
ORIGINAL PAPER

Exact parametric causal mediation analysis for a binary
outcome with a binary mediator

Marco Doretti1 • Martina Raggi2 • Elena Stanghellini3

Accepted: 25 February 2021 / Published online: 10 April 2021
� The Author(s) 2021

Abstract
With reference to causal mediation analysis, a parametric expression for natural

direct and indirect effects is derived for the setting of a binary outcome with a

binary mediator, both modelled via a logistic regression. The proposed effect

decomposition operates on the odds ratio scale and does not require the outcome to

be rare. It generalizes the existing ones, allowing for interactions between both the

exposure and the mediator and the confounding covariates. The derived parametric

formulae are flexible, in that they readily adapt to the two different natural effect

decompositions defined in the mediation literature. In parallel with results derived

under the rare outcome assumption, they also outline the relationship between the

causal effects and the correspondent pathway-specific logistic regression parame-

ters, isolating the controlled direct effect in the natural direct effect expressions.

Formulae for standard errors, obtained via the delta method, are also given. An

empirical application to data coming from a microfinance experiment performed in

Bosnia and Herzegovina is illustrated.

Keywords Causal inference � Direct and indirect effects � Effect decomposition �
Logistic regression � Mediation analysis � Odds ratio

1 Introduction

Mediation analysis has the general purpose to understand to what extent the overall

effect of a treatment/exposure (X) on an outcome (Y) is due to the presence of an

intermediate variable (W), called mediator, influenced by the treatment and

& Marco Doretti

marco.doretti@unipg.it

1 Department of Political Science, University of Perugia, 06123 Perugia, Italy

2 Faculty of Economics and Business, University of Neuchâtel, 2000 Neuchâtel, Switzerland

3 Department of Economics, University of Perugia, 06123 Perugia, Italy

123

Statistical Methods & Applications (2022) 31:87–108
https://doi.org/10.1007/s10260-021-00562-w(0123456789().,-volV)(0123456789().,-volV)

http://orcid.org/0000-0002-1050-4742
http://crossmark.crossref.org/dialog/?doi=10.1007/s10260-021-00562-w&amp;domain=pdf
https://doi.org/10.1007/s10260-021-00562-w


affecting the outcome in turn. Mediation analysis has been developed both for

associational (Judd and Kenny 1981; Baron and Kenny 1986) and causal

frameworks (Robins and Greenland 1992; Pearl 2001); see also Geneletti (2007)

for an alternative approach without counterfactuals.

In a non causal framework, the first notable contribution to mediation for the

linear case is due to Cochran (1938). As is well-known, Cochran’s formula

decomposes the total effect of X on Y into the sum of products of pathway-specific

regression parameters, thereby opening the way to path analysis (Bollen 1989).

Unfortunately, this one-to-one mapping between effects and regression coefficients

is lost when even minimal deviations from linearity, like the presence of an XW
interaction term in the model for Y, are introduced. Nevertheless, a number of

decompositions have been proposed where the total effect can still be written as a

sum of terms with a clear interpretation; see Cox (2007) for quantile regression and

Stanghellini and Doretti (2019) and Lupparelli (2019) for logistic and log-linear

regression.

In a causal framework, formal definitions of total, direct and indirect effects were

first introduced by Robins and Greenland (1992) and Pearl (2001); see also Pearl

(2009) for a comprehensive overview. In these approaches, effect decompositions

typically work on an additive scale. Specifically, Robins and Greenland (1992)

introduced the so-called pure and total direct and indirect effects, so that two

different decompositions are obtained overall. In detail, the pure direct effect and

the total indirect effect sum to the total effect, and so do the total direct effect and

the pure indirect effect. All these direct and indirect effects are referred to as natural
effects, in addition to the controlled direct effect as defined in Pearl (2001). Under

certain assumptions, natural effects can be identified and estimated from observa-

tional data, even in a non-parametric setting, with a class of methods known as the

mediation formula (Pearl 2010); see also Imai et al. (2010a, b) for a related

approach. Although it allows to avoid assuming a specific form for the mediator and

outcome data generating processes, such a non-parametric estimation framework

might be problematic in the presence of a continuous treatment. Similarly, when the

number of confounders to adjust for is relevant, the curse of dimensionality is likely

to occur. In these cases, a parametric setting obviates the fact that some data

configuration might have just a few or possibly no sample observations for

estimation. When X is binary, a compromise solution might be represented by semi-

parametric methods based on the propensity score (Rosenbaum and Rubin 1983);

see e.g. Huber et al. (2018).

For binary outcomes, ratio scales have also been recently investigated in the

literature. In particular, VanderWeele and Vansteelandt (2010) and Valeri and

VanderWeele (2013) have defined causal effects on the odds ratio scale in a way

such that the relationship between the total effect and the natural direct and indirect

effects is no longer additive but multiplicative. In this framework, the aforemen-

tioned twofold decomposition is maintained and the mediation formula can still be

applied, leading - with the same provisos discussed above - to either non-parametric

or parametric expressions for natural effects. Like in the associational case, the

parametric formulations lack a one-to-one mapping with regression coefficients due

to non-linearity. Nevertheless, they remain appealing since they highlight the role of
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path-specific coefficients in a rather intuitive way, allowing, as a by-product, to

isolate the controlled direct effect as a component of the natural direct effect.

It is important to notice that VanderWeele and Vansteelandt (2010) and Valeri

and VanderWeele (2013) base their parametric identification of natural effect odds

ratios on the assumption that the outcome is rare within all the strata formed by

X and W, i.e., that PðY ¼ 1 j X ¼ x;W ¼ wÞ is small for every (x, w) configuration;
see a detailed discussion in Samoilenko et al. (2018), Samoilenko and Lefebvre

(2019) and VanderWeele et al. (2019). This allows them to use the logarithmic

function in place of the logistic function, corresponding in practice to approximate

effects on the odds ratio scale to effects on the risk ratio scale. When the outcome is

not (conditionally) rare, such an approximation is no longer valid, thereby

representing a serious limitation in many empirical data analyses.

In this paper, we focus on a setting with a binary outcome and a binary mediator,

both modelled via a logistic regression. We provide a novel parametric expression

for the natural direct and indirect effects, on the odds ratio scale, that does not rely

on the rare outcome assumption. Like the approaches developed under the rare

outcome assumption, our formulation allows to appreciate the role pathway-specific

coefficients play in natural effects, isolating the controlled direct effect in the

natural direct effect formulae. This is an advantage compared to other exact

formulations already introduced in the literature, where parametric expressions are

plugged in place of the probabilities appearing in the mediation formula (Gaynor

et al. 2019; Samoilenko et al. 2018). Furthermore, our approach is rather flexible

since a single parametric object, that we name A-term, governs all the causal

contrasts needed to identify the four natural effects.

In this framework, it is possible to account for the possible presence of any kind

of confounders, that is, exposure-outcome, mediator-outcome or exposure–mediator

confounders. Therefore, the proposed formulae can be used to estimate causal

effects in the presence of observational data, provided that all relevant confounders

are measured without error. Furthermore, they handle every possible interaction in

regression models, including those between the exposure (as well as the mediator)

and the confounding covariates. These interactions were not previously considered

by either exact or approximate approaches; see VanderWeele and Vansteelandt

(2010) and Valeri and VanderWeele (2013) for a related discussion. We also derive

compact formulae to compute, via the delta method, the approximate standard errors

of the exact natural effect estimators. The availability of these formulae is likely to

boost the use of exact estimators in place of approximate estimators in applications.

The paper is structured as follows. In Sect. 2, we outline the general theory

leading to the natural effect decompositions, reporting the parametric formulae for

the natural direct and indirect effects on the odds ratio scale. The relationship

between these effects and the correspondent pathway-specific regression coeffi-

cients is studied in Sect. 2.3. In Sect. 3, we discuss an application to data gathered

from a randomized microcredit experiment performed in Bosnia and Herzegovina

(Augsburg et al. 2015), where a plausible mediation scheme arises which was not

considered in previous analyses. Finally, in Sect. 4 some concluding remarks are

offered.
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2 Parametric effect decomposition

2.1 Notation and assumptions

We denote the binary outcome by Y, the binary mediator by W and the

treatment/exposure, which can be of any nature, by X. We take a potential outcome

approach (Rubin 1974) and let Yx and Wx be, respectively, the random variables

representing the outcome and the mediator had the exposure been set, possibly

contrary to the fact, to level x. Further, Yxw indicates the value of the outcome if

X had been set to x and W to w.
In line with the classical causal mediation framework, we make the standard

assumptions needed to identify causal direct and indirect effects. Among these there

are the so-called consistency and composition assumptions. Consistency states that,

in the subgroup of units with X ¼ x, the observed variables Y and W equal the

potential outcome variables Yx and Wx respectively (VanderWeele 2009). In the

mediation framework, consistency also requires that, for units with X ¼ x and

W ¼ w, Y is equal to the potential outcome Yxw (VanderWeele and Vansteelandt

2009). On the other hand, composition requires that Yx ¼ YxWx
, i.e., that the potential

outcome associated to the intervention X ¼ x be equal to the potential outcome

associated to setting X to x and the mediator to Wx, which is the value it would have

naturally attained under X ¼ x (VanderWeele and Vansteelandt 2009).

A number of assumptions concerning confounding are also required which are

graphically summarized in Fig. 1. Specifically, we assume a set of covariates C ¼
ðT; S;VÞ suffices to remove the exposure-outcome (T), the mediator-outcome

(S) and the exposure–mediator (V) confounding. In the language of conditional

independence (Dawid 1979), this corresponds to the conditional independence

statements

(1) Yxw ?? X j T ,
(2) Yxw ?? W j ðX; SÞ,
(3) Wx ?? X j V ,

which have to hold for every level x and w. Another necessary assumption,

X Y

W

T

V SFig. 1 Causal mediation setting
with exposure-outcome (T),
mediator-outcome (S) and
exposure–mediator
(V) confounders
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sometimes termed cross-world independence (Steen and Vansteelandt 2018),

is encoded by the conditional independence statement

(4) Yxw ?? WxH j C,

for all x, xH and w. This assumption means in practice that none of the variables

tackling the mediator-outcome confounding can be affected by the treatment (which

would correspond to an arrow from X to S in Fig. 1). Such an effect would

compromize the identification of natural effects (Valeri and VanderWeele 2013;

VanderWeele and Vansteelandt 2010), unless alternative methods to handle

variables that are simultaneously confounders and mediators are introduced (Robins

1986; Daniel et al. 2015; Steen et al. 2017). In what follows, to simplify formulae

we will use the condensed notation Z ¼ ðT ; SÞ. Without loss of generality, we can

think of Z and V as of univariate random variables. This is equivalent to assume that

one covariate addresses both the exposure-outcome and the mediator-outcome

confounding and another covariate manages the exposure-mediator confounding.

Results for the case of multiple Z and V follow in a straightforward way; see

‘‘Appendix 1’’.

In this framework, with reference to a situation where the exposure is changed

from a reference level xH to another level x, VanderWeele and Vansteelandt (2010)

introduced the definitions of causal effects on the odds ratio scale. Specifically, the

controlled direct effect is defined as

ORCDE
x;xHjcðwÞ ¼

PðYxw ¼ 1 j cÞ=PðYxw ¼ 0 j cÞ
PðYxHw ¼ 1 j cÞ=PðYxHw ¼ 0 j cÞ ð1Þ

and describes the causal effect of the exposure on the outcome while the mediator is

kept to level w for every unit (VanderWeele and Vansteelandt 2010). In contrast, the

pure natural direct effect

ORPNDE
x;xHjc ¼

PðYxW
xH

¼ 1 j C ¼ cÞ=PðYxW
xH

¼ 0 j C ¼ cÞ
PðYxHW

xH
¼ 1 j C ¼ cÞ=PðYxHW

xH
¼ 0 j C ¼ cÞ ð2Þ

quantifies the same effect when keeping the mediator to WxH , that is, to the level it

would have naturally attained for each unit under the exposure level xH (Van-

derWeele and Vansteelandt 2010). The total natural indirect effect is given by

ORTNIE
x;xHjc ¼

PðYxWx
¼ 1 j C ¼ cÞ=PðYxWx

¼ 0 j C ¼ cÞ
PðYxW

xH
¼ 1 j C ¼ cÞ=PðYxW

xH
¼ 0 j C ¼ cÞ ð3Þ

and compares the odds of Y ¼ 1 had the exposure been set to x and the mediator

been set to the value that it would have naturally taken if the exposure had been set

to x (Wx) against the odds of Y ¼ 1 had the exposure been set to x but the mediator

been set to the value that it would have naturally achieved if exposure had been set

to xH (WxH ). In other terms, the total natural indirect effect measures the causal

effect on the outcome of moving the mediator from WxH to Wx while keeping the

exposure X fixed to level x (VanderWeele and Vansteelandt 2010).
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With regard to the other decomposition, the total natural direct effect can be

defined as

ORTNDE
x;xHjc ¼ PðYxWx

¼ 1 j C ¼ cÞ=PðYxWx
¼ 0 j C ¼ cÞ

PðYxHWx
¼ 1 j C ¼ cÞ=PðYxHWx

¼ 0 j C ¼ cÞ ; ð4Þ

whereas the pure natural indirect effect is

ORPNIE
x;xHjc ¼

PðYxHWx
¼ 1 j C ¼ cÞ=PðYxHWx

¼ 0 j C ¼ cÞ
PðYxHW

xH
¼ 1 j C ¼ cÞ=PðYxHW

xH
¼ 0 j C ¼ cÞ : ð5Þ

In line with (2), the former represents the causal effect on the outcome of moving

the exposure from xH to x under an external intervention keeping the mediator to

Wx, the level it would have naturally taken for each unit under the exposure level x.
The latter, in analogy with (3), compares the causal effect on the outcome of moving

the mediator from Wx to WxH , with exposure X set to level xH.
Finally, the total causal effect is defined as

ORTE
x;xHjc ¼

PðYx ¼ 1 j C ¼ cÞ=PðYx ¼ 0 j C ¼ cÞ
PðYxH ¼ 1 j C ¼ cÞ=PðYxH ¼ 0 j C ¼ cÞ

and can be decomposed in the multiplicative fashion

ORTE
x;xHjc ¼ ORPNDE

x;xHjc � ORTNIE
x;xHjc

¼ ORTNDE
x;xHjc � ORPNIE

x;xHjc

or, as it is often presented, in an additive fashion on the logarithmic scale. The

choice of which natural effect to use, and thus which decomposition, depends on the

research questions one aims to investigate (Hafeman and Schwartz 2009). Com-

bining the assumptions given in Sect. 2.1, the causal effects defined above can be

non-parametrically identified by using the Pearl’s mediation formula (Pearl

2001, 2010; VanderWeele and Vansteelandt 2010; Valeri and VanderWeele 2013).

2.2 Parametric formulae for causal natural effects

As mentioned in the Introduction, parametric formulae can be derived which

express the natural effects as a function of the coefficients of the logistic regression

models for Y and W, that can be easily estimated from observational data. We first

present results for the case of absence of covariates, i.e. for C ¼ ;. Then, the more

general case will be addressed. Specifically, we can formulate the two models as

log
PðY ¼ 1 j X ¼ x;W ¼ wÞ
PðY ¼ 0 j X ¼ x;W ¼ wÞ ¼ b0 þ bxxþ bwwþ bxwxw ð6Þ

and
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log
PðW ¼ 1 j X ¼ xÞ
PðW ¼ 0 j X ¼ xÞ ¼ c0 þ cxx: ð7Þ

In this setting, the logarithm of the controlled direct effect (1) can be identified by

logORCDE
x;xH ðwÞ ¼ ðbx þ bxwwÞðx� xHÞ

without the need to invoke the rare outcome assumption (VanderWeele and

Vansteelandt 2010). Here, letting

eyðx;wÞ ¼ expðb0 þ bxxþ bwwþ bxwxwÞ

ewðxÞ ¼ expðc0 þ cxxÞ

and

Ax;xH ¼ expðbw þ bxwxÞewðxHÞf1þ eyðx; 0Þg þ 1þ eyðx; 1Þ
ewðxHÞf1þ eyðx; 0Þg þ 1þ eyðx; 1Þ

; ð8Þ

we show that the parametric expressions for the logarithm of the causal effects

defined in (2) and (3) are given by

logORPNDE
x;xH ¼ bxðx� xHÞ þ log

Ax;xH

AxH;xH
ð9Þ

and

logORTNIE
x;xH ¼ log

Ax;x

Ax;xH
: ð10Þ

Similarly, formulae for the logarithm of the effects in (4) and (5) can be written as

logORTNDE
x;xH ¼ bxðx� xHÞ þ log

Ax;x

AxH;x

; ð11Þ

and

logORPNIE
x;xH ¼ log

AxH;x

AxH;xH
: ð12Þ

The mathematical derivations leading to (9) and (10) are given in ‘‘Appendix 1’’,

with those for (11) and (12) following in a straightforward way. Combining (9) and

(10) (or alternatively, (11) and (12)) one immediately obtains the identification

expression for the logarithm of the total casual effect, which is

logORTE
x;xH ¼ bxðx� xHÞ þ log

Ax;x

AxH;xH
: ð13Þ

The parametric object in Eq. (8) is called the A-term. Notice that its first subscript

refers to the value of X in the model for Y given X and W, while the second one

refers to the value of X in the model for W given X. The main advantage of this
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compact notation is the fact that it creates a clear parallel between the contrasts

contained in the definitions (2)–(5) and those contained in the identification for-

mulae (9)-(12). In a non causal framework, Stanghellini and Doretti (2019) have

shown that Ax;x is the inverse of the risk ratio of �W ¼ 1�W for varying Y when

X ¼ x, that is

Ax;x ¼
Pð �W ¼ 1 j Y ¼ 0;X ¼ xÞ
Pð �W ¼ 1 j Y ¼ 1;X ¼ xÞ : ð14Þ

However, it is important to underline this interpretation holds only when the two

subscripts of the A-term take the same value.

The first of the two parametric decompositions above generalizes the one by

Valeri and VanderWeele (2013) developed under the rare outcome assumption.

Specifically, it holds that the exponential of (9) tends to the pure natural direct effect

in Valeri and VanderWeele (2013, p.150) if PðY ¼ 1 j X ¼ x;W ¼ wÞ (or, equiv-

alently, the exponentiated linear predictor eyðx;wÞ) tends to zero for every

(x, w) configuration. A similar argument applies to the total natural indirect effect,

though with some distinctions regarding the set of configurations tending to zero. A

formal account about these limits concerning also the other decomposition is

contained in ‘‘Appendix 2’’. Furthermore, like in Valeri and VanderWeele (2013),

our formulation expresses the odds ratio natural direct effects (pure and total) as the

product between the controlled direct effect ORCDE
x;xH ð0Þ and a residual term.

The extension of the above setting to the parametric inclusion of covariates C is

immediate. In detail, if Eqs. (6) and (7) are modified to account for these additional

covariates and for all their possible interactions, i.e., to

log
PðY ¼ 1 j X ¼ x;W ¼ w; Z ¼ zÞ
PðY ¼ 0 j X ¼ x;W ¼ w; Z ¼ zÞ ¼ b0 þ bxxþ bwwþ bzzþ bxwxw

þ bxzxzþ bwzwzþ bxwzxwz

ð15Þ

and

log
PðW ¼ 1 j X ¼ x;V ¼ vÞ
PðW ¼ 0 j X ¼ x;V ¼ vÞ ¼ c0 þ cxxþ cvvþ cxvxv; ð16Þ

then also the natural effects become conditional on the covariate configuration

C ¼ c. Specifically, we have

logORPNDE
x;xHjc ¼ ðbx þ bxzzÞðx� xHÞ þ log

Ax;xHjc
AxH;xHjc

ð17Þ

and

logORTNIE
x;xHjc ¼ log

Ax;xjc
Ax;xHjc

; ð18Þ

where, denoting the exponentiated linear predictors by the compact forms
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eyðx;w; zÞ ¼ expðb0 þ bxxþ bwwþ bzzþ bxwxwþ bxzxzþ bwzwzþ bxwzxwzÞ

ewðx; vÞ ¼ expðc0 þ cxxþ cvvþ cxvxvÞ;

the conditional version of (8) is given by

Ax;xHjc ¼
expðbw þ bxwxþ bwzzþ bxwzxzÞewðxH; vÞf1þ eyðx; 0; zÞg þ 1þ eyðx; 1; zÞ

ewðxH; vÞf1þ eyðx; 0; zÞg þ 1þ eyðx; 1; zÞ
:

ð19Þ

The proof follows immediately from the previous one and is also reported in

‘‘Appendix 1’’. Similarly to the previous case, the parametric identification of the

other causal estimands is obtained from the conditional versions of Eqs. (11) and

(12). It is worth to underline that all the causal effects above are heterogeneous

across the covariate patterns even in the absence of the interaction terms in Eqs. (15)

and (16); see for example the empirical application considered in Sect. 3. A similar

argument holds for the treatment/mediator interaction and heterogeneity across

treatment levels; see Sect. 2.3.

Clearly, the consistent estimation of these causal effects can be achieved by

simply plugging-in the parameter estimates obtained from the fitted logistic

regression models in the formulae above. The variance–covariance matrix of the

effect estimators can be obtained via the delta method (Oehlert 1992). The explicit

formulae for the first-order delta approximation of such a matrix are reported in

‘‘Appendix 3’’.

2.3 Links with the pathway-specific coefficients

The parametric formulae given in Sect. 2.2 link natural effects to their pathway-

specific regression coefficients in an explicit way. Indeed, although the general

expression of the A-term involves the whole set of parameters, it is possible to spot a

particular behavior of the natural effects when the three pathway-specific sets of

parameters are null, that is, when: (i) bx ¼ 0 ¼ bxw, (ii) bw ¼ 0 ¼ bxw, and (iii)

cx ¼ 0.

In case (i), it can be noticed that logORPNDE
x;xH and logORTNDE

x;xH are null, and so is

logORCDE
x;xH ð0Þ. In summary, for this case

logORTE
x;xH ¼ logORTNIE

x;xH ¼ logORPNIE
x;xH :

In case (ii), the A-term is equal to 1 for all the combinations of its subscripts, so that

every pair of A-terms generates a null contrast on the logarithmic scale. As a

consequence, we have that logORTNIE
x;xH ¼ 0 ¼ logORPNIE

x;xH and that

logORTE
x;xH ¼ logORCDE

x;xH ð0Þ ¼ logORPNDE
x;xH ¼ logORTNDE

x;xH ¼ bxðx� xHÞ:

In case (iii), again the two natural indirect effects vanish simultaneously, so that
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logORTE
x;xH ¼ logORPNDE

x;xH ¼ logORTNDE
x;xH :

However, these quantities are not necessarily equal to logORCDE
x;xH ð0Þ ¼ bxðx� xHÞ

like in the previous case.

It is useful to notice that such a clear correspondence between model parameters

and direct/indirect effects does not hold with associational (non-causal) effects. In

particular, for non-linear models it is known that the condition cx ¼ 0 does not

guarantee the marginal and conditional effects of X on Y be equal. For logistic

regression, this is related to the well-known fact that odds ratios are non-collapsible

association measures (Greenland et al. 1999). Also, notice that the condition bxw ¼
0 does not generally imply that logORPNDE

x;xH equals logORTNDE
x;xH or that logORPNIE

x;xH

equals logORTNIE
x;xH , i.e., the causal effects are heterogeneous across treatment levels

regardless of the presence of the treatment-mediator interaction. Conversely, in

linear models a null interaction results in the absence of such a kind of effect

heterogeneity (Huber 2019). For binary outcomes, the same happens for log-linear

regression models. For a more detailed dissertation within the four-way decompo-

sition framework see VanderWeele (2014).

Another interesting situation arises when xH ¼ 0, including (but not limited to)

the case of binary exposures. In this case, we can notice that logORCDE
x;0 ð0Þ is

obtained evaluating logORTE
x;0 in bw ¼ 0 ¼ bxw. Furthermore, logORPNIE

x;0 is obtained

from logORTE
x;0 evaluated in bx ¼ 0 ¼ bxw, whereas logORPNDE

x;0 equals logORTE
x;0

evaluated in cx ¼ 0.

3 Application to Bosnian microcredit data

Microcredit, as the main tool of microfinance, makes credit accessible to those

individuals, often termed ‘‘unbankables’’, that are considered too risky and

financially unreliable to access regular loans granted by financial institutions. The

main purpose of microcredit is the enhancement of the overall ‘‘bankability’’ - that

is, the capability to attract loans from banks or other microfinance institutions

(MFIs) - of the financially disadvantaged individuals. We here offer an empirical

application of the derived analytical results to a microcredit experiment imple-

mented in Bosnia and Herzegovina by Augsburg et al. (2015); see also Banerjee

et al. (2015) for details about the more general project involving similar

experiments in other countries. This study was performed during the period

2009–2010 and was addressed to a particular segment of unbankable people formed

by the potential clients of a well-established MFI of the country.

The main goal of the experiment was to evaluate the impact of randomly

allocated microcredit loans not only on clients’ bankability but also on a number of

other socioeconomic outcomes including self-employment, business ownership,

income, time worked, consumption and savings. At baseline, clients were selected

to take part to the experiment and enrolled in a pre-intervention survey in order to

collect main information concerning them and their household. Then, they were

randomly assigned to the exposure (access to the microloan) or control group. After
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14 months, the research team conducted a follow-up survey on the same respondents

recruited at baseline. In total, 995 respondents were interviewed at the two waves. In

the description of the experiment contained in Augsburg et al. (2015), non-

compliance issues appear to be absent, but a 17% loss to follow-up was registered.

However, the reasons leading to client dropout, together with formal analyses

reported in the paper, do not induce to think that a non-ignorable missigness

mechanism (Molenberghs et al. 2008) occurred. The average microloan amount was

equal to 1’653 Bosnian marks (BAM, with an exchange rate at baseline of US$1 to

BAM 1.634) with an average maturity of 57 weeks.

Since individuals were free to use money from the loan for business activities as

well as for household consumption, a positive effect of the financing policy on many

of the above-mentioned socioeconomic indicators was found (Augsburg et al.

2015). However, some of these measures can be reasonably thought of not only as

final outcomes, but also as determinants of clients’ future credit attractiveness,

lending themselves to the role of possible mediators of the overall effect of

microcredit on bankability. In particular, Banerjee et al. (2015) acknowledge,

though without any formal analysis, business ownership as the main candidate as a

mediator variable. Indeed, a business can be started or maintained thanks to the

initial microcredit financing, and business owners are usually more likely to access

the loan market than others. In line with the hypothesis above which involves a

binary mediator, we here compute the two odds ratio decompositions of the causal

total effect into the natural effects.

We make use of the notation of Sect. 2 and denote by X the binary exposure

taking value 1 if the client gets the microcredit financing at baseline, by Y the binary

outcome taking value 1 for clients who have access to at least one new credit line at

follow-up, and by W the binary mediator with value 1 for units owning a personal

business, which is also measured at follow-up. Notice that individuals with Y ¼ 1

might have received loans from an MFI as well as from other traditional institutions

like banks. A graphical representation of the setting under investigation is shown in

Fig. 2.

From Fig. 2, it is possible to note that no exposure-outcome and exposure–

mediator confounders are included in the analysis since the exposure assignment is

randomized. On the contrary, the set of possible mediator-outcome confounders S
needs to be taken into account. Some preliminary research combined with subject

matter considerations led to include in S client’s age (A), educational level (U) and
number of active loans (L). In particular, age is measured in years while educational

level is coded as a binary variable taking value 1 for individuals with at least a

university degree. All these covariates are measured at baseline and can be

considered as pre-treatment variables. This should ensure that the cross-world

Microcredit

Business Ownership

Other Loans from MFIs

SFig. 2 Causal mediation setting
for the Bosnian microcredit
study
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independence assumption (see Sect. 2) holds, since none of the variables in S is

causally affected by the exposure (VanderWeele and Vansteelandt 2009; Steen and

Vansteelandt 2018). In the sample, age ranges from 17 to 70 years, with an average

of 37.81 years and a median of 37 years. The first and third quartiles are 28 and 47

years respectively. Further, only 5% of sample units own a university degree, while

only 4% have three or more active loans at baseline. All the sample marginal

probabilities for X, W and Y are close to 0.5. In detail, we have PðX ¼ 1Þ ¼ 0:55,
PðW ¼ 1Þ ¼ 0:54 and PðY ¼ 1Þ ¼ 0:57. Furthermore, we have

PðY ¼ 1 j X ¼ 0;W ¼ 0Þ ¼ 0:24, PðY ¼ 1 j X ¼ 1;W ¼ 0Þ ¼ 0:67, PðY ¼ 1 j
X ¼ 0;W ¼ 1Þ ¼ 0:41 and PðY ¼ 1 j X ¼ 1;W ¼ 1Þ ¼ 0:84, in contrast with the

rare outcome assumption, which is clearly violated also conditionally on the

covariates S.
Table 1 contains the output of the fitted logistic regression models for the

outcome and the mediator, whereas Table 2 shows the estimates, together with their

variability measures, of the causal effects obtained from these model parameters.

The effects refer to individuals with median age and all the most common patterns

of the other covariates. The asymptotic standard errors and confidence intervals are

constructed using the delta method as illustrated in ‘‘Appendix 3’’. As in standard

analyses on odds ratios, the 95% confidence intervals are first built on the

logarithmic scale and then exponentiated. Also, the p values refer to tests where the

null hypotheses are formulated on the logarithmic scale, that is, that log-odds ratios

are equal to zero. In the outcome model, the presence of interaction terms involving

the confounders was explored, but none of these effects resulted statistically

significant or, to the best of our judgment, worth to be added to the model.

Table 1 shows that all the estimated coefficients related to the mediation

pathways X ! W ! Y and X ! Y are positive and statistically significant, with the

exception of the interaction b̂xw, which is positive but not significant (p value

0.643). However, it is possible to notice a relevant difference in the coefficient

Table 1 Results from the fitted logistic models for the outcome and the mediator

Est. SE 95% Conf. interval p value

Y � b0 þ bxX þ bwW þ bxwXW þ baAþ buU þ blL

Intercept b0 - 1.542 0.290 - 2.118 - 0.981 0.000

Microcredit (X) bx 1.903 0.213 1.492 2.327 0.000

Business ownership (W) bw 0.758 0.211 0.349 1.175 0.000

XW interaction (XW) bxw 0.137 0.296 - 0.444 0.718 0.643

Age (A) ba 0.008 0.006 - 0.004 0.020 0.214

Educational level (U) bu - 1.001 0.363 - 1.729 - 0.299 0.006

Active loans (L) bl 0.185 0.085 0.020 0.355 0.029

W � c0 þ cxX

Intercept c0 0.027 0.095 - 0.159 0.213 0.776

Microcredit (X) cx 0.262 0.128 0.011 0.513 0.041
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magnitudes. Indeed, b̂w and ĉx are much smaller than b̂x, suggesting that the natural

direct effect is the dominant component of the total effect. This is confirmed by the

results in Table 2 which are rather stable across the covariate patterns examined.

Specifically, the estimated natural direct effects always lie between 6.647 and 6.868,

whereas all the estimates of natural indirect effects range between 1.048 and 1.059.

These values are very close to those obtained by averaging across all the covariate

patterns. In this setting, the pure (total) natural direct effect is the effect of the

microloan keeping business ownership to the level it would naturally take in the

absence (presence) of the microloan itself. Similarly, the total (pure) natural indirect

effect is the effect of moving business ownership from its natural level under no

microloan to that under the microloan administration, while keeping the microloan

fixed to be present (absent). With regard to total effects, we observe that the

estimated causal odds ratios reported in Table 2 lie around 7.100, whereas the

average odds ratio across all the covariate patterns is 7.049. These values are

slightly greater than, but essentially in line with, the marginal outcome/exposure

odds ratio (6.885, s.e. 0.985 with the delta method). Since access to microloans is

Table 2 Estimates, standard errors (SEs), 95% confidence intervals (CIs) and p values of the causal odds

ratios for the mediation scheme of Fig. 2

Est. SE 95% CI p value Est. SE 95% CI p value

A ¼ 37;U ¼ 0; L ¼ 0 A ¼ 37;U ¼ 1;L ¼ 0

ORPNDE
1;0jc 6.652 0.953 5.024 8.809 0.000 6.796 0.988 5.112 9.036 0.000

ORTNDE
1;0jc 6.717 0.965 5.069 8.901 0.000 6.868 1.019 5.134 9.187 0.000

ORPNIE
1;0jc 1.049 0.028 0.996 1.105 0.072 1.048 0.027 0.996 1.102 0.071

ORTNIE
1;0jc 1.059 0.033 0.997 1.125 0.063 1.059 0.033 0.997 1.125 0.063

ORTE
1;0jc 7.046 1.023 5.302 9.364 0.000 7.197 1.071 5.376 9.635 0.000

A ¼ 37;U ¼ 0; L ¼ 1 A ¼ 37;U ¼ 1;L ¼ 1

ORPNDE
1;0jc 6.647 0.954 5.017 8.806 0.000 6.757 0.976 5.091 8.969 0.000

ORTNDE
1;0jc 6.709 0.962 5.065 8.887 0.000 6.828 1.005 5.118 9.111 0.000

ORPNIE
1;0jc 1.049 0.028 0.996 1.106 0.073 1.048 0.027 0.996 1.103 0.071

ORTNIE
1;0jc 1.059 0.033 0.997 1.125 0.062 1.059 0.033 0.997 1.125 0.063

ORTE
1;0jc 7.039 1.022 5.296 9.356 0.000 7.157 1.057 5.358 9.559 0.000

A ¼ 37;U ¼ 0; L ¼ 2 A ¼ 37;U ¼ 1;L ¼ 2

ORPNDE
1;0jc 6.647 0.957 5.012 8.815 0.000 6.723 0.967 5.072 8.913 0.000

ORTNDE
1;0jc 6.708 0.962 5.065 8.885 0.000 6.793 0.992 5.103 9.044 0.000

ORPNIE
1;0jc 1.049 0.028 0.996 1.106 0.073 1.048 0.027 0.996 1.103 0.071

ORTNIE
1;0jc 1.059 0.033 0.997 1.125 0.062 1.059 0.033 0.997 1.125 0.063

ORTE
1;0jc 7.040 1.024 5.294 9.361 0.000 7.121 1.045 5.341 9.494 0.000
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randomly assigned, such a marginal odds ratio also has a causal interpretation

outside the mediation framework.

All the 95% confidence intervals for the direct effects are far away from 1,

corresponding to highly significant natural direct effects. On the contrary, all the

95% confidence intervals for the indirect effects barely contain 1, corresponding to

p values around 6% or 7%. The low magnitude of the natural indirect effects might

be due to the relatively limited temporal distance occurring between the baseline

and the follow-up measurement occasions. Indeed, also from the original study by

Augsburg et al. (2015) it seems that a 14-month period may be not long enough to

register any relevant effect of microcredit on business ownership. We have also

replicated these results starting from an alternative outcome model where the XW

interaction is removed. In this model, the main effects modify to b̂x ¼ 1:974 (s.e.

0.149) and b̂w ¼ 0:828 (s.e. 0.149), while the other parameters do not sensibly

change. The causal odds ratios resulting from this model are substantially equivalent

to the previous ones.

As a sensitivity analysis, we have also recomputed the effect estimates after

widening the set of observed confounders with some other potentially relevant

variables excluded in the first place like income, value of family assets, gender and

marital status. Also these results are in line with the values in Table 2. Though this

tends to confirm the validity of our causal estimates, like in every empirical study

the absence of unobserved confounding cannot be guaranteed with certainty, and

results have to be interpreted with caution. For example, some proxy variable of

individuals’ creditworthiness might act as a confounder, with a positive effect on the

outcome and (possibly) on the mediator. In linear models, the omission of such a

variable would correspond to an inflation of the b̂w coefficient (see, e.g., Cinelli and

Hazlett 2020), and thus of the indirect effect estimate. However, in a logistic

regression framework the effect distortion is far more complex because of non-

collapsibility issues.

4 Conclusions

We have focussed on causal mediation for binary outcomes, deriving novel

parametric expressions for natural direct and indirect effects, on the odds ratio scale,

for settings where the mediator is a binary random variable. The proposed formulae

are exact in the sense that they do not require the rare outcome assumption and are

suitable for the two different natural effect decompositions existing in the casual

mediation literature. Furthermore, they are written in order to distinctly maintain the

link between natural effects and their pathway-correspondent coefficients of the

logistic regression models assumed to govern the data generating process. In

particular, in line with VanderWeele and Vansteelandt (2010) and Valeri and

VanderWeele (2013), we have isolated the controlled direct effect as part of the

natural direct effect. We have also formalized the expressions of the approximate

standard errors of the causal effect estimators, obtained via the delta method. The

formulae for both the causal effects and the standard errors generalize the existing
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ones, especially with regard to the presence of parametric interactions between the

exposure (and the mediator) and the confounders in the logistic models.

As an illustration, we have applied the derived formulae to a dataset coming from

a microcredit experiment performed in Bosnia and Herzegovina (Augsburg et al.

2015), where it is plausible to think that the effect of randomly allocated microloans

on client’s bankability (i.e., the capability to obtain loans from financial institutions)

at a 14-month follow up might be mediated by whether or not the client owns an

active business. The causal effects estimated for the microcredit data are conditional

on client’s age, educational level and number of active loans at baseline. These are

the mediator-outcome confounder variables we have chosen by combining

empirical analyses and subject matter knowledge. The results we have obtained

are rather stable across the patterns of these variables. Specifically, the average of

the causal total effect odds ratios across all the covariate patterns is equal to 7.049,

but only a small (and barely significant) part of such effects appears to be mediated

by business ownership.

The counterfactual approach to mediation analysis requires strong assumptions

about confounding which might be difficult to meet in practice. Therefore, it would

be interesting to adapt to the present context the existing methods of sensitivity

analysis with respect to unobserved confounding. In particular, the interval

identification method introduced by Lindmark et al. (2018) for probit regression,

based on the proposal of Genbäck et al. (2015), could be adapted to logistic models.

Alternatively, an instrumental variable (IV) approach might be adopted to overcome

the no unobserved confounding assumption. Indeed, methods have been recently

developed in the literature that allow for direct and indirect effect estimation in an

IV setting (Didelez et al. 2010; Frölich 2007; Sobel 2008; Frölich and Huber 2014;

Dippel et al. 2019; Mattei and Mealli 2011). These results mainly rely either on

non-parametric or linear parametric models, whereas for binary data the rare

outcome assumption is invoked to exploit log-linear models. Thus, we think that the

results presented in this paper may be extended to an IV framework for non-rare

binary outcomes. Other promising extensions involve the case of multiple

mediators, for which associational decompositions have been recently derived.

Appendix 1: Mathematical derivation of ORPNDE
x,x* and ORTNIE

x,x*

Given the standard causal inference assumptions of Sect. 2, the natural effects can

be non-parametrically identified by using Pearl’s mediation formula (Pearl

2001, 2010). For a binary mediator, the expression identifying the pure natural

direct effect is
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ORPNDE
x;xH ¼

X

w

PðY ¼ 1 j X ¼ x;W ¼ wÞPðW ¼ w j X ¼ xHÞ=
X

w

PðY ¼ 0 j X ¼ x;W ¼ wÞPðW ¼ w j X ¼ xHÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Q1

X

w

PðY ¼ 1 j X ¼ xH;W ¼ wÞPðW ¼ w j X ¼ xHÞ=
X

w

PðY ¼ 0 j X ¼ xH;W ¼ wÞPðW ¼ w j X ¼ xHÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Q2

:

Given the parametric models assumed, the numerator of the expression above can

be written as

Q1 ¼
PðY ¼ 1 j X ¼ x;W ¼ 1ÞPðW ¼ 1 j X ¼ xHÞ þ PðY ¼ 1 j X ¼ x;W ¼ 0ÞPðW ¼ 0 j X ¼ xHÞ
PðY ¼ 0 j X ¼ x;W ¼ 1ÞPðW ¼ 1 j X ¼ xHÞ þ PðY ¼ 0 j X ¼ x;W ¼ 0ÞPðW ¼ 0 j X ¼ xHÞ

¼
expfb0þbwþðbxþbxwÞxg

1þexpfb0þbwþðbxþbxwÞxg
� expðc0þcxx

HÞ
1þexpðc0þcxxHÞ

þ expðb0þbxxÞ
1þexpðb0þbxxÞ

� 1
1þexpðc0þcxxHÞ

1
1þexpfb0þbwþðbxþbxwÞxg

� expðc0þcxxHÞ
1þexpðc0þcxxHÞ

þ 1
1þexpðb0þbxxÞ

� 1
1þexpðc0þcxxHÞ

¼ expfb0 þ bw þ ðbx þ bwxÞxg expðc0 þ cxx
HÞf1þ expðb0 þ bxxÞg þ expðb0 þ bxxÞ½1þ expfb0 þ bw þ ðbx þ bxwÞxg�

expðc0 þ cxxHÞf1þ expðb0 þ bxxÞg þ 1þ expfb0 þ bw þ ðbx þ bxwÞxg

¼ expðb0 þ bxxÞAx;xH :

For the denominator, an analogous calculation leads to Q2 ¼ expðb0 þ bxx
HÞAxH;xH

and therefore to logORPNDE
x;xH ¼ logQ1 � logQ2 ¼ bxðx� xHÞ þ logðAx;xH=AxH;xHÞ,

which proves Eq. (9). Derivations for the total natural indirect effect are similar

since we have

ORTNIE
x;xH ¼

X

w

PðY ¼ 1 j X ¼ x;W ¼ wÞPðW ¼ w j X ¼ xÞ=
X

w

PðY ¼ 0 j X ¼ x;W ¼ wÞPðW ¼ w j X ¼ xÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Q3

X

w

PðY ¼ 1 j X ¼ x;W ¼ wÞPðW ¼ w j X ¼ xHÞ=
X

w

PðY ¼ 0 j X ¼ x;W ¼ wÞPðW ¼ w j X ¼ xHÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Q1

;

with Q3 ¼ expðb0 þ bxxÞAx;x, leading to

logORTNIE
x;xH ¼ logQ3 � logQ1 ¼ logðAx;x=Ax;xHÞ, that is, Eq. (10).

To prove that Ax;x equals the inverse risk ratio term in (14), let

gyðxÞ ¼ yðbw þ bxwxÞ þ log
1þ expðb0 þ bxxÞ

1þ expðb0 þ bxxþ bw þ bxwxÞ

� �
þ c0 þ cxx

be the parametric expression for log
PðW¼1jY¼y;X¼xÞ
PðW¼0jY¼y;X¼xÞ given by Stanghellini and Doretti

(2019). Then, it is straightforward to prove that

Ax;x ¼
1þ expfg1ðxÞg
1þ expfg0ðxÞg

;

with the right-hand side term being indeed the probability ratio in (14).

The algebraic developments above remain unchanged once confounding-

removing covariates C are added, provided that linear predictors are suitably

modified. Specifically, the conditional versions of Q1, Q2 and Q3 become
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Q1jc ¼ eyðx; 0; zÞAx;xHjc

Q2jc ¼ eyðxH; 0; zÞAxH;xHjc

Q3jc ¼ eyðx; 0; zÞAx;xjc;

where eyðx;w; zÞ and Ax;xHjc are as in Sect. 2. The derivation of Eqs. (17) and (18) is

then immediate. Notice that this approach can be immediately generalized to

account for multiple confounders; it suffices to replace z with z ¼ ðz1; . . .; zpÞ0 and v

with v ¼ ðv1; . . .; vqÞ0 in the formulas above, substituting every product involving z

and v with the corresponding row-column product (for instance, bzz is replaced by

b0zz with bz ¼ ðbz1 ; . . .; bzpÞ
0
and so on).

Appendix 2: Natural effects and the rare outcome assumption

Recalling that eyðx;wÞ ¼ expðb0 þ bxxþ bwwþ bxwxwÞ and

ewðxÞ ¼ expðc0 þ cxxÞ, the odds ratio pure natural direct effect is given by

ORPNDE
x;xH ¼ expfbxðx� xHÞg

� eðbw þ bxwxÞewðxHÞf1þ eyðx; 0Þg þ 1þ eyðx; 1Þ
ewðxHÞf1þ eyðx; 0Þg þ 1þ eyðx; 1Þ

� ewðxHÞf1þ eyðxH; 0Þg þ 1þ eyðxH; 1Þ
eðbw þ bxwxHÞewðxHÞf1þ eyðxH; 0Þg þ 1þ eyðxH; 1Þ

:

If all the four terms eyðx; 0Þ, eyðx; 1Þ, eyðxH; 0Þ and eyðxH; 1Þ tend to zero, then the

expression above reduces to

ORPNDE
x;xH � expfbxðx� xHÞg 1þ eðbw þ bxwxÞewðxHÞ

1þ eðbw þ bxwxHÞewðxHÞ
; ð20Þ

which is the expression in Valeri and VanderWeele (2013, p.150). The same logic

applies to the odds ratio total natural direct effect, which is

ORTNDE
x;xH ¼ expfbxðx� xHÞg

� eðbw þ bxwxÞewðxÞf1þ eyðx; 0Þg þ 1þ eyðx; 1Þ
ewðxÞf1þ eyðx; 0Þg þ 1þ eyðx; 1Þ

� ewðxÞf1þ eyðxH; 0Þg þ 1þ eyðxH; 1Þ
eðbw þ bxwxHÞewðxÞf1þ eyðxH; 0Þg þ 1þ eyðxH; 1Þ

:

Again, if all the four terms above tend to 0 this quantity tends to

ORTNDE
x;xH � expfbxðx� xHÞg 1þ eðbw þ bxwxÞewðxÞ

1þ eðbw þ bxwxHÞewðxÞ
ð21Þ

in analogy with (20). The second factors of the right-hand sides of both (20) and
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(21) are equal to 1 if bxw ¼ 0. This means that under the rare outcome assumption

the odds ratio natural direct effects are given by a product between ORCDE
x;xH ð0Þ ¼

expfbxðx� xHÞg (governed by bx only) and a residual quantity governed by the

interaction coefficient bxw. This clear separation does not occur in the exact for-

mulae, where both these residual terms are not generally equal to 1 when bxw ¼ 0.

The odds ratio total natural indirect effect is

ORTNIE
x;xH ¼ eðbw þ bxwxÞewðxÞf1þ eyðx; 0Þg þ 1þ eyðx; 1Þ

ewðxÞf1þ eyðx; 0Þg þ 1þ eyðx; 1Þ

� ewðxHÞf1þ eyðx; 0Þg þ 1þ eyðx; 1Þ
eðbw þ bxwxÞewðxHÞf1þ eyðx; 0Þg þ 1þ eyðx; 1Þ

:

Contrary to the case of natural direct effects, we notice that eyðxH; 0Þ and eyðxH; 1Þ
are not present in the expression above. Thus, we only need eyðx; 0Þ and eyðx; 1Þ to
tend to zero in order to obtain the expression in Valeri and VanderWeele

(2013, p.150)

ORTNIE
x;xH � f1þ ewðxHÞgf1þ ewðxÞeðbw þ bxwxÞg

f1þ ewðxÞgf1þ ewðxHÞeðbw þ bxwxÞg
:

This is particularly relevant when X is binary, since it means that we only need

PðY ¼ 1 j X ¼ 1;W ¼ 0Þ � 0 and PðY ¼ 1 j X ¼ 1;W ¼ 1Þ � 0, but not neces-

sarily PðY ¼ 1 j X ¼ 0;W ¼ 0Þ � 0 and PðY ¼ 1 j X ¼ 0;W ¼ 1Þ � 0.

Similarly, in the expression of the odds ratio pure natural indirect effect

ORPNIE
x;xH ¼ eðbw þ bxwx

HÞewðxÞf1þ eyðxH; 0Þg þ 1þ eyðxH; 1Þ
ewðxÞf1þ eyðxH; 0Þg þ 1þ eyðxH; 1Þ

� ewðxHÞf1þ eyðxH; 0Þg þ 1þ eyðxH; 1Þ
eðbw þ bxwxHÞewðxHÞf1þ eyðxH; 0Þg þ 1þ eyðxH; 1Þ

the terms eyðx; 0Þ and eyðx; 1Þ are not present, so it suffices that eyðxH; 0Þ and

eyðxH; 1Þ tend to zero to obtain

ORPNIE
x;xH � f1þ ewðxHÞgf1þ ewðxÞeðbw þ bxwx

HÞg
f1þ ewðxÞgf1þ ewðxHÞeðbw þ bxwxHÞg

:

For the case of binary X, this means that the conditions PðY ¼ 1 j X ¼ 0;W ¼
0Þ � 0 and PðY ¼ 1 j X ¼ 0;W ¼ 1Þ � 0 are needed, while PðY ¼ 1 j X ¼ 1;W ¼
0Þ � 0 and PðY ¼ 1 j X ¼ 1;W ¼ 1Þ � 0 are not. Overall, it is possible to conclude

that the two natural indirect effects need only different subsets of the rare outcome

assumption (instead of the whole assumption as traditionally defined) to be iden-

tified by the approximate parametric formulae.
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Appendix 3: Variance–covariance matrix of the estimated causal
effects

Denoting by b ¼ ðb0; bx; bz; bxz; bw; bxw; bwz; bxwzÞ0 and c ¼ ðc0; cx; cv; cxvÞ0 the two

vectors of model parameters, by Rb̂ and Rĉ the variance–covariance matrices of

their estimators b̂ and ĉ, and by

e ¼ ORPNDE
x;xHjc ;OR

TNIE
x;xHjc;OR

TNDE
x;xHjc ;OR

PNIE
x;xHjc;OR

TE
x;xHjc

� �0

the true causal effect vector, the first-order approximate variance–covariance matrix

of the estimator

ê ¼ ÔRPNDE
x;xHjc ; ÔR

TNIE
x;xHjc; ÔR

TNDE
x;xHjc ; ÔR

PNIE
x;xHjc; ÔR

TE
x;xHjc

� �0

can be obtained as VðêÞ ¼ EDRD0E0, where E ¼ diagðeÞ,

R ¼
Rb̂ 0

0 Rĉ

� �

and D is the matrix of derivatives D ¼ o log e=oh0, with h ¼ ðb0; c0Þ0 denoting the

whole parameter vector. To obtain D, it is convenient to compute the row vector

dx;xHjc ¼ oAx;xHjc=oh
0 first. To this end, it is worth to write Ax;xHjc as

Ax;xHjc ¼
p1p2p3 þ p4
p2p3 þ p4

;

with p1 ¼ expðbw þ bxwxþ bwzzþ bxwzxzÞ, p2 ¼ ewðxH; vÞ, p3 ¼ 1þ eyðx; 0; zÞ and
p4 ¼ 1þ eyðx; 1; zÞ. Under this notation, the three key derivatives to compute are

db0ðx; x
H j cÞ ¼

oAx;xHjc
ob0

¼ fp1p2ðp3 � 1Þ þ p4 � 1gðp2p3 þ p4Þ � ðp1p2p3 þ p4Þfp2ðp3 � 1Þ þ p4 � 1g
ðp2p3 þ p4Þ2

dbwðx; x
H j cÞ ¼

oAx;xHjc
obw

¼ ðp1p2p3 þ p4 � 1Þðp2p3 þ p4Þ � ðp1p2p3 þ p4Þðp4 � 1Þ
ðp2p3 þ p4Þ2

dc0ðx; x
H j cÞ ¼

oAx;xHjc
oc0

¼ ðp1p2p3Þðp2p3 þ p4Þ � ðp1p2p3 þ p4Þðp2p3Þ
ðp2p3 þ p4Þ2

;

while the others can be written as functions thereof. Specifically, a compact form for

dx;xHjc is given by
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dx;xHjc ¼ ½ðdb0ðx; x
H j cÞ; dbwðx; x

H j cÞÞ � dðx; zÞ ; dc0ðx; x
H j cÞdðxH; vÞ�;

where � denotes the Kronecker product and, letting I2 be a diagonal matrix of order

2, dða; bÞ is the row vector returned by the vector-matrix multiplication

dða; bÞ ¼ ð1 ; aÞ½ð1 ; bÞ � I2�. The vectors dx;xjc, dxH;xHjc and dxH;xjc can be calculated

applying the same formulas above to Ax;xjc, AxH;xHjc and AxH;xjc respectively. Then,

the matrix D can be obtained as

D ¼

d1 þ d2

d3

d1 þ d4

d5

d6

0

BBBBBB@

1

CCCCCCA
;

where

d2 ¼ dx;xH=Ax;xH � dxH;xH=AxH;xH

d3 ¼ dx;x=Ax;x � dx;xH=Ax;xH

d4 ¼ dx;x=Ax;x � dxH;x=AxH;x

d5 ¼ dxH;x=AxH;x � dxH;xH=AxH;xH

d6 ¼ dx;x=Ax;x � dxH;xH=AxH;xH

while d1 is a row vector of the same length of h with all its components set to zero

but the ones in the positions of bx and bxz, worth x� xH and zðx� xHÞ respectively.
Again, extension to multiple confounders is immediate provided that b and c are

extended as follows:

b ¼ ðb0; bx; bz1 ; . . .; bzp ; bxz1 ; . . .; bxzp ; bw; bxw; bwz1 ; . . .; bwzp ; bxwz1 ; . . .; bxwzpÞ
0

c ¼ ðc0; cx; cv1 ; . . .; cvq ; cxv1 ; . . .; cxvpÞ
0:

Clearly, in finite-sample analyses one has plug in the estimates b̂ and ĉ everywhere

in the formulae above to obtain the estimated variance/covariance matrix V̂ðêÞ.
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