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Abstract  Rainfall-induced landslides cause various types of dam-
age, including damage to infrastructure, leading to devastating eco-
nomic losses and human casualties. Although various numerical 
methods have been developed to predict landslide occurrence and 
the extent of sediment flow, three-dimensional analysis of the entire 
landslide process in a unified manner is still challenging owing to 
limitations in computational efficiency and the representation of 
deformation and flow. In this study, we present a numerical method 
of rainfall-induced landslides using the coupled hydromechanical 
material point method (MPM) for unsaturated porous media based 
on implicit and explicit formulations, which enables the efficient 
analysis of all rainfall-induced landslide processes, including both 
quasi-static and dynamic processes. The developed method includes 
an implicit MPM based on a simplified formulation, which is first 
applied to the quasi-static analysis in the pre-failure stages in which 
rainwater infiltrates the ground. The explicit MPM is then applied to 
the dynamic analysis for post-failure stages in which the ground col-
lapses and flows. A constitutive law for soils is improved in the simu-
lation of landslide initiation and sediment flow by incorporating the 
effect of cohesion in a visco-plastic model for granular materials. 
The proposed method was applied to a three-dimensional terrain 
model of Ashikita town, Kumamoto, Japan, where an actual land-
slide occurred owing to intense rainfall on July 3–4, 2020. Numerical 
results from the proposed hydromechanical coupling compared with 
single-phase MPM indicated that pore water plays an important role 
in understanding all rainfall-induced landslide processes, from land-
slide initiation to sediment discharge.

Keywords  Rainfall-induced landslide · Numerical method · 
Material point method · Porous media

Introduction
Throughout history, landslides have caused severe damage in moun-
tainous areas. Particularly in Japan, landslides occur frequently and 
cause loss of life and destruction of infrastructure owing to the 
characteristic terrain and climate of Japan (such as complex terrain 
with steep mountains, torrential rains caused by rainy season fronts, 
and typhoons). Owing to the frequent and severe damage caused 
by landslides, appropriate landslide risk management must be con-
ducted based on more accurate risk evaluations; however, the vari-
ation and complexity of the phenomenon lead to difficulty in risk 
evaluation. Rainfall-induced landslides have a complex mechanism 
involving the interaction between the ground structure and rain-
water, which makes predicting such events particularly challenging.

Among various studies on predicting landslides and reducing 
landslide damage, numerical methods have been gained increased 
as a powerful tool to evaluate the complex mechanical behavior 
of geomaterials and have been applied to landslide disasters. In 
terms of landslide countermeasures, the following two points must 
be addressed: landslide initiation points and the extent of the col-
lapsed sediment flow, for which most of the existing numerical 
methods have been developed.

The limit equilibrium method (LEM) is widely used to evaluate 
the potential slip surfaces and factor of safety from the balance 
between shear stress and shear strength for landslide initiation 
assessments. The LEM can also consider the effect of rainfall when 
coupled with hydrogeological models that can evaluate the effects 
of pore water pressure, and various models have been developed in 
this regard (Montgomery and Dietrich 1994; Pack 1998; Baum et al. 
2008). In addition, the effects of the interaction between the soil 
skeleton and pore water, which often emerge in catastrophic land-
slides, are not considered by these models. In contrast, the finite 
element method (FEM) with Lagrangian description was developed 
as more rigorous method based on continuum mechanics, which 
enables the detailed evaluation of the stress-strain relation at each 
point inside the ground. Owing to its representation performance 
and accurate soil modeling, FEM can predict the processes from 
the deformation to failure of stable ground. Furthermore, coupled 
hydromechanical modeling based on the theory of porous media, 
in which a porous material comprises a solid phase as well as pore 
fluid phases, has been actively developed for the simulation of vari-
ous phenomena of saturated/unsaturated soils in FEM (Zienkiewicz 
et al. 2001; Schrefler and Scotta 2001; Laloui et al. 2003; Ehlers et al. 
2004; Uzuoka and Borja 2012). However, these Lagrangian-FEMs 
are not adequate for post-failure analysis, which exhibits very 
large deformation and might lead to mesh distortion. Therefore, 
for sediment flow assessment, computational fluid dynamics (CFD), 
based on Eulerian description, which observes the solution at fixed 
points in space, is widely employed (Hungr 1995; McDougall and 
Hungr 2004; Christen et al. 2010). This framework is suitable for 
modeling sediment flows as non-Newtonian fluids but not for mod-
eling solids that require history tracking. Thus, it has limitations in 
terms of pre-failure analysis.

While the above mentioned Lagrangian- and Eulerian-mesh-
based methods focus only on a partial landslide stage, particle meth-
ods have the potential to represent all successive landslides phases 
because of their meshfree characteristics with Lagrangian descrip-
tions. Numerous attempts have been made to use smooth particle 
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hydrodynamics (SPH) (Pastor et al. 2014; Bui and Nguyen 2017), 
reproducing kernel particle method (RKPM) (Siriaksorn et al. 
2018; Wei et al. 2020), material point method (MPM) (Mast et al. 
2014; Llano-Serna et al. 2016; Soga et al. 2016; Conte et al. 2019; Xu 
et al. 2019; Liu et al. 2020; Pan et al. 2021), and others. Among them, 
MPM, which was originally proposed by Sulsky et al. (1994), has  
the advantage that its scheme is similar to that of FEM; a continuum 
body is divided by a set of material points that carry history infor-
mation, and the field variables are approximated by a background 
grid. Given that material points and the grid play the equivalent 
roles of integration points and meshes in FEM, respectively, MPM 
can be viewed as a variant of Lagrangian FEM in which integra-
tion points are independently movable from the mesh. This feature 
enables users to employ the soil model used in conventional FEM in 
MPM to represent the post-failure behaviors of structures.

Similar to FEM, coupled hydromechanical MPMs for saturated/
unsaturated soils have also been developed for simulations involv-
ing large deformations and flow behavior of soil-water mixtures, 
such as rainfall-induced landslide and levee failure. Some variants 
of methods suitable for representing the deformation and flow 
characteristics of each phenomenon have been proposed, including 
methods using single-layer material points, which have multi-phase 
information (Zhang et al. 2009; Higo et al. 2010; Yerro et al. 2015; 
Bandara et al. 2016), and methods using two-layer material points, 
each of which represents their own phases (Abe et al. 2014; Bandara 
and Soga 2015; Yamaguchi et al. 2020).

The above mentioned coupled hydromechanical MPMs can model 
various types of soil behavior; however, most of their application is 
limited in the two-dimensional cross-section. Thus, although con-
sidering the three-dimensional (3D) effect is vital in simulating rain-
fall-induced landslides because of its complicated features (such as 
geometric conditions, rain infiltration, and sediment entrapment), 
the performance of the method for 3D analysis has been largely 
unexplored. The limited number of applications of 3D analysis with 
MPM is caused by its low computational efficiency for simulating 
all successive processes of rainfall-induced landslides. Specifically, 
most coupled hydromechanical MPMs are effective for post-failure 
analysis of landslides because they have been developed primarily as 
explicit methods for dynamic analysis. However, they are unsuitable 
for pre-failure analysis, which requires quasi-static analysis of rain-
water infiltration over a long period of time, because explicit methods 
are computationally inefficient for simulating quasi-static processes. 
Although the majority of MPMs employ explicit approaches, some 
studies have focused on the accuracy and effectiveness of implicit 
formulation (Guilkey and Weiss 2003; Sulsky and Kaul 2004). Recently, 
Zhao and Choo (2020) introduced an implicit scheme in coupled 
hydromechanical MPM for saturated soil and successfully represented 
large deformations on a long time scale. Given these studies, it is rea-
sonable to develop implicit schemes for landslide simulation.

In this study, we developed a coupled hydromechanical MPM 
for unsaturated soils that can represent a series of rainfall-induced 
landslide processes and demonstrated its representational per-
formance in landslide simulation using a 3D model. To represent 
both the pre-failure stage, i.e., the quasi-static process of rainfall 
infiltration, and the post-failure stage, i.e., the dynamic process 
of sediment flow, we combined the coupled hydromechanical 
MPMs based on implicit and explicit formulations. Specifically, for 

pre-failure simulation, we developed an implicit scheme of cou-
pled hydromechanical MPM for unsaturated porous media in ref-
erence to coupled hydromechanical FEMs for unsaturated porous 
media based on a simplified formulation (Ehlers et al. 2004; Uzuoka 
and Borja 2012), while an explicit scheme based on Bandara et al. 
(2016) is applied for post-failure simulation. The performance of 
the proposed method is demonstrated through simulations using 
a 3D terrain model based on a digital elevation model (DEM) of 
Ashikita town, Kumamoto, Japan, where a rainfall-induced land-
slide occurred in July 2020. To demonstrate the effectiveness of the 
coupled hydromechanical MPM capable of accounting for rainwater 
infiltration in three dimensions, a single-phase MPM analysis using 
the same terrain model was also performed for comparison.

Method

Governing equations
Following the theory of porous media for unsaturated mixtures at a 
finite strain (Schrefler 2002), soils can be described as the superpo-
sition of three phases, namely, solid skeleton-water-air, in reference 
to the solid configuration. For this, we assume the following:

•	 Pore air pressure is negligible (pseudo triphasic formulation).
•	 Solid grains are incompressible while water is weakly compressible.
•	 The relative acceleration of pore water to the solid skeleton is 

ignored.

Unless indicated otherwise, we use subscripts “s” and “w” to rep-
resent the solid and water phases, respectively. Then, the momen-
tum balance equations and mass balance equation are written as 
follows:

where � = (1 − �)�sR + �sw�wR is the overall density of the mixture, 
�sR, �wR is the intrinsic density of solid grain and pore water, � is the 
porosity, sw is the degree of water saturation, us is the displacement 
of the solid skeleton, �′ is the Cauchy effective stress tensor, pw is 
the pore water pressure, 1 is the second-order identity tensor, b is 
the body force vector, kws is the permeability coefficient of pore 
water, g is the acceleration due to gravity, vws is the relative velocity 
of pore water, Kw is the bulk modules of pore water, and c = −

�sw

�pw
 is 

the specific water capacity. Herein, we use the over-dot to denote 
the material time derivatives with respect to the solid skeleton. 
Equations (1), (2), and (3) describe the momentum balance of the 
mixture, the momentum balance of the water, and the mass balance 
of the water, respectively.

Because the relative water acceleration has been omitted, its sim-
plified form can be obtained by substituting Eq. (2) into Eq. (3) as

(1)𝜌üs − � ⋅

(
�
� − swpw1

)
− 𝜌b = 0,

(2)𝜃sw𝜌wRüs + 𝜃sw�pw − 𝜃sw𝜌wRb +
𝜃sw𝜌wRg

kws
𝜃swvws = 0,

(3)

(
𝜃sw𝜌wR
Kw

− 𝜃𝜌wRcw

)
ṗw + sw𝜌wR� ⋅ u̇s + � ⋅

(
𝜃sw𝜌wRvws

)
= 0,
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Equations (1) and (4) are often referred to as simplified formula-
tion or u − p formulation, and this formulation has been used for 
implicit analysis using FEM in numerous studies (Zienkiewicz et al. 
2001; Schrefler and Scotta 2001; Laloui et al. 2003; Ehlers et al. 2004; 
Uzuoka and Borja 2012) as it requires fewer independent variables.

The hydraulic behavior of unsaturated soils is characterized by the 
soil-water characteristic curve (SWCC), which describes the relation-
ship between the matric suction pc = −pw and the degree of water 
saturation sw . In this study, the well-known van Genuchten model is 
employed, which can be written as follows:

where swe is the effective degree of saturation, swr is the minimum 
degree of saturation, sws is the maximum degree of saturation, and 
�vg , nvg , and mvg are material parameters.

Whereas Eq. (5) describes the saturation dependency on suction, 
it ignores the direct effect of porosity on saturation. Although there 
is a porosity dependency on suction, Eq. (5) sometimes fails to pre-
dict suction when the soil skeleton undergoes significant volumetric 
changes (Aubertin et al. 1998; Gallipoli et al. 2003; Tarantino 2009). 
Numerical simulations of granular flow, such as those conducted by 
Dunatunga and Kamrin (2015) and Tampubolon et al. (2017), have 
indicated that significant dilation may occur in landslides, particu-
larly during the post-failure stage. This highlights the importance 
of accurately modeling sediment behavior in landslide simulations. 
Cuomo et al. (2021) also noted that the classical van Genuchten 
model tends to overestimate suction, which can lead to inaccuracies 
in predictions of soil displacement and runout distance in simula-
tions using the MPM. They addressed this problem by introducing a 
maximum limit on suction, whose value is reduced with deviatoric 
strain accumulation. In this study, to represent the unsaturated state 
on a broad range of porosities after large deformations, we accounted 
for the void ratio effect on the van Genuchten model parameter fol-
lowing Tarantino (2009) as follows:

where e = �∕(1 − �) is the void ratio and avg is a material parameter. 
Equation (6) allows the representation of a decrease/increase in 
suction due to an increase/decrease in porosity and prevents suc-
tion over-/under-estimation in landslide analysis.

In the van Genuchten model, the water permeability is given as 
follows:

where ks
ws

 is the maximum value of water permeability, and �vg and 
mvg are material parameters.

The solid skeleton is modeled as a visco-plastic model for granular 
deformation based on the finite strain theory. Employing the numeri-
cal algorithm established in Simo and Taylor (1985) and Simo (1992), 

(4)

(
𝜃sw𝜌wR
Kw

− 𝜃𝜌wRcw

)
ṗw + sw𝜌wR� ⋅ u̇s

+ � ⋅

{
kws
g

(
−𝜌wRüs − �pw + 𝜌wRb

)}
= 0.

(5)sw = swr + (sws − swr)
{
1 + (�vgpc)

nvg
}−mvg

,

(6)�vg =

(
e

avg

)mvgnvg

,

(7)kws = ks
ws

(
se
w

)�vg
[
1 −

{
1 − (se

w
)

1

mvg

}mvg
]2
, swe =

sw − swr
sws − swr

,

we assume the following multiplicative decomposition of the defor-
mation gradient tensor:

Here, Fe and Fp are the elastic and plastic components, respectively. 
To represent the elastic deformation, we employ the Hencky’s 
hyperelastic law (Simo 1998). Although more sophisticated elastic-
ity models for granular materials could improve the representation 
performance, the simplicity of Hencky’s model is advantageous in 
terms of computational efficiency.

Recently, the visco-plastic model proposed by Kamrin (2010), 
which is based on a rheology model for dense granular materials (Jop 
et al. 2006), was applied in some MPM studies for representing the 
deformation and flow behavior of granular media (Dunatunga and 
Kamrin 2015; Xu et al. 2019). In this study, we followed these ideas and 
added the cohesion effect to represent landslides that have a transition 
process from a soil structure to dense granular flow with softening. 
The elastic limit is represented by the Drucker-Prager like yield cri-
terion as follows:

with

where � is the Kirchhoff stress tensor, J2(s(�)) is the second invari-
ant of the deviatoric stress tensor s = � −

1

3
tr(�)I , p =

1

3
tr(�) is the 

hydrostatic pressure component, c is the cohesion, and �s is the 
static internal friction angle. Because the associated flow rule often 
generates excess inelastic dilation, a non-associated flow rule is 
defined as follows:

with

where I0 is a dimensionless constant, d is the soil particle diameter, and 
�2 is a limiting values of the internal friction angle. With the piecewise 
linear hardening/softening assumption, the evolution of cohesion with 
accumulated plastic deformation 𝜀̄p can be described as follows:

where Hs is the hardening/softening parameter. Here, the lower 
limit of cohesion is set considering the softening behavior of soil 
in the large deformation. Here, as the plastic potential Ψ contains 
only a deviatoric component, plastic deformation is assumed to be 
incompressible when the plastic yielding occurs at the cone surface 
of the yield surface. However, if the trial stress projection is outside 
the cone surface, the stress state is projected onto the apex of the 

(8)F = FeFp.

(9)Φ =
√
J2(s(�)) − �sp

∗, p∗ = −p(�) +
�s
�s

c

(10)�s =
3 tan�s√

9 + 12 tan2 �s

, �s =
3√

9 + 12 tan2 �s

.

(11)�p = 𝛾̇
𝜕Ψ

𝜕�
, 𝛾̇ =

⎧
⎪⎨⎪⎩

I0
d

�
p ∗

𝜌s

𝜇 − 𝜇s

𝜇2 − 𝜇
if Φ ≥ 0

0 otherwise

,

(12)Ψ =
√
J2(s(�)), � =

√
J2(s(�))

p∗
, �2 =

3 tan�2√
9 + 12 tan2 �2

,

(13)c(𝜀̄p) =

{
c0 +Hs𝜀̄p if c > 0

0 otherwise,
̇̄𝜀p = 𝛾̇

𝜕Φ

𝜕𝜅
= 𝛾̇𝜉s,
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yield surface (de Souza Neto et al. 2011). This leads to the inevitabil-
ity of excess volumetric plastic dilation under the framework of 
classical elasto-plastic theory. To overcome such issues, some stud-
ies (Dunatunga and Kamrin 2015, 2017; Hurley and Andrade 2017; 
Tampubolon et al. 2017) have corrected the volume component in 
elastic deformation. Based on these ideas, to evaluate the trial stress 
state, we define the modified elastic deformation gradient as follows:

where the superscript “ tri ” denotes the variables at the trial state. 
Equation (14) indicates that the volumetric component of the trial 
elastic deformation is evaluated by the total deformation and is not 
affected by the previous state of the plastic deformation.

Implicit formulation of the coupled hydromechanical MPM

The pre-failure stage of the landslide is simulated by an implicit 
MPM for quasi-static analysis based on the u − p formulation. The 
strong form of the u − p formulation consists of Eqs. (1) and (4) and 
the following boundary conditions:

where ūs is the prescribed displacement of the solid skeleton, t̄ is the pre-
scribed traction, q̄ws is the prescribed flux of pore water, p̄w is the prescribed 
water pressure, and n is the outward unit normal vector on the bound-
ary. The boundary surfaces hold �Ω = �Ωs,u ∪ �Ωs,t = �Ωs,q ∪ �Ωs,p 
and � = �Ωs,u ∩ �Ωs,t = �Ωs,q ∩ �Ωs,p . Then, the weak form of the u − p 
formulation for quasi-static analysis can be obtained via the following 
standard procedures:

where �vs and �pw are test functions. �ws and �wp are the weak form 
of the momentum balance of the mixture and the mass balance of the 
water, respectively. In addition to Eqs. (19) and (20), boundary terms are 
added to realize the Dirichlet boundary conditions (see Appendix 1).

The MPM discretization is performed by the set of Lagrangian 
particles, which represents the solid skeleton body and the com-
putational grid nodes where the discretized equations are solved. 

(14)F̂
tri

e
=

(
det(F tri)

det(F tri
e
)

) 1

3

F tri
e
,

(15)us = ūs on 𝜕Ωs,u,

(16)
(
�
� − swpw1

)
⋅ n = t̄ on 𝜕Ωs,t ,

(17)𝜃sw𝜌wRvws = q̄ws on 𝜕Ωs,q,

(18)pwn = p̄wn on 𝜕Ωs,p,

(19)

𝛿ws =∫Ωs

{
�𝛿us ∶

(
�
� − swpw1

)
− 𝜌𝛿us ⋅ b

}
dv − ∫𝜕Ωs,t

𝛿us ⋅ t̄da,

(20)

𝛿wp =∫Ωs

{
𝛿pw

(
𝜃sw𝜌wR
Kw

− 𝜃𝜌wRcw

)
ṗw + 𝛿pwsw𝜌wR� ⋅ u̇s

+ �𝛿pw ⋅

kws

g

(
�pw − 𝜌wRb

)}
dv

+ ∫𝜕Ωs,q

𝛿pwqws ⋅ nda,

We use subscripts “p” and “I” to denote the variables related to the 
particles and grid nodes, respectively. We assume that the physical 
domain is divided into a set of nmp subdomains, and the volume of 
each subdomain is concentrated at the corresponding single mate-
rial point, implying that the integrals for arbitrary field � appearing 
in the weak form can be evaluated as follows:

where xmp and Vmp are the position vector and the point volume 
associated with a material point mp , respectively. In a manner simi-
lar to the physical domain, the boundary domain is also divided 
into a set of nbp boundary points and the boundary integrals are 
evaluated as follows:

where Abp is the point area associated with a boundary point bp.
For spatial discretization, the continuum fields are approxi-

mated as follows:

where nI is the number of grid nodes, BI (x) is the nodal basis func-
tion evaluated at x , and �I is its coefficient. There are several choices 
for the basis function for MPM; we employ the extended B-spline 
basis for implicit formulation (see Appendix 2). For time discre-
tization, the central difference scheme is employed for both the 
displacement and pressure field. Discretization of Eqs. (19) and (20) 
in space and time presents discrete residual vectors �n+1

s
 and �n+1

p
 

with nodal components defined as follows:

where BIp is the basis function for node I evaluated at the position 
of each particle p, Abp = Abpnbp is the area vector, and �xn+1 denotes 
the spatial gradient at time step n + 1 . In addition to the above 
terms, stabilization terms are employed for pressure stabilization 
(see Appendix 3).

(21)∫Ωs

�dv =

nmp∑
p= 1

�(xmp)Vmp,

(22)∫�Ωs

�da =

nbp∑
p= 1

�(xbp)Abp,

(23)�h(x) =

nI∑
I = 1

BI (x)�I ,

(24)

Rn+ 1

s, I
=

nmp∑
p= 1

�
�n+ 1

mp
�xn+ 1BIpV

n+ 1

mp
−

nmp∑
p= 1

sn+ 1

w,mp
pn+ 1

w,mp
�xn+ 1BIpV

n+ 1

mp

−

nmp∑
p= 1

𝜌n+ 1

mp
bBIpV

n+ 1

mp
−

nbp∑
p= 1

t̄
n+ 1

bp
BIpA

n+ 1

bp
,

(25)

Rn+ 1

p, I
=

nmp∑
p= 1

(
𝜃n+ 1

mp
sn+ 1

w,mp
𝜌wR

Kw,mp

− 𝜃n+ 1

mp
𝜌wRc

n+ 1

w,mp

)
ṗn+ 1

w,mp
BIpV

n+ 1

mp

+

nmp∑
p= 1

sn+ 1

w,mp
𝜌wR�xn+ 1 ⋅ u̇n+ 1

s,mp
BIpV

n+ 1

mp

+

nmp∑
p= 1

kn+ 1

ws,mp

g
�xn+ 1pn+ 1

w,mp
⋅ �xn+ 1BIpV

n+ 1

mp

−

nmp∑
p= 1

𝜌wRk
n+ 1

ws,mp

g
b ⋅ �xn+ 1BIpV

n+ 1

mp
+

nbp∑
p= 1

BIpq̄
n+ 1

ws, bp
⋅ An+ 1

bp
,
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For the non-linear system solution, we apply the iterative pro-
cedure along with the Newton-Raphson method, and the following 
linearized equations are solved in every iterative step k + 1:

Here, d�s and d�w are the corrector vectors of solid displacement 
and pore water pressure, respectively. Details regarding the tangent 
matrices can be found in Uzuoka and Borja (2012).

Explicit formulation of the coupled hydromechanical MPM

For the dynamic analysis of the post-failure stage of landslides, 
an explicit MPM based on the u − w formulation is employed in 
reference to Bandara et al. (2016). Similar to Eqs. (19) and (20), the 
weak form of the u − w formulation is obtained from the linear 
momentum balance (Eqs. (1) and (2)) and boundary conditions 
(Eqs. (16) and (18)) as

where �vws is the test function. �ws and �ww are the weak form of 
the momentum balance of the mixture and water, respectively. 
The Dirichlet boundary condition is then obtained by adding a 
boundary term, as in the implicit solution method (see Appendix 
1). For time discretization, the forward Euler method is applied 
for solid displacement fields. Application of Eqs. (21)–(22) and the 
approximation of velocities and test functions of the solid and 
water phases in Eqs. (1) and (2) with Eq. (23) yield the following 
discretized equations:

Here, the nodal components of each term are defined as

(26)

[
��s∕��s ��s∕��w

��p∕��s ��p∕��w

]n+ 1

k

[
d�s

d�w

]n+ 1

k+ 1

= −

[
�s

�p

]n+1
k

.

(27)

𝛿ws =∫Ωs

{
𝜌𝛿us ⋅ üs + �𝛿us ∶

(
�
� − swpw1

)
− 𝜌𝛿us ⋅ b

}
dv

− ∫𝜕Ωs,t

𝛿us ⋅ t̄da,

(28)

𝛿ww =∫Ωs

(
𝜌wR𝛿vws ⋅ üs − � ⋅ 𝛿vwspw − 𝜌wR𝛿vws ⋅ b +

𝜌wRg

kws
𝛿vws ⋅ wws

)
dv

+ ∫𝜕Ωs,p

𝛿vws ⋅ p̄wnda,

(29)�n�̈n
s
= �n,

(30)�n
w
�n

ws
= �n

w
+�n

w
�̈n
s
.

(31)Mn
IJ
=

nmp∑
p= 1
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where �IJ is a Kronecker delta function.

Numerical procedure

The numerical simulation of rainfall-induced landslides can be 
divided into two stages: the quasi-static and dynamic stages; in 
other words, these are the stages before and after slope failure, 
respectively. In the quasi-static stage, implicit MPM is applied with 
prescribed rainfall boundary conditions, in which the time incre-
ment is controlled adaptively in reference to Ehlers et al. (2004). 
The numerical algorithm of an implicit MPM is written as follows: 

1.	 Restore the grid.
2.	 Compute tangent stiffness matrix and residual vector in Eq. 

(26).
3.	 Solve linearized equation (26) for iteration k + 1 and update 

solid displacement increments and pore water pressure incre-
ments on the grid: 

4.	 Update state variables at material/boundary points: 

(33)Qn
w, IJ

=

nmp∑
p= 1

�wRg

kn
ws,mp

1BIp�IJV
n
mp
,

(34)

Fn
w, I

=

nmp∑
p= 1

pn
w,mp

�xnBIpV
n
mp

+

nmp∑
p= 1

𝜌wRbBIpV
n
mp

−

nbp∑
p= 1

p̄n
w, bp

BIpA
n
bp
,

(35)M
n
w, IJ

=

nmp∑
p= 1

�
wR
1BIpBJpV

n
mp
,

(36)Δun+ 1, k+ 1

sI
= Δun+ 1, k

sI
+ dun+ 1, k+ 1

sI
,

(37)Δpn+ 1, k+ 1

wI
= Δpn+ 1, k

wI
+ dpn+ 1, k+ 1

wI

(38)u̇n+ 1, k+ 1

s,𝛼p
= −u̇n

s, 𝛼p
+

2

Δt

nI∑
I = 1

Δun+ 1, k+ 1

sI
BIp (𝛼 = m, b),

(39)pn+ 1, k+ 1

w, �p
= pn

w, �p
+

nI∑
I = 1

Δpn+ 1, k+ 1

wI
BIp (� = m, b),

(40)
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5.	 Update Cauchy stress using the constitutive functions.
6.	 Check convergence for equilibrium: If convergence has not 

been achieved, return to 2.
7.	 Save state variables at material/boundary points.
8.	 Update spatial coordinates of material/boundary points: 

If convergence of the Newton-Raphson method is not attained 
within the specified time increment or the prescribed rainfall time 
is elapsed, the method is switched to explicit MPM, and the states 
of the particles in the last convergent state of the implicit MPM are 
passed on. The numerical algorithm of an explicit MPM is written 
as follows: 

1.	 Restore the grid and map the velocity of material points to grid 
nodes: 

2.	 Compute the solid acceleration vector ün
s, I

 by Eq. (29) and 
update solid velocity on the grid: 

3.	 Compute average relative water velocity wn
ws, I

 by Eq. (30).
4.	 Update state variables at material/boundary points by Eqs. 

(41)–(44) and 

5.	 Update Cauchy stress using the constitutive functions.
6.	 Update pore water pressure: 

7.	 Save state variables at material/boundary points.
8.	 Update spatial coordinates of material/boundary points: 
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In addition to the above basic algorithm, we utilize the MUSL pro-
cedure (Sulsky et al. 1995) and pressure stabilization method (see 
Appendix 3) for robustness improvement. The numerical experi-
ment reveals that the method can reproduce the fundamental 
behavior of unsaturated porous media (Appendix 4).

Application to an actual landslide event

Simulation setting
A landslide triggered by intense rainfall on July 3–4, 2020, in Tagawa, 
Ashikita town, Kumamoto Prefecture, Japan (Fig. 1), was selected to 
demonstrate the effect of the 3D coupled hydromechanical MPM. The 
test site is approximately 400 × 300 m and is composed of mountain-
ous terrain with an elevation ranging from 10 to 150 m. Under normal 
conditions, the collapsed slope was a shallow catchment area without 
flowing water. According to Jitousono et al. (2021), the maximum and 
average collapse depths were approximately 10 and 3 m, respectively, 
which are more significant than those in a typical landslide. Figure 2 
shows the time series of hourly rainfall observed in the Ashikita 
observation station (Jitousono et al. 2021). The total amount of pre-
cipitation between the beginning of the rainfall event (4:00, July 3) to 
landslide occurrence (5:00, July 4) was 384 mm. The hourly rainfall 
from 4:00 to 5:00 when the landslide occurred was the highest during 
the period, exceeding 80 mm.

For the initial setting of the ground geometry for numerical 
analysis, 5 m mesh DEM data published by Geospatial Information 
Authority of Japan (GSI) website (2022) were used. Figure 3 shows the 
topological information of the target area on a plane view, including 

(52)xn+ 1

𝛼p
= xn

𝛼p
+ Δt

nI∑
I = 1

u̇n+ 1

I
BIp (𝛼 = m, b).

(a) (b)

Fig. 1   Landslide triggered by intense rainfall on July 3–4, 2020, in 
Tagawa, Ashikita town, Japan: a overview of the disaster area (modi-
fied from Jitousono et al. (2021)) and b location of Ashikita town
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the slope and curvature calculated from the DEM by r.slope.aspect 
functions in GRASS GIS (GRASS Development Team 2017).

In this study, the ground model is assumed to comprise a sin-
gle soil layer overlying rigid, impermeable bedrock. Thus, the 
depth of the topsoil (i.e., the relative position of the bottom sur-
face to the top surface of the soil layer) corresponding to the 
DEM is set at first. The soil depth is known as an important fac-
tor affecting the stability of a slope and is usually measured via 
penetration tests. Some penetration test results are available in 
KuniJiban (2022) in Japan; however, these points are unevenly 
distributed and inadequate to evaluate the landslide risk over a 
wide area. Some previous studies (Sarkar et al. 2013; Salciarini 
et al. 2017) employed the kriging method to resolve this issue, 
which predicts the continuous data distribution from discrete 
spatial data. Another approach based on physical terrain features 
can be found; a relationship between soil depth and the ground 
surface profile, such as slope angle and curvature, can be evalu-
ated over multiple regions (Heimsath et al. 1997; Tesfa et al. 2009; 
Patton et al. 2018). Given the lack of data in numerous regions, the 
latter modeling method was employed in this study to investigate 
the influence of the parameters. Patton et al. (2018) proposed the 
following equation to generalize the relationship between soil 
depth H and slope curvature C:

where ΔH
ΔC

 is the slope of H - C function and H̄ is the average of 
the depth within a target region. Some methods have also been 
proposed to estimate ΔH

ΔC
 and H̄ ; however, their applicability to 

arbitrary regions, especially to characteristic terrains such as the 
mountainous regions of Japan, has not been well verified. There-
fore, we tested two settings based on a field survey of target land-
slides to investigate the effect of soil depth distribution: one was 
the curvature-independent soil depth with H = 6 m, i.e., uniform 
soil depth, and the other was the curvature-dependent soil depth 
with H = 50C + 6 m.

(53)H =
ΔH

ΔC
C + H̄ ,

Subsequently, the surfaces of the top and bottom surfaces of 
the soil layer can be generated by the linear interpolation of the 
DEM and the corresponding topsoil depth, respectively. Prior to 
the generation of the particle model along the terrain, particles 
were tentatively placed in the entire computation domain. We 
utilized the uniform Cartesian grid for computation with cell 
length h and placed six material and boundary points per h. 
Next, the material points located in the topsoil layer, i.e., the layer 
between the top and bottom surfaces, were selected. Furthermore, 
the boundary points located in the nearest neighborhood of the 
boundary surfaces were extracted. Figure 4 shows the numerical 
model with the curvature-dependent soil depth.

The material properties of the soil are provided in reference 
to the penetration test data near the site obtained in KuniJiban 
(2022) and the typical values based on the soil classification. 
Note that although these parameters should ideally be identified 
based on in-situ measurements and parameter studies, as the 
purpose of this analysis is to demonstrate the performance of the 
coupled hydromechanical MPM rather than to accurately repro-
duce actual conditions, the parameters are determined within a 
range that can be estimated from publicly available information. 
According to penetration test results, the type of topsoil in this 
area at a depth of approximately 6 m below the ground surface 
was classified as sandy gravel based on the soil classification in 
Japan, which is roughly equivalent to well-graded gravel accord-
ing to the US Geological Survey (USGS). Based on the material 
property values for each soil type investigated in previous stud-
ies (e.g., porosity (Das and Das 2008), friction angles (Koloski 
et al. 1989; Geotechdata Info 2013), empirical constant I0 (Jop et al. 
2006; Lucas et al. 2014), van Genuchten parameters (Wösten et al. 
1999), and permeability (Carter and Bentley 1991)), the material 
parameters listed in Table 1 are used on the entire body of the 
soil layer models in all simulation cases presented in this section. 
Here, the cohesion is set taking into account that the N value in 
the penetration test is approximately 5 to 10 and that vegetation 
is present (Ali and Osman 2008).

In all stages, the cross-sections of the soil layers were fixed on 
the horizontal direction and drainage, while the bottom surface 
of the soil layer was rigidly fixed and impermeable. Furthermore, 
the top surface of the soil layer was free to move, and the rainfall 
boundary condition was uniformly applied as the prescribed mass 
flux obtained via linear interpolation of the rainfall history from 
4:00 a.m. on July 3 to 6:00 a.m. on July 4 in Fig. 2 in the pre-failure 
simulation with implicit MPM. Prior to applying the above con-
dition, a steady state was created by applying a constant rainfall 
condition of 5 mm/h for three days, based on the normal monthly 
rainfall in the Kumamoto Prefecture during June and July, which is 
approximately 400 mm. In the following explicit MPM post-failure 
simulation, because the effect of rainfall during the tens of seconds 
on sediment flow was small, the rainfall boundary condition was 
omitted, and the pore water flux at the topsoil surface was assumed 
to be zero.

Because in MPM, the computational grid is independent of the 
particles and is reset at each step, the grids can be easily recon-
structed during computation. As the computation time for the 
implicit method is largely dependent on the number of degrees 
of freedom of the computational grid compared with the explicit 
method, and a finer grid is desirable for sediment flow analysis, 

Fig. 2   Time series of the hourly rainfall observed in Ashikita town 
during the period from July 3 and 4, 2020 (Jitousono et al. 2021)
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the grid was changed in quasi-static and dynamic analysis. Specifi-
cally, grids of linear extended B-splines with h = 2m and quadratic 
B-splines with h = 1m were used for the quasi-static and dynamic 
analyses, respectively. The time increment Δt in the implicit MPM 
was initially set to 1200 s but was further subdivided with a lower 
limit of 1 s if convergence could not be achieved. In explicit MPM, 
the time increment was constant and set to 10−4 s.

In addition to the coupled hydromechanical analysis, to investi-
gate the effect of pore water, we conducted single-phase analyses for 
the soil skeleton only in which the terms relevant to the water phase 
were omitted in the aforementioned implicit and explicit MPMs. 
In this case, the landslide was triggered by the strength reduction 
method (Matsui and San 1992; Dawson et al. 1999), i.e., the cohesion 
of the entire body was uniformly and gradually reduced from its 

0 50 100m

32°17′24″

32°17′20″

32°17′17″

32°17′24″

32°17′20″

32°17′17″

130°31′19″ 130°31′23″ 130°31′26″ 130°31′30″ 130°31′19″ 130°31′23″ 130°31′26″ 130°31′30″

0.0810

Curvature (m-1)

-0.07850

Slope (deg)

0

(b)(a)

(c) (d)

N

Fig. 3   Topology information of the target area: a landslide location (red filled area) on the aerial photograph taken before the landslide; b 
relief; c slope; d tangential curvature (modified from GSI tiles of aerial photographs and elevation) (Geospatial Information Authority of Japan 
(GSI) website 2022)

(a) (b)

Fig. 4   Numerical model with a curvature-dependent soil depth ( H = 50C + 6 ) for Tagawa, Ashikita town: a elevation; and b soil depth
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initial value to zero until the Newton-Raphson method no longer 
converged in the quasi-static analysis. As in the coupled analysis, 
the cohesion reduction value in the Newton-Raphson was adjusted 
between 1/3 and 1/3072 kPa, and the value at which it no longer 
converged was used for the following dynamic analysis. All other 
parameters and numerical setting were the same as those in the 
coupled hydromechanical analysis.

Results and discussion

Figure 5 shows the evolution of pore water pressure on the bottom 
surface of the soil layer obtained by quasi-static analysis using two 
numerical models with different soil depths. Furthermore, the evo-
lution of the accumulated plastic strain is shown in Fig. 6, where 
only the parts with 𝜀̄ > 0.01 are shown. In both cases, solutions 
were obtained without lack of convergence in the analysis under 
rainfall conditions up to 6:00 a.m. on July 4. The pore water pres-
sure distribution after 4:00 a.m. on July 4 shows positive values 
over a wide area of the target region, along with a corresponding 
increase in the accumulated plastic strain. However, there were dif-
ferences in their distribution; i.e., the plastic strain shows large 
values mainly along the areas marked as A to D in Fig. 6, which 
have a steep slope, while the pore water pressure is concentrated 
in valleys. A comparison of the results of the two models indicates 

Fig. 5   Numerical results of the quasi-static analysis by the coupled hydromechanical MPM: distribution of pore water pressure pw on the bot-
tom surface of the soil layer in the cases with a the uniform soil depth ( H = 6 ) and b the curvature-dependent soil depth ( H = 50C + 6)

(a)

(b)

Fig. 6   Numerical results of the quasi-static analysis by coupled 
hydromechanical MPM: distribution of the accumulated plastic strain 
𝜀̄p in the cases with a the uniform soil depth ( H = 6 ) and b the curva-
ture-dependent soil depth ( H = 50C + 6)
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that the distribution of each value is generally similar, but the case 
with the curvature-dependent soil depth shows relatively higher 
pore water pressure values in the valley. This is a reasonable result 
because the slope of the valley topography on the bottom surface 
is larger in the model with curvature-dependent soil depth. In the 
final state after prescribing rainfall, the bottom surface of the soil 
layer shows a positive pore pressure value, i.e., it is saturated, while 
the top surface of the soil layer is partially saturated, as shown in 
Fig. 7. Although a slight local suction distribution due to progress of 
the solid deformation can be found, the saturated areas are mainly 
in valleys, plains, and the toes of slopes, and we can see that the case 
with the curvature-dependent soil depth has a larger saturated area 
around valleys than the case with the uniform soil depth.

The results of the single-phase analysis with different soil 
depths are presented in Fig. 8, where only the material points hav-
ing 𝜀̄ > 0.01 are picked in the state just before the slope becomes 
unstable. Similar to the coupled analysis, plastic deformation 
occurs mainly on steep slopes, but is moderate in the vicinity of 
area A, where the landslide actually occurred.

Given that the material parameters of the solid structure in 
the single-phase analysis are the same as in the coupled analysis, 
these differences in deformation distribution indicate the effect 
of rainwater infiltration. As water pressure contributes to the total 
stress, as seen in Eq. (1), suction works essentially in the same way 
as cohesion, and the reduction in suction or cohesion leads to a 

reduction in the shear strength of the soil skeleton due to its pres-
sure-dependent visco-plastic model. In the single-phase analysis, 
plastic deformation is caused by a uniform reduction in the overall 
cohesion. In contrast, in the coupled analysis, plastic deformation 
is caused by a non-uniform reduction in suction due to the infil-
trated rainwater 3D distribution. As a result, in the coupled analysis, 
the plastic deformation seems to be relatively larger in the valley 
topography, where the infiltrated rainwater is concentrated, com-
pared with the single-phase analysis. These results suggest that a 
coupled analysis capable of incorporating the 3D seepage water 
behavior might be able to capture the failure modes of landslides 
that cannot be captured by a single-phase analysis with the strength 
reduction technique.

The dynamic analysis results with coupled hydromechanical 
MPM and single-phase MPM are shown in Figs. 9 and 10, respec-
tively. Here, material points with accumulated plastic strain 𝜀̄ > 1 
are shown. Each of these calculations with the coupled hydrome-
chanical MPM and single-phase MPM took approximately 48 and 
24 h, respectively, using 480 CPU cores.

We can see that the onset points of sediment flow in the coupled 
hydromechanical MPM results do not necessarily coincide with the 
locations where relatively higher plastic deformation emerges in 
the quasi-static analysis (indicated by A to D in Fig. 6). Specifically, 
sediment flows occur only around areas A and C in the result with 
the uniform soil depth, and around areas A, B, and C in the result 
with the curvature-dependent soil depth. The difference in the 
sediment flow around area C between the two models with vary-
ing soil depths may be related to the deeper soil layer and higher 
pore water pressure in the model with the curvature-dependent 
soil depth because area C has a valley topography. Meanwhile, no 
sediment flow occurred in any of the results in area D, which has a 
steeper slope but a lower pore water pressure than the other areas 
in the figure.

In contrast, the results of the single-phase analysis exhibit a dif-
ferent trend, i.e., the regions with relatively large plastic strain in 
the quasi-static analysis (Fig. 8) and the onset points of sediment 
flow in the dynamic analysis (Fig. 10) generally coincide regardless 
of the difference in soil depth. Consequently, these results do not 
show sediment flow in the vicinity of the valley topography where 

(a) (b)

Fig. 7   Numerical results of the quasi-static analysis by coupled hydromechanical MPM: distribution of the water saturation sw on the top sur-
face of the soil layer in the cases with a the uniform soil depth ( H = 6 ) and b the curvature-dependent soil depth ( H = 50C + 6)

(a) (b)

Fig. 8   Numerical results of the quasi-static analysis by single-phase 
MPM: distribution of the accumulated plastic deformation 𝜀̄p in cases 
with a the uniform soil depth ( H = 6 ) and b the curvature-dependent 
soil depth ( H = 50C + 6)
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(a)

(b)

Fig. 9   Numerical results of the dynamic analysis by coupled hydromechanical MPM: distribution of the velocity magnitude in the cases with a 
the uniform soil depth ( H = 6 ) and b the curvature-dependent soil depth ( H = 50C + 6)
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(a)

(b)

Fig. 10   Numerical results of the dynamic analysis by single-phase MPM: distribution of the velocity magnitude in cases with a the uniform 
soil depth ( H = 6 ) and b the curvature-dependent soil depth ( H = 50C + 6)
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(a) (b)

Fig. 11   Numerical results of the dynamic analysis by coupled hydromechanical MPM at 30 s: sediment flow in plan view and surface profiles 
pre- and post-failure in X-X ′  section and their differences in the cases with a the uniform soil depth ( H = 6 ) and b the curvature-dependent 
soil depth ( H = 50C + 6)

(a) (b)
Fig. 12   Numerical results of the dynamic analysis by single-phase MPM at 30 s: sediment flow in plan view and surface profiles pre- and 
post-failure in X-X ′  section and their differences in the cases with a the uniform soil depth ( H = 6 ) and b the curvature-dependent soil depth 
( H = 50C + 6)
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the landslide actually occurred. When compared with the results of 
coupled hydromechanical analysis, a significant difference can be 
observed in the flow distance, with results of single-layer analysis 
exhibiting a shorter flow distance.

Figures 11 and 12 show the distribution of debris flow on a planer 
map and the surface profile of the soil layer at 30 s on a cross-
section of a valley where a landslide actually occurred. The surface 
profiles of the soil layers are represented by sets of points at 5 m 
intervals, where each point elevation value is the coordinate of the 
material point located at the highest position within each interval. 
The coupled hydromechanical MPM results show that there is slope 
failure and erosion as well as sedimentation on the plains, which is 
close to the actual situation investigated by Jitousono et al. (2021). 
In contrast, the single-layer MPM results show sedimentation in 
the mid-slope due to sediment inflow from the adjacent ridge but 
no slope failure.

The difference between the single-phase MPM and coupled 
hydromechanical MPM in the dynamic analysis suggests that, in 
addition to the difference in plastic deformation distribution in 
the pre-failure analysis, the influence of pore water is also signifi-
cant during large deformation and flow. In the single-layer MPM, 
the cohesion decreases with the development of plastic deforma-
tion due to the plastic-softening constitutive law. Conversely, in the 
coupled hydromechanical MPM, the pore water pressure changes 

as the soil skeleton volume changes in addition to plastic softening. 
As a result, the change in water pressure due to the partial volume 
change causes a change in shear strength, possibly resulting in a 
significant difference in post-failure behavior.

These numerical results demonstrated the possibility of the cou-
pled hydromechanical MPM considering the effect of pore water to 
represent the mechanism of the rainfall-induced landslide, which 
cannot be achieved with single-phase MPM. In particular, the cou-
pled hydromechanical analysis is required to represent landslides 
on valley topography where landslides actually occurred in the 
model used in this study, which assumes a uniform distribution 
of soil types. However, landslides were observed in areas where 
they did not actually occur in both numerical models with differ-
ent soil depth distributions. Additionally, the resulting collapsed 
soil accumulation caused longer distances of sediment flow than 
the actual situation. These discrepancies can arise from the lack of 
consideration of actual non-uniform soil property distribution, and 
detailed modeling of the ground may reproduce the phenomena 
accurately. The parametric study demonstrates that different soil 
properties can lead to different failure modes (Appendix 5). None-
theless, the coupled hydromechanical MPM still provides useful 
insights into landslide risk evaluation that cannot be obtained from 
conventional methods.

Conclusion
In this study, we developed a numerical method for simulating all 
stages of rainfall-induced landslides and demonstrated the repre-
sentation performance of the proposed method through 3D simu-
lations of an actual rainfall-induced landslide event in Japan. The 
proposed method results were compared with single-phase analy-
sis results. A coupled hydromechanical implicit MPM for unsatu-
rated soil was constructed based on a simplified formulation and 
was used for rainfall infiltration analysis in the pre-failure stage 
of landslides, while a coupled hydromechanical explicit MPM for 
unsaturated soil was applied for sediment flow simulation in the 
post-failure stage. The combination of implicit and explicit MPMs 
enabled us to simulate a series of landslides, including quasi-static 
and dynamic processes, using consistently visco-plastic models for 
granular materials with cohesion.

The proposed method was applied on a 3D terrain model of 
Tagawa, Ashikita town, Japan, using rainfall boundary conditions 
based on observational data. A comparison between the proposed 
coupled hydromechanical and single-phase MPMs showed that pore 
water significantly affects the 3D analysis, resulting in changes in the 
location of landslide initiation and the flow distance of collapsed sedi-
ment. Furthermore, we found that variations in the distribution of 
soil layer depth affected the pore water distribution and influenced 
the landslides occurrence. These results prove that the developed cou-
pled hydromechanical MPM with a 3D model is an effective numeri-
cal method for reproducing and investigating the complex landslide 
mechanism in detail. It is worth noting that the constitutive model 
used in this study is built upon previous efforts, however, there is 
potential for further improvement in order to more accurately model 
the mechanisms of rainfall-induced landslides. Further investigations 
using the developed method with more detailed data (e.g., soil mate-
rial parameters and rainfall intensity) and applications in different 

Table 1   Parameters in numerical simulation of landslides in Tagawa, 
Ashikita town

Parameter Value

Soil density �sR(kg∕m
3) 2650

Water density �wR(kg∕m
3) 1000

Initial porosity �0 0.3

Initial suction p0
c
 (kPa) 20

Young’s modulus E (MPa) 50

Poisson ratio � 0.3

Minimum friction angle �s (deg) 33

Maximum friction angle �
2
 (deg) 40

Empirical constant I
0

0.279

Soil particle diameter d (m) 0.5

Initial cohesion c
0
 (kPa) 20

Hardening/softening parameter Hs (kPa) -50

van Genuchten parameter aVG 0.8002

van Genuchten parameter nVG 1.1804

van Genuchten parameter mVG 0.1528

van Genuchten parameter �VG 0.5

Saturated permeability coefficient k0
ws

 (m/sec) 5.0 × 10−4

Minimum degree of water saturation swr 0.01

Maximum degree of water saturation sws 1.0
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regions with various scales would help unravel the complex mecha-
nisms of rainfall-induced landslides and clarify their potential risks.
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Appendix 1

Imposition of boundary conditions
In MPM, Dirichlet boundaries are often enforced on grid nodes 
owing to the Kronecker delta property of the basis functions, simi-
lar to FEM. However, this method is only relevant where physi-
cal boundaries coincide with the computational grid edges and is 
thus not always suitable for application to complicated 3D mod-
els. Therefore, we employed a penalty method to impose Dirichlet 
boundary conditions in a weak sense and added the following 
boundary terms into the weak form for implicit MPM:

Here, �s and �p are penalty parameters. Several methods exist to 
adjust the value of penalty parameter; we define �s = 104E ∕ h and 
�p = 104�wRh ∕ 2GΔt in this study. Even though some other meth-
ods are more appropriate to weakly impose Dirichlet boundary 
conditions, it is not our present concern. Simulation of rainfall 
infiltration requires special treatment of the boundary condition 
on the ground surface where pore water pressure cannot be greater 
than zero; once a positive pore pressure is detected, the water flux 
boundary condition is switched to a zero pressure boundary condi-
tion on each boundary point.

Furthermore, boundary conditions for the explicit MPM can be 
realized by Eq. (54) and

(54)𝛿ws, pen = ∫𝜕Ωs, u

𝛽s𝛿us ⋅ (us − ūs)da,

(55)𝛿wp, pen = ∫𝜕Ωw, p

𝛽p𝛿pw(pw − p̄w)da.

where �w are penalty parameters defined by �w = 104�wRΔt ∕ h . In 
the post-failure analysis using explicit MPM, however, the upper 
boundary of the soil layer is significantly deformed, and it is not 
easy for the boundary particles to follow the deformation. There-
fore, instead of setting the boundary points on the top surface of 
the soil layer, the boundary conditions are presented at the nodes of 
cells to which material points in the upper layer belong, following 
Bandara et al. (2016).

Appendix 2

Extended B‑spline basis function
The standard MPM formulation, especially with linear basis func-
tions, is known to suffer from numerical noise caused by the inac-
curacy of its integration using material points moving across the 
background grid cells. To deal with this problem, the so-called cell 
crossing instability, several improvements have been made in the 
two decades; for example, GIMP (Bardenhagen and Kober 2004), 
CPDI (Sadeghirad et al. 2011), and CPDI2 (Sadeghirad et al. 2013). 
There is also the issue of ill-conditioning in the system matrix 
caused by basis functions with supports having small physical 
domains, in other words, few material points. This problem is 
severe especially in implicit MPM for unsaturated porous media 
because the bases that cause ill-conditioning emerge mainly near 
the boundary region where the boundary condition of solid and 
water is imposed. To mitigate the above two problems, we employed 
extended B-spline basis functions for the implicit material point 
method (Yamaguchi et al. 2020). Because of the higher-order conti-
nuity of B-splines, the cell crossing instability was suppressed with-
out any other special treatment (Steffen et al. 2008). In addition, a 
simple modification of B-spline bases near the boundary region 
effectively removed the causes of ill-conditioning (Höllig et al. 2002; 
Höllig and Reif 2003).

Appendix 3

Pressure stabilization
To deal with the nearly incompressible limit of pore water in 
implicit MPM, we employed the polynomial pressure projection 
(PPP) method for coupled hydromechanical coupling (White and 
Borja 2008), which enables equal-order interpolation for the dis-
placement and pressure fields. The PPP method is realized by add-
ing the following term for the discretized mass balance equation 
of the water phase:

Here, Ωc is the grid cell domain, � is the stabilization parameter, and 
Π is the projection operator for the discrete field, which is defined 
as follows:

(56)𝛿ww, pen = ∫𝜕Ωw, q

𝛽w𝛿vws ⋅ (wws − w̄ws)da,

(57)�wstab = � ∫Ωc

(
�pw − Π�pw

)(
Δpw − ΠΔpw

)
dv.

http://creativecommons.org/licenses/by/4.0/
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where Vc is the grid cell volume. The stabilization parameter is set 
to � = 103�wR ∕ 2GΔt in this study.

Furthermore, although not as serious as the liquid phase, the 
solid phase can also produce inappropriate results owing to its 
pressure-sensitive plasticity model described in “Governing equa-
tions” section. Thus, we employed the F-bar method for implicit 
MPM (Coombs et al. 2018), and the deformation gradient was modi-
fied as follows:

where ΔF0 is the deformation gradient increment evaluated at the 
geometric center of material points within a cell x0 where the mate-
rial point mp is located.

(58)Π�h|Ωc
=

1

Vc
∫Ωc

�hdv,

(59)ΔF̄mp =

(
det(ΔF0)

det(ΔFmp)

) 1

3

ΔFmp,

In explicit MPM, pressure oscillations of pore water caused by a 
high volumetric modulus are known to lead to inaccurate numeri-
cal results and should be addressed along with the solid phase 
as in implicit MPM. Thus, we combined the smoothing method 
(Mast et al. 2012) and reduced integration method (Bandara and 
Soga 2015) for the pore water pressure that suffered from severe 
instability. Smoothing of the arbitrary field evaluated at the mate-
rial points is defined as follows:

Equation (60) is applied to the increments of pore water pressure Δpw 
and the determinant of the deformation gradient det(ΔF) . Then, the 
modified version of the deformation gradient is obtained as follows:

Appendix 4

Leaking flow analysis
We reproduce the experiment of leaking flow in a soil column, as 
conducted in Liakopoulos (1964), to evaluate the performance of the 
proposed coupled hydromechanical material point method (MPM). 
This problem has been widely used as a benchmark in various stud-
ies (Schrefler and Scotta 2001; Laloui et al. 2003; Ehlers et al. 2004; 
Uzuoka and Borja 2012; Bandara et al. 2016) for modeling unsatu-
rated porous media. In the experiment, soil columns were filled into 
impermeable cylindrical vessels with open bottoms and tops, allow-
ing for one-dimensional flow and of the water outflow velocity at the 
bottom deformation to occur.

Our numerical model simulates a 1 m tall soil column divided 
into 20 uniform grid cells, with each cell containing 4 material 
points in the vertical direction. We use linear B-splines and impose 
boundary conditions at grid nodes. The bottom surface is fixed 
in the vertical direction while the top surface is allowed to move 
freely. Water in/out is initially allowed on both the top and bot-
tom surfaces, but later only on the bottom surface in the leaking 

(60)𝜓̃h
p
=

nmp�
p= 1

BIp𝜓̃I , 𝜓̃I =

∑nmp

p= 1
𝜓pBI (x0)(1 − 𝜃mp)Vmp

∑nmp

p= 1
BI (x0)(1 − 𝜃mp)Vmp

.

(61)ΔF̄mp =

(
�det(ΔFmp)

det(ΔFmp)

) 1

3

ΔFmp.

Table 2   Parameters in leaking flow analysis

Parameter Value

Soil density �sR(kg∕m
3) 2720

Water density �wR(kg∕m
3) 1000

Initial porosity �0 0.37

Young’s modulus E (MPa) 1.3

Poisson ratio � 0.4

van Genuchten parameter �VG 0.02

van Genuchten parameter nVG 1.5

van Genuchten parameter mVG 1.03

van Genuchten parameter �VG 3.5

Saturated permeability coefficient k0
ws

 (m/sec) 4.5 × 10−6

Minimum degree of water saturation swr 0.02

Maximum degree of water saturation sws 1.0

(a) (b)

Fig. 13   Numerical results of leaking flow analysis: a distribution of the pore water pressure and b time history of water outflow velocity
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process. The horizontal movements of all phases are fixed on all 
nodes. Assuming the solid phase to be Hencky’s hyperelastic mate-
rial, material parameters are set as shown in Table 2, based on pre-
vious numerical studies (Ehlers et al. 2004; Uzuoka and Borja 2012; 
Bandara et al. 2016). The simulation begins with a stationary state 

obtained through a quasi-static analysis using the implicit MPM. 
The leaking process is simulated for the first 3 minutes using the 
implicit MPM with a time step of Δt = 10−1 s. After this, two cases 
are compared: the case using the implicit MPM and the case switch-
ing to the explicit MPM with a time step of Δt = 10−4 s.

(a) (b) (c)

(d) (e) (f)

Fig. 14   Numerical results of the quasi-static analysis with various material parameters: distribution of the accumulated plastic strain 𝜀̄p in the 
cases with a �s = 38◦ , b �s = 28◦ , c c

0
= 30 kPa, d c

0
= 10 kPa, (e) k0

ws
= 10−3 m/s, and (f) k0

ws
= 2.5 × 10−4 m/s

(a) (b) (c)

Fig. 15   Numerical results of the quasi-static analysis with various material parameters: distribution of pore water pressure pw on the bottom 
surface of the soil layer in the cases with a c

0
= 10 kPa, b k0

ws
= 10−3 m/s, and c k0

ws
= 2.5 × 10−4 m/s
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Figure 13(a) shows the development of the pore water pres-
sure distributions in the implicit and explicit MPMs. Additionally, 
Fig. 13(b) shows the time history of the water outflow velocity at 
the bottom material point. Although the slower outflow tendency, 
which is consistent with the previous FE analysis (Ehlers et al. 
2004), can be observed, the results obtained using the implicit and 
explicit MPMs are in good agreement with each other, and they 
accurately reproduce the trend of the time series of outflow in the 
experimental results. This suggests that the proposed method has 
the capability to capture the fundamental mechanics of unsaturated 
porous media.

Appendix 5

Effect of material parameters
To understand how material parameters affect landslide failure 
modes, we conducted six simulations with different parameter val-
ues: minimum friction angle ( �s ) of 38◦ and 28◦ , initial cohesion ( c0 ) 
of 30 kPa and 10 kPa, and saturated permeability coefficient ( k0

ws
 ) of 

10−3 m/s and 2.5 × 10−4 m/s. The default case is a uniform soil depth 
model with the same initial and boundary conditions outlined in 
the “Application to an actual landslide event’’ section. In these simu-
lations, all other parameter values are fixed as in the default case.

Figure 14 illustrates the distributions of accumulated plastic 
strain ( ̄𝜀p ) at the final state in the quasi-static analysis of each case, 
where only material points with 𝜀̄p > 0.01 are displayed. It is note-
worthy that the case with c0 = 10 kPa did not yield a convergent 
solution after 10 p.m. on July 3, while the other cases yielded conver-
gent solutions in the analysis under rainfall conditions up to 6:00 
a.m. on July 4. Figures 15 and 16 show the distributions of pore water 
pressure on the bottom surface of the soil layer and the suction 
distributions on the top surface of the soil layer in the cases with 
c0 = 10 kPa, k0

ws
= 10−3 m/s, and k0

ws
= 2.5 × 10−4 m/s, respectively. 

The cases with c0 = 30 kPa, �s = 28◦ , and �s = 38◦ are not shown as 
they show similar results to the default case in Figs. 5(a) and 7(a). 
The results indicate that the trend of plastic deformation distribu-
tion is consistent across all cases, with deformation concentrated 

mainly in areas A to D in Fig. 14, similar to the default case in 
Fig. 6(a). However, the amount of deformation varies. The cases 
with �s = 38◦ and c0 = 30 kPa, which have high material strength, 
exhibit less plastic deformation than the case with �s = 28◦ , which 
has lower material strength. Even though the case with c0 = 10 kPa 
received less rainfall than the other cases, resulting in lower water 
pressure, it still displayed large plastic deformations mainly in area 
D. The comparison of the water pressure between the cases with 
k0
ws

= 2.5 × 10−4 m/s and k0
ws

= 10−3 m/s in Fig. 15 shows that the 
former has a higher water pressure over a larger area, specifically in 
areas with valley and plain topography. Additionally, the saturation 
distribution in Fig. 16 indicates that the case with k0

ws
= 2.5 × 10−4 

m/s has a wider area of saturation. As a result, it can be consistently 
observed that the case with smaller permeability leads to greater 
plastic deformation.

Figures 17 and 18 present the results of the dynamic analysis in 
the post-failure stage, where only material points with the accumu-
lated plastic strain of 𝜀̄p > 1 are displayed. It is worth noting that the 
cases with c0 = 30 kPa and k0

ws
= 10−3 m/s have been excluded from 

the figures as no landslides occurred in these cases. The figures 
clearly demonstrate the differences in the onset points and flow 
paths of the sediment flow for each case. In the case with �s = 38◦ , 
sediment flow is observed only in the vicinity of area C. On the 
other hand, in the case with �s = 28◦ , landslides occur not only 
in areas A and C, as in the default case in Fig. 9, but also in area B. 
The variation in the landslide occurrence areas in the above cases 
can be attributed to the difference in material strength. Further-
more, in the case with c0 = 10 kPa, landslides occur exclusively in 
area D, which is not the case in the default scenario. The findings 
of the study indicate that the location and behavior of landslides 
can vary based on the amount and distribution of pore water in 
the soil, depending on the rainfall history. The simulation results 
show that the case with k0

ws
= 2.5 × 10−4 m/s resulted in landslides 

in four areas (A to D) that were more extensive than the default 
case. In contrast, the case with k0

ws
= 10−3 m/s did not result in any 

landslides, suggesting that landslides are more likely to occur with 
smaller water permeability. Additionally, the cases with �s = 28◦ 

6:00 a.m. on July 410:00 p.m. on July 3 6:00 a.m. on July 4

Z

W

N

10.8

Saturation

(a) (c)  (b)  

Fig. 16   Numerical results of the quasi-static analysis with various material parameters: distribution of the water saturation sw on the top sur-
face of the soil layer in the cases with a c

0
= 10 kPa, b k0

ws
= 10−3 m/s, and c k0

ws
= 2.5 × 10−4 m/s
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(a)

(b)

Fig. 17   Numerical results of the dynamic analysis with various material parameters: distribution of the velocity magnitude in the cases with 
a �s = 38◦ and b �s = 28◦
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and k0
ws

= 2.5 × 10−4 m/s, where the landslide area was larger than 
in the default case, resulted in faster sediment flow and earlier reach 
of the plain area. Overall, the results suggest that higher material 
strength and lower water permeability result in larger landslide and 
sediment flow areas or earlier landslide occurrence.
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