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Abstract
In recent years, the issue of aircraft icing has gained widespread recognition. The breaking and detachment of dynamic ice can
pose a threat to flight safety. However, the shedding and fracture mechanisms of dynamic ice are unclear and cannot meet the
engineering needs of ice-shedding hazard assessment. Therefore, studying the fracture toughness of ice bodies has extremely
important practical significance. To address this issue, this article uses a centrally cracked Brazilian disk (CCBD) specimen
to measure the pure mode I toughness and pure mode II fracture toughness of freshwater ice at different loading rates. The
mixed-mode (I–II) fracture characteristics of ice are discussed, and the experimental results are compared and analyzed with
the theoretical values of the generalized maximum tangential stress (GMTS) criterion considering the influence of T -stress.
The results indicated that as the loading rate increases, the pure mode I toughness and pure mode II fracture toughness of
freshwater ice decrease, and the fracture toughness of freshwater ice is more sensitive to the loading rate. In terms of fracture
criteria, the theoretical value of the ratio of pure mode II fracture toughness to pure mode I fracture toughness based on the
GMTScriterion is in good agreementwith the experimental value,while the theoretical value based on themaximum tangential
stress (MTS) criterion deviates significantly from the experimental value, indicating that the GMTS criterion considering the
influence of T -stress can better predict the experimental results.

Keywords Freshwater ice · Fracture criteria · Centrally cracked Brazilian disk (CCBD) · Mixed-mode (I–II) · Loading rate

1 Introduction

With the development of aircraft and aerospace technology,
humans are increasingly venturing into deep space. During
the flight of various types of aircraft, ice may dynamically
accumulate on the wing surfaces of some aircraft, posing a
significant safety hazard and threatening people’s lives and
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property [1]. To study the shedding and fracture mechanisms
of ice on wing surfaces, it is necessary to understand the
fracture characteristics of ice. The fracture toughness of ice
is a key indicator of its ability to resist crack initiation and
propagation and is a vital mechanical property of ice.

In fracture mechanics, the stress intensity factor and T -
stress are two important parameters that characterize the
strength of the elastic stress field at the crack tip. Smith
[2] introduced T -stress based on the maximum tangential
stress (MTS) and first proposed the generalized maximum
tangential stress (GMTS) criterion. In addition to the stress
intensity factors K I and K II, the criterion also considers the
influence of T -stress. Ayatollahi and Aliha et al. [3, 4] found
that T -stress has a great influence on the crack propagation
path and mixed-mode fracture toughness of brittle materials,
and the GMTS criterion can significantly improve the pre-
diction of the experimental results. Hua [5] also obtained the
GMTS criterion considering T -stress through experimental
research on the composite fracture toughness of rusty rock,
which can effectively predict the experimental results. This
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demonstrates that the introduction of T -stress into the frac-
ture criterion can improve the prediction of experimental
results.

Some scholars have studied the fracture toughness of
ice. Deng et al. [6] used Yellow River ice as the research
material and employed the Brazilian test method to con-
duct loading tests on the ice at different temperatures, strain
rates, and sizes. They discovered that the fracture tough-
ness of Yellow River ice is closely related to strain rates.
Within the range of (10–5–10–1) s−1, the fracture toughness
decreases with the increase of strain rate, while tempera-
ture and size have little effect on the fracture toughness of
Yellow River ice. Zhang et al. [7] developed an improved
low-temperature split-Hopkinson pressure bar system for
measuring the dynamic characteristics of ice splitting. They
measured the quasi-static and dynamic fracture toughness
of freshwater ice at different loading rates and temperatures
using the notched semicircular bending method and stud-
ied the effects of loading rates and test temperatures on the
mode I dynamic initial fracture toughness of freshwater ice.
They found that the initial fracture toughness of freshwater
ice under dynamic loading exceeds the initial fracture tough-
ness under quasi-static loading. Christmann et al. [8] used
the four-point bending technique to determine the critical
fracture toughness of 91 Antarctic bubble ice samples with
densities ranging from 840 to 870 kg/m3. The average frac-
ture toughness and standard deviation of Antarctic bubble ice
were determined to be 95.35 kPa·m0.5 and± 16.69 kPa·m0.5,
respectively. Kamio et al. [9] found that their experimental
data on the fracture toughness of sea ice conformed to the
Weibull statistical distribution through the fracture toughness
and strength characteristics of the ice in the Notoro Lagoon
connected to the Sea of Okhotsk near Hokkaido. They pro-
posed amodel that predicts changes in the fracture toughness
of sea ice. This model is a function of the statistical distri-
bution of the ice crystal size, effective surface energy, and
the elastic constant of ice. The model’s predicted fracture
toughness distributionwas in good agreementwith the exper-
imental cumulative probability of the fracture toughness of
sea ice. The relationship between the fracture probability of
sea ice and the stress intensity factor was established through
the calculation of the Weibull stress of sea ice. Zhang et al.
[10] used the semicircle bending method to study the mixed-
mode fracture toughness and puremode II fracture toughness
of granular freshwater ice. The study found that with the
increase of grain size, the fracture toughness values of pure
mode II andmixed-mode generally showed a slowdownward
trend, while the changes of cracks in the mixed-mode were
complex, which ultimately showed an asymmetric distribu-
tion of displacement field. Gao et al. [11] also took Yellow
River ice as the research object and used a three-point bend-
ing test to measure the fracture toughness of columnar ice

and granular ice under different strain rates and tempera-
tures. The test results showed that the fracture toughness of
Yellow River ice ranged mostly between 30 kPa·m0.5 and
130 kPa·m0.5.

According to the above-mentioned studies, most of the
research on the fracture toughness of ice focused on pure
mode I, with a lack of research on pure mode II and mixed-
mode, and there is also no specific range of fracture toughness
values for pure mode II and mixed-mode. However, the frac-
ture of ice is mainly of the mixed-mode, and studying the
pure mode II and mixed-mode fracture toughness of ice can
better meet the needs of the actual working conditions. The
Brazilian test is an experimental technique for studying pure
mode I, pure mode II, and mixed-mode (I–II) fractures of
brittle materials, and the relevant theories are relatively com-
plete [12–20]. Using the Brazilian test method tomeasure the
fracture toughness of ice has the advantage of conveniently
achieving pure mode I, pure mode II, and mixed-mode load-
ing methods by changing the loading angle. Therefore, this
article uses the Brazilian test method to determine the pure
mode I, pure mode II, and mixed-mode fracture toughness
of ice using centrally cracked Brazilian disk (CCBD) speci-
mens, analyzes the effects of loading rate and loading angle
on the fracture toughness of ice, and uses the GMTS criterion
to predict and analyze the test results.

This paper aims to verify and complete the fracture
mechanics properties of certain types of ice based on pre-
vious research by scholars and provide potential solutions to
the issue of aircraft wing ice falling off and breaking in the
future.

2 Experimental Method

2.1 Stress Intensity Factor of a Centrally Cracked
Brazilian Disk (CCBD) Subjected to a Pair
of Concentrated Radial Loads

As shown in Fig. 1, a centrally cracked Brazilian disk
(CCBD) is subjected to a pair of concentrated radial loads F,
with a loading angle of β. The thickness of the disc is B, the
diameter is 2R, and the crack length is 2a. Dong et al. [12]
obtained the analytical expression for the stress intensity fac-
tor of the CCBDundermixed-mode loading conditions using
the weight function method, which can be expressed as:

KI � σ
√

πa

[
f11 + 2

n∑
i�1

A1i f1iα
2(i−1)

]
(1)

KII � 2σ
√

πa
n∑

i�1

A2i f2iα
2(i−1) (2)
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Fig. 1 Schematic diagram of the
force on the CCBD

The dimensionless stress intensity factors FI and FII can
be expressed as:

FI � KI

σ
√

πa
� f11 + 2

n∑
i�1

A1i f1iα
2(i−1) (3)

FII � KII

σ
√

πa
� 2

n∑
i�1

A2i f2iα
2(i−1) (4)

When the crack starts to propagate, F � Fc, where Fc is
the critical load, and the pure mode I fracture toughness and
pure mode II fracture toughness can be expressed as:

KIC � Fc
πBR

√
πa f11(α) (5)

KIIC � 2Fc
πBR

√
πa

n∑
i�1

A2i f2iα
2(i−1) (6)

In these equations, α � a/R is the relative crack length.
The specific expressions forA2i,A1i, f 2i, and f 1i can be found
in [12]. Following the suggestion for the value of termn in
[12], with a prefabricated relative crack length of 0.5 in this
experiment, when n is taken as 100, the accuracy of the cal-
culation results already meets the requirements. Therefore,
in all calculations in this article, the number of terms n is
taken as 100.

2.2 Preparation of Ice Specimens

The ice specimens used in this experiment were all prepared
from freshwater ice. The ice mold is made of silicone mate-
rial, preventing the ice from sticking to it. Consequently, the
specimen can be easily extracted from the mold, guarantee-
ing the desired shape of the specimen. The mold has an inner
diameter of 75 mm, a thickness of 25 mm, a crack length of
37.5 mm, a width of 2 mm, and a height of 25 mm, as shown
in Fig. 2.

Figure 3 illustrates the preparation process. First, draw
80 ml of boiling water into a syringe and slowly inject it
into the mold through a small hole in the lid. Next, place the
specimen in the freezer, adjust the temperature to − 15 °C,
and freeze it for 24 h. Afterward, remove the ice specimen
from the mold, measure its geometric parameters, and place
it in the freezer for testing.

As a brittle material, ice may contain microcracks, bub-
bles, and other defects in its internal structure, which
significantly affect its mechanical properties [21]. To ensure
the accuracy of experimental data, it is necessary to reduce
the porosity inside the ice specimen. To reduce the porosity
inside the prepared ice specimen, the boiling water injection
method was used. First, an acrylic board was used as the
cover of the mold, and two pinhole-sized holes were drilled
on the cover using a manual electric drill. Water was then
slowly injected from one small hole using a syringe, and the
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Fig. 2 The ice mold for specimen
preparation

Fig. 3 Specimen preparation
process

air inside the mold was discharged from the other small hole.
This method can effectively reduce the air inside the mold,
resulting in fewer bubbles and lower porosity in the pro-
duced ice specimen. The solubility of air in water decreases
with increasing temperature, and using boilingwater as a raw
material can further reduce the porosity in an ice specimen.

This test was carried out in the Failure Mechanics and
Engineering Disaster Prevention Key Laboratory of Sichuan
Province, Sichuan University, using the electronic universal
testing machine (DDL-300) produced by China Changchun
Zhongji Test Equipment Co., Ltd. The loading method
was displacement loading. This experiment fully consid-
ered the influence of environmental temperature and utilized
low-temperature equipment to ensure a low-temperature
environment. The experimental temperature and ice making
temperature were both− 15 °C. CCBD specimens were used
in the experiment, with a crackwidth of approximately 2mm,
a prefabricated diameter of 73.5 mm, a prefabricated thick-
ness of 21.5 mm, and a prefabricated relative crack length
of α � 0.5. 80 specimens were designed and divided into 16

groups. Pure mode I loading rates were selected as 1, 1.5, 2,
2.5, 3, 10, 15, and 20 mm/min, while pure mode II loading
rates were selected as 2, 2.5, 3, 4, 5, 10, 15, and 20 mm/min.
The pure mode I fracture toughness and pure mode II frac-
ture toughness of freshwater ice under different loading rates
were measured. The average values of the geometric param-
eters of each specimen under pure mode I and pure mode II
loading conditions are shown in Tables 1 and 2, respectively.
The loading angle of the pure mode I crack generated by a
CCBD specimen was β � 0°. When the relative crack length
α is 0.5 or 0.51, the loading angle for generating pure mode
II cracks is 22.93° [12]. Due to difficulties in angle control
during actual testing, 23° was chosen as the loading angle.
According to [22], the experimental error caused by an angle
error of 0.1° to 0.5° is only 0.18% to 0.9%. Therefore, when
selecting 23° as the critical loading angle for pure mode II
crack fracture, the error can be ignored.
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Table 1 Average values of
geometric parameters of pure
mode I specimens

Loading rate v
(mm/min)

Test piece
thickness B
(mm)

Specimen
diameter 2R
(mm)

Crack length 2a
(mm)

Relative crack
length α

1.0 21.75 73.53 37.09 0.504

1.5 21.42 73.66 37.43 0.508

2.0 21.53 73.39 37.32 0.509

2.5 21.28 73.66 36.96 0.502

3.0 21.87 73.29 37.01 0.505

10.0 22.28 74.06 36.94 0.499

15.0 22.46 74.16 37.02 0.499

20.0 22.68 74.08 36.94 0.499

Table 2 Average values of
geometric parameters of pure
mode II specimens

Loading rate v
(mm/min)

Test piece
thickness B
(mm)

Specimen
diameter 2R
(mm)

Crack length 2a
(mm)

Relative crack
length α

2.0 21.58 73.69 36.96 0.502

2.5 21.64 73.58 37.15 0.505

3.0 21.47 73.72 37.16 0.504

4.0 21.68 73.76 37.10 0.503

5.0 21.52 73.80 37.18 0.504

10.0 22.74 74.18 37.06 0.500

15.0 22.60 74.18 37.08 0.500

20.0 22.62 74.08 37.06 0.500

3 Experimental Results

3.1 Experimental Results of Pure Mode I Fracture
Toughness and Pure Mode II Fracture Toughness
under Different Loading Rates

Figure 4 shows the load–displacement curves under differ-
ent loading rates. The curves are initially concave due to the
rupture of pores and bubbles inside the ice specimen under
external forces. After compacting the ice specimen, the load
and displacement approximate a linear relationship. Upon
reaching its maximum value, the load rapidly decreases and
unloads, which is in line with the typical fracture character-
istics of brittle materials. Therefore, the maximum load of
the specimen can be deemed as its critical failure load.

The maximum load obtained from the experiment was
introduced into the pure mode I and pure mode II fracture
toughness calculation formulas of the CCBD, and the pure
mode I fracture toughness and pure mode II fracture tough-
ness of freshwater ice at different loading rateswere obtained.
Tables 3 and 4, respectively, present the experimental results
of pure mode I and pure mode II under different loading
rates. According to Tables 3 and 4, the relationship between
the pure mode I fracture toughness and pure mode II fracture

Fig. 4 Typical load–displacement curves

toughness of freshwater ice and the variation of loading rate
can be obtained, as shown in Figs. 5 and 6, respectively. From
Figs. 5 and 6, it can be seen that when the loading rates of
freshwater ice are 1, 1.5, 2, 2.5, 3, 10, 15, and 20 mm/min,
the average values of pure mode I fracture toughness K IC are
137.80, 120.54, 113.18, 101.72, 91.34, 124.45, 137.28, and
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Table 3 Average values of pure mode I test results

Loading rate v
(mm/min)

Maximum load Fc (N) K IC (kPa·m0.5)

1 729.27 137.80

1.5 623.69 120.54

2 586.72 113.18

2.5 529.84 101.72

3 484.00 91.34

10 684.16 124.45

15 761.32 137.28

20 1012.18 180.14

Table 4 Average values of pure mode II test results

Loading rate v
(mm/min)

Maximum load Fc (N) K IIC (kPa·m0.5)

2 605.09 176.51

2.5 554.81 162.92

3 515.48 152.22

4 473.72 137.63

5 432.11 127.09

10 529.69 145.75

15 705.5 195.32

20 795.99 220.66

180.14 kPa·m0.5, respectively; when the loading rates are 2,
2.5, 3, 4, 5, 10, 15, and 20mm/min, the average values of pure
mode II fracture toughness K IIC are 176.51, 162.92, 152.22,
137.63, 127.09, 145.75, 195.32, and 220.66 kPa·m0.5, respec-
tively. At the same loading rates of 2, 2.5, and 3 mm/min, the
ratios of pure mode II fracture toughness to pure mode I
fracture toughness,K IIC/K IC, are 1.56, 1.6, and 1.67, respec-
tively. This can be seen from the load–displacement curves as
well as the variations of fracture toughness at different load-
ing rates, as shown in Figs. 4, 5, and 6.When the loading rate
is 1 ~ 5 mm/min, as the loading rate increases, the peak load
decreases, and the pure mode I fracture toughness and pure
mode II fracture toughness both decrease. When the loading
rate is 10 ~ 20 mm/min, with the increase of loading rate, the
peak load increases, and the pure mode I fracture toughness
and pure mode II fracture toughness both increase. The rea-
son for this phenomenon is that the loading rate of 10mm/min
has exceeded the quasi-static range for the specimen size in
this experiment. However, the dynamic fracture toughness of
freshwater ice surpasses the quasi-static fracture toughness
and increases with strain rate [7].

Fig. 5 K IC at different loading rates

Fig. 6 K IIC at different loading rates

3.2 Experimental Results of Mode I Fracture
Toughness andMode II Fracture Toughness
under Mixed-Mode Loading Conditions

The Brazilian test method allows for the convenient achieve-
ment of pure mode I, pure mode II, and mixed-mode loading
conditions by changing the loading angle. In this experiment,
a total of 6 groups of 18 specimens were set up, with a load-
ing rate of 3 mm/min and loading angles of 0° (pure mode
I), 5°, 10°, 15°, 20°, and 23° (pure mode II). The fracture
toughness of freshwater ice under pure mode I, pure mode
II, and mixed-mode loading conditions were measured. The
geometric parameters of each specimen are shown in Table 5.
The components of mode I fracture toughness and mode II
fracture toughness of freshwater ice under different loading
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Table 5 Geometric parameters of
specimens under mixed-mode
loading

Test piece
number

Specimen
diameter 2R (mm)

Crack length 2a (mm) Test piece
thickness B (mm)

The relative
length of cracks
α

M1 73.05 36.96 22.08 0.51

M2 72.46 36.72 21.85 0.51

M3 73.70 37.16 21.52 0.50

N1 73.90 37.10 21.60 0.50

N2 73.90 37.00 21.70 0.50

N3 73.90 37.00 21.60 0.50

P1 73.80 37.10 21.70 0.50

P2 73.80 37.10 21.70 0.50

P3 73.70 37.20 21.80 0.50

Q1 73.80 37.20 21.70 0.50

Q2 73.90 37.00 21.80 0.50

Q3 73.80 37.10 21.70 0.50

R1 73.90 37.00 21.70 0.50

R2 74.00 37.20 21.50 0.50

R3 74.00 36.80 21.50 0.50

S1 74.00 37.20 21.40 0.50

S2 73.37 37.16 21.43 0.51

Table 6 Test results under
mixed-mode loading Test piece number Loading angle β (°) Maximum load Fc (N) K I (kPa·m0.5) K II (kPa·m0.5)

M1 0 477.72 90.03 0.00

M2 0 479.13 91.69 0.00

M3 0 500.00 94.93 0.00

N1 5 477.55 84.39 41.41

N2 5 500.22 87.87 43.12

N3 5 480.10 84.73 41.58

P1 10 552.12 78.99 90.59

P2 10 560.34 80.17 91.94

P3 10 473.91 67.67 77.61

Q1 15 580.71 54.73 131.80

Q2 15 576.21 53.84 129.65

Q3 15 480.18 45.19 108.84

R1 20 526.35 18.86 142.49

R2 20 562.95 20.38 154.02

R3 20 515.85 18.58 140.37

S1 23 516.12 0.00 151.62

S2 23 505.26 0.00 151.40

S3 23 504.30 0.00 149.24
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Fig. 7 Relationships between K I, K II, and loading angle β

angles can be calculated by substituting the maximum load
obtained into the stress intensity factor formula of the CCBD
under the mixed-mode loading condition. The test results are
shown in Table 6. From Table 6, it can be seen that during
mixed-mode loading, K I and K II vary with the loading angle
β. Relationships between K I, K II, and loading angle varia-
tion are shown inFig. 7.Undermixed-mode loadingwhen the
loading angles are 5°, 10°, 15°, and 20°, the average values of
the mode I fracture toughness components of freshwater ice
are 85.66, 75.61, 51.25, and 19.27 kPa·m0.5, respectively;
and the average values of the mode II fracture toughness
components are 42.04, 86.71, 123.43, and 145.63 kPa·m0.5,
respectively.K I decreases with the loading angle β, whileK II

increases with the loading angle β.
The fractured forms of specimens under mixed-mode

loading conditions are shown in Fig. 8. When subjected to
mixed-mode loading, the crack propagation path deviates
from the direction of the prefabricated crack, forming a spe-
cific angle with it.

4 Predictive Analysis of Generalized
Maximum Tangential Stress (GMTS)
Criterion for Experimental Results
under Mixed-Mode Loading Conditions

The mixed-mode fracture criteria mainly include the maxi-
mum tangential stress (MTS) criterion, the minimum strain
energy density (SED) criterion, and the maximum energy
release rate (MERR) criterion [23–29]. The MTS criterion is
commonly used for mixed-mode fracture of brittle materials.
However, some scholars have observed significant deviations
between test values and theoretical values [2, 23–26]. Con-
sequently, a generalized maximum tangential stress (GMTS)

criterion has been proposed based on the MTS criterion, tak-
ing into account the influence of T -stress [2, 23, 25, 30]. The
elastic tangential stress component around the crack tip can
be expressed as:

σθθ � 1√
2πr

cos
θ

2

[
KIcos

2 θ

2
− 3

2
KIIsinθ

]
+ T sin2θ + O

(
r
1/2

)
(7)

where r and θ are the polar coordinates of the crack tip, K I

and K II are the mode I and mode II stress intensity factors,
respectively, and T is a constant and non-singular stress term.
According to Ayatollahi et al. [30], T can be expressed as:

T � Fc
πBR(1 − α)

T ∗ � σ

(1 − α)
T ∗ (8)

where Fc is the critical load, B is the thickness of the speci-
men, R is the radius of the specimen, α is the relative crack
length, and T* is the dimensionless form of T -stress. The
high-order term O (r (1/2)) can be ignored near the crack
tip. According to the GMTS criterion, the extreme value of
Eq. (7) can be calculated from ∂σθθ

∂θ
|θ�θ0� 0:

[KIsinθ0 + KII (3cosθ0 − 1)] − 16T

3

√
2πrccosθ0sin

θ0

2
� 0

(9)

Using dimensionless FI, FII, and T*, Eq. (9) can be sim-
plified to:

(10)

[FIsinθ0 + FII (3cosθ0 − 1)] −
√
2rc
a

16T ∗

3 (1 − α)
cosθ0sin

θ0

2
� 0

where rc is the critical distance at the crack tip, a performance
constant of the material; and θ0 is the crack initiation angle.

If FI, FII, and T* are known, substituting them into
Eq. (10) can calculate the crack initiation angle θ0. Substi-
tuting the calculated θ0 into Eq. (7) can yield:

(11)

√
2πrcσθθc � cos

θ0

2

[
KIcos

2 θ0

2
− 3

2
KIIsinθ0

]

+
√
2πrcT sin

2θ0

From Eq. (9), it can be seen that for pure mode I, K II � 0,
and θ0 � 0. Substituting this into Eq. (9) and organizing it,
we can conclude that:

KIC � √
2πrcσθθc (12)
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Fig. 8 Fractured forms of
specimens
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Fig. 8 continued

Then, substituting Eq. (12) into Eq. (11) and dividing it
by K I and K II on both sides of the equations, we obtain:

KIC

KI
� cos

θ0

2

[
cos2

θ0

2
− 3

2

KII

KI
sinθ0

]
+

√
2πrc

T

KI
sin2θ0

(13)

KIC

KII
� cos

θ0

2

[
KI

KII
cos2

θ0

2
− 3

2
sinθ0

]
+

√
2πrc

T

KII
sin2θ0

(14)

Using dimensionless FI, FII, and T*, Eqs. (13) and (14)
can be simplified to:

KIC

KI
� cos

θ0

2

[
cos2

θ0

2
− 3

2

FII
FI

sinθ0

]
+

√
2rc
a

T ∗

(1 − α)FI
sin2θ0

(15)

KIC

KII
� cos

θ0

2

[
FI
FII

cos2
θ0

2
− 3

2
sinθ0

]
+

√
2rc
a

T ∗

(1 − α)FII
sin2θ0

(16)

For the experiment under mixed-mode loading discussed
in this article, a CCBD specimen with a specific crack
length and various loading angles is selected. The param-
eters obtained from the experiment are used to calculate FI,
FII, and T* and then substituted into Eq. (10) to determine
the crack initiation angle θ0. Equations (15) and (16) are
used to calculate K IC/K I and K IC/K II. T* is only related to
the shape and loading angle of the specimen. The relation-
ship between T* and loading angle β can be obtained from
[30–32], as shown in Fig. 9. For the CCBD specimens of
freshwater ice in this article, with a relative crack length α �
0.5, the values of T*at different loading angles of 0°, 5°, 10°,
15°, 20°, and 23° are −2.895, −2.740, −2.317, −1.733, −
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Fig. 9 The relationship between dimensionless stress T* and loading
angle β

1.103, and −0.742, respectively. In Fig. 9, β is the loading
angle, and T* is the dimensionless form of T -stress. From
the figure, it can be seen that for a CCBD specimen, when
the relative crack length is less than 0.6, T* is negative and
increases with the loading angle β, i.e., the absolute value of
T* decreases as β increases. When the loading angle is fixed,
the absolute value of T* decreases as the relative crack length
increases. The negative value of T* reduces the magnitude of
the elastic tangential stress component σθθ around the crack
tip when substituted into Eq. (7). Therefore, a larger load is
required to achieve the critical stress σθθc, thereby improv-
ing the load-bearing capacity of the CCBD specimen. When
the loading angle is constant, a smaller relative crack length
results in a greater improvement in bearing capacity. Com-
pared to the MTS criterion, the GMTS criterion not only
considers stress intensity factors but also accounts for the
influence of T -stress. The presence of negative T -stress sig-
nificantly reduces the crack initiation angle of the specimen,
enabling a better estimation of the crack initiation angle of
the specimen [23, 25].

To estimate the initiation angle as well as K II/K IC and
K I/K IC of freshwater ice in a CCBD using the GMTS cri-
terion, it is necessary to know the critical distance rc at the
crack tip. The calculation formula for rc can be obtained from
[3, 6, 33]:

rc � 1

2π

(
KIC

σt

)2

(17)

where K IC represents the pure mode I fracture toughness
of the material, and σ t represents the tensile strength of the
material. The tensile strength σ t of ice obtained from the
Brazilian splitting test is approximately 483 kPa. Substitut-
ing this value into Eq. (17) yields a critical distance rc �

Fig. 10 Comparison between the test results and theoretical values of
mixed-mode fracture toughness

5.7 mm. Figure 10 shows a comparison between the test
values ofK II/K IC andK I/K IC of freshwater ice under mixed-
mode loading conditions and the theoretical values based on
the GMTS criterion. From the figure, it can be seen that the
critical distance rc significantly impacts the theoretical values
of K II/K IC and K I/K IC based on the GMTS criterion. As rc
increases, the theoretical values of K II/K IC and K I/K IC also
increase.When rc � 5.7mm, the experimental values and the
theoretical values based on the GMTS criterion are in good
agreement, indicating that the experimental results in this
paper are relatively accurate. The theoretical values based
on the MTS criterion have a significant deviation, mainly
because the influence of T -stress is ignored. Based on the
MTS criterion, the ratio of pure mode II fracture toughness
to pure mode I fracture toughness K IIC/K IC � 0.87. Based
on the GMTS criterion, K IIC/K IC � 1.39, while the experi-
mental results obtained K IIC/K IC � 1.6. It can be seen that
the values of K IIC/K IC obtained based on the GMTS crite-
rion are in good agreement with the experimental test values,
indicating that the GMTS criterion considering the influence
of T -stress can better reproduce experimental results than the
MTS criterion.

The theoretical values of the fracture initiation angle and
fracture criterion prediction obtained from the test results are
shown in Fig. 11. The actual cracking initiation angles are
13°, 28°, 47°, 60°, and 63°, while the theoretical cracking
angles predicted by the GMTS criterion are 13.47°, 28.52°,
45.05°, 59.51°, and 65.92°, respectively. It can be seen that
the error between the theoretical and test values is less than
5%. Figure 11 illustrates that the cracking angle predicted by
the GMTS criterion closely aligns with the actual test results,
confirming the reliability of theGMTS in contrast to theMTS
criterion.
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Fig. 11 Test and theoretical values of cracking initiation angles

5 Conclusion

This article presents an experimental investigation of the
mode I fracture toughness and mode II fracture toughness of
freshwater ice using the Brazilian test method with a CCBD
specimen.We studied the fracture toughness at different load-
ing rates and loading angles and compared the experimental
results with the theoretical values of theGMTS criterion. The
following conclusions were drawn:

(1) For freshwater ice, at loading rates of 1, 1.5, 2, 2.5, 3, 10,
15, and 20 mm/min, the pure mode I fracture toughness
K IC was found to be 137.80, 120.54, 113.18, 101.72,
91.34, 124.45, 137.28, and 180.14 kPa·m0.5, respec-
tively. At loading rates of 2, 2.5, 3, 4, 5, 10, 15, and
20 mm/min, the pure mode II fracture toughness K IIC

was 176.51, 162.92, 152.22, 137.63, 127.09, 145.75,
195.32, and 220.66 kPa·m0.5, respectively.

(2) Under mixed-mode loading at a loading rate of
3 mm/min, with loading angles of 5°, 10°, 15°, and
20°, the mode I fracture toughness component K I of
freshwater ice was found to be 85.66, 75.61, 51.25, and
19.27 kPa·m0.5, respectively, while the mode II fracture
toughness componentK II was 42.04, 86.71, 123.43, and
145.63 kPa·m0.5, respectively. K I decreases with the
loading angle β, while K II increases with the loading
angle β.

(3) The GMTS criterion considering the influence of T -
stress yielded a ratio of K IIC/K IC � 1.39 between pure
mode II fracture toughness and pure mode I fracture
toughness, which is in good agreement with the experi-
mental test value of 1.6. The theoretical values predicted
by the GMTS criterion aligned well with the test val-
ues, indicating that the GMTS criterion considering the

influence of T -stress can better predict the experimental
results than the MTS criterion.
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