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Abstract. We simplify the Steinberg presentation of SLn(Fd ), where n ≥ 1 and Fd is
any finite field with d elements. That presentation has the elementary matrices eij (r), with
i, j ∈ {1, . . . , n}, i �= j and r ∈ Fd , as generators, and (E1)–(E3), described at the opening of
this work, as relations. The presentation that we shall obtain reduces the number of generators
eij (r) and relations (E1)–(E3). In particular, relations (E3) are considerably reduced.
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Introduction

In this paper we study some presentations of the special linear groups SLn(Fd),
on a finite field Fd , where n ≥ 3 and d = pm , with m ≥ 1 and p an odd
prime. A presentation of SLn(Fd ), obtained by determining an isomorphism among
these groups and the Steinberg’s ones Stn(Fd ), is described in [2]. Our work has
been devoted to simplifying and remarkably reducing in number the relations of
SLn(Fd ) for the group presentations described in [2]. We notice that, obviously, the
presentations of SLn(Fd ) ∼= SL(V ), where V is a vector space of dimension n on
Fd , depend upon the choice of a basis for V . In [1] and [4] suitable presentations for
the special linear groups and for the Steinberg’s groups are determined and these
do not depend upon the choice of a basis for V . In [2] it is proved that the group
SLn(Fd ) has a presentation with abstract generators xij(r) (where i, j ∈ {1, . . . , n},
i �= j and r ∈ Fd) and relations (E1)–(E3) are given at the beginning of that paper.
The abstract generator xij(r) corresponds to the elementary matrix eij(r), which
has r in the (i, j) entry, 1 on the whole principal diagonal and 0 in the other places.
Then, the obtained presentation simplifies and remarkably reduces the previous
relations, in particular (E3). In fact, if i, j, k ∈ {1, . . . , n} are fixed and distinct, the
number of relations in (E3) (after a reduction of the generators) is p2m ; we reduce
such a number to m2. Such results are described in Proposition 3.

Let us fix the notation for the following: p will denote an odd prime, m an
integer ≥ 1, and n an integer ≥ 3. Moreover, we shall set d = pm .
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Fd will denote a finite field with d elements.
In [2] it has been proved that

SLn(Fd ) ∼= Stn(Fd). (1)

Let us recall that Stn(Fd ) is an abstract group having generators xij(r), where
r ∈ Fd , i, j ∈ {1, . . . , n} and i �= j , with the following relations:

(E1) xij(r)xij(s) = xij(r + s);

(E2)
[
xij(r), xkl(s)

] = 1 if j �= k and i �= l;

(E3)
[
xij(r), x jk(s)

] = xik(rs) if i, j and k are distinct.

In the isomorphism (1) every generator xij(r) of the abstract group Stn(Fd)

corresponds, in SLn(Fd ), to the elementary matrix eij(r). Consequently, we can
consider the generator xij(r) just as the matrix eij(r), and use all the matrix calculus
rules valid in SLn(Fd ).

The field Fd is a vector space of dimension m over the field Fp, and it has
a basis having the form {1, α, . . . , αm−1}; so all elements of Fd can be written in
the form

λ0 + λ1α+ · · · + λm−1α
m−1, (2)

where the coefficients λ0, . . . , λm−1 are integers uniquely determined mod p.
Let now i, j ∈ {1, . . . , n} be fixed, with i �= j . If r ∈ Fd is a generic element

expressed in the form (2), by relation (E1) one immediately has that

xij(r) = xij(1)λ0 xij(α)λ1 . . . xij(α
m−1)λm−1, (3)

and also

xij(r)
p = xij(0) = 1. (4)

Obviously, (4) follows from the fact that the characteristic of Fd is p.
By (3) it follows that all the generators xij(r) of SLn(Fd) are contained in the

subgroup generated by xij(1), xij(α), . . . , xij(α)m−1; then all generators xij(r) with
r /∈ {1, α, . . . , αm−1} can be eliminated from the presentation of SLn(Fd) given
in (1).

Now, we ask ourselves what relations (among (E1)–(E3)) remain between the
generators xij(1), xij(α), . . . , xij(α

m−1), after we have eliminated the unnecessary
ones.

If i, j ∈ {1, . . . , n} and i �= j , let us denote by εij the matrix having 1 in the
place (i, j) and 0 elsewhere. The matrices εij verify the following identities:

εijεkl =
{

0, if i �= j;
εil, if j = k.

(5)

We now set

A(i, j) = { I + rεij | r ∈ Fd },
where I is the identity matrix of order n.
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Proposition 1. A(i, j) is a subgroup of SLn(Fd), which is generated by the elem-
ents xij(1), xij(α), . . . , xij(α

m−1); moreover it is isomorphic to the direct product
Zm

p = Zp × · · · × Zp︸ ︷︷ ︸
m =times

.

Proof. Since I + rεij = xij(r), by relations (E1) it follows at once that A(i, j) is
a subgroup of SLn(Fd); it is generated by xij(1), xij(α), . . . , xij(α

m−1) by virtue
of (3). A presentation for Zm

p is

Zm
p
∼= 〈

y0, . . . , ym−1 | y p
0 = y p

1 = · · · = y p
m−1 = 1,

[yr, ys] = 1 if r, s ∈ {0, 1, . . . , m − 1}〉. (6)

By relations (E1), it follows at once that the elements xij(1), . . . , xij(α
m−1) verify

the relations given in (6); therefore the correspondence y0 �→ xij(1), y1 �→ xij(α),
. . . , ym−1 �→ xij(α

m−1) induces an epimorphism from Zm
p into the group A(i, j).

But A(i, j) has order pm and pm = |Zm
p |, therefore A(i, j) ∼= Zm

p . ��
Now, using the isomorphism established in Proposition 1 and the presentation

of Zm
p given in (6), and using the standard properties of subgroup presentations

(see, e.g., [3]), we can replace all relations (E1) (those which involve only the
generators xij(1), . . . , xij(α

m−1)) by the following ones:

(E1′) xij(1)p = xij(α)p = · · · = xij(α
m−1)p,

(E1′′)
[
xij(α

r), xij(α
s)

] = 1 if r, s ∈ {0, 1, . . . , m − 1}.
Since i and j are generic, relations (E1′) and (E1′′) replace relations (E1) for

all pairs of indices i, j ∈ {1, . . . , n}, with i �= j .
Let us point out that relations (E2) amount to the following ones:

(E2′) [xij(α
r), xkl(α

s)] = 1 if j �= k and i �= l,

where r, s ∈ {0, 1, . . . , m − 1}. In fact, if ρ, σ are two generic elements of Fd ,
we have ρ = λ0 + λ1 + · · · + λm−1α

m−1, σ = µ0 + µ1α + · · · + µm−1α
m−1, for

suitable integer coefficients λ0, . . ., λm−1, µ0, . . ., µm−1 considered mod p; hence,
by (3) it follows that

[xij(ρ), xkl(σ)] = [
xij(λ0 + λ1α+ · · · + λm−1α

m−1),

xkl(µ0 + µ1α+ · · · + µm−1α
m−1)

]
= [

xij(1)λ0 xij(α)λ1 . . . xij(α
m−1)

λm−1
,

xkl(1)µ0 xkl(α)µ1 . . . xkl(α
m−1)

µm−1]
. (7)

Then, if relations (E2′) hold, it is clear that all powers and all possible products
made by combining the elements xij(1), xij(α), . . ., xij(α

m−1), xkl(1), xkl(α), . . .,
xkl(α

m−1) commute with each other. Consequently, relations (E2′) and (7) imply
that [xij(ρ), xkl(σ)] = 1, for all ρ, σ ∈ Fd . Therefore, (E2) are a consequence
of (E2′).
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Let us now examine relations (E3). By virtue of (3), relations (E3) take the
following form:[

xij(1)λ0 xij(α)λ1 . . . xij(α
m−1)

λm−1
, x jk(1)µ0 x jk(α)µ1 . . . x jk(α

m−1)
µm−1] =

= xik(1)l0 xik(α)l1 . . . xik(α
m−1)

lm−1
, (8)

if i, j , k are distinct. Here λ0, λ1, . . ., λm−1, µ0, µ1, . . ., µm−1, l0, l1, . . ., lm−1

are integers considered mod p and l0, l1, . . ., lm−1 are uniquely determined by
condition

(λ0 + λ1α+ · · · + λm−1α
m−1)(µ0 + µ1α+ · · · + µm−1α

m−1) =
= l0 + l1α+ · · · + lm−1α

m−1. (9)

In other terms, the left-hand side in (9) is an element of Fd and consequently, as
such, can be written uniquely in the form l0 + l1α+ · · · + lm−1α

m−1 where l0, l1,
. . ., lm−1 are integers considered mod p.

Notice that, for each fixed i, j , k ∈ {1, . . . , n}, with i, j , k distinct, the number
of relations (8) which involve xij(1), . . ., xij(α

m−1), x jk(1), . . ., x jk(α
m−1), xik(1),

. . ., xik(α
m−1) is p2m .

Now let i, j , k ∈ {1, . . .n} be fixed and distinct; let us consider the following
3m elements:

xij(α
s), xik(α

s), x jk(α
s), (10)

where s = 0, 1, . . . , m − 1.
The relations that involve only elements in (10) are:

xij(1)p = · · · = xij(α
m−1)

p = xik(1)p = · · · = xik(α
m−1)

p = 1, (11)

[xij(α
r), xij(α

s)] = [xik(α
r), xik(α

s)] = 1, (12)

if r, s ∈ {0, 1, . . .m − 1};
[xij(α

r), xik(α
s)] = 1, (13)

if r, s ∈ {0, 1, . . .m − 1};
x jk(1)p = · · · = x jk(α

m−1)
p = 1, (14)

[x jk(α
r), x jk(α

s)] = 1, (15)

if r, s ∈ {0, 1, . . .m − 1}; finally,

[xik(α
r), x jk(α

s)] = 1, (16)

if r, s ∈ {0, 1, . . .m − 1};[
xij(1)λ0 . . . xij(α

m−1)
λm−1

, x jk(1)µ0 . . . x jk(α
m−1)

µm−1] =
= xik(1)l0 . . . xik(α

m−1)
lm−1

, (17)
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where

(λ0 + λ1α+ · · · + λm−1α
m−1)(µ0 + µ1α+ · · · + µm−1α

m−1) =
l0 + l1α+ · · · + lm−1α

m−1,

and λ0, . . . , λm−1, µ0, · · · , µm−1 are integers considered mod p which uniquely
determine the elements l0, · · · , lm−1 in Fp.

Our next aim is to prove that the subgroup of SLn(Fd ) generated by the elements
in (10) is isomorphic to a suitable semidirect product. After we have proved the
existence of such an isomorphism, we shall proceed to a substantial reduction of
relations (17), corresponding (for i, j , k fixed and distinct) to relations (E3) which
involve the elements in (10) only. Notice that relations (11) and (12) are part of
relations (E1′) and (E1′′), just as (14) and (15) are. Relations (13) and (16) are part
of relations (E2′).

Let i, j , k be fixed and distinct elements of {1, . . . , n}, and let

P(i, j, k) = { I + xεij + yεik + zε jk | x, y, z ∈ Fd }. (18)

P(i, j, k) is the set of matrices of SLn(Fd) that have 1 on the principal diagonal
and 0 in the other places, except in the places (i, j), ( j, k), and (i, k): in all such
places the elements in Fd can be chosen freely.

Proposition 2. P(i, j, k) is a subgroup of SLn(Fd) which has order d3 = p3m

and is generated by the elements xij(1), xij(α), . . . , xij(α
m−1), xik(1), xik(α), . . . ,

xik(α
m−1), x jk(1), x jk(α), . . . , x jk(α

m−1).

Proof. If I + rεij + sεik + tε jk ∈ P(i, j, k), by (5) it follows that

I + rεij + sεik + tε jk

= (I + rεij)
(
I + (s − rt)εik

)
(I + tε jk)

= xij(r)xik(s − rt)x jk(t). (19)

Let us observe that xij(r) ∈ A(i, j), xik(s − rt) ∈ A(i, k), x jk(t) ∈ A( j, k); then,
by Proposition 1 and (19) it follows that P(i, j, k) is generated by xij(1), . . . ,
xij(α

m−1), xik(1), . . . , xik(α
m−1), x jk(1), . . . , x jk(α

m−1). ��
Suppose now that the m − 1 elements of Fd , αm , αm+1, . . . , α2m−2 are written

as linear combinations of the basis 1, α, . . . , αm−1 as follows:

αm+s = a0,m+s + a1,m+sα+ · · · + am−1,m+sα
m−1, (20)

where s = 0, 1, . . . , m−2, and aij are suitable integers uniquely determined mod p.
If k is an integer ≥ 1, we shall denote by Zk

p the direct product of k copies of Zp.

Let us consider now the abelian groups Zm
p and Zm

p ×Zm
p . By Aut(Zm

p ×Zm
p ) we

shall denote the group of automorphisms of the group Zm
p × Zm

p . In the following
we shall identify each matrix A ∈ GL2m(Zp) with the induced automorphism fA ∈
Aut(Zm

p × Zm
p ) and we shall misuse the notations by writing A ∈ Aut(Zm

p × Zm
p )

instead of fA ∈ Aut(Zm
p × Zm

p ). Notice that, if A, B ∈ GL2m(Zp), then the
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product AB corresponds to the composition fB ◦ fA; therefore, if we have to
verify some relation concerning the automorphisms f A, it suffices to examine the
corresponding relation between matrices with the usual row-by-column product.
Now, given the abelian group Zm

p , let ∆ = {e1, . . . , em} be the set of its canonical
generators, namely e1 = (1, 0, . . . , 0), . . . , em = (0, 0, . . . , 0, 1). Consider the
correspondence

ϕ : ∆ −→ Aut
(
Zm

p × Zm
p

)
such that

e1 �→ A0 =
(

I B0

0 I

)
, e2 �→ A1 =

(
I B1

0 I

)
, em �→ Am−1 =

(
I Bm−1

0 I

)
,

where I is the identity m × m matrix, 0 is the zero matrix of order m and B0, . . . ,
Bm−1 are the following m × m blocks:

B0 = I,

B1 =




0 0 . . . 0 a0m

1 0 . . . 0 a1m

0 1 . . . 0 a2m
...

...
...

...

0 0 . . . 1 am−1,m


 ,

B2 =




0 . . . 0 a0,m a0,m+1

0 . . . 0 a1,m a1,m+1

1 . . . 0 a2,m a2,m+1
...

...
...

...

0 . . . 1 am−1,m am−1,m+1


 ,

Bm−1 =




0 a0m a0,m+1 . . . a0,2m−2

0 a1m a1,m+1 . . . a0,2m−2

0 a2m a2,m+1 . . . a0,2m−2
...

...
...

...

1 am−1,m am−1,m+1 . . . am−1,2m−2


 .

In other terms, block B1 is built starting from B0 = I , by eliminating the first
column of B0 and inserting, as the last column, the m-coefficients in (20) which
determine αm as linear combination of the basis {1, α, . . . , αm−1}. The block B2 is
built starting from B1, by eliminating the first column of B1 and inserting, as the
last column, the m-coefficients in (20) which determine αm+1 as linear combination
of the basis {1, α, . . . , αm−1}, and so on until we arrive at Bm−1.

Notice that all the matrices A0, . . . , Am−1 have order 2m × 2m and determi-
nant 1; consequently, they are contained in SL2m(Fp) and induce m automorphisms
of the group Zm

p × Zm
p .
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Remark. Let us consider now Fd as a vector space V of dimension m on Fp, having
basis X = {1, α, . . . , αm−1}. Let us define the application

fα : V −→ V

such that

fα(x) = αx,

for each x ∈ V . Therefore fα ∈ GL(V ) and f k
α = fα ◦ · · · ◦ fα︸ ︷︷ ︸

k times

is such that

f k
α (x) = αkx, if k ≥ 1. (∗)

Immediately we can easily verify that

MatX( fα) = B1.

Then, since MatX : GL(V ) −→ GLm(Fp) is a group isomorphism, we get

MatX( f k
α ) = Bk

1,

for each integer k ≥ 1.
On the other hand, by (20) and (∗) it follows that:

MatX( f k
α ) = Bk, if 1 ≤ k ≤ m − 1.

Hence

Bk
1 = Bk, if 1 ≤ k ≤ m − 1.

��
The group Zm

p is a direct product of m copies of Zp; thus we have the following
presentation:

Zm
p
∼= 〈

z0, . . . , zm−1
∣∣ z p

0 = · · · = z p
m−1 = 1, [zi, z j ] = 1 (21)

if i, j ∈ {0, . . . , m − 1}〉.
We can assume that

z0 ←→ e1, . . . , zm−1←→ em (22)

under the isomorphism in (21). By matrix calculations we can easily verify that
the matrices A0, . . . , Am−1 satisfy the relations of the groups Zm

p , as given in (21).
So, the application ϕ extends uniquely to a group morphism (which we denote by
ϕ again)

ϕ : Zm
p −→ Aut

(
Zm

p × Zm
p

)
. (23)
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Now let us consider the semidirect product S of Zm
p and (Zm

p ×Zm
p ) with respect to

the action ϕ:

S = Zm
p ×ϕ

(
Zm

p × Zm
p

)
.

The direct product (Zm
p × Zm

p ) has the following presentation (see [3] for details):

Zm
p × Zm

p
∼=〈

x0, . . . , xm−1, y, . . . , ym−1 | x p
0 = · · · = x p

m−1 = y p
0 = · · · = y p

m−1 = 1;
[xi, x j] = 1 if i, j ∈ 0, . . . , m − 1;
[yi, y j] = 1 if i, j ∈ 0, . . . , m − 1;
[xi, y j] = 1 if i, j ∈ 0, . . . , m − 1

〉
. (24)

We can obviously assume that generators xi , y j correspond under the isomorphism
(24) to elements Xi and Y j , respectively, where the last ones are given by the
following 2m-uples:

X0 = (1, 0, . . . , 0, 0, . . . , 0), . . . , Xm−1 = (0, 0, . . . , 0, 1
↑

place
m−th

, 0, . . . , 0),

Y0 = (0, 0, . . . , 0, 0, . . . , 1
↑

place
(m+1)−th

, 0, . . . , 0), . . . , Ym−1

= (0, 0, . . . , 0, 0, . . . , 0, 1
↑

place
2m−th

).

Using the presentations of Zm
p and Zm

p × Zm
p established in (21) and (24),

respectively, we see that S is isomorphic to the abstract group Ω given by the
following presentation:

Ω = 〈
z0, . . . , zm−1, x0, . . . , xm−1, y0, . . . , ym−1 |
z p

0 = · · · = z p
m−1 = 1 (25)

[zr, zs] = 1 se r, s ∈ {0, 1, . . . , m − 1} (26)

x p
0 = · · · = x p

m−1 = y p
0 = · · · = y p

m−1 = 1 (27)

[yr, ys] = [xr, xs] = 1 se r, s ∈ {0, 1, . . . , m − 1}, (28)

[yr, xs] = 1 se r, s ∈ {0, 1, . . . , m − 1}, (29)

zsxzs
r = xrzs se r, s ∈ {0, 1, . . . , m − 1}, (30)

zs yzs
r = yrzs se r, s ∈ 0, 1, . . . , m − 1}〉. (31)

Relations (25) and (26) define the subgroup Zm
p and relations (27), (28) and (29)

define the subgroup Zm
p × Zm

p (i.e. the normal factor of the semidirect product S);
finally, relations (30) and (31) define the action of the generators zs on the generators
x0, . . . , xm−1, y0 . . . , ym−1. Now, let us observe that in the isomorphism between
the abstract group Ω and the semidirect product S, the elements of Ω given by

xzi
0 , xzi

1 , . . . , xzi
m−1, yzk

0 , yzk
1 , . . . , yzk

m−1
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correspond, respectively, to the following elements of S:

fAi (X0), . . . , fAi (Xm−1), fAk (Y0), . . . , fAk (Ym−1),

where i, k = 0, 1, . . . , m − 1. Let us note that fAi (X j), fAk (Yr) are identified,
respectively, with the matricial products Ai X j and AkYr , where X j and Yr are
thought of as 2m×1 matrices (X j and Yr are the canonical generators of the group
Zm

p ×Zm
p , as one sees from the notation introduced after the presentation (24)). By

the definition of A0, . . . , Am−1 it follows at once that the previous elements of S
are, respectively, given by:

A0 X0 = X0, A0 X1 = X1, . . . , A0 Xm−1 = Xm−1,
...

Am−1 X0 = X0, Am−1 X1 = X1, . . . , Am−1 Xm−1 = Xm−1,

A0Y0 = X0 + Y0

A0Y1 = X1 + Y1

A0Y2 = X2 + Y2
...

A0Ym−2 = Xm−2 + Ym−2

A0Ym−1 = Xm−1 + Ym−1

A1Y0 = X1 + Y0

A1Y1 = X2 + Y1

A1Y2 = X3 + Y2
...

A1Ym−2 = Xm−1 + Ym−2

A1Ym−1 = a0,m X0 + a1,m X1 + · · · + am−1,m Xm−1 + Ym−1

A2Y0 = X2 + Y0

A2Y1 = X3 + Y1

A2Y2 = X4 + Y2
...

A2Ym−3 = Xm−1 + Ym−3

A2Ym−2 = a0,m X0 + a1,m X1 + · · · + am−1,m Xm−1 + Ym−2

A2Ym−1 = a0,m+1 X0 + a1,m+1 X1 + · · · + am−1,m+1 Xm−1 + Ym−1 =
Am−1Y0 = Xm−1 + Y0

Am−1Y1 = a0,m X0 + a1,m X1 + · · · + am−1,m Xm−1 + Y1

Am−1Y2 = a0,m+1 X0 + a1,m+1 X1 + · · · + am−1,m+1 Xm−1 + Y2
...

Am−1Ym−1 = a0,2m−2 X0 + a1,2m−2 X1 + · · · + am−1,2m−2 Xm−1 + Ym−1

By the isomorphism between the semidirect product S and the abstract group Ω,
the previous identities in S correspond to identities in Ω. In fact, Ai X j and
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AkYr correspond in S, respectively, to the actions of zi on x j and of zk on yr

in Ω.
Hence, from these last identities it follows that relations (30) take the following

equivalent form in the abstract group Ω:

[zs, xr] = 1 if r, s ∈ {0, 1, . . . , m − 1}, (30b)

since the action of zs leaves x0, x1, . . . , xm−1 fixed.
On the other hand, relations (31) take the following equivalent form:

[y0, z−1
0 ] = x−1

0 ,

[y1, z−1
0 ] = x−1

1 ,
...

[ym−1, z−1
0 ] = x−1

m−1,

[y0, z−1
1 ] = x−1

1 ,

[y1, z−1
1 ] = x−1

2 ,
...,

[ym−2, z−1
1 ] = x−1

m−1,

[ym−1, z−1
1 ] = x

−a0,m
0 · · · x−am−1,m

m−1 ,
...

[y0, z−1
m−2] = x−1

m−2,

[y1, z−1
m−2] = x−1

m−1,

[y2, z−1
m−2] = x

−a0,m
0 . . . x

−am−1,m
m−1 ,

...

[ym−1, z−1
m−2] = x

−a0,2m−3
0 . . . x

−am−1,2m−3
m−1 ,

[y0, z−1
m−1] = x−1

m−1,

[y1, z−1
m−1] = x

−a0,m
0 . . . x

−am−1,m
m−1 ,

...

[ym−1, z−1
m−1] = x

−a0,2m−2
0 . . . x

−am−1,2m−2
m−1 .

(31b)

Notice that in transforming relations (31) into (31b) we have used the fact that
x0, . . . , xm−1 commute each other in Ω.

Let us now consider the correspondence given by:

zr �→ x jk(α
r), xs �→ xik(α

s), yt �→ xij(α
t), (32)

where r, s, t = 0, 1, . . . , m − 1, from the set {z0, . . . , zm−1, x0 . . . , xm−1,

y0, . . . , ym−1} in the group P(i, j, k). Let us observe that, by virtue of the pre-
vious correspondence, relations (14) correspond to (25), (15) to (26), (11) to (27),
(12) to (28), (13) to (29), (16) to (30b).

Now, let us examine relations (17) in connection with relations (31b).
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Choosing suitable integer exponents (considered mod p) λ0, λ1,. . . , λm−1, µ0,
µ1,. . . , µm−1 in (17) and keeping into account (20), gives at once that all relations
(31b) are satisfied in P(i, j, k) with xij(α

r) in place of yr , with x jk(α
s) in place

of zs and with xik(α
l ) in place of xl. For example, setting λ0 = · · · = λm−2 = 0,

λm−1 = 1, µ0 = 0 · · · = µm−2 = 0, µm−1 = −1, we have (by (20)):

(λ0 + λ1α+ · · · + λm−1α
m−1)(µ0 + µ1α+ · · · + µm−1α

m−1) =
−α2m−2 = −a0,2m−2 − a1,2m−2α− · · · − am−1,2m−2α

m−1.

Hence

l0 = −a0,2m−2, l1 = −a1,2m−2, . . . , lm−1 = −am−1,m+1,

by which we obtain that

[xij(α
m−1), x jk(α

m−1)−1] = xik(1)−a0,2m−2 . . . xik(α
m−1)−am−1,2m−2,

corresponding to the relation

[ym−1, z−1
m−1] = x

−a0,2m−2
0 . . . x

−am−1,2m−2
m−1

given in (31b). We can proceed analogously to verify that all relations (31b) are
satisfied. Consequently, by virtue of Proposition 2, there exists an epimorphism
from the abstract group Ω in P(i, j, k). On the other hand, Ω is isomorphic to
the semidirect product S = Zm

p × (Zm
p × Zm

p ), thus |Ω| = p3m = |P(i, j, k)|;
therefore Ω is isomorphic to the subgroup P(i, j, k). Hence, in relations (17) we
can eliminate all those that do not appear in (31b). Then, having fixed distinct i, j ,
k ∈ {1, . . . , n}, the relations that involve the elements in (10) are (11)–(16), as well
as the following (which come from (17) after the above-mentioned reduction):

[xij(1), x jk(1)−1] = xik(1)−1,

[xij(α), x jk(1)−1] = xik(α)−1,
...

[xij(α
m−2), x jk(1)−1] = xik(α

m−2)−1,

[xij(α
m−1), x jk(1)−1] = xik(α

m−1)−1,

[xij(1), x jk(α)−1] = xik(α)−1,

[xij(α), x jk(α)−1] = xik(α
2)−1,

...

[xij(α
m−2), x jk(α)−1] = xik(α

m−1)−1,

[xij(α
m−1), x jk(α)−1] = xik(1)−a0,m . . . xik(α

m−1)−am−1,m ,
...

[xij(1), x jk(α
m−1)−1] = xik(α

m−1)−1,

[xij(α), x jk(α
m−1)−1] = xik(1)−a0,m . . . xik(α

m−1)−am−1,m ,
...

[xij(α
m−1), x jk(α

m−1)−1] = xik(1)−a0,2m−2 . . . xik(α
m−1)−am−1,2m−2

(E3′)
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Notice that, for i, j and k fixed, there are m2 relations (17b), whereas relations
(17) are p2m in number. In conclusion, we have obtained the following result:

Proposition 3. Let n be an integer ≥ 3, m an integer ≥ 1, p an odd prime and
d = pm. Let α ∈ Fd such that {1, α . . . , αm−1} is a basis of Fd as a vector
space over Fp. Then, the special linear group SLn(Fd) has a presentation with the
following generator and relations:

Generators :
xij(1), . . . , xij(α

m−1), where i, j ∈ {1, . . . , n} and i �= j.

Relations :
xij(1)p = xij(α)p = · · · = xij(α

m−1)p = 1; (E1′)
[xij(α

r), xij(α
s)] = 1, if r, s ∈ {0, 1, . . . , m − 1}; (E1′′)

[xij(α
r), xkl(α

s)] = 1, if j �= k and i �= l, (E2′)
where r, s ∈ {0, 1, . . . , m − 1};

relations given in (E3′), where i, j and k are distinct.

Example. In the case of SL3(Fp) we have six generators a, b, c, d, f , which can
be respectively identified with the following matrices:

x12(1) =

1 1 0

0 1 0
0 0 1


 , x13(1) =


1 0 1

0 1 0
0 0 1


 ,

x21(1) =

1 0 0

1 1 0
0 0 1


 , x23(1) =


1 0 0

0 1 0
0 0 1


 ,

x31(1) =

1 0 0

0 1 0
1 0 1


 , x32(1) =


1 0 0

0 1 0
0 1 1


 .

Relations (E1′) are the following:

ap = bp = cp = d p = ep = f p = 1.

Relations (E1′′) become superflous.
Relations (E2′) are given by:

ab = ba, a f = fa, bd = db,

cd = dc, ce = ec, e f = fe.

Relations (E3), entirely written before their reduction, are 6(p−1)2 in number and
look as follows:

ardsa−rd−s = brs, with 1 ≤ r, s ≤ p− 1 (mod p)

br f sb−r f −s = ars, with 1 ≤ r, s ≤ p− 1 (mod p)

crbsc−rb−s = drs, with 1 ≤ r, s ≤ p− 1 (mod p)

dresd−re−s = crs, with 1 ≤ r, s ≤ p− 1 (mod p)

erase−ra−s = f rs, with 1 ≤ r, s ≤ p− 1 (mod p)

f rcs f −rc−s = ers, with 1 ≤ r, s ≤ p− 1 (mod p).

Just as in the general case of SLn(Fd ), with n ≥ 3, the relations are reduced to
(E3′), which are the following six:
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[a, d−1] = ad−1a−1d = b−1

[b, f −1] = b f −1b−1 f = a−1

[c, b−1] = cb−1c−1b = d−1

[d, e−1] = de−1d−1e = c−1

[e, a−1] = ea−1e−1a = f−1

[ f, c−1] = fc−1 f −1c = e−1.

To complete the argument let us list the six subgroups P(i, j, k) (with i, j , k
distinct) that occur in the case of SL3(Fp) and that are all isomorphic to the
semidirect product Zp ×ϕ (Zp × Zp):

P(1, 2, 3) =




1 x y

0 1 z
0 0 1


 : x, y, z ∈ Fp


 = 〈a, b, d〉,

P(1, 3, 2) =




1 x y

0 1 0
0 z 1


 : x, y, z ∈ Fp


 = 〈a, b, f 〉,

P(2, 1, 3) =




1 0 x

y 1 z
0 0 1


 : x, y, z ∈ Fp


 = 〈b, c, d〉,

P(2, 3, 1) =




1 0 0

x 1 y
z 0 1


 : x, y, z ∈ Fp


 = 〈c, d, e〉,

P(3, 1, 2) =




1 x 0

0 1 0
y z 0


 : x, y, z ∈ Fp


 = 〈a, e, f 〉,

P(3, 2, 1) =




1 0 0

x 1 0
y z 1


 : x, y, z ∈ Fp


 = 〈c, e, f 〉.

Notice that, in the particular case of SL3(Fp), subgroups P(i, j, k) are all
p-Sylow subgroups since

∣∣SL3(Fp)
∣∣ = 2p3(p3 − 1)(p2 − 1).
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