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Abstract. We study a Holder regularity of gradients for evolutional p-Laplacian systems
with Holder continuous coefficients and exterior force. We use the perturbation argument
with the p-Laplacian systems with constant coefficients and only principal terms. The main
task is to make the Holder estimate of gradients for the systems above well-worked in the
perturbation estimate. We also need to make a localization of the Holder estimate in [2].
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1. Introduction

Let 2 be a domain in an Euclidean space R™ form > 2 and T be a positive number.

Suppose that nff’;Q < p < oo. We consider the evolutional p-Laplacian system

' — Dy (|Du|? 28 Dpu’) = div (|FIP°F), i=1,....n, (1.1)

where the function F' = (F;) is defined on Q = (0, T) x Q with values into R™",
(g"‘ﬁ (z)) is a symmetric matrix with entries of measurable functions satisfying the
uniformly elliptic and bounded condition: For a positive constants A, A,

Mg < g ()8 - £ < AIEI (1.2)

holds for any & = (S(;) € R and almost every z € Q. The notation |£]> = £-& =
gLgl and [§]3 = g*PElE ,‘3 is used. Here and in what follows, the summation notation
over repeated indices is adopted.

Such evolution systems as (1.1) describe the gradient flow of the p-energy
functional with variable coefficients and lower-order terms.
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We are interested in how the regularity of the function F is reflected in the solu-
tions under some assumption on the coefficients. Let us consider a Holder regularity
of the gradient of a solution for a given Holder continuous function F. Such Holder
regularity is known to hold for elliptic and parabolic systems of divergence form
(see [11, pp. 87-89], [17] and the references in them). The C!*%-regularity for evo-
lutional p-Laplacian systems with only principal term was established in [7-9,3]
and the results have become fundamental to the regularity theory for evolutional
p-Laplacian systems. Concerning p-Laplacian systems with differentiable coef-
ficients and lower-order terms, we have the corresponding results in [6,4, 18,19,
12]. For stationary p-Laplacian systems with non-differentiable lower-order terms,
a Holder regularity of the gradient is studied in [10] in the degenerate case p > 2.
In [10,13,14], L?-estimates for the gradient for stationary p-Laplacian systems
are also obtained and these are of interest itself (also see [15]). The L9?-estimates
for evolutional p-Laplacian systems will be studied elsewhere. The results above
concern an interior regularity of a “local” solution. On the other hand, an interior
regularity for evolutional p-Laplacian systems with non-differentiable coefficients
and lower-order terms seems to have not been successfully investigated. In par-
ticular, the estimate in [6,2] seems not to be a “local” estimate, because of their
decomposition argument of local parabolic cylinders (refer to [6,2]). In this paper,
we add a modification to the argument in [6,2] to establish a local Holder regu-
larity of the gradient for (1.1). On basis of the result in this paper, we will study
the partial Holder regularity of gradients for evolutional p-Laplacian systems with
natural growth in the forthcoming paper (refer to [14]).

Before stating the main result, we recall the definition of a weak solution of
(1.1): a function u defined on Q with values into R”" is said to be a weak solution
of (1.1), if u € L=, T; L>(2, R")) N L7 (0, T; Whr(Q, R”)) satisfies, for all
¢ €CF(Q.R"),

/{—u.a,¢+|Du|P*2gaﬂDﬁu.Da¢+|F|P*2F.D¢}dz=o. (1.3)
Qo

Then, our main result is the following:

Theorem 1. Suppose that the coefficients g*# and F are Holder continuous func-
tions in Q with an exponent B, 0 < B < 1, on the usual parabolic metric. Let u be
a weak solution of (1.1). Then there exists an exponent o, 0 < o < 1, depending
only on m, p and B, and a positive constant C, depending only on m, p, ., A, B,
|Dul,.o and g, |F|P"2Flg.o, such that the gradient of the solution is locally
Hoélder continuous in Q with an exponent o on the usual parabolic metric and the
Holder constant is bounded by the constant C.

To prove Theorem 1, we use the perturbation argument with the p-Laplacian
system with constant coefficients. Our main tasks are to make a device in the
argument in [6,2] and to choose local parabolic cylinders on which the Holder
estimate of gradients for the p-Laplacian systems with constant coefficients and
only principal term can be well-worked in the perturbation estimate. We do not
know whether the Holder exponent o can be chosen to be equal to the Holder
exponent § of the function F.
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2. Growth of local p-energy

In this section, we study the growth on the radius for the local p-energy. For any
z=(t,x) € R""' p>0and6 > 0, put Q%(z) = (t — p’, 1) x B,(x) and Q3(2)
is abbreviated to Q,(z). For a function f defined on a region B C R we
denote, by [ f1g 5, the Holder seminorm in B of f with the exponent 8 and, by
(f)p. the integral average of f in B. Let zo = (fo, x0) € Q be taken arbitrarily
and Ry = idist,(z0, dQ), where dist,(zo,z1) = min{|t; — t0|Tl’, |x1 — x|} for
any z; = (t;,x;) € Q, i = 0,1. By translation and a scaling transformation,
let u € L®(—=27,0, L>(By(0), R")) N LP(=27,0; W&‘p(Bz(O), R")) be a weak
solution of (1.1) in Qé’ = (—27,0) x B»(0).
The main lemma in this section is the following:

Lemma 2. Foranya, 0 < o < 1, there exist a positive number vy < 1, depending

only on m, p and a, and a positive constant C, depending only on m, p, A, A,
-2

[g]ﬁ’Qél, [|F|P F],B,Qé” |Du|p,Q5 and a, such that

/ (14 |Du|?)dz < C p" 277 2.1
2,0

holds for any Z € Qz, and all p, 0 < p < 7.

First, we consider the degenerate case p > 2. Letd > 2, R, 0 < R < 1
and 7 = (1,%) € Q). By translation, we assume that 7 is the origin. To prove
Lemma 2, we use the perturbation argument with the p-Laplacian system with
constant coefficients and only the principal term, similarly to [2] and [6, pp. 292—
315].Letv € L®(—R?,0; L2(Bg, R"))NLP(—R?,0; W"P(Bg, R")) be asolution
to the p-Laplacian system (for the existence of a weak solution, refer to [16,
Theorem 6.7, pp. 466—-475])

v = Dy (|Dv|§(g)2g“ﬂ(0)1)ﬂv) in 09,
v=u ond,0%. (2.2)

We know that the L°°-estimate holds for the gradient of solutions (see [6, Theo-
rem 5.1, pp. 238]).

Lemma 3. There exists a positive constant C depending only on m and p such
that

r
p2=0)

RO—2 2 =
suerg |Dv|P < C(—‘ fQ% |Dv|"dz> +CR 2. 2.3)

10%
We now estimate the difference of u from v in the local L”-norm.
Lemma 4. There exists a positive constant C depending only on m, p, A, A,

[8]5,Q§’ and [|F|p72F],3,Qé’ such that

/ \Du — Dv|Pdz < C RP*T (4 |Dul)dz. (2.4)
0

o
R Ok



392 M. Misawa

Proof. Subtract (1.1) from (2.2) and use a test function v — u, which is shown to
be admissible by the usual approximation argument, in the resulting equation. We
utilize algebraic inequalities

gO) (1PIoy Pa = 10100y Q) - (P = Q) = CIP = QI (25)
[(e1P122 Py = g ()| PIL g P )| < Clg — g1 [P,

which hold for any P = (P.),Q = (Q}) € R™ with a positive constant C
depending only on p, A and A. We use Young’s inequality to have, for any € > 0,

C/ |Dv — Du|’dz
Q(')

R

AL

< f |Dv = Dul (Ig = 8O Dul™ + [|FIF2F = (1FI2 P g
Ok

< e/ |Dv — Du|Pdz
Q@

R
P

+C [l = @ FT DUl + I~ (FI Py | d
Q

R

56/ |Dv — Du|Pdz (2.6)
Q@

R

i 2
+cm—1< ﬂQp/ (1+ | Dul)dz + | Q11 FI7 2F];Q1p),

where the positive constant C depends only on €~ and p, and we used (1.2) and,
in the last inequality, the Holder continuity of the coefficients g and the function
|F|P=2F in Q5.

Combining (2.4) with (2.3), we arrived at the following estimation:

Lemma 5. Set 0 = 2 + a(p — 2) for any positive number «. Then there exists
a positive constant C having the same dependence as the one in Lemma 4 such that

Jgs (1 + 1 Dul?)dz
p=2
2
o m+6
[(|Rf| Jos, (1 + |Du|P>dz) +2'"+9} (R)" o (1 + 1Dul?)de

B
+C IR 4 € RO ( A Jog 1+ lDulp)dz) =0

holds forall p, R,0 < p < R < 1.
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Proof. Noting that 0 < R < 1, by (2.6), we have

/ |Dv|Pdz < C/ |Dv — Du|” 4+ |Du|?dz
0% 0%
<C , (1 + [Du|)dz. (2.8)
Ok

We substitute (2.8) into (2.3) and combine (2.4) with the resulting inequality. Then
it follows that, for any p, 0 < p < &,

fQ(;(l + [Du|P)dz < C Q%] (1 +sup o |Dv|P> +C fQ% |Du — Du|Pdz
7
L
0 RO-2 : p2=0)
<cC }Qp}{ wa;(IJrlDulp)dz + R } (2.9)

Pr_
+C R»-1 fQ%(l + [Dul?)dz.

The first term in the right-hand side of (2.9) is bounded by

p=2
E(f?_—Z) >
R P—2 L m+6
C( o Jor 1+ IPundz | (8" g 1+ 1Duin (2.10)
For p > £, we trivially have
S 1+ 1Dul)dz < 270 ()" fo (14 Duldz. @.11)

We employ the non-linear iteration introduced in [2, Lemma 3.1, pp. 297-299].

Lemma 6. Let ¢ be a non-negative, non-decreasing function defined on [0, 1].
Suppose that

¢(0) < 0 (&) $(R) + v0 (R + pl R™) (2.12)

holds for all p, R, 0 < p < R < 1, where yy, I,k and o are given positive
constants with | > k and 0 < o < 1. Then, for any positive number § satisfying

0<6< K(M), (2.13)

k(I—o)+l

and any R, 0 < R < 1, there exist a positive constant y,, depending only on
Y0, L, k, 0 and 8, and a positive integer ng, depending on the same constants as y,
and also on R, such that

9(0) = 1 o (R g(R) +1) (2.14)

holds for all p,0 < p < R, where g = 1 + 172,
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Define the sequences {r;}, {ox} and {6} by

ro=1, n=(4)"

oy = mt2 o = o —P=Dtmt2 . 2.15
0 2 k+1 kak(p—2+%)+m+2’ ( )

h=2+u(p—-2), k=01,....

Then we find from induction that {o} and {6} are positive decreasing sequences
with o \( 0 and 6; \( 2 as k  co. Now we claim that:

Lemma 7. Foreachk =0, 1, ..., there existapositive numberr, < 1, depending
only on m, p and ay, and a positive constant Cy, depending only on oy, oo, 3,
|Dul, 07 and the same quantities as in Lemma 4, such that

T /(, (14 |Du|?)dz < Cy p~ " (2.16)
\Qn! 0 (z0)

holds for any zo € Q,, and all p, 0 < p < 1.

Proof of Lemma 7. We prove the validity of Lemma 7 by induction on k =
0,1,....Fromu e LP((—=2",0); Wh?(B,(0), R")), we see that

#f(, (1 4 |Du|Pydz < p~*F 1+C/ | Du|Pdz (2.17)
of] o) o4

holds for any zp € Q; and all p, 0 < p < 1, where we use that m + 6y = pay
by o9 = =#2. Suppose by induction that (2.16) holds for some k = 1,.... Let

us show that (2.16) holds for £ + 1. We now proceed to our estimation for each
20 € Oy, Fixzo € Oy, and put @ = o, 0 = 6. Then we obtain from (2.7) that,
forallp, R, 0 < p< R <y,

fQ?;(Zo)(l + |I)M|p)dZ
2 0
= c{@T + 270} (5)" [,y (1 + 1DulPIz (2.18)
+C,Om+6 R=PY 4 C(Cp) Rm+9—pu(l—ﬁ).

In Lemma 6, set R = ri, ¢(p) = [ o (1 + |Du|?)dz and
Q0 (20)

l=m+6, k=poa, o=1-—_L_ (2.19)

ag (p—1)

and then, apply Lemma 6 for (2.18). Noting that

0<5=  aglp-D d=o) 2.20
< 0= 0 < 0P~ = XU-¢ .
% ay+m+0y ay @ (I’ﬂ*]) +m+0y k(l=o)+l> ( )

we obtain from Lemma 6 that, forall p, 0 < p <ry,

/9 (1+ | Dul)dz <y p"”sk(z’q”"“/e (1+|Dul”)dz+1>,
0 (z0) 0rf (z0)
(2.21)
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where we note that the positive constant y; depends only on Cy, o, o and 8 and
no depends on 7 and the same constants as y; and that

g=1+ _urs _ (2.22)

ag (p—1) (m+6y) °

n
l—k+8k=m+6 — pozk—i—pakﬁ_"o % =m0 — pog.

aj+m-+6y

Thus we can choose a positive constant C‘k+ | depending only on r¢, Cy, ag, ag, B
and |Du/| p.0! such that

/9 (1 + |Du|P)dz < Cyyy p" TP (2.23)
0% (z0)

holds for any zo € Q,, and all p, 0 < ,0 < ry.

To show that (2.16) holds for Q, 91 (20) with zo € O, and 0 < p <
rig1, divide Q "“(10), in the time direction, into so cylinders QZ" (t;, x0), i =
0,1,...,s0—1,wheresg = [p%+1/p%]4+1. Adopt (2.23) in each region Qf,"(ti, X0),
i=0,1,...,s50— 1. Here note that the vertices (t;, xo), i =0, 1,...,50 — 1, are
contained in Q,, . Add up the inequalities to have

so—1

[, iDuna: < Z/ 1+ 1Dulf)dz
Qp " (20)

Qp (t,x0)
< Cyp1 50 p" P okt
< 26k+1 pm+9k+1fpdk+1. (2.24)

Hence, Lemma 7 follows from (2.17) and (2.24).

Finally, we derive the assertion in Lemma 2 from Lemma 7. For any positive
number o, 0 < o < 1, let k be a positive integer such that oy < o < ag—1. Adopt
Lemma 7 to find that (2.16) holds for any zo € Q,, and p, 0 < p < 7. Then
choose 79 = ry+1 and use the decomposition argument above to conclude (2.1) in
Lemma 2.

Next, we will show that Lemma 2 holds in the singular case 24 < p < 2.
Let u € L>®(=27,0, L?>(B,(0), R")) N L?(=27,0; W"P(B,(0), R")) be a weak
solution of (1.1) in Qg =(—2P,0) x B>(0).Let0,0 <09 <2, R, 0 < R < 1and
7 = (f, %) € Q. By translation, we assume that 7 is the origin. We proceed with
our argument similarly to the degenerate case. Let v € L®(—R?, 0; L?>(Bg, R"))N
LP(—R?,0; W'-P(Bg, R™)) be a solution to (2.2). The L>-estimate for the gradient

also holds in the singular case (see [6, Theorem 5.1, p. 238]).

Lemma 8. Set 6y = 2 + =:2(p — 2). There exists a positive constant C depending
only on m and p such that

m(Z 0) p(m+2)—2m p2=6) )
sup |Dv|? <C 9 er |Dv|Pdz +CR»Z. (2.25)
0, ‘ ‘

2 R
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Proof. Use the L*>-estimate for the gradient in [2, Proposition 3.1°, p. 113] (see
also [6, Theorem 5.2, pp. 238-239]), where we put p = £ and A = R?~2. Note

that Q? , C (%9,0) X Br,since) < 0y <0 <2.
2 R 2

As in (2.4), the difference of u from v is estimated in the local L?-norm,
Lemma 9. There exists a positive constant C depending only on m, p, A, A,

[g]ﬂ,Qf and [|F|p72F],3’Q§ such that

0Bp(p—1)
/9 |Dv — Du|Pdz < CR2Gr 0 | (14 |Du|’)dz (2.26)
QR QR

b RE (o0 ) (/
Qé)

R

P

51
|Du|”dz) .

Proof. Subtract (1.1) from (2.2) and apply a test function v — u. Use the algebraic
inequalities

£ (0) (|P|g(0) |Q|§(O§Qa) (Pg—Qp) = CIP— QP (IPI+10)"2,

\(g“ﬁpg|P|g—2 “*"<0>Pﬁ|P|g(o))\ <Clg—gO)PIP, (2.27)

which hold for any P, Q € R™" with a positive constant C depending only on p, A
and A. Then we have

C fgu 1DV = Dul|? (|Dv| + | Dul)P~2 dz (2.28)

< C [, 1Dv = Dul (1g = g7~ |Dul™" + | FIP2F = (FIP2F) g |) d2

Holder’s and Young’s inequalities give, for any € > 0,

/ |Dv — Dul|’dz
Qf?

R

1 1
= (Soy, 1DV = DuP (1Dv] + 1Dul?2 dz) ( fgs, (1Dv] + | Dul)? dz)*

< ([ 100 = Dul (1g = 8O P Dulr™ 4 | FP2F — (FIP2 ) g )az)*
0%
1

(fos, 1DV = Dul? + |Dul?) dz)*
< (S 100 - Du|sz)2” {(ij;e Dy — Dulpdz)% +(fos |Du|/’dz)%}

Fl_)—l 2p
) dz
R

: (/g; (Ig =8O~ | DuPt + )|F|P-2F —(FIP2F) g




Evolutional p-Laplacian systems 397

< efQ% |Dv — Du|Pdz

P
+CfQ§e lg — 8(O)|”|Dul? + )|F|p_2F— (|F|P_2F)Q% "z
T
+C ( Jot |Du|pdz> - (2.29)
p—1
P %1 2p—1
»(<OSCQ P (g)) er |Du|/’dz+|Q%|<och o (IFIP 2F)) )
R2 R R2

where the positive constant C depends only on €', p, A and A. Note that Q% C
QRg ,since 0 < 8 < 2and 0 < R < 1 and then use the Holder continuity of the

coefficients g and the function | F|?~2F in Q » and the algebraic inequality (2.27)

R2
to have

osc(g) < CR?T, osc(|FI"2F) < C R, (2.30)
Q9 [
R2 R2
Substitute (2.30) into (2.29) to have (2.26).

Combining (2.26) with (2.25), we arrive at the following estimation:

Lemma 10. Set 0 = 2 + a(p — 2) for any positive number o and let 0y =
2+ mi2(p—2). Then there exists a positive constant C having the same dependence
as the one in Lemma 9 such that

2(m+2)

m(2—p)
p(m+2)—2m
ng<1+|Du|P>dz§C[(| 9|er<1+|Du|P>dz> +27% }

. (%)m-!—ﬁ fQ%(l + |Du|P)dz + Cpm+6 R—P« (2.31)

_apt B
+CRm+6 ap+T<sz% ( 9‘ er (1+ |Du|P)dz>

) T
e grHi-ra(zi) (‘ A Jog 1+ 'Dmp)dZ)

holds forall p, R,0 < p < R < 1.

Proof. Noting that0 < R <1, by (2.26), we have

I,

R

|Dv|Pdz < c/ﬁ (1 + | Dul?)dz. (2.32)
0%

As in the proof of Lemma 2, substitute (2.32) into (2.25) and combine (2.26) with
2

the resulting inequality to have that (2.31) holds for any p, 0 < p < 2 % g, where

we note that &= (1+ 2&323m) — pa = 0, since € = 2 + o (p — 2). Noting that

1 (2—p)

2 L.
0 < 6y <60 <2, the estimate for p > 2 % ris simple.
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Define the sequences {rt}, {ox} and {0} by

ro=1, rn= (N‘,;)k;
ap =22, O =2+a(p—2), Po= 2000 (2.33)

2a0p2p-1)°
— - B 1
O =2+a(p—2), & = (agriiem) (%)
ak+1=%<l+ﬂ>, k=0,1,....

aj Ek (p—2)+2

Since ap < ;%; by

2. < p, we find from induction that

m

ﬁﬁ <1, o ﬁﬁ < Ogy1 < 0. (2.34)
Thus, {oy} is a positive decreasing sequence and {6} is a positive increasing one
such that oy \( Oand 6, /" 2 ask / co. Now we observe that Lemma 7 also holds
in the singular case.

We argue by induction on £k = 0,1,.... Since u € LP((-27,0); whrp
(B2(0), R™)), (2.17) is satisfied. Suppose that (2.16) holds for some k = 1, ... .
Let us show that (2.16) holds for &k + 1. We will make our estimation for each
20 € Q. Fix zo € Q,, and put o = oy, 6 = 6. Then we obtain from (2.31) that,
forallp, R, 0 < p < R <ry,

Joo (1 + 1Du|P)dz (2.35)

2(m+2)

mQ2—p 1
sc{<ck>4p<m+2>fz'"+2 ? }(%)n+9fQ%(1+lDulp)dz

p % Bp(p=1)
+Cpmt?R=eP 4 C (Ck + (Ck)z—,f-—1> R’"+9—°‘P(1—230 pp(zlnfn)_

In Lemma 6, choose R = r;, ¢(p) = Qek(zo)(l + |Du|?)dz and
P

l=m+9k, K = pog, 0:1—/30:1—(905”(p71)), (236)

2a0p2p-1)

and then apply Lemma 6 for (2.35). Noting that

0 < 8 = gstlo o (51) < &l (2.37)

ay p Bo+m+6 P Kk (1—0)+1°

we find from Lemma 6 that (2.21) with § = §; holds for all p, 0 < p < ris1,
where we note that the positive constant y; depends only on Cy, o, g and B and
the positive number n¢ depends only on r¢; and the same ones as y; and that

q=1+%, I—k+8k=m+6—poy (1 —25). (2.38)

Thus we can choose a positive constant C r+1 depending only on Cy, o, o0y, f and
| Du |p. 0! such that

/9 (1 + |Du|P)dz < Crgy p" 0 Per1=30 (2.39)
o

p (20)

holds for any zo € O, and all p, 0 < p < ry.
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Let us show that (2.16) holds for Qz"“ (zo) withzp € Q. and 0 < p < rgy1.
Divide the cube C,(xo) = I, (xj — p, x) + p) into (so)™ cubes C,(x;) with

o (1-%2) g
r=p%,1i=1,...,(s0)", where 59 = |:p O ] + 1. Note by definition
(2.33) of {ry} that 0 < /mr < r; and the vertices (¢, x;), i = 1,..., (s)™, are

contained in Q,, and adopt (2.39) in each region Q j,(f0, x;), i = 1,..., (s0)".
Sum up the inequalities to have

(s0)™

[, awpunaz<y [ aviound @40
0, o) o1 O o)

~ m m+60—pag (1-5,
< Cipa (so)" PP =00

< Ck+]pm+9k+1fpak+1’
where Cyy) = C~'k+ 12 ()™ O P (1-580) and, in the last inequality, we use that
(2.34) is equivalent to

A (B — 1) ax p = — 0 - (2.41)

Hence, Lemma 7 in the singular case follows from (2.17) and (2.40).

Finally, use Lemma 7 and the decomposition argument above to conclude (2.1)
in Lemma 2, where we note that 0 < 6y =24 22 < < 2foranyk=1,....

3. Growth of local mean oscillation

In this section, we study the growth on the radius of the local mean oscilla-

tion. We use the same settings as in Sect. 2 Let u € L*®(-27,0, L?(By, RM)) N

LP(=27,0; W&’p(Bz, R™)) be a weak solution of (1.1) in Qé’ = (—27,0) x B»(0).
Our main lemma in this section is the following:

Lemma 11. There exist positive numbers ry, f1 < 1, depending only on m,
p and B, and a positive constant C, depending only on m, p, ;, A, [g]ﬂ,Qg’

[IFIP~2 Flg,p and |Dul,, gp. such that
/ |Du — (Du),|’dz (3.1
Qp(Zo)

< Cpmtrrh (m/ |Du — (Du)g|Pdz + 1>
ORr(z0)

holds for any zo € Qs and all p, R, 0 < p < R < iy.

We apply the isomorphism theorem due to Campanato (see [5, Theorem 3.1],
[1] and also refer to [11, Theorem 1.2, p. 70; Theorem 1.3, p. 72]) to see that Du is
Holder continuous in Q, with an exponent ;. Hence, we conclude the assertion
in Theorem 1.
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First, we treat the degenerate case p > 2. As in Sect. 2, we use the perturbation
argument. However, here we make a device to change the power of the radius of
a local parabolic cylinder, on which we solve the evolutional p-Laplacian systems
with constant coefficients and only the principal term. By this device, we can
appropriately employ the Holder estimate for the gradient to make an estimation
of the mean oscillation of the gradient of the solution in the L”-norm.

Leto, 0 < o < 1, be stipulated later and 7, 0 < 7p < 1 be chosen in Lemma 2
for a. Take zo € Qfy, arbitrarily and, for any 8, 0 < § < 1, let R be any positive

number R, 0 < R < (Fo)ﬁ, and set r = R'°. For brevity, we assume that zg
is the origin. Let v € L®(—r2,0 : L'(B,, R")) N L?(—=r>,0 : W“P(B,, R")) be
a weak solution of (2.2), in which 6 and R are replaced by 2 and r. As in (2.6)
in the proof of Lemma 4, subtract (1.1) from (2.2), replace 6 and R by 2 and r,
respectively, and use a test function v — u in the resulting equation. Then we have
the estimation

/ |Dv — Du|”dz < C RO~ V44 (1 + |Du|?)dz, (3.2)
Qpl-s

Qpl-s

where a positive constant C depends only onm, p, A, A, [glg o} and[|F|P~? Flg 0!
Now we observe that the L°°-estimate holds in the following form:

Lemma 12. For any o, 0 < o < 1, there exists a positive constant C(«) having
the same dependence as the one in Lemma 2 such that

|DVloo.0 s < Cla) R7PEITD (3.3)
2

Proof. We choose 0 = 2 and R = r in Lemma 3 to have

1
D , [ |DvPdz)” +C. 3.4
Dvlsc.0, = € (157 o, 1PvI7dz)” +C (34)
Noting that 0 < r < 1, we find from (3.2) that
/ |Dv|Pdz < C | (14 |Du|?P)dz. (3.5)
r Qr

Substitute (3.5) into (3.4) to have

1

Dvleo.o, <C (= [, (14 |DulP)dz)’ +C. 3.6
|Dvl.0, = C (g7 Jo, 1+ IDulM)dz) " + (3.6)
Note that 0 < r = R'~% < 7 and adopt (2.1) with p = r = R'~? in (3.6) to arrive
at (3.3).

We need the estimation for a oscillation of the gradient of the solution v.

Lemma 13. For any positive number 8, 0 < & < 1, there exist a positive number
a1, 0 < ay < 1, depending only on m, p and §, and a positive constant C(5),
depending only on 8, | Du| 0! and the same quantities as in Lemma 12, such that

%sc (Dv) < C(8) R™. (3.7
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Proof. We know that the Holder estimate holds in the following form (see [6,
Theorem 1.1°, pp. 256]). There exist positive constants C and « depending only
on m and p such that

p=2 @0
R, R 2
2+3 max{l, |Dv‘oc,QR175 }

OSCQ§ (Dv) <C |Dv|oo,QR1_3 distz(QR,apQRH)z (3.8)
2 2 -
If R® > i, then we have
osc (Dv) < 8 R’ |Dvl.g ;- (3.9)
Or 5
2
Since, if 0 < R’ < g, then
dist2(Qg, 8pQ ps) = } min{R'™® — R, VR!=% — R}
2
> 3R,
we obtain from (3.3) and (3.8)
o) (572) s
(07
%Sgc (Dv) < C|D1)|OO,Q%_3 max[l, |Dv|oo,Q%_3 ]R 0
B B @ (p=2)
< Clay R0 P -0 (1H 505, (3.10)
We choose a positive number « to satisfy
0O<a<—S% (3.11)

p(1-5)(1+252)

and let 7y < 1 be a positive number determined in Lemma 2 for o above. Then, we
put

ozlzéozo—pa(l—S)(l—{—M) =0 (3.12)

to give the conclusion of Lemma 13.
Now let us finish the proof of Lemma 11 in the degenerate case. For all R,
0<R<I1,andall p, £ < p < R, we trivially have

/ |Dv — (Dv),|Pdz < 2'"+4(%)m+4/ |Dv — (Dv)g|Pdz. (3.13)
Qp ORr
From Lemma 13, we find that

/ |Dv — (Dv),|Pdz < C R™T2Tre (3.14)
2

holds forall R, 0 < R < (fo)ﬁ, andall p, 0 < p < %, vghere a positive number
7o < 1 depends only on m, p and «, positive constants C and «j, 0 < o) < 1,
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depend only on the same quantities as in Lemma 13 for a positive number §,
0 < § < 1. Gathering (3.13) and (3.14) gives that

/ |DU — (DU)p|de < 4m+4(%)m+4/ |DU _ (DU)R|de + éR'n+2+pa1
% Or
(3.15)

holds forall p, RO < p < R < (Fo)ﬁ, where positive constants 7y < 1, C and
a1, 0 < a; < 1, depend only on the same quantities as in (3.14). From (2.1), (3.2)
and (3.15), it follows that, forall p, R, 0 < p < R < (Fo)ﬁ,

/|Du—(Du)p|”dz

Qp

gc/ |Dv—(Dv)p|”dz+C/ |Dv — Du|Pdz
Or Or

< C(%)’”*“/ |Du — (Du)g|Pdz + C R™ P

Or

_ » B
+cR" s>(,’,,1)/ (1 + | Dul|P)dz
(9]

RlI-8

= C(p" f |Du — (Du)g|Pdz + C R" 27 (3.16)
Or
+C() R(1—a)(m+2—pa+ %)

Fix a positive number § to satisfy

rB

0<6< ! - (3.17)

P
m+2. =1

Next, choose a positive number « satisfying (3.11) and

(-8 L8 —s m+2)
— (3.18)

0<a<

Then we can choose a positive number o to be
m+2+pa2:(1—8)<m+2—pa+[f—_ﬁl)>m+2. (3.19)

Finally, let 7o < 1 be a positive number determined in Lemma 2 for « above and
set 7o = (7o) ™ for § above and B1 = min{a, @z}, where «; is in (3.12), and apply
the iteration argument in [11, Lemma 2.1, p. 86] for (3.16) to arrive at (3.1).

Next, we show that Lemma 11 holds in the singular case. We argue in the same
settings as in the degenerate case. As in (2.30) in the proof of Lemma 9, we find
that (2.26) with & = 2 and R = r holds.

The L*-estimate for the gradient holds in the following form:
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Lemma 14. For any o, 0 < o < 1, there exists a positive constant C(«) having
the same dependence as the one in Lemma 2 such that
_ 2pa(1-9)
[DVloo.g -5 = Cla) R POz, (3.20)
2

Proof. As in the proof of Lemma 12, choose § = 2 and R = r in Lemma 8. Note
that 0 < r = R'~% < 7, and substitute (2.32) and (2.1) with p = r = R'~% into
(2.25) with & = 2 and R = r to arrive at (3.20).

We make an estimation for a oscillation of the gradient of the solution v.

Lemma 15. For any positive number 8, 0 < & < 1, there exist a positive number
o1, 0 < ay < 1, depending only on m, p and §, and a positive constant C(5),
depending only on 8, | Du|, 0! and the same quantities as in Lemma 14, such that

%sc (Dv) < C(8) R*. (3.21)

2

Proof. The Holder estimate holds in the following form (see [6, Theorem 1.17,
pp. 258]). There exist positive constants C and ¢y depending only on m and p such

that

2—p @0
R 7 R
5 max {l, ‘DleO,Qlea }+ 5

(3.22)

2
OSCQg(DU) =< C|Dv|oo,Q%—a distz(Q%apQR],é)
7

Use (3.20) and argue in an exactly similar way as in the proof of Lemma 13 to
have

oy 2—p)
%sc(Du)§C|Dv|oo,QRHS max{1,|Dv| 2 }RMO
B R

00, Q p1-s
2 2 2
_ 2pa(1-d) ag 2=p)
< C(a) R pine2—2m (1re052). (3.23)
We choose a positive number « to satisfy
Sag
0<a< 2p(=9) 1490 2—p) (324)
p(m+2)—2m + 2

and let 7y < 1 be a positive number determined in Lemma 2 for « above and then
we put

2 (1-9) 2-p)
o1 =bdag — PG (14262 > ¢ (3.25)

to get the conclusion of Lemma 15.
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The proof of Lemma 11 is performed as in the degenerate case by using
Lemma 15 and Lemma 9. As in (3.16), we have, forall p, R, 0 < p < R < ¥y,

f |Du — (Du),|"dz (3.26)
Q0

<c(L)"* / |Du — (Du)g|Pdz + C R™2+re1 4 ¢ RU-O(mt2H+hp)
Or

. 2
+C() (R“ —(m+2-pat BREER) o0 (m+2+ 242 - ZPP-1>)

ﬂp(ﬁ—l))
2p—1

= C(%)m+4/ |Du — (Du)g|”dz + C(e) R" ~” (m+2-pa+
Or

Fix a positive number 6 to satisfy

Bp(p—1)

2 p—1 2
0<6< 7"14-24-@1(7{‘]” . (3.27)

Next, choose a positive number « satisfying (3.24) and

(-5 282D 512
0<a< — (3.28)

Then we can choose a positive number «; to be
m+2+pa2:(1—6)(m+2—pa+%>>m+2. (3.29)

Finally, let 7y < 1 be a positive number determined in Lemma 2 for « above and
set 81 = min{«a, oy}, where ¢ is in (3.25), and apply the iteration argument in
[11, Lemma 2.1, p. 86] for (3.26) to arrive at (3.1).
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