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Abstract
We prove a local higher integrability result for the spatial gradient of weak solutions to doubly
nonlinear parabolic systems whose prototype is

3 (Jul9""u) — div (|Du|”2Du) = div (|F|P"*F) inQr :=Qx (0,T)

with parameters p > 1 and ¢ > 0 and Q2 C R”". In this paper, we are concerned with the
ranges ¢ > 1 and p > qu‘:ll) . A key ingredient in the proof is an intrinsic geometry that

takes both the solution u and its spatial gradient Du into account.

Keywords Doubly nonlinear systems - Higher integrability - Gradient estimate - Reverse
Holder inequality

Mathematics Subject Classification 35B65 - 35K40 - 35K55

1 Introduction

Let Q C R",n > 2,beanopensetand 0 < T < oco. By Q7 := Q x (0, T), we denote the
space—time cylinder in R”*!. In this paper, we investigate doubly nonlinear systems of the
form

3 (lu|?""u) — div (|Du|P~2Du) = div (|F|"7*F) in Qr, (1.1)
where ¢ > 0 and p > 1. Here, the solution is a map u: Q7 — R for some N € N.

Applications include the description of filtration processes, non-Newtonian fluids, glaciers,
shallow water flows, and friction-dominated flow in a gas network, see [1, 2, 19, 24, 25,
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32] and the references therein. Note that for ¢ = 1 (1.1) reduces to the parabolic p-Laplace
system, while for p = 2 it is the porous medium system (also called fast diffusion system in
the singular case ¢ > 1). Further, the homogeneous equation with p = ¢ + 1 is often called
Trudinger’s equation in the literature. This special case divides the parameter range into two
parts where solutions to (1.1) behave differently. In the slow diffusion case p > ¢ + 1,
information propagates with finite speed and solutions may have compact support, whereas
in the fast diffusion case p < ¢ + 1 the speed of propagation is infinite and extinction in
finite time is possible. Further, (1.1) becomes singular as u — 0 and Du — 0 if ¢ > 1 and
1 < p < 2, respectively, and degenerates as u — O and Du — 0if0 < g < l and p > 2,
respectively. In this paper, we are interested in the singular range ¢ > 1 with p > Z(fq‘:ll)
For the precise range that is covered by our main result, see Fig. 1. Moreover, we consider
general systems

3 (lul9"u) — divA(x, t,u, Du) = div (|F|”"*F) inQr, (1.2)

where A: Q7 x RN x R¥ — RN is a Carathéodory function satisfying

1.3
|A(x, t,u,£)|] < C1lg]P~! 4

{A@»r,u,s) & = Colgl?,
with positive constants 0 < C, < C; < oo for a.e. (x,7) € Qr and any (1, ¢) € R x
RN, Local weak solutions to (1.2) are given by the following definition. In particular, the
spatial gradient Du lies in the Lebesgue space L? (Q7, RV"), whose integrability exponent
corresponds to the structure conditions (1.3) on A.

Definition 1.1 Suppose that the vector field A: Q7 x RY x R¥ — RN satisfies (1.3) and

F e L} (Qr,RN"). We identify a measurable map u: Q7 — RY in the class

we (0, 7); LET @, RM) N Ll (0, T; WhP (@, RY))

loc loc

as a weak solution to (1.2) if and only if

// |u|q_1u-8t(p—A(x,t,u,Du)-D(pd)fdt:// |FIP72F - Do dxdt
Qr Qr

for every ¢ € C3°(Qr, RM).

Our main result is that the spatial gradient Du of a weak solution to (1.2) is locally
integrable to a higher exponent than assumed a priori, provided that F is locally integrable
to some exponent o > p. The precise result is the following.

Theorem 1.2 Ler1 < g < max {"2 2241}, p > 29HD 5 o pand F e LY (Q7; RV,

n—2’ n n+q+1° loc
Then, there exists €, = €,(n, p, q, Co, C1) € (0, 1] such that whenever u is a weak solution

to (1.2) in the sense of Definition 1.1, there holds

Du € Lp(cl+81)(QT; RN,

lo
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Higher integrability for singular doubly nonlinear systems

in which ¢; = min {80, % — 1}. Furthermore, there exists ¢ = c¢(n, p,q, Co, C1) > 1 such
that for every e € (0, &1] and Qp = By(x,) x (t, — 0911, 1, + 0911) € Qr the estimate

pj ed
]6[ |Du|P(]+€) dxdr <c 1+]6[ |u|j + |F|P dxdt ]6[ |Du|? dxdt
0 0, o (o}

4

+c][7[ |F|PU+E) dxdr
0

4

je

holds true, where p* = max{p, g + 1} and

7 iftp>qg+1,
a=i /4 (1.4)
pg+1) e n(g+1)
: plg+D)+n(p—g—1) if n+q+1 <p<g+L

At this stage, some remarks on the history of the problem are in order. The study of higher
integrability was started by Elcrat and Meyers [26], who gave a result for nonlinear elliptic
systems. Key ingredients of their proof are a Caccioppoli type inequality and the resulting
reverse Holder inequality, and a version of Gehring’s lemma. The latter was originally used
in the context of higher integrability for the Jacobian of quasi-conformal mappings in [13].
For more information, we refer to the monographs [16, Chapter 5, Theorem 1.2] and [18,
Theorem 6.7]. The first higher integrability result for parabolic systems is due to Giaquinta
and Struwe [17], who were able to treat systems of quadratic growth. However, their technique
does not apply to systems of parabolic p-Laplace type with general p # 2. For p > nz—fz,
the breakthrough was achieved by Kinnunen and Lewis [22] (see also [23]), whose key idea
was to use a suitable intrinsic geometry. More precisely, they considered cylinders of the
form Q, ;2-p,2 = Bo(xo) X (t, — A*7P@? 1, + A?7Pg?), where the length of the cylinder
depends on the integral average of | Du|”,

AP %]6[ |Du|? dxdt.
0

0.327P g2

The concept of intrinsic cylinders has originally been introduced by DiBenedetto and Fried-
man [11] in connection with Holder continuity of solutions; see also the monographs [10,
31]. Further, note that the lower bound on p in [22] appears naturally in different areas
of parabolic regularity theory [10]. In the meantime, [22] has been generalized in several
directions, including higher integrability results up to the parabolic boundary [9, 28, 29], and
results for higher-order parabolic systems with p-growth [3], systems with p(x, t)-growth
[4], and most recently parabolic double-phase systems [20, 21].

Despite this progress, higher integrability for the porous medium equation remained open
for almost 20 years, since its nonlinearity concerns u itself instead of its spatial gradient
and is therefore significantly harder to deal with. Then, Gianazza and Schwarzacher [14]
succeeded to prove the desired result for non-negative solutions to the degenerate porous
medium equation by using intrinsic cylinders that depend on u rather than Du. The method
in [14] relies on the expansion of positivity. Since this tool is only available for non-negative
solutions, the approach does not carry over to sign-changing solutions or systems of porous
medium type. The case of systems was treated later by Bogelein, Duzaar, Korte and Scheven
[6] for the transformed version of (1.2)

du —divA(x, t,u, D(ul™ 'u)) = div F,
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Fig.1 Red, blue, and green areas are the ranges of p and g covered by Theorem 1.2 (color figure online)

where m = 1 > 0, by using a different intrinsic geometry that also depends on u itself.
Further, their proof of a reverse Holder inequality is based on an energy estimate and the
so-called gluing lemma, but avoids expansion of positivity. Global higher integrability for
degenerate porous medium type systems can be found in [27]. For a local result concerning
non-negative solutions in the supercritical singular range ("n_f2)+ < m < 1, we refer to the
paper [15] by Gianazza and Schwarzacher, and for sign-changing or vector-valued solutions
to the article [8] by Bogelein, Duzaar and Scheven. Analogous to the observation for the
singular parabolic p-Laplacian above, note that the lower bound ("n_+2)+ is natural in the
regularity theory for the fast diffusion equation, see [12, Section 6.21].

As a next step, Bogelein, Duzaar, Kinnunen and Scheven [5] proved local higher integra-
bility for the system (1.2) in the homogeneous case p = g + 1. To this end, they developed a
new, elaborate intrinsic geometry that depends on both u and Du, thus reflecting the doubly
nonlinear behavior of the system. The range max { , %} <p< (nzi'é” of their main
result seems unexpected first; however, the lower bound is the natural one for the parabolic
p-Laplacian, while the upper bound is the same as for the singular porous medium system
(note thatitcan be expressedasqg = p—1 < (n”_+22) ). For N = 1, non-negative solutions and
F = 0, Saari and Schwarzacher [30] were able to remove the upper bound for all dimensions
n € N. Finally, the range 0 < ¢ < 1 and nz-fz < p of (1.2), i.e., the degenerate case with
respect to u, has been dealt with by Bogelein, Duzaar and Scheven in [7]. The range covered
by [7] corresponds to the gray area in Fig. 1.

The goal of the present paper is to treat the singular range ¢ > 1 and thus close the
gap in the higher integrability theory for (1.2). The overall strategy is similar to the one in
[7]. However, there is a crucial difference in the chosen intrinsic geometry. While scaling
in the time variable is appropriate in the degenerate case, the technique seems to require a
different scaling in the singular case. Thus, we work with a scaling both in the spatial and

time variables. Namely, throughout the article we consider cylinders of the form

g (X0) X (tp — AP Q" 1, + 277 Po!T)

Q(QA’G)(xm to) ‘=B
0l+d o
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with positive factors A, 6 and (x,, #,) € Q1. We collect technical lemmas, energy estimates
and the gluing lemma for such cylinders in Sect. 2. In particular, the latter two have already
been proved in [7] for all p > 1 and ¢ > 0. Now, the idea is to select A and 6 such that

g
|ul?

A”%H » |Du|? + |F|” dxds and 67 %]6[ o ———; dxds (1.5)
of” 0" (974 g)"

in order to obtain intrinsic cylinders. However, due to some complications related to their
construction, we also need to take so-called 6-subintrinsic cylinders into account, where only
the inequality "2>" is satisfied in (1.5),. More precisely, we can construct cylinders in such
a way that they are either f-intrinsic in the sense of (1.5), or that they are 6-subintrinsic
and satisfy 6 < A, see (3.3). We call the latter case 0-singular because it means that u is
in a certain sense small compared to its oscillation, and the differential equation becomes
singular if |u| becomes small. In both cases, sophisticated arguments are necessary to prove
parabolic Sobolev—Poincaré type inequalities for all relevant cylinders. This is done in the
regime Zifqi]f < p < g+ 1in Sect. 3 and in the range 2 < ¢ + 1 < p in Sect. 4. Reverse
Holder inequalities in the same types of cylinders are shown for the whole range ¢ > 1 and
ZS’_];_R < p in Sect. 5. The lower bound on p appearing in the proof of these vital tools
and thus restricting the red area of admissible parameters in Fig. 1 is natural in the regularity
theory of the doubly nonlinear Eq. (1.1). Finally, the proof of Theorem 1.2 is found in Sect. 6.
To this end, we start with a given non-intrinsic cylinder O>g € Qr and first focus on the
second relation in (1.5) in Sect. 6.1. This is the step where, in the case n > 3, the conditions

q < % forp <g+1landg < 2171’ +1for p > g+ 1restricting the blue and green parameter

areas in Fig. 1 come into play. These conditions are consistent with the bounds ¢ < Zt%
for the singular porous medium systemin [8] and g + 1 = p < ,%'2 for the homogeneous
doubly nonlinear system in [5]. Even in the latter special case, it remains an interesting open
problem to remove this condition in the case of systems.

Ideally, we would like to choose 6 in dependence on given parameters A and o such that
o > 0 (with fixed A) is non-increasing and that Qg\’e) C Qgap satisfies (1.5);. The reason
that it is only possible to obtain 6-subintrinsic cylinders is the so-called sunrise construction
that is used to ensure the monotonicity of o + 6. Next, we prove a Vitali-type covering
property for the relevant cylinders in Sect. 6.2. In Sect. 6.3, for given A we use a stopping
time argument to fix the radius of our (sub)-intrinsic cylinders (and thus the parameter 6
according to the first step) such that also the first relation in (1.5) is satisfied. Applying the
results of Sect. 5, we show that a suitable reverse Holder inequality holds in Sect. 6.4. Finally,
we sketch standard arguments that finish the proof in Sect. 6.5.

2 Preliminaries
We write z, = (x,, 1,) € R" x R and use space—time cylinders of the form
08 (z5) = B (x0) x A (1),

where
1—q
B (xp) = {x R |x — x| < 01+qg} :
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and
AP (1)) = (tg — 27770 1, 4227701 |
with parameters 6, A > 0. If A = 6 = 1, we use the simpler notation
Q0(z0) 1= 0"V (z,).

For the mean value of a function u € L'(Q) over a cylinder 0 = B x A C R” x R of finite

positive measure, we write
) o ::]%[ u dxdr
(¢

(u)p (1) ::][ u(-,t)dx
B

and similarly,

for the slice-wise means, provided u(-, t) € LY(B).In the particular cases Q = Qg"e)(z(,)

and B = Bg))(x,,), we also write
1,0 0
@ = = weo and @), 1) =) = wp®).
For the power of a vector u € RY to an exponent & > 0, we write
u® = u* u,

where we interpret the right-hand side as zero if u = 0.
Next we state a useful iteration lemma that can be obtained by a change of variables in
[18, Lemma 6.1].

Lemma21 Let0 < ¢ < 1, A,C > 0 and a, B > 0. Then, there exists a constant ¢ =
c(a, B, U) such that there holds: For any 0 < r < o and any nonnegative bounded function
¢: [r, 0] = Rxg satisfying

P(t) < VP(s) + AGY — 1) P+ C forallr <t <s <o,
we have
¢(r) < c[A@* —r) P +C].
Using the arguments of [18, Lemma 8.3], the following lemma can be deduced.

Lemma 2.2 For every a > 0, there exists a constant ¢ = c(«) such that, for all a, b € RV,
N € N, we have

Hp* — a®| < (lal + b1)* 16 — a] < ¢|p® —a®|.

In the case o > 1, the preceding lemma immediately implies the following elementary
estimate.

Lemma 2.3 For every a > 1, there exists a constant ¢ = c(«) such that, for all a,b € RV,
N e N, we have

|b—al® < c’ba — a“’.
For the proof of the following statement on the quasi-minimality of the mean value, we

refer to [5, Lemma 3.5].
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Higher integrability for singular doubly nonlinear systems

Lemma24 Let p > 1 and o > % There exists a constant ¢ = c(«, p) such that whenever

A C B C R¥ k e N holds for bounded sets A and B of positive measure, then for every
ue L (B,RN) and a € RN there holds

B
][ [u® — w4 | dx < clBl |][ |u® — a®|” dx.
B |Al Jp

Next, we recall the Gagliardo—Nirenberg inequality.

Lemma2.5 Let1 < p,q,r < coand ¥ € (0, 1) such that —% < v(l — g) — (1=
Then, there exists a constant ¢ = c(n, p) such that for any ball B,(x,) C R" with o > 0
and any function u € wla (By(x0)) we have

a-"p

op
p q q r r
][ ﬂdxfc ][ (ﬂ—i—lDul") dx ][ Jul dx
Bo(x,) @7 Bo(xo) \ Q7 Bo(x) @

Finally, the proof of the following two lemmas can be found in [7]. We note that in [7],
a slightly different definition of intrinsic cylinders has been used. In order to obtain the

1- 1-
following statements, we replace the radii o, r in [7] by QWZQ, 674 r. We start with an
energy estimate for solutions of (1.2).

Lemma 2.6 ([7, Lemma3.1]) Let p > 1, g > 0 and u be a weak solution to (1.2) where the
vector field A satisfies (1.3). Then, there exists a constant ¢ = c¢(p, q, Co, C1) such that on
every cylinder Q(Q)"’e)(zo) € Qr witho > 0and 1,0 > 0 and for any r € [0/2, 0) and all
a € RY the following energy estimate

g+l ‘2

+1
> (1) —a™>
sup ot _ |Du|P dxdt
BP () AP 0 (20)

1eA® (1)
g+l g+l 2
2 |

< 7[][ plust lu—al” | |uT —ar FIP [dxdr (2.1
q
=cC Qghe)(zo) (Q _ r)p + }\27P(Qq+1 _ rq+1) + | I xdr ( . )

holds true.
Then we state the gluing lemma.

Lemma 2.7 ([7, Lemma 3.2]) Let p > 1, g > 0 and u be a weak solution to (1.2) where
the vector field A satisfies (1.3). Then, there exists a constant ¢ = c¢(C1) such that on every
cylinder Qg“e)(z,,) € Qr witho > 0and A, 0 > 0 there exists 0 € [%, Q] such that for all
1,12 € AY (1) there holds

q—1

y(uq)g”(tz) - (uq)g)(rl)\ < cAZ—PeqﬁQq]%[ oy (Dul?™" - [FIP7Y) dadr.
05"
3 Parabolic Sobolev-Poincaré type inequalitiesincaseqg+ 1 > p
The goal of this section is to prove Sobolev—Poincaré inequalities that bound the right-hand
side of the energy estimate (2.1) from above. It turns out that different strategies are required

for the cases ¢ + 1 > p and ¢ + 1 < p. Therefore, we only consider the first case here and
postpone the second one to the next section.
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We use A-intrinsic

|Du|? + |F|? dxdt < AP < ck][][ |Dul? + |F|P dxdt,  (3.1)

C, 1,0 1.0
CrJJ ol g

@-intrinsic

I Jul7” P ju|”
— - dxdr <00 < CGJL][ L, o dxd (32)
CoJJos," o)P g of

scalings, in which p* = max{p, ¢ + 1}. However, for the cylinders constructed in Sect. 6.1,
we are not able to prove the 6-intrinsic scaling in every case. In general, we can only prove the
first of the two inequalities in (3.2), which we refer to as #-subintrinsic scaling. In Sect. 6.4,
we will show that the cylinders used in the proof either satisfy the 6-intrinsic scaling (3.2) or
a scaling of the form

2pn

1 u o 2t Plg+D
|u]
dxdt <04l < Cy o |Du|? + |F|? dxdt . (3.3
[0

Collog 20)7*

We call this scaling #-singular because it means that the solution is in a certain sense small
compared to its oscillation, in which case differential Eq. (1.2) becomes singular.
For now, we suppose that ¢ + 1 > p. Then (3.2) reads as

1 |u|q+l ) |u|q+1
dxdr <0° < (Cy dxdt 3.4
(0]

FO Q(ZA,H) (ZQ)qul (QA,H) Qq+1
0
and (3.3) as
2
1 |u|q+1 ) r
— . _dxdt <6*<Cy ][7[ |Dul? +|F|P dxdt) . (3.5)
Cy Q;‘ge) (20)4t! oG

We start with a Sobolev—Poincaré type estimate for the second term appearing on the
right-hand side of the energy estimate from Lemma 2.6.

n(g+1) ; ;
S tgil <P <qg+1,and that(l: (1;)“ a weak solution to (1.2),

under assumption (1.3). Moreover, we consider a cylinder ng (z0) € Qr and assume
that (3.1) is satisfied together with either (3.4) or (3.5). Then the following Sobolev—Poincaré
inequality holds:

Lemma 3.1 Suppose that g > 1

g+l |2

| @l T
u —a
p=2 ~- ="
A o s dxdr
05" (20) e
q+1 |2

q+1
uz((t)—az
<e¢ sup )J’_z][ %dx +][7[ |Dul|P dxdt
BY (x,) o1 08" )

1eAd (1)
1
+ce P ][7[ |Du|'? dxdt +][7[ |F|P dxdt |,
05" (z0) 05 o)
where max [%, pT_I] <v<landa = (u)iifg). The preceding estimate holds for an

arbitrary e € (0, 1) witha constantc = c(n, p,q, C1, Cy, Cy) > Qand p = B(n, p,q) > 0.

@ Springer



Higher integrability for singular doubly nonlinear systems

Proof Since the cylinder is fixed throughout the proof, we use the more compact notations
0= QgM) (z0), B := Bé,e)(x,,) and A = Ag) (t,). Furthermore, with the radius ¢ € [4, o]
provided by Lemma 2.7, we write B:= B@(x(,) and Q =B x A. Using first Lemma 2.4

witha = q;I and p = 2 and then the triangle inequality, we estimate

g+l

uT—a 2
AP 2][7[ | g ® grar

q+

g+l q LAzl
_ s q
< cAP™ 2]6[ |u LDz | dxdt

Qq+1

4_CAP?%*|KuQ)B<n]2q ~ w9 ]2q|
A

04 t1
=I+1L (3.6)

We use Lemma 2.4 with o = q;; and p = 2 to estimate

2
AP~2 w2
<< _ap ui¥* (@517 [* dx
Qqu]

teA
q+1 n:l-Z
][ lu 2 —[@Whz(0)] S \ dx dt
u's — a3
<esupAf” 2][ #dx
reh B o1
caP=2 g+l e nnﬂ
e ][[][| T w01 T dx] dr
(C;HQ‘I A B
5 |un —aqT| cAP?
=:¢ sup AP~ dx + 1I1. (3.7)
q+1 2
teA o ganH

In the last inequality, we also used Young’s inequality with exponents % and ”TJFZ Observe
that Lemma 2.2 and Holder’s inequality imply

fw%fﬁwmmﬁ?Pm

=< c][B (Jul + 1@ O™ u = ) ()| dx

2

§c< a9 dx> ( lu — () g(0)|2F! dx> "
B

By applying Holder inequality in the time integral with exponents ":{2 Zﬂ dnt2. _atl

we obtain

P e

2 ntg+1

i n g+l
III<c< Ju] 97! dxdt) (][ [ lu — (u)g(r)]?T! dx:| o dt)
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By 60-subintrinsic scaling

q—

1 2
(][7[ a9 dxdt) <co?7'0 ol
0

and by Sobolev inequality, we have

T -
[ |u—(u>3(z>|q+‘dx] ! y(eﬁ@)
B

We combine the estimates and obtain

n(g+1)

n+q+1 n(g+1)
|DM| ntq+T dx.

2n+g+1)

2
n(g+1) n(g+1) vp
I < co?+! ( | Du| ¥t dxdt) < ¢t ( |Dul"? dxdz) . (3.8
0 0

The last estimate follows from Holder’s inequality, since vp > fo[;_l ; In the case p < 2,

we use the A-subintrinsic scaling (3.1); and Holder’s inequality, which yields the bound

1
A> c( |Du|"” dxdt) "
0

while in the case p > 2, we use Young’s inequality. In both cases, we observe that (3.8)
implies
caP—2

2
gnodtl

1
I < AP +ce P ( |Du|'? dxdt) ,
0

where the term ¢A? can be omitted in the case p < 2. Here and in the remainder of the proof,
we write B for a positive universal constant that depends at most on n, p and ¢. Bounding
the right-hand side by the A-superintrinsic scaling (3.1); and using the resulting estimate to
bound the right-hand side of (3.7) from above, we deduce

q+1 q+

. T
I<cel|supr?l~ 2][ ]u ; dx-l-]%[ |Du|? dxdz
teA [as
+ce P (ﬁ[ |Du|"P dxdt) +c][7[ |F|P dxdr. 3.9)
0 9]

Then let us turn our attention to the term II. We apply in turn Lemma 2.3 witha = qz—
and then Lemma 2.7 to get

g+l
u(I)At — uq)/\ q
chxl’—z][ @5 — @hy| dr
Qq—H

@0 - @n® o) T
<cAPT ][][ drdz

Qqul

g+l
q

T’ qT( [Du|P~! + |F|P~ ldxdt> . (3.10)
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In the case (3.4), we estimate

q )
62 Sc][][ } - éi;il) ] | dxdt+c| “ |
(@]

Q+l

ks

u? —a?z ul)~| 41

56]6[ }7ldxdt+c7Q,
0 QQ+ Ql]+l

where we used Lemma 2.4 with o = qz'; ! and p = 2 in the last step. We use this to estimate

2(q=1
G q+I

II= WH <II; 4+ 1y,

G q+1

where we denoted

and

For the estimate of II;, we use in turn (3.10) the 6-subintrinsic scaling and then Young’s
inequality with exponents 2— and 2+1 , with the result

—1
g+l L 2 I
2p =12 |u T —a7 | "
I} <ch ¢ 6 a@+h dxdt

‘a

q+l

g+l
q
: [][][ |Du|P~! 4 |F|P~! dxdt]
0

—1
q+1 g+l =

) |u 7 _aT|2 o
<c|AP™ 7ldxdt
0 (2
g+l
Q=p)g+h 1 1 q
A 2 |Du|1’ + |F|P~" dxdr

1, |“qT - qT|2 2 1 1 g
< —APT ]6[ g dxdrter -r |DulP~" + |F|P~" dxdr | .
2 Qq 0

Using the definition of II and Lemrna 2.3, we also have

<~ ][|<uq>3(z)—<uq>g| dat

0 a+1 0 2q
cAP? ,
= W][][ @)Y @) — @ (0 dedr
0 a+l Q2q A

2
< calr [ |DulP~! + |F|P~! dxdz] .
0
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In the last step, we used Lemma 2.7. We combine the two preceding estimates to

|un — qT‘
)J’ 2][7[ T dxdt

2
+cx2—P[ |Du|P~! 4 |F P! dxdz} . (3.11)
0

In order to estimate the last term further, we distinguish between the cases p > 2 and p < 2.
In the first case, we use the A-intrinsic scaling (3.1), which implies

A > c|: |DulP~! + |F|P~! dxdt:|l
0

In the case p < 2, we apply Young’s inequality with exponents % and 2(p ry- In both
cases, we deduce that (3.11) implies
P p—2 |un — qT|
II <erl 4+ A ]6[ Qq+1 dxdr

e

- -1 -1 p1
+ce ﬂ[ [DulP~t +|F|P dxdti| (3.12)

Q

for every ¢ € (0, 1). This completes the estimate of II in the case (3.4). On the other hand,
in the case (3.5) we have

or <c |[Du|P + |F|? dxdt < cAP.
0

In the last step, we used (3.1). Inserting this estimate into (3.10), we obtain

g+l
q

+1-
M<cr 7" [ |DulP~! + |F|P! dxdt]
(0]

If g +1 > p, we apply Young’s inequality with exponents —% qu and —~FL_—_ and arrive

q+1 (p—D(g+D
at
e
- —1 —1 P
II < er? +ce ﬂ[][][ |Du|P~! + |F|P dxdt] .
o
In the borderline case ¢ + 1 = p, the same estimate is immediate. Consequently, the

bound (3.12) for II holds true in every case considered in the lemma. Combining this with
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estimate (3.9) of I and recalling the definition of I and II in (3.6), we deduce

s P
a2 ——— duxdr
0 Qq+
g+l q+1 2
l p—2 |u > —az ‘
< —A dxdr
2 0 Qq+1

uz —a 2z
+ce supxp—z][ %d)wﬂ’ +][][ |Du|? dxdt
reA B 0 0

1
+ce P <][7[ |Dul|"? dxdt) +c][7[ |F|P dxdt.
0 0

We reabsorb the first term on the right-hand side into the left-hand side and estimate the term
AP by the A-intrinsic scaling (3.1). This yields the asserted estimate after replacing & by f O

Next, we give an auxiliary result that will be needed in the proof of the second Sobolev—
Poincaré inequality.
Lemma3.2 Let g > 1, qut_li < p < q + 1 and assume that Q (z0) € Q7 and
that the - and 0-subintrinsic scaling properties (3.1); and (3.4)1 are satisfied. Then, there
exists a constant ¢ > 0 depending on n, p, q, Cy and C;, such that for every function u €
LD (0, T; WhP(Q, RY) N L0, T; LETH(Q, RY)), we have

oc loc loc

(.0)
2

dxdt

[ et
0

1
27)\,9) (20) Qq+

2(g+D
v 2(g+D+vplg—T)
<c oo |Du|"Pdxdt
Qg : )(Zo)

2(g+1-vp)
2(g+D)+vp(g—1
[ N
sup — dx
©) q+1
1end) )7 Be o) @

foreveryv e [%, 1], every 0 € [%, Q] and every a € RN . In particular, we have

@)@ )7 o)
][7[ u = [@h), ;] 0] wedr
0

3,0 +1
0" o) ol
bt 2(7)“7) D
q+D+plg—
A2<22(<q+11))+p(<p—12)>> lu — a9t
<c q+D+plg— sup _—
- ®) A2—Ppq+l
teAi,”(zo) By (x0) Y

Proof As in the preceding proof, we abbreviate Q := Q(Qk’e)(zo), B = Bée)(xo), B =
Bg)(xo) and A = Ag\)(t(,). First, we apply Lemma 2.4 with ¢ = % and p = g + 1

to exchange the mean value of u9 by the mean value of u. Then, we note that the fact
v > _Ag+h

Z StgtD allows us to use the Gagliardo—Nirenberg inequality from Lemma 2.5 with
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the parameters (p, ¢, r, ) replaced by (¢ + 1, vp, g +1, +1 ). Finally, we apply Poincaré’s
inequality slicewise. In this way, we obtain

1
lu — [@)z]7 )] u — () @)1+
]6[ i1 dxdr < ]6[ Qq+1 dxdr
_ t vp
< cel—q][j[ |:|Du|”p + %]dmz
0 (emg)vp

( lu — () 5 (1) 7+ )“ﬂ'
| supy ——————dx

rends 0179011

1— 22

lu — aldt! g

<ch~ "fﬁl]%[ |Du|"Pdxdt | sup — g dx .
renp 04

In the last step, we applied Lemma 2.4 again. We use assumption (3.4); in order to bound
the negative power of 6 appearing on the right-hand side from above. In this way, we obtain

Ju = [@n5]7 0!
][7[ dxds
Qq+1

\u— @3] q(z)\‘”l ~
dxdr
Qq+1

1—
w—aett N\
Du YPdxdt [ su ——dx
P, oa
teA

By absorbing the first mtegral on the right-hand side into the left and taking both sides to the

2(q+1) . .
power gD p@-D° we deduce the first asserted estimate. The second assertion follows

by choosmg v = 1 and using (3.1);. m}

Now we are in a position to prove a Sobolev—Poincaré inequality for the first term on the
right-hand side of the energy estimate (2.1).
n(g+1)
> n+q+l
where assumption (1.3) is satisfied. Moreover, we consider a cylinder ng )(za) € Qr
and assume that the \-intrinsic coupling (3.1) and additionally, property (3.4) or (3.5) are
satisfied. Then the following Sobolev—Poincaré inequality holds:

g-1 u—al?
OPqHH ) ! dxdr
Qghﬂ)(Zo) Qp

Lemma 3.3 Suppose that g > 1 < p < q+1, and that u is a weak solution to (1.2),

) |u (z) — aqu |2
<e sup )Lp_][g — +]6[ . |Du|P dxdz
teA?(m) B£<7 )(xﬂ) Qq Qg’A )(Z”)
1
+ce7P ]6[ [Du|"P dxdt +]6[ |F|P dxdr |,
QE))L.G)(ZO) Qghg)(Zu)

n(g+1)  p—1 _ ©,1)

where max{m, » ’n$2’n+2( +7_§ } =v =lada = (u)zo;@'

The preceding estimate holds for an arbitrary ¢ € (0,1) with a constant ¢ =
c(n,p,q,C1,Cy,C;) >0and B = B(n, p,q) > 0.
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Higher integrability for singular doubly nonlinear systems

Proof We continue to use the notations Q, Q , B, B and A introduced in the preceding proofs.
We begin with two easy cases, in which the assertion can be deduced from Lemma 3.1.
Case 1: The 0-singular case (3.5). In this case, assumptions (3.5)and (3.1) imply 0 < cA.

Moreover, we use Holder’s inequality, Lemma 2.3 with ¢ = "H , and finally, Young’s
inequality with exponents qu and q+1 . In this way, we obtain the bound
—alP —qglatl! i)
grig [ le—al” a' dxdr < cAPie =l ear)”
Qq-H
q+l-p 2 |un —a%|2 #
<Al (AP e dxdr
Q
S |un —aF |2
< el 4 ce7Prr- ]6[ — dxdzr.
o

Again, we write 8 for a positive universal constant that depends at most on 7, p and ¢. At
this stage, the claim follows by estimating the last term with the help of Lemma 3.1.
Case 2: The 9-intrinsic case (3.4) with p < 2. As a consequence of (3.4) we have

q+1

1
q+1 2
9<c(]6[ |u | dxdt) +c| lq
T

Using this together with Holder’s inequality, we infer

— _ 14
Qp;qﬂn][][ |u pa| deds
0 o
ju — ala+! 5l
§c<]6[ #dxdl> —I—c( )
o o 0

We estimate the first term on the right-hand side by Lemma 2.3 with
term by Lemma 2.2 with the same value of «. In this way, we get

p(qu lu —al?
0 7dxdt
o?
L
g+! L 2 g+l el p
}u 2 —a? | }u 2 —a 2
<c Qq+1 dxdr +c o dedl

2-p) | qT qT |2 g

—P)p -

<ch 2 oL dxde) .
o o

The last estimate follows from Holder’s inequality, since p < 2. If p < 2, we may directly
use Young’s inequality with exponents % and %, which results in the estimate

_1)
_ p
]6[ lu=al” i ar.
o o

o= q'zH and the second

9+

q+
(. 1) — u 2 — T
lq ]%[ lu=al? al dxdt < eA? +ce PP~ 2]6[ { | dxdt
Qq-H

for every ¢ € (0, 1). In the case p = 2, this is an immediate consequence of the preceding
inequality. Now, the asserted estimate again follows by applying Lemma 3.1 to the last
integral.
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Now we turn our attention to the final case, which turns out to be much more involved.
Case 3: The 0-intrinsic case (3.4) with p > 2. By using triangle inequality and Lemma 2.4
with o = 1, we write

1
_ _ ay~1a p
qu+lﬁ lu—al” dxdt < CQPZT:H |u [(u )B]q(t)| dxdr
(@)

QP
o |[whz]e o - [whgle]”
.. r 5@ = [angl|”
qu+l Qp
=I+IL

The 6-superintrinsic scaling (3.4), implies

q+1 _ gl9+1
62 SC(M) +c %dxdt.
o o o7

We use this to estimate the term I and twice apply Holder’s inequality in the space integral,
denoting 0 = max{p, q}. Afterward, we apply Lemma 2.4, once with ¢ = % and p = o

and once with @ = 1 and p = q + 1. Note that in particular the first application is possible
since o > ¢. This procedure leads to the estimate
)d

jal\P'T u— s \*
7 e
o A \UB o
=l N — et N\
+<]6[Q 0?+! dm) ][A<][B 0?+t! dx) a

=11 + L.

By using Lemma 2.5 with (p, ¢, r, ©) replaced by (o, vp, 2, v), which is possible since

n 2 2
v > mmax{l,l—k;—a},wehave

P75 _ _ P
hSCCﬂ) Zepwf¥[wmw+ht<wﬂm}dm

0 0 < 1—¢ )
0 T+q 0

(d-v)p

2

fW—wmm!x e
teA

2
7‘1
(¢%%)

In the next step, we use Poincaré’s inequality slice-wise and rearrange the terms. Then, we

L . B -+l .
note that the 6-subintrinsic scaling (3.4); implies %l) < ¢?. For the estimate of the

sup-term, we use Lemma 2.4 with « = 1 and p = 2, and then Lemma 2.2 with the parameter
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o= % This leads to the estimate
(1-v)p
e jalt " fu — @\ 7
a a u u)p(t)
I <c (u) ‘1+1]6[ |Du|"P dxdt sup | =} | dx
o teA o?
1—v
P |u 2 aq;—l |2 ( 2)11
—p)1=v)p -
<cA 2 ]6[ |Du|"? dxdt sup o dx
0 teh ATTP ol
. p—1 I . . 2 2
Since v > =, we may use Young’s inequality with exponents T=0p and =iy O get
|u# aqzil |2 ==
- @Q=pa-v)p —{=vp
I} <esup 2_7_de—|—ce_’3 (k ) ]6[ |Du|'? dxdt) .
reaJp  ATTPo4 0

By using the A-subintrinsic scaling (3.1)1, which implies

L

A2c< \Du|"? dxdt) " (3.14)
0

together with the fact p > 2, we arrive at the estimate

g+l q+12 1
I, < & sup > —a> | e ( |Dul"” dxdz) ” (3.15)
T reads AFPatl 0
Next, we estimate the term I,. Since p > qutrli , the Sobolev—Poincaré inequality implies
q+1 %
— t q
][ lu — () (1) dx dr
Qq+1
—1
= Cgipm]%[ |Du|Pdxdr < c0 TP, (3.16)
0

In the last step, we used (3.1). Furthermore, since Q is #-subintrinsic in the sense of (3.4)1,
we have

P
_ e+l q+1
][ ][lu (u)p(1)] dx dr
A \UB 0at!
g+l %% - e+l el e
_Cﬁded,"" ][][%dx ar)’
0 Qq+l A B Qq+1
g+1 o) P
p — q 1
< cotT AT ][ = WO ) ar)™
G

Estimating the right-hand side by (3.16), we observe that the powers of 6 cancel each other
out. Therefore, we obtain the bound

P

_ +1 +
][ < lu — () p(1)|4 dx>q D < il (G.17)

Qq-H -
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In order to estimate I, we apply the triangle inequality and use (3.17) in the first of the
resulting terms and (3.16) in the second. This leads to the bound

pa-l
2 g+1

IRETPNLas
12 <c ﬁ ‘M — [(uq)B]q (t)‘ dxdz )\%
Q

Qq+1

Qq-H

7 Lig+1
]6[ [eDz]" O — [@hol [ |, ATV
Q
=:Ip1 +1zp0.

For the estimate of the first term, we use Young’s inequality with exponents "H and ”H

and then Lemma 3.2, which yields the bound

1
— a\y~19 q+1
Ly <erl +ce? HQ Ju [(”Qii]l"(t)] deds

plg+1-vp)
lu — a|q+1 >Z(q+])+vp(q )

< 8}\.[) + Cg_ﬂ <sup W
o

teA

_ plgrh
plg+l-vp 2(q+l)+up(f/ b
e P b (]9[ |Du|”pdxdt>

Since 2 < p < g + 1, the power of A in the last line is negative. Therefore, we can use the
A-subintrinsic scaling (3.1); in the form of (3.14) to estimate the power of A from above.

This leads to the bound

plg+l-vp)
lu — a7t >Z(q+1)+vp(q—l)

P —B Rl B
I <eAf 4ce (sup 32 pgitl

teA
1 2(g+D+vp(g—D—p(g+l-vp)

<|: D |”1’d d :|U> 2(qg+D+vplg=1)
. u xar
0

Since vp > p — 1 > p — 2, the exponent of the sup-term is smaller than one, and it is
positive. Moreover, both exponents outside the round brackets add up to one. Therefore,
another application of Young’s inequality yields

lu —aldt! z
L <erP 4 &sup dx + ca*ﬂ< |Du|”1’dxdt> . (3.18)
0

renlp APoat!
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For the estimate of I 7, we use Lemma 2.3 with @ = ¢ and then Lemma 2.7, which implies

g+l

@) — @) ¢ T g-1

Ly<c | B Q| dr o P AP
Qq-H

+1 > q
@) (1) — @ @) T e
< c<][ ][ @ dtdr) O PaFTAP

Q‘Prl

—1 2q —1
y(ﬂ‘!’ﬂ?ﬁ IDulp_l-l-lFlp_ldxdt) BRI
0
rg—=1

_p4=l  29+Q-p)g=D 2q
— 0PI < |Du|P~" + |F|P*1dxdt> ) (3.19)
0

Note that Wwe can assume
]Lj[ [DulP~' + |F|P~ dxdr < 677!
0

since otherwise, the assertion of the lemma clearly holds, because (3.4); implies that the
left-hand side of the asserted estimate is bounded by c6”. Using this observation in order to
bound the negative powers of 6 in the preceding estimate, we arrive at

plg=l) p=2
2q p—1

29+2—p)(g—1)
Lo<ch ( |DulP~! + |F|P~ 1dxdt>

Incase 2g + (2 — p)(¢ — 1) < 0, we use the A-subintrinsic scaling (3.1); and obtain

—1
Lo < c( \DulP~! + |F|”_1dxdt> '
0

If 2g + (2 — p)(g — 1) = 0, this estimate is identical to the preceding one. In the remain-
ing case, by observing that %ﬁ)('}_l) < 1, we use Young’s inequality with exponents

and to obtain

2q 2q
2g+Q2-p)(g—1) (p—2)(g—1)

p
—1

Lo <erP 4 ce™ ﬁ( [Du|P~! + |F|P~ ldxdt> ,

completing the treatment of the term I, . Combining this result with (3.15) and (3.18), using
Holder’s inequality and Lemma 2.3, we infer the bound

g+l q+l 2
P |u :—az ’ d
ISS)\. +C8tS;l[II\) BW X
1
+ceP < |Du|"? dxdt) +ce*ﬁ]f7[ |F|Pdxdt. (3.20)
[0} 0
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By the 6-superintrinsic scaling (3.4),, we have

AN g+l _ gy~ 1 g+1
025c(|“|) +c][7[ Ju [("Ql‘i]lq(t)' dxdt

| [m)3] i q
07+! 2
where we abbreviated a = [(u?) A]3. Using this for the estimate of II, we obtain
0 g
(g—=Dp q
I < ch -pi (M) ][ L] dt
e e’
P 1
B _ q q+1 q+1 17 AP
+ o P |” (@] ) dxdr [@ha]" @ —al” |
ot A o’
; WH;@ ot T sl -al
+ o P B dt B dr
ot A o’

=:1I; + 1l + II5.

For the first term, we use in turn Lemma 2.2 with ¢ = ¢, the gluing lemma (Lemma 2.7),
the A-subintrinsic scaling (3.1)1, and then Holder’s inequality to get

][ I(uq)B(t) —aql”

I <ch ~PaT

. uq>(9)<r> uq)<9><r>|”
< ch ‘1“][ ][

p
< AP D) ( |Du|P~! + |F|P—1 dxdt)
0

P
-1

< c( |DulP~! + |F|P~! dxdt) ’
0

50( |Du|””dxdt)v+c |F|P dxdt. (3.21)
0 0

For the term I3, we use Lemma 2.3 with @ = ¢ and then Holder’s inequality to estimate

q ag L pit q Jn
i <Ce_p%< |(u?)p@) —a”| 4 dt) T [ |w)p@) —a|e dr
T Qqul QP
I(u”’)g(l)—aqlp
P

< ch pq+l

by using also the fact =l <9 < p. Now we proceed exactly as for the estimate of II; and
arrive at the bound

I < c( \Du|"? dxdt)v + e |FIP dxdr.
0 0
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- g—1 _ p(@=D* | pg—D
For the term II,, we divide the power of the second term as p T = 29@+D + % and

estimate the first part using the 6-subintrinsic scaling (3.4);. For the last integral in II,, we
apply Lemma 2.3 with « = g. The resulting integrals are then estimated by Lemma 3.2 and
Lemma 2.7, respectively. This yields

rg=1b
] pg=1
- q+1 2q ~q P
_pl4=D u—|(u)z|4() |(u?)5(t) —a’|q
II < ch et ]6[ | [ i]l | dxdzt — B &
0 o? A o’
—1
2(q+1-p) [}(%711)
_ plg=1) 2Q(g+)+p(p—2)) lu — a|‘1“ 2q+DFpig—D
<O 49@+D | A 24+D+p-D sup Y e
tentp AFTPQIT

P

—1 q

. (AHQ%][J[ |DulP~! + |F|P~! dxdt) ’
0

Observe that 6 will cancel out on the right-hand side. Subsequently, we use Young’s inequality
with exponents ¢ and qu and obtain

q+1—

rq r)
2g+1)+p(p—2) lu — a|q+1 2q+DFpig—1
1, < g}Lp 2(q+D+plg—D sup _
rentp A Poatl

P
+ce Bar@-p) ( |DulP~! + |F|P~! dxdt)
0

For the first term, we use Young’s inequality with exponents 52318 12’8}:;; d 2(‘7;( 111):1”_(;; D

(observe that these exponents are > 1 in case 2 < p < g + 1). For the last term, we use the
A-subintrinsic scaling (3.1); and the fact p > 2 to deduce

P
|Lt _a|q+l B 3 3 =1
P B p—1 p—1
I <ex +8ts;1[;\) g dx + ce 0 |[DulP™" + |F|P™" dxdt .

Collecting the estimates and applying Holder’s inequality and Lemma 2.3, we arrive at the
bound

q+ q+1
< el + ][|u2—az|
£ esu
N te/r\) 22 qu+l

+ce*ﬁ< \Dul"” dxdt)v +c€7ﬁ]6[ |F|” dxdt.
0 0

As stated in (3.20), the term I is bounded by exactly the same quantities. Therefore, the
asserted estimate follows by bounding A” by means of the A-intrinsic scaling (3.1). O

4 Parabolic Sobolev-Poincaré type inequalitiesincaseq+ 1 < p

In this section, we prove versions of the Sobolev—Poincaré type inequalities from the preced-
ing section for the missing case g + 1 < p. In this case, the 0-intrinsic scaling (3.2) reads

as

1 lul? 2p lu|?

— dxdr <04+1 < Cy —— dxdr “4.1)
ColJozo 207 0" oF
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and the #-singular scaling (3.3) becomes

2

1 2p g+1
— ” gvdr <07 <, ][7[ O DulP £ |FPPdxdr) . 42)
ColJoun 2ayr 00

We start with an auxiliary estimate that will be needed for the estimate of the first Sobolev—
Poincaré inequality.

Lemma4.1 Let p > g + 1 > 2 and assume that Qg"e)(zo) € Qr and that the M-

and 9-subintrinsic scaling properties (3.1)1 and (4.1)1 are satisfied. Then, there exists

a constant ¢ > 0 depending on n, p,q, Co and C, such that for every function u €
LD (0, T; WhP(Q, RY) N L0, T; LET (@, RN)), we have

loc

©) 14
| — @)y, )]
H — €~ dxdr
Q(A ,0) (20) Qp

T
<c ]6[ ) |Du|’Pdxdt
05" z0)

][ u—alt™t
sup — dx
) g+1
teA?)(r‘,) By (x0) 0

2p(1—v)

(g+D(2+v(g—1)

for every v € [n+<n17+1’ l] and every a € RN In particular, we have

0

=@, 2

————— dxdr < cAdtT
08" ) of

Proof As in the preceding section, we abbreviate Q := Qg\’e)(z(,), B = Bég)(xo),
B: B(G)(xn) and A = A(’\) (t,). We note that the fact v > ﬁ allows us to use the

Gaghardo—Nlrenberg inequality from Lemma 2.5 with the parameters (p, ¢, r, ©) replaced
by (p, vp, g +1, v). Finally, we apply Poincaré’s inequality slicewise. In this way, we obtain

]6[ lu — (u)p(1)|? dedr
0 e’

_pa-l n|ve
<ct pZJr']%[ |:|Du|”1’+%j|dxdt
¢ (677 0)""

v)p

( = ()5 (1)]e+! ><
| supp —————dx

rendp 017400t

(I—v

»
-1 _ 19+1 .
< 097‘“”2?]6[ |Du|"? dxdt (sup wdx) )
0

readp 01t
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In the last step, we applied Lemma 2.4. We use assumption (4.1); in order to bound the
negative power of 6 appearing on the right-hand side from above. In this way, we obtain

— t 14
]6[ lu — (u)p(@)] drd
0 e’
= @pmP T
SC(ﬁ[ %d@
0 e
(d=v)p
_ glat! g
]6[ |Du|"P dxdt (sup Wdo .
0 rendp Q17

By absorbing the first integral on the right-hand side into the left and taking both sides to
the power ﬁ, we deduce the first asserted estimate. The second assertion follows by
choosing v = 1 and using (3.1);. O

Next, we prove a Sobolev—Poincaré type inequality for the first term on the right-hand
side of the energy estimate (2.1).

Lemma 4.2 Suppose that p > q + 1 > 2 and that u is a weak solution to (1.2), under
assumption (1.3). Moreover, we consider a cylinder Qgé’a) (z0) € Q7 and assume that the
A-intrinsic coupling (3.1) and additionally property (4.1) or (4.2) are satisfied. Then the
Jollowing Sobolev—Poincaré inequality holds:

Pq 1 |u — alp
0" atT —— dxdt
Q(A 9)(20) QP

q+12
uz (t)—a?z
<e sup )J”z][ , %dﬁc +]6[ - |Du|? dxdt
IEAgL) (t) BL(7 )(JC,,) Qq QE) ’ )(Zn)
1
+ce P ][][ |Du|'? dxdt +]£J[ ﬂ |F|P dxdt |,
08" ) 08" )
where max "le, nj_zl <v<landa = (u)gi’;). The preceding estimate holds for any

e € (0, 1) with a constant ¢ = c(n, p,q, C1,Cg,Cy) > 0and B = B(n, p,q) > 0.

Proof We continue to use the notations Q, @ , B, B and A introduced in the preceding proofs.
First observe that p > ¢ + 1 implies p > 2. We distinguish between the cases (4.2) and
4.1).

Case 1: The 0-singular case (4.2). We use Lemma 2.4 and the triangle inequality to
estimate

1
_ q q 14
epw]ﬁf lu = al? dxdt<c9”q+1]6[ = [@Da]" O |

QP

_ qy~1q _alP
+9*]9[ [@z]) () - a dxdr.
0 o’
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1
with a = [(uq)a]ﬁ. For the first term, we use Lemmas 2.4 and 2.5 with (p,q,r,v) =
(p,vp,q+1,v) to obtain

1
7(n|P
u— (u‘f) Q(t) pA=v)(g=1) p(z p><1 v)
qu+1]£][ | 5] 0| dxdt <cf o) |Du|”p dxdt

lu — a|q+1 qT
“(supf —5———dx
tenJB ATPoP

Observe that v > A5 > n+q+1 such that Lemma 2.5 is applicable. Now we use (4.2)

and (3.1) which imply

1
f <ch and )J’zc< IDuI"pdxdt) .
o

Then we apply Young’s inequality with the power (1 v) and its conjugate, which are greater

than one since v > 2=1 This concludes the claim for the first term.
For the second term, we use Lemma 2.7 and deduce

P

q 1) —al? pC=p)
qu+1# | (u )B] p() a| dxdr <c9p q A qp (ﬁ[ |DL¢|1771—}-|F|1771 dxdt)q
e o)

P

+1- q

<ol ( |DulP~' +|F|P~! dxdt)q
0

P
p—1

<¢ ( \Du|P~" + |F|P~! dxdt)' ,
0

since assumptions (4.2) and (3.1) imply 0 < cX and p > ¢ + 1, which concludes the proof
in this case.

Case 2: The 0-intrinsic case (4.1). By using triangle inequality and Lemma 2.4 witha = 1,
we write

1
_ ay~1a p
GP'MH |u dxdt <c9pq+lﬁ |u (u )B]q(t)| dxdr

QP
be 2Pq+l ’ (uq)B (t) - [(uq)Q]q |p dr
o e
q+|
= I + II.

The 6-superintrinsic scaling (4.1), implies

g+l

q+1 —qlP >
o) ()
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Higher integrability for singular doubly nonlinear systems

We use this to estimate the term I and apply Lemma 2.4 with @ = L and p. Note that the
application is possible since p > g + 1 > g. This procedure leads to the estimate

1 <c <|Cl|>p2ﬁ M dxdt
o 0 (o

g1
g Ju — [@hz]7 " 2 ff = (a7
+c dxdr 777 dxdr
0 or 0 oP

gq—1
1 iy T
e ][][ [wha]® 4" | . ][7[ =@
0 of 0 o

=11+ +1s,

1
where we abbreviated a = [(uq)é]@ By using Lemma 2.5 with (p, ¢, r, ¥) replaced by
(p,vp,2,v), which is possible since v > n"@, we have
.
2

1
P q-—1 — t Ve
Ii <c <M> 07”4?]6[ |:|Du|”p + W(M} dxdz

6 T+a

(d=v)p
2

2
p f L=l
teAJB 1=q
(vF%e)

This is exactly the same estimate as (3.13) in the proof of Lemma 3.3. Therefore, we can
repeat the arguments leading to (3.15) and obtain

g+l g+l 2 1
I <ssup][ e a2 [ s ]L][ |Du|"? dxdr )
T ienlp  AFTPoat! 0 .

Next, we estimate the term Ip. Observe that Lemma 2.4 implies

g+l
12§C<][7[ ww t
0 or

Furthermore, by applying Lemma 4.1 and (3.1); we have

v

il _pl—)
pR=pi—») G- u—at*! T
I, < cA ZPG-D |Du|"Pdxdr sup § —5——— dx
0 tenJp A-PQ4

1 Q=p)d-n)+vg+D) _pd-—v)
) P\ e lu — a|q+1 ZHv(g—D
<c |DM| Pdxdet sup T2—p o+l dx .
0 renJp AP

Since v > p—_l, the exponents outside the round brackets are less than one, and furthermore,
they add up to one. Thus, we may use Young’s inequality which completes the treatment of
the term I,.
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Then, we consider the term I3. By using Lemma 2.7 for the first term and Poincaré
inequality for the second, we obtain

rlg=0

2q+(2— p)(q 1))
L<coPm Ve ( |Du|P~! +|F|P~ ldxdt)

This corresponds to estimate (3.19) for the term I » in the proof of Lemma 3.3. Therefore,
arguing as after estimate (3.19), we deduce

I3 §£A”+cs_ﬁ<]6[ |DulP~! + |F|P~ 1dxdt>

By the 6-superintrinsic scaling (4.1),, we have

A1\ 9+ _ 9y~ % p
925(:(@) te ][7[ e~ [@Ds]" O |
0 0 o’

q+1
4

P
—1

/ [l @ -al”
A o’

1
where a = [(u?) @] 4. Using this for the estimate of II, we obtain

(g—Dp q
I < co P (ﬂ) ][ 5] "
0 o’

1 q 1
+c07p3% ]9[ |“ - [(”q)g]q (t)|p dxdt ][ }[(uq)ﬁ]‘; 0= &|p d
0 A

o’ o?

1 . 9-1 1 .

4o P ][ [l@hg]”@) —al” dr ][ [[@hg]* @) —al” d
A o? A o’

=:1I; + 1, + 1I3.

For the first term, we use Lemma 2.2, which implies

II, <co pq+1 |(uq)3(t) _atl|p
»q t,

while the third term is estimated with the help of Lemma 2.3 and Holder’s inequality, which
gives

o (1o —ati
115 < c® PaFt ( BV T dt)
QP
B LU

prq

Therefore, both terms can be estimated as in (3.21), with the result

1
I +1I3 < ¢ (]6[ |Du|’? dxdt) —|—C]6[ |F|P dxdt.
Qo 0
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Higher integrability for singular doubly nonlinear systems

For the term II,, we estimate the first part using the 6-subintrinsic scaling (4.1); and for the
last integral we apply Lemma 2.3 with @ = ¢. The resulting integrals are then estimated by
Lemma 4.1 and Lemma 2.7, respectively. This yields

(g=D(g+1)

L, < o358 (J[][ |u—<u>3<r>|"d d) ][ |(uq)3(t)—aq|q

g-1  pg=1) -1 q
< co b ) G (ﬁ*ﬁe%ﬁ \Du|P~! + |F|P~! dxdt)q
0

)2
pg+1-p) q
=cA 4 ( |Du|”’1+|F|1”ldxdt>
0
_P_
—1

< e +ce” /3( |DulP~" + |F|P~ ldxdt> ,

where we also used Young’s inequality with exponents _ - — and ﬁ on the last line. Thus,
the claim follows. o

Finally, we state the Sobolev—Poincaré inequality for the second term on the right-hand
side of (2.1). It turns out that its proof can be reduced to the preceding Lemma 4.2.

Lemma 4.3 Suppose that p > q + 1 > 2 and that u is a weak solution to (1.2), where

assumption (1.3) holds true. Moreover, we consider a cylinder Q(Z ) (z0) € Q7 and assume
that (3.1) together with either (4.1) or (4.2) is satisfied. Then the following Sobolev—Poincaré
inequality holds:

q+1 g+l |2

-2 o7 a7 | deds
08 2y 0!

g+1
u
<e¢ sup A”*z][ , |#dx —I—]%[ - |Du|? dxdt
: BY (x,) o1 037 (z,)

teAé”(to)
+][][ |F|P dxdr |,
057 (z0)

+ceh ]Lj[ ﬂ |Du|'? dxdt
Q(Q/HH)(Z()) 0

where max [pT_l, niz} <v<landa = (u)gziz). The preceding estimate holds for an

arbitrary e € (0, 1) witha constantc = ¢(n, p,q, C1, Cy, C;) > 0and B = B(n, p,q) > 0.

==

Proof Observe that p > g + 1 > 2. Applying Lemma 2.2 and Holder’s inequality with
exponents Z%} and %, we estimate

9+ 41 2
a

u's
AP 2][7[ w2 —ar | q+] dxdt
0
2

q—
uld+1 T u — aldtl g+1
5ck1’*2< | [|1 = dxdt) ( | 7 +|1 dxdt) :
00 0
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By using Holder’s inequality, 0-subintrinsic scaling (4.1); for the first term and using Young’s
inequality with exponents 2 and P we further obtain

|u % a % | | |l7 2
- u—a »
P2 ————— dxdt < AP 2024 ‘Hl —— dxdr
0 04+!
<er’ +ce ﬂel’w]ﬁj[ ' " dear,
The claim follows by using Lemma 4.2 for the latter term. O

5 Reverse Holder inequality

In the next lemma, we combine the energy estimate (2.1) with the Sobolev—Poincaré inequal-
ities from the preceding sections to prove a reverse Holder inequality that will be a crucial
tool for the proof of the higher integrability.

n(g+1)
n+q+1

Definition 1.1 and let Q%’e)(zo) € Qr be a cylinder for some o > 0, A > 0 and 6 > 0.
If (3.1) together with (3.2) or (3.3) is satisfied, then the following reverse Héolder inequality
holds true

Lemma5.1 Letqg > 1, p > and u be a weak solution to (1.2) in the sense of

1

]6[ |Du|P dxdt < ¢ ]6[ |Du|"P dxdr | + cﬁ. |F|P dxdt,
05" (z0) 05" (z0) 05" (z0)

Sformax { ppl, niZ’ ) (1 + = ) p?n(f]kij]_rl)} v < landaconstantc > Odepending

onn,p,q,C,, Ci, Cy, Cy.

Proof We omit the center point z,, from the notation for simplicity. Let o < r < s < 20 and
denote a, = (u)f,)"e) for o € {r, s}. Lemma 2.6 implies

g+l
u?z((t)—a
sup ][ , %dx +]6[ » |Du|? dxdt
teA? B A=Pr o9
g+ a1 5
p=b |lu — a,|P |u T —a,’ |
<c 0 et + = ; ; +|F|?P | dxdt
000 (s —r)P = A2=p(satl — patT)

g+l L;rl |2

p4=b |u — ag|P 1 u?z —ag
< CRf,s]G[ - 0 a+1 7[)3 dxdr + C'Rq+ » yzﬁ dxdr
oM s ot AXPs

+ ][][ |F|? dxdt
00"

=: I+ 1 +1II,

@ Springer



Higher integrability for singular doubly nonlinear systems

by using also Lemma 2.4 and denoting R s = ;. We apply Lemma 3.3 for [ and Lemma 3.1

forIlif ¢ + 1 > p, and Lemmas 4.2 and 4.3, respectively, if p > ¢ + 1, which yields

g+1 atl 5
’uT(t) —a,’ ‘
sup A pra dx + oo |Du|?P dxdt
- A,
rea? Br r o

g+1 g+l 5
5 2
ot ]u 2 (t) —ag | »
<ecRyrs | sup ——dx + |Du|? dxdt
’ ©) A\2—pgatl (1,6)
reA® B, o

j v
+ e PeRD |Du|"P dxdt | + [F|? dxdt |,
’ Q;A,G) Q(A,H)
0

20

—1 _ and use Lemma 2.1 to conclude the result.

forevery ¢ € (0, 1). We fix ¢ = T
20Rﬁs

m}

We end this section with a technical lemma that will be needed to prove the 6-singular
scaling (3.3) in the cases in which the f-intrinsic scaling (3.2) is not available, see Sect. 6.4.

n(g+1)
n+q+1

Definition 1.1 and let Q%e)(zo) € Qr be a cylinder for some o > 0, A > 0 and 6 > 0.
If (3.1)1 and (3.2) with Cy = 1 are satisfied, we have
) e

Proof We apply first (3.2), with Cg = 1, then the triangle inequality and Lemma 2.4, and
finally, the triangle inequality again. In this way, we get

1
2 Jul?” ’
9T+ < — dxdr
Q(Qx.e) oP

Lemma5.2 Letg > 1, p > and u be a weak solution to (1.2) in the sense of

2 23 u|P”
Qo+l < chatl 4 — ﬁdxdt
4 \VJal o (0/2)P

forc=cn, p,q,Co, Ci,Cy) > 0.

1
q

1
-5
! ’(uq)Q(w)

1
= plt
lu— @s|”
Y] 0/2
cenna|Hf, 2 )
(o) 4 o
1 #t plj
B | — @)% e
_c(n,p,q) QEA'Q)T xdr
1 1 pj ﬁ
| %) — (uq)”@}
+cn, p,q) ]6[@,9) E: dxdr
2 o
1
@?) o0 |
gy
o
= I+ 11+ 1L
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Here we used the abbreviations B = B and @ ‘= B x A(Q)‘), with the radius ¢ € [%, o]
provided by Lemma 2.7. Observe that by Holder’s inequality

1(
I < -
2

1
e’ "
o )
ol (e/2)P
By Lemmas 2.3, 2.4 and 2.7, we obtain

1
H<cm p.go ' sup [@)z)— @)zl
rrend)
1

2=p g1
<c(, p,q.Cr @ OaiD (]6[ ooy [DuIPT | FPT dxdt)
g

2

<c(n, p,q,Ci, C,\)xqeq<q+n < 89q+1 + oA

in which ¢, depends on ¢, n, p, g, C; and Cy. On the last line, we also used (3.1); and
Young’s inequality with exponents % and Zqu

For the estimate of I, we consider the case p > g + 1 first. In this case, Lemmas 2.4

and 4.1 imply
1
©) NP »
u—(u t 2
I<c /7[ Ju = @o @[ dxdt | <eadt
Qé)».e) Qp

for ¢ = c¢(n, p, q, C)). Then, let us consider the case ¢ + 1 > p. By using Lemma 3.2 with
a = 0, we have

2 . gtl—p
q+1 2(q+D+p(g—1)

(5.1)

I A%_%Equ:)erEpf%; |u|q+1
< cAatl Z{g+D+plg— sup JELE
i B APt

forc = c(n, p, q, C,). By using the energy estimate from Lemma 2.6 with a = 0, we obtain

uld+l1 =1 |u|P o lu q+1
sup deSC G at ul® + AP 2lul + |F|? dxdr
A0 JBY A2=pgatl 080 o? 04+!
tehy o

<c[07 + 7207 + 7]

forc = ¢(p, q, Cy, Cy, Cy), where we also used (3.2) and (3.1);. By plugging this into (5.1),

observing that ggﬂ;ii%s:%i + 2(q+1J)rJlrprq 7 = 1. we use Young’s inequality to the first

two terms including 6 to conclude

2 2
I <&@+l 4 c Ahat!

in which ¢, depends on ¢, n, p, ¢, C,, C1 and C,. Collecting the estimates, we obtain in any

case
1
2 2 2 |u|P* v
QT <2607 4 c ATH 4 — ]6[ ~dxdr ] .
2\ovo @oor

By choosing ¢ = %, the claim follows.
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6 Proof of the higher integrability

This section is devoted to the proof of our main result, Theorem 1.2. Fix Q4g with R > 0
such that Qgg @ Q27 and

. d
[ulP” g
Ao > 1+ — dxdr R (6.1)
0ir (4R)P"

where the parameter d > 1 is defined in (1.4). Note that we can rewrite it as

_ plg+1)
@+ D2+ +n)(p—ph’

Fix A > A, and

X p—2 q—1 p+q—l—pt
R, = min k‘1+1 AGFT L R =X afT R, (6.2)

Note that R, might be larger than R for certain values of parameters, but by definition of
.0)
QZQ (zo), we still have the inclusion

Q(A (20) C 02r(20) C Qur
forevery zo € Q2r, 0 > 2 and 0 < R,.
The crucial step of the proof is to construct a suitable family of parabolic cylinders, which

satisfy a Vitali type covering property and for which (3.1) and either (3.2) or (3.3) hold true,
so that the reverse Holder inequality from Lemma 5.1 is applicable.

6.1 Construction of a non-uniform system of cylinders

For fixed z, € Q2r, 2 > Xy, and o € (0, R,], we define

<) Ju| P* 9y 225 An=g)
QZ, :=inf {0 € [A, 00) : - dxdr <A P~ TH
|QQ| 087 o
Observe that the integral above converges to zero when 6 — oo, while the right-hand side
2pfn(1—¢)

blows up with speed & ¢ provided that ¢ < "+2

sifp<g+1l,andp > 3(g — 1)
if p > g + 1. Thus, there exists a unique 0( ) for ﬁxed Zo, 0 and A satisfying the above
conditions. In case A and z,, are clear from the context we omit them from the notation.

By definition, one of the following two alternatives occurs; either

- Jul?” wn_w
6, =1 and —dxdz<9" = )a+T
¢ ][][QZHQ)( ) o
or
- Ju|”* g
0, > A and ]6[ i) - dxdr = Ea (6.3)
00 % (z0) OF
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Note that if GNRO > A, it follows from (6.1) that

2pF4n(1-q) )Lp -2 |u|p
0, / / dxdt
o IQRol R” (z0) R”

# #
< \P2 5 " +q+1]6[ [ul? dxdt
h R” QR(ZO) Rpﬂ

i
f o f 1ypta=l=-p® P
< 4Pl 2=t HD) =g AZ

2ptn(1—q)
< PPl TR (6.4)

In the last estimate, we distinguished between the cases p > ¢ + 1 and ::f’;rll) <p<q+1

and used the fact A > A,,. 3
The mapping (0, R,] > ¢ + 6, is continuous by a similar argument as in [7] (see also
[5, 6, 8]), but it is not non-increasing in general. Therefore, we define

9(1_) = max 9()‘),
2050 I’E[Q,R] ZosT

which is clearly continuous (since 59 is) and non-increasing with respect to ¢. Furthermore,
let

~ R(), lfGQ = )\.,
inf{s € [0, Ryl : 65 = 6}, if6, > A.

Observe that 6, = 55) for every r € [o, 0]. The following lemma summarizes some basic
properties of the parameter 6,.

Lemma 6.1 Let 6, be constructed as above. Then we have

an
(i) ]6[“90) - forevery) <o <s <R,,
sl’
q+l)(n+pu+q+l)
(ii) G, < (g) 2= g forevery0 < o < s < Ry,

(g+D+pP+g+D)

(iii) 0, < (*he) 7005 for every 0 < @ < Ry,

Proof (i): Clearly, f, < 6, < 6,, which implies "% ¢ Q%% Thus,

p?

jul?” 6 \" it jul?
][7[ —dxdr < (= ][7[ — dxdr
ing) sP 0 Q(' bs) gp

I ;i 1 2pf4n(i—q) 2pf
0, \"gr1 22" L~M 2p"
1 1
< (é@ gstﬂr :0 g+ 9 q+1 < géﬁ ,
)

where we have used the fact 2p* 4+ n(1 — ¢) > 0 that follows from the assumption ¢ <

max{Z*%, £+ 1}
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(ii): If 6, = A, the claim clearly holds. Suppose that A < 6, and s € [0, R,]. We have

217j+n(1—q) ~Zpﬁ+n(l—q) A’p—Z |u|pIj
q+1 _ g+l _
0, =0, = iy e drdr
105

i

(s n+pi+q+l 5 p-2 |M|pj .

=\|= 7 xdr
o | Osl oMbs) gp

n+pidg+l 2ptini—g
S g+l
=< (t) 05 )

Q

which implies the claim. If 5 € [, 0), then 6, = 6, and the claim clearly holds.
(iii): By choosing s = R, in (ii), and using (6.4) (observe that O, = §Rg), we have

@+DO+pP+g+1) (,,+1)<n+pﬁ+q+1)

6, < (&) 205 tn(1—q) or, < <4R0> 2pF4n(1— )\’
Q Q

completing the proof. O

6.2 Vitali-type covering property

Lemma6.2 Let A > A,. There exists ¢ = ¢(n, p, q) > 20 such that the following holds: Let
ro% 2,00
F be any collection of cylinders Qir “""(z), where Q,  °" : (z) is a cylinder of the form that

Ré" ) Then, there exists a countable, disjoint

is constructed in Sect. 6.1 with radius r € (O,
subcollection G of F such that
UeclUo
QeF Qeg
0% 0™y
where Q denotes the 4c -times enlarged Q, i.e., if Q = Q4r “""(2), then Q g, - "(2).
Proof As in [7] (see also [5, 6, 8]), consider

(/)
) Ra R() 7
]—'j::{Q4r ()e]—':zjé<r§2/._lé}, JjeN

Let G be a maximal disjoint subcollection of 77, which is finite by Lemma 6.1 (iii). At stage
k € N>, let G; be a maximal disjoint collection of cylinders in

k-1
Qefk:QﬂQ*=®f0ranyQ*€UQj ,

Jj=1

and define
o0
g=J9.
j=1

which is countable since G; for every j € N is finite.
Our objective to show is that for every Q € F there exists Q* € G suchthat QN Q* # @

o®
and Q C Q* To this end, let Q = Qir ¢ ')(Z) € F, which implies that there exists j € N
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o )

such that Q € F;. By maximality of G, there exists Q* = Q4r’ o '*) (z4) € Ui]:l G; such
that Q N Q* # @. By definitions of F; and G;, it follows that r < 2r,. This immediately
implies

AP @) C A (). (6.5)
Let 7, € [r4, R,] be defined as in the earlier section. It follows that

AL (1) € Al (). (6.6)
Next we show that

@+)(+pP+g+1)

ez(l)r <64 2o gz(kr) 6.7)
Observe that if G(i‘),* = A (which implies 7, = R,), we have

0 =i <o,

3T x

On the other hand, if A < 90") ( 9()“) 52_)F*), we have by (6.3) that

sl
()\) 2pu+n(l —q) )\'p 2 |pﬂ
®..,) f/ v W dxdt. (6.8)
|Qr I 3 ’* (z4) r*
Fix n = 16. By distinguishing between the cases 7, < % and 7, > =2, for the latter we

obtain

ft #
2t 4n(1—q) R\ "tPitatl ul?

OP YTETE < a2 (—) ][7[ 0" dxar
o T Or(zo) RP

it _
§ ). 2pitn(=q)
< (@)t

similarly as in (6.4), since A < 9( ). For the former case, we may assume that 90‘) I > 9()“)
since otherwise (6.7) clearly holds Furthermore, observe that r < 2r,, < 2r, < nr*, Wthh
implies
) ) 5 g
92*;;* - 9 r = ez iy
Thus, we have

o™

0<*'* (~f*)
(x«) C B, =" (x).

B(

Using this together with (6.6) to estimate the rlght-hand side of (6.8) from above, we deduce

2pt tn(l—q) PP yp-2 pr
@M ATt < T * // e
R |Qr* ’”7’* ) (U"*)p

2p4n(1—q)
< n”*””"*l(@?r)) ¢+t

where we used Lemma 6.1 (i) with ¢ = s = nr, for the last estimate. Therefore, we have
shown that (6.7) holds in every case. By choosing

(=D +pP+g+1)

c > 4(4 .64 2Fnd-g) 4 1) > 20,
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it follows that Bﬁ”) (x) C Béfz* ire) (x4). This is due to the fact that for every x| € B4r ’)( )
we have

1-q 1-q

bt — el < ey — x| = x] < 260,07 (4r) +6, 7 (4ry)

= (@=D(n+pF+q+1) g
<460 (464 200 1) <80 1y,
L ERE S 4

T3l

where we used Q N Q* # &, r < 2r, and (6.7). By also recalling (6.5), we have

(A)) o™ )

0=0y""@c0" =0, .

which completes the proof. O

6.3 Stopping time argument

Let

d

Pt P
ho =1 + ]ff e\ Dupp 4 FPP dxar | 6.9)
0sx AR)P"

Consider A > A, and r € (0, 2R] and define

E(r,2) = {z € Q, : zis a Lebesgue point of |Du| and |Du|(z) > A},
in which Lebesgue points are understood in context of cylinders of the type QS’%) con-
structed in Sect. 6.1.
Considerradii R < R; < R> < 2R and concentric cylinders Qp C Qr, C Qr, C Q2r.
Fix z, € E(R1, A) and denote 6, = Qz(j‘,)s for s € (0, R,]. By definition of E(Ry, A), we have

liminf]%[ |Du|P + |F|P dxdr > |DulP(z,) > AP. (6.10)
s—0 (.05)

0 (20)

Let ¢ denote the constant from the Vitali type covering lemma, Lemma 6.2, and consider

ACR dp”(g+2)(q+1>

C n(1—,

A> Bh,, where B:i=[—or )" 6.11)
R — R,

Bt pe
Let B=RL < < R, wherem = ¢ o7 . By (6.9), Lemma 6.1 (iii) and (6.2) we have

ﬁ(m |Dul” + |F|P dxdr < 'Q(;‘S')'][?[ |Dul” + |F|P dxdr
05" (20)

n+q+1 n(g—1)
< <4£> AP 29 2 kd
N

n(g=D)(n+p*+q+1)

n+q+1 nlg=bintp iq+1) o
< (47R) <4Ro) 2p8+n(1—q) A”_Z’“"%AE
K K
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] ACR Podg+n
(PP A1=p=q)(n+q+1) c 2p84n(1—-q) _ g=1 P
< A q+1 - )\17 2+4n q+1 k(()l
R, — Ry

S
— (Bag) A AP mam I g,

By the above estimate, (6.10) and the continuity of the integral (w.r.t. s) there exists a maximal

radius o, € (0, RZ;R' ) such that

#‘(Aﬁ@w ) |Du|p+|F|p dxdr = AP, (612)
Q " (z0)

Q20

The maximality of the radius implies
]6[ (.65) |Du|? + |F|? dxdt < AP forevery s € (o,, Ro]. (6.13)
Q:AY ' (z20)

By combining the last inequality with Lemma 6.1 (ii) and using the fact that ¢ — 6, is
non-increasing, we have

6, \"i
76[ vony  |DulP +|F|P dxdr < (—Q> 7[7[ “ |Dul|” + |F|? dxdt
bz, 0 0,05)
Os (20) s 057 (20)

n(qfl)(n+pj+q+l)

Ton(1=
< (i e p (6.14)
0z,

1,0,.
for every s € (0;,, Ro]. Observe that also clearly Q(é& Q””)(Zo) C Og,-

6.4 Areverse Holder inequality

Fix z, € E(R1, A) and A > BA, as defined in (6.11). We will show that

%
]6[ Oz, |Du|? dxdr < ¢ ]6[ (002, [Du|"P dxdt
Qoz, (20) 0 toe, (20)

+c][7[ o, |FIP dxdt, (6.15)
0

<o
40z, (z0)

1
v

ng+) p=1 _n n 2_2 =
for exponents maxlp(n+q+l), PR (1 + > q)} < v < 1 and a constant ¢ =

c(n, p,q,Co,Cy) > 0.
First, we consider the case 9;, < 20, Observe that this implies 0., < R,, and therefore
A <0, =05, =05, .ByLemma6.1(i)with s = 20, and (6.3) we have

it 2,8 it

[{ |ul? T |u|?
N dxdr <64 = Otery) . dxdr,

Qo o) (202,) Qo R0) 0z,
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i.e., condition (3.2) holds with Cy = 1 and 0 = 0,,. By (6.14) and (6.12), we deduce

n(1—q)(n+pi+q+1)
4 2% +n(1-q) |Du|? + |F|? dxdt
050 (z,)

2020 %o

- P p
<A _][7[ngzg)(70)|1)u| + |F|? dxdt

Qz0 =

52"*4“][][ Gipy|DuI” +|FIP dxdt,
_ e (Zo)
2

which implies that also (3.1) holds with C, = C,(n, p, ¢). Thus, we can use Lemma 5.1 to
obtain

][7[ Gap, |Dul? dxdr < 2”*‘1“][][ ot |Dul? dxd
Qs (o) Q5 7 o)

Qz0
1

Q4on (z0)

-I—c][7[ oty IFIPdxdt,
0’ @)

40z

for ¢ = c¢(n, p, q, Cy, C1). This proves (6.15) in the first case.
Then, we consider the case 0, > 20,,. Observe that by (6.14) and (6.12) we have

n(1=q)(n+pP+q+1)
2 2piai—g) [Du|? + |F|” dxdt
Q()Lﬁg ) )

20
20z o

< AP :]9[ htgy) |Du|? + |F|P dxdt,

QQZO (z0)
such that (3.1) holds with C;, = C;.(n, p, ) and ¢ = @.,. Furthermore, (3.3); with Cy =1
holds by Lemma 6.1 (i). For the proof of (3.3)>, we first consider the case 0., € [% Ro].
In this case, by Lemma 6.1 (iii) and (6.12) we have

plg+D(n+pi+g+1)

9P =@ <8 2fna-q9 )P
0z Oz —

g+ tpiagtD
=8 2pf+n(i—g |Du|? + |F|? dxdt,
Q()\"ng())( )

020 2o
which implies (3.3)2 with C), = C).(n, p, ¢). Now we are left with the case 0., € (20, %)-

Observe that since 0;, < R,, it follows that A < 6, = 65, = 5@20 by definition so that
Lemma 6.1 (i) and (6.3) imply

# 2,8 f
ulP 20" ulP

7[7[ o 7|~| - dxdr <60 = H o | 'n dxdr.
055, (20) (202,)F 0, o) Bt
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Furthermore, by QQZU =6
obtain

05\
9zo
#(k.&gz ) |Du|p + |F‘|]J dxdr < (r) H (025, ) |Du|P + |F|p dxdt
0 7" (20) 2920 Q5= % (20)

2%z, % 20z,

the monotonicity of ¢ + 6,, Lemma 6.1 (ii) and (6.13) we

0z

n(g=Dn+pi+q+1)
<2 2pf+n(—q) )P,

0, . . . .
Thus, Q{(:J" g“”)(z,,) is @-intrinsic (with Cy = 1) and A-subintrinsic. We use Lemmas 5.2

and 6.1 (ij"(obsewe that §,,/2 > o;,) to obtain
[ b o

! r 2 3 2
(1.90,) Lﬁdxdt < cAaH! _l_f@g;;l'
Qﬁz;;fzzo (o) (QZ(;/Z)p 4

Thus, by (6.12)

0p., < ch= c]%w%)( ) |Du|? + |F|P dxdt

Qz0 Zo

holds true, which implies (3.3); with Cy = Co(n, p, g, C,, C1) also in this final case.
Therefore, we have established that (3.1) and (3.3) hold true with ¢ = g, in the case
0z, > 20z, This enables us to use Lemma 5.1 to conclude that (6.15) holds in any case.

6.5 Final argument

The rest of the proof is identical to [7, Sect. 6.5 & 6.6]. Hence, we refrain ourselves from
repeating the computations and only sketch the final argument.

We have that if A satisfies (6.11), then for every z, € E(R;, 1) there exists a cylinder
04 "% (2, inwhich (6.12), (6.13), (6.14) and (6.15) hold true and Lemma 6.2 s satisfied.

202002 . L A
Furthermore, QE@ QQO)(ZU) C Qg, in which ¢ is the constant from Lemma 6.2.
By denoting
F(r, 1) :={z € Q, : zis a Lebesgue point of | F| and |F|(z) > A},

we deduce as in [7, Sect. 6.5] that

// |Du|? dxdr Sc// A= Dy P dxdt—i—c// |F|? dxdr
E(R;.}) E(Ry.%) F(Ry.%)

for every % > nBA,, in which n = n(n, p,q,Co,C1) € (0,1] and B and A, are defined
in (6.11) and (6.9).

By a truncation and Fubini type argument, the estimate in Theorem 1.2 can be deduced
exactly as in [7, Sect. 6.6].
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