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Abstract
We adopt a simple model of endogenous growth with polluting capital and a fixed 
budget for aggregate emissions. Pollution abatement efficiency is growing over 
time due to technical progress. We find that long-run capital and consumption are 
inversely related to the initial capital stock. Capital taxation does not harm the econ-
omy but actually raises long-run consumption and production, which we call the 
“capital tax paradox.” The reason for this surprising result is that in an economy 
with a binding carbon policy, early abundance of polluting capital is not a blessing 
but a curse. It is preferable to have a large capital stock when abatement efficiency 
has grown sufficiently large. The paper also provides novel results on the impact of 
pollution intensity and the rate of technical progress on the greening of the econ-
omy and the pollution permit prices. In the quantitative part, we calibrate model and 
study economic growth under different assumptions on the basic model parameters.

Keywords  International climate policy · Growth · Capital taxation

1  Introduction

There is a rich literature on the optimal taxation of capital. The topic has fascinated 
many economic theorists, while it has tended to confound economic policymak-
ers. The conundrum is that in reality all major economies tax capital, while a major 
strand of economic theory concludes that capital should not actually be taxed at all 
(Judd 1985; Chamley 1986; Chari et al. 2020). The basic intuition for the zero-tax 
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result is that, to maximize efficiency, i.e., to minimize distortions by taxation in an 
economy, goods ought to be taxed according to their price elasticities. In a frame-
work with intertemporal optimization over an infinite time horizon and with growth 
being based on capital accumulation, capital supply is very elastic and even infi-
nitely elastic in the long run; a capital income tax would thus induce the “strongest” 
possible tax distortion. However, this class of models abstracts from various impor-
tant issues. First, human life is finite and inheritance is a significant source of life-
time inequality. Piketty and Saez (2013) show that under these conditions, there is 
an optimal tax on inheritance. Second, these authors also argue that in reality agents 
cannot transfer resources across periods at a fixed and riskless interest rate. With 
such uninsurable risk, a lifetime capital tax is a useful addition to the inheritance 
tax. Third, the zero-tax results crucially depends on the assumption of a utilitar-
ian social welfare function and the behavior of the social planner (or the assumed 
political process). Acemoglu et al. (2011) show that with an independent political 
process, the best equilibrium for the citizens involves long-run capital taxation pro-
vided that the politicians are less patient than the citizens. Kalsbach (2022) derives 
an optimal capital tax in an economy with the two distinct classes of workers and 
savers having different preferences with respect to intertemporal optimization.

Optimal capital taxation is also a central topic in environmental and resource eco-
nomics, especially in a dynamic setup. Groth and Schou (2007) analyze the effects 
of taxing non-renewable resources with those of taxing capital; they find that capital 
taxes do not affect the long-run growth rate, whereas resource taxes are decisive for 
growth. Relating capital taxes to pollution becomes obvious when the use of capital 
is polluting. In the Pigouvian tradition of environmental economics, it is well known 
that a negative externality has to be internalized either by setting appropriate taxes 
or by implementing a permit market. This is where we start our analysis and where 
the paper makes a contribution to the literature.

We adopt a simple model of endogenous growth of the AK-type with polluting 
capital introduced earlier in Borissov and Bretschger (2021). We impose a fixed 
budget for aggregate emissions, which can be thought of as the remaining carbon in 
current climate policy. Pollution quantity is governed by pollution intensity and by 
abatement efficiency, which is improving over time due to technical progress. We 
state the optimization problem for both the social optimum and the decentralized 
economy. The paper provides analytical solutions and numerical applications of the 
base model.

For our endogenously growing economy subject to stringent climate policy, we 
derive a novel and surprising result on capital taxation, which we call a “paradox”. 
The paradox is that in our setup, long-run capital and consumption are inversely 
related to the initial capital stock. From this, it follows that positive capital taxa-
tion does not harm the economy but actually raises long-run consumption and pro-
duction. Behind this “capital tax paradox” lies a simple but deep intuition. With a 
binding emission budget and abatement efficiency growing over time, early abun-
dance of capital is not a blessing but a curse. In an initially wealthy economy, the 
emission budget is used up too early and too quickly. For welfare optimization, it is 
preferable to have a large capital stock at a later stage, when abatement efficiency 
has become sufficiently large. These findings contradict the cited earlier results of 
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literature on capital taxation which can be explained by that fact that earlier models 
have abstracted from environmental problems which is a serious omission in times 
of climate change and associated policies.

The paper also provides novel results on the impact of pollution intensity and 
the rate of technical progress on the greening of the economy and the pollution per-
mit prices. In the quantitative part, we calibrate model and study growth and carbon 
prices under different assumptions on the basic model parameters. We perform these 
calculations because there is widespread concern that stringent decarbonization will 
severely harm long-term economic development and disproportionately affect less 
developed countries. On a positive note, there is growing hope that new techno-
logical solutions can support a rapid transition of the global economy to a sustain-
able state. The present paper aims to address these issues in a second part using 
the framework from the theory part. In the present context, we will consider three 
topics. First, we study the impact of the stringency of climate policy on economic 
development. Second, we assess the different effects of climate policies for devel-
oped and less developed countries. Third, the setup is used to show the importance 
of the technology parameters, i.e., capital productivity and abatement efficiency. The 
purpose of the second paper part is to show the robustness of the present approach 
and to contribute to the general understanding of the derived paradoxes.

The remainder of the paper is organized as follows. Section 2 develops the under-
lying theory in a concise manner. Section 3 presents our theoretical results on capi-
tal taxation and pollution permit prices. In Section 4, we calibrate the model and 
derive numerical results for the growth issues at hand. Section 5 concludes with a 
discussion of the main results.

2 � Model

2.1 � General setup

We build on the analysis of the endogenous growth model introduced by Borissov 
and Bretschger (2021). The model may be thought of as representing either a single 
country or the world economy. First we briefly restate the basic model setup and 
then proceed with our main analysis.

Period t output Akt is produced by using capital kt with a linear technology rep-
resented by factor productivity A > 0. Capital depreciates within one period. Output 
can be used for consumption or for building future capital stock. The initial stock of 
capital is given at some level k̂0 > 0.

Capital use is polluting; for instance, one can think of CO2 emissions. Its impact 
on emissions is given by pollution intensity 𝜈 > 0 and abatement efficiency, which 
grows due to exogenous technical progress in abatement at a rate 1∕� , where 
0 < 𝛾 < 1 . At time t, the level of emissions is equal to � t�kt . As in Borissov and 
Bretschger (2021), we assume that

𝛾A > 1.
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The social planner maximizes lifetime logarithmic utility with discount factor � 
which is assumed to be greater than 1/A.

2.2 � Social optimum

At the end of time period t = 0 , the social planner sets pollution budget (i.e., emis-
sions aggregated over all future time periods) to some level E0 > 0 so that the capi-
tal stock path kt , t = 0, 1,… , satisfies the inequality 

∞
∑

t=1

� t�kt ≤ E0 . Thus, the social 

planner solves the following social optimum problem:

with k0 > 0 and E0 > 0 being given.
Let pt and q denote Lagrange multipliers associated with constraints Eqs. 1b and 

1c correspondingly. As usual, pt can be interpreted as the shadow price of the aggre-
gate good produced in period t,  while q stands for the shadow price of emissions.

The Lagrangian for problem Eqs. 1a-–1d is

It is clear that on an optimal path, the capital stock and consumption are positive 
at every time ( kt > 0, ct > 0, t = 0, 1, ... ). Therefore, the first-order conditions for 
problem Eqs. 1a–1d are:

(1a)max

∞
∑

t=0

� t ln(ct)

(1b)subject to kt+1 + ct = Akt, t = 0, 1, ...,

(1c)
∞
∑

t=1

� t�kt ≤ E0

(1d)kt ≥ 0, t = 1, 2, ....

(2)L =

∞
∑

t=0

(� t ln ct + pt(Akt − ct − kt+1) + q

(

E0 −

∞
∑

t=1

� t�kt

)

.

(3)pt =
� t

ct
, t = 0, 1, ...,

(4)Apt = pt−1 + � t�q, t = 1, 2, ..., .

(5)kt+1 + ct = Akt, t = 0, 1, ...,

(6)
∞
∑

t=1

� t�kt ≤ E0,
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and the transversality condition is

In Borissov and Bretschger (2021), it is proven that problem Eqs.  1a–1d have a 
unique solution and that conditions Eqs. 3–8 are necessary and sufficient conditions 
of optimality for this problem.

In what follows, we assume that the constraint on emissions is binding, i.e., q > 0.

2.3 � Decentralized equilibrium

The optimal solution of the central planner problem Eqs. 1a–1d is naturally decen-
tralized to a competitive equilibrium with a representative producer and a represent-
ative consumer. We take the single good as the numeraire, so that its market price is 
unity, and denote the price of emissions at the end of period t by �t.

At each time t, the representative producer solves the following profit maximiza-
tion problem:

where 1 + rt is the gross interest rate in period t and �t−1 is the current value price of 
emissions at the end of period t − 1 . In equilibrium, the profit is equal to zero.

We assume that the government allocates a pollution quota in the form of permits 
to households equal to the amount of E0 . The permits are freely tradable on the per-
mit market.

The initial total wealth of the representative consumer is equal to the total output 
Ak0 plus the stock of permits valued at their initial price �0 , �0E0 . The consumer 
maximizes her intertemporal utility 

∑∞

t=0
� t ln ct under a sequence of budget con-

straints, complemented by the no-Ponzi-game condition. The problem the represent-
ative consumer solves at time 0 is

Here, st are the savings in period t.

(7)q

(

E0 −

∞
∑

t=1

� t�kt

)

= 0,

(8)lim
t→∞

ptkt+1 = 0.

max
kt≥0

{Akt − (1 + rt)(kt + �t−1�
t�kt)},

(9)max

∞
∑

t=0

� t ln ct,

(10)c0 + s0 = Ak0 + �0E0,

(11)ct + st = (1 + rt)st−1, t = 1, 2, ...,

(12)lim
T→∞

sT

ΠT
t=1

(1 + rt)
≥ 0.



320	 K. Borissov et al.

1 3

A competitive equilibrium is defined by the following three conditions: (i) the 
equilibrium in the financial market requires that savings are distributed between 
physical capital and the pollution quotas according to st = kt+1 + �tEt, t = 0, 1, 2, ..., 
where Et is the pollution budget at the end of period t determined by 
Et = Et−1 − � t�kt, t = 1, 2, ...;  (ii) the equilibrium in the goods markets requires that 
ct + kt+1 = Akt, t = 0, 1, ...; (iii) finally, the equilibrium in the permit market requires 
that limt→∞ Et ≥ 0.

It is not difficult to show (see details in Borissov and Bretschger 2021) that a com-
petitive equilibrium with free pollution permit trade and the social optimum are essen-
tially the same thing and that the equilibrium interest rate and the current-value permits 
prices being associated with the Lagrange multipliers of problem Eqs. 1a–1c are given 
by

and

Note that, in equilibrium, the Hotelling rule holds:

3 � Paradoxes

In this section, we proceed with a detailed analysis of the trajectories that arise in our 
model. We will discover a few paradoxical dynamic properties affecting capital taxa-
tion and will derive further theoretical results of the model.

We obtain from Eq. 4 that

and, taking account of Eq. 3, that

Therefore,

It is not difficult to check that kt+1
ct

������������������→

t→∞

�

�A−�
 and hence

(13)�t =
q

pt
, t = 0, 1, ...,

1 + rt =
pt−1

pt
, t = 1, 2, ....

(14)
�t

�t−1
= 1 + rt, t = 1, 2, ....

(15)
pt

� t
������������������→

t→∞

��q

�A − 1

(16)
(

�

�

)−t

ct ������������������→
t→∞

�A − 1

��q
.

(17)
ct+1

ct
������������������→

t→∞

�

�
.
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and

To facilitate further analysis, the model needs to be detrended into a stationary form. 
We label the detrended variables using tildes so that

where g = �∕� denotes the growth rate.
From Eqs. 17 and 18, we see that the long-run growth rate of the economy under 

a climate budget constraint is fully determined by the discount factor � and the rate 
of technical progress in abatement, 1∕� . This basic finding has central implications 
which are further characterized by means of numerical simulation in the second part 
of the paper, where we will also check the robustness of the results in terms of their 
sensitivity to main model parameters. It is straightforward to show that 𝛾A > 1 is a 
key assumption both in this paper and Borissov and Bretschger (2021). Given that 
the factor productivity A is greater than the rate of technical progress in abatement, 
1∕� , the model dynamics is different from the vanilla AK-model, where the econo-
my’s growth rate is governed by total factor productivity A.

While the rate of growth of the economy is fully determined by the discount fac-
tor and the rate of technical progress in abatement, we can see from Eqs. 16 and 19 
that the long-run detrended levels of the capital stock and consumption, k̃t and c̃t , 
also depend on factor productivity A, pollution intensity � , and the shadow price of 
emissions, q. These levels are increasing in A and decreasing in � and q.

In its turn, q depends on the initial stock of capital, k0 , and the initial pollution 
budget E0 . Therefore, long-run detrended levels of the capital stock and consump-
tion depend on k0 and E0 . What is this dependence? The answer is given by the fol-
lowing proposition.

Proposition 1  (Green growth paradox) The long-run detrended levels of the capital 
stock and consumption, k̃t and c̃t , are increasing in E0 and decreasing in k0.

Proof  It follows from Eqs. 16 and 19 and the following lemma proved in the Appen-
dix 1:

Lemma 1  The value of q is decreasing in E0 and increasing in k0.

That the long-run detrended levels of the capital stock and consumption increase 
when the pollution budget becomes less stringent, i.e., when E0 goes up, is natural. 
By contrast, that these levels are decreasing in the initial stock of capital seems sur-
prising and even paradoxical. Indeed, this means that if we consider two countries 

(18)
kt+1

kt
������������������→

t→∞

�

�

(19)
(

�

�

)−t

kt ������������������→
t→∞

�A − 1

�q(�A − �)
.

(20)c̃t = ct∕g
t, k̃t = kt∕g

t, p̃t = pt∕𝛾
t, 𝜋̃t = 𝜋t𝛾

t,
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with the same initial pollution budget and different initial capital stock, then the 
country that starts with lower stock of capital will eventually overtake the initially 
richer country. Thus, leapfrogging naturally arises in our model.

An interesting implication of Proposition 1 is that a short-term tax on capital 
will lead in the long run to a higher stock of capital. Indeed, suppose that at time 0 
the government imposes a one-time tax on capital at rate 𝜏 > 0 and, for simplicity, 
throws away the tax revenue. Then, the time-0 budget constraint of the representa-
tive consumer becomes

This is equivalent to a decrease of the initial stock of capital. Thus, we can formulate 
the following proposition.

Proposition 2  (Capital tax paradox) A one-time tax on capital will result in an 
increase in the long-run levels of the capital stock and of consumption.

Proof  Follows directly from Eq. 21.

Let us now turn to the dynamics of permit prices. From Eq. 15, we have that

and hence

We can see that the gross interest rate 1 + rt , equal to the rate of growth of permit 
prices, �t∕�t−1 , converges to the rate of technical progress in abatement, 1∕� , and 
that the detrended permit prices, 𝛾 t𝜋t ≡ 𝜋̃t , converge to a level, �A−1

��
 , which is 

increasing in the factor productivity A. These are not surprising results.
What is surprising and even paradoxical is that the level to which the detrended 

permit prices converge is decreasing in pollution intensity � . If we compare two 
countries with the same factor productivity and the same rate of technical progress 
in abatement, but different pollution intensity, we will see that the country in which 
the pollution intensity is higher has, in the long run, lower permit prices. Formally, 
we can formulate the following proposition:

Proposition 3  (Permit prices paradox) A higher pollution intensity leads in the long 
run to a lower level of permit prices.

Proof  Follows directly from Eq. 22.

An increase in � has two effects. On the one hand, it makes the pollution con-
straint more stringent, which pushes q upward. On the other hand, it decreases the 

(21)c0 + s0 = A(1 − �)k0 + �0E0.

(22)� t�t ������������������→
t→∞

�A − 1

��

�t

�t−1
= 1 + rt ������������������→

t→∞

1

�
.
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long-run level of consumption (see Eq. 16), which pushes pt downward. This propo-
sition shows that the second effect overweight the first one.

4 � Quantitative analysis

In this section, we present a quantitative investigation of the theoretical findings 
from the previous section. Our main purpose is to provide a further graphical intui-
tion for the green growth paradox and its corollaries, but not to undertake detailed 
calibration.

Proposition 4  Assume pollution constraint is binding. Then, detrended variables 
converge:

where c̃∞ =
𝛾A−1

𝜈𝛾q
, k̃∞ =

𝛾A−1

𝜈q(𝛾A−𝛽)
, p̃∞ =

𝜈𝛾q

𝛾A−1
 and 𝜋̃∞ =

Γ−1

𝛾𝜈
 .

Proof  See the previous section.

Below we investigate transition dynamics and give simple insights about the 
structure of the limiting values.

We solve the model in detrended variables using the forward iteration algorithm. 
Then, we can reconstruct the original variables using Eq. 20. For the baseline sce-
nario, we adopt the current world rate of technical progress of around 3% and a low 
discount rate of roughly 1% implying � = 0.97 and � = 0.99. Furthermore, given our 
assumption of full capital depreciation within a period, for capital productivity, we 
need A > 1 and assume A = 1.04. For the pollution intensity, we relate the values 
of capital stock and emissions budget (see below) to get � = 0.0004. The remain-
ing world budget of CO2 emissions is taken from the 1.5 ◦ C report of IPCC (2018) 
which indicates an amount of 420 Gigatons CO2 left for reaching the 1.5)◦ C temper-
ature target, so that we set E0 = Ê0 = 420 ⋅ P0 below, where P0 is the initial period 
CO2 market price per Gigatone1. We take the price equal to $40 per one tone of 
CO2 . Since capital k represents all kinds of capital (including physical, human, and 
social), which makes it rather difficult to calibrate at a global level, we start with 
consumption instead and use data on the worldwide-consumption flow which was 
$64 trillion in 2019 (World Bank 2021). From there, we calculate the capital stock 
that is consistent with the model. We perturbate these values sequentially below to 
show the sensitivity of the model results with respect to the basic assumptions and 
to illustrate the green growth paradox and its implications.

First we consider the sensitivity of the results to the initial conditions. The econ-
omy growth rate is identically equal to g = �∕� in all such scenarios, while levels of 
economic variables are different.

lim c̃t = c̃∞, lim k̃t = k̃∞, lim p̃t = p̃∞, lim 𝜋̃t ≡ lim q∕p̃t = 𝜋̃∞,

1  All the variables must be measured using the same numeraire.
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This subsection deals with variations in the available carbon budget, the next with 
different endowments of initial capital. Figure 1 shows the development of detrended 
consumption and capital stock under the standard carbon budget Ê0 as a benchmark, 
depicted by the solid line. Here and everywhere below we use dashed lines to depict 
the limiting values c̃∞ and k̃∞ of detrended consumption and capital. We then vary 
the pollution budget E0 by +/− 15% to obtain a likely range for both variables. We 
can see that reducing carbon budget by 15% results in lower detrended capital stock 
depicted by the dash-dotted line. In the short run, lower investment automatically 
results in higher consumption level.

Next we are interested in the effects of climate policy at different levels of eco-
nomic development, represented by different levels of initial capital stock. With this, 
we can discuss the impact of decarbonization on rich and less developed economies, 
which is a big issue for international burden sharing of climate policy and interna-
tional climate negotiations.

To this end, we vary the initial capital stock k0 in the initial period 0 and set the base-
line k0 = k̂0 equal to the implied value obtained above. The results for the development of 
detrended consumption and capital are depicted in Fig. 2, where we reproduce the bench-
mark as the solid line and reduce initial capital k0 by −10 % and −20 % to obtain results for 
both variables. As initial capital is known, we interpret the outcome as a result for more 
and less developed countries (with high and low k0).2

It is seen from the figures that a less developed economy is predicted to 
catch up to the wealthier countries, even when environmental policy is applied 
in an equal manner.

On the one hand, it is readily seen from the figure that the ratio of consumption 
and the ratio of capital stocks in two countries converge to a constant value, a result 
that can be confirmed in the theoretical model by Borissov and Bretschger (2021). 
On the other hand, the consumption ratio between the poor and the reach countries 
is increasing and converges to the value greater than one. In the long run, consump-
tion of the initially poor country is higher  than consumption of the wealthier coun-
try. This is exactly the statement of the green growth paradox.

To analyze the robustness of our model results, we now show the effects of a vari-
ation of central technology parameters. First, we perturb A,  the capital productivity 

Fig. 1   Consumption and capital with different carbon budgets in terms of detrended variables

2  Which is equivalent to introduction of initial capital tax in our simple one-shot tax scheme.
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(which is equivalent to total factor productivity in this model), and second, we will 
vary � , the abatement efficiency rate.

Figure 3 shows that a higher capital productivity has a significant boost for con-
sumption growth, even when the carbon budget is tight and fixed. Lower (compared 
to the baseline) value of capital productivity, apparently, results lower short-term 
consumption and capital, as well as lower amount of the pollution permits used. 
Consumption also remains lower in the long run. However, higher amount of the 
remaining pollution permits provides higher long-run capital stock.

Finally, we vary abatement efficiency rate parameter � . To make different sce-
narios comparable, we have to use nominal variables now. Assume that adoption of 
clean technology becomes more effective. Then, it is optimal to decrease short-run 
consumption and increase investment. Figure 4 shows that in case of decrease in � 
by 0.3% , it takes about 60 periods for consumption to become higher than in the 
baseline scenario.

5 � Conclusions

In this paper, we have used a standard AK growth model with polluting capital to 
determine optimal policy and optimal growth. To limit pollution, we have intro-
duced a fixed budget for aggregate emissions as often assumed for global climate 

Fig. 2   Detrended consumption and capital with different initial capital stock k
0
= (1 − 𝜏)k̂

0

Fig. 3   Detrended capital stock and consumption under different capital productivity
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policy. Abatement efficiency is growing over time due to technical progress. The 
theoretical part of the paper has revealed a number of interesting and surprising 
results. First we have established that a higher initial capital stock causes lower 
capital and consumption in the long run. It is then straightforward to conclude 
that in our economy with stringent climate policy, the taxation of capital does not 
reduce but actually raise long-run consumption and production. We have called 
this novel result the “capital tax paradox.” This novel effect of climate policy on 
optimal capital taxation adds to our understanding of an optimal policy design in 
an economy subject to climate change. The paper provides additional results on 
the pollution permit prices which may improve the accuracy of our predictions of 
future carbon prices.

In the quantitative part, we have shown that the macroeconomic effects of strin-
gent climate policies are less significant than generally expected. Even with strict 
decarbonization, the global economy continues to grow. Of course, our assumption 
on technical progress in abatement technology supports this conclusion decisively. 
We believe, however, that given the recent experience in renewable energy develop-
ment, the chosen setup is not overly optimistic. If we added endogenous innova-
tion activities to the model, the growth effects shown in the paper could even be 
reinforced, because higher carbon prices induce energy-saving technical progress 
(Bretschger 2015). Our sensitivity analysis of the technology parameters reveals 
that even minor accelerations of technology improvements can add to a brighter 
picture.

The model can be extended in various ways. Consumption could be assumed to 
be polluting as well, which would qualify but not fundamentally change our main 
results. Another option would be to make technical progress in general or in abate-
ment endogenous in the model; the same could be done for pollution intensity. It 
would be interesting to study capital taxation also in an international perspective, 
which is especially challenging with high international capital mobility. These and 
more issues are left for future research.

Fig. 4   (Nominal) consumption 
and abatement efficiency
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Appendix 1

A Proof of Lemma 1

First we prove the following claim:

Claim 1  The product qE0 is decreasing in E0.

Proof  It is easy to note that for the solution of problem Eqs.  9–12 we have 
c0 = (1 − �)(Ak0 + �0E0). By Eq.  3, we also have p0 = 1∕c0 . Hence, 
p0 =

1

(1−�)(Ak0+�0E0)
 . It follows from Eq. 13 that q = p0�0 . Therefore, qE0 =

�0E0

Ak0+�0E0

 . 
Proposition 3 in Borissov and Bretschger (2021) states that �0E0 is decreasing in E0 . 
It follows that qE0 is decreasing in E0.

For some initial capital stock k0 and some initial pollution budget E0 , consider the 
solution of problem Eqs. 1a–1d, (ct, kt+1)∞t=0 and the associated Lagrange multipliers 
(pt)

∞
t=0

 and q.
We need to prove that if we take as the initial capital stock some k′

0
> k0 , then the 

new shadow price of emissions, q′ will be higher than the initial one, q.
Let � = k�

0
∕k0 . Clearly, 𝜆 > 1 . Let further (c��

t
, k��

t+1
)∞
t=0

 be the solution of prob-
lem Eqs.  1a–1d for the initial capital stock being equal to k��

0
= k�

0
= �k0 and the 

initial pollution budget being equal to E��
0
= �E0 and (p��

t
)∞
t=0

 and q′′ be the asso-
ciated Lagrange multipliers. It is easy to note that c��

t
= �ct, t = 0, 1, ..., and 

k��
t
= �kt, t = 1, 2, .... Taking into account the first-order conditions, we obtain that 

p��
t
= pt∕�, t = 0, 1, ..., and hence q�� = q∕�.
It follows that q��E��

0
= qE0 . At the same time, by Claim 1, since k��

0
= k�

0
 and 

E′′
0
> E0 , we have q′′E′′

0
< q′E0 . Therefore, q′ > q . Thus, we have proved Lemma 1.

B Balanced growth path

We show below that for any given E0 there exists a (unique) balanced growth 
path, i.e., one can find k0 = kss(E0) such that ct = gtc0 and kt = gtk0 . However, the 
model cannot be solved analytically; we use numerical methods to get additional 
graphical illustrations.

A (detrended) path (c̃t, k̃t, p̃t) which does not change in time, is called stationary 
(or steady-state). In what follows, we subscribe (⋅)ss to denote such path(s). Each 
steady state of the path defines a balanced growth path of the model Eqs. 1a–1c 
by expressions ct = gtc̃ss, kt = gtk̃ss, pt = p̃t∕𝛾

t, t ≥ 0.

As above, we assume that carbon budget constraint is operating. Then for any 
optimal path, see Fig. 5

and, in particular, in the steady state, we must have

+∞
∑

t=1

𝛾 t𝜈kt = 𝜈

+∞
∑

t=1

𝛽 t k̃t = E0
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Setting k0 = k̃ss = k̃∞ ≡
Γ−1

𝛾q𝜈(A−g)
 , the latter can be rewritten as

which results qss =
�

1−�

Γ−1

Γ−�

1

E0

.
After a little more algebra, we can obtain analytical expressions for the steady-

state values of the remaining variables.

Proposition 5  Assume that the value of E0 is sufficiently low (such that the pollution 
constraint is binding and hence q and �0 are positive). Then for each given E0 prob-
lem, Eqs. (1a)–(1c) has a unique balanced growth path given by 
ct = gtc̃ss, kt = gtk̃ss, pt = p̃t∕𝛾

t, t ≥ 0. Here c̃ss =
(Γ−𝛽)(1−𝛽)

𝜈𝛽𝛾
E0, k̃ss =

1−𝛽

𝜈𝛽
E0, p̃ss =

1

c̃ss
, 

with qss =
�

1−�

Γ−1

Γ−�

1

E0

 and 𝜋̃ss =
qss

p̃ss
=

A(Γ−1)

𝜈Γ
.

𝜈

+∞
∑

t=1

𝛽 t k̃ss = E0.

𝜈

+∞
∑

t=1

𝛽 tk̃ss = 𝜈

+∞
∑

t=1

𝛽 tk̃∞ =
𝜈𝛽

1 − 𝛽

A(Γ − 1)

Γ(A − g)𝜈q
= E0,

Fig. 5   Time t carbon budget 
E
t
= E

0
−

t
∑

�=1

���k�

Fig. 6   Detrended capital stock 
paths k̃

t
 with k̃

0
= k

ss
 and 

k̃
0
< k

ss
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Remark  It is worth to note that detrended variables do not converge to the steady 
state, but instead they converge to their limiting values, see Proposition 4.

Figure  6 depicts (detrended) optimal and steady-state values of capital stock. 
Note that, although k̂0 > k̃ss , in the long-run, k̂t > k̃ss, which also illustrates the green 
growth paradox.
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