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ABSTRACT

We consider integral area-minimizing 2-dimensional currents T in U C R**" with 9T = Q [I'], where Q € N\ {0}
and I' is sufficiently smooth. We prove that, if ¢ € I is a point where the density of T is strictly below Q;rl , then the current
is regular at ¢. The regularity is understood in the following sense: there is a neighborhood of ¢ in which T consists of
a finite number of regular minimal submanifolds meeting transversally at I' (and counted with the appropriate integer
multiplicity). In view of well-known examples, our result is optimal, and it is the first nontrivial generalization of a classical
theorem of Allard for Q = 1. As a corollary, if 2 C R**" is a bounded uniformly convex set and I' C Q2 a smooth
1-dimensional closed submanifold, then any area-minimizing current T with 3T = Q [I'] is regular in a neighborhood
of I'.
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0. Introduction

Consider an area-minimizing integral current T of dimension m > 2 in R"*" and
assume that 9T is a smooth submanifold, namely 3T = ). Q; [T';], where Q; are (pos-
itive) integer multiplicites and I'; finitely many pairwise disjoint oriented smooth and
connected submanifolds of dimension m — 1. The present paper is focused on under-
standing how regular T can be at points p € U,I'; and our primary interest is that the
integer multiplicities are allowed to be larger than | and the codimension 7 is at least 2.
Indeed, when the codimension is 1 the situation is completely understood (cf. [1, Problem
4.19]): first of all the coarea formula for functions of bounded variation allows to decom-
pose, locally, the current T into a sum of area minimizing integral currents which take
the boundary with multiplicity 1; hence we can apply to each piece of the decomposition
the celebrated theorem by Hardt and Simon [19], which guarantees full regularity at the
boundary, namely the absence of any singularity.

A quite general boundary regularity theory was developed by Allard in the pio-
neering fundamental work [4], which covers any dimension and codimension and is valid
for more general objects, namely stationary varifolds. In [4] Allard restricts his attention
to boundary points where the density, namely the limit of the mass ratio

I'TII(B,(q))

O(T, ¢) =1
(T, 9 o

is sufficiently close to % His Boundary Regularity Theorem guarantees then that, under
such assumption, ¢ is always a regular point. Indeed this generalizes a similar statement in
his PhD thesis [2], which covered the case of area minimizing currents in codimension 1.

In the introduction to [2] Allard points out that when the multiplicity of the
boundary I' is allowed to be an arbitrary natural number Q) > 1, the assumption
O(T, ¢ < é + ¢ 1s empty and should be replaced by O(T, ¢) < % + ¢. However he
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quotes a possible extension of his theorem as a very challenging problem. This basic ques-
tion was raised again by White in the collection of open problems [1], cf. Problem 4.19,
where he also explains that the nontrivial situation is in higher codimension, given the
decomposition through the coarea formula already explained a few paragraphs above.
Our paper gives the very first result in that direction and solves Allard’s “higher multi-
plicity” question for 2-dimensional integral currents. Before stating it we wish to discuss
what we mean by “regularity at the boundary”.

Defimtion 0.1, — Assume "1 is an area mimimizing 2-dimensional integral current in U C
R*™ such that 3T LU = Q [T']] for some integer Q > 1 and some C' embedded arc T. p is called
a regular boundary point i/ T consists, in a neighborhood of p, of the union of finitely many
smooth submanifolds with boundary ', counted with appropriated integer multiplicities, which meet at T’
transversally. More precisely, if there are:

(1) a neighborhood U of p;
() a finite number of C' oriented embedded 2-dimensional surfaces in U denoted by
Ay, Ay
(111) and a finite number of positive integers ki, . . ., k

such that:

(@ oA,NU=TNU=T NU (in the sense of differential topology) for every j;
(b) A,V A, =T NU forevery j # L;

(c) forallj # [ and at each q € T" the tangent planes to A; and A, are distinct;
(d) TLU =3k [A] (hence 3k = Q).

The set Reg, (1) of boundary regular points is a relatively open subset of " and its complement in T
will be denoted by Sing, ('T).

Our main Theorem reads as follows.

Theorem 0.2, — Let U C R*™ be an open set, T C U be a C** embedded arc for some
oy > 0, and T be a 2-dimensional area-minimizing integral current such that 3T = Q [I']. If g€ T
and O (T, q) < QTH, then T s regular at q in the sense of Definition 0.1.

Remark 0.3. — Note that it is well known that there are smooth curves (counted
with multiplicity 1) in the Euclidean space, even in R?, which span more than one area-
minimizing current. In particular, if ' C R? is such a curve and T, Ty two area minimiz-
ing currents with 8T; = [['], i =1, 2, then T :=T| 4+ T is an area minimizing current
with T = 2[I'] (this follows because any area-minimizing current S with boundary
dS = 2 [I'] must have mass which doubles that of T;, and hence equals that of T). Let us
analyze the above example more accurately. In view of the interior and boundary regu-
larity theory, both T’} and T are smooth submanifolds up to the boundary; 1.e. a standard
argument using Allard’s boundary regularity theorem [4] (cf. [5, Section 5.23]) implies
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that T; = [A,] for two connected smooth submanifolds such that 3 A; = I’ in the classical
sense of differential topology. Since any integral area-minimizing 2-dimensional current
in R® is an embedded submanifold (with integer multiplicity) away from the boundary,
we also conclude that A, and A,y do not intersect except at their common boundary I'.
The Hopf boundary lemma then implies that at every point p € I" the two currents have
distinct tangents, i.e. A} and Ay meet at their common boundary transversally.

In view of the above remark we cannot expect, in general, a “better” conclusion
than the one of Theorem 0.2 or, in other words, we cannot expect that the number J in
Definition 0.1 is 1. However, an obvious corollary of Theorem 0.2 is the following.

Theorem 0.4, — Let U, T, I' and q be as in Theorem 0.2. Then there is a neighborhood U’
of ¢ in which T = Q [A] _for some smooth minimal surface A if and only if one tangent cone to T at q
is “flat”, i.e. contained in a 2-dimensional linear subspace of R**".

Even though the assumption that ©(T, ¢) is sufficiently close to % seems, at a
first glance, very restrictive, we can either follow a lemma of Allard in [4] (valid in any
dimension and codimension) or a simple classificaton of the boundary tangent cones (cf.
[17]) to show that it holds when spt(dT) is contained in the boundary of a bounded
C? uniformly convex set 2. For this reason, complete regularity can be achieved when
there is a “convex barrier”. Since this is an assumption which will be used often in some

sections of the work, we wish to i1solate its statement.

Assumption 0.5. — Q C R*™ is a bounded C** uniformly convex set_for some atg > 0,
[ C 3K is the disjoint union of finitely many C>* simple closed curves {U;};i—._x. T is a 2-
dimensional area-minimizing integral current in R**" such that 9T =, Q; [T"/].

Theorem 0.6, — Let I', Q and T be as in Assumption 0.5. Then Sing,('T) us empty.

In fact we can give a suitable local version of the above statement from which
Theorem 0.6 can be easily concluded, cf. Theorem 2.5.

In the next section we will outline the arguments to prove Theorem 0.2, 0.4, and
0.6. Before coming to it we wish to point two things. We are confident that the methods
used in this work generalize to cover the same statement as in Theorem 0.2 in an arbitrary
smooth (i.e. C**) complete Riemannian manifold, but in order to keep the technicali-
ties at bay we have decided to restrict our attention to Euclidean ambient spaces. Even
though the basic ideas behind this work are quite simple, the overall proof of the theorems
is quite lengthy. For instance before the recent paper [15] of the first author, joint with
De Philippis, Hirsch, and Massaccesi, not even the existence of a single boundary regular
point was known, without some convex barrier assumption and in a general Rieman-
nian manifold. Part of the challenge is that several crucial PDE ingredients are absent in
codimension higher than 1. Let us in particular mention three facts:
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(a) There is no “soft” decomposition theorem which allows to reduce the general
case to that of multiplicity 1 boundaries;

(b) Boundary singularities occur even in the case of multipliciy 1 smooth bound-
aries;

(c) There is no maximum principle (and in particular no Hopf boundary lemma)
available even if we knew a priori that the minimizing currents are completely
smooth.

1. Outline of the proof

In the first step (cf. Section 2), we use the classical convex hull property to reduce
the statement of Theorem 0.6 to a local version, cf. Theorem 2.5. The latter statement
will then focus only on a portion of the boundary, but under the assumption that the
support of the current is contained in a suitable convex region, cf. Assumption 2.4. The
crucial point is that this convex region forms a “wedge” at each point of the boundary, cf.
Definition 2.2.

In the second step (cf. Section 3) we recall the classical Allard’s monotonicity for-
mula and we appeal to a classification result for 2-dimensional area-minimizing integral
cones with a straight boundary (see [17]) to conclude that, in all the cases we are dealing
we can assume, without loss of generality, that all the tangent cones to T at every bound-
ary point p consist of a finite number of halfplanes with common boundary T,I", counted
with a positive integer multiplicity, cf. Theorem 3.5.

At this point, taking advantage of pioneering ideas of White, cf. [23], and of a
recent paper by Hirsch and Marini, cf. [21], the tangent cone can be shown to be unique
at each point p € I'. We need, strictly speaking, a suitable generalization of [21], but the
simple technical details are given in the shorter paper [17]. This uniqueness result has
two important outcomes:

(a) At any point p € I' where the tangent cone is not flat (i.e. it is not contained
in a single half-plane) we can decompose the current into simpler pieces, cf.
Theorem 4.3;

(b) the convergence rate of the current to the cone is polynomial (cf. also Corollary
15.1.

Point (a) reduces all our regularity statement to Theorem 0.4 (in fact we will focus on a
slightly more technical version of it, cf. Theorem 4.6). To see this, we observe that the
proof of Theorem 2.5 given in Section 4.3 applies mutatis mutandis to prove Theorem
0.2. Point (b) gives one crucial piece of information which will allow us to conclude The-
orem 4.6. The remaining part of this work will in fact be spent to argue for Theorem 4.6
by contradiction: if a flat boundary point p is singular, then the convergence rate to the
flat tangent cone at p must be slower than polynomial, contradicting thus (b).
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We first address a suitable linearized version of Theorem 4.6: we introduce mul-
tivalued functions and define the counterpart of flat boundary points in that context,
which are called contact points. In Theorem 5.5, we then prove an analog of Theorem 4.6
in the case of multivalued functions minimizing the Dirichlet energy using a version of the
frequency function (see Definition 5.6) first introduced by Almgren. However, while the
proof of Theorem 5.5 might be instructive to the reader because it illustrates, in a very
simplified setting, the idea behind the “slow decay” at singular points, the crucial fact
which will be used to show Theorem 4.6 is contained in Theorem 5.3: the latter states
that, if a multi-function vanishes identically at a straight line and it is I-homogeneous,
either it is a multiple copy of a single classical harmonic function, or the homogeneity
I equals 1. The overall idea is that, if p 1s a singular flat point, then it can be efficiently
approximated at small scales by an homogeneous harmonic (i.e. Dirichlet minimizing)
multivalued function as above (not necessarily unique), which however cannot be a mul-
tiple copy of a single classical harmonic function. Since the homogeneity of the latter
will be forced to be 1, we will infer from it the slow decay of the “cylindrical excess” (cf.
Definition 6.1). However, the work to accomplish the latter approximation proves to be
quite laborious and it will pass through a series of more and more refined approximations.

We note in passing that there is a substantial difference to the linear theory de-
veloped in [15], due to the different class of competitors and hence the different type of
deformations which are allowed.

Next, in the Sections 6, 7, 8, and 9 we prove that the current can be efficiently
approximated by multivalued Lipschitz functions when sufficiently flat (cf. Theorem 9.1)
and that the latter approximation almost minimizes the Dirichlet energy (cf. Theorem
7.3). These sections take heavily advantage of the tools introduced in [8, 9] and of some
ideas in [15]. However these approximations are not sufficient to carry on our program.

A new refined approximation is then devised in Section 10. At every sufficiently
small scale we can construct a “center manifold” (i.e. a classical C* surface with bound-
ary I') and a multivalued Lipschitz approximation over its normal bundle (called normal
approxumation), which approximates the current as efficiently as the “straight” approxima-
tion in Theorem 9.1, cf. Theorem 10.16 and Theorem 10.21 for the relevant statements.
This new normal approximation has however two important features:

(1) It approximates the current well not only at the “starting scale” but also across
smaller scales as long as certain decay conditions are ensured.

(i1) At all such scales the normal approximation has average close to 0 (namely it
is never close to a multiple copy of a single harmonic function, compared to its
own Dirichlet energy).

The Sections 11, 12, and 13 provide a proof of Theorem 10.16 and Theorem 10.21.
While the first center manifold was introduced in the monograph [5] by Almgren, our
constructions borrows from the ideas and tools introduced in [10] and [15].

Our proof would be at this point much easier if the validity of (i) above would hold,
around the given singular flat point p, at all scales smaller than the one where we start
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the construction of the center manifold. This information would imply that we need to
construct a “single center manifold” which starts at a given scale and covers all smaller
ones. Unfortunately we do not know how to achieve this and here there is another cru-
cial difference with [15], where an improved (almost quadratic) decay allows the authors
to construct such single center manifold at some special points. We are instead forced to
construct a sequence of center manifolds which cover different sets of scales, cf. again Sec-
tion 15.1. At certain particular scales we need therefore to change approximating maps,
i.e. to pass from one center manifold to the next. Section 14 provides then important
information about the latter “exchange scales”. Both sections are heavily influenced by
similar considerations made in the papers [10, 11].

The remaining parts of the paper are thus focused to show that, at a sufficiently
small scale around the flat point p, all these normal approximations are close to some
homogeneous Dir-minimizing function (not necessarily the same across all scales), which
by Theorem 5.3 will then result to be 1-homogeneous. The key ingredient to show this
homogeneity is the almost monotonicity of the frequency function of the normal approx-
mmation (a celebrated quantity introduced by Almgren in his pioneering work [5]). In
order to deal with the boundary we resort to an important variant introduced in [15].
The key point is to show that, as » | 0, the frequency function I(7) of the approximation
at scale 7 converges to a limit. However, since our approximation might change at some
particular scales, the function I undergoes a possibly infinite number of jump discontinu-
ities, while it is almost monotone in the complement of these discontinuities. In order to
show that the limit exists we thus need:

(1) a suitable quantification of the monotonicity on each interval delimited by two
consecutive discontinuities;
(2) a suitable bound on the series of the absolute values of such jumps.

The relevant estimates, namely (15.13) and (15.14), are contained in Theorem 15.5.
While the proof of (15.13) takes advantage of similar cases handled in [11] and [15],
(15.14) is entirely new and we expect that the underlying ideas behind it will prove useful
in other contexts. The Sections 16 and 17 are dedicated to prove the respective estimates.

Finally, in Section 18 we carry on the (relatively simple) argument which, building
upon all the work of the previous sections, shows that the rate of convergence to the
tangent cone at a singular flat point must to be slower than any polynomial rate. As already
mentioned, since the convergence rate has to be polynomial at every point, this shows that
a singular flat point cannot exist.

2. Convex hull property and local statement

We start recalling the following well known fact:
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q+ W( '/;_,l'. v(q),0)

T,r

FiG. 1. — An illustration of the wedge where V is the tangent T, I" to I" at some boundary point ¢, whereas v the interior
unit normal v(¢) to the convex barrier 2 at ¢

Proposition 2.1. — Assume T is an area minimizing m-dimensional current in R™ " with
spt(d'T) compact. Then spt(T') is contained in the convex hull of spt(9'T).

Proof. — The statement can be concluded from much stronger ones, for instance
we can use that ||'T|| is an integral stationary varifold in R™*" \ spt(T) and invoke [22,
Theorem 19.2]. O

We then take advantage of a simple and elementary fact which combines the reg-
ularity of I with the uniform convexity of the barrier £2. We will state this fact in higher
generality than we actually need in this manuscript.

Definition 2.2. — First of all, given an (m — 1)-dimensional plane NV C R™ ™" we denote by
pv the orthonogonal projection onto V. Given additionally a unit vector v normal to V- and an angle
v € (0, %) we then define the wedge with spine V, axis v and opening angle ¥ as the
set

(2.1) WV, v, ) :=D:p—pv®) — 0-v)v| < (tand)y- v},
see Figure 1 for an illustration.

In particular we have the following lemma.

Lemma 2.3. — Let Q@ C R™™ be a C* bounded open set with uniformly convex boundary
and T a C* (m — 1)-dimensional submanifold of 92 without boundary. Then there is a 0 < ¥ < 0
(which depends only on I and S2) such that the convex hull of T (which we denote by ch (I') ) satisfies

ch(T) C [ (g +W(T,T, v(g), ),

qel

where v(q) denotes the interior unit normal to the convex barrier Q2 at q.

We postpone the proof of the lemma to the end of the section. Using Proposition
2.1 and Lemma 2.3 we can reduce Theorem 0.6 to a suitable local statement. In partic-
ular we will replace Assumption 0.5 with the following one:
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Assumption 2.4. — Q > 1 is an arbitrary integer and U a given positive real number smaller
than % [ isa C** arc in U = B (0) C R*™ with endpoints lying in 9B, (0).! Moreover v : T —
St is a C** map such that v(q) L 'T,T. T is a 2-dimensional area-minimizing integral current in
U such that:

2.2 @T)LU=Q]r],
(2.3) spt(T) C [ )(g+W(T,I, v(g), 9)) .
qel’

Moreover,
(2.4) A=kl +Vle <1,

where K denoles the curvature of T and v is the derwvative, in the arclength parametrization, of v.

Theorem 2.5, — Let T" and T be as in Assumption 2.4. Then Sing, (T') us empty.

Proof of Lemma 2.3. — Since ¢ + W(V, v, 1) is a convex set, we just need to show
the existence of a 0 < ¥} < % such that I' C (¢ + W(T, I, v, ¢)) for every ¢ € I". The
latter is equivalent to show the existence of a constant C > 0 such that

(2.5) p—9) — (=) - v()v(g)) —pv(p— DI < C((p— ) - v(9)
Vp,qeT.

The strict convexity of d€2 ensures that for every € > 0 there is a constant C such that
(2.5) holds if additionally |[p — ¢| > €. Thus we just have to show the inequality for a
sufficiently small €. In order to do that, fix ¢ and assume w.l.o.g. that it is the origin, while

at the same time we assume that T,I' =TI’ ={x,=--- =x,4, =0} and v = ijH‘ We

will use accordingly the coordinates (y, z, w), with y € R"™!, z € R", and w € R. By the
C? regularity of Q and I, in a sufficiently small ball B,(g) = B, (0) the points  in I" are
described by

(2.6) p=02w)=0./0),50./()))

for some f and g which are C? functions. Observe that £(0) = 0, Df(0) = 0, g(0) = 0,
and Dg(0) = 0. Moreover ||D?*f|lco < Cy and D?g > ¢Id for constants ¢y > 0 and Cy,
which depend only on I' and 2. Similarly, the size of the radius ¢ in which the formula
(2.6) and the estimates are valid depends only on €2 and I' and not on the choice of the
point ¢. Next, compute

=9 -v(Q) =20, fO)) = (I’ + [f DI > ol

"'Le. T'= ([0, 1]) where y : [0, 1] — B, (0) is a C** diffeomorphism onto its image.
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and

=) — (=) - v —pvp— DI =) < Copl”.

The desired inequality is then valid for C := % 0J

3. Tangent cones

We start recalling Allard’s boundary monotonicity formula. More specifically, we
first define

Defination 3.1. — For every point p € By, we define the density of T at the point p

O(T, p) :=1m m ’
o Tr

whenever the latter imit exists.

Next, we introduce the notation x for the curvature of I' and we consider the
functions ®;(T, p, r) and O, (T, p, r) given by

) ot gy ITIBO)
Tr
T||(B,
3.2) OUT, 1) 1= exp Gyl I r )

where Cy = Cy(n) 1s a suitably large constant.
Theorem 3.2. — Let T be as in Assumption 2.4.

(@) Ifpe B\ T, then r— O;(T, p, r) is monotone on (0, min{dist(p, I'), 1 — |p]}),
(b) fpeB N, then r = OL(T, p, r) s monotone on (0, 1 — [p]).

Thus the density exists at every pont of By. Moreover, the restrictions of the map p — O(T, p) to
I'NBy and to By \ T are both upper semicontinuous.
IfX € CL(By, R*™), then the first variation of T with respect to X satisfies

(3.3) STX)=Q / X - 7n(x) dH' (x)
r

where 1 is a Borel vector field with || < 1.
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Moreover, if p e I' and 0 < s <r < 1 — |p|, we then have the following precise monotonicity
udentity

|k =p*P°

(3.4) r2||T||(B,,(p))—s2||T||(BJ.(p))—f — 4Tl (x)

B)\B.() X — Pl

=Q/ / (x—p) - n(x) dH' (x) dp
s 'NB,(p)

where Y+ (x) denotes the component of the vector Y (x) orthogonal to the tangent plane of "1 at x (which
us oriented by T'(x)).

The assumptions of the theorem are actually more restrictive than what is really
needed, for instance in [15], when ) = 1, the monotonicity formula is derived in a dif-
ferent way without any convexity/density assumption. We expect that something along
those lines can be done in our case too, but we do not attempt to do it here, we rather
prefer to show how to quickly derive Theorem 3.2 from already existing references in the
literature.

Note first that §T(X) =0 for X € CCI(Bl \ I') follows in a straightforward way
from the minimality property of T. In particular ||T|| is a stationary integral varifold in
B, \ I" and (a) and (b) are consequences of the celebrated works of Allard, cf. 3] and [4].
Next note that (3.4) follows from (3.3) arguing, for instance, as in [6] for [6, Eq. (31)] (see
[3, 4] as well). Coming to (3.3), note first that the derivation of [15, (3.8)] is valid under
our assumptions, with the additional information §T = 6T (following the terminology
and notation of [15, Section 3]). We then just need to show that [|§T,|| < Q- H'LT. The
latter follows easily arguing as in [15, Section 3.4] once we have shown that © (T, p) = 70‘
at every p € I', see below.

As in [15, Section 3] we introduce the following notation and terminology.

Defination 3.3. — Fix a pont p € spt('T') and define for all r > O

L/’n‘(?) = q%p .

We denote by 'Ly, , the currents
Tp’r = ([[)’;)ﬁT .

We call the current 'T,, the blow up at the point p and scale » of T. Let Ty be a current
such that there exists a sequence r, — O of radu such that T, ,, — T, we say that T, is a tangent
cone to T at .

We recall the following consequence of the Allard’s monotonicity formula, cf. [4].
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Theorem 3.4, — Let 'L be as in Assumption 2.4 or as in Theorem 0.2. Fix p € spt(T) and
take any sequence 1, |, 0. Up to subsequences T, 1s converging locally in the sense of currents to an
area-mimimizing integral current T

(@) Ty us a cone with vertex O and ||'To||(B;(0)) =7 O (T, p);
(b) ifpespt(I)\T, then 9Ty =0;
(c) fpeT, then 3Ty =Q[T,I'].

Moreover ||'T,, || converges, in the sense of measures, to ||'T||.
We next show the following elementary fact:

Theorem 3.5. — Let T be as in Assumption 2.4 and p € T'. Any tangent cone Ty at p € T’
has then the following properties:

(@) spt(To) s contained in W(L,I', v(p), D) (where v(p) and © are the vector and the
constant gien in Assumption 2.4);

(b) Thereareky, ... ks € N\ {0} and 2-dimensional distinct oriented half-planes V1, . .., Vx
with 3 [V, = [T,T'] such that

(3.5) To=Y k[V].

Note in particular that 20 (T, p) = Q = " k;, and thus 1 <N < Q,
Conclusion (b) holds under the assumptions of Theorem 0.2 provided we choose p sufficiently close
lo q.

The first part of the theorem is in fact at the same time a particular case of a more
general theorem of Allard in higher dimensions (under Assumption 2.3) and of a general
classification of all 2-dimensional area-minimizing cones with 3T, = Q [¢], where £ is
a straight line, given [17]. In particular since point (a) is obvious, point (b) is a direct
corollary of [17, Proposition 4.1] and of (a). As for the second part of the statement,
observe that, by [17, Proposition 4.1], 20 (T, p) is always an integer no smaller than
Q. Recalling that I" 3 p = O(T, p) is upper semicontinuous, under the assumptions of
Theorem 0.2 we must necessarily have (T, P) = % for every p sufficiently close to ¢.
Then conclusion (b) follows again from [17, Proposition 4.1]. Since it will be useful later,
we introduce a notation for the cones as in (3.5).

Definition 3.6. — Let £ C R*™ be a 1-dimensional line passing through the origin and let
Q e N\ {0}. We denote by B (£) the set of area minimizing cones of the form T = Zil k [Vi],
Sor any finite collection of distinct half-planes V; such that 8 [V;] = [£] and any finite collection of
positive integers {k;}x

1=

| Such that Zil k; = Q. Moreover we will call such cones open books.
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4. Uniqueness of tangent cones and first decomposition

In this section we appeal to [17, Theorem 1.1], which follows the ideas of Hirsch
and Marini in [21], in order to claim that the tangent cone to T at p € T" is unique.

Theorem 4.1. — Let T and T be as in Assumption 2.4. Then the tangent cone at each p € T’
is umque and_from now on will be denoted by T, o. The same conclusion holds under the assumptions of
Theorem 0.2 provided q 1s sufficiently close to p.

In fact such a uniqueness theorem comes with a power-law decay (cf. [17, Theorem
2.1]), which in turn allows us to decompose the current at any point p € I' where the
tangent cone is not contained in a single half-plane. Before coming to its statement, we
introduce the following terminology.

Defimition 4.2. — Let T and T be as in Assumption 2.4. If the tangent cone Ty to T at
p € U is of the form Q [V] for some 2-dimensional half-plane V., then p is called a flat boundary point.

Theorem 4.3 (Decomposition). — Let T and T be:

— euther as in Assumption 2.4,
— oras in Theorem 0.2.

Assume that p € T" 1s not a flat boundary point and in the second case assume further that p is sufficiently
close to q. Then there is p > 0 with the following property. There are two positive integers Q; and Qq
and two area-mimimizing currents 'I'y and Ty in B, (p) such that:

(@ T\ +Ty=TLB,(p) (thus Q; + Qy=Q)),

(b) dT;LB,(p) =Q; [T NB,(p)].

(c) spt(T)) Nspt(Ty) =T NB,(p),

(d) at each point ¢ € B,(p) NI the tangent cones to 'T'y and Uy have only the line T ;T in
common, i.e., (I')) g 0, (L9)y.0 both are area-mimimizing cones with boundary 9('1;), o =
Q; [T, T'] sharing only the line T ;T = spt((T1),,0) N spt((Ts)y0)-

At flat points we are not able to decompose the current further and in fact the final
byproduct of the regularity theory of this paper is that in a neighborhood of each flat
point, the current is supported in a single smooth minimal sheet. For the moment the
uniqueness of the tangent cones (and the corresponding decay from which we derive it)
allows us to draw the following conclusion.

Theorem 4.4, — Let T and T be as in Assumption 2.4 or as in Theorem 0.2. Assume that
p € T is a flat boundary point, that Q [V] is the unique tangent cone of T at p, and, in the case of
Theorem 0.2 that p 1s sufficiently close to q. Let n(p) € V be the unit normal to T at p and define in a
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neighborhood of p

1) n(q) = n(p) —n(p) - t (@)t (q)
' P00 =) @)

where T 1s the unit tangent vector to I" orenting 1.
Then, for every 6 > O there is a p > 0 such that

(4.2) sptT) NB,(p) €[] (g+W(T,I\n(g).0)).

¢€B,(HNT

The previous two theorems allow us to reduce both Theorem 2.5 and Theorem
0.2 to the following simpler statement. We postpone the proof to Section 4.3.

Assumption 4.5. — Q > 1 15 an arbitrary integer and ¥ a given positive real number smaller
than % [ is a C** arc in B1(0) C R*™ with endpoints lying in 3B, (0). T is a 2-dimensional
area-minimazing integral current in U such that (9T).U = Q[I']. 0 € " is aflat point, Q [V] s
the unique tangent cone to 'I" at O and we let n be as i (4.1). Moreover

(4.3) sptT)C (] (g+W(T,T,n(g), #)),

¢€B (0)NT
where ¥ 1s a small constant.

Theorem 4.6. — Let'U and T be as in Assumption 4.5. Then there is a neighborhood U of O
and a smooth minimal surface & in U with boundary T such that TI.U = Q [Z].

Obviously the latter theorem implies as well Theorem 0.4.

4.1. Decay towards the cone. — We first state a more precise version of Theorem 4.1.
To that end we recall the flat norm F and the definition of spherical excess. Given an
integral 2-dimensional current S we set

F(S) :=infilM(P) + M(R) : S= 9P+ R, Rel,, PeL)}.

Moreover, for T as in Assumption 2.4 and p € I' we define the spherical excess e(p, ) at
the point p and with radius 7 by

TN, (p)) ITI®B.@)  Q
- T2

(4.4) e(p, 1) : — =,

—0(T,p =

We are now ready to state the main decay theorem. Its proof follows the ideas of
[21], but it 1s in fact a consequence of a more general result, which is proved separately
in our work [17], cf. [17, Theorem 2.1].



AN ALLARD-TYPE BOUNDARY REGULARITY THEOREM

Theorem 4.7, — Let U and " be as in Theorem 4.1. Then there are positive constants &y, C
and a with the following property. If p € T and e(p, r) < &2 for some r < dist(p, 9B), then:

(@) le(p. p)| < Cle(p. NI (2)™ + Cp™ for cvery p <.
(b) There is a unique tangent cone T, o 1o 'T at p,
(¢) The following estimates hold for every p <r

(4.5) F(T,, B, T,0LB)) < Cle(p, NI? (2)" + Cp®,
(4.6) distiy (spt(T,,,) N By, spt(T, o) NBy) < C(2)".

4.2. From Theorem 4.7 to Theorem 4.5. — We fix a point p as in the statement of
Theorem 4.3, we choose a radius 7, so that By, (p) C B,(0) if we are under case (a). If we
are under case (b), 1.e. under the assumptions of Theorem 0.2 we assume that ¢ = 0, that
in B,(0) T is sufficiently close to its tangent cone, and that p € B,(0), all conditions that
we can reach after applying a translation and a suitable homothety.

We fix thus &), o and C given by Theorem 4.7. Moreover, in order to simplify the
notation, we write T, rather than T, for the unique tangent cone to T and .

First of all we observe that

ITIB, (@) Q _ITIByy, @)  Q

A1) = g 2 g 2

. 2 . 2
:<ro+|p ql) e(p,ro+|p—q|)+(<’°+'p ql) _1>9
10 ) 2

In particular, if 7 is chosen sufficiently small, we can assume that e(g, 7,) < 5&2 for every
point ¢ € I' N B, (p). The rest of the proof is divided into three steps.
In a first step we compare tangent cones between different points and prove

(4.7) F(T,LB,, T,LB)) <Clg—p|" VYgeB,().

Next, since T, is not flat by assumption and because of the classification of tangent cones,
we can find half-planes V and V|, ... Vy all distinct, such that

(4.8 T,=Q [VI+> Qv

where Q; < Q and Qy:=Q — Q; =Y. Q; > 0. Let 7 be the unit vector in V which is
orthogonal to T,I". We then infer the existence of a positive %y with the property that

4.9) Vi R\ W(T, L, . 899) =t Wi(T, T, n, 8%) .
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For every point ¢ € I sufficiently close to p we project n onto the orthogonal complement
of T,I" and normalize it to a unit vector n(¢). (4.7) will then be used to show the existence
of r > 0 such that

(4.10) spt(T,) C W(T,I", n(q), 290) UW'(T,I", n(q), 790) VYqeT NB,(p).
Hence we use (4.5) to show the existence of 7 > 0 such that
(4.11) spt(T) N By(g) C (g + W(T,T, n(g), 39)) U (g + W'(T,T, n(q), 69%)).

(4.11) allows us to define

(4.12) Ty :=TL [ B:(p) N[ )(g+W(T,I. n(g), 390)) | .

q

(4.13) Ty:=TL

B;(p) N[ )(g+W(T,T, n(g), 690)) | ,

q

(
\
(
\

and to show that T} + Ty = TLB;(p) and that each of the T; is area-minimizing. The
final step is then to prove that

(4.14) ITILB:(p) =Q, [T NB;(p)] .

Step 1. Proof of (4.7) In order to prove (4.7) set py := |p — ¢| and observe that, it
suffices to show the estimate

F(T,LB,,T,,LB)) <Cp"

for some p € [po, 200], whose choice will be specified later. For v € R**", denote by
7, the translation by the vector v. If we choose v := (¢ — p)/p it is easy to see that
T,,LB; = (1_,):(T,,LB;(v)) and since the flat norm is invariant under translations,
we get

F(T,LB,,T,,LB))=F((7,):(T,L.B,(0)), T, ,LB(v)).

On the other hand, observe that T is invariant by translation along T,I" and that, if we
write v = w + pr,r(v) =: w + 2, then |w| < Cp. Hence we have

F(T,L By, T, ,L B)) = F((r,):(T,L By(2)). T, B, (1))
< F((tw):(T,LB1(2)), T,L. B1(2))
+ F(T,LB(2), T,L B, (v))
+ F(T,LB,(v), T,,LB,(v)).
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The first two summands can be easily estimated with Cp. Indeed for the first term we
write

(1) (T)LB1(2)) — T, LB (2) = d((T,L B, (2)) x [[0, w]]) =: 9Z

and we estimate M(Z) < C|w| < Cp, whereas for the second term we can estimate di-
rectly

M(T,L B (z) — T,L B, (v)) < Clw].

It remains to bound the third summand. To that end we employ the fact that we are

free to choose p € [po, 2p¢] appropriately. Note that the point v depends on p: we will

therefore write v(p) from now on and use vy for v(pp), while we define o := £. By a

e
simple rescaling argument we observe that, for all o € [1, 2], '

F(I,LB1(v(p)), T, ,LBi(v(p)) = CF(T,LB;(vg), T}, p, L Bo (v9)) .

We complete the bound on the third summand by showing that, if o is chosen appropri-
ately, then

(4.15) F(T,LBy (), T, LB, (vp)) < CF(T,LB5(0), T, LB5(0)).

Indeed, after showing the above inequality, using a simple scaling argument, we can fur-
ther estimate

F(T,LB5(0), T,,,LB;(0)) < CF(T,LB(0), T, 3, B1(0))

and take advantage of (4.5) to conclude.
In order to show (4.15), fix currents R and S such that (T, — T, ,)LB3(0) =
R + 9S with

M(R) +M(S) < 2F(T,LB3(0), T, ,,LB3(0)).

Let now d(x) := |x — vy| and for every o use the slicing formula [22, Lemma 28.5] to
write

(T, = T,,)LBs(v9) =RLB,(v) +3(SLB,(vy)) — (S,d,0).

Since
2
/ M((S,d,0)) do < M(SLBy(vp)) < M(S),
1

it suffices to choose a o for which M((S, d, o)) < 2M(S).
We now show (4.10). Call V, :=V and parametrize every V; by

V, = {av+bw;:a, bR, b> 0}
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where v e T)T", w; Lv, [v]=1=w,.

Observe that T carries the same structure as T’y and hence, we can write T, = Zj k; [[\7]]]
with

V= {ab + b : a, b €R, b > 0}
where & € T,T, w; L 9, 3] =1 =] .

Using (4.7), we deduce for small enough r > 0 and ¢ € B,(p), we can relabel the indices j
and partition them as Jo U J; U--- U Jy in such a way that:

() Yo h=Qand Y k=Qforie{l,...,N}

(i) For everyj € J; and for every i € {0, ..., N} we have

In particular, for r > 0 small enough, we have
w; € W(T, I, n(g), 200) UW'(T,I", n(¢g), 709) VYge T NB,(p) andVj.

Step 2. Proof of (4.11) The latter is a simple consequence of the estimates proved
in the previous two steps and of (4.6) and is left to the reader.

Step 3. Proof of (4.14) Observe that d'T L B;(p) is supported in ' NB;(p) and is a
flat chain without boundary in B;(p). By the Constancy Lemma of Federer [18, 4.1.7], it
follows that 3T L B;(p) = © [I" N B;(p)] for some constant ©. In particular T} is integral
and thus © is an integer. Since it is area minimizing, it follows from our analysis that T,
has a unique tangent cone (T}), at p and that 7 ® equals twice the mass of (T'), in B, (0).
On the other hand the latter cone is the restricion of T, to W(T,I", n(p), 39%), which by
assumption is Q; [V] for a fixed half-plane V with boundary T,I". Thus ® = Q;, which
completes the proof.

4.3. From Theorem 4.6 to Theorem 2.5. — In this subsection we show how to con-
clude Theorem 2.5 from Theorem 4.6 and Theorem 4.3. We argue by induction on Q).
We start observing that for () = 1 there are no boundary singular points, as it can be
concluded by [4]. Assume therefore that Theorem 2.5 holds for all Q) strictly smaller
than some fixed positive integer Q; our aim is to show that it holds for Q = Q, First of
all observe that Theorem 4.4 implies that, if a point p is a flat boundary point, then the
assumptions of Theorem 4.6 are satisfied in a sufficiently small neighborhood of it, and
hence p is a regular boundary point. Let thus F:= {p € I" : p is a flat boundary point}. It
then suffices to show that Sing,(T) \ F is empty, namely we need to show that for every
p €'\ F there is a radius p such that Sing,(T) NB,(p) = @. Fix p as in Theorem 4.3
and let T and T satisfy the conclusion of that theorem. We claim that

(4.16) Sing, (T) NB,(p) C Sing,(T;) U Sing,(T5).
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Since by the induction hypothesis each Sing,(T;) is empty, the latter claim would con-
clude the proof. In order to show (4.16), consider a point ¢ which is a boundary regular
point for both T} and Ts: we aim to prove that ¢ is a regular point for T as well. By the
very definition of boundary regular point, for each z there is a neighborhood U; C B, (p)
of p, minimal surfaces A;, and integer coefficients ka such that:

- TLU =2k [A]
— AN A, CT foreveryj #k;
— the tangents of A} at every point ¢ € I' N U are all distinct.

Now, in U := U, N Uy we clearly have

2
TLU=) > k[anU].
=1

Note that, by Theorem 4.3(c) A ]-1 N A/% C spt(T)) Nspt(Ty) C T for everyj # k. Moreover,
if g€ L NU, then (T))z0 =Y &' [T;A!] and (Ty)z0 = Y- & [T3A7] . We conclude
from Theorem 4.3(d) that for every j and £ the half planes T;IAJ1 and T;A} are distinct,
i.e. intersect only in T;I". This shows that ¢ is then a boundary regular point of T.

An antirely analogous argument holds, mutatis mutandis, if we are under the as-
sumption of Theorem 0.2.

5. Multi-valued functions

The next step of our proof is a detailed study of the boundary behaviour of Dir-
minimizing multi-valued functions. In this section we consider maps « : B,(x) N D —
Ag(R") where D C R? is a planar domain such that D is C*. We will be interested
in maps which take a preassigned value Q [f] at 9D N B,(x). Since by subtracting the
average 1 o u we still get a Dir-minimizer, we can without loss of generality, assume that
J/ vanishes identically. We summarize the relevant assumptions in the following

Assumption 5.1. — D C R? is a C? open set, U is a bounded open set and u € W*(D N
U, Aq(R") a multivalued function such that ulynny = Q [0] and n o u = 0. u is Dir minimizing
in the sense that, for every K C U compact and for every v € W'*(D N U, A (R")) which coincides
with w on (U \ K) N D and vanishes on 0D N'U, we have

Dir (&) < Dir (v) .

Observe that under our assumptions, we can apply the regularity theory of [7] and
[20] to conclude that « is Holder continuous in K N D for every compact set K C U.
More precisely we have the following
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Theorem 5.2. — There is a geometric constant «(Q) > 0 and a constant C. which depends
only on Q) and D such that, if u and D are as in Assumption 5.1, then

1
[]0.0.8, 0D < Co~* (Dir(u, By, (x) ND))*
Jor every By, (x) C U.

In the final blow-up in Section 18, we will prove that the limit of a suitable ap-
proximating sequence is a homogeneous Dir-minimizer. The following theorem will then
exclude the existence of singular boundary points. It is a consequence of the classification
of tangent functions (Theorem 5.9).

Theorem 5.3. — Assume D = {x, > 0}, U=B,(0) and u: DNU — AG(R") is a Dir-
minimizing 1-homogeneous map such that u|yn, = Q [0]. Either u is a single harmonic_function with

multiplicity Q (ie.u=Q[nou] ) or I=1.

Observe that under the additional information that n o u = 0, the first alternative
would imply that « vanishes identically.

In case that the approximating sequence consisted of Dir-minimizers (which it does
not in our case), we mention for completeness here the analouge definition of singular
boundary points for Dir-minimizers (i.e. points at the boundary where the order of “van-
ishing” of the Dir-minimizer is larger than 1) and prove its absence. Even though we will
not need Definition 5.4 nor Theorem 5.5 for our analysis, it illustrates the ideas of our
argument.

Defination 5.4, — Let D, u and U be as in Assumption 5.1. x € 0D will be called a contact
pont if there is a positive & > O such that

1 (
(5.1) lim inf —— |Du|* =0.
pl0 - p*t B, (x)ND

In Section 5.3 we will show the following multi-valued counterpart of Theorem
4.6.

Theorem 3.5. — Let D, u and U be as in Assumption 5.1. If x € OD is a contact pownt, then
u vanishes identically on the connected component of D N U whose boundary contains x.

5.1. Monotonicity of the frequency function. — We introduce here the basic tool of our
analysis, the frequency function, pioneered by Almgren. The version of the Almgren’s
frequency function used here is an extension introduced for the first time in the literature
in [15] to deal with boundary regularity. One of the outcomes of our analysis is that
the limit of the frequency function exists at every boundary point x unless « vanishes
identically in a neighborhood of it.

We recall the definition of the frequency function as in [15, Definition 4.13].
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Definition 5.6. — Consider u € W,;> (D, Aq(R")) and fix any cut-off ¢ : [0, oo[—
[0, oo] which equals I in a newghborhood of 0, it s non wncreasing and equals O on [1, oo[. We
next fix a function d : R* — R which is C? on the punctured space R*\{0} and satisfies the following
properties:

(i) d(x) = |x]+O(]x%),
(i) Vd(x) =75+ O],
(iii) D?d(x) =[x (Id — |x| 22 ® x) + O(1).

By [15, Lemma 4.25], we deduce the existence of such a d satisfying also that Vd is tangent to 9D.
We define the following quantities:

Dy 4(u, 1) ::/gb( (x )> |Du| (x)dx,
D

2
b d(x)

The frequency function is then the ratio

Dy a(u, 1)

Ip.a(u, 7)) i= ———.
’ Hy.o(u,7)
This quantity is essentially monotone.

Theorem 5.7. — Let D, U and u be as in Assumption 5.1. Then there is a function d satisfying
the requirements of Definition 5.0 such that the following holds for every ¢ as in the same definition. Either
u= Q [0] in a neighborhood of 0, or Dy 4(u, 1) is positive for every r (hence 1 4(u, 7) is well defined)
and the limut

0< lifgll(p,d(u, r) < 400

exists and 1t is a positive finite number. In _fact, there is an vy > 0 and C such that r — eC"I¢,d(u, ) s
monotone for all O < r < 7.

We first recall the following identities (compare [15, Proposition 4.18]).

Proposition 3.8. — Let ¢ and d be as in Definition 5.6 and assume i addition that ¢ s
Lipschitz. Let 2, D, U and u be as in Assumption 5.1. Then, for every 0 < r < 1, we have

(9.2) D/(r):_fd,/(w(rx)l) |d(x)||D Pd.
D

(5.3) H'(r) = (% + O(l)) H(r) + 2E(r),
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where
5.4) E@) = —l/ ¢ (@> Z u;(x) - (Du;(x) - Vd(x)) dx,
T Jp r ;

and the constant O(1) appearing in (5.3) depends on the function d but not on .

Theorem 5.7 follows as in [15], as soon as we can show the validity of the above
identities. In turn the latter can be proved following also the computations in [15], pro-
vided we prove that both the outer variations g (x) == [[ui(x) + e (@) ui(x)]] and the
inner variations « o ¥, with ¥, being the flow of Y(x) := ¢ (%")) d‘(é)dzg(l;j) , are competitors
to our problem. This is however obvious. Clearly the outer variations are well defined
and preserve the condition that u|;pny = Q[[0]. As for the inner variations note that,
since Vd 1s tangent to 0D, so 1s Y and thus its flow maps 9D onto itself and D into itself.
This shows that the inner variations are well defined and provide admissible competitors

too.

3.2. Classification of tangent functions. — Following a common path which started
with Almgren’s monumental work (see [15], but also [7-10, 12-14, 16]) we use the
monotonocity of the frequency function to define tangent functions to . Let D, u, U
and / be as in Assumption 5.1. Let x € dD and denote by n(x) the interior unit normal
to dD. If we denote by V* the half space {y : n(x) - y > 0}, the tangent functions to u at
x are multivalued functions defined on V*, which turn out to be locally Dir-minimizing
and in fact satisfy Assumption 5.1 with D = V* for any bounded open set U.

The central result is the following theorem of which Theorem 5.3 is a direct corol-
lary.

Theorem 3.9. — Let D, U and u be as in Assumption 5.1. Let x € 0D and assume that, for
some p > 0, DN B, (x) us connected and u does not vanish identically on B, (x) N D. Define

0,0 =Y ﬁwﬂ |

—~ | Dir(x, B, (x))?

Then 1o(x) := lim, o L(u(- — x),7) = 1 and, for every sequence py | O, there is a subsequence
(not relabeled) such that w, ,, converges locally uniformly on V' to a Dir-minimizer u,o =Y _, [vi]
satisfying the following properties:

(@) each v; : V' — R" is a linear function that vanishes at dV™;

(b) Jfor every i # J, either v; = vj, or v;(») # v;(p) for every y € V*;
(¢) Dir(u,o,B)) =1 andnou.,=0.

Progf — TFirst of all we let I :=Iy(x). It follows from the same arguments of [15,
Lemma 4.28] that a subsequence, not relabeled, of «, , converges to a Dir-minimizer
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.o =Y. [v;] which has the property (c) and which is I-homogeneous. Up to a rotation
of the system of coordinates we can assume that VT = {x; > 0} (and hence aV™ is the xo-
axis). From now on we use polar coordinates on V* and in particular we identify 9B, N"V*
with (=7, 7). Let g = Y, [[gi]| be the restriction of #, o on 9B, N V*. We can then use [7,
Proposition 1.2] to conclude the existence of Holder maps g, ...,g0 : (=7, 7) - R”
such that

g® =Y [a®)].
In particular

u.00.1) = [rg®].

and each (6, r) = r'g;(#) is an harmonic polynomial. In particular I must be an integer.
Since however u, o = Q [[0] on {x; = 0} and Dir(x, , B;) > 0, it must be a positive integer.

Observe that, if i # j and 6, € (—7F, 7) is a point where g;(6y) = gi(6,), then g and
g must coincide in a neighborhood of 6y, otherwise the whole halfline {(r cos 6y, rsin )}
consists of singularities of u,(, contradicting [7, Theorem 0.11]. In particular by the

unique continuation principle for harmonic functions we have

(Alt) either w;(r,0) # u;(r,8) for every (r,0) €]0, —i—oo[x(%, ), or u(r,0) =
u;(r, 0) for every (r, 0) €]0, +oo[><(%, % ,

SO

(Alt) either g:(0) # g(0) for every 0 € (—F,F), or g(0) = g(0) for every 6 €

T T

2> 9/
Next, using the classification of 2-dimensional harmonic polynomials, we know that there
are coeflicients g;, b; € R" such that

g(0) = a;cos(10) 4 b;sin(10) .

If T were even, since g(7) = gi(—75) = 0, we conclude that ¢; = 0. But then all the g’s
would vanish at & = 0 and (Alt) would imply that they all coincide everywhere. This
would however contradict (c). Likewise, if I were odd and larger than 1, then we would
have b; = 0 and all the g’s would vanish at 6§ = % We thus conclude that I is necessarily
equal to 1. This proves then (a), while (Alt) shows (b). 0

5.3. Proof of Theorem 5.5. — Fix a point x € dD and assume that « does not vanish
in any neighborhood of x. Then Theorem 5.9 implies that the frequency function Ij(x)
is 1. Arguing as in [15, Corollary 4.27] we conclude however that, for every § > 0, there
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is a radius p > 0 such that

D(r) D(p)

72+ > (1-19) o2+

>0 Vr<p.

This shows that x cannot be a contact point.

6. First Lipschitz approximation

In this section we consider a neighborhood of a flat point and we introduce the
cylindrical excess E(T, G,(p, V)) as in [15, Definition 5.1]. Then, under the assumption
that E(T, G,(p, V)) is sufficiently small, we produce an efficient approximation of the
current with a multivalued graph. One important point is that the graph of such ap-
proximation, considered as an integral current, will also have boundary Q [T']. From
now on, given a point p and a plane V through the origin, B,(p, V) will denote the
disk B,(p) N (p + V), V* the orthogonal complement of V and C,(p, V) the cylinder
B,(p, V) + V. We then denote by py and ps; the orthogonal projections respectively on
V and its orthogonal complement.

Defination 6.1, — For a current'T in a cylinder G, (p, V) we define the cylindrical excess
E(T, C,(p, V)) and the excess measure ey of a set I C By, (pv(p), V) as

1 - -
E(T,C,(p. V) i= —— f T —VI2dIT],
27[7 C.(p.V)
1 - -
er(F) := —/ T —VI2d|Ty.
2 Jrpve

The height in a set G C R*™ with respect to a plane V is defined as
(6.1) h(T, G, V) :=sup{lpv(g—p)|: ¢, p€spt(T) NG}.

If p and V are omitted, then we understand that V = R? x {0} and C, = C,(0, R? x
{0}).

Assumption 6.2, — Let " and 'T' be as in Assumption 4.5. q s a fixed point, which without
loss of generality we assume to be the origin, r an arbitrary radius such that (3T)_Cy, = Q [T']L Cy,
and

(1) ¢=1(0,0) €T and T,I' =R x {0} C Vo =R? x {0};
(1) y = p(I") divides By, i two disjoint open sets D and By, \ﬁ,
(i) p#TL Gy, = Q[D].
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— (t,(t) /5 (1), [0(t) -
2 /‘: ®,9(P)| .-~

/% = (t5v(t))

" R?x {0}

FIG. 2. — An illustration of the maps describing the boundary
Observe that we can assume (ii1) thanks to (4.3) and that it implies the identities

6.2) E(T,C,) =

o ()2 (ITNC,,) — QDY)

(6.3) er(F)= ||T|(F x R") —Q/DNF|.

Following a classical terminology we define noncentered maximal functions for
Radon measures o and (Lebesgue) integrable functions / : U — R, by setting

1
mf(z):= sup —; S
2€B,0)CU TS JB,(y)
n(B;0))
mp() = naon
€Bp)cu TS
Remark 6.3. — Observe that by our assumptions there is an interval I C R con-

taining (—57, 57) and function ¥ : I — R""! with the property that Cs, N T = {(z, ¥ (1)) :
t € I}. Moreover ¥ (0) =0, 1/}(0) =0and ||1ﬁ lco < CA for a geometric constant C(z). In
particular | (£)] < CA# and [V (1)] < CAL. Finally observe that, if we write ¥ = (Y, V),
then 0D = {(¢, ¥1(¢)) : t € I} and T" can be written as the graph of a function g on 9D
defined by g(t, ¥, (£)) = ¥ (£). See Figure 2.

Proposition 6.4 (First Lipschitz approximation). — There are positive constants C and ¢
(depending only on Q and n) with the following properties. Assume T satisfies Assumption 6.2,
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E:=E(T, Cy) < co. Then, for any 8, € (0, 1), there are a closed set K C D N Bs, and a Q-
valued function u on D N Bs, with the following properties:

(6.4) ulaprs;, = Qg]
1
(6.5) Lip(w) < C(8: +rA)
(6.6) osc(u) < Ch(T, Gy,) + G/E? + CPA
(6.7) K C B;, N {mey <4,}
6.8) G.L[K x R"]= TL[K x R"]
C
6.9) (D NB)\K| = = er ({mer > 475, (B,
2
+ 08—32 Vs <3r+nr
T — G,||(Cy, C
(6.10) =Gl _ C a2
72 Sy
where 1, = ¢ F‘%‘f’? and ¢ is a geometric constant.

Proof. — Since the statement is invariant under dilations we assume wl.o.g that
r = 1. Consider the extension g of the function g defined in Remark 6.3 which is simply
given by g(x1, x0) = ¥ (x1). In order to simplify our notation, we drop the hat symbol and
denote the extension by g as well. Consider next the current T e 1,(C,) which consists of
T= TLC, + QG,L((B4\ D) x R"), where we use notation G, for the integer rectifiable
current naturally associated to the graph of a function g : By — R". More formally, if

2(x) = (v, g(x)), then

(6.11) G,L((B;\ D) x R") =g ([Bs \ D).
In particular from (6.11) and the classical theory of currents we see that
(6.12) (@)L C, =Q[I']LCy — Qz:([dD N By])
=Q[rjLC, —Q[rj.C,=0,
(6.13) p:T=Q[D] +Q[B:\D] =Q[B.] .

Moreover, we can use [9, Corollary 3.3] to estimate

ITI(Cy) — Qr4* = E(T, Cy) + Q([|G,[|((B, \ D) x R") — D)

(6.14) <E(T,C)+Q |Dg|* < E+ CA”.
B4\D
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Similarly, we can define for F C By
e (F) = [ TI(F x R") — QJF]|
and the same considerations give

ei(F) <er(FND)+ CA’|F\D|.

Moreover, we can apply [8, Proposition 3.2] to T to obtain a closed set K C By and
u € Lip (Bg, Ag (R”)) which satisfy all the estimates (6.5)-(6.10), with the only relevant
differences in (6.9), which becomes

5 C ) A,
(6.15) B, \ K| < 5 er ({meT >47'5,1N BH,I,.(x)) + CS_S

for every s < 3r.

In order to show (6.4), we define an “almost reflection” /4 on the boundary 9D in the
following way:

h(xy, x0) = (%1, 21#1(961) — Xg)

and set K := 4(K) N K. We now take the map #, restrict it to K and then extend it again
to a Lipschitz map « with the additional property that (6.4) holds. In fact we first define
u: KU (D NBy) - AgR”) as

o) = {9[@@)]}, ify e aD
u(y), else.

Note that in principle a point y could belong to both K and 9D: in that case we are
ignoring the value given by & and force such value to be the one given by Q [¢]. However
a byproduct of the next elementary argument is that in fact 2(y) = Q [¢(»)] for every
yeaD.

We now wish to show that the bound on Lip(«) and osc(«) becomes worse only by
a geometric factor. In fact, since the oscillation of Q [¢] is controlled by A, we just need
to focus on the Lipschitz bound. Consider p € 0D, ¢ € K. Wl.o.g. ¢ € D. By construction
of h, let o be the vertical segment joining ¢ and %(¢) and let ¢ be the only intersection of
o with dD. Thus

Gup), u(g)) < G(ulg), u(h(9))) + G (u(h(q)), u(p))
< Gu(g), u(h(9))) + CG @), u(p))
< G(u(g), uh(9))) + CQlg(p) — g(@)|
< 2|q — p|Lip(@) + CQAlp — ql.
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Observe that we have used that on (K'\ D) x R", G, and thus, T and thus, u 1s constant
in the direction ¢,.

Now we can use the Lipschitz Extension Theorem [7, Theorem 1.7] to extend u
to the whole domain By, while enlarging the Lipschitz constant and the oscillation by a
geometric factor. We then restrict « to D N Bs.

So far our map satisfies (6.4), (6.5), and (6.6). However, (6.7) and (6.8) are obvious
because K C K.

Next we show (6.9) holds with a slightly larger constant. First of all notice that,
provided A is sufficiently small, % is a diffeomorphism and that #~!(B;) C B, a2, because
h(0) =0 and [|DA — Id||¢@,) = DA — DA(0) ||c@, < CAs. In particular we can estimate

|(B,N D)\ K| < |B,\ K| + B, \ A(K)|
< B, \ K|+ C[i~'(B,) \ K| < ClA(B,scac \ K)I.

Finally we conclude

IT = Gull(Co) < [IT = Gill (B, N D) x RY)
+ 1G, — Gil[(By N D) x RY).

For the first summand, we already have the desired estimate from [8, Proposition 3.2].
For the second we observe

G, — Gill (B, N D) x R") = |G, — G;[[((B, \ K) x R") < C[B, \ K[,

and we then use (6.9). This shows (6.10).

The proof would be complete, except that our approximation and estimates hold
on slightly smaller balls than claimed. It can however easily be checked that in [8, Propo-
sition 3.2], we just need to reduce slightly the size of the radius from 4 to a fixed smaller
one, while the argument is literally the same: the price to pay are just worse constants in
the estimates. UJ

7. Harmonic approximation

Definition 7.1 (EP-Lipschitz approximation). — Let B € (0, 1) and T be as in Proposition
6.4. After setting 8, = (E + A?)*P, the corresponding map u given by the proposition will be called the
EP-Lipschitz approximation of T in Gs, and will be denoted by f .

In this section we use the minimimizing assumption on T to show that the E’-
Lipschitz approximation is close to a Dir-minimizing function w. We first introduce some
notation.
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Assumption 7.2. — D C R? is a C? open set, U is a bounded open set and u € W'*(D N
U, Aq(R") a multivalued function such that ulypoy = Q [g]|, where g is as in Remark 6.3. u is
Dir-minimizing in the sense that, for every K C U compact and for every v € W*(DNU, Ag(R"))
which coincides with u on (U \ K) N D and v|ypry = Q [g] we have

Dir () < Dir (v).

Theorem 1.3 (First harmonic approximation). — For every n > 0 and every B € (0, 1), there
exist a constant € = €(n, B) > 0 with the following property. Let T and T be as in Assumption 6.2
n Gy, (in particular T is area mimimizing in Gy,). If E=E(T, C4,) < € and 1A < EE%, then the
EP -Lipschitz approximation f in Cs, satisfies

7.1 [ D s apan = nects).
By,ND\K
Moreover, there exists a Dir-minimizing function w such that w|ypap,, = Q [g] and

(7.2) r G(f, w)* + G(Df, Dw)* <nEm (47)° =ner(By),

Bo,ND Bo,ND
(7.3) / DM of) — D ow)|’ < nEx(4r)’ = ner (By,).
Bo,ND

The following proposition provides a Taylor expansion of the mass of the current
associated to the graph of a QQ-valued function. It is proven in [9, Corollary 3.3] (al-
though the corollary is stated for V open, the proof works obviously when V is merely
measurable).

Proposition 7.4. — (Taylor expansion of the mass, see [9, Corollary 3.3]). There are dimen-
sional constants ¢, C. > 0 such that the following holds. Let NV C R? be a bounded measurable set and
let u:V — Aq (R") be a Lipschitz function with Lip(u) < c. Denote by G, the integer rectifiable
current associated to the graph of u as i [9, Definition 1.10]. Then, the following Taylor expansion of
the mass of G, holds:

D
MG =+ [ S+ [ R,
\ v

where R : R™? — R is a C' function satisfying |R(D)| = |D|*L(D) for some positive function 1.
such that 1.(0) = 0 and Lip(L) < C.

Remark 7.5. — We write here the analog of ([8, Remark 5.5]). There exists a di-
mensional constant ¢ > 0 such that, if E. < ¢, then the Ef-Lipschitz approximation satisfies
the following estimates:

(7.4) Lip(f) < C(E + CA%”,
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2 6.9) 2y 2
(7.5) IDfI> < C(E + A5,
Bss(x)ND

Indeed (7.4) follows from Proposition 6.4, by the choice of B and the scaling of A. While
(7.5) follows from Proposition 7.4 since for E sufficiently small

1
f > R(Df) <CE¥ / IDfI? < — f IDfP,
Bay, (0D 7 Ba, (0D 4 Jiy,00nD

and therefore
/ |Df|2 <C (M (Gfl_Cg.y(X) N (D x R”) — QJD|)
Bs,(x)ND

< C(M(TLCs(x) —QDJ)
+ CM (G/L (B;,(x) N D\ K) x R")
< CEs* + C(E+ A% |B;,(x) N D\ K| < C(E 4+ A?)s%.
Proof of Theorem 7.3. By rescaling, it is not restrictive to assume that r = 1. The
proof of (7.1) is by contradiction. Assume there exist a constant ¢; > 0, a sequence of cur-
rents (T}),en satisfying Assumption 6.2 and corresponding Ef -Lipschitz approximations
(fk)keN which violate (7.1) for n = ¢; > 0. At the same time dTL C4(0) = Q [T';], where

I is a sequence of C* curves. For the latter we have TyI'; = R x {0} and a parametriza-
tion ¥ : R — R""! of the form

vH) = (WD), vH) .

1
Moreover we assume |||z < CA; < Cg,E}. The domain of definition of the map f; is
a set D; which can be explicitly written as

D= {(x1, %) € Bg i xp > Wlk(ﬂﬁ)}-

Summarizing, our currents satisfy the following:

1
(7.6) E(T,C)<e—0, A,<gE! and / \ka|2 > ¢ E,;
Di\Ky

where K, := lx € Bs :merp, (x) < Eiﬁ} Set A, = {x €D, :merp, (x) < Q*QEfﬂ} and ob-
serve that A; N By C K. From Proposition 6.4 it follows that

(7.7) Lip (f;) < CE/
(7.8) 1B, "D\ K;| < CE; "er, (Bym \ Ar) + CefE" ™ for every r < 3
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where 7y(k) = 16E{ "> < L. Then, (7.6), (7.7), and (7.8) give

: ( 5
(7.9) aE; < f IDf|” < Cer, (B,\ Ay) + CelE}  for every s € [—, 3] :
BoNDi\Ky 2

Setting ¢y := ¢, /(2C), we have
200E; < er, (B,ND;\ Ay) =er, (B,NDy) —er, (B,N Ay,

implying
(7.10) €T, (A/‘ N B;) < €T, (Dk N B;) - QCQEk .

Next observe that 2m4°E; = er, (B4 N D) > ey, (B,ND;). Therefore, by the Taylor ex-
pansion in [8, Remark 5.4], (7.10) and the fact that E; | 0, it follows that for every
s € [5/2, 3] and k large enough so that CE*# < ¢, we have

2

D 2 Taylor

(7.11) / % < (1 n CE,fﬂ> er, (A,NB,)
ApNBg

(7.10)
< (1 + CE,%ﬂ> (er, (B, NDy) — 20,E)

< er, (Bx N Dk) — CQEk .

Our aim is to show that (7.11) contradicts the minimality of T;. To construct a
competitor, we write 4(x) = Y [/ ()] € Ag (R"). We consider /; := Ek_l/ £ Observe

that /;|yp, = QﬂE;l/Ql/}k]] and that in turn ||¥*||ce < CekEé. In particular Ek_l/Ql/_/k con-
verges strongly to 0 in C2. Extend ¥* to By N D, by keeping it constant in the variable x,.
Thus G (%, Q[[Ek_l/ 21/_/k]]) is a classical W'? function that vanishes on 9D;. Since by [8,
Remark 5.5(5.5)] we have sup, Dir (%, Bs N D) < 00, the Poincaré inequality gives

G (., Q,[[E/f_l/Ql/_fk]])||L2(DmB3) <G,

which in turn implies |G (%, Q [0]) 12,08, < C. Hence {#} is bounded in W2, Even
though the domains of the %; depend on £, we can extend the maps identically equal to
Q{¥*} on their complement, and thus treat them as maps on Bs. Up to a subsequence,
not relabeled, we can thus assume that the maps converge to some 2 € W2, Observe that
h vanishes identically on the lower half disk B; := {(x}, x9) € Bs : 2y < 0} and thus we will
also consider it as a map defined on the upper half disk Bj , taking the value Q [0] on the
X1-axis.
Since

<712) ||g (}lk’ h)||L2(B3) — 0
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and the following inequalities hold for every open " C Bs and any sequence of measur-
able sets J; with Uk‘ — 0,

(7.13) liminf(/ DAy |* —/ |Dh|2> >0,
k——+o00 Q\Ji o

(7.14) limsup/ (IDi| — |DA))? < lim sup/ (IDi|* — IDAI?) .
k—>+o00 JQ k—+o0 JQ
Applying the first inequality with J; being the complement of A; we reach the following
inequality
1
(7.15) 5/}; |DA)? < ligglek_leTk(Bs ND;) —¢y foreverys< 3.

Now we wish to find a radius r € [2, 3] and a competitor function Hy, such that

— Hil@asynn, = fulssi)nngs
- Hk|akaBg = hk|akaBg;
— The following estimates hold for a subsequence (not relabeled)

(7.16) lim Dir (H,, B,) < Dir (4, B,) + ff
(7.17) Lip (Hy) < C*EF ™72,
(7.18) IG By, k) 25 < CDir(ky, BY) + CDir(Hy, BY) <M < +o0,

where C* is a constant independent of 4.

After proving that such a function exists, we can then follow the proof of [8, Theorem
5.2] mutatis mutandis.

In order to show our claim we will use (7.12), the Lipschitz bound Lip(%;) <
CE! ™", the bound sup, Dir(%, Bs) < C, and (7.15). Note next that, since [|[*/E/?||c2 |
0, all these facts remain true if we replace /; with the map

Iy = ()i = 9]

The advantage of the latter is that 7zk|3Dk = Q [0]. Assuming that we find corresponding
maps H; satisfying all the properties above, we can then simply get H; by adding back

vk
Hi(x) = [(Hpi +v']

1
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(because the difference in the Dirichlet energies of H;, and Hy and the difference in the
Lipschitz constants are both infinitesimal).

The next issue is that the domains D; N B, are curved compared to Bf. To re-
solve this, we invoke Lemma 7.6 below. For each £ we apply the lemma to ¥} and get a
corresponding diffecomorphism ®; which maps each B, N D, diffeomorphically onto B} .
Observe that

(7.19) lim (@, —Idflcr + [|@;" —Td]lc) =0

because ||/f||ci — 0. For this reason the maps By =y o CID,:1 satisfy the same assumptions
as f; (and hence as /). Indeed, after having built the corresponding competitors Hy,
we can then define H; := ﬂk o ®;. Again the desired conclusion follows because the
difference of the Lipschitz constants and Dirichlet energies are infinitesimal.
Summarizing, we have reduced the proof of the proposition to showing that the
competitor H; can be constructed, without loss of generality, under the additional as-
sumptions that all 4;’s are defined on the same domain B and that they all vanish on
{(x1, x9) € By : xy = 0}. This is accomplished in Proposition 7.7 below. Now that we have
illustrated how to construct suitable competitors we can proceed with the proof of the
theorem. We restart observing that, when £ is large enough, (7.13) implies the following
inequalities
Co (521) er,(B) 3

(7.20) Dir (h, B,) < Dir (. B, NT) + 7 < e B

Note that (7.17) follows from (7.27) as E,";}_W 1 00. Thus C* depends on ¢ and on the
choice of the two sequences, but not on . From now on, although this and similar con-
stants are not dimensional, we will keep denoting them by C, with the understanding that
they do not depend on £. Note that, from (7.7) and (7.8), one gets

T — Gy || (C5) < ITWll (Bs \ Kp) x RY) + |G| ((Bs \ K,) x R)
<QB;\ K| +E,+ QB; \ K;| + CBs \ K| Lip (1)
<E,+CE, " <CE, .

Let (z, ) denote the coordinates on R* x R" and consider the function ¢(z, y) = |z| and
the slice (Tk -Gy, 0, r). Observe that, by the coarea formula and Fatou’s lemma,

3
/ lim infE;"™"M (T, — Gy, . 5]) ds < liminfE"™" | T, — Gy | (C)
<C.

Therefore, for some 7 € (7, 3), up to subsequences (not relabeled) M ((T;C -Gy, 0, ?>)
CE,IL,_Qﬂ. Letnow v, := E,i/QHk|B; and consider the current Z; := G, L G;. Since (v)|s, =

A
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ﬁ‘|8B;’ one gets 07, = (wa ®, ?) and hence, M (0 (T;,LG; —7Z,)) < CE,i_Qﬁ. We define
(7.21) Si=TiL(C4\C7) +Z, + Ry,
where (cp. [8, Remark 5.3]) R; is an integral current such that

R, =0 (T\LC;—Z,) and M(Ry) <CE/ ",

In particular, we have 9S;, = 9 (T, C4). We now show that, since < i,

enough, the mass of S is strictly smaller than the one of T.. To this aim we write

for k large

Dir (v, B,)—Dir@,B,mAk):f |ka|2—/ DA =1,
B; B;NAy

The first term 1s estimated by (7.16) and (7.13). Indeed, recall that v, = E,i/ H; and f; =
E,i/ Qhk (but also that the two functions coincide on B; \ B,). We thus deduce that I, < %’Ek
for k large enough. Hence,

(7.22) M (S;) — M (Ty)
<M(Z)+CMR;) —M(T,LG)
D/ 1498 (1-28)2
<Q|B;| + 5 +CE,"™" + CE; — Q[B;| —er, (B;)
By

2
D 1 ( oy
< / [DA + —0F + CE™ + CE{ 7% — e, (By)
B;NAy 2 2

(721) _CQTEk n CE,iH} n CE/(le?ﬁ)Q <0,

as soon as E; is small enough, i.e., £ large enough. This gives the desired contradiction
and proves (7.1).

Now, we come to the proof of (7.2) and (7.3). To this aim, we argue again by
contradiction using similar constructions of competitors. Without loss of generality, we
assume x = 0 and s = 1. Suppose (T}), is a sequence with E; := E (T}, G,) satisfying

1

(7.23) E(T;,C) <&—0, A <gk/,

but contradicting (7.2) or (7.3). Let us denote by f; the Ef -Lipschitz approximation of T}.
We know that, for any sequence of Dir-minimizing functions % which we might choose,
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we will have by the contradiction assumption that

(7.24) limkinfE,jl f (g (o)’ + (|DA| — D)’ + D (nofi —mo ak)\2>

=1(k)

> 0.

As in the previous argument, we introduce the auxiliary normalized functions /4, = Ek_l/ h
and, after extraction of a subsequence, the function / satisfies (7.13) and (7.14). Moreover
|G (A, W) |ly28,) = 0. We next claim (and prove)

(i) limy fy, DRI = [ DA,

(i) 4 1s Dir-minimizing in By.

Indeed, if (:) were false, then there is a positive constant ¢, such that, for any

rel5/2,3],

7.25) (/ WMF<</'HMH2_O‘<en(B)__g
s 2 "y 2 =R 9’

provided £ is large enough (where the last inequality is again an effect of the Taylor ex-
pansion of [8, Remark 5.4]). We next define the competitor currents S; as in the argument
leading to (7.22). Replacing in the argument above (7.11) and (7.20) by (7.25), we deduce
again (7.22). On the other hand (7.22) contradicts the minimality of T. So we conclude
that (2) 1s true.

If (z2) were false, then £ is not Dir-minimizing in By. Thus, we can find a competitor
he WH2(Bs, Ag(R")) with less energy in the ball By than % and such that h=hon
Bs \ Bs/9. So for any r € [5/2, 3], the function h satisfies

712 ‘ .
D/ DA D/ B) o«
7.26 /l—Lffl |_Q:m{/|k|_wfw(>_g
B, 2 B, 2 koo Jy o 2 E; 2

provided £ is large enough (here ¢, > 0 is some constant independent of 7 and £). On the
other hand, h=hon B;\ Bs 9 and therefore |G (7&, /zk> " \ — 0. We then construct
L#(B3\Bs/2

the competitor current S; of (7.21). This time however, we use the map h in place of 4
to construct H; via Proposition 7.7 and we reach the contradiction (7.22) using (7.26)
in place of (7.11) and (7.20). We next set %, := E,;”*k and we will show that I(k) — 0,
violating (7.24). Observe first that as |G (&, &) |l;2 — 0, we have D(§ o ) — D (§ 0 h) —
0 weakly in L? (recall the definition of § = &,y in [8, Section 2.5]). So, (i) and the identities
ID (§ o )| = | D/, D (§ o 4)| = |DA| imply that D (§ o ;) — D (§ o /) converges strongly
to 0 in L2 If we next set k= Y_.[4' — 0 o 4] and hy = Y_.[; — 0 o ], we obviously have
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Hg (iz, izk) H , + [Im o/ —mokll{2 — 0. Recall however that the Dirichlet energy enjoys
L

the splitting

Dir () = Q, f ID (1 0 4)I? + Dir(hy),
Dir (h) = Q/ ID (0 0 A)|> + Dir(h).

So (1) implies that the Dirichlet energy of o 4, and Iy converge, respectively, to the one of
nohandh (which, we recall again, are independent of £ because the #;’s are translating
sheets). We thus infer that D (n o ) — D (n o ;) converges to 0 strongly in L2, Coming
back to u; we observe that #; is Dir-minimizing and

E,Q/ g(ak,ﬁf:/ G (h, )2 — 0.
Bo Bo

So,
limsupI(k) <limsup [ (|D#| — IDAD? + Dok —noh).
k k By
Thus I(k) — 0, which contradicts (7.24). 0

7.1. Technical lemmas.

Lemma 7.6. — There is a positive geometric constant ¢ > O with the following property. Con-
sider a G function Yy : [0, 4] — R such that ¥r,(0) = [ (0) = 0 and ||y ||c1 < ¢. Then there is
amap D : By — By such that

— @ maps B, diffeomorphically onto itself for every s € (0, 4];

— fweset D := {(x1, x0) @ |x1] < 4, x0 > Y1 (x1)} then ® maps D N B, diffeomorphically
onto BY for every s € (0, 41;

— 7" —Idlle + 1@ —Idlle < CliYllcr

Progf. — We use polar coordinates (6,7) and let the angle 6 vary from —7 (in-
cluded) to 37” (excluded). It is in fact easier to define the map ®~'. If ¢ is sufficiently small,
each circle 9B, intersects the graph of ¥, in exactly two points, given in polar coordinates
by (6,(s), s) and (6,(s), s), with 6,(s) > 6,(s). Furthermore, again assuming ¢ is sufficiently
small, |6,(s)| < § and |6,(s) — 7| < 7. In polar coordinates the map ®~! is then defined
on B} by the formula

(0, 5) = (97»(5)(77 —j) +9/(5)9,S> _
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The verification that |®~! — Id||c: < C||v¥ ]l is left to the reader.
We then need to extend the map to the lower half disk keeping the same estimate.
This could be reached for instance by the formula

2r — (6, — 6,
CD_I(Q, S) _ ( T ET[ )an(O—n)(Q—Qﬂ) + 291 _ 9“ 5)

form <6 < 2m,

. - 0 _97
where a = a(s) i =7 2(1—%). O
In the next proposition we want to “patch” functions defined on the upper half disk
B which vanish on the x;-axis. For convenience we introduce the notation H, horizontal
boundary for H; = {(x1, 0) : |x] < s}.

Proposition 7.7. — Consider two radii 1 < 1y <1 <4 and maps h, h € WI’Q(BZ,
Ag(R") satisfying

sup Dir(ly, BY) < 400 and |G (. D)l 2qs\5,) = 0
k

and hyly, = hly, = Q[O]. Then for every n > 0, there exist r €1y, 11[, a subsequence of {hy};; (not
relabeled) and functions Hy € W' (BT Ao (R") such that:

7

- Hk|ng\Bff = hk|B;'I\B?’;

— Hyly, =Q[0] and
— Dir(Hy, Bf) < Dir(4, Bf) + 1.

Moreover, there is a dimensional constant C and a constant C* (depending on 1 and the two sequences,
but not on k) such that

(7.27) Lip(H;) < C* (Lip(h) + 1),
(7.28) |G (H. k)2t < CDir(hy, BY) + CDir(H,, BY) .
(7.29) [mo Hk”Ll(Bm <C*lmo hk“Ll(Bﬁ) +Clno ;Z”Ll(Bm .

Before coming to the proof of the proposition we state the following variant of the
Lipschitz approximation in [8, Lemma 4.5]. Observe that the only difference is that our
functions are defined on the upper half disks and vanish on the horizontal boundary. We
need the Lipschitz approximation f; to satisfy the same requirement.

Lemma 1.8 (Lusin type Lipschitz approximation). — Let f € W"*(B}, Aq) be such that
S, = QJ[O]. Then for every € > 0 there exists f; € Lip(B), Aq) satisfying f |3, = Q [0] and

(7.30) / G+ f (ID/1 = DAI)" + f (Dol —IDmofl) <e.

7 7
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If in addition f |5 \3, € W2 (3B,, Aq), then f; can be chosen to satisfy also

(7.31) / G(f. f)* +/ (IDf] — |ng|)2 <e.
IBI\H, OB \H,

Now we need the following interpolation lemma.

Lemma 7.9 (Interpolation). — There exists a constant Co = Co(n, Q) > 0 with the
Jollowing property. Assume r €]1, 3 [, feWw? (B,,, AQ) satisfies [y, = Q[O0] and f | a8, €
W2 (9B,, Aq), and g € W"2 (0B}, Aq) is such that gly o = QO]. Then, for every
& €] 0, r[, there exists a_function h, € W'? (B,,, AQ) such that he|yg = g, hely, = Q[0] and

C ‘
(7.32) / |D/zs|25/ IDf|2+sf <‘DJ|2+‘DIg|2)+—Of G(f. 9",
B B 9B, & JaBt
(7.33) Lip(k) < Co {Lip(f) + Lip(e) + ¢ ' sup G(f, g)} ,
aB;"

7.34 /|710/la|500/ |nog|+co/ Mol
B, aB;" B,

where D denotes the tangential dertwvative.

Progf: — The proof’is the same as in [8, Lemma 4.6], because the map constructed
there by the linear interpolation on the annulus and taking / in the interior disk vanishes

onH,,. O

Proof of Lemma 7.8. — We can apply directly [15, Lemma 5.5] to obtain a Lipschitz
function £ satisfying (f.)%, = Q [0] and (7.30). UJ

Proof of Proposition 7.7. — The proof goes along the same lines as the proof of [8,
Proposition 4.4] using Lemmas 7.8 and 7.9 instead of [8, Lemma 4.5, Lemma 4.6],
taking into account that the situation here is simpler because we do not have translating
sheets. For the sake of completeness we report here the details. Set for simplicity A; :=
|G (h, 1) ||L2(Bﬁ\Bj5) and B, :=|Imo hk”Ll(qu)‘ If for any £ large enough A; = 0, then there
is nothing to prove and so we can assume that, for a subsequence (not relabeled) A; > 0.
In case that for yet another subsequence (not relabeled) B, > 0, we consider the function

(7.35) V(1) :=/ (Ith|2+|Dh|2)+A,:2/ Q(hk,h)2~|—Bk_1/ okl
9B, 9B, 0B,

By assumption lim inf; fr : VY (r)dr < 0o. Hence by Fatou’s Lemma, there is an r €] r, 1 [
and a subsequence (not relabeled) such that lim; ¥,(r) < co. Thus, for some M > 0 we
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have
(7.36) G (b, h)> — 0,
aBt
(7.37) Dir (h, 8B;") + Dir (i, 90B}) <M,
<7.38) |7] o | fM”nohk”Ll(&) .
aBF '

In case B; = 0 for all £ large enough, we define v, by dropping the last summand in
(7.35) and reach the same conclusion. We apply Lemma 7.8 with / = &, r = and find
a Lipschitz function £z, satisfying the conclusion of the lemma with &, = &,(n, M) > 0
(which will be chosen later). In particular we have

Hg (hk’ hél) HL?(Bq\B{)) <G (s, h)“L?(B?I\B%) + Hg (}l’ }lél) HL2(B,+1\B%)
<o) +é&,
Dir (hz,, B) < Dir (4, 0B}) <M+ &, .

To obtain also the estimate (7.29), which will be required in the construction of the center
manifold, we argue along the same lines of [8, Proposition 4.4]. For /;, = Zfﬁl [(hz)]
we set g, 1= Y [(hs,)i — M o ke, + (n 0 h) % @, ], where @, (x) := Lo(2), and ¢(x) =
@(x — z9) with ¢ being the standard bump function with support in B;(0), z, := (0, —2)
and p will be chosen small enough later. Observe that spt(¢,) = B,(pz)) € B for every
p small enough and spt(¢) = B, (). The reason to introduce this convolution kernel ¢,
with support contained in B~ is that we need to preserve the zero boundary condition on
H,. Indeed, we claim that such an /;, satisfies (%, )|, = Q [0] in addition to all the other
conclusion of the proposition. The fact that (&), = Q[0] is a simple consequence of
the definitions and we leave it to the reader. Observe that the standard approximation
properties of mollifiers reinterpreted suitably extends to this new kind of kernel. In par-
ticular, we can choose p small enough to have

(7.39) Q’Imoh—(Moh) x|}, <&,

(7.40) DM o k) —D(( o k) * @,)lIf, <&,

for some small €,. These last two inequalities combined with (7.36), (7.37), (7.38) imply

_ (7.39) - _ _
NG (e bs) |2 < 1G G iz +2[|G (k)| + 81 < 0(1) + 31,
— Dir (k;,, 0B,) < 2M + 2,

— Dir (k,,B,)

=3 [ IDGa),~D (o) +D(@onx¢,)f
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= fB <‘D}_zgl "~ Q|D(nok,)| +Q|D (Mo * %)\2)

=Q/ (IDmom = Dmok)| +[DMmokxg;)| = Dmonl)
B,

+ Dir (%, B,)
< Dir (k,, B,) + 2Q%,

where we used (7.30), (7.40) i the last inequality. We can then apply the interpolation
Lemma 7.9 with f = h; and ¢ = lyyp+, and & = &9 = &,(n, M) > 0 to get maps H;
satisfying Helygr = fulons s Hilpi\gr = fulst s - Now, we use (7.36), (7.37), (7.38) (7.30)

and (7.31) to deduce

Dir (H,, B})

< pir (hz,, B,") + & Dir (hs,, 0B;") + & Dir (fy, 9B;")

Co - 2
" g aB} g (}lél’ hk)

(7.31)
< Dir (h,B)) + & + 2Q&, + 38, [Dir (, 0B,") 4+ &,] + &M

+9U g(/z,hk)2+f g(/zgl,/z)g}
€ LJap} B

<Dir (h,B) + &/ (1 +2Q) + & (4M + 38)) + Co&, ' [o(1) +&].

An appropriate choice of the parameters €; and &, gives the desired bound Dir (Hy, B,) <
Dir (4, B,) + n for £ large enough. Observe next that, by construction, Lip (hgl) depends
on 71 and £, but not on k. Moreover, we have

Hg (7151 ’ h/f) HLOO(aB,) =C Hg (ilél’ hk) HI,2(6B7) + CLip (&) + G Lip (7151) :

To prove the last inequality put F(x) := G (7151 (%), hk(x)) and observe that F(x) < F(y) +
Lip(F)|x — y|, then integrate in y and use the Cauchy-Schwarz inequality combined with
the fact that Lip(F) < C(Lip(i_zgl) + Lip(#:)). Thus (7.27) follows from (7.33). Finally,
(7.28) follows from the Poincaré inequality applied to G (Hy, /) (which vanishes identi-
cally on 9B;"), in fact we have

”g (Hkv hk) “]2_‘2(]3;*1') S C”Vg (Hk’ hk) ”2

L2(B)

< CDir(%, B:) + CDir(Hy, B:).
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(7.29) follows from (7.34), because of (7.38) and Hn o hg, HL'(B) = H Moh) *@; ”L'(B) <
I o /z||L1(Bn) if p 1s also chosen small enough such that » 4+ p < r,. Indeed, observe that
Ino Hk”Ll(Bm = [no Hk”Ll(B,*) +mo hk”Ll(qu\Bff)
(7.34

) -
=< Co/ Mo | +Cy ok |+ lIn O}lk“Ll(Bg\B,*)
OB B

T

(7.39)
< Gollm ol sty

+Co f+ | o) * @] + [0 o Al p\gr
B/

(7.39)
< Golmo }lk”Ll(Bf) +Clno h”Ll(BfT) +1no hk”Ll(qu\Bff)
< Clno /l/c”Ll(Bp +Clno }l”Ll(Bﬁ),

provided p is chosen so small that 7 + p < 7. O

8. Higher integrability estimate

We consider the density dy of the measure et with respect to the Lebesgue mea-
sure | - |, 1.e.

. er(B,()
d =1 —_—.
0 =imep =
We will drop the subscript T when the current in question is clear from the context.
Clearly, under the assumptions of Proposition 6.4, ||dr||;1 < CE. Now, following the ap-
proach of [8], we wish to prove an I/ estimate for a p > 1, which is just a geometric
constant.

Theorem 8.1. — There exist constants p > 1, C, and &€ > O (depending on n and Q) such
that, if "1 ts as in Proposition 6.4, then

(8.1) / d’ <C (E+A%.
{d<1}NBy

8.1. Higher integrability for Dir-minimizers. — We start with an analogous estimate
for the gradient of Dir-minimizers.

Proposition 8.2. — There are constants ¢ > 1, § > 0 and C (depending only on Q and n)
with the following property. Consider a connected domain D in R* such that:

— the curvature k of 0D enjoys the bound ||k || < &;
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— 0D N Byg(x) s connected for every x.

Let0 < p <1 andu:Bg,(x) ND — AgR") be a Dir-minimizing function such that ulynng L) =
Q [g] for some C* function g. Then

1

8.2) (][ |Du|27> < c][ IDu? + C|Dgl|2 .
B, (¥)ND Bg,, (x)ND

Proof. — First of all, the claim follows from [8, Theorem 6.1] when By, (x) C D,
while it is trivial if By, (x) C int (D). We can thus assume, without loss of generality, that
By, (x) intersects dD. Let y be a point in such intersection and observe that B,(x) C
B4, (y). The claim thus follows if we can show

1

s E C s
8.3) (][ |Du|27> < c][ Duf + CIDgl2
B,()ND By, ()ND

for every y € 9D and every » < 4. We now define

() =Y [u(z) —moux)] .

and observe that |Du| < |Du| + QJDn o «|, while o « is a classical harmonic function
such that 1 o u|3pnp, = g, and « is a Dir-minimizing function such that |spnp, = Q [0].
Observe that

1
q
(][ IDnouIQq) sc][ IDn o uf* + C||Dgl|2,
B,(»)ND By, (»)ND

1s a classical estimate for (single-valued) harmonic functions and that [Dyn o «| < |Du|.
Hence, it suffices to prove (8.3) when g = Q [[0]. Moreover without loss of generality we
can assume that y =0 and r = 1. Our goal is thus to show

[/ Du| ||L2'1(BmD) < C|||Du] ||L2(B2mD) ,

under the assumption that u|ypnp, = Q [0]. If we extend |Du| trivially to the complement
of D, by setting it identically equal to 0, the inequality is just an higher integrability
estimate for the function |Du| on B,. By Gehring’s lemma, it suffices to prove the existence
of a constant C such that

(8.4) (1Dl ||L2(Bp(x)) < C[|Dy| ”Ll(ng(x))
whenever Bg, (x) C By. However, in the “interior case” By, (x) C D, the stronger

I1Dul 2,0 < CllIDulllL1 @y, )
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is already proved in [8, Proposition 6.2]. Hence, arguing as above, it suffices to prove (8.4),
with the ball By, (x) replacing B, (x) in the left hand side, under the additional assumption
x € dD. Again by scaling, we are reduced to prove the following estimate

(8-5) I |Du|||L2(BmD) < |Du|”L1(BgﬂD) if 0 € 9D.

First of all observe that, by our assumptions, if 6 is sufficiently small, for every r € (1, 2)
the domain D N B, is biLipschitz equivalent to the half disk B, N {(xy, x9) : x > 0}, with
uniform bounds on the Lipschitz constants of the homeomorphism and its inverse. In
particular, we recall that, by classical Sobolev space theory, we have

HéiI{l If — cllavz@om,nny < CIDS lLiom,nny)
C

for every classical function f € W"!(3B,,R). Morcover there is an extension F €
W!2(B, N D) of f such that

(8.6) IDEl 2,00y < ClIf — cllazoenpy < GIDf 1L @@y -

Thus, using Fubini and (8.6), under our assumptions on «, we find a radius » € (1, 2) and
an extension v of the classical function § o u|yg,npy to B, N D such that

(8.7) IDE§ o ullr2s,np) < ClIDE§ o ull115,npy < CIDE§ o ull11B,np)

< CIDulll1.1pnB,) -

If we consider the multivalued function £ ' o p o v, the latter has trace w :=& ' 0§ o u
on d(B, N D). Therefore, by minimality of ,

l1Dulllv 2,00y < IDwli2m,q0) < ClIDV|l12,0D) -

Combining the latter inequality with (8.7) we achieve (8.5). U

8.2. Improved excess estimates.

Proposition 8.3 (Weak excess estimate). — For every n > 0, there exists € > 0 with the
Jollowing property. Let T be area mimimizing and assume it satisfies Assumption 6.2 i Gy (x). If
E=E(T, Cy(x)) <e, then

8.8) er(A) < nEs® + CA%*

Jor every A C By(x) N D Borel with |A| < & |B,(x)].

Proof: — Without loss of generality, we can assume s = I and x = 0. We distinguish
the two regimes: E. < A% and A? < E. In the former, clearly er(A) < CE < CA?. In the
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latter, we let / be the E: -Lipschitz approximation of T in G5 and, arguing as for the proof
of [8, Theorem 5.2] we find a radius 7 € (1, 2) and a current R such that

IR=(T -Gy, 0,7
and
C : \
M(R) < (5_(E +A2r2)> <CE* 2.

Therefore, by the Taylor expansion in Remark 5.4, we have:

minimality riangular
8.9) i) "< MG +R) L 6] () + CE
Taylor D 2 5
< QIB7|+/ | g' +CEF
Br

On the other hand, using again the Taylor expansion for the part of the current which
coincides with the graph of /, we deduce as well that

Df|? 5
L]

(8.10) ITI (B, NK) x R > Q B, N K] + f

B,NK

Subtracting (8.10) from (8.9), we deduce

DA
T et

(8.11) eT(B,,ﬂD\K)gf

B,ND\K

If ¢ 1s chosen small enough, we infer from (8.11) and (7.1) in Theorem 7.3 that
er (B,ND\K) <7E+ CE'",

for a suitable 7 > 0 to be chosen. Let now A C B, be such that |[A| < em. If € is small

enough, we can again apply Theorem 7.3 and so by (8.2) there 1s a Dir-minimizing w
such that |Df] is close in L* (with an error 7E) to |Dw| and by [8, Remark 5.5] Dir(w) <
CE. By Proposition 8.2 we have |||[Dw||lss,) < CE:?. Therefore we can deduce

(7.1),(7.2) _
(8.12) er(A) < /|Dw|2 + 37E + CE”
A

< CIDglZ A"+ C(JA]"+7) E+ CE™Y

IA

C(IAI'""7 4+ 7) E+ CET.

Hence, if ¢ and n are suitably chosen, (8.8) follows from (8.12). OJ
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8.3. Proof of Theorem 8.1. — The proof follows from Proposition 8.3 arguing ex-
actly as in 8, Section 6.3].

9. Strong Lipschitz approximation

In this section we show how Theorem 8.1 gives a simple proof of the following
approximation result analogous to [8, Theorem 2.4].

Theorem 9.1 (Boundary Almgren Strong Approximation). — There are geometric constants
y1 >0, ex > 0, and C > 0 with the following properties. Let 'T and T be as in Assumption 6.2
with € = &y, let [ be the B -Lipschitz approximation and K C B, the corresponding set where Gy
and T comncide. Then:

(9.1) Lip(f) < C(E + rPAH)"
9.2) osc (f) < Ch(T, Cy,) 4 Cr(E + *A%)?
(9.3) |(B,ND) \ K| + er(B, \ K) < C2(E + #A%)!*n
] ‘
(9.4) ITI(A xR") —QJAND| — 5/ IDf%| < CA(E + P#AH)
AND

Jor every closed set A C B,.

We postpone the proof till the end of this section however we anticipate that it goes
along the same line of [8, Theorem 2.4] using Theorems 9.2 and 9.4 below instead of
[8, Theorem 7.1] and [8, Theorem 7.3] respectively. The substantial changes necessary
to adapt the argument of the interior case, 1.e., [8, Theorem 2.4] concerns mainly the
proof of Theorem 9.4 while the proof of Theorem 9.2 is essentially the same as that of
[8, Theorem 7.1]. So we start by stating the Almgren’s boundary strong excess estimate.

Theorem 9.2 (Almgren’s boundary strong excess estimate). — There are constants €y, Y1,
C > 0 (depending on n, Q) with the following property. Assume T satisfies Assumption 6.2 in Cy and
us area mimimuzing. If E=E (T, Cy) < &), then

(9.5) er(A) <C((E+AH" + |A") (E+AY),
Jor every Borel set A C Bo.

This estimate complements (8.1) enabling to control the excess also in the region
where d > 1. We call it boundary strong Almgren’s estimate because a similar formula
in the interior case can be found in the big regularity paper (cf. [5, Sections 3.24-3.26
and 3.30(8)]) and is a strengthened version of Proposition 8.3 that we called weak excess
estimate. To prove (9.5) we construct a suitable competitor to estimate the size of the set K
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where the graph of the E# Lipschitz approximation f differs from T. Following Almgren,
we embed Ag(R") in a large Euclidean space, via a bilipschitz embedding §. We then
regularize § o/ by convolution and project it back onto Q = § (.AQ(R”)). To avoid loss

of energy we need a rather special “almost projection” pj that preserves zero boundary
data, i.e., p;(0) =0.

Proposition 9.3. — (/8, Proposition 7.2]) For every n, ) € N\ {0} there are geometric con-
stants 8, C > 0 with the following property. For every 8 €10, 8y [ there is p} : RNQ" — Q =
£ (Aq(R") such that p3(0) = 0, |ps(P) —P| < C8° ™ for all P € Q and, for every u €
w2 (Q, RN), the following holds:

9.6) /uxgo@fg(1+cﬁﬁ“)f Duf?
{dist(u, Q) <8"2+1}
+c/ |Dul?.
{dist(u,Q)>6"Q+1 }
Proof. — pj 1s the projection obtained in [8, Proposition 7.2]. U

Here we show the Strong Excess Approximation of Almgren in our version that
takes into account the non-homogeneous boundary value problem, concluding in this
way the proof of Theorem 9.1. Theorem 8.1 enters crucially in the argument when esti-
mating the second summand of (9.6) for the regularization of § o f.

9.1. Regularization by convolution with a non centered kernel. — Here we construct the
competitor preserving the boundary conditions.

Proposition 9.4. — Let B, € (0, i) and T be an area minimizing current satisfying Assump-
tion 6.2 in Cy. Let f be its EP'-Lipschitz approximation. Then, there exist constants &9, Y19, G > 0
and a subset of radu B C [9/8, 2] with |B| > 1/2 with the following properties. If E (T, Cy) < &9,
Jor every o € B, there exists a Q-valued function h € Lip (B(r ND, .Aq(R”)) such that
}llBa noD — ga
Maw,nn =S los, D,

Lip(h) < C(E + A%,

and

9.7) / mW5f IDf? + C (E+ A2,
BsND B,NKND
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Proof. — Since |Df]? < Cdy < CE*' <1 on K, by Theorem 8.1 there is ¢, =
2p1 > 2 such that

9.8) D/ 110 ks, < C (E+A%).

Given two (vector-valued) functions /£, and 4y and two radii 0 <7 < r, we denote by
lin (A, h) the linear interpolation in B, \ B; between /[, and /|y . More precisely, if
0,1 e S’fl x [0, 00) are spherical coordinates, then

t—r

r—r

—t
Lin (A, f9) (9,t)=7—_h2(9,t)+ hi(0,1).
r—7

Next, let § > 0 and € > 0 be two parameters and let 1 < <7 <73 <2 be three radii,
all to be chosen suitably later. First of all extend the function g to the whole disk B3 by
making it coinstant in the direction xy, 1.e. g(xy, x9) = g(x1, ¥1(x1)). We then extend the
EP!-Lipschitz approximation to a function /* defined on the entire B3 by setting

N 16 ifxeB;ND
S = {Q[[g(x)]] ifxeB;ND-.

From now to keep our notation simpler we denote f* as well by f. Observe moreover that
(n Of) |D— = g *
We next define a translation operator @ : Ag (RN) x RY —> Aq (RN ) setting

Q

Q
Tet=) [t+4 forT=> [4].

=1

We then introducef =D (—mof),so thatfhy =Q[0] and q oj‘ =0.

Next we define, as in the proof of Proposition 7.7, ¢.(x) := ﬁﬁl’(f% and @(x) =
@(x — z9) with ¢ being the standard bump function with support in B;(0) and z, :=
(0, —2). The choice of this particular convolution kernel is motivated by the fact that the
mollification of any function which vanishes “below the domain D” will retain the latter
vanishing property.

Recall the maps pj and § of [LS11 b, Theorem 2.1] and observe that §(Q [[0]) =0
and p;(0) = 0. We then setfl/ =fof

/ . . Flod! [ Jlo®™!
E+A%polin <\I/E+A2’ Ps <«1/E+A?)) °?P,
mn (B, \ B,,) ND,

~ - . o [ flo®! w [ (15pe)od™!
Zses =1 VE+A?polin (p(S (ﬁ) , P ((f“‘};ﬁ)) od,
in (B, \ B,,))ND,

VETAZp: (%) , inB,ND,
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where @ is the diffeomorphism constructed in Proposition 7.6.
We further set

he:=Mof)*p. —g*x . +g.
We easily see that (7zg)|3Dmg,,3 =gloprs,,, and
Lip(h) < C(E 4 A% |
To adjust the value of he at the boundary dB,, N D we proceed as above and set

P {1_in(7zg od ! nofod Hod® in(B,\B,)ND,

he in B, N D.

Now, we define

Q
9.9) hses:=> [ 0&..),—mo( " 0g,.)]. nB,ND,
=1
and
Q ~
(9.10) b= 3 |67 0F.),~no (€ 0g.) +h]. nB,AD.

=1

Notice that the convolution of any function u satisfying up,\p = 0 with ¢, for & small
enough always produces smooth function u * ¢, satisfying (u * ¢,),\p = 0, because we
have assumed that 9D is the graph of a Lipschitz function and so it stays inside a cone with
fixed angles. With this last fact in mind it is easy to see that (gj)sp = 0, and (%s)3p = g,
no iz(;,w = 0. We will prove that, for o :=r; in a suitable set B C [9/8, 2] with |B| > 1/2,
we can choose 7, = r3—s and r; = 7, — s so that / satisfies the conclusion of the proposition.
Our choice of the parameters will imply the following inequalities:

9.11) 828 <5, e<s, and EVY <gl

We estimate the Lipschitz constant of g5. This can be easily done observing that

— in B, N D, we have

Lip (&) = CLip (7 + ¢.) = CLip (/) = G +A)",
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— i (B, \ B,) N D, we have

Lil/_ﬁ/*¢€

A

LOC

Lip() = CLip () + €
=C (1 + é) Lip (fi) < C(E+A)",

— in (B,, \ B,,) N D, we have

g—nQ

9.12) Lip (%) < C Lip (fl) L CE+ADE

S
<CFP + CE+AY)? < CE+AHP .

In the first inequality of the last line we have used that, since Q is a cone, (E +
A% '/ (x) € Q for every x, hence

—nQ
<Cs* .

(A J
%(JE+A2 VEFA?
From (9.12) and (9.11) we deduce easily that g; is continuous and piecewise Lipschitz and
so globally Lipschitz and furthermore that

(9.13) Lip(hs..) < C(E + A%,

In the following Steps 1-3 we estimate the Dirichlet energy of 4; . ; and finally in
Step 4 we obtain the desired estimate (9.7) of Theorem 9.4 for a suitable choice of §, ¢,
s depending on some powers of the infinitesimal quantity E (see (9.39) below). Before we
realize this program, we recall that for every f € W'?(£2, Ag(R")) we have

(9.14) 0 < Dir(f @ (—m o f)) = Dir(f) — QDir(n o /).

We write here the estimate of the Dirichlet energy of he which will be useful in combina-
tion with (9.14).

/ IDg * ¢, — Dg|* < CA%?,

(9.15)
| D * ¢. — Dg|| . < CID%¢llce < CAe,
(9.16) ‘ f (Dg* ¢ —Dg) (D(n o)) *¢.)| < CAe / ID( o f) *¢:|
Rem.7.5 1
CAs(E + A?)?
Young

< Ce(E+A%.
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Summing (9.16), (9.15), we obtain
[ i = [Dmencar+ [IDgso. - Def
~2 [ (Dgx9. - Dg) (Do) £ 0)
s/ﬂXmJW+cﬁ§+caE+¥>
< cf IDf|* + Ce(E +A?).

p;(P) —P| < C8*™
forall P € Q :=§(Ag(R")). Thus, elementary estimates on the linear interpolation give

Step 1. Energy in B, \ B,,. By Proposition 9.3, we have

2

L2 _ CE+AY A VA
9.17) / Dyl < — —L— o | =—
(B/5\B,y)ND | 8| (rs — 1)’ ®,,\B,)nD [V E+ A? ’ VE + A?

2

7|2 * 7
wef o ifac| D (p;of)
(B,;\B,,)ND (B, \B,,)nD

< c/ |qu’\2 + C(E + A2)5 16287,
(B, \B,,)ND

Hence, using that Lip(§) < 1 and (9.14), we estimate
2 2
+Q

9 ~
9.18) / |Dhse. | = / ‘Dha,s,x
(B, \B,y)ND (B,5\B,,)ND (Byg\Byy)ND

12
5/ D —an+0/
(B \B,)D (B3 \B,y)ND

gcf IDf|* + C(E + A% (e+r152~8"@).
(B; \By,)ND

Dh,

2

Dn,

Step 2. Energy in B, \ B, . Here, using the same interpolation inequality and a
standard estimate on convolutions of W!? functions, we get

[ g
(B,,\B,,)ND

<c|
(Byy4c\By —)ND

|2

2

Df;

2 CCo ~ ~,
+ 2 ‘](] - §08 *.fi
(rg — 1) B, \B,,
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SCCQ/ |Df{}2+cc®g%—2/ D7)
(BI'Q+S\BI'1 —£)ND BsND

A
@)

/ IDF}|* + Ce(E + A%)s~
(Brr_)+s \Brl 7&‘)mD

A
@)

/ IDf|" + Ce*(E + A%)s 2
(B, 46 \Byy —)ND

So coming back to the energy estimate on /; . ;, we get

2 2
2 A ~
(9.19) / |Dhse,| = / Dis..| +Q Di,
(Bry \By )ND (B, \B;)ND (B, \B,)ND
~ 12 ~
E / Dg| +¢ / Dl
(Brg \Brl )ND (B"Z \B71 nD

<C / IDf|* + Ce*(E + A%)s 72
(B72+€\B71 7s)r‘|D

+ Ce(E+A%).
Step 3. Energy in B, . Define Z := {dist <% * Qe Q) > 8”Q+1} C D and use
(9.6) to get
~ 12 g—1Q-1 7 2
(9.20) / IDZ|” < (1 + s )/ D(fl *(p8>
B, ND (B,,ND)\Z
. 2
+C / D (7 «¢.)
z
= Il =+ IQ.

We consider I; and I, separately. For I, we first observe the elementary inequality

2 ~ 2
| =[O xe|
12 12

9.21) HD (f1 * ws)

2
12

< | (Ip7/11%) 0. ; + | (107 1) %6
2| (p7fe) =e] (1011 <.

where K° 1s the complement of K in D. Recalling r; 4+ & < 7 4 s = r, we estimate the first

summand in (9.21) as follows:
SN [ (778 =
< / < s
12(B,00) "~ Jp, oD = B,k

2

’

12

12

9.22) H (}Df{\lK) * @,
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In order to treat the other terms, recall that Lip (fl’ ) <C(E+A%»# and |[K‘| < C(E +
A%)!=281 Thus, we have

9.23) | (107 11x) % g < C(E+ A |1 # g, I

2
L2(B,,ND)
< CE+AHP 11k el
C(E+A2)*%
<—)
=< o2
Putting (9.22) and (9.23) in (9.21) and recalling (E + A?)' "2/ <¢? and [ |Dfl’}2 <CE+
A?), we get

9-24) Lf/ IDF|” 4+ C8% 7 (B + A2 + Ce ™ (B + A)Y> 1,
B,,NK

For what concerns Iy, first we argue as for I, splitting in K and K¢, to deduce that
- 2 ‘
(9.25) I, < C/ ((IDF/[1) #0.) +Ce™! B+ A2 0,
z

Then, regarding the first summand in (9.25), we note that

A A )
(9.26) |Z,| 822+ 5/ — s, — | <Cé&.
B, D |V E + A? VE+ A?
Next, we recall that ¢; = 2p, > 2 and use (9.8) to obtain
~, 2 P11 ~, 2
o2 [ (D7) o) =12 [(9i1) <]
z
21 -1) (
<c(am) " Il
- §nQtl "o k)
e\ )
SC<872Q+1> (E+A)

Gathering all the estimates together (9.20), (9.24), (9.25) and (9.27) gives

O E+A2 3/2—p1
Q1+C( )

(9.28) f Ipgj|" < f D7/ + C(E+A"8"
B, ND B, NK £

2(p 1)

12

2
+CE+A) (557
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)

/] -Q / D@ o]+ CE+AHS" ™
NK B, NK

"1

(E + A2)2F VRS =
ro—T2 L QE+AY (W)
Define Z := {dist ((n of) * ¢, Q) > S”Q“} to get
2 2
9.29) [ paepsals [ p@onxe)
B, ND B, ND\Z

+/Z|D((n of) % 9.)["

= il + ig.
We consider 1, and I separately. For I, we first observe the elementary inequality

(9.30) ID(of) %0,
< |®mof) e,
< [(Dmon|1x) # o[ + [ (DM 1) 0.
+2[([IDmoN]1k) * e, [(IDO N 1k) * e, -

Recalling 1 + & <7 4 s =1y, we estimate the first summand in (9.30) as follows

9.31) (DN 1) <0l = [ (Dop| 1)

rﬁ»sﬂ

sf _[pmenl”

"2

In order to treat the other terms, recall that Lip (n of ) <C(E+A*»P and |[K‘| < C(E+
A%)!=%81 We thus have

9.32) [([DM 0] i) % e [y oy < CE+AY 1 5 ]

< CE+AH | 1ll} el

C(E + A2)?-2
<—F
&
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Putting (9.31) and (9.32) in (9.30), and recalling '~ < ¢ and [ |D( o)|* < CE we
get

9.33) I, 5/ \D(n of)|2 4+ Ce ' (E + A2 P,
B,,NDNK

For what concerns I, first we argue as for I, (splitting in K and K*) to deduce that
939 L=C [ (IDmen| 1 sp) + Gl @AY
z

Then, regarding the first summand in (9.34), we note that

(o)) mof) |
9.35 78722 < / — kg, — ———| <Cg&’.
935 A= ) o VB T aaar
Recalling that ¢; = 2p, > 2, we use (9.8) to obtain
(9.36) f (D@ o] 1x) # ) <121 [ (IDMof)| 1k) x|,
VA

2(p-1)

P N (
<(5ar1) @Dl

2(p 1)

<C (MQ8+ 1) " (E+4Y).

Gathering all the estimates together, (9.29), (9.33), (9.34) and (9.36) gives

. 2\3/2—p1
9.37) f D of) * | < f D of>\2+c—(E+A8)
N

,ND ;K

CE4+AY (—E)
+CE+A) (557) -

So combining (9.28) and (9.37) yields

(9.38) f |Dhs .,
B, ND
2
- raf
B, ND B, ND
~ 12
< f DG +Q /
B,, ND B,,ND

1

2

A -2
Db e D#,

-2
D#,
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E/
B,

—I—Q/ IDn o f|* 4 Ce(E + A?)
B, NK

f-af poepf
nK B, NK

1

pcgromt | (B4 AYY2 P ( e
+C<<E+A2)58 T ey (o)
§nQ+1
sf D/ + O+ A)se e o E AT
B, NK &

21 -1)

) 4 Ce(E+AY).

2
+CE+AY (55m

Step 4. Final estimate. This part is analogue to 8, Step 4 of Proposition 7.3].
Summing (9.18), (9.19), (9.38), and recalling that ¢ < s, we conclude

/ |D}Z8,8,S|2
B,,ND

3

sf |Df|2+C/ D[ + GE+AY (+57)
Byl NK (B11+3,&'\Br|7.x)mD

A

82 82»8_”(1 N (E +A2)1/2—ﬁ1 < e 2(/'/1}[*1)
s € ) '

2
+C(E+A) <_2+ nQ+1

We set ¢ = (E+ A% 8§ = (E+ A%’ and s = (E + A?)‘, where

_1-28 - 1 — 28 nd e 1 — 28
T4 T 8mQ A+ ~ 8"Q8(nQ + 1)

and we finally let # be the corresponding function /s . ;. This choice respects (9.11). As-

sume (E 4 A?) is small enough so that s < %. Now, if C > 0 1s a sufficiently large constant,

there is a set B’ C [3, 2] with |B'| > 1/2 such that,

9.39) a

/ |Df’\2§cs/ IDf|* < C(E 4+ AH)'
(B} +3:\B,; —)ND BoND

for every r € B'.

For 0 =3 € B =25+ B’ we then conclude the existence of a y (,31, n, Q) > () such that

/ DA 5/ IDf? +C (E +A2)"7. 0
B,ND B, NK
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Proof of Theorem 9.2. Here we proceed as in the proof of [8, Theorem 7.1]. Choose
B = é and consider the set B C [9/8, 2] given in Proposition 9.4. Using the coarea
formula and the i1soperimetric inequality (the argument and the map ¢ are the same
in the proof of Theorem 7.3 and that of Proposition 8.3), we find s € B and an integer
rectifiable current R such that

R =(T — Gy, ¢,s) and M(R)<CE:.

Since |ymons,) =/ lans,) we can use 4 in place of / in the estimates and, arguing as before
(see e.g. the proof of Proposition 8.3), we get, for a suitable y > 0

Dgl? . _
(9.40) ITIC) < Q|BmD|+f IDS” | (k4 A2+

B,ND 2

IDfJ?

9.7) o 147
< QlBA.leJr'/ +C(E+AY).

B,NK

On the other hand, by Taylor’s expansion in [8, Remark 5.4],

(9.41) IT (C) =TI ((B,ND\K) x R") + | G/ (B,NK) x R")
= [TIH(B,ND\K) xR") +Q|KNB,|

Df|? b1
+/ /] — C(E+AY)"7,
KnNB;

Hence, from (9.40) and (9.41), we get er (B, N D \ K) < C (E + A2)"*”. This is enough to
conclude the proof. Indeed, let A C By;3 N D be a Borel set. Using the higher integrability
of IDf| in K (see (9.8)) and possibly selecting a smaller y > 0, we get

er(A) <er(ANK) +er(A\K)

D 2 _
5/ |Df +C(E+A2)l+y
APK 2

i 2/ _
50|AmK|’”/T(/ |Df|41) +C(E+A)"
ANK
<CAIT (E+A)+CE+A)T . O

Proof of Theorem 9.1. Here we proceed exactly as in the proof of [8, Theorem 2.4].

Assume 7 = 1 and x = 0. Choose ;; < min {i, 2(111]‘/][) , where y; is the constant in

Theorem 9.2. Let / be the Ef1!-Lipschitz approximation of T. Clearly (9.1) and (9.2) fol-
low directly from Proposition 6.4, if y < Bi1. Set next A := {mer > 1/4(E +A)*1} N
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By/s. By Proposition 6.4 we have [A] < C(E + A%)!72P1 If g4 > 0 is sufficiently small,
apply (6.9) and the estimate (9.5) to A in order to conclude

IBiND\ K| < C(E+A%)ler(A)
< C(E _|_A2)V11—2/311(1+)/11) (E _|_A2) .
By our choice of y;; and B, this last inequality gives (9.3) for some positive y;. Finally,

set S = Gy. Recalling the strong Almgren estimate (9.5) and the Taylor expansion in [8,
Remark 5.4] we conclude for every 0 <o <1

9.42) IT(C,) — QD) - / = i
(9.43) <er(B,ND\K) +es (B, "D\ K) + |es (B, N D) —/B - 'D?Q
9.44) <C(E+A%)"™" +C B, ND\ K|+ CLip(f)* / IDf?
B,ND
(9.45) <C(E+AY)"™",
The L* bound follows from Proposition 6.4 and we finish the proof. ]

10. Center manifold and normal approximation

This section is devoted to prove an analog of [15, Theorem 8.13], namely to con-
struct, in a neighborhood of a flat point p, a smooth C** submanifold with boundary I'
and a normal multivalued map N on it. The first is, roughly, an approximation of the
average of the sheets lying over the unique tangent plane V to T at p. The second is a
more accurate approximation of the current T, which compared to the one in Section 6
has the additional property of having (almost) zero average.

We start by introducing the spherical excess and the cylindrical excess with respect
to a general plane.

Definition 10.1. — Given a current ' as in Assumption 4.5 and 2-dimensional planes V, V',
we define the excess of T in balls and cylinders with respect to planes V, V' as

E(T,B,(x), V) = (27 1?) " / T—V12dIT],

B, (v)

E(T,C,(x, V), V') = (27 72)1/ T —V'|2d|T] .

C,(xV)
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Defination 10.2 (Optimal planes). — For the case of balls we define the spherical excess as
Jollows. The optimal spherical excess at some x € spt(T) \ I' is given by

(10.1) E(T,B,(x)) := rr{m E(T,B,(x), V),

but in the case of x € I' we define the optimal boundary spherical excess as
E’(T,B,(x)) := min{E(T,B,(x), V) : VO T.I'}.

The plane N which minimizes E, resp. B, is not unique but since for notational purposes it s convenient

to define a umique “height” h(T, B,(x)) we set
(10.2) h(T, B,(x)) :=min {h(T,B,(x), V) : V optimizes E (resp. E’)} .

In the case of cylinders we denote by E(T, G,(x, V)) =E(T, G,(x, V), V) and h(T, C,(x, V)) =
h(T, G,(x, V), V).

We recall that under the above assumptions Gsr, = G5z, (0, V) and p; TL G5, =
Q[D], where D C Bsg, is one of the two connected components in which Bsg, is sub-
divided by the curve y = p(I"). Moreover T)I" = R x {0} and in particular I' N Csg, =

{@ v )} ={ 1 (D), ¥ (1))}, where ¥y : (=5Rp, 5Rp) = R and ¥ : (=5Ry, 5Rg) —
R". In particular y is the graph of v, and without loss of generality we assume that
D = {(x1, x0) € Bsg, : o > ¥1(x1)}, namely it is the upper half of Bsg, \ y.

In this section we will then work under the following assumptions.

Assumption 10.3. — p=¢=(0,0), V=V, =R> x {0}, Q, T, and T are as in As-
sumption 6.2 in the cylinder Csg,,, where Ry > 14 /2 is a sufficiently large geometric constant which
will be specified later. Moreover Q [V o] is the (unique) tangent cone to T at 0.

We moreover assume in the sequel that

(10.3) E(T, G5z, (0, Vy)) + A* < ecur,
Jfor some small positive parameter ecyy = €cm(n, Q, Ro).

Under the above assumptions we show now that the height of T in Cyg, is also
under control.

Lemma 10.4. — There are constants ecyy, C depending on Q, n and Ry such that, if As-
sumption 10.3 holds, then for all p € T and r > O such that Gs,(p, Vo) C Csr,, we have

(10.4) h(T, Gy, (p. Vo)) < Cr(E(T, Cs,(p, Vo)) + A) 7.

Proof. — We divide the proof into two steps.
Step 1: SUP . espt(T)NCy, (9, Vo) |P$0 (z — /7)|2 < Cr? fcg,_/z(p,vo) |P¢0 (z — 17)|Qd||T||(Z) +
CQA274.
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This is shown in [15, Lemma 6.6] and carries over word by word to our setting as
the only part where the stationarity of the associated integral varifold is needed, 1s for the
harmonicity of the coordinate functions. This however is true, as we test with functions
which are supported away from the boundary of T. We use this to apply a Moser iteration
scheme and estimate the L. norm by the limsup of the I/ norms as p — oo.

Siep 2:77 [, 1%, (= DPAITI ) < CECT, G, (p, Vo))r” + CA

Also for this, the proof of [15, Lemma 6.7] carries over as the difference to our sit-

uation is a factor Q) in the monotonicity formula (Theorem 3.2). From there, we estimate
the remainder term by 7 (E(T, C5,(0, Vi) + A). O

10.1. Whaitney decomposition. — We specify next some notation which will be recur-
rent when dealing with squares inside V. For each j € N, ; denotes the family of closed
squares L of V|, of the form

(10.5) [Cl], a; + 22] X [dQ, [25) + 26] X {0} C Vo

which intersect D, where 2 = 27 =: 2 (L)) is the side-length of the square, ¢; € 2'7Z
Vi and we require in addition —4 < ¢; < a; + 2¢ < 4. To avoid cumbersome notation,
we will usually drop the factor {0} in (10.5) and treat each squares, its subsets and its
points as subsets and elements of R?. Thus, for the center x;, of L. we will use the notation
x, = (a1 + £, ag + £), although the precise one is (a; + ¢, ay + £,0, ..., 0). Next we set
¢ :=Jn G- If H and L are two squares in ¢ with H C L, then we call L an ancestor
of H and H a descendant of L. When in addition £(L) = 2¢(H), H is a chld of L and L
the parent of H. Moreover, if H N L # @ but they are not contained in each other, we call
them neighbours.

Definition 10.5. — A Whitney decomposition of D N [—4,4]> C V, consists of a
closed set A C [—4, 41> N'D and a family W C € satisfying the following properties:

W1 AUy LND=[—4,41* ND and A does not intersect any element of W ;
(W2) the interiors of any pair of distinct squares Ly, Ly € W are disjoint;
(w3) if Ly, Ly € # have nonempty intersection, then %E(Ll) < {t(Ly) < 2£(Ly).

Remark 10.6. — Because of (wl) we will assume that any L € # intersects D.
Observe that (wl)~(w3) imply
(10.6) sep (A, L) :=inf{|x—y|:x€L,ye A} >2¢(L)) foreveryLe ¥,

since there is an infinite chain of neighbouring squares {L;},eny with Ly = L, dist(A, L;,) —
0 and €(L;) > 2¢(L;4;) for all <. However, we do not require any inequality of the form
sep (A, L) < C€(L), although this would be customary for what is commonly called a
Whitney decomposition in the literature.
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Assumption 10.7. — In the rest of this section we will use several different parameters:

(a) 8, and B, are two small geometric constants which depends only on Q, n, the constant y, of
Theorem 9.1, in_fact they will be chosen smaller than % and §; < % 5

In(132+/2)

(b) My is @ large geometric constant which depends only on 8y, while No = ==

natural number which will be chosen depending on B, 8, and My;
(c) C is a large constant C2(By, 81, My, Ny), while C? is larger and depends also on C’;
(d) Gy, 15 large and depends on By, &1, My, N, CE and C7;
(e) the small threshold e s the last to be chosen, it depends on all the previous parameters and
also on the constant € of Theorem 9.1.

s a large

Definition 10.8. — For each square 1. € € we set 1, := /2MoL(L) and we say that L is
an interior square if dist(xy,, y) > 64, otherwise we say that L. is a boundary square and we use,
respectively, the notation G° for the interior squares contained in D and 6" for the boundary squares.
Next, we define a corresponding (n + 2)-dimensional balls By, resp. BbL, Jor such Ls:

(@) If L. € €°, we pick a point pr, = (x., y) € spt(T) N ({xr.} x R") and we set By, :=
B64-71 (ﬁL);

(b) IfL € 6", we pick x, = (t, Y, () € y such that dist(xy, y) = | — xv|, define p, =
(6, Y (6) e TN ({x]} x R") and set B, = Buyrg,, (br).

We refer to Figure 3 for an illustration of the position of the various points above.
We are now ready to prescribe Ny: we require the inequality

(10.7) 9764r, < 2764/2M27 N < 1,

so that, in particular, all the balls By, and BbL considered above are contained in the
cylinder Cyg, .
The following remark will be useful in the sequel.

Remark 10.9. — If 1. € €” and ] is the parent of L, then J € ", while if L. € €,
then every child of L is an element of €*. In fact, if H and L are two squares with
nonempty intersection, £(H) < £(L)) and H 1is a boundary cube, then necessarily L is a
boundary cube too.

Remark 10.10. — Fix L. € ¥” and subdivide it into the canonical four squares
M with half the sidelength. For M any of the following three cases can occur: M might
be a boundary square, an interior square, or might simply not belong to " U €™ (i.e.
M N D = @). However, because of the enlarged radius for boundary squares, it still holds
that the ball of a child is contained in the ball of its parent (compare to Proposition
11.1(4)). Moreover, B] O L for any boundary square L.

We are now ready to define the refining procedure leading to the desired Whitney
decomposition.
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Defination 10.11. — Furst of all we set my := E(T, Csg,) + || ||é3'“(]—5R0,5R0[)' We start
with all 1. € €° U €% with £(L) = 27 and we assign all of them to 7. Next, inductively, for
each j > Ny and each 1. € ijb U ‘Kju such that its parent belongs to .7 we assign to . or bo W =

WIHWIH " in the following way:
(EX) Le #* ifE(T,By) > Comol(L)>™, resp. if E*(T, B) > Coagl(L)> " ;

1 1
HT) Le #"ifL¢ #° and h(T,By) > Cym £(L)'P1, resp. h(T, BbL) > Cym, X
0wy
(NN) Le# " if Lg #W'"UW° but thereis a] € W such that £(J) = 2£(L)) and LN ] #
0;
(S) L€ .7 if none of three conditions above are satisfied.

I/Vedenotebycfjb =%"NG, ‘fjﬁ =CNG, S =SNG W =W NC,W =W NG,
%h =W"NGC and 7%” = W" NG, Finally, we set

(10.8) A:=(-44"nD)\ L= L

Lew J=No Le}

A simple consequence of our refining procedure is the following proposition which
we will prove in the next section.

Proposition 10.12. — Let Vy, Q, T, and T be as in Assumption 10.3 and assume the
parameter N satisfies (10.7). Then (A, W) is a Whitney decomposition of D 0\ [—4, 412, Moreover,
Jor any choice of My and Ny, there 1s C*(My, No) such that, nyg, and CE/CS, C;Z/CE, are larger
than C*, then

(@) #x,=9;
(b) if L€ €N W then the parent of L belongs to €*.

Moreover, the following estimates hold for some geometric constant C: depending on By and 8, provided
ecm 18 sufficiently small (depending on all the previous parameters as detailed in Assumption 10.7):

E'(T,B)) < CC'myl(1)* ", and
(10.9) 1
h(T,B)) < CCm (L)', VYLe# NE,

E(T,B;) < CC'mpl(L)*™®"  and
(10.10) .
h(T,B;) < CCm L)', VLe# NE".

10.2. Construction of the center manifold. — First of all for each By, and Bi, we let Vy,
be the choice of optimal plane for the excess and the height in the sense of Definition
10.2: note that for boundary squares, namely in BbL, the plane Vi, optimizes the excess
E’, and thus it is constrained to contain the line Tval". The following key lemma allows
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us to apply Theorem 9.1 (and its interior version [8, Theorem 2.4]) to corresponding

cylinders.

Lemma 10.13. — For any choice of the other parameters, if ecm s sufficiently small, the
Jollowing holds for every e S U W .

(@) IfL.€ €, then T satisfies the assumptions of |8, Theorem 2.4] in Csyy, (pr., V1)
(b) IfL.€ €”, then T satisfies the assumptions of Theorem 9.1 in Cyi39,, (pr, Vo).

The corresponding Q-valued strong Lipschitz approximations will be denoted by fi, and will be called
V-approximations.

Given a square L € €” which belongs to . U%#, we denote by Dy, C Byroy,, (b1, V1)
the domain of the function f,, which coincides with the orthogonal projection on p; + Vi
of spt(I) N 02724”1(/);, VbL). Note in particular that 9Dy, N B2724,41A(pi, Vi) is the projection
of I' N Cyroyy, (pr, Vi) onto pr + V'I)J, which we will denote by y;.. Likewise, we denote by
g1 the function over y;, whose graph gives I' N Cgrg4,; (pr, VbL). In particular, Theorem 9.1
implies that /i |,, = Q [g.]. We now regularize the averages 1 o ff, to suitable harmonic
functions /%, in the following fashion.

Defination 10.14. — We denote by hy, the harmonic_function on Byg, (pr., V1), resp. Dy, N
By 16,]‘(10?4, VL), for L€ €7, resp. 1. € 6, such that the boundary value of hy, on the respective domain
is gen by W o f1, (in particular it coincides with gy, on yy,). hy, will be called tilted harmonic interpolating
Junction.

In order to complete the description of our algorithm we need a second important
technical lemma.

Lemma 10.15. — Consider . € U W . For every L. € €, resp. 1. € €, there is a smooth
JSunction ug, : D N Borg, (Po (pr), Vo) — Vé, resp. uy, : Bg,, (po(pr), Vo) — Vé, such that

(10.11) G, L Cs, (9, Vo) =Gy, LCs, (11, Vo), resp.
(10.12) G, L Cs, (1, Vo) = Gy, LGy, (1., Vo).

The function uy, will be called interpolating function.

The center manifold is the result of gluing the interpolating functions appropri-
ately. To that we fix a bump function ¥ € Cfo((—g, 3)2) which is identically 1 on [—1, 1]?

and define
L X — XL
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Hence, for any fixed j > N we define
(10.13) P =0\ W
i<y
and the following function 9, defined over D N [—4, 4]* C V, and taking values in VOl

ZLE!}?J Dr(x)ur(x)
10.14 (x) =
| ) @) D e Vux)

The center manifold is the graph of the function @ which is the limit of @; as explained
in the statement of the next theorem.

Theorem 10.16 (Center manifold). — Let T be as in Assumption 10.3 and assume that the
parameters satisfy the conditions of Assumption 10.7. Then there is a positive w (depending only on 8,
and B, ), with the following properties:

(@) @;ly =g for every j;
1
(b) ||(pj||c?i,w < Cmy for some constant C. which depends on By, 8,, My, No, CE, Cf, and
C, but not on ecy;
(c) Forevery k, k' =742, @, = @, on every cube L. € W;;
(d) @; converges uniformly to a C>® function @.

Definition 10.17. — The graph of the function @ will be called center manifold and denoted by
M. We will define ®(x) := (x, 9(x)) as the graphical parametrization of M over [—4, 4]* N D.
The set ®(A) will be called the contact set, while for every L. € W' the corresponding L := ®(L.N D)
will be called Whtney region.

10.3. The M-normal approximation and related estimates. — In what follows we as-
sume that the conclusions of Theorem 10.16 apply. For any Borel set V C M we will
denote by [V] its *-measure and will write [}, f for the integral of / with respect to H*.
B,(¢) denotes the geodesic balls in M. Moreover, we refer to [9] for all the relevant no-
tation pertaining to the differentiation of (multiple valued) maps defined on M, induced
currents, differential geometric tensors and so on.

Assumption 10.18. — We fix the following notation and assumptions.

U) Ui={x+r:xeM,pl <1, and y L M}.

(P) p: U — M is the map defined by (x + p) — «x.

(R) For any choice of the other parameters, we assume cyy to be so small that p extends to
C>*(U) and p~'(») =y + B, (0, (T, M)L) for every y € M.

(L) We denote by 3,U :=p~' (0. M) the lateral boundary of U.

The following is then a corollary of Theorem 10.16 and the construction algo-
rithm.
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Corollary 10.19. — Under the hypotheses of Theorem 10.16 and of Assumption 10.18 we
have:

(1) spt(d(TLU)) C 9,U, spt(TL[—%, %]Q x R") C U and p,(TLU) = Q [M];

1
(i) spt((T,p, ®(¢))) C {y : 1®(g) —»| < Com (L)' ™1} for every g € L€ W', where
C depends on all the parameters except €cni;

(i) (T, p,p) = Q[p] for every p € ®(A) U (L N IM).

The main reason for introducing the center manifold of Theorem 10.16 is that we
are able to pair it with a good approximating map defined on it.

Definition 10.20 (M -normal approximation). — An M-normal approximation of T is given
by a pair (IC, ¥) such that

(A1) F: M — Aq(U) s Lipschitz (with respect to the geodesic distance on M) and takes
the special form F(x) =Y. [x + N;(x)], with N;(x) L T .M.

(A2) KK C M is closed and T p~' (K) = TLp ' (K).

(A3) I contains <I>(A N —%, %]2) ad T N®DN [—%, %]2), and on the latter two sets
the map N equals Q [[0].

Themap N =Y. [N;] : M — AqR*™™) is the normal part of .

Theorem 10.21 (Existence and local estimates for the M-normal approximation). — Let
Yo 1= 1, with y\ the constant of Theorem 9.1. Under the hypotheses of Theorem 10.16 and Assump-
tion 10.18, 1f e 1s suitably small (depending upon all other parameters but not the current 'T), then
there is an M -normal approximation (IC, ¥) such that the _following estimates hold on every Whitney
region L associated to a cube 1. € W', with constants G = C(B;, §1, My, Ny, CE, CS, G, > 0:

(10.15) Lip(N|z) < Cm2€(L)” and |N|zlleo < Crmg (L)1,
(10.16) IL\ K|+ [ITr = Tll(p~" (£)) < Cmy ™ 0(L) 7,
(10.17) f IDN® < Cima £(1)*2 .

L

Moreover, for any a > 0 and any Borel V C L, we have (for C = C(B4, 8, My, No, CE, C% Cp)
(10.18) / Mo N| <Cmy (Z(L)Hﬁ‘Tl + aE(L)2+y72|V|)
%

+9/Q(N, Qn oN]])2+y2.
aJy

From (10.15)+(10.17) it 1s not difficult to infer analogous “global versions” of the
estimates.
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Corollary 10.22 (Global estimates for the M-normal approximation). — Let M’ be
the domain <I>(D N [—%, %]2) and N the map of Theorem 10.21. Then, (again with G =
C(,Bl, 81 ’ MO’ NOa 051 Cga C/z))

(10.19) Lip(N|pm) <Cm® and - |[N|aqflco < Cmé,
(10.20) M\ K|+ [Ty — Tl(p~ (M) < Crmy ™,
(10.21) / IDN|? < Ca .

In addition, since N = Q [0] on T N M/, we also get

(10.22) / IN|* < Cimn.

10.4. Additional L' estimate. — While the estimates claimed so far have all appro-
priate counterparts in the papers [10] and [15], we will need an additional important
estimate which is noticed here for the first time, even though it is still a consequence of
the same arguments leading to Theorem 10.16 and Theorem 10.21.

Proposttion 10.23. — Consider the function f : Bs — Aq(R") with the property that Gy =
Tyl Cs. For every L. € W' we then have the estimate

(10.23) l@—moflluw < C"’l(g)/ArZ(L)Ar

and in particular, as long as r < 3 is a radius such that £(L) <r for every L € W with LN B, # @,
we have the estimate

(10.24) l@—mofllLw,) =< Cmg/4f4-

11. Tilting of optimal planes

We estimate the changes of excess and height when tilting the reference planes of
nearby squares.

Proposition 11.1 (Tulting of optimal planes). — Let Q, T and I" be as in Assumption 10.3 and
recall the parameters of Assumption 10.7. There are constants C. = C(By, 81, My, N, CE, CZ) >0
and C = C(,B], 81, Mo, No, CE, CE, Ch) > 0 such l‘}ldl‘, #SCM = SCM(Q; n, Ro, C}l) >0 s
small enough, for any H, L. € . U W with H being equal or a descendant of L. we have

(1) B C B CBug,,
— 1
(@) |V — Vi <Cmg (L)',
— 1
() |Vu — Vo| < Cmy,
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(v)" if H € €, then h(T, Csgyy (P11, Vo)) < Comy/ € (H) and spt(T) N Csgyy, (P,
Vi) C By,

(iv)" ifH e 6", than h(T, Cyr5,, (pry, Vo)) < Com)/*£(H) and spt(T) N Cyrse,,, (P
Vo) C By,

()" if H,L € €, then h(T, Css, (pr, Vi) < Com/ (L) and  spt(T) N
Cs6,. (0, Vi) C By,

W)’ if L € €, then h(T, Cyrs, (., Vi) < Com)/ t(L)"*P and  spt(T) N
Cy736,, (PbL, Vi) C By.

where 1= or LJ = b depending on whether the square is a boundary square or not. Moreover, (11)—(v)
also hold yf H and L. are neighbours with %E(L) <{(H) <£(L).

Progf. — 1In this proof we will use mainly the following two estimates.

E(T.B,(p).V) = (277" f IT() — V%[ Tl (x)
B,(»)

<92mr%)"! f IT(x) — W T (%) + CIV — W]
B, (»)
— 9E(T, B,(5), W) + C[V — WP,

(10.4)
h(T,C,(p,V),V) < h(T,C,(p,V),W) + Cr[V' = W],

where in the first one we used the monotonicity formula of Theorem 3.2 to see that the
mass of a ball is comparable to 7* and in the second one we used the height estimate
(10.4) of Lemma 10.4.

We argue by induction on ¢ = —log,(£(H)). The base step is when i = N and
H = L while we pass to children squares in the induction step. By the choice of My and
Ny, we notice that there are no squares with side length 270 in %/,

The second inclusion of (z), we already observed in (10.7) while the first inclusion
of () and the inequality in (z2) 1s redundant for H = L. Thus, we show now (zz). We use
(2), the optimality of Vy, the monotonicity formula of Theorem 3.2 and the definition of
m, to deduce

ALY Ve Vol <O [T TP + Gt [ (= VP
Bl Bl

< 2CE(T, BY, V) < CE(T, Bsg,, Vo) < Cmy.

For (iv) we use the height estimate (10.4) of Lemma 10.4. Notice that Cisg,, (pg, Vo) C
Cig, (0, Vy) and hence,

h(T, Css,, (45, Vo)) <h(T, Cyr, (0, Vy)) < Cm/* = Cm/ £(H).
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7 =pPw(l)

Fi1G. 3. — An illustration of the various relevant points in the Whitney square

Then also the inclusion spt(T) N Csgy, (pE,VO) C BE holds, as long as ecy 1s small
enough. For (v) we observe that as BE C Cyr, (0, V() we can estimate

P17 < 9R2 4+ h(T, C(4Ry, V())? < 9R2 + Cmy,.

Thus if ecy (and thus my) 1s small enough, then Csg,, (pg, Vi) N Bugr, C Cug, (0, Vo).
Hence, also spt(T) N Cisg,y (pg, Vi) C Cugr, (0, Vi) and we can estimate

h(T, Cs,, (/75, Vi) <h(T, Cur, (0, Vy)) + 6|VH — Vol

< Cm/* =G/ 01y,

where we used (uz) and (2v).

We now describe the induction step. Figure 3 serves as reference for the various
position of the relevant points when H 1s a Whitney square and L its parent. We fix
H e .7 UW; for some ¢ > Nj. Thus there is a chain of squares such that H;;, :=
H C H; C --- C Hy, with H; € .} for each j < i. Assume the validity of (1) — (v) for
H, and H; with Ny </ <k <. We want to show (z) — (v) for H=H;;, and L = H;
with Ny <j <. For (z), we notice that it is enough to show the inclusion for j = :. Then
we have |xy, — x| < V/2¢(H,) and hence, if ecy is small enough, we use the induction
hypothesis for (:v) to estimate

15— PRI < (V20(H) + 9611)* + h(T, Copy (4, Vo))?
< £(H)?(V2(1 + 96My))? + Cmn/2(H,)? < 2'°M2€(H,)>.
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Now we check that BE C BEL_. Indeed, we have

2764r + |pry, — pril < 2732v2My0(H)) + 2°M, £ (H,)
< 27327/2ML(H,) + 2732/ 2MyL(H,) = 27647y,

For (), we first show the special case where j = i. We notice that by (), the fact that
2y = ry, and H; € .7, we have

2

d d
—||T||(BD)(E (T,BY) + E7(T, By))

(monotonicity formula)

< C(E(T, By, Vi) + E°(T, B)) < 2CE”(T, By)

< CCPmyt (H)> 21,

Now for a general j € {Ny, ..., 1}, we use the geometric series to conclude

Vi = Vig] £ Y [Vi,, = Vig | < CCPmg Y £(H)' ™
I=j I=j
<CcH 2(2 Hig(H;) 7 < CCPmye(H)' .

l=j

(1) follows by (i) and (11.1). To prove (iv)?, we observe that by the induction hy-
pothesis, we already know spt(T) N 036;}1[. (pgn Vy,) C BE[. Now we want to see that

Ci65 (47 Vo) C Cgy, (7. Vo). In case where H; € 6%, we have |xy — x| < v/2€(H,)),
hence

36r + |xg — xp,| < 36m,.
On the other hand, if H; € €”, then we recall |py —pril < 2°M€(H,) which implies
861 + s — xpy | < 36m + |pw — pry | < 27367,
Thus the desired inclusion of the cylinders holds. We deduce
h(T, Css,, (p1. Vo)) <h(T, By, Vo) <h(T,By) + Cry | Vi, — Vo
< Cuml e (H) P 1 Ce(H)m)? < TCL(H)m,

where we used the induction hypothesis and that H; € .. The previous estimate shows
also that spt(T) N Csg,y, (P, Vo) C By assuming that ecyp 1s small enough. The proof of
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(iv)” is analogous because if H € €7, then also H; € ¢” and so as before
27367 + |y — xpp,| < 27367 + |pry — pry | < 27367,

Now we show (v)%, (v)°” for H=H,;, and L = H; for some j € {Ny, ..., ¢} by induction
on . For j = Ny, we use the estimate on [V — Vi | to deduce

(02736mN() (PENU, Vi) N B4R0) - (02736mx() (PENO s Vi, ) N B5R0)

C Cug, (0, Vo)

provided that &cy 1s small enough. Therefore, we have

Nl—

h(T, Cysony (Prry,» Vi) < (T, Cig, (0, Vo)) + €[V = V| < Crmg.

Again if gy 1s small, this also implies that spt('T) N CQ7367HN0 (pENO,VH)) - BIE'I\'()' Now
assume that (v)°, (v)” hold for some j > N; and denote L = H,;,. We first consider
the case where L. € €. Then its parent H; is still unknown, but in any case, By, C BEJ_
and thus, Css, (p1,, Vi) C Cﬁ6mj (pn;» Vi) or Gsg, (L, Vi) C 027367}[]- (P;,’VH) respec-
tively. Using the induction hypothesis, we find h(T, Cgij (pn;» Vi) <h(T, By, Vi) or
h(T, Cyrs6n,, (11, Vi) < (T, By, Vir) respectively. Moreover, using (id), we deduce

h(T, By, Vir) < h(T, By) + Cry [Viy — Vi |

1

— 1 — 1 . — 1
< CCym L(H)""P' 4 Coml €(H))* ™" < CCymg L(H)).
Thus, we have also spt('T) N Csg,, (pr., Vi) C By, and finally

_ _ 1
h(T, Cs, (0, Vi) <h(T,Br) + Cr [V — Vi | < Cchmée(L)Hﬁl-

On the other hand, if L € ", then also H; € ¢ and we can perform the same argument
since By C By, and Cyrsg, (p1, Vir) C Coseny (pry» V). This shows both (v)* and (v)".
For neighbor squares, the argument works exactly the same as everything follows
from the smallness of [T — p5| and the fact that BE UBE € B, where ] is the parent of
L. O

Very similarly we now prove the excess estimates using the fact, that the parent of
any square belongs to .7
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Proof of Proposition 10.12. — For squares L of side length 27, we know by Propo-
sition 11.1 (i) that B! C Byg, and so we can choose C® and C’ large enough such that

E”(T,B.) < C(Ry, N)E(T, Byg,, Vo) < C(Ro, Ny)my
< CPmgl(L)* %,

Hence, L ¢ #°. Similarly we see that L. ¢ #. Indeed, we use Proposition 11.1 () and
the height estimate of Lemma 10.4

h(T,BY) < h(T,Byg,. Vo) + C(Ro, n, Q)|VE — V|
< C(Ro, n, Q)my/*.

Thus, we can choose Cj, large enough such that h(T, BE) < Chm(l)/ e (L)"*#1. This shows
(a).

We claim that (b) holds as long as C? > 16C". Let L. € € and assume its parent
H € €°. We want to show that L ¢ #°. Recall that |, — pyy| < 2°Mo€(L) and thus
B, C B?{. Moreover, as H is a parent, it belongs to .7, thus

E’(T,B;;) < C'ml(H)* %",
This then implies
E(T,B;) <E(T,B;, Vy) < 4E (T, B};) < 16C m,0(1)* %",

Now let L € # N %" and denote by H € . the parent of L. As L is a boundary square,
so 1s H. By Proposition 11.1 (2) and (z2), we know that BbL - B;){ and

Eb(T, Bll)) < 4—Eb(T’ B;)—[) < chmOE(L)Qfﬁsl ,
h(T, B;) < h(T,By) + Cr|Ve — Vi| < CCmy e (L) 7.

On the other hand, for L. € #' N 6", the parent H of L could be either a boundary square

or an interior square. So we estimate

E(T,B;) <4E”(T,B}) < C(C’ 4+ CHmy,L(L)* >,
h(T,B;) < h(T,BY) + Cr [V — VE| < CCum)/ (1) A1 -
12. Estimates on the interpolating functions

We notice that our construction fulfills the estimates needed for the strong Lipschitz
approximation.
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Proposition 12.1. — Suppose that Assumption 10.3 holds true, recall the constants from As-
sumption 10.7 and assume that ecyp is small enough. Let either H, 1. € % U W be neighbors with
%E(L) <{L(H) < L(L) or let H be a descendant of L. Then we have

spt(T) N Csyy, (. Vi) CBr, ifLe %,
spt(T) N Cyro, (b1, Vi) CB,, ifLe b,

and [8, Theorem 2.4] can be applied to ‘T in the cylinder Csgy (pr, Vi) and Theorem 9.1 wn
Cors9, (pr, V) respectively. The resulting strong Lipschitz approximation we call fi..

Proof. — The proof of Proposition 12.1 is completely analogous to [10, Proposition
4.2] for interior squares and to [15, Proposition 8.25] for boundary squares. U

Remark 12.2. — Observe that if £(H) < £(L.) and H is a boundary square, then
L is necessarily also a boundary square, since either H and L are neighbors or H C L.
When £(H) = £(L), in case H is a boundary square and L is an interior square, we can
simply swap their roles. In particular, without loss of generality, we will in the sequel
ignore the case in which H is a boundary square and L is an interior square.

Defination 12.3. — We denote by fur, the strong Lipschitz approximation produced by Propo-
sition 12.1. We will however consider the domain of the function fin, a subset of pu + Vu, resp.
p?{ + V. More precisely, for interior squares the domain s Gy, (pr., Vi) N (pu + Vi), while for
boundary squares it is Dy, := Dy N Goro4y, (pr, Vi), where we recall that Dy s the projection on
P+ Vi of spt(T). Observe that Coyyy (pr., Vi) 0 (b1 4 Vir) and Corogy (1, Vi) 0 (5 + Vi)
are discs, whose centers are given by

(1 2.1) PHL ‘= pu + Pvu (pL)’ resp.
(12.2) P =P + Py (1)

(Note that, when L is a boundary square, H might be a boundary square but it might also be an interior
square).

Defination 12.4. — We then let hyy, be the harmonic function on Byg,, (pur, Vu), resp. Dy N
Cor16,, (pLL, V), such that the boundary value of huy, on the respective domain is given by W o fu,
m particular it comncides with gy on yu. har, will be called the (H, L)-tilted harmonic interpolating
Junction.

Lemma 10.15 will then be a particular case of the following more general lemma.

Lemma 12.5. — Consider H and L as in Proposition 12.1. Then there is a smooth_function
upr, : D N Byrg,, (Po([?bL), Vo) — Vé, resp. upr, : Bg, (Po(pr), Vo) — VOL; such that

<12'3) GuHL LCSnt(pLa VO) = GhHL LCBn,(pLa VO)a
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(12.4) G, L Cors, (p1, Vo) = Gy L Corg, (p1, Vi),  respectively.

The function ugyr, will be called interpolating function.

12.1. Linearization and furst estimates on hyy..

Proposition 12.6. — Under the Assumptions of Proposition 12.1 the following estimates hold
Jor every pair of squares H and L as in Proposition 12.1. Furst of all

(12.5) / D( o finr) : D¢ < Comgry 7P IDE ||,

Jor every function & in C°(Bg,, (pur, Vi), Vﬂ‘l), resp. C2°(Dg N BT%(PLL’ Vu), Vﬁ), depending
on whether L. € €* or L. € €". Moreover,

(12.6) A, — ol gy vy = CmofiJrﬁl, fLe%”;
(12.7) | t1r, — m ofHL||L1(DHOBM”‘%L,VH)) < Cmorffﬁl, fLe 6
(12.8) 1Dl 85, pran Vi) < Cmé n ', fLe?%

(12.9 DLl e, gy < Cmin " iLEE.

Progf. — Proof of (12.5). Without loss of generality consider a system of coordi-
nates (x, ) with the property that p5; is the origin, (x,0) € Vi and (0, ») € V4. Fix ¢ as
in the statement of the proposition and in the cylinder G € {Csy,, (pnr., Vi), Gorse, (p[;{L,
Vi)} we consider the vector field x (x, ») = (0, ¢ (x)). Observe that, by assumption, the
vector field vanishes on I". Observe that, though x is not compactly supported, since the
height of the current in the cylinder G is bounded, we can multiply x by a cut-off func-
tion in the variable y but keeping its values the same on spt(T). The latter vector field
1s a valid first variation for the area-minimizing current T and thus we have §T(x) = 0.
Thus we can use Theorem 9.1 and Proposition 11.1 to estimate

18G, GO = 18(T — Gy ) GOL < IDE [0l T — Gy, 1(C)
< CD¢ o2 (ED(T, €, Vi) + A%
< C|ID¢ o (EZ(T, BY) 4 [Vig — VL[ 4+ A% 7

2 2—281\1 4+
< C|D¢ (|07 (mgry )+ < CDC ||gmor, ™",

provided 8, and B are chosen small enough to satisty (2 — 28,)(1 + y) > 2 4 B;.
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Next we use the Taylor expansion [9, Theorem 4.1] to estimate
‘SGﬁ{L(X) - Q/Tl o Df. DC‘
= CID¢ ||o/ IDfiac”

SCIIDé“IloLip(fHL)fIDfHLI2

< C|D¢[lo(EZ(T, C, V) + A% 2 (EZ(T, C, Vi) + A%}
< CD¢ ||or? (mgr; )17

Proof of (12.6)-(12.7). Consider v := /g, — M o fiy1, on its respective domain €2
which equals either Bg,, (pur, Vi) or Dy N 13278;1‘(172&, Vu). Observe that v vanishes on
the boundary of Q. For every w € L? we denote by ¢ = P(w) the unique solution of
A¢ = w in Q with ¢|3q = 0, which is an element of the Sobolev space W(I)’Q(Q). Next
notice that by a simple density argument, the estimate (12.5) remains valid for any test
function ¢ € Wy and recall also the standard estimate

IDEW)) o = Crllwllo

Therefore we can write

lvlli = sup /v-w: sup /U-A(P(w))
Q Q

wiflwllo=<1 wiflwllo=<1

= sup (—va:D(P(w))): sup /Dn o fir. : D(P(w))
Q Q

w:llwlo=<1 willwlo=<1
4+ 5+
<C sup myr P |DP(w)lo < Coagr, ™"
w:wlo=1

Proof of (12.8). Using the mean-value inequality for harmonic functions we sim-
ply get

C
DALl @5 v = 5 / D/ |
L/

8, (PHL, VH)

1

C )\
=— | D |

n Bgy (prL. Vi)

C )\
<-— |Dn o fi |

v Bgy (prL. Vi)
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G ENY: 5 181
< — (F(E(T,C,Vy) +A™}))? <Cmgn .
L
Proof of (12.9). Using standard Schauder estimates for harmonic functions, we
get
”DhHL”L°°<DHmBZ77,L<pLI,VH)>
C —u
<3 |DAnc] + C(Dgullo + 7. [gula) »

72 b
L JDuNBy7g, by, Vi)

where we recall that gg on dDyg N Byrg,, (p;L, V) is the graphical parametrization of
our boundary curve I' and « is a positive number smaller than 1, to be chosen later.
The first summand on the right hand side is estimated as in the proof above of (12.8).
As for the second summand, recall that prL I' is contained in the plane Vi, and that

1
IV, — V| < Camr{ ' This implies that

% 1-6;

IDgi(pin)| < Comyy
In particular we have

1
b 7 1-6
”D’gﬂ||L°°(3DHQBQ78,L(/7;{L,VH)) E |DgH (pHL)l + CATL S Cm() , I .

On the other hand,

1
—a 1—2a 7 12«
1 lenle < Crp A< Cmyr, ™,

and thus it suffices to choose 2a < §;. O

12.2. Tilted estimate. — We follow here [15, Section 8.5] almost verbatim to es-
tablish a suitable comparison between tilted interpolating functions which are defined in
different system of coordinates.

Definition 12.7. — Four cubes H, ], L., M € € make a distant relation between H and
L /], M are neighbors (possibly the same cube) with same side length and H and L. are descendants
respectively of ] and M.

Lemma 12.8 (Tilted 1" estimate). — Under the Assumptions of Theorem 10.16 the following
holds for every quadruple H, J, L and M in . U W which makes a distant relation between H and
L.

— If] € 6", then there is a map fAzLM : By (b, Vi) — Vﬁ such that
GIAzLM = G/ZIM LC“HJ (ij s VH)
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and

(12.10) ([ ory — ilLM“L'(BQU(pH],VH)) < Cmyt(J)> /2,

— If both ] and M belong to €, then there is a map ilLM : Dy N B274,:J (p?U, Vu) — Vﬁ
such that

GilI,M =Gy, L 02741] (ﬁ?ﬂ, Vi)
and

7 54+61/2
<12'11) ”}ZH_] - hLM”LI(DHJﬂBﬂz,](/)ZU’VH)) = C‘mOEG) Ve

The proof follows verbatim the arguments given in [15, Section 8.5]. The only
difference is the absence of the “ambient Riemannian” manifold which in [15, Lemma
8.31] is the graph of a function W. The case needed for our arguments is the clearly
simpler situation in which the linear subspaces @ and @ in [15, Lemma 8.31] are given
by the trivial subspace {0}. The proof of this version of the lemma (which is in fact [10,
Lemma 5.6]) is even less complicated. However there is a direct way to conclude it di-
rectly from the more general statement of [15, Lemma 8.31]: we can consider R**" as a
subspace of R*™*! and apply [15, Lemma 8.31] to a generic choice of x, ¥, 7, 7 and
the specific choice of o = @ = {0} xRand W =V:nr xx=7 X ¥ — w = w given
by the trivial map ¥ = 0.

13. Final estimates and proof of Theorem 10.16
Proposition 13.1. — There is a constant @ depending upon 8, and By such that, under the
assumptions of Theorem 10.16, the following holds for every pair of squares H, 1. € 2 (¢f (10.13)).

<a> ”uH”C&“’(Bq},H(xH) S Cm(l)/2> msp' ”ancﬁ,w(DmBﬁhH (x?{)) S Cm(l)/QJﬁr H € CKHJ resp.
He?;
(b) IfH and L. are neighbors then for any ¢ € {0, 1, 2, 3}, we have

(13.1) lun — wll i,y ) =< Cmé/gﬁ(H)H“’*i when H € €°,

(13.2) lass = wll i, oy < Comg LD when H, L € €°;
H

(©) |D%uy (xg) — DguL(xE)| < Cm(l)/ ! |x]EI — xE |, where L] = if the corresponding square
is a non-boundary square and U = b if it ts a boundary square;

(d) if H e E", then llug — pt, (i) oy, cany < Cmay €(H) and if H € 6, then

quBDﬂBQH?H(xL)) =4
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(e) |Vu — ;f(x,uH(x))Gqu < Cm(l)/Zﬁ(H)lf’S] Jor every x € By, (xp1), resp. x € D N

Bory (x);
() IfH' is the square concentric to H € W; with £(H') = %E(H), then

(13.3) l@; — unlli @y < C"loz(I‘I)sﬂw2 Vi>)+ 1.
13.1. Proof of Proposition 13.1.

Progf. — We follow the proof of [15, Proposition 8.32] and often we drop here for
simplicity the domains where we estimate the norm in.
(a) By [8, Lemma B.1], it is enough to make the estimates on Ay instead of uy.
Fix any square H € &% and consider the family tree H=H;, C H,_; C --- C Hy,. We
estimate

7
lrnllcse < D Mhmmy — b lese + g, llose -
J=No+1

As these are all harmonic functions, by the mean value property, it is enough to estimate
the L! norms. Again using the harmonicity we see that

5+8
lvn; — fmny - Nl < I oy — M o famg vy + CmQrHj_]l,

where €; either is B7,H]_ (pn;» Vi) if Hy € €% or Dy N B277,Hj (pi[/_, Vi) if H; € €”. Using

Theorem 9.1, we see that both Jun; and fun,_, describe spt('T) on a large set K, thus their
average agree on K. Together with the oscillation estimate we then deduce

M o fum; — M o fim;, [l o)
1
< CL(H,)? (mol(H,_)> ) " o (H, )+
< C"lof(l‘qu)ﬂﬂ1 .

For ”;lHHNO |cs.o we argue similarly and use Proposition 12.6.
(b) By [8, Lemma C.2], we have

; —2—j 3+o— 113
1D (st — ) lleo < CCri,~Nury — gl + G, D (e — ) ll o

The second term is already bounded in (a), thus we are left with showing the L' estimate.
To do so, we again use [8, Lemma B.1] to replace #, and uy with functions which have
the same graph. It is enough to notice that, by Lemma 12.8

~ 1 ’
1 = ol < Cag £(H) /2,
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(c) Let H,L € &. In case that |xyg — x| > 270, the statement follows from (a).
Otherwise, we can find ancestors J, M such that H, L are in a distant relation where
£(J) = £(M) is comparable to |xg — xLD|. Then we estimate

ID%up (i) — D, (x|
< |ID%u(x7) — Duyy (x7) ] 4 D e (o) — D g (o) |
+ D uy () — DPupae ().

The bound on the last term is already shown in (b), while for the first two we argue simi-
larly as before. Consider the family tree H C H,_; C --- CJ. By the previous arguments,
we deduce

1
lunn, — unm,  los < Cmag £(H;—p)”.

(d) The claim is obvious by construction for boundary cubes. For non-boundary
cubes, consider that the height bound for T and the Lipschitz regularity for fi; give that

|p3,, (bn) — o fir]|, < Cmy e (HD).

We also get HP% (pH) —MNofu HOO < Cmé/ *¢(H). On the other hand the Lipschitz regu-
larity of the tilted H-interpolating function Ay and the L' estimate on &y — 0 o f easily
gives Hp#H (pH) — hHHoo < Cmé *¢(H). The estimate claimed in (d) follows then from
[10, Lemma B.1].

(e) follows from the estimates on Dy, of Lemma 12.8.

(f) By definition of @, it is enough to estimate that for L. a neighbour square of H,
we have

lurs — wi I < Comg€(H) /2, -
13.2. Proof of Theorem 10.16.

Progf: — (a) 1s an immediate consequence of the definition of @, and the fact that
uy, satisfies the correct boundary condition (for L € ™). (b) follows exactly as in the proof
of [8, Theorem 1.17] and from Proposition 13.1. In fact, we are in the simpler situation
where our “ambient manifold” is just R""* and thus, we can choose ¥ = 0. (c) and (d)
are consequences of (b). U

13.3. Proof of Corollary 10.19 and Theorem 10.21.

Progf. — We extend ¢ to all of [—4, 4]* changing the C*“-norm only by geometric
constant and call this extension @. Then consider

T:=T+Q- Gyl , o



CAMILLO DE LELLIS, STEFANO NARDULLI, SIMONE STEINBRUCHEL

Then as 9M =T, 50 T = 0. We cannot directly apply the corresponding interior paper,
[10, Corollary 2.2], to T because the latter is not area-minimizing. However, the argu-
ment given in [10, Proof of Corollary 2.2] does not use the area-minimizing assumption.
It uses only the height estimates of Proposition 11.1 (which can be trivially extended to T
since the portion added to T is regular) and the constancy theorem (which is valid in our
case, since T has no boundary).

As for the existence and estimates on the normal approximation, we also can follow
the same argument as in [10, Section 6.2] substituting the current T to the current T in
there and the map @ to the map @ in there. First of all notice that the extension is done
locally on each square and the ones surrounding it, and thus, even though the union of
the squares in our # and the set A does not cover [—4, 412, this does not prevent us
from applying the same procedure. Next, the construction algorithm and the estimates
performed in [10, Section 6.2] depend only on the following two facts:

(a) The map ¢ in [10, Section 6.2] has, on every L. € #, the same control on the
C3*® norm that we have for the map @ (up to a constant).

(b) For each square L. € # (which in the case of [10, Section 6.2] corresponds to
an interior square for us) we have a Lipschitz approximation f, of the current
TL Gg, (b, V1), which in turn coincides with the current T on a set Ky, x Vﬁ,
where |Bg,, \ K| is small and the Lipschitz constant and the height of /, are
both suitably small too. This is literally the case with the very same estimates for
our interior squares, because TLCg,I (1, V1) = TL Gy, (pr., VL). In the case of
boundary squares, we apply Theorem 9.1 and we extend the corresponding f,
to a map Fj, on the whole disk B. 978 (pI , V1) by settlng it equal to Q) copies
of the graph of @ outside of the domain Dy, N Byrg,, (pL, V1). We then notice
that such extension satisfies the same estimates on the Lipschitz constant and
the height. Moreover, over the new region, by construction the extension co-
incides with the current T. Hence, if we denote by Ky, the complement of the
projection on Vi, of the difference set spt(T)Aspt(GL(fL)), then

By, (41, Vi) \ Ki = (Borg, (47, Vi) N D) \ K.
In particular [Byrg,, (pr, Vi) \ I~(L| has the desired estimate.

Finally, observe the following. By the construction of [10, Section 6.2] we have a specific
description of the set K consistsing of those points p in the center manifold for which we
know that the slice (T, p, p) coincides with the slice of the multivalued approximation,
namely Y. [F:(p)]. First of all, /C contains ®(A). Secondly, for every Whitney region £
corresponding to some square L. € #, K N L is defined in the following fashion. First of
all, we denote by Z(L)) the family of squares M € #” which have nonempty intersection
with L (i.e. its neighbors), hence we consider in each Cy; := Cg,,, (hm, VM), resp. Cyp i=
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Co7g,, (Pai, V), the corresponding Lipschitz approximation f;, and define

KnL:= (1) plpu(T Ngr(hn).

MeZ(L)

Since for boundary cubes I' N Cy; C spt(T) N gr (A1), we conclude that ' N £ C K. On
the other hand every point of I' N M which does not belong to some Whitney region is
necessarily contained in the contact set ®(A). Thus we conclude that I' C K. Observe,
moreover, that by construction the map N vanishes identically on the contact set, while
we also know that for each fy; as above fy; coincides with the function gy on py,, (I').
In particular this implies that N vanishes identically on the intersection of I' with any
Whitney region. U

13.4. Proof of Proposition 10.23. — (10.24) is an ovious consequence of (10.23) since
on the complement of the squares L. € #* the two functions @ and / coincide.

We now turn to (10.23). Observe next that, by Proposition 13.1(f), it suffices to
show the claim for the function uy in place of @. Observe also that we already know
from the above argument that, if we replace uy with the tilted interpolating function /Ay
and / with the Lipschitz approximation fi = fuu, the estimate holds, as it is in fact just a
special case of (12.7) and (12.6). Fix now a point x € H and the corresponding point let
9(x) 1= pvy (ur(x)) be the corresponding projection on the plane Vi. We can use [10,
(5.4)] (where we identify the manifold M in there with the affine plane Vg + @(p)) to
compute

mof(x) —ua()| < Clnofu(y) = u()| 4+ C|Vu — Vo|Lip(/Hh(T, By) .

In particular we conclude

mof(x) —ug(x)| < Cno () — ha(y)]
+ Cm)*L(H) 20 (L) 2m) (L)

Observing that x — y(x) is a Lipschitz function with Lipschitz constant bounded by [D ],
1.e. by Cm(l)/ * and integrating in x, we easily conclude the claimed estimate.

14. Local lower bounds for the Dirichlet energy and the L> norm of N

Asin [10, Section 3] the aim of this section is to conclude suitable lower bounds for
f IDN|? and |N| over regions of the center manifold which are close (and sizable) enough
to some Whitney region L. Depending on the reason why the refinement was stopped,
we will either bound |N| from below in terms of £(L)*#! or we will bound f IDN|? from

below in terms of the excess of the current in By.
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14.1. Lower bound on [N|. — We start with the following conclusion.

Proposition 14.1 (Separation because of the height). — If L. € W' then L. is necessarily an
wntertor square. Moreover, there ts constant C>0 depending on My such that whenever (C)* > CCt
and gcyg > 0 15 small enough, then every L€ W' fulfills

(S1) ©(T, p) < Q — 5 for all p € Byg, (pr),
(S2) LNH =0 forall He #" with £(H) < Le(L),

1
(S3) GIN(), Q[ o NW)]) = 1Cpma €LY for all x € ®(By 5,1, (11).
Proof. — We only have to prove that L. € € as the rest follows from the interior
theory in [10, Section 3]. We show that any boundary square H which did not stop

because of the excess, also did not stop because of the height. Fix such an H € € \ #".
Then we know that its parent M € € N . satisfies

E(T,B}) < C’ml(H)*
and we want to show that
1
h(T,B},) < C,m ¢(H)'.

To do so, we apply the height bound of Lemma 10.4 to a suitable rotated current T :=
O, T, where O is a rotation which maps V, onto V. Notice that the proof of this lemma
is based on the first variation and thus on the minimality of T. As T is area minimizing
(with respect to the tilted boundary O(I")), we can directly deduce

h(T,By) <h(T, Cyrge, (bry, Vi)
1
<Crmy (E(T, Corg0ny (Pbﬁ, V) + ATH) ’

1
= CrH(E(T’ Blbw) + C|Vy — Vi +ArH) 2

13
<Cmr;

1
< Cymg L(H)' P,

where we also used Proposition 11.1 and the sufficient small choice of ecy;. [

A simple corollary of the above proposition is that if a square stopped because of
the neighbor condition, then this originated from a larger nearby square which stopped
because of the excess.

Corollary 14.2. — For every H € W', there is a chain of squares Lo, Ly, ..., Ly = H such
that
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@) Lye#" foralli> 0 and Ly € W,
(b) they are all neighbors, i.e. L; N Li—y # 0 and £(L;) = %Z(LH).

In particular, H C By /541, (1> Vo)-

Accordingly, we can collect all the squares H which have such a chain relating H
to a specific square L. € #°. The latter square is not necessarily unique, but it will be
convenient to fix a consistent choice of L.

Definition 14.3 (Domains of influence). — First, let us fix an ordering {J;}ien of W* such that
the side length s non-increasing. For Jo, we define its domain of influence by

W'"(Jo) :={H € #" : there is a chain as in Corollary 14.2
with Ly = J, and L; = H}.

Inductively, we define for k > 0 the domain of influence " (J1) of Ji by all He W'\ J,_, #"(J))
which have a chain as in Corollary 14.2 with Lo = J; and Ly = H. As it is easy to check using Corollary

14.2 we have W'" = [’JkGNW"g,C).

14.2. Lower bound on the Dirichlet energy. — Having handled the case of “height
stopped” squares we turn to squares which were stopped because they exceed the ex-
cess bound.

Proposition 14.4. — (Splitting) There are constants C1(8,), Co(Mo, 81), C3(Mo, 8;) such
that, if My > C1(8,), C* > Cy(My, &), C° > C35(My, 8,), if the hypotheses of Theorem 10.21
hold and if ey is chosen sufficiently small, then the following holds. If 1. € W, q € Vo with
diSt(L, Q) =< 4‘\/§£(L), BZ(L)/Z}(g, V()) CD and Q= ‘I’(Bg(m/;}(q, Vo))) then (Z)Mﬂl C, C4 =
C(B1,81, My, Ny, CE, C, Cp)):

(14.1) CPm (L) < ¢(L)’E(T,BY) < c/ IDN|?,
Q

(14.2) / IDN|? < C¢(L)*E(T,BY) < C4E(L)2/ IN|?.
L Q

Before coming to the proof of the Proposition, let us first observe an important
point. Fix L as in the statement of the Proposition and consider its parent H and its an-
cestor J 6 generations before. If L is a boundary square, then H and J are both boundary
squares. On the other hand, if L is an interior square, since C? is chosen much larger than
C’, we can ensure that both L and J are also interior squares. Indeed, when By, C BJb and
J & 7, we have the obvious estimate

E(T.By) < 2"E(T. B)) < 2°Clmot ()" < 2%Clm (L),
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which therefore, by choosing C? > 2% C? implies that L. does not satisfy the excess stop-
ping condition.

Hence we can invoke [10, Proposition 3.4] to cover the case in which L. € #*N%",
since the proof given in [10, Section 7.3] just uses the fact that all squares L., H and J are
interior squares (i.e. the repsective balls By, By, and By do not intersect the boundary I').
We are thus left to handle the case in which L (and therefore also H and J) are boundary
squares.

To do so, we need analogues of three lemmas from [10].

Lemma 14.5. — Let BT C R? be a half ball centered at the origin and w € W"*(B™,
Ao (R") be Dir-minimizing with w = Q0] on BT N (R x {0}). Denoting w :=w & (—n o
w) =) .[w;—now] and u:=mnow, we have
Q | |Du—Du0) = f G(Dw, Q [Du(0)])* — Dir(w, BT).
B+

B+

Proof. — We extend w in an odd way to all of the ball B. Notice that then also the
extension of « is harmonic in all of B. Now the proofis the same as in [10, Lemma 7.3],
but we repeat it here anyway. First notice, that « is a classical harmonic function and in
particular, fulfills the mean value property. We use it to deduce

(14.3) Q f Du—Du(0)? = Q f (IDuf? + [Du(0)]? — 2Du - Du(0))
B B
—q f IDuf? + QJB||Du(0) [ — zq( f Du) DuO)
B B

=Qf Duf’ — QJB||Du(0) .
B

Similarly we compute
(14.4) Qf Dw|? = Z/|Dwi|2
B — JB
= Zf(|Dwi—Du(0)|2— IDu(0)|* 4+ 2Dw;, - Du(0))
~ JB
= [ 0. QDU - QBIDLO)?
B

+ QQ(/B éz le) - Du(0)

_ / G(Dw, Q [Du(O)])” + QJBI[Du(0) .
B
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Last we split the Dirichlet energy of w into the average and the average-free part (as
already observed in (9.14)).

(14.5) f|Dw|2 = Z/ IDw; — Dul?
B — JB
= Z/ (IDw;|? 4 |Du|* — 2Dw; - Du)
i B

:/|Dw|2+Q/|Du|?—2Q/B (éDwz-) -Du
— [ Dw - f D

The three identities (14.3), (14.4), (14.5) and dividing everything by 2 conclude the
lemma. O

An other important ingredient is the unique continuation for Dir-minimizers (com-

pare to [10, Lemma 7.1]).

Lemma 14.6 (Unique Continuation_for Dir-minimizers). — For every 0 < < 1 and ¢ > 0,
there i1s a & > 0 such that whenever B27 C Vg s the half ball and w : B — AgR") is Dir-
minimizing with w = Q [0] on BJr N (R x {0}), Dir(w, B ) =1, and Dlr(w BF) > ¢, then

Dir(w, B,(¢)) > 8 for every B,(q) C B;, with s> nr.

Progf. — 'The qualitative statement (UC) of the proof of [10, Lemma 7.1] applies
directly to our situation while the quantitative statement follows from a blow-up argument
that goes analogously for us as B,(¢) C Bj,. U

The previous two lemmas imply the following energy decay for Dir-minimizers
(compare to [10, Proposition 7.2]) which itself implies the Proposition 14.4. First fix a
number A > 0 such that

(14+ 1) <20,

Proposition 14.7 (Decay estimate for Dir-minimizers). — For any n > 0 there is a § > 0 such
that whenever B, C V is the half ball and w : By, — Aq(R") is Dir-minimizing with w = Q [0]
on By, N (R x {0}) and satisfies

f G(Dw, Q[D(M o w)(0)])* = 2~ Dir(w, BY),
B+

(1+2)r
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then we have for any B,(q) C BS, with s > nr

| L 1 -
8 Dir (1, BY,,,) < Dir (8, B 1) < 15 fB laf

Here we used again the notation w :=w @ (—mow) =Y, [w; —now].

Progf- — We follow word by word the proof of [10, Proposition 7.2] using Lemma
14.6 and Lemma 14.5 instead of [10, Lemma 7.1] and [10, Lemma 7.3]. We reach the
contradicting inequality

J,

1+

|Du — Du(0)|* > 281—4/ |Dul?
B

which is false as one can see by reflecting such that « stays harmonic and then using the
classical decay for harmonic functions. O

15. Frequency function and monotonicity

In this section we take a further crucial step towards the proof of Theorem 4.6. We
recall our key Assumption 4.5 and we add a further one on the smallness of the excess.
Before doing that, we observe a corollary of the decay estimate in Theorem 4.7.

Corollary 15.1. — Let T and T" be as in Assumption 2.4 and assume that 0 € I s a flat
point and that Q [V] is the unique tangent cone to T at 0. Then there is a geometric constant k > 0
and constants C and vy > O (depending on I and 'T') such that

(15.1) E(T,C,) <Cr* Vr<np.

Thus, upon rescaling the current appropriately, if 0 is a flat point we can assume,
without loss of generality, the following.

Assumption 15.2. — Let T and T be as in Assumption 2.4. 0 € T is a flat point, Q [V] s
the unique tangent cone to T at O, we let n be as in (4.1) and assume that (4.3) holds. In addition we
assume to have fixed a chowe of the parameters so that Theorem 10.16 and Theorem 10.21 hold and
that

(15.2) E(T, Cy,,) +A%0” <scup™ Vp<1.

Observe that, by (15.2), we conclude that both Theorem 10.16 and Theorem 10.21
can be applied to the current T, , whenever p <1.
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15.1. Intervals of flattening. — We start defining a decreasing set of radii {¢, > & >
-+ } C (0, 2], which at the moment can be both finite and infinite: in the first case one #y
will be equal to 0, while in the second case all #’s are positive and # | 0.

4y is defined to be equal to 2. We then let M| = M, be the center manifold and
N, = N; the corresponding normal approximation which results after we apply Theorem
10.16 and Theorem 10.21 to the current T. Moreover we let # () be the squares of the
Whitney decomposition described in Definition 10.11. We then distinguish two cases:

(Stop) There is a square H € #'V such that
(15.3) dist(0, H) < 64+/20(H) .
(Go) There is no such square.

Notice that every such square H satisfying (15.3) is a boundary square. In the first case
we select an H as in (Stop) which has maximal sidelength and we define 7, := 66+/2¢(H)
and t := {17 = 1324/2¢(H). Otherwise we define # = 0. Observe that

t
(15.4) ,:_2 < 66+/227N0
1
Before proceeding further, we record an important consequence of the Whitney
decomposition:

Corollary 13.3. — If (Stop) holds, then the square H of maximal sidelength that satisfies (15.3)
must be an element of W', 1.e. 1t violates the excess condition.

Progf. — Observe that if H is an (NN) square, then there is a neighboring square
H'’ of double sidelength which also belongs to #  and it is easy to see that the latter
satisfies (15.3) too, violating the maximilaity of H. Note next that (15.3) implies that H is
a boundary square, and as such it cannot belong to #". O

_ Incase ty > 0 we then apply Theorem 10.16 and Theorem 10.21 to Ty, and let
My and Ny be the corresponding objects. The pair (M, Ny) will be derived by scaling
back the objects at scale #, namely

(15.5) My ={tg: ge My},

(15.6) Na(g) = &N, (}) .

2
We then apply the procedure above to M, in place of M, and determine % analogously,
while we set £ := ty15. B

We proceed inductively and define M, M,, Ny, Ny, %, and 4 := t_,4: the proce-
dure stops when one ¢ equals 0, otherwise goes indefinitely. Observe that for every £ we
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have the estimate

[
(15.7) L <663/227N,

-1

15.2. Frequency function. — Observe that the conclusion of Theorem 4.6 is equiva-
lent to T coinciding with Q [M;] for some £ in a neighborhood of the origin. A simple
corollary of the interior regularity is in fact the following

Corollary 15.4. — IfN; = Q [[0] on some nontrivial open subset of My, then T = Q [M;]
in a neighborhood of O and in particular Theorem 4.6 holds.

We next consider a function d which is C? in the punctured ball B;(0), whose
gradient Vd is tangent to I" and such that (1)-(i1)-(ii1) of Definition 5.6 hold. Likewise we
fix the function ¢ : [0, o0) — [0, 00) given by

1, iftelo, 1],
)= (1=20, iftels 1],
0, ifr>1.

From now on we denote by D the classical Euclidean differentiation of functions, ten-
sors, and vector fields, which for objects defined on the manifold M, will mean that we
compute derivatives along the tangents to the manifold. On the other hand we use the
notation V,, DM+, and div M, respectively for the gradient, Levi-Civita connection,
and divergence of (respectively), functions, tensors, and vector fields on M understood
as a Riemannian submanifold of the Euclidean space R*™,

We then define
(15.8) D() = / ¢ (‘“f) IDN,2(0) dH2(x), 7 € (41, 4],
M,
15.9 H() = — / " (‘“")) Vs )|2'N’f(’“)' ). 7€ (. 4],
M, r d(x)
(15.10) S(r) := /M ¢ < (r)> INL) | dH(x),  if 7 € (s, 4]

We are then ready to state our main estimate.

Theorem 15.5. — Let T be as in Assumption 15.2. Either T = Q [M,] in a neighborhood
of the origin_for some k (and in that case note that t,) = 0), or else H(r) > 0 and D(r) > 0 for every
7. In the latter case the function 1(r) := 'D(r) satisfies the following properties for some constants C and
7> 0:

(@) Lorallr > 0, we have
(15.11) I(n=>C",
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and
2+7
(15.12) D) <Cr.
(b) 1 us continuous and differentiable on each open interval (441, ) and moreover

S0)

(15.13) Do)

d

- (logl(r) +CD()" — Cf™? ) > —Cr'' forae r €y, 4l
,

(c) At each t; the function 1 has one-sided limits

+ .
1)) = l}&ll(t‘),
I(4) = I}Tlrtrkll(t),

and moreover

(15.14) > ) = 1) < oo
k

We will prove (a) and (b) in Section 16 while we devote Section 17 to show (c). An
obvious corollary of Theorem 15.5 is the following

Corollary 15.6. — Let I be as in Assumption 15.2. Either O s a regular point, or else 1(r) 1s
well defined for every r and the limat

Ip :=lmI(r
o i=lim ()
exists, is finite and positive.

Proof. — First of all observe that, since I(r) > C™!,

() :==logI(r) — Cz,ff*& +CD(@r)" + Cr" > —logC.
D(r)

We will also see below in Lemma 16.1 that S(r) < Cr*D(r). Hence, since the Lipschitz
constant of log is bounded on [C™!, 0o[, we infer

(15.15) If (6" — £ = CILE") — 1)+ CEN".

Next we show that the two bounds (15.14) and (15.13) imply that / is bounded from
above: considering p €]0, 1[, we let £ the largest number such that p < 4 and we can
estimate

4 k=1 g k
f(l)—f(p)zf f’+Z/ VAU ENICS)
r j=1 Vb J=2
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which turns into

f<p><f<1>—ff Zf SR

b1

1
<) +C/ T+ CY I — ()] < 00
0

J

(note that in the last line we have used (15.15)).

Next observe that the distributional derivative of / consists of a nonnegative mea-
sure (on the union of the open intervals (441, ) and a purely atomic Radon measure
which has finite mass by (15.14). We thus conclude that the distributional derivative of f
is a Radon measure. Next fix any p < 1 and let 4 be such that 24, < p < 2¢. We then
have the bound

IDfI(0. 1D <Df (. i)+ Y. DFALLL D+ Y [f D —f()]

l<gyj<k—1 2<5y<k

<2 ) =)+ [f o < 00.

J=1

Hence, letting p go to 0 we discover that |Df(]O, 1[) < oo, that is / € BV(]0, 1[). This
in turn implies that / is a function of bounded variation and hence that lim, /() exists
and 1s finite. Observe, moreover that by (16.11) we infer that f(r) — log(I(r)) converges
to 0 as r | 0. We thus conclude that lim, ¢ =1lim, 10 1(r) exists, it is finite, and it is
positive. 0J

16. Proof of Theorem 15.5: Part I

16.1. Proof of (15.11). — The claim is simply equivalent to the existence of a con-
stant G such that H(r) < CrD(7). The latter is a consequence of a Poincaré-type inequal-
ity which uses the fact that N; vanishes identically on the boundary curve I'. The proof
will be reduced to [15, Proposition 9.4]. However, in order to make the latter reduction,
we employ a device which will be used in several subsequent computations. Having fixed
a positive r different from any # we let k be such that tk+1 <r<i and we define the cor-
responding rescaled quantities Dk(tk 7), Hk(tk r), Sk(tk '), and Ik(tk 7). More precisely
we define the function d;(x) := ¢, 'd(4x) and set

(16.1) Di(p) := f qs(d’“(x)) IDN[*(x) dH* (%),
My P

_ d N
(16.2) H(p) = — / _ ¢’( ’“(")>|mdk< RO oy
. \Up ()
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_ d. —
(16.3) Si(p) = / ¢ ( A(X)> IN:(0)]? dH? (x).
M P

We then can immediately check the relations
(16.4) Dt 'n) = 4D,
(16.5) Hi( ') = 4" H()
(16.6) Si(t ') = 1,*S(r),
(16.7) Si N =470,
(16.8) D' =4"D'0).

Lemma 16.1. — There is a constant G such that

(16.9) H(r) < GD(),
(16.10) S'(r) < CD(),
(16.11) S(r) < CPD().

Progf. — We observe that the corresponding inequalities for Dy, H,, S;, and S;C
follow from [15, Proposition 9.4], since the center manifold M, the functions d;, and N;
satisty the assumptions of the proposition. U

16.2. Derwvatives of H and D. — In order to prove (15.13) the first step consists in
computing the derivatives of H and D. In what follows we will use the usual convention
of denoting by O(g) any function f of the real variable » > 0 with the property that
|/ (r)] < Cg(r). Moreover, in order to avoid cumbersome notation, for r € (¢4, 4] we will
drop the subscript M from the gradient V4, on the manifold.

Proposition 16.2. — Under the assumptions of Theorem 15.5 we have, for every r € (ti41, 4],
d d ‘
(16.12) D'(r)=— / ¢’ (ﬂ) ¥|DN|2,
r r
1
(16.13) H'(r) = (— + O(l)) H(r) + 2E(r),
r

and

r

(16.14) E(r) = —l/¢/ (@) Y Ni() - (DN;(0) Vd(v)) .
r )
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Proof. — The first derivative is a straightforward computation. For the second, we
can follow the computations of [15, Proof of Proposition 9.5] to conclude that

, 1 o d(x) 9
H(r) =2E() — ;/fﬁ — ) Amd(INF (v,

r

where A p4, is the Laplace-Beltrami operator on the manifold M. Noticing that ¢’ (@)
vanishes unless C~!7 < |x| < Cr, our claim will follow once we show that

1 1
A, d(x) = TX) +0O(1) = m(l + O(d(x))) .

In order to show the latter estimate, we fix a point x € M, and observe first that the
second fundamental form of the center manifold M is bounded by C(E(T) ,, 4R,) 2 4
At), which in turn is bounded by C# for some positive x. By rescaling, the second fun-
damental form Ay, of M; enjoys the bound [|Ap, [lee < C££™". On the other hand,
recalling that |x|~'|Dd — D|x|| + |D?d — D?|x|| < C it is easy to see that

1 1
‘AMkd(X) - m‘ =< ‘AMklxl - m‘ + G+ Clxl [ A, Nl

<C+CllAr o <CE +C <C. 0

16.3. First variations and approximate identities. — We start by recalling that, since
Ty, is area-minimizing and 3T, | Cyr, = Q [T';]L Cyg,, then 8T, (X) = 0 for every
X which is tangent to I'. In what follows we fix a C* extension @, of the function @, to
[—4,4]* C V (by increasing the C** estimate on @, by a constant factor) whose graph is
the center manifold M, and we denote by p; the orthogonal projection onto the graph
of @, (which is of course defined only in a suitable normal neighborhood of it). We then
fix the two relevant vector fields with which we will test the stationarity condition:

d,
NX() = (M) (b - o).
1 (d Vd}
X = =Y (pu(p) i=— 56 ( R )))) m )

(note that V means the gradient V ;. here).

Note that X; is tangent to both M, and I',. Moreover, in [15, Sections 9.4 and
9.5], the estimates are done separately on both sides of I';. Thus, it applies to our sit-
uation directly with M™* = M. Note also that the fifth error terms vanish for us as
our “ambient manifold” is R""2. We summarize the statements here and first define the
following function

d
o) =0 (M)
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We also introduce the rescaled quantity

_ 1 d,
(o) i=— /M ¢ ( ’“(x)) Z(Nk) () - DY) V()

and record the corresponding relation with E, namely
(16.15) Eu(t7 ') = £7E(r).

Proposition 16.3 (Outer variations). — Let Ay and H yy, denote the second fundamental form
and the man curvature of M, respectively. Assume t’ft—rl <71 < 1. Then we have

(16.16) IDx(r) — Ex(n)| = ' /M (gouDNkF + Y (N, ® Dgy) : D(Nwz«) '

4
< |Em,
j=1

with
Err]:=-Q | gD(HMk,YIONH,
M,
|Errg| < C/_ ol 1A NI,
M,

|Errs| < C/ (lox| IDNL*INLI ALl + DN
M
+ D@ (IDN*INK| + DN INLPALD)
Err} :=8T5, (X,) — 6To, (X,) = 6T, (X,).

For the inner variation, we introduce first a bit more of notation. First of all, we
see D(Nk)j as a map from T./\/l;l to R"™. Denoting the components of (Nk)] by (Nk)j
((NDL, .. (Nk)”+2) and choosing a vector field Z tangent to M £, We write

D(Nk)j(z) = (DZ(N,C);, el Dz(Nk);'H).
Similarly, we have
DR)DMY(Z) = DR, DY (2))

(DDML Y(Z) (N k) ; DML Y(Z) (N k)n+2)
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Thus, for the scalar product DN B DN k)jDM‘Y, we choose an orthonormal frame ¢,
¢y of TM; and express

D(Nk)J : D(Nk)]DM/Y = Z(D(q{ (Nk)jv DDMkY(eg)(Nk)f>
14

= Z D, (Nk);DDMkY(m (Nk); :

l,i

We further introduce the quantity

N 7\ _4 VP
G(r) = —r ka¢(r) v dPJDD(Nk)] vd]

and its correspoding rescaled version

= e dy dy - (
Gi(p)=—p sz¢< > Vi Z ID(NY; - V|,

M P J

while we record the corresponding relation as in (16.4)-(16.8):

(16.17) Gt ') =6"G().
Proposition 16.4 (Inner variations). — Under the above assumptions we have
(16.18) 1D,(r) — OW)D(r) — 2G4 ()|

2 - _ - 1 -
= f_ ZD(NI;)]‘ : D(Nk)]‘DM"’Y - §|DNk|2d1VMkY
M\

4

2 i
= ;Z'E”ﬂ’

j=1
with
Err} := Qf_ ((Hyoq, m o Niddivg, Y + (DyH g, m o Ny))
M
|Err| 50/_ A? (IDY NG + YN DN)
M

e <C [ (DRFVIAJN + DN
M,

+ IDY|(JAIIN,*IDN,| + IDN¢[ ) ,
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Erri = 6T5, (X;) — 8T, (X;) =0T, (X)).

Proof. — The arguments for the proposition are the same as in [15, Proposition
9.10] and indeed they are based on the Taylor expansions of [9, Theorems 4.2 & 4.3].
However some more care is required because the term O(#)D(r) appears in the corre-
sponding inequality (namely [15, (9.28)] as O(1)D(r). The reason for the improvement
is based on the computations [15, (9.29)] and [15, Lemma 9.2]: the improvement follows
easily from the fact that:

— The curvature of the rescaled boundary I'; 1s bounded by #; B

— The C* norm of the function @, (whose graph is the center manifold M)
is bounded by (E(Ty,, C4zr,) + 1 llcse0 ) /2, where v is the function whose
graph describes I';; we thus have [|@,||cs < Cf. ]

16.4. Famuilies of subregions for estimating the error terms. — We want to estimate the
error terms over the Whitney regions in order to use the separation estimate (Proposition
14.1) and the splitting before tilting estimates (Proposition 14.4). To achieve this goal we
goes along the same lines of [15, Section 9.6] and apply the arguments of [15, Section 9.6]
to the current T, that gives rise to the center manifold .#;. Notice that in each error
term, there is the cut-oft ¢ (d;/r), thus it is enough to consider squares which intersect
HBr:={xeVoND:d(p,(x)) <r}. However, to sum the estimates over all squares, we
prefer the regions over which we integrate to be disjoint. For this purpose, we define a
Besicovitch-type covering.

From now on we fix all the constants from Assumption 10.7 and treat them as
geometric constants. We are going to consider the Whitney decomposition and the cor-
responding family #¢, #", #'" of squares whose definition is detailed in Section 10. Note
that the construction is not applied to the current T and the boundary I', but rather to
the rescaled current T, and the rescaled boundary I';. Note that the assumptions for
the construction apply for each £. For our notation to be more precise we should add the
dependence on £ of the various families #, however, since £ is fixed at this stage, in order
to make our formulas simpler we drop such dependence.

First we consider all squares which stopped for the excess or the height and which
influence some square intersecting ;.

Definition 16.5. — We define the family T to be
T={LeW UW":LNAB +0}
U{Le#*: thereisan L' € #"(L) such that L' N A" # 0} .

Notice that because in a chain of squares in #", the sidelengths always double, we
have for each L e T

sep(L, ) :=inf{|x —y| :x € L,y € B} < 34/2¢(L).
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To each such square L. € T, we associate a ball B(L) which we call satellite ball.
Preferably this ball is contained in the square and with radius comparable to the side-
length. However, as not every square in 7 is contained in D, we choose instead a nearby
ball. Moreover we want that the concentric ball with twice the radius to be contained
in #'. Notice that because of the intervals of flattening (15.3), the largest square L con-
tributing to the center manifold and intersecting %" satisfies £(L) < ﬁr.

— If By o(x) C A, we define B(L) := By, 4 (x1).

— If Beqy o) € A, we choose a point y € 35" minimizing the distance to L.
We then move along the direction of the interior normal to » by a distance £(L)
to select the new point ¢;,. Notice that if €cy 1s small enough,

B(L) :=Be,/4(q1) C B .
By construction and the estimates on d;, we have if ecy 1s small enough,
g, — x1| < 54/20(L) and thus dist(gr, L) < 4/20(L).

From this family 7", we now choose a maximal subfamily .7 for which the satellite
balls are disjoint. Denote by S := sup{€(L) : L. € T}. We define 9] C {L e T : %S <
£(L) < S} to be a maximal subfamily for which the associated satellite balls are pairwise
disjoint. We inductively define Z;; C{L € T : 27*7!1S < £(L) < 27*S} to be a maximal
subfamily such that all the satellite balls B(I') with L' € ZU- - -U .7, are pairwise disjoint.
Finally we define .7 to be the union of all the .7;. As we want to cover all of #, we
associate to each square in L. € 7 the nearby squares of 7 whose satellite balls intersect
B(L) and the domain of influence #"(L). Indeed, by a standard covering argument,
notice that if H € T, then there is at least one square L. € .7 such that dist(H, L) <
20+/2£(L). We fix an arbitrary choice to partition 7~ into families 7 (L) such that L € .7,
for any H € T (L) we have £(H) < 2¢(L) and dist(H, L) < 20+/2¢(L). Now we add the
rest of ' and define

#(L):= | #"(H)UH).
HeT (L)
The associated Whitney regions will be called U (L) C M,
ULy = | &um,

He¥ (L)

where the map ®; is the parametrization of the center manifold induced by @, namely

D(x) = (x, 9 (x)).
For simplicity of notation, we enumerate .7 = {1;}; and denote

Bf :=®u(B) =M, N {d; <1},
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U :=U)NB,
B':= ®,(B(L)),
Zi = Z(LZ)

Notice that by construction, every satellite ball B(L;) has distance at least £;/4 to
9%+ . In particular, there is a geometric constant ¢ > 0 such that

c— < inf ¢, =infg,.
Bz

o oplB)

Asin [15, Section 9.6.2], we conclude that there is a geometric constant C > 0 such that

(16.19) sup @ = sup @; < C inf = C inngk,
p; | U) U; p; ' U) 77
(16.20) Y e =ce.
He¥ (1)

We next define
my (k) :==E(Ty,, Csr,) + Vil 3o -

Applying the estimates of Theorem 10.21 and Corollary 10.19(ii) in each square of # (L)
and summing over them yields

(16.21) Lip(Ni|y,) < Cong (k)72
(16.22) INUleswy + sup  [pt] < Camg (k)67
spt(T)Np~! Uy)
(16.23) IT5, — To., | (P U)) < Cong(B) 72077,
(16.24) / IDN,|? < Camy () €},
U;
_ r _
(16.25) / InoN;| < Cmo(/c)e;”f +C/ NG| 272,
Z/{l‘ Z/{i

On the other hand, we can use the Separation Proposition 14.1, the Splitting
Proposition 14.4 and the estimates (16.19), (16.20) to deduce estimates on the normal
approximation as stated in the next lemma.
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Lemma 16.6. — Assume the assumption 10.18 holds. Then there is a geometric constant C, >
such that

(16.26) my (k) Z (z;*”ﬂl igf(pk> < CoD;(n),
(16.27) mo(k) Y € <G / IDN|? < Co(Dy(r) + D)(1)).
; Bt

Moreover, we have

my(k)sup £; < Co(rDy(1) /Y and

(16.28) _
my (k) sup (Eiinf¢k> < CDy(r) /A
i Bi
and
(16.29) D,(r) < Comag(k)r*=" < Cot2p*=21 .

Proof. — The proof goes completely analogous to the one of [15, Lemma 9.13]
and we summarize it here. Fix an I; € 7. If L; € #", it is an interior square and we can
use Proposition 14.1 to deduce

(16.30) N2 > comag (k)2 072
Bi

On the other hand, if L; € #, then L; can be either a boundary square or an interior
square. However the satellite ball does not intersect the boundary and also we can apply
Proposition 14.4 in both situations. Thus, we have

(16.31) / IDN|? > qum (K€",
Bi

(16.32) / @|DN? = comag (k)€™ infg;.
Bi !

Summing over all squares and using (16.30), (16.31) and (16.32), we conclude

mo(k) ) € infe < Co f (INi[* + ¢ DN, )

Bf
my(h) ) 67 <Gy / (IN* + DNJ*) = G / L IDNJ%,
p B; B;

? Here and in the sequel we call a constant geometric if it depends only on 7, Q, Ny, M, Cf, C?, C; which we
fixed.



AN ALLARD-TYPE BOUNDARY REGULARITY THEOREM

where we used the Poincaré inequality and the fact that N vanishes on I';. We conclude
by noticing that, as ¢’ = —2 in [%, 1], we have

f ~ IDN,* <D,
{r/2<dr<r}N M,

/ IDN,|? < Di(r) .
{dr<r/2}N M,

(16.29) is a consequence of (16.24). OJ

We end this section with estimating the error terms (compare with [15, Proposition
9.14]).

Proposition 16.7. — There are constants C, T > 0 such that

(16.33) |Err!| + |Erry| 4 |[Err| < CDy(n)'",

(16.34) |Errh| < C<Si(r) < CL*Dy(r)

and

(16.35) |Err! | 4 |Errs| + |[Err}] < CDu(n" (Di(r) + rD(1)),
(16.36) |Err)| < Ce2rDy(r).

Proof. — The detailed estimates can be found in the proof of [15, Proposition
9.14]. Notice that as there it is done for either side of the boundary separately, and as
we have the same estimates on N, it applies directly to our situation. The idea is as fol-
lows. First we notice that

YD = ep)d(pe(p)) and  [DY(p)| < Clg:(pi(p)).

Then because of the Theorem 10.16, both the second fundamental form and the mean
curvature of M, are bounded (and their derivatives) are bouned by Ct. The remaining
terms in the errors can be split into the regions If; and then be estimated by powers of
my (k) and ¢; using (16.21)-(16.25). Choosing T < 8, and recalling that §; < 8, < y,/8,
we see that the powers are higher than what we need for (16.26) and (16.27). Thus with
(16.28) we gain the additional D;(r)*.

The only relevant difference in the estimates of [15, Proposition 9.14] is in the
terms Err), and E, where our estimates have an improved factor C£* in the right hand
side. But this follows easily from the fact that in our case we take advantage of ||A;llc <
Ctf, while in [15, Proposition 9.14] the second fundamental form of the center manifold
1s only known to be bounded by a constant. UJ
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16.5. Proof (15.12) and (15.13). — In order to prove (15.12) we exploit (16.4) and
(16.29): we assume 44 < 7 < # and estimate

D(?’) — tsz(tk—IT) < Ci,?+2k(tk_17’)4_251 < C?’Q+2K )

In order to prove (15.13) we follow the computations of [15, Section 9.1], but in our
setting some additional complications are created by the fact that we need to scale back
our estimates for the rescaled quantities Dy, Hy, S;, Gy, and S;. First of all we recall

(16.13):
(16.37) H'() ="' H(r) + 2E() + O(DH()
Next we combine (16.16), (16.33), and (16.34) to get
(16.38) IDe( ') — Bt 0] < CDu( ') + CSier ).
We next can use (16.4), (16.6), and (16.15) to conclude
(16.39) ID() = E(M)| < CDO) (D)™ + CiTS0) .
Next recall that D(r) < C?T2¢. Since r < #, we can write
(D(r) < CPD()' " < CD()' "™
Thus, at the prize of choosing T smaller, we can translate (16.39) into
(16.40) ID(r) — E()| < CD()'** + G4 7S().
The final ingredient is derived by first combining (16.18), (16.35), and (16.36) to get
(16.41) IDy(6 ') + O Dt ') — Gt )]

< i]‘) 'D" (Dt ') + 47D ') + CL* Dy ')
=1, K\ K\ k K\ k R\ ’
k

which in turn, using (16.4), (16.17), and (16.15) becomes
(16.42) ID'(r) + O~ H)D(r) — 2G ()|
< CD@) (¢ 'D) +D'()) + C4'D().
But then, arguing as for (16.40) we can achieve
(16.43) ID'(r) — 2G(n)| < C{*'D(r) + CDM) (' D) + D'(1).
We are now ready to estimate 4 logI(r). We start by writing

d 1 D'(ry H(©»)
(16.44) Elogl(r) = + D) — HO)
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Hence, using (16.37) we write

D'(r) B 2E(r)
D)  H@)

Next recall (15.12) while Lemma 16.1 implies that for o €]0, 1[ we have

d
(16.45) —logl() = —C +
A

(16.46) £°72S(r) < CA 7 D(r) < CrD(r) .

In combination with the last two bounds, (16.40) becomes (after possibly choosing a new
positive T)

(16.47) ID(r) —E(| < Cr'D(@),
which in turn implies

D()
(16.48) —~ <E() =2D0).

provided r < 7 1s sufficiently small with 7 > 0 depending only on C and 7.
By (16.48) we can turn (16.40) into

) ) e, SO)
(16.49) B0 =D = GDOT G

Inserting the latter into (16.45) (and considering that D’(r) > 0) we then get
D'(r) _2E(m) C D'(r) ge—o S(ND'(1)

E() H() DO f D@
We can finally insert (16.43) to achieve

2G() 2E() D@ (DO" D0
B 00 Cmn(r R )
D'(r) ey S(OD' (1)

DM Tt D)

(16.50) i log(I(r)) >
dr

(16.51) dilog(l(r)) >
r

-G

Next note that:

— G(nH(r) > E(r)?, by Cauchy-Schwarz;
_ DO~

B —
— D(@r) < Gt

— We can rewrite

_SOD'( _ 48 _ S®
D2 T & D@ D)

and it is easy to see that S’ is positive.

So, after possibly choosing T smaller, yet positive, we achieve

d 9r—o S(7) -1
(16.52) y (logl(r) +CD(@r)" — C" _) >—-Cr' .

dr D))~
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17. Proof of Theorem 15.5: Part II

This section is devoted to prove (15.14). We observe that the functions
t— H() and (= D()

are continuous on each interval (#, 4] and have a right and left limit at each #. We can
thus set

+ —
1(4") = lim DO _ tkD(tf) and  I(f) =lim DO _ t"D(tf ).
' te H(?) H() e H(¢) H()

In order to simplify our notation we use the shortcut E(T, r) for E('T, B,). We will
show the following two propositions

Proposition 17.1. — There is a constant G independent of k such that, if ey ts small enough

then

(17.1) C™'E(T, 61,) < D(4") < CLE(T, 61) ,
(17.2) C™'#E(T, 61,) <D(1;,) < CHE(T, 64),
(17.3) C™'£E(T, 61,) < H(t") < CLE(T, 64),
(17.4) C™'FE(T, 61,) < H(t;) < CLE(T, 64) .

Proposition 17.2. — There is a positive exponent T, independent of k such that, if ecny ts small
enough then

(17.5) D) — D) < CEE(T, 61,)'™,
(17.6) [H(4") — H(,)| < CEE(T, 64)' ™.

Observe that the estimates (17.2) (the second one), (17.3) (the first one), (17.4) (the
first one), (17.5), and (17.6) imply

(17.7) I1(5H) — 1(5)| < CE(T, 6)7 < C£*"

On the other hand, by the choice of Ny in Assumption 10.7, by (15.7), we get

L < 1 which iterated implies 4 < 27*. We therefore get
th—1 22

(17.8) () — 1)) < G277,

which clearly implies (15.14).

Proof of Proposition 17.1. — As the center manifold M,_, stopped, and we are close
to the boundary, it must have stopped for the excess and thus, there is a square L. € #
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such that c% <L) < Ct:%l (recall Section 15.1). Looking at its ancestors (as we did in
Proposition 10.12), we notice

2—28;
t
(17.9) E(T, pty) =E(To,,_,. pli/li—1) < Crag(k — 1) ("_t ‘ ) ,
k—1

forevery 1 <p < 5R0[’"tf' and some geometric constant C. Here we denote by m,(k — 1)
and m, (k) the two quantities

mo(k - 1) = E(To,tk,l ) C5R0) + ”Iﬂk—l ||é3*°‘(]—5R0,5R(][)’
mo(k) = E(TO,L‘/C’ CSR()) + ||wk”é3,a(],5Ro’5R0[) )

where we recall that the functions v and v;_, are the ones describing the rescaled
boundaries I'; and I';_;, introduced in the previous section. Observe that, since ¥(0) =
Y—1(0) =0 and ¥,(0) = ¥,_,(0) =0, it can be readily checked that

2
2 k 2
||wk||03,a(],5R0’5R0[) E Zf2 ”wk—l ”Cg'a(]*5R0s5R0[) )
k—1

so that we have

2

2—281
I {
17.10)  my(b) <E(T, Con) + 5ok = 1) < Gk 1) (t_’f> ,
k—1 k—1

where we also used (17.9). On the other hand, because of the stopping condition we also
know that

2—281
¢
(17.11) E(T, 61,) =E(To,_,,60/t_1) > C 'mg(k — 1) (—k> .

-1

In particular, we infer by (17.10) that
(17.12) E(T,64) > C 'my(k).

From now on, since we will need to compute the “regularized” Dirichlet energies
and the “regularized” height functions D and H for different normal approximations on
different center manifolds, we introduce the notation D(N, s) and H(N, s), highlighting
which function enters in the respective expression (while the center manifold should be
clear from the context).

In particular we observe that, following this convention, D(t,j) =D(N,_, 4) and
H(H) = H(N,_1, ), while D(¢,) = D(N}, ) and H(z, ) = H(N}, #,).

Observe now that for D(N;, 1) we have the inequality

D(N;, 1) < Cmny(k)
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by construction of the center manifold (i.e. (10.21)). In turn, by rescaling, we can conclude
DNy, ) = DN, 1) < Cimy (k) < CLE(T, 61)

namely the second of the two inequalities in (17.2). Then we observe that (17.1) and
(17.3) follow from the Splitting Proposition 14.4 applied to the current Ty, , which in
turn produces the center manifold M;_, and the normal approximation N;_| as we
are in the situation where the center manifold stopped. Moreover, we recall that by the
Poincaré inequality (as already observed in (15.11) and proved in Section 16), we have for
any 7 > 0

H(N, r) < GrD(Ny, 7).
Thus (17.4) and (17.2) follow once we have shown the following inequalities
(17.13) D(N,, 4) < CHE(T, 64) < Ct, "H(N,, 64) .

For the second inequality in (17.13) we adapt the proof of [10, Proposition 3.7] as
the only difference to our situation is the cut-off function. We describe here the idea of
the argument, the details can be read in [10, Section 9]. Again recall the square L. € #*
which stopped in the construction of M, according to the argument above. By the
splitting Proposition 14.4, we then have a nearby ball B;/4(z) not intersecting Iy, | such

that
6—28;
Iy < 9
my(k— 1) (-) < C/ IN;—1 ™
lr—1 ®B—1(Beya(2))

The argument of [10, Section 9] provides now a similar bound for the ball B =
tht—:Bg /4+(2), which has radius comparable to 1, in the center manifold M. More pre-

=1

4

cisely, since (T) is exactly the scaling relating the L? norm on B’ and By/4(z), while
2—281

(z"f) is the scaling factor which makes m2,(£) and m,(k — 1) comparable, the cor-

responding estimate is given by

(B

o (F) sc/ K2,

Applying the rescaling which relates M; and M, we find a corresponding rescaled ball
B” (of radius comparable to )

my (k)i < C/ INGI?.

B'NM;



AN ALLARD-TYPE BOUNDARY REGULARITY THEOREM

Using that the center z of the ball can be chosen arbitrarily as long as it is at a distance
from L compared to its diameter, we can ensure that —d(p)~'¢' (¢, d (») =, "'on B”
(for some positive geometric constant ¢). We thus get

"t

mo(k)f)j = —/ |N/c|2M <CHN, #).
B”ﬂMk d(p)

However E.(T, 64) < Cmy(k), and we have thus completed the proof of the second

inequality in (17.13). O

Proof of Proposttion 17.2. — Define for p € M, the map F,(p) =Y. [p+ N:(»)]
and for ¢ € M;_, the map F;_(¢9) =D, [[¢ + (N;=1):(¢)]. Moreover denote by E; :=
E(T, 64) and G := Cy, (0, V). In order to compare N, and N;_,, we first apply The-
orem 10.21 to the rescaled currents T, and T, | to derive corresponding estimates
for the normal approximations N, and N,_; of the currents on M + and ./\;lk_l. We then

scale them back to find corresponding estimates for N, and N;_,. During this process we
also observe that, by (17.9) and (17.10), we have

/ 2-26;
(17.14) mo(k) 4+ mag(k — 1) (—“) <CE;.

lr—1

Moreover, we will prove later

(17.15) 19 o,y < CHE;

(17.16) 1D, llcos,,) < CE; |

(17.17) ID?@,_ lloom,) < G mg(k— 1) < Ct,:‘Ef :
(17.18) l@cllcom,,) = lekE;%,

17.19) IDQ, llcoas,,) < Crg(B)? < CE;,

(17.20 ID2@,llcoas, ) < Gl amg(B)® < CIT'EY
(17.21) 1D = @) gy, < CHE.

In particular we get by (17.14), (10.19), and (10.21) after rescaling back
(17.22) Lip(N;) + Lip(N;—)) < CE”,
(17.23) M(Ty, LC,—Ty,_,LC))
<M(TyLC,—TLC) +M(TLC, —Ty,,LC)) < CL‘,?E,iJ”/2 .
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Thus, we set Ny to be the Q-valued function defined on M,_; satisfying
GNkLCk = TFkLCk = GNkLCk =:S s

where with Gg, we mean the current associated to the function p+ p+ Nk(p). By com-
paring D(IN, #) with D(N w &) and H(Ny, #) with H(Nk, ;) we make an additional er-
ror of size l‘/?E/i-H/? and size t,?E,ierz respectively. We will prove this later. With this aim
in mind we change coordinates in the integrals of D and H to flat ones. Denote by
®,(x) ;= (x, @,(x)) and ®;_,(x) := (x, @,_,(x)). We then estimate

‘D(Nk, l) — / IDN*(@4(x)p (4 ' d(®1.(x))) dx

< Cf IDNLI*(@4(x)p (1, ' d(@4(x))) [DD(x) — (Id, 0)] dx
By,

SC“D(pk”CO(BQ,k)/|DNk|2(q)k(x))¢(tk_ld(q’k(x))),}q)k(x)dx

;
<CLE},

where we used (17.2) and (17.19) for the last inequality. Analogous estimates can be em-
ployed for D(INy, #), H(Ny, %), and H(INy, #).
Therefore, it 1s enough to prove

(17.24) ‘ f DN, (¢ d(®1(x))) dx — / IDNLI% (6 (B (4)))dx

o 1+
<CLE, ™,

roe! 71
(17.25) ‘f |Nk|2¢ t d(‘pk(X)))dx_/lNk|2¢ (t, d(‘bk_l(x)))dx‘
d(®(x)) d(®_(x))

<CPrE™M™.

For (17.24), notice that N, (p) =), [(Fo:(p) — p]. Hence, each component of N satisfies
IDIND(@(x)] < C [Ty, Tr, — Ta Ml

where T, Ty, denotes the unit m-vector orienting Ty, at the point ¢.
By the Lipschitz bound of ¢, (17.19) and of F;, we then use the area formula to
estimate

/ IDN( (4 d(@4(x)))

< C/ 1S() — Ty n MilPo (' d(pi(p)dIISII(p) + OLE™),
C
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f DN (671 d(@,1 (%))

<C / IS() — Tpeip M1 [0 (& d iy () NISI(p)
C
+ O(PE, ™),

where we denoted by p; and p;_; the nearest point projection on M, and M,_; respec-
tively, while C is the vertical cylinder with base By,,. In fact for the first estimate we can
appeal to Corollary 10.22 (more specifically to (10.20)), but for the second estimate we
need to use the local versions of Theorem 10.21 and sum over all the relevant Whitney
cubes L: the validity of the second estimate is thus due to the fact that the Whitney cubes
do not overlap and that their diameters are bounded above by Ct.

1
As we have from Theorem 10.16 that ||@, — @, ,|lc2 < Ct;'E7, by the Lipschitz
bound of ¢, we deduce for any p € spt(S) and ¢, ¢ € My,

6t d(pr(p) — B (4 d(pr_1 (p)))] < CE,,
I'T,M;— T, M| <Ct'E]|g—¢|.
Hence, we have
f 1S() — Tpun MilPlo (17 d @i (1)) — ¢ (7 d (@it () IANIS I (p)
C
< thEf :
|TPk([’)Mk - Tpk_l(p)Mk—l|

< CID@i(pv, (1)) — D@y, (pv, (Pr—1(0))]
< CE; + [D(@; — @) (pv, (1)

where we used (10.19) in the last inequality. We therefore can conclude

‘/IDNkl2¢(t;1d(<I>k(x)))dx—f DN’ (1 d(®—1 (x)))dx

B?tk

<CPE, ™
+C /C 8 — Ty Mil*
X ¢ (4 d(pe(p)) — ¢ (¢ dpir (D) dIIS|]
+ C/C ‘lg(ﬁ) — TopMil* = 18(¢) = Tpp iy M
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X ¢ (4 d(prr () d1S|]
< CtQEl"r)/Z

+C f S() =Ty M|
X T M = Ty Mt 6 dpi(p))) IS
e f 8 — Tor M|

C

S T My — Ty Mot 6 (47 d(pr(p))) dIIS|]

I 147
<CLE,™

+ CL‘kE/f (f |Tp/(([7)M/€ - Tpk—l(ﬁ)Mk—l|2¢(tk_1d(Pk(p))) d||S||) —
C

1

2
< CLE,™ + CyE)” ( f IDg, —De,_, |2)
B

21ty
< CtkEk R

2%,

where we used (17.21) for the last inequality.
We finally turn to (17.25). For x € Vi, denote by z := (x, @,(x)) and % =

(x, @;_,(x)). Then we estimate

INI(z0) — INGI(2)

IN:% (20 — ING2 (2

< Nkl (1)

+ 183 G|

Moreover, using Cauchy-Schwarz and the fact that the L? norm of N; and N, is bounded
by L‘,fEl/2 we have

|2¢(t/,_1d(5/c))d —/IN |Z¢(d((/:1)) ‘
d(z) d(Z)

1
2
1
<CyE; (/ ) .
Bsz

(17.26) ‘ / IN,

N R 2
INEl(ze) — INK[(20)| dx
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Vo

0ey T

FiG. 4. — An illustration of how Lemma 17.3 is used

If we now define p; := (F);(x) and ¢; := (I%);(x) := % + (Np«(%,), we have (up to re-
ordering the indices)

1
2

|Nk|(zk>=(2|pi—zk|2) , |Nk|(2k>=(2|qi—2k|2) :

Now we use the triangle inequality to see

2
2

DIEAEIITEN

(Zn=r) ~ (Zio-sr)

<C Z |pi — qrr(i)|2 +Clz — %/

1

=co(L 0. Ylal) +Clo. - o

for o the permutation realizing the distance G ( Yo lpd s X M4 )

Note that, since @, and ¢,_, agree on the boundary py,(I'), we can use (17.21)
and the Poincaré inequality to conclude

(17.27) 1@, — @4 2wy < CllD@, — Doy lli2w,,) < CHE/ 7

To estimate further we split the distance Q(Zi o> [[gl-]]) into a horizontal

and vertical part in the following sense. We define V := Z; + T:, M;_, V= zi+ T M,
V=% + T, M,;and ), [¢] := (S, pv. 0). Observe that V and V' differ by a rotation,
while V' and V are parallel. We then apply the Lemma 17.3 (see Figure 4) to the shifted
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situation where z; = 0 and deduce

(D lal. Y lg]) = CLipED INilco(IV = Vol + IV = Vo))
< CLip(E) INiller(ID@;| + D)
< CuE ™,

where in the last inequality we used (17.16) and (17.19). In order to estimate G < > il

gl ), we call f: T M, — ") the function having the same graph as I, in
4 If:T, M Ag(R") the function having th graph as Fy i
Cy,,. Observe that

1
T, M, — Vo| < C4:|ID*@,llco < CE;
and by [9, Proposition 5.2]
Lip(f) <CE}".

Then we observe that ). [p] = > . [5:(z0)] and Y. [¢] = >; [[f\”/i(PTpMk(-%k))]]' Thus

we have
(3161 Y141 ) = LinGh) 1 — pr,ae G

< Lip(R) (l1@;llco + 1194 co)
1
<CuE!"™".

Squaring and integrating (and using (17.27)), we deduce
NIRRT
[N = S| < i,
By,

Inserting in (17.26) we conclude

‘/m ), - [ P D) | oo
" Az SETE) ’

It remains to prove (17.15)-(17.21).

(17.19) and (17.20) follow from Theorem 10.16 using a simple rescaling and
(17.14). Next, for @,_, the estimate on the second derivative derived from Theorem 10.16
and (17.14) 1s favourable, as it gives directly (17.17). However the estimate on the first
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derivative is not, as it would give
1 { =
1 k-1 !
17.28)  |Dg, v, < Crmalh— 1)} < C (7) E .
k

which is not good enough for our purposes.
Proof of (17.15), (17.16), and (17.18) In order to gain a more favorable estimate for

the first derivative (and the C” norm of ¢, ;) we first observe that by Lemma 10.4

h(T, Ci, (0, Vy)) < CE/ ;.

Arguing as in the proof of (17.3) it is not difficult to see that
(17.29) / N |* <CEt .
Gy, (0,Vo)NMy—y

Since Ty, | coincides with spt(T) on a large set we can also infer
(17.30) / l@,_,I” < CEt/.
Bf)tk

In order to see the latter estimate, consider first a point p € M,_; with the property that
the support of F;_;(p) is a subset of the support of T. By the height bound we know
that h(T, G0, (0, V()) < CE,i/th. In particular, if we let pol be the projection on the
orthogonal complement V,, we conclude

Ipt o Fil(p) < CEy;.

Consider now that, if x is such that p = (x, @,_,(x)), since F,(p) = Y IFp] =
> [INL(p) + p], we get

(17.31) @, ()] < 1Py o Froil(x, @, () + [Py o Nici | (v, @, (%))
< CE" 4 + IN._ | (x, 9,_, (%)) .

Let now K be the set of such points p (i.e. for which the support of F;(p) is contained in
the support of T) and define K := p,(K) N B;,,. Using the bounds (17.29) and (17.31) we
easily obtain

17.32 f 0 (W] < CEt'.
K

In order to estimate the integral on the remaining portion (i.e. on Bs;, \ K), we apply
(10.16) to M;_1, sum over all the stopped squares in B, \ K (which by the stopping



CAMILLO DE LELLIS, STEFANO NARDULLI, SIMONE STEINBRUCHEL

condition have side length comparable to #/4_1), scale it back to M,_; and deduce

L\
(17.33) IBs, \ K| < H*(Bs, N M;_1 \ K) < C(mg(k— 1)) (t—k> B
1

J—
tk 24y
<C <—> £
-1

Then we observe that, by (17.32) and the classical Chebyshev inequality, there is at least
one point x € Bs, where |@,_; (x)| < CEi/th, and we use (17.28) to conclude that for all
y € Bs,, we have

1-46; 1-8;
1 e e
(17.34) 10,10)| < CE}4; + CE} (7) x| < CE; (’;—) i
k k
Putting together (17.32), (17.33), and (17.34), we achieve
g, \ 2o
/ |(P/f71|2 = CE/J};} + CE; <—> t}f.
Bs;, b1

Since 2 4y, > 2 — 2§, and # < t;_,, the latter clearly implies (17.30).
We next use Gagliardo-Nirenberg interpolation inequality and from (17.29) and
(17.17) we get (17.15) and (17.16), namely

1 1
@1 llcom,,) < CLEL, D@, lcom,,) < CE; .

We analogously conclude (17.18).
Proof of (17.21) We wish to show that

2 9 12y
”D((pA - (pk_l)”Lz(BQ[k) = CtkEk i

We choose a suitable cut-off function ¥ which equals 1 on By, and is compactly sup-
ported in Bs, and write

/ ID(¢, — @,_DI* < f ID(@;, — @,_)I*¥.
BQ’k Bﬁz,(
Integrating by parts, we can estimate

/|D((Pk_(Pk—1)|21/f= /((pk_(pk—l)A((pk_(pk—l)I/f

+ /(‘Pk — @ )V(Q,— @) - VY.
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We next use that || V|| < Ct ', (17.16), (17.17), (17.19), and (17.20) to estimate
1735 [ D@ -0 )P =CEV [ lo-o.
Boy, Bsy,

We next consider the multivalued functions f; and f;_; on Bs, and taking values into
Aq (R") with the properties that

G, =Ty LCosy . G, =Ty LGCos,.

.. 9 g 147
Note that the values of f; and f;_, coincide except for a set of measure at most t,fE,fy2

(again we use Theorem 10.21 and sum over the stopped squares). Moreover, because
Lip(f,), Lip(i_1) < CE}’, we immediately draw the conclusion

/ mofi—nofial <E.
Bsy,
On the other hand, appealing to Proposition 10.23 (and rescaling appropriately) we get

/ M ofi — @ < CE/ |
Bsy,

9-98, 3/4 4
-1 U 3
mofii—el<C() E) ()4,
By, U b1

While the first estimate is already suitable for our purposes, the second require some more
care. We recall (17.10) to the effect that

2—26) 2-28)
-1 lr—1
— E. <|— my(k) <C
b b

1
2—28;

for a geometric constant C. Since > %, we can then estimate

3
/ Inofi-1 — @l SCE;:L‘;?.
Bsy,
By possible choosing y, sufficiently small we get

1/242y 3
/ @, — @, | <CE/7"7¢),
By,

which, by (17.35), gives (17.21). O
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17.1. Lipschitz estimate using 2d-rotations.

Lemma 17.3. — There is a constant ¢ > O such that the following holds. Let ¥ : Vo —
Ag(R") be a Lipschitz map with Lip(F) < ¢, let V and ' be 2-dimensional subspaces with |V —
Vol + |V — Vy| < ¢ and denote by p and p’ the orthogonal projection on V and V" respectively. Then
Jor P:= (Tg, p, 0) and P := (Ty, p’, 0) it holds

(17.36) G(P,P) = CLip(¥) [[Fllco(IV = Vol + V' = Vo).

Progf. — We use an argument already observed in more generality in [10, Lemma
D.1]. However, we repeat here the parts needed for the previous lemma. First of all, we
construct finitely many planes by using 2d-rotations that will allow us to reduce (17.36)

to a one-dimensional situation. Recall the terminology: we say that R € SO(n + 2) 1s a
2d-rotation if there are two orthonormal vectors ¢;, ¢, and an angle 6 such that

R(e)) = cos(B)e; +sin(H)es,
R(e) = cos(8)e; — sin(B)es ,
R(w)=v, foranyve (e,e)".

Now let us denote by Wy = VN V' If dim(W;) = 2, then V = V" and there is nothing to
prove. Otherwise dim(W;) < 2 = dim(V) = dim(V’) and we can write

V=W, eV, V=W eV,
for some subspaces ¥ and V'. Choose any unit vector ¢; € V=vn W7 and define

r p'(er)
¢ =
[p’(e))]

Moreover, define R; to be the 2d-rotation mapping ¢; onto ¢; and

eV NW;.

VQ = RI(V) 9
WQ = VQ NnV'.

Notice that W; C V; is invariant under Ry, so clearly W, = (W, NV') C (Vo,NV') =W,.
Moreover, ¢, € Vo N V', and hence

Wy D (Wi, ¢)).

As ¢ L W, we have dim(W,) > dim(W,) 4+ 1. Now, if dim(Wy) = 2, then V, =
R; (V) =V and we define Ry to be the identity. Otherwise dim(W,) = 1 and we can
again find a unit vector ¢, € Vo N Wj, define

r P/(ffz)

dy:=—7—eV NWy,
[p'(e)]
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and define Ry to be the 2d-rotation mapping ¢ onto ¢,. As before, we denote by Vj :=
R, (V) and observe that W3 := V3 NV’ has at least one dimension more than Wy. Thus,
in both cases we have

V/:RQORl(V).

Next, denote by V; :=V and for j € {1, 2, 3} the orthogonal projection onto V; by p;
and P; := (T¥, p;, 0). Notice that for ¢ > 0 small enough, spt(P;) is a Q-valued point. We
claim

G(P;, Piy1) < CLip() [[Fllco(1V; = Vol + [Vjs1 — Vo)

concluding the lemma as |V, — V| < [V = V| + |V = V| < 2(|V — V| + |V = V) for
every j. Indeed, for each j, fix a unit vector v; € V such that

(ej,e]’.)ﬂVo:{t-vj:teR}.

Then we can apply the selection principle [7, Proposition 1.2] to the map F (¢) := F(tv;)
to get a selection

X[

for some Lipschitz functions F]l :[—1, 1] = R” satisfying
(17.37) |DF§| < |DF| < Lip(F) ae.
We therefore conclude the existence of points s e 57('2’ 51“, ey sgl € [—1, 1] such that

G(P.P) < Y|P — Fi(sl™)

<Lip(F) ) );’ — 5"

<Lip@® Y (Is1+1571)

< QCLip(F) IFllco (IVj = Vol + Vi1 = Vol)
where we also have used (17.37). U

18. Blow-up analysis and conclusion

In this section we complete the proof of Theorem 4.6, which in turn completes
the proof of Theorem 0.6. We recall the Iy from Corollary 15.6. The main point is the

following conclusion.
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Theorem 18.1. — Let 'T' be as in Assumption 15.2 and assume that O is not a regular point.
Then 1y =1 and for every ¢ > 0

(18.1) lim 20 _

m =
) 72+5

The latter is in contradiction with the estimate (15.12) (i.e. D(r) < Cr*™™) for some
positive constant T which depends on the exponent o of Theorem 4.7.

18.1. Blow-up analysis. — As already mentioned, Theorem 18.1 is reached
through a suitable “blow-up” analysis. First of all, having fixed a sequence of s; |, 0 we
define a suitable family of rescalings of the maps Ns. First of all we choose any £(j) with
the property that

<18.2) by < 8 = b -

Next we define the exponential map ex; : ToM; — M, and we identify each tangent
TyM; to R? through a suitable rotation of the ambient Euclidean space which maps it
onto R? x {0}. We then consider the rescaled maps

ng) (exk(j) (SJ‘X))

18.3 Ni(x) :=
(18.3) [i(x) D)

The main conclusion of our blow-up analysis is the following

Theorem 18.2. — Let T be as in Assumption 15.2 and assume that O is not a regular point.
Let 5; ) 0 be an arbitrary vanishing sequence of positive radii, let k(j) be an arbitrary choice of inte-
gers satisfying (18.2) and let N; : BF — Aq(R**"), where B = By N {(x1, %) : x5 > 0}. Then
a subsequence, not relabeled, converges strongly in W"2(BT) to a map Ny satisfying the following
conditions:

(i) Noo(x1,0) = Q [0] for all x; and Nao takes values in {0} x R" (the orthogonal comple-
ment to the tangent plane to 'T" at 0);

(i1) N, 75 Dir-minimizing;

(111) Nuo 25 I -homogeneous, where 1y is the positive number in Corollary 15.6;

(iv) m o Ny =0;

v) fBT IDN,|? = 1.

In particular Iy = 1.

We underline here a subtle notational point that might create confusions: the nor-
mal approximations only take values in Aq(R*™") and thus the same happens to their
limit N . However the latter is defined on the horizontal plane R? x {0} and its values
are Q-points supported in its orthogonal complement {0} x R", hence for our purposes
we can consider it as a map on R” taking values on A (R").



AN ALLARD-TYPE BOUNDARY REGULARITY THEOREM

Proof of Theorem 18.2. — Observe first that, following the computations of [15, Sec-
tion 10.1] we conclude that

< H(4S]) < 805]‘81-‘1-4-10

~ H(s/2) —

,~Csigl+ho

as long as s5; < f;. Since I, exists and is finite, there is a constant C (depending only on
Iy) such that

D(4s) < CD(5/2).
On the other hand, arguing as in the proof of Proposition 17.1, we easily see that
D(t)) = G755 E(T, 244,;)

(we just need to choose the constant My, appropriately large to compensate for the larger
radius in the right hand side) while D(4#;)) < Ct,fg)E(T, 244,5,). Now, since the geodesic
ball B, in My contains {d < 4;/2} while the geodesic ball By, C {d < 44}, using
the fact that the rescaling of the manifolds converge smoothly to the flat plane V,, we
easily conclude that

/|DNJ|25cf IDNj|?.
By By

We can then follow the argument of [15, Section 10.3] to conclude that, up to subse-
quences, Nj converges strongly in the W"2(BT) topology to a Dir-minimizing map Ne.
Likewise we can follow the argument of [15, Section 10.2] to conclude that n o Ny van-
ishes identically. Recall that the maps Ny;, vanish identically on I', while the rescalings
of the latter converge smoothly to T)I" = {xy = 0}. The strong convergence then implies
that Ny, = Q[0] on {x, = 0} N B;. We have thus proved (i), (ii), (iv), and (v). We can
however also see that

r[oO T DIDNG P de D)
~ = 11im =
— [ ¢ N () 2dx i~ Hrs)

0>

which means that the frequency function of N, is constant. This however happens if and
only if N 1s Iy-homogeneous.
As for the final statement, we invoke Theorem 5.3. [

Now that we know that Iy = 1, we can then conclude that by the strong conver-
gence of {N;}; in W!2(B}), we have

Corollary 18.3. — If'L is as in Theorem 18.2, then

D(2r) .

m =4,
rl0 D(7)
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18.2. Proof of (18.1) and conclusion. — Fix ¢ > 0 and consider the sequence of radii
n = 27*. We know from Corollary 18.3 that, for & sufficiently large

D(r) = 27°7"D(r) .

In particular we conclude the existence of a % such that for every & > £y, we have
D(2_k) > 2—(2+§/2)(k—ko)D(2—k0) .

In particular for every r < 27% we can write

D@27) o, /2
D(@r) > WT °

and since D(27%) > 0, (18.1) readily follows.
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