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0. Introduction

Hausdorff dimension, introduced in 1919, is a notion of size useful for distinguish-
ing between sets of Lebesgue measure zero. This notion was widely investigated
and widely used, among others in the theory of dynamical systems, where many
interesting invariant sets are null in the sense of Lebesgue measure. Unfortunately,
the Hausdorff measure and dimension of even relatively simple sets can be very
hard to calculate. Several ways (for example, packing dimension, box dimension,
informatic dimension, correlation dimension, entropy) of estimating the dimen-
sion of irregular sets has been proposed, but undoubtedly the most popular is the
Hausdorff dimension.

In 1975 Mandelbrot [19] observed that some scientific phenomena can be
described by the sets having fractional dimension. He called such sets fractals
and tentatively defined them as the sets whose Hausdorff dimension is strictly
greater from their topological dimension. It appears that such sets occur in diverse
branches of pure mathematics such as number theory, measure theory, and nonlinear
differential equations. On the other hand, these sets are a good model for describing
a wide variety of natural phenomena such as Brownian motion, turbulence flow,
and the growth of plants. Because of this, the theory of fractals has been intensively
studied by many people.
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The very explosion of interest in fractal sets started after the observation that
some classes of fractals can be constructed by using an iteration process (see
Hutchinson [15], Barnsley [1]). More precisely, having N contractive maps, say
S1, ..., Sy, we can construct the fractal set A, as the limit of the sequence { F"(A)},
where F(A) = UlN:] Si(A), A a compact set. Moreover, if for every map S; there
is given the probability p; determining the frequency with which the map S; can
be chosen, we can associate to such a system — known under the name iterated
function system with probabilities — a Markov operator P acting on the space of
Borel measures (see Formula (1.1)). The fractal set can be obtained as the support of
the invariant measure with respect to P, provided that P is asymptotically stable. It
is interesting that the class of sets which can be defined in this way contains not only
fractals but also other sets known as semifractals. Roughly speaking, a semifractal
is the support of the invariant measure with respect to an asymptotically stable
Markov operator generated by an iterated function system with probabilities (see
Lasota and Myjak [17, 18]).

The important question is to find effective criteria for asymptotic stability. Clas-
sical results in this area were obtained by Hutchinson [15], Barnsley et al. [2] and
Lasota and Yorke [16] in the case of the Menger space (i.e. the space such that every
closed bounded subset is compact). Recently such criteria were established in the
case of Polish spaces (see Szarek [25, 26]). It seems that natural habitats for fractals
and semifractals are Polish spaces. Consequently, the results concerning Hausdorff
dimension of invariant measures with respect to Markov operators arising from
iterated function systems acting on Polish spaces seem to be of particular interest.
For related results see [6, 7,9, 11-14, 20, 22, 24]. These results are formulated for
contractive systems and proved using a multifractal formalism.

In this paper we study a more general case when the system is contracting
“on the average”. More precisely, we give an upper and lower bound estimate of
the Hausdorff dimension of the probability measure invariant with respect to the
system contractive on the average. Observe that for such system we are unable to set
up a one-to-one correspondence between general symbolic dynamical systems and
the system under consideration, consequently we cannot use the thermodynamic
formalism (see [24]). The approach used here is based on the technique initiated
by Hutchinson [15] (see also [2, 11, 12]).

This paper is organized as follows. Notation and basic definitions are contained
in Section 1. In Section 2 we establish some auxiliary results which play a crucial
role in the proof of the theorems and also seem to be interesting in themselves.
In Sections 3 and 4 we give, respectively, upper and lower bound estimates of the
Hausdorff dimension of an invariant probability measure for an iterated function
system acting on Polish spaces.

1. Preliminaries

Throughout this paper X denotes a Polish space, p a metric in X and this assumption
will not be repeated in the statement of theorems. By B(x, r) we denote the closed
ball in X with center at x and radius r. For A C X, A # (J, we denote by diam A



On Hausdorff dimension of invariant measures 225

the diameter of A and by 1,4 the characteristic function of A. As usual, R stands
for the set of all reals and N for the set of all positive integers. Moreover set
R4 = [0, +00).

By 8(X) we denote the o-algebra of Borel subsets of X and by M the family
of all finite Borel measures on X. Moreover, denote by .M the family of all u € M
such that u(X) = 1 and by My = {t1 — 2 @ w1, 2 € M} the space of all finite
signed measures.

Finally, B(X) stands for the space of all bounded Borel measurable functions
f + X — R and C(X) for the subspace of B(X) of all bounded continuous
functions. Both spaces are endowed with the norm of uniform convergence || - ||o.

For f € B(X) and v € M, we write

< fiv>= / fx)v(dx).
X
We admit that M is endowed with the Fortet—Mourier norm (see [10]) given by

vl =sup{| < fiv>1|: feF}

where F is the set of all functions f € C(X) suchthat|| f]lo < 1 and| f(x)— f(y)| <
p(x,y) forx,y e X.
It is known that the convergence

lim ||y —pll =0 for p,, pn e M
n—oo

is equivalent to the weak convergence of the sequence (it,),>1 to i (see [4]).
Anoperator P : M — M iscalled a Markov operator if it satisfies the following
two conditions:

P(hipy + Aapn) = Ay Py 4+ Ao Py for A, A € Ry and puy, 2 € M

and
Pu(X) = uw(X) foru e M.

A measure pu is called stationary (or invariant) with respect to the operator P
if Pu = . A Markov operator P is called asymprotically stable if there exists an
invariant probability measure p, such that

lim ||P"u — il =0 forevery p € M.
n—oo

Clearly, if the operator P is asymptotically stable, then the corresponding invariant
measure is unique.
Let A C X ands, § > 0. Define

oo [o.¢]
Hy(A) =inf 1 Y (diamUp)* : A c | JU; and diamU; <6 .
i=1 i=1
Given s > 0 we define the Hausdorf{f s-dimensional outer measure by the formula

H(A) = lim 7 (A).
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The restriction of #€* to the o-algebra of #*-measurable sets is called the Hausdorff
s-dimensional measure. Note that all Borel sets are #*-measurable. For A C X
the value

dimy A = inf {s > 0: #°(A) < oo}

is called the Hausdorff dimension of A.
Finally, we recall that the Hausdorff dimension of a Borel probability measure
w is defined by the formula

dimy pu = inf{dimHA cAe B(X), u(A) = 1}.
Assume now we are given a sequence of continuous transformations
S;:X—>X, for i=1,...,N,
and a probabilistic vector
pi: X—1[0,1], for i=1,...,N,

where p; are continuous functions satisfying

N
pi(x) >0 and Zpi(x)zl for x e X.

i=1

Such a system is denoted by (S, p) and it is called the Iterated Function System
(IFS, for brevity).

Having an IFS(S, p) v we define the corresponding Markov operator P: .M — M
by

N
(1) =y [
=175

We say thatan IFS (S, p)y is asymptotically stable if the corresponding Markov
operator P is asymptotically stable. A measure i, € M is called invariant for the
IES (S, p)n if it is invariant with respect to the corresponding Markov operator P.

We assume that S;, i = 1, ..., N, are Lipschitzian transformations (not nec-
essarily contractions) with the corresponding Lipschitz constants ; and that there
exists a constant yy € (0, 1) such that

pi(x)u(dx) for A € B(X).
Oy

i

N
(12) [T (e, Sion)"™ < yop(x. y) foreveryx,y € X.

i=1

Condition (1.2) is commonly called the average contraction or Lyapunov contrac-
tion and the constant yy is strictly connected with Lyapunov exponents (see [8, 23])
Moreover, we assume that

(1.3) k = min inf p;(x) > 0

1<i<N xeX
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and

N
(1.4) D 1pi®) = i) < w(p(x, ),

i=1

where w : Ry — R is a nondecreasing and concave function satisfying the Dini

condition, i.e.
7 w(t
/ 20 4y < o,
0 t

for some o > 0.

2. Auxiliary results

Proposition 2.1. If an IFS (S, p)y satisfies Conditions (1.2)—(1.4), then it is
asymptotically stable.

The proof for the case when X is a locally and o-compact metric space was
given in [2, 16]. The case when X is a Polish space it can be found in [26].
Let

Q={l,...,N}®*={(i1,i2,...) tix € {1,..., N} forevery k € N}
and

o0
Q. = U Q,, where ,=1{1,...,N}".
n=1

Observe that Q2 (€2, respectively) is the space of all finite (infinite, respectively)
sequences of elements iy € {l,...,N}. Fori = (iy,...,i,) € Q, let |i| =n
denote the length of i. If i € 2 we assume that |i| = co. Fori € QUQ, andm € N,
m < [i|, we set
ilm=(>,....in).

A subset A C Q is called a cylinder if there exists i € Qu, 1 = (iy,...,1,),

such that
A=A®)={jeQ:jln=i}.

By + we denote the o-algebra in €2, which is generated by such cylinders.

Given an IFS (S, p)y, for x € X we denote by PP, the probability measure on
A defined on the cylinder A(i), i = (i1, ... ,i,) € Q4, by the formula

Py (A®D) = pi, ()i (S, () - ...+ pin (Sipy 0. .. 0 Si, ().

For convenience, in the following we will write P, (i) in the place of P, (A(i))
and P,(A) in the place of P (A(A)), where A C 2, and A(A) = Uica A(Q).
Moreover, fori € 2,, we write

Si=S8,0...08;.

Let 1, be the unique invariant probability measure for (S, p)y. For @ > 0 we

define . 3
Xo = {xeX:liminfM 50{}.
r—0 Inr
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Lemma 2.2. [fan IFS (S, p)y satisfies Conditions (1.2)—(1.4), then

Si(Xa) C Xou
foreverya > 0andi € {1,..., N}
Proof. Fixa > 0andi € {l,..., N}. Let x € X, be arbitrary. Using the fact that

s 1s stationary, Formula (1.1), Condition (1.3), and the inclusion B(x, r/A;) C
S; ' (B(Si(x), r)) we obtain

(B (8ix), 1)) = ks (ST (B(Si(x). 1)) = ks (B (x, 7/2i) ).
for every r > 0. Consequently

. (BSi(0), ) Infkp (B (x, 1/30)]
liminf < liminf .
r—0 Inr r—0 Inr

From this and the inequality
In o (BGr, r/3)) _

liminf ———— < «,
r—0 ln(r/)»,-)
we have | B(s
liminf s BED.) _
r—0 Inr
which completes the proof. O

Proposition 2.3. Assume that an IFS (S, p)n satisfies Conditions (1.2)—(1.4) and
Wy IS the corresponding invariant probability measure. Let o > 0. If . (Xy) > 0,
then py(Xy) = 1.

Proof. Let an IFS (S, p)y satisfying Conditions (1.2)—(1.4) be given and let P
and 1, be the corresponding Markov operator and invariant measure, respectively.
Consider the measure i : B(X) — R given by

(AN Xy)

w(A
A (X))

, for A € B(X).

We have

N
PRi(A) = f pi(x)p(dx)
; st

R /
= Di(X) s (dx).
s (Xo) ; s anx,

From Lemma 2.2 it follows that X, C Si_] (X). Using this inclusion, Relation
(1.1), and the fact that u, is invariant with respect to P, we obtain

1 N
Pr(A) < i *d
A < o ;/s,—uma)” (%) s ()

— ' pnanxy=A0XD o
N /L*(Xa) Ho o M*(Xa) -
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for every A € B(X). Since P < w and Pu(X) = (X)) = 1, Pix = j&. From
the uniqueness of the invariant probability measure it follows immediately that
7 = 4. Consequently . (Xy) = 1. O

Proposition 2.4. Assume that an IFS (S, p)y satisfies Conditions (1.2)—(1.4) and
Ws IS the corresponding invariant measure. Let o > 0. If u(Xy) > 0, then
dimyg ps < o

Proof. Leta > 0be such that 1,(X,) > 0. By Proposition 2.3 we have u.(X,) = 1.
According to the regularity of w, and the Ulam theorem, for every n € N
we can choose a compact set K, C X, such that u.(K,) > 1 — 1/n. Since
w«(Ur2 Kn) = 1 and dimy (2, K») = sup{dimy K, : n € N}, to complete
the proof it is enough to show that

dimy K,, < «, forevery n € N.

This can be proved by a standard argument. For details see, for example, [8,
Proposition 2.3]. O

Fix xo € X. Let y be given by Condition (1.2). Now, for arbitrary y > yy and
n € N we define the function ¢}, : X — [0, 1] by the formula

2.1 @Y (x) = Py (Qu(¥: x0, %)),

where
(2.2) Ou(y;ix0,x) = {i € Q: p (Sip(x), Sik(x0)) < ¥*p(x, x0) for every k > n}.

Lemma 2.5. For every y > yy and n € N the function ¢}, given by (2.1) and
(2.2) is Borel measurable. Moreover, for every x € X the sequence (¢}, (X)),>1 is
increasing and

lim ¢! (x) = 1.
n—oo
Proof. Fix y > yp and n € N. For arbitrary x € X we have

ol (x) =1 =Py ({i € 2 : p(Sim (), Sy (x0)) > ¥™ p(x, xo) for some m > n})

—1— Z Z Py, () 1x;(x),

m=nieQ,,

where Xj, i € Q,,, stands for the set of all y € X such that p(S;(y), Si(xo)) >
¥ p(y, x0) and p(Si(»). Sik(x0)) < ¥*p(y, xo) fork=1,...,m — 1.

Since the sets Xj, i € €., are Borel measurable, the function ¢} is Borel
measurable. Obviously ¢} (x) < (p,’; +1(x) for every n € N and x € X. Moreover,
from Lemma 2 in [5] it follows that nli)rglC @} (x) = 1 for every x € X. The proof is

complete. O

From Lemma 2.5 and the theorem of Egorov it follows immediately that:
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Corollary 2.6. Let y > yy and xo € X be given. Then for every ¢ > 0 there exist
a subset X of X and a number n such that

1 (Xo) > 1 — ¢,

and
IPXO(Q,,()/; xo,x)) >1—e¢e, forevery x € Xo and n > n.

Now for y > yy, xo,x € X and ng,n € N, n > ng, we define
Q. (v x0,x) = {i € @y p (Sin(x). Siw(x0)) < ¥*p(x. x0), for ng <k <n}.

Lemma 2.7. Assume that a compact subset K of X, a point xo € K and a number
no € N are given. Then for every y > yy there exist § > 0 such that for every
x € K and n > ng we have

P.(i) > Py, (i), forevery ie QZO()/; X0, X).

Proof. Fix a compact set K C X and set d = diam K. Since the function w given
by (1.4) satisfies the Dini condition, we have (see [5, 16])

wy = Za)(ykd) < 00.

k=1

Letn > ng and x € K be arbitrary. Fori € Q;’O(y; Xo, X) we have

Py (1) = pi, (x0) Piy (Si; (%0)) + -+ -+ Piy (Sijn—1(x0))
_ Pi(x0) - .-+ Piy, (Sijn,—1(x0))
P () e piy (Sipng—1(X)

1 ik Sijk— Pk Sije—
1_[ (1 N Pix (Si—1(x0)) — pi, (Site 1(x))> - P (Sik—1(x))

kgt 1 Pir (Sik—1(x))

P ) o Py (Sitng—1(0)

Using Conditions (1.3) and (1.4), and the definition of 05, (vi xo, x) we obtain

Pt < L9 [1 (1 AGCTSIC] S“‘_I(XO)))) Py (i)

o k=np+1 K
1 -\ " k=14
< < K> l_[ <1+M>~Px(i).
K K
k=np+1
Consequently

1 _ no e} . 1 _ no
Py, (1) < < K> 1_[ gw(Vk Lay /e Pe(i) < (_K) e@0/k P, ().
K K

k=np+1

Setting B = k™0 (1 — k) "0e~0/* we complete the proof.
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Using a standard martingale argument one can prove the following version of
the Brin—Katok theorem (see [3])

Lemma 2.8. Let xo € X. Assume that an IFS (S, p)y satisfies Conditions (1.2)—
(1.4). Then

1
2.3) liminf — In P, (i|n) > Indg Py,—a.s.,
n—>o00 n
where
N
24 — i (x)Pi)
24) 8 = inf H pi)
i=

Proof. Define the function X, : 2 — R by the formula

X,i)=—In (p,-n (S,-,H 0...0 Sil(xo))), forn e N.
Fori € Q,,i= (i1,...,i,), we denote by A(i) the o-algebra generated by the
cylinders {A(j) : j € Q., j > i}. Moreover, let E,, denote the expectation with

respect to the probability measure Py, on €2.
Fixie ©2,i = (i1, i, ...) and observe that

N
By (XuloAG1, - in) =Y pi(Siyy 0000 8y (x0)) Xu((it, - s i1, 0)).
i=1
By (2.4) we have
N
= pi(Si,_ 008, (x0)) In(pi (Si,_, ©... 08 (x0))) < —Inép.
i=1

Now let Y, = X, — E,, (X, |A(1, ... ,i,—1)). Then

1Y, ()] < 2sup|X,({)]| Py-a.s.

ieQ

Write
M =2sup|X,({)]| < oo.

ieQ
Define

n Yk

Z, = 7 forn € N.
k=1

It is easy to see that (Z,,),> is a martingale. Since Y; and Y; for k # [ are mutually
orthogonal, we have

21
Ee(Z7) < M* )~ 7
k=1
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Hence (Z,),>1 is an L2-bounded martingale, and so (Z,),>; is convergent a.s.
Then by Kronecker’s lemma (see [4])

-
nll>nolo . kZ; Ye =0 P,,—a.s.

Thus
1 o
lim sup — Xy +1Indyp <0 P, —a.s.,

n%oop n kgl: k 0 0
whence 1

lim inf — InPy, (i|n) > Indg Py,—a.s.

n—oo n
The proof is complete. O

Finally observe that — In §y is some form of entropy for the IFS (see [8]).

3. An upper estimation
Theorem 3.1. Assume that an IF'S (S, p)y satisfies Conditions (1.2)—(1.4) and let
s be the corresponding invariant probability measure. Then
Iné
dimpy py < H,
Inyp

where yy and 8y are given by (1.2) and (2.4), respectively.

Proof. Let [, be the unique invariant probability measure for (S, p)x and let K be
a compact subset of X such that u.(K) > 3/4. Set d = diam K. Choose xyp € K
and let 6 € (0, p) and y € (y, 1) be arbitrary. By virtue of Corollary 2.6 there
exist a subset Ky of K and a number ng € N such that . (Kp) > 1/2 and

3
3.1) Py (On(y: X0, X)) = 7 forevery x € Ko and n > ny.

By virtue of Lemma 2.8 and the theorem of Egorov we can also simultaneously
assume that

(3.2) Py ({i € Q : Py (iln) = 8" forevery n > no}) > 3/4.
From (3.1), (3.2), and the obvious inclusion Q,,(y; xo, x) C A(QZ0 (y; xo, x)),

n > ny, it follows that for every x € Ky and every n > ny we have

1
Pyo(fie Q:ilne O (vs x0,x) and Py, (iln) > §"}) = 3

or equivalently that

> Py, (i) =

i€ QR (vix0.0), Py ()=8"

for x € Ky and n > ny.

N —
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Since Q;’lo(y; X0, x) C Q" (v; xo,x) forn > m > ng, by Lemma 2.7 there exists
B > 0 such that

for x € Ky and n > ny.

LB
3.3 P.() > —,
(3.3) > i) > 3
i€ (7ix0.0), Pag 28"
Now, for n € N we define
vo="|J  B(Sixo),y"d).

i€Qu. Py ()=

Let n > ng. For x € Kp andi € Qﬁo(y;xo,x) we have p (Si(x), Si(xp)) <
Y™ p(x, x9) < y"d, which means that Sj(x) € Y,. Consequently, for arbitrary
n > nog we have

(3.4) Ko C Sfl(Yn), forevery ie QZO(W X0, X).

Since . is an invariant measure for the IFS (S, p)n, using (1.1), (3.3), (3.4), and
the inequality p.(Ko) > 1/2 we obtain

G5 =Y / 1y (810 P i) (d)

i€,
> Ly, (Si(x)) Py (i) 14+ (dix)
€@, Py (20" © X
: B 1 _B
= /KO > P(p(dn) = 5 =5

i€Qh, (V3x0,%), Py ()=6"

for every n > ny.
Set n = B/4. For n € N define

Zn = {x cyY,: /L*(B(x, 27/"d)) < 7’/5”/2}.

If x € Z,, by the definition of Y, there exists iy € 2, with Py, (ip) > 4", such
that x € B (Sio (x0), y”d). Since B (Sio (x0), y”d) C B(x,2y"d), it follows that
s (B (Sio (x0), y"d) ) < né" /2. This means that the set Z,, can be covered by the
balls B (Si(xo), y"d) withi € Q,, Py, (i) > 6" and . (B (Si(x0), y"d)) < ndé"/2.
From this and the equality P, (2) = 1 it follows that

<5 ™. }7_6” — Q’

- 2 2

for every n > ng. (Here the symbol card stands for the cardinality.) From (3.5)
and (3.6) it follows that u. (Y, \ Z,) > n/2 for every n > ngy. Set X,, = Y, \ Z,
and define X*®° = ﬂfnozno UoZ,, X, Since p4(X,) > n/2 for n > no, from the
continuity of measure it follows immediately that ©.(X*) > n/2. Moreover,
a simple calculation shows that

87’.
(6 pu(Z,) = cardfie Py =8}

1 B(x, Iné
X*cilxeX: liminfin'u*( @, r) < 2ot
r—0 Inr Iny
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Thus, by Proposition 2.4 we have
Iné

dimy py < —.
Iny

Letting § — 89 and y — yp, we complete the proof. O

4. A lower estimation

In this section we assume that S; : X — X,i = 1,..., N are continuous trans-
formations such that

(4.1) p(Si(x), Si(y) = tipx,y), for x,yeX,

wherel; € (0,1),i =1, ..., N. Without any loss of generalisation we can assume
that

4.2) L<l<ly, for i=1,...,N.

Moreover, we assume that there exists a compact set K such that

N
(4.3) K =]JsiK).
i=1
and
N
(4.4) ﬂ Si(K) = 0.

i=1
Now, for x € X, define
4.5) Li={i :iefl,...,N} and x € S;(K)}.

Theorem 4.1. Assume that an IFS (S, p)y satisfies Conditions (4.1)—(4.4). More-
over, assume that it admits an invariant probability measure (L, such that Supp [Ls
C K. If

(4.6) Z Di (Si_](x)) <1, forevery x €Kk,
il
then
4.7) dimpy py = 84,
where
(4.8) S, = sup s>O:Zpi(S;1(x))l;S§1forxeK ,
icly

and I, is defined by (4.5).
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Proof. Consider the function o : X — R given by
= mi , Si(K)).
o(x) = min p(x, S;(K))

Simple calculation shows that ¢ is a continuous function. Moreover, from (4.4) it
follows that o(x) > O for x € K. Thus

op = mino(x) > 0.
xeK
Now, let s, be given by (4.8). Fix an arbitrary s € (0, s,). Clearly

Zpi (') I7° <1 forevery xeK.

iel,

Owing to the continuity of p;, S; fori = 1, ..., N and compactness of K, there is
7 € (0, 09) such that

4.9) Y opi <1,

iely

for every x € K and every z; € B (S; ' (x), #) withi € L,.
Set rg = [;7. We claim that

(4.10) 1. (B(x, 1) < <1> ,
ro

foreveryx € K and r > 0.
Obviously (4.10) holds for every x € X and r > r. Define

t S
r*=inf{r>0:,u,*(B(x,t))§(—) for t > r andxeK}.
ro

We will prove that r, = 0. Suppose, for a contradiction, that r, > 0. Let r €
[[nr«, ro). Using the fact that ., is an invariant measure, the inclusion supp p. C K,
Formula (1.1), and the inequality r < ry, we have

N
we(BGx, 1) = fs B
i=1 i

There exists y € K such that S~'(B(x,r)) N K = @) fori ¢ I,. Hence

N
iy (dz) = Z/y Pi(2) s (dz).
i—1 7S

(B(x.r)) YBE.mnk

1e(Bn) < ¥ /S e P

i€ly

= > piGws (S (B(x, n)).

i€ly
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for some z; € B(S; ' (x),r/l;), i € .. Since S; ' (B(x, r)big) C B(S; " (x),r/l;)
and r/l; > r, we have

(B, 1) <Y piedw(B(ST' 0 /) <Y pizi) ( )

iely iely

( > sz(zz)l

iely

From the last inequality and (4.9) it follows that

N
-
ps(B(x, 1)) < (—) , for r >Iyr, and x € K,
ro

which contradicts the definition of r,. Thus r, = 0 and (4.10) hold for every x € K
and » > 0. Consequently, by the mass distribution principle (see [24, p. 43]) we
have

dimg py > s.

Since s € (0, s,) was arbitrary, Inequality (4.7) follows. The proof is completed. O
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