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Abstract
In existing global navigation satellite system-interference reflectometry (GNSS-IR) research, only the frequency of signal-
to-noise ratio (SNR) oscillations has been used to estimate sea-level height. However, the characteristic parameters of SNR 
oscillations are not isolated from each other, and a single feature cannot accurately and comprehensively capture the envi-
ronmental changes of reflecting surface. Our simulation results show that for the nonlinear least squares (NLS), when there 
is a certain difference between the fitting frequency and the actual frequency of SNR oscillations, the deviation of the phase 
solution obtained is approximately linear with the frequency difference. Consequently, a linear phase correction GNSS-IR 
sea-level estimation method is constructed in this study. This method integrates the Lomb–Scargle periodogram (LSP) 
and NLS to process SNR oscillations, using the phase obtained from NLS to correct the retrieval error of LSP. Through 
processing SNR data from four sites for nearly half a year, we verified the stability of the relationship between phase and 
frequency-based retrieval error at different sites in continuous monitoring, and established the relationship model between 
the two. Then, utilizing the relationship model acquired at different sites, we estimated the sea-level variations for the next 
6 months at each site through joint frequency and phase versus reflector height relationships. Experimental results show that 
the phases acquired from NLS can effectively correct the retrieval error of LSP. Compared with the traditional method using 
only frequency, the root mean square error and mean absolute error of the retrieval results obtained from the linear phase 
correction GNSS-IR sea-level estimation method based on LSP-NLS are both reduced by about 60%. This multi-feature 
fusion technique introduces a new perspective and technical approach for GNSS-IR sea-level estimations.
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Introduction

In 2008, Larson et al. (2008) proposed a global naviga-
tion satellite system-interference reflectometry (GNSS-IR) 
technique based on signal-to-noise ratio (SNR) oscillations. 
This technique utilizes SNR data from a standard geodetic 
receiver to obtain the physical parameters of the reflecting 
surface. It has been widely applied in various fields, such as 
snow depth (Larson et al. 2009; Larson and Nievinski 2013), 
soil moisture (Chew et al. 2013; Ran et al. 2022), storm 
surges (Peng et al. 2019; Larson et al. 2021), and vegetation 
changes (Li et al. 2023; Zhang et al. 2021).

In 2013, Larson et al. (2013a) systematically described 
a general method for retrieving sea-level heights using 
GNSS-IR techniques. To further enhance the precision 
of this technique, existing research has primarily focused 
on four areas: (1) dynamic correction of sea level (Larson 
et al. 2013b, 2017); (2) tropospheric delay (Santamaría-
Gómez and Watson 2017; Williams and Nievinski 2017); (3) 
direct and reflected signal separation (Wang et al. 2018b; Hu 
et al. 2021); (4) multi-mode and multi-frequency data fusion 
(Roussel et al. 2015; Wang et al. 2019a). Furthermore, Wang 
et al. (2018a) analyzed the SNR data from the PBAY, SC02, 
and BRST sites, determining the optimal azimuth range for 
each site to retrieve sea-level height. Song et al. (2019) 
discussed the quality control conditions in the GNSS-IR 
retrieval process and proposed a quality control method 
combining multiple parameters and external constraints, 
which can effectively eliminate gross errors. Strandberg 
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et al. (2016, 2019) successfully retrieved real-time tide lev-
els by combining reverse modeling technology and Kalman 
filtering. Meanwhile, Wang et al. (2019b) employed wave-
let analysis to extract the instantaneous frequency from the 
SNR series, significantly enhancing the temporal resolution 
of the retrieval results. After years of development, GNSS-
IR sea-level monitoring technology has become relatively 
mature.

In the GNSS-IR principle, SNR oscillations are sim-
plified as a standard cosine function, whose characteristic 
parameters primarily include frequency, amplitude, and 
initial phase. During data processing, the Lomb–Scargle 
periodogram (LSP) is typically used to extract the frequency 
of SNR oscillations before solving for the amplitude and 
phase of SNR oscillations utilizing nonlinear least squares 
(NLS) (Li et al. 2023; Martín et al. 2020). The classical 
GNSS-IR altimetry methods mainly depend on LSP, and 
the uncertainty of LSP is the direct cause of their retrieval 
deviation. GNSS signals face challenges from random noise, 
tropospheric delays, and sea surface roughness along with 
its dynamic variations, all leading to a decrease in SNR 
quality (Ilyushin et al. 2019; Purnell et al. 2020). Moreo-
ver, factors such as sampling intervals, sequence lengths, 
and missing data further enhance the uncertainty of LSP 
(VanderPlas 2018). The combination of these factors causes 
a certain deviation in the retrieval results of LSP. In the 
"LSP + NLS" mode of data processing, the retrieval error of 
LSP is directly transmitted to amplitude and phase through 
NLS. Conversely, if the relationship of error propagation 
between them can be modeled, the solution results of NLS 
can be employed to correct the retrieval error of LSP, further 
improving the retrieval accuracy.

Current research has focused on exploring the impact 
of environmental factors on the retrieval accuracy of algo-
rithms, often neglecting error propagation between different 
algorithms. To this end, we delved into the frequency-phase 
transfer relationship for NLS in this study. The analysis 
results of the simulated data show that when the frequency 
of the fitted function is somewhat different from the actual 
frequency of the SNR oscillations, the deviation of phase 
solution obtained by NLS will have a correspondence with 
the frequency difference. This implies that the retrieval error 
of LSP can be corrected by the phase from NLS. To verify 
the stability of this relationship, we processed nearly half a 

year of SNR data from the SC02, GTGU, SPBY, and CALC 
sites and analyzed the relationship between the phase and 
retrieval error at different sites. Following this, utilizing the 
derived relationship models from various sites, we estimated 
the sea-level variations for the next 6 months at each site, 
further improving the accuracy of the retrieval results.

Site and data

SNR data of the GPS L1 band from four GNSS sites were 
used in this study, including GTGU (Geremia-Nievinski 
et al. 2020) in Sweden, SPBY (Strandberg et al. 2016) in 
Australia, and SC02 (Larson et al. 2017) and CALC (Wang 
et al. 2022) in the United States (as shown in Table 1 and 
Fig. 1). Among them, GTGU is a site specifically established 
for GNSS-reflectometry research, while the other sites are 
primarily used for monitoring continental plate movements. 
The antennas of these sites are situated near the coast, mak-
ing them widely used for research related to GNSS-IR sea-
level estimation. The tide gauge (TG) station near them can 
provide measured sea-level variations.

Methodology

In this section, we describe the basic principle of GNSS-IR 
technique in detail. Then based on this principle, the rela-
tionship between the frequency difference and the deviation 
of phase solution of NLS was explored utilizing simulation 
data.

GNSS interferometric reflectometry principle

GNSS antennas situated near the coast are capable of simul-
taneously receiving direct signals as well as signals reflected 
off the sea surface. Figure 2 illustrates the geometric prin-
ciple of GNSS sea surface reflection. In the figure, h is the 
distance from the antenna phase center to the sea level, 
namely, reflector height (RH); � is the angle between the 
direct signal and the sea level, namely, the satellite elevation 
angle; and D is the path difference between the direct and 
reflected signals.

Table 1  SNR and TG data for 
each site used in this study

Site codes Azimuth Elevation Antenna 
height (m)

Sampling 
interval (s)

TG data

Distance to site Sampling interval

SC02 50°–240° 2°–12° 5.5 15 300 m 6 min
GTGU 70°–260° 1°–14.5° 4 30 1 km 1 min
SPBY 230°–360° 2°–12° 4 30 Same position 1 h
CALC − 140° to 70° 5°–15° 12 30 Same position 6 min
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From Fig. 2, it can be observed that after the reflected signal 
bounces off the sea surface, its path to the receiver is longer 
than that of the direct signal. Considering only one reflection, 
the path difference D can be expressed as:

The composite signal formed by the superposition of the 
direct and reflected signal is recorded by the receiver in the 
form of SNR, which can be represented as (Roussel et al. 
2015):

where Ad and Am are the direct and reflected signal ampli-
tudes, respectively, and � is the phase difference between 
the two signals. From the path difference D , the � can be 
deduced as:

where � is the carrier wavelength. Generally, the trend term 
of an SNR series can be eliminated by removing a low-order 
polynomial from it, namely A2

d
+ A2

m
 (direct signal and a 

(1)D = 2h sin �

(2)SNR
2 = A2

d
+ A2

m
+ 2AdAm cos�

(3)� =
2�

�
D =

4�h

�
sin �

Fig. 1  Location and environ-
ment of different sites. Sites and 
picture credits: SC02 (http:// 
www. unavco. org/); GTGU 
(https:// spotl ight. unavco. org/); 
SPBY (https:// gnss- refle ctions. 
org/); CALC (https:// tides andcu 
rrents. noaa. gov/)

Fig. 2  Geometric model of the GNSS sea surface reflection

http://www.unavco.org/
http://www.unavco.org/
https://spotlight.unavco.org/
https://gnss-reflections.org/
https://gnss-reflections.org/
https://tidesandcurrents.noaa.gov/
https://tidesandcurrents.noaa.gov/
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small amount of reflected signal) in (2) (Bilich and Larson 
2007; Löfgren et al. 2014). The remaining segment consti-
tutes the SNR oscillation term, which can be approximated 
utilizing the cosine model:

where A is the signal amplitude, f  is the frequency, and � 
is the phase. As illustrated in (3), if the dynamic variation 
of sea level is not considered, there is a linear relationship 
between the � and sin � , which is followed:

After simplifying (5), the relationship between the reflec-
tor height h and the frequency f  of SNRm can be derived as:

As shown in (6), h can be calculated as long as the f  of 
SNR oscillations is obtained. However, h is referenced to the 
antenna phase center. To determine the sea-level height, a 
datum conversion is also required:

where hsea is the sea-level height and H is the distance from 
the antenna phase center to the datum of TG. The SNR oscil-
lation varies with the sine of the satellite elevation angle, 
forming a non-uniformly sampled series. Proposed by Lomb 
and further refined by Scargle, LSP is a spectrum analysis 
method for non-uniformly sampled series (Lomb 1976; Scar-
gle 1982). Hence, the LSP method is generally employed in 
GNSS-IR techniques to extract the frequency information 
from SNR oscillation.

Replacing x in (4) with sin � , the relationship between 
SNR oscillation and sin � can be expressed as:

The oscillations of the SNR series diminish with increas-
ing elevation angle. When it is necessary to consider this 

(4)SNRm = 2AdAm cos� = A cos (2�fx + �)

(5)2�f =
d�

d sin �
=

4�h

�

(6)h =
�f

2

(7)hsea = H − h

(8)SNRm = A cos (2�f sin � + �)

decay characteristic of the SNR oscillations, it can be further 
described as (Nievinski and Larson 2014):

where k is the decay factor. The A and � of SNR oscillations 
are typically solved using NLS, with (8) as the objective 
function. The f  in the equation is derived from the retrieval 
results of the LSP (Strandberg et al. 2016; Martín et al. 
2020; Marquardt 1963). SNR oscillations are only present 
at low-elevation ranges, typically no higher than 30°. How-
ever, due to the limitations on the horizon of the antenna and 
the quality of SNR data, the actual length of available SNR 
series may be further shortened. Within such a limited eleva-
tion range, the decay trend of SNR oscillations is not signifi-
cant. This weak decay trend is susceptible to noise and may 
not be accurately captured when fitting SNR oscillations 
using NLS. In fact, if the decay factor is over-introduced, it 
may bring additional errors to the fitting results. Therefore, 
although (9) is theoretically closer to the reflection principle 
of GNSS signals, Eq. (8) is generally preferred as the objec-
tive function of NLS during the actual retrieval process.

Relationship between height difference (or 
frequency difference) and phase difference

The fitted frequencies set in NLS are derived from the 
retrieval results of LSP. Due to the existence of errors, it 
does not match the true frequency of SNR oscillations. Dur-
ing the fitting process, NLS attempts to compensate for this 
discrepancy by adjusting the phase and amplitude (Ran et al. 
2022; Vey et al. 2016; Chew et al. 2016), which leads to a 
deviation in phase and amplitude. Figure 3 shows the fitting 
results of NLS when the fitted frequency does not match the 
signal frequency. The signal in the figure is simulated by (9) 
with an amplitude of 20, a phase of 0, a frequency of 20, and 
a decay factor of 10. Equation (8) is used as the objective 
function of NLS, and the fitted frequency is set to 19.5. To 
generate a non-uniform sampling series, a specific range of 

(9)SNRm = Ae−k sin
2 � cos (2�f sin � + �)

Fig. 3  Fitting results when the 
fitted frequency does not match 
the signal frequency
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elevation angles is initially acquired at a predetermined sam-
pling interval. Subsequently, the sine values of this series 
are calculated. It is observed that when the fitted frequency 
is not equal to the signal frequency, both the amplitude and 
phase solutions obtained by NLS (red font in Fig. 3) deviate 
significantly from the true values.

To investigate the relationship between frequency dif-
ference and phase difference, the following simulation 
experiment was conducted. Firstly, a set of cosine signals 
with different frequencies were simulated, each with a fixed 
amplitude of 20 and an initial phase of 0. Subsequently, the 
frequency of the objective function was set to 20, and the 
NLS was utilized to solve the amplitude and phase for each 
simulated signal. By the fitting results, the variation in phase 
difference and amplitude difference with frequency differ-
ence were derived, respectively. Based on the relationship 
between frequency and RH, the frequency difference was 
further converted into the RH deviation. The resulting rela-
tionship curve is presented in Fig. 4.

As seen in Fig. 4, a one-to-one correspondence exists 
between the height difference (or frequency difference) 
and the phase difference within a certain range centered at 
zero. Once this range is exceeded, the phase begins to jump 
irregularly, at which point the change in the height differ-
ence does not cause a noticeable change in the phase differ-
ence. Whereas the variation of amplitude difference with 
height difference is symmetric about the zero axis, which 
implies that there does not exist a symmetric interval cen-
tered at zero, allowing the height difference to be uniquely 

determined by the amplitude difference. Therefore, we will 
focus on exploring the relationship between the height dif-
ference and the phase difference.

In a real observing environment, each site has a differ-
ent hardware configuration, setup environment, and antenna 
height, leading to variations in the frequency range, data 
length, and noise level of SNR oscillations that they can 
be used to retrieve (Wang et al. 2018a). Moreover, even the 
SNR data from the same site may vary depending on the sat-
ellite orbit. To explore the effects of different factors on the 
relationship between height difference and phase difference, 
their relationship curves at different frequencies, elevation 
ranges, noise levels, and decay factors were obtained utiliz-
ing simulation data, and the results are shown in Fig. 5.

Figure 5 shows that the relationship between the height 
difference and the phase difference is always stable within a 
certain range of height difference near the zero axis, despite 
the changes in the frequency and noise level of the SNR 
oscillations. However, when the elevation range and the 
decay factor change, their relationship changes significantly. 
Among these, when the elevation range of the SNR oscil-
lations changes, the range of height difference where this 
relationship stably exists also changes accordingly. In Fig. 6, 
the relationship curves under different frequencies and noise 
levels are plotted within the same coordinate system, show-
ing only the variations within the height difference range 
of − 0.2 to 0.2 m. As depicted, within this range, the phase 
difference appears to have an approximate linear relation-
ship with the height difference. This indicates that if the 

Fig. 4  Relationship between 
fitting result deviations and 
height difference. The phase 
solution (top) and amplitude 
solution (bottom) deviations 
vary with the height difference, 
respectively
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differences in the elevation range and decay factor can be 
ignored, a stable linear relationship between the two can 
be established within a specific range of height difference.

During the retrieval process, using strict screening con-
ditions, it is possible to filter and obtain the most compre-
hensive SNR oscillations within a given elevation range. 
Moreover, the decay trends of different SNR series at the 
same site are basically the same. In addition, for SNR oscil-
lations from the sea surface, external environmental changes 
have less influence on the phase, so the relationship between 
height difference and phase difference can be converted into 
the relationship between height difference and phase. This 
suggests that if the relationship between the phase and the 
height difference is determined in the actual retrieval pro-
cess, the phase can be used to correct further the retrieval 
error of the RH (or the sea-level estimates obtained from the 
frequency). Accordingly, the corrected sea-level height can 
be expressed as:

Fig. 5  Effect of various factors on the relationship between height 
difference and phase difference. The relationship curves between 
height difference and phase difference are depicted for different fre-

quencies (top left), elevation ranges (top right), noise levels (bottom 
left), and decay factors (bottom right)

Fig. 6  Relationship curves between height difference and phase dif-
ference at various frequencies and noise levels
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where Δh is the retrieval error of RH, and a and b are the 
fitting coefficients. To this end, a linear phase correction 
GNSS-IR sea-level estimation method based on LSP-NLS is 
constructed in this study. Initially, this method utilizes LSP 
to extract the frequency of SNR oscillations. Subsequently, 
the acquired frequency is inputted into the NLS to solve 
the phase of SNR oscillations further, utilizing the phase 
acquired by NLS to correct the retrieval error of LSP.

Results

Through simulation analysis, the relationship curve between 
height difference and phase difference has been successfully 
mapped. Next, the measured data will be utilized to further 
verify the validity and stability of the relationship in practi-
cal applications.

Relationship between characteristic parameters 
of SNR oscillations and retrieval error

According to the basic principles of GNSS-IR, we processed 
the SNR data from the day of year (DOY) 112–123 in 2022 
at the SC02 site. To ensure the data quality, SNR series 
within the range of 2°–12° elevation angle of the site were 
selected, and each SNR series within this range should con-
tain at least 90 observations. For a valid SNR series, a cubic 

(10)ĥsea = H − h + Δh = H −
𝜆f

2
+ (a𝜑 + b) polynomial was first removed from the series, and then its 

principal frequency was extracted using LSP. To guarantee 
the retrieval accuracy, the frequency corresponding to the 
maximum peak amplitude in the periodogram was retrieved 
in the RH range of 4–9 m, and the retrieved values with the 
peak amplitude power less than 5 and the peak-to-noise ratio 
(the ratio of the maximum peak amplitude to the average 
peak amplitude of the noise in the RH range) less than 3 
were removed (Song et al. 2019; Löfgren et al. 2014). The 
TG data were interpolated using the cubic spline method 
to obtain the measured sea-level heights at the moments 
corresponding to the estimated values, thus evaluating the 
accuracy of the retrieval results. To avoid the influence of 
outliers, the estimated values greater than the triple standard 
deviation in the retrieval results were removed. The retrieval 
results obtained from the frequency of SNR oscillations and 
the corresponding retrieval error are shown in Fig. 7.

From a 15-day observation, a total of 519 estimates were 
obtained. After calculating, the correlation coefficient ( R ) 
between the retrieved results and TG data is 0.9907, the root 
mean square error (RMSE) is 11.24 cm, and the mean abso-
lute error (MAE) is 9.11 cm. As seen in Fig. 7, the sea-level 
variation obtained from the frequency agrees well with the 
TG data, and the retrieval error is basically within ± 20 cm. 
During the retrieval process, the frequency obtained from 
the LSP is used as the fitted frequency, while the amplitude 
and phase of the SNR oscillations are solved using NLS. 
Figure 8 (left) displays the acquired amplitude and phase 
over time, indicating that the directly acquired amplitude 
and phase series contain outliers. Using the triple standard 

Fig. 7  Retrieval results of 
DOY112-123 in 2022 at SC02 
site. (Top) Retrieval results of 
sea-level height; (Bottom) Dif-
ference between retrieval results 
and TG data
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deviation method, outliers in amplitude and phase were 
eliminated (values at locations where outliers appeared in 
amplitude and phase were removed for each series). Follow-
ing this, the outlier-removed amplitude and phase were com-
pared with the  frequency-based retrieval error, as shown in 
Fig. 8 (right).

As seen in Fig. 8 (right), there is a significant linear 
relationship between the phase after removing outliers 
and retrieval error, with the R of − 0.9478. In contrast, 
the amplitude does not show a clear correlation with the 
retrieval error, which is consistent with the results from the 
simulation experiment. Moreover, the amplitude of SNR 
oscillations is highly susceptible to the influence of the 

external environment, and the relationship between height 
difference and amplitude cannot be simply converted from 
that of height difference and amplitude difference. Figure 9 
demonstrates the temporal variations of negative phase and 
retrieval error, and it can be seen that there is a strong con-
sistency in the trend between them.

Relationship between phase and  retrieval error 
at different sites

To further verify the relationship between phase and 
retrieval error, we conducted experiments using data from 
four sites: SC02, GTGU, SPBY, and CALC. Among them, 

Fig. 8  Relationship between different features and retrieval error for 
sea-level height. Phase (top left) and amplitude (bottom left) series 
before and after removing outliers, and the relationship between 

retrieval error and phase (top right) and amplitude (bottom right) 
after removing outliers, respectively

Fig. 9  Temporal variation of 
retrieval error and negative 
phase
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the GTGU site used 92 days of observational data, while the 
remaining three sites each used 6 months of observational 
data. Following the data processing procedure described in 
the previous section, data from the four sites were processed 
separately, and relevant parameters were adjusted accord-
ing to the actual conditions of different sites. The  accuracy 
statistics of retrieval results by frequency for different sites 
are listed in Table 2.

According to the data in Table 2, the retrieval results of 
all four stations have a high level of accuracy. The R of their 
retrieval results with TG data for each site is greater than 
0.9, the RMSE is less than 12 cm, and the MAE is less than 
10 cm. Based on the data processing method in the previous 
section, the phase variations of different sites were obtained 
simultaneously. Figure 10 shows the error distribution of 
retrieval results from different sites and the correspondence 
between phase and retrieval error. As seen in the figure, 
the retrieval errors at all four sites conform to the normal 
distribution. The maximum error does not exceed 50 cm, 
and the vast majority of errors are distributed within 20 cm. 
Furthermore, a significant linear relationship between phase 
and retrieval error is consistently observed at different sites.

To accurately determine the linear relationship between 
retrieval error and phase for each site, we employed a two-
step linear regression. Initially, a preliminary regression 
analysis was carried out to obtain an approximate relation-
ship between the two. Subsequently, based on the results 
from the first regression, outliers deviating by more than the 
triple standard deviation were removed. Finally, the second 
regression analysis was conducted on the remaining data 
to derive an accurate linear model, as depicted in Fig. 10 
(right). As seen in the figure, the coefficients of determina-
tion ( R2 ) for the linear regression model at each site are 
above 0.8. This suggests that the derived linear equations 
can satisfactorily explain the relationship between retrieval 
error and phase. As seen from the relationship equations 
derived at different sites, those obtained for SC02, GTGU, 
and SPBY are relatively close to each other, while those for 
CALC differ significantly from those of the other three sites. 
Additionally, the distribution range of phases at CALC is 

significantly larger than that at the other three sites. Notably, 
the interval range of SNR data used for retrieval at CALC is 
distinctly different from that of the other three sites. From 
the results of simulation experiments, the difference in 
sample intervals has a significant effect on the relationship 
between the two. In addition, the sites differed in their place-
ment environments and the parameters used in the retrieval 
process. These factors collectively contribute to discrepan-
cies in the relationship models obtained from different sites. 
Consequently, we cannot find a uniform relationship equa-
tion to accurately describe the relationship between phase 
and retrieval error for all sites. However, considering the 
R2 of regression results for each site, we can confirm that 
there is a long-term stable relationship between phase and 
retrieval error within at least one site.

Retrieval result based on phase correction

In the preceding section, the relationship models between 
phase and frequency-based retrieval error for different sites 
were obtained from nearly 6 months of retrieval results. This 
means that by simply substituting them into (10), the phase 
can be utilized to correct the retrieval error, thus further 
improving the accuracy of retrieval results. To verify the 
effectiveness of this method, we processed the SNR data for 
the next 6 months at the four sites, using both the traditional 
method (frequency) and the linear phase correction method 
based on LSP-NLS (frequency + phase)  to retrieve the 
sea-level height. The precision indexes of retrieval results 
obtained by the two methods are given in Table 3, and the 
differences between the retrieval results of the two methods 
and TG data are compared in Fig. 11 (to show the differ-
ences more clearly, only 1-month sea-level variations are 
shown here). 

As shown in Table 3, the R of retrieval results after phase 
correction for different sites and TG data all reach 0.99, the 
RMSE is around 4.0 cm, and the MAE is less than 3.5 cm. 
Compared to the traditional method using only frequency, 
the retrieval accuracy after phase correction is greatly 
improved. Among them, the RMSE and MAE of SC02 are 
reduced by 66.53% and 66.63%, respectively, with the larg-
est improvement effect, while the RMSE and MAE of CALC 
are reduced by 55.98% and 54.94%, respectively, with the 
smallest improvement effect. Additionally, it is notewor-
thy that the quantity of retrieval results derived from the 
phase correction method is slightly fewer than the traditional 
method. This discrepancy arises because the phase correc-
tion method eliminates outliers within the phase series dur-
ing retrieval. From Fig. 11, it is clear that the retrieval results 
after phase correction are more consistent with the actual 
sea-level variations than the traditional method using only 
frequency. To further illustrate the effect of phase correc-
tion, Fig. 12 depicts the error distribution of retrieval results 

Table 2  Accuracy statistics of retrieval results from different sites

Sites and periods R RMSE (cm) MAE (cm) Number 
of values

SC02
DOY 1–181 in 2022

0.9917 11.79 9.21 7894

GTGU 
DOY 274–365 in 2015

0.9520 8.95 6.72 4661

SPBY
DOY 1–181 in 2019

0.9294 10.36 8.24 3683

CALC
DOY 1–182 in 2020

0.9369 9.05 7.17 5605
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Fig. 10  For different sites (each row), the distribution of retrieval error (left) and their relationship with phase difference (right)
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obtained by different methods from the four stations. As 
evidenced in the figure, the phase can effectively correct 
retrieval errors, thereby enhancing the precision of retrieval 
results.

Discussion

The results of simulation experiments show that the eleva-
tion range of SNR oscillations and their decay level are the 
critical factors affecting the relationship between the two. 
Among them, the decay level of SNR oscillations is affected 
by the physical characteristics of reflecting surface and envi-
ronment factors, while the elevation range is related to our 
screening strategy and interval selection (Ran et al. 2022; 
Wang et al. 2022). The analysis results of measured data 
also confirm that the choice of elevation range can cause 
significant variations in the relationship model between dif-
ferent sites. Therefore, we simulated the solving process of 
NLS to explore the correlation between its solution and the 
sample intervals.

According to the basic principles of GNSS-IR, the SNR 
oscillations can be approximated as a cosine function, and 
the frequency of the objective function is already determined 
before using the NLS. Hence, the solution process can be 
transformed into an alignment process between two signals. 
Given a cosine wave y1 = A1 cos

(

2�f1t + �1

)

 and another 
cosine wave y2 = A cos

(

2�f2t + �
)

 with a close but differ-
ent frequency, this cosine wave can be stretched vertically 
and shifted horizontally by adjusting the amplitude A and 
phase � . According to the equation of the two cosine sig-
nals, the difference between them at a certain moment can 
be obtained as:

For any set of A and � , the sum of squared residuals 
between the two signals within the time range 

[

t1, t2
]

 can be 
expressed as:

(11)
Δy = y1 − y2 = A1 cos

(

2�f1t + �1

)

− A cos
(

2�f2t + �
)

When the SSR reaches its minimum value, the two signals 
align, at this point, the amplitude and phase are likewise 
the solution of NLS. According to (12) and combined with 
the basic properties of trigonometric functions, it can be 
derived:

where n is an integer. From (13), the SSR in the �-direction 
is of periodic character with a period of 2� . Under the action 
of negative amplitude, there is another equivalent solution 
within a period, and the difference between the two solu-
tions is � . Although it is impossible to derive its analytical 
solutions from (12) directly, we can explore their variation 
patterns through simulation data. Setting the amplitude, 
frequency, and phase of the fixed signal to 20, 40, and 0, 
respectively, and the frequency of the dynamic signal to 39, 
the variation of SSR in the amplitude and phase directions 
is shown in Fig. 13.

As seen in Fig. 13 (right), when there is a difference in 
frequency between the two signals, the phase solution no 
longer converges to the zero-axis position. The minima clos-
est to the actual phase are distributed on either side of the 
zero axis, with these two positions having a phase differ-
ence of � and opposite amplitudes. These are our two most 
accessible solutions because the initialization parameters are 
typically set in the vicinity of the true values when using 
NLS (as shown in Fig. 8 for the outliers of the amplitude). 
Manifestly, when a negative amplitude solution is obtained, 
phase correction is required to ensure the effective range of 
the phase remains unchanged. While we often attribute the 
occurrence of outlier solutions to local optima, the periodic 
variation of SSR indicates that there is no so-called "global 
optimum".

Figure 14 shows the relative position between the two 
signals and their difference for different values of � when 

(12)

SSR(A,�) =
t2

∫
t1

[

A1 cos
(

2�f1t + �1

)

− A cos
(

2�f2t + �
)]2

dt

(13)
SSR(−A,�+(2n−1)�) = SSR(A,�)

SSR(A,�+2n�) = SSR(A,�)

Table 3  Precision statistics of 
retrieval results from different 
methods at each site

Sites and periods Method R RMSE (cm) MAE (cm) Number 
of values

SC02
DOY 182–365 in 2022

Frequency 0.9921 11.56 9.08 8151
Frequency + phase 0.9993 3.87 3.03 7953

GTGU 
DOY 1–80 in 2016

Frequency 0.9400 9.22 7.08 4089
Frequency + phase 0.9925 3.53 2.77 3932

SPBY
DOY 182–365 in 2019

Frequency 0.9351 10.16 7.95 3776
Frequency + phase 0.9927 4.08 3.18 3476

CALC
DOY 183–366 in 2020

Frequency 0.9552 8.96 7.11 5544
Frequency + phase 0.9913 3.94 3.20 5494



 GPS Solutions          (2024) 28:121   121  Page 12 of 17

the amplitude is fixed at 20. As can be seen, a short-
distance region exists between two cosine signals of dif-
ferent frequencies. Due to the periodicity of the cosine 
signal, changes in amplitude clearly cannot alter the rela-
tive position of this region on the coordinate axis. As � 
changes, the relative positions between the two signals 
shift, moving the location of this region along the axis. 
This shows that if the effect of the data sampling interval 
is ignored, by adjusting the phase, it is possible to move 
the minimum difference formed in a specific interval to 

any equivalent-length interval. Hence, when using NLS to 
solve the phase of a cosine signal, if there is a difference 
between the fitted frequency and the actual frequency of 
the signal, the phase solution obtained is only the optimal 
solution for the given sample interval. Changes in the sam-
ple interval will alter the phase solution, at which point the 
phase loses its inherent physical meaning (as depicted in 
Fig. 15). Even considering the decay features of the signal, 
this pattern still holds, but the amplitude also changes with 
the sample interval.

Fig. 11  Differences between the 
retrieval results from different 
methods and TG data at each 
site
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Fig. 12  Error distribution of retrieval results at each site

Fig. 13  Variation of SSR between the two signals in terms of amplitude and phase. (Left) three-dimensional; (Right) two-dimensional, where the 
red pentagram indicates the minimum points of SSR in both variable directions
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Conclusions

In the GNSS-IR technique, LSP and NLS are the crucial 
methods to obtain the characteristic parameters of SNR 
oscillation. Limited by the quality of SNR data itself and the 
retrieval accuracy of LSP, there is always a certain difference 
between the acquired and actual frequencies of SNR oscil-
lations. However, when using NLS to fit cosine signals, the 
precision of amplitude and phase solutions depends greatly 
on the accuracy of fitted frequencies.

Through simulation analysis, we identified that when 
there is some difference between the fitted frequency and the 
actual signal frequency, the phase difference shows a clear 
linear relationship with the frequency difference. Moreover, 
the stability of this relationship in continuous monitoring 
was verified through the retrieval results of nearly half a year 
from the SC02, GTGU, SPBY, and CALC sites. However, 
the data ranges and parameter settings used vary from site to 
site, resulting in different regression models obtained from 
different sites.

Based on this, a linear phase correction GNSS-IR sea-
level estimation method based on LSP-NLS is developed 

Fig. 14  For different values of � (each row), the relative position between two signals (left) and the difference between their corresponding 
points (right)

Fig. 15  Variation of the minimum points of SSR with sample inter-
vals. To ensure consistency across intervals, equal interval sampling 
is used here
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in this study. The method combines LSP and NLS to pro-
cess SNR oscillations, and the phase acquired by NLS is 
utilized to correct the retrieval error of LSP. Using this 
method, the regression models obtained from the four 
stations were utilized to retrieve the sea-level variation 
at each station for the next 6 months. The results show 
that the frequency difference information embedded in the 
phase can effectively correct the  retrieval error of LSP, 
thus improving the retrieval accuracy. Compared with the 
traditional method using only frequency, the RMSE and 
MAE of retrieval results obtained by the  linear phase cor-
rection method based on LSP-NLS are reduced by about 
60%.

Although NLS is a critical method in the GNSS-IR 
technique, it is the first time that the method is used to pro-
cess SNR oscillations during sea-level estimation in this 
study, as well as the first time that phase is used to estimate 
sea-level height. Additionally, while we mainly focused on 
sea-level estimation in this study, the relationship between 
frequency difference and phase also holds valuable appli-
cation and guidance in other GNSS-IR domains. Currently, 
further consolidation of these findings is underway.
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