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Abstract. We consider a Neumann problem of the type —eAu + F'(u(x)) = 0 in an open
bounded subset Q2 of R", where F is a real function which has exactly kK maximum points.

Using Morse theory we find that, for ¢ suitably small, there are at least 2k nontrivial
solutions of the problem and we give some qualitative information about them.

Mathematics Subject Classification (2000). 35J65; 58E05
Key words. PDE — critical points — Morse theory

1. Introduction

Let us consider the problem

u e CX(Q)
(P) —&eAu+ F'(u(x)) =0in Q,
ou/on =0 on €2,

where 2 C R” is an open bounded domain with sufficiently regular boundary,
n>2ande > 0.

The aim of this paper is to study the existence and multiplicity of solutions
to (P) under some structure assumptions on the real function F € C? (R). In
particular we are interested in the case in which F has k maximum points.

We observe that this kind of problem has been intensively studied recently.
Here we just quote Modica, Mortola and Passaseo [12], [13], [15] who studied
the problem in the case that F' is an even function with only one maximum point
(k=1).

One of the motivations for studying (P) is that it can be used as a mathematical
model for some phase transition problems arising from mathematical physics (see
the introduction of [12]).

Here we consider problem (P) under the following fairly general assumptions:
(i) lim F(t) = +o0o;
t—=+00
(i) 3 a,b > 0such that [F'(1)] < alt|’~' + bVt € R, with p € ]2,2*[ and
2* =2n/(n —2)ifn > 3, while p > 2if n = 2;
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(iii) F has exactly k maximum points and it does not have any critical points apart
from its maximum or minimum points;
(iv) F" # 0 in the critical points of F.

We now briefly comment on our technique. It is clear that solutions to (P) are
critical points of the functional

Jg(u)=8/2/ |Vul|? +/ F (u (x)) dx
Q Q

defined on the Sobolev space H'(£2), so it is natural to follow a variational approach.

Moreover (P) has 2k + 1 trivial solutions, corresponding to the functions u,
constantly equal to a in €2, where a is one of the k maximum points or of the k 4 1
minimum points of F.

In order to estimate from below the total number of critical points, we will use
Morse theory, exploiting algebraically the Morse relations. Here we find a technical
complication due to the fact that the critical points of J, may be degenerate (see
Definition 2.1). This difficulty can be overcome by using a generalized Morse
theory recently developed by Benci and Giannoni [3] which works for a larger
class of functionals and permits us to prove the following:

Theorem. If ¢ is suitably small and it does not belong to a numerable set A,
then there are at least 2k nontrivial critical points of Jg, if counted with their own
multiplicity.

This result appears as Theorem 3.1 in Sect. 3, while the notion of multiplicity is
explained in Definition 2.9 and Remark 2.11.

Moreover we obtain some qualitative information about the solutions to (P).
Namely in Theorem 3.2 we prove that, as ¢ — 0, all critical points u of J; having
a fixed Morse index tend to “concentrate” outside a neighborhood of the maximum
points of F.

2. Preliminary lemmas

In this section we recall some definitions and give the formulation of the problem.
Finally we provide some useful estimates that will be used in Sect. 3.

Since F satisfies (ii), standard computations show that J; is of class C! on
H' (). Moreover

dJ:(u)(v) = sf(Vu/Vv) +/ F'(u(x))v(x)dx
Q Q

for each u, v € H'(Q).
Now we recall some standard facts about classical Morse theory.

Definition 2.1. A point u € H'(Q) is said to be critical for J, if
dJ.(u) = 0.

We will denote by K j, the set of these points.
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A real number c is a critical value of J; if
(e Ky /Jow) = c) # .

Moreover, denoting by HY(Q) the dual space of H'(Q), we say that J, ver-
ifies the Palais—Smale condition (P.S. for short), if any sequence (up)pen C
HY(Q) such that

lim J. (u,) =ceR

n—oo

and

lim dJ. (uy) =0 in H'(Q)
n—oo

has a subsequence which converges to some u € H'(Q).

Ifu € K, andif d*J.(u) exists, the Morse index of u is the maximal dimension
of a subspace of H' () onwhich d*J,(u) is negative definite. It is denoted by m (u).

The nullity of u is the dimension of the kernel of d*J.(u) (i.e. the subspace
consisting of all v such that d*J,(u) (v, w) = 0, for all w € H'(Q)).

The large Morse index is the sum of the Morse index and the nullity, and it
will be denoted by m*(u).

A critical point u is called nondegenerate if its nullity is 0, otherwise it is
called degenerate.

Some elementary results are now proved. The first one gives an a priori estimate
on the values assumed by critical points of J,.

Lemma 2.2. Let y and § respectively denote the smallest and the greatest of the
k+1 minimum points of F. For eachfixedu € K., u(x) € [y, 8] almost everywhere
in Q.

Proof. Let G € C'(R, R) be a function such that G (f) = 0 for each t < § and
0 < G'(t) < M foreach t > §, where M > 0.
Ifu € K, then v(x) = G(u(x)) € H'() and we have that

8/ G' ()| Vul? +/ F'(u(x))Gu(x)) dx = dJ:(u)(v) = 0.
Q Q

As the sum of these two positive quantities is 0, both of them have to vanish. So,
observing that F'(f)G(t) > 0 when ¢ > §, u must be less or equal to § almost
everywhere in 2.

Analogously it can be showed also that u > y almost everywhere in €2, so the
assert is completely proved.

The next lemma contains a regularity result for solutions to (P).

Lemma 2.3. Letu € H'(Q) be a critical point of J;, then u is a classical solution
to (P), i.e.,

ue CX(Q)
—Au+1/eF (u(x))=0 in<Q,
ou/on =0 on 992.
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Proof. We start by recalling a standard regularity result holding under our assump-
tions (see [7, Theorem 2.4.2.7]).
If r > land f € L"(S), there exists a unique v € W>’(2) which is solution to

—Av+v=f in Q,
y(dv/dn) =0 on 0.

where y : WL (Q) — W=V (3Q) is the trace operator.

We give the proof relative to the case n > 3, the case n = 2 being analogous
and actually simpler.

From Lemma 2.2, and continuity of F”, it follows that f(x) = —1/eF'(u(x))+
u(x) € L*°(L2), so that, by the previous result and the fact that u is a critical point
of J., we get that u € W?"(Q) for every r < -+00. Moreover, by Sobolev’s
embedding theorem, u € C'(Q) (actually u € C"*(Q) for every & < 1) and we
can conclude that f € C'(Q). In particular f € L*(), thus u € W>?(R2) and,
taking v € C3°(Q) C H'(Q), we have

/(—sAu + F'(u(x)v(x)dx = 8/ (Vu/Vv) +/ F'(u(x)v(x)dx
Q Q Q

=dJ.w)(v) =0
so that —eAu + F'(u(x)) = 0 almost everywhere in .

Now we know that

F'is a C! function,

y<u <94, ae.in§,
Au=1/eF'(u(x)), ae.in <,
a2 is sufficiently regular.

So, u_sing a regularity results like in [4, Theorem 1.4.27], we deduce that
ue CX(Q).

Remark 2.4. From previous lemmas it follows that, replacing F with F such that
Fy = F on [y, 8], solutions to (P) do not change. So there is no loss of generality
in supposing

(i) 3a,b>O0suchthat |F’ (t)| <alt|”2+b ViR

where, as in assumption (ii), p € 12,2*[ and 2* = 2n/(n —2) if n > 3, while
p > 2if n = 2. It is evident that assumption (ii’) is stronger than (ii).
So J, becomes a C? functional and

&> J.(u) (v, w) = 8/ (Vv/Vw) +/ F"(u(x)vx)w(x) dx, (1)
Q Q

forall u, v, w € HY(Q).

In the following, 0 = 4p < A} < --- A; < --- will denote the eigenvalues of —A
on 2 with Neumann boundary conditions, while u, will denote a function which
is constantly equal to a in 2.

The next lemma deals with the Morse index of trivial critical points of Je.
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Lemma 2.5. 1. If c is a minimum point of F, then m(u.) = m*(u;) = 0.

2.

If d is a maximum point of F and ¢ # —F"(d)/)\; for each i > 1, then uy is
nondegenerate.

Afe € |-F'(d)/Mi, —F"(d)/Ai—1[, wherei > 2, then m(ugq) = m*(uq) = i.

Ife e ]—F”(d)/)»l, +oo[, then m(ug) = m*(ug) = 1.

Proof. 1. By assumption (iv) and the previous remark d*J.(u,) is positive definite,

2.

so that assertion follows from Definition 2.1.
Let (¢;);en be the orthonormal basis for L2(2) such that e; is the eigenfunction
relative to A; :

e; € H'(Q) N C®(Q)

—Ae; = Aje; in 2,
de;/on =0 on 052.

Now let u, be degenerate, so that, by (1), there existsv # 0 € H 1(Q) such that
s/ (Vo/Vw) + F'(d) |vx)w(x) dx = d*J.(ug)(v, w) =0 Yw € H(Q).
Q Q

This means that v solves the problem

—eAv+ F'(d)v=0inQ,
dv/on =0 on 9.

In other words — F”(d) /¢ is an eigenvalue of —A on  with Neumann condi-
tions, thus u, is nondegenerate if and only if these eigenvalues are avoided, i.e.
if € is different from — F”'(d)/); foreachi > 1.

. Now letting e; be one of the previous eigenfunctions, we have

d*J.(uq)(ej, e;) =s/ |Vej|2+F”(d)/ e;(x) dx = ekj + F'(d).
Q Q

For j = 0, we have that Ay = 0 and d*J,(ug)(eo, e0) = F'(d) < 0, thus,
surely m(ug) > 1.

If i > 2, weobserve that A;—; > 0 andif ¢ < —F"(d)/A;—1, then eA; +
F"(d) < O for every j < i. This fact, together with d*J,(uy)(es, €;) = 0
whenever s # ¢, implies that d?J.(u,) is negative definite on €D, j<i—1Rej,
so that

m(ug) > i. (2)
In order to establish the desired equality, we observe that d*J.(ug)(e j.ej) >0,

if i >1,&8> —F"(d)/A and j > i, so that d*>J.(uy) is positive definite
on P i Re;. Consequently the assertion follows from (2), being H Q) =

@jeN Re;.
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The aim of next lemmas is to establish some useful topological properties of J.
Lemma 2.6. J. is coercive.

Proof. Let (i) en be a sequence of elements in A ' (2) such that ||u,, || (@) — OO.
If [Vuy |l 2(q) — 00, as F is bounded from below, then necessarily Je(u,) — oo.
In the other case, up to subsequences, [, 2 — ©0. Now, reasoning as in
Remark 2.4, there is no loss of generality if we replace F with another function
whichis equal to F on [y, §]. In particular, fixed @ > max {|y|, |8}, we can suppose
that

b > 0s.t. Fo) > blt)* Vi ¢ [—a, al.

Denoting by €2, the set {x € Q/|u,(x)| > a}, from
| @i <aie
Q\Q,
it follows that

/ |un (x)]2dx — o0,

n

and this, together with

Jo(un) = / Flun(0)dx —k = B / 4 (0) Pl — &,
Q

Qn

k > 0 being a suitable constant, gives J, is coercive.
Lemma 2.7. J, verifies P.S. and

Je(u) =€/2 < u,u >y1q +VW) Yue H(Q),
where V' is completely continuous.

Proof. Let (u,) C H'(2) be a sequence such that J,(u,) — ¢ and dJ,(u,) — O.
We need to find a subsequence of (u,) which converges in H'(Q).

As J; is coercive, (u,) is bounded, so that a subsequence (uy,) which weakly
converges to an element 7 € H'(Q) exists.

Now consider the function 4 (f) = F(f) — ¢/2 t*, we know by assumption (ii)
that

Ja,b; >0 st W ()] < ay|t|P~" + by, (3)

where 2 < p<2*=2n/(n—2) ifn >3, while2 < p ifn =2.
The functional ¥ = u € H'(Q) fQ h(u(x)) dx € R is differentiable, W’
being the Nemytskii operator relative to 4, so that

W (1) (v) =/h’(u(x))v(x) dx  Vu,ve H(Q).
Q
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Thus J, and its differential can be written in the following way:

Jg(l/l) = 8/2 <u,u >H](Q) +\IJ(M)

dl, =L + V¥V,
where £ : H' () — H'' () is the Riesz isomorphism, hence
lim (L) + V' (i) = lim dJ (i) = O.
n—oo

n—o0
By(3), ¥ : H(Q) — HY (2) is completely continuous, so that W' (uy, ) strongly
converges to W' (). Thus £ (uy,) converges in H v (2) and, £ being an isomorph-
ism, also (u, ) strongly converges in H L.

Lemma 2.8. K, is a compact set.

Proof. Let us show first that K, is a bounded set of H Q).
If u is a critical point of J,, we have

2
8/ [Vu| +/ F'(u(x)u(x) dx = dJ,(u)(u) = 0.
Q Q

The second term of the sum is uniformly bounded with respect to # by Lemma 2.2,
consequently the first one too. Still using Lemma 2.2, we have that also |, [u(x) |2dx
is uniformly bounded and so

M > 0s.t. ||u||H1(Q) < MY ue Kjg.
Now since J, verifies P.S., this shows that K, is compact.

Now our aim is to show a multiplicity result for the solutions to (P) via Morse
theory. More precisely we want to prove that, choosing ¢ suitably small, there are
2k nontrivial solutions to (P). We shall do it by computing the Morse index of
the trivial solutions and proving the existence of critical points of J, which have
a different Morse index.

As J; could have degenerate critical points, classical Morse theory cannot be
applied to it. However we can use a generalized Morse theory due to Benci and
Giannoni (see [3]) which works with a larger class of functionals. In our case we
will denote by F (H'(S2)) this class of functionals on H'(Q).

We note that in [3] (see Example 5.2) it is established that, denoting by (, )y
the inner product of a Hilbert space V,if ¥ € C'(V) is a function whose gradient is
completely continuous and if f(x) = (x, x)y + W(x) satisfies P.S. and is bounded,
then f € F (V).

The result still holds if we replace the hypothesis that f is bounded with the one
that K ; is bounded. Hence our functional J; belongs to & (H 1(Q)), by Lemmas 2.7
and 2.8.

Moreover, as J, is bounded from below, from [3, Theorem 5.9] we have the
Morse equality

i.(Ky) = PA(HY Q) + (14+2) 05, “

where
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e i, (K,,) is the Morse index of K, i.e. a formal series in one variable A with
coefficients in N U {400} that in this generalized theory took the place of the
Morse polynomial in the classical theory;

e P, (H'(RQ)) is the Poincare polynomial of H'(Q) (with Z; as field of coeffi-
cients), so that, H'(S2) being contractible,

Pi(H () = 1 )
e (, is a formal series in A with coefficients in N U {+o00}.
From the general theory we have the following definition and proposition:

Definition 2.9. If K is an isolated subset of K ;, (i.e. if there exists an open set @
such that K j, Nw = K), then it makes sense to consider the Morse Index i, (K) of
K and the number i\ (K) is called the multiplicity of K.

Proposition 2.10. If u is a nondegenerate critical point of J, then {u} is isolated
and i, ({u}) = A0,

Moreover if K\, K, C K, are disjointed isolated and compact sets, then
(K1 U K3) =i3(K1) +i(K2).

A proof of the previous proposition is given in [3, Theorem 5.8].

Remark 2.11. Let us remark that if K is a critical set made only by nondegenerate
critical points and i, (K) = ZheN ap\', then each ay, is exactly the number of
elements of K whose Morse index is /. Instead, in the general case we are con-
sidering, the multiplicity of an eventually degenerate critical point (or critical set)
computes the number of nondegenerate critical points in which the point (or set)
is “solved” by the approximation method that permits it to pass from the Morse
polynomial to the Morse index. In particular if K is an isolated critical set and
L(K)=), N ap\", then each ay, computes the number of nondegenerate critical
points of Morse index & corresponding to K and it is called the number of critical
points of Morse index & of K in the sense of multiplicity.
Moreover Theorem 5.10 of [3] says that in our hypothesis:

ap 20 = Ju e Ks.t.m(u) <h <m*(u). (6)
3. Results
Letcy, ..., ck+1 be the minimum points and dj, ..., d; be the maximum points
of F, ordered in such a way that —F"(d}) < --- — F"(dy).

From now on we will assume that
e#—F'dj)/r Vj=1, ...k Vi>1 (7
We recall the statement of the theorem already announced in the introduction.

Theorem 3.1. If ¢ is suitably small and it does not belong to a numerable set A,
then there are at least 2k nontrivial critical points of J; (if counted with their own
multiplicity).



Existence and multiplicity of solutions for a nonlinear Neumann problem 437

Proof. Let K denote the set of the nontrivial critical points of J., A be the (numer-
able) set made by ¢ > 0 which do not verify assumption (7) and let ¢ € ]0, 4-o00[ /A.
By Lemma 2.5, each trivial critical point of J, is nondegenerate, hence isolated.
So K, can be decomposed in the following isolated critical sets

Kj,=KU{uc U .o {ue,  FUug }U .. {ug,}
and, by Proposition 2.10, Morse equality (4) together with (5) gives
i (K) + A we) o jmlegy) yopma) 40 am@a) — 14 (14005, (8)

Lemma 2.5 assures that m(uc) = ... m(ue, ) = 0. So writing i;(K) =
Y henank and Qi = Y, n buA", equation (8) becomes

Y@ kA LA ) =1 (L 0)Y b (9)
heN heN

If we assume ¢ < —F”(d})/A1, this yields m(ugq;) > 2foreach j =1, ... k.
By equaling the coefficients of the same degree in (9) we get

ay=by+by >=by=k+ap >k, (10)

so there are at least k critical points (if counted with their multiplicity) whose
Morse index is 1.

In order to conclude the proof, we are going to show thatforeach j =1, ...,k
there is a nontrivial critical point of index m(udj) +1or m(udj) — 1, and they are
all different from each other.

Firstly we show it in the case in which F”'(d;), ..., F”(d}) are different from
each other. From [1, Theorem 14.6] we know that the number of eigenvalues of
—V on  with Neumann boundary conditions which are less or equal to A € R is
asymptotically equal to CA"/2, where C is a constant depending only from n and
the measure of 2.

Consequently, choosing ¢ sufficiently small, we have that foreach j =1, ...,
k — 1 the interval | — F"(d;)/e, —F"(d;+1)/¢l contains at least 2 of these eigen-
values (A;);eN.

As we have seen in Lemma 2.5, m(ug;) is the minimal number i such that

e + F//(dj) >0 <& A > —F”(dj)/{;‘,
thus
m(udHl)Zm(udj)—i-Z vVi=1, ...,k—1. (11)

For j = 1 we know from (9) that bm(udl) # 0or bm("dl)*l = 0, thus Am(ug))+1 #£0
OF G(ug,)—1 # 0, respectively. This means that there is a critical point of index
m(ug,) + 1 or m(ug,) — 1. Moreover it is surely different from the u., and from
the k nontrivial critical points already counted.

Now, assuming the assertion is true for j, let us show it is also true for j + 1.
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In fact A" “dj+1) # 0 yields bmwdw) # 0 or b”l(udi+])—] # 0, hence there exists
a critical point of J, whose Morse index is m (ua;,,) +1lorm (ua;,,)—1 respectively
and by (11) it is neither a trivial critical point nor a nontrivial critical point already
counted.

In the other case, if —F”(d;) are not all different each other, then we may have,

for example, that
31 st. —F'(dj-) <—F'(d))=---=—F'(djy1) < —F'(dj131).

Hence, reasoning as in the previous case, by, ) + bmu, -1 = [+ 1 and there are
J J

at least / + 1 critical points (if counted with their multiplicity) whose Morse index

belongs to {m(udj) = 1,m(uq;) + 1}

The next theorem yields qualitative information about critical points of J.
Leta € ]0,—F"(dy)[, I > 0, Q; be an open n-dimensional hypercube of
side /.
Moreover, let 0 < a;(I) < ax(l) < az(l) < --- be the eigenvalues of —A on Qy
with Dirichlet boundary conditions, namely,
ai(l) = nm?/I?
ax() =a3() = ... = ayi (1) = (n + 3)w? /12
an+2(l) = an+3(l) = e = an+l+n(nfl)/2(l) =+ 6) ]TZ/ZZ

Foreachu € K, let I'y (1) be the following set:
o) ={xeQ/ F'(ux) < —a},

whose direct image under u is a neighborhood of the maximum points of F'. Finally
let N(u, ) be the greatest number of disjointed open hypercubes of side / which
can be contained in 'y (u).

Theorem 3.2. Following the previous notations, if ¢ < a/a;(l), then N(u,l) <

m(u)/ J.

Proof. Let Q; be an hypercube of side / > 0 contained in I'y, (). For alli € N
we denote by v; the eigenfunction of — A corresponding to the eigenvalue a; (/), v;
being 0 out of Q.

We shall prove that if ¢ < «/a;(l), then d?J, (u) is negative definite on v; for
alli < j.Indeed F” (u (x)) < —a foreach x € Q; C 'y, (u), thus

dzfg(m(vi,vi):e/ |Vvi|2+/ F' (u (x) v} (x)dx <
0

0
<eai(l) —a<ea;j(l) —a<0 Vi < j.
If we set k = N (u, I), there are k disjointed hypercubes Qll, R Qf‘ contained in
'y (u). Foreachh =1, ...,k let v’f, el v’} be the j eigenfunctions of —A on
Q? relative to ay (I), ..., a; (I), respectively.
The functions v}, v}, ..., v}, vl v?, o v’]‘. are linearly independent.

Indeed, for each h = 1, ...k, vi‘, ...,v’]’. are linearly independent both in
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L*(Q}) and in H} (Q}) ., hence in H'() too. On the other side, if hy # h, €

{1, ..., k}, then v?]l and v?zz are linearly independent as they have disjointed
1<h<k

supports, so that B = @ va? has dimension jk = jN (u,[).
1<i<j

In order to show that d>J, (u) is negative definite on B, we remark that each
w € B admits the following representation:

P
_ hoh

and, observing that if #; # h, then the supports of ) c; lvh1 and Zchz 2 g
disjointed, it is clear that

J
d*J. (u) (Zch’v ZC?Z hz) =0,
i=1

so that
d*J, (u) (w, w) = ZcﬂJ (u)(ch Z,Zchvh) (12)

Moreover if i; # i, then fQ(Vvl]/Vvlz) = a, th ol (ol ' (x) dx = 0. So,

denoting by wh = l’ 1 € for eachh =1, ..., k, wehave

d*J. (u) (W', w) =s/ (V' /vu') +/ F"(u(x)(w" (x))? dx <
Q Q

J J
Z ( h)Z/ |va‘|2) - a/h(wh(x))2 dx = Z(cj?)z(sa,-(l) —a) <0.
— 9 i=1

(13)

As the sum of k negative quantities is negative, by (12) and (13), d?J. (1) is negative
definite on B .

Thus, according to the definition of Morse index, m () > dim B = jN (u, ),
so finally

N (u,l) =m(u)/j.

Corollary 3.3. Ife < —F"(d))/\1, then there exists u; » € K, such that
muie) <1 <m*(uy).

Moreover there are no hypercubes of sidel > mw/(n + 3)e/a containedin Iy (u; ¢).
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Proof. Theexistence of u; . is assured by (6) and (10). Moreover! > w+/(n + 3)e/a
means that ¢ < o/a»(l). Thus, by the previous theorem,

N(u],é‘v < m(ul,s)/2 =< 1/21

hence N(u1.,1) = 0.
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