component of the com-
plex shear moduli of the gel phantom based on indentation and MRE 
measurements

Fig. 9   a Experimental and fitted frequency response of the gel phantom based on MRE and indentation tests, respectively. A 2nd-order Prony 
series was used for the fitting. b Comparison of the real and pseudo indentation curves. The pseudo indentation curve was calculated based on 
the fitted MRE data

Table 1   Parameters of the 
2nd-order Prony series of 
mouse brain cortex and testing 
parameters from literatures

Prony series Indentation parameters

G∞(kPa) C1(kPa) C2(kPa) �1(s) �2(s) Indenter 
radius (mm)

Velocity (mm/s)

Qiu et al. [30] 1533 1899 3075 0.013 0.189 0.025 4.28
Macmanus et al. [46] 330 1070 330 1.19 24.8 1 0.5
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with indentation, the phase angles measured by MRE 
were between 0.3 and 0.7 radians. These results indicated 
the mouse brain demonstrated a more of a solid behavior 

in vivo. The large discrepancy of the estimated shear moduli 
between in vivo MRE and ex vivo indentation showed that 
the testing condition and inversion algorithm greatly influ-
enced the results.

5 � Conclusions

In this study, we analyzed and compared the viscoelastic 
parameters estimated from indentation and MRE. A sum-
mary of the main findings is:

1.	 The 2nd-order Prony series provided a good trade-off 
between the fitting accuracy and model complexity to 
describe the viscoelastic behavior of soft tissues.

2.	 To compare the parameters estimated from indentation 
and MRE at different scales, we used dimensional analy-
sis to convert the parameters between the two measure-
ments.

3.	 Both Indentation and MRE tests can be used to measure 
the dynamic response of viscoelastic soft tissues. The 
former is more prone to capture the low-frequency range 

Fig. 10   Comparisons of the frequency response derived from inden-
tation tests

Fig. 11   Comparisons of a storage modulus, b loss modulus, c shear modulus amplitude, and d phase angle of mouse brain measured using 
indentation and MRE [30, 46, 48–54]. SN: substantia nigra; CTR: the mouse type (C57BL/6 J) in the control group; APP23: a mouse model 
used for studying Alzheimer’s disease
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response (less than 10 Hz), while the latter is better for 
describing the response at a relatively higher frequency 
range.

By comparing the gel phantom and brain tissue tests, we 
have illustrated the differences between in vivo and ex vivo 
tests. The results could provide helpful information for the 
ex vivo and in vivo measurements of soft tissues.
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