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Abstract

We show that the set of “wild data”, meaning the initial data for which the barotropic Euler
system admits infinitely many admissible entropy solutions, is dense in the L”-topology of
the phase space.
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1 Introduction

The concept of wild data/solution appeared recently in the context of the ill-posedness results
for the incompressible Euler equations obtained via the method of convex integration. In their
seminal work [9] on the existence of infinitely many solutions to the incompressible Euler
equations satisfying various admissibility criteria, De Lellis and Székelyhidi also proved, as
an outcome, the existence of bounded initial data allowing for infinitely many admissible
weak solutions to the barotropic Euler system. However, the data of [9] for the compressible
Euler system were extremely irregular and raised the question whether the ill-posedness
was due to the irregularity of the data, rather than to the irregularity of the solution. In [6]
and [11], it was shown that initial data with regular density but very irregular velocity still
allow for such non-uniqueness phenomena in compressible gas dynamics. Remarkably, in
[7], the first author with De Lellis and Kreml proved that even some Lipschitz initial data
can generate non-uniqueness among admissible solutions and finally in [8] the same result
was achieved for smooth initial data. All these non-unique weak solutions generated by the
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method of convex integration may go under the umbrella name of “wild solutions" (see e.g.
Buckmaster et al [3], [4] and the references cited therein for further developments of the
convex integration method). While the concept of wild solution may be ambiguous, that
of wild data can be distinctively identified with those data that give rise to infinitely many
solutions of a given problem on any (short) time interval, see Definition 1.2 below. A natural
problem consists then in studying the size of the class of wild data.

In the context of the incompressible Euler equations, Székelyhidi and Wiedemann [13]
showed that the set of wild data in the framework of weak solutions satisfying the global
energy inequality is dense in the L?-topology of the phase space. A comparable result for
the isentropic Euler system was obtained by Chen et al. [5]. The admissibility criterion used
in [5], based on the stipulation that the energy of the system never exceeds the initial energy,
may be rough and still compatible with non-physical (increasing) energy profiles. Our goal
is to discuss the problem in the class of weak physically admissible entropy solutions of the
barotropic Euler system describing the motion of a compressible fluid.

1.1 Barotropic Euler system

We consider the barotropic Euler system:

dr0 + divy(ou) =0, (1.1)
d;(ou) +divy(ou®@u) + V,p(o) =0 (1.2)

describing the time evolution of the mass density o = o(f, x) and the velocity u = u(z, x)
of a compressible inviscid fluid. The pressure p is a function of p determined from the
constitutive thermodynamic relations of the gas under consideration and it is assumed to
satisfy p’ > 0. For simplicity, we impose the space periodic boundary conditions identifying
the fluid domain with the flat torus:

T = (-1, Uliy)? . d =2,3. (1.3)

The same method can be used to obtain similar results for fluids occupying a bounded domain
Q C R?, with impermeable boundary

u-nlyo = 0, n — the outer normal vector to 9€2, (1.4)
see Sect. 5.

Definition 1.1 (Admissible entropy solution) We say that (o, w) is an admissible entropy
solution to the Euler system (1.1)—(1.3) in (0, T) x T¢ with initial data

0(0, ) = 09, u(0,-) =up
if the following holds:

T
/ / [@8r<ﬂ+QU-Vx</>] dxdr = —f 00¢(0, -) dx,
0 Td Td
forany ¢ € CCI([O, T) x Td), (1.5)

T
/ / [Qu -0 +ou®u: Vg + p(g)divxw] dxdr = —/ ooug - @(0, -) dx
0 Td Td

forany @ € C1([0, T) x T; RY), (1.6)
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with the energy inequality:

T 1 1
/ / |:<*Q|U|2+P(Q)> 0 + (*QIUI2+P(9)+p(9)>u-Vx<p] dx dt
0 Td 2 2

1
> —/ (*Qoluolz + P(Qo)) ¢(0,-) dx
Td 2
forany ¢ € C'([0, T) x T9), ¢ > 0, (1.7)
where we have introduced the pressure potential:

P'(0)o — P(0) = p(0).

1.2 Wild data, main result

Definition 1.2 (Wild data) We say that the initial data o, ug are wild if there exists Ty, > 0
such that the Euler system admits infinitely many admissible entropy solutions (g, u) on any
interval [0, T'],0 < T < Ty such that

0€L®0,T)x T, 0>0, ue L®(0, T) x T¢; RY).

We are ready to state our main result.
s a

Theorem 1.3 (Density of wild data) Suppose p € C*®(a,b), p’ > 0in (a, b), for
some () <a <b <o
Then for any

d
00 € Wk’z(Td), a< indeo <supgo < b,ug € Wk'z(’JI‘d; Rd), k > 0 +1,
T Td

any e > 0, and any 1 < p < 00, there exist wild data 9o ¢, W,¢ such that

lleo.e —oollpr(rey < & lWo.e — ol pp(Ta, gay < €.

L J

Recently, Chen et al. [5] established density of wild data for the isentropic Euler system
in the class of weak solutions satisfying the total energy inequality

/ |:lQ|ll|2 + P(Q):| (r,:) dx < / I:l.goluo|2 + P(Q()):| dx forany t > 0. (1.8)
Td 2 Td 2

These solutions are global in time; however, the associated total energy profile

1
fT , |:§Q|ll|2 + P(Q)] (t,) dx

may not be non-increasing in time. In this paper, we revisit the problem in the class of
physically admissible entropy solutions satisfying the energy inequality in the differential
form on a possibly short time interval, thus ruling out non-physical (increasing) energy
profiles.

The proof of Theorem 1.3 is based on a combination of the strong solution ansatz proposed
by Chen, Vasseur, and You [5] with the abstract convex integration results concerning weak
solutions with a given energy profile established in [10].
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2 Convex integration ansatz

Similarly to Chen, Vasseur, and You [5], our convex integration ansatz is based on strong
solutions to the Euler system.

2.1 Local in time smooth solutions
Proposition 2.1 (Local existence for smooth data) Suppose p € C*®(a, b), p’ > 0in (a, b),

forsome ) <a < b < oc.
Then for any initial data

d
00 € Wk’z(']fd), a< inlfgo <suppo < b,ug € Wk’z(']l‘d; Rd), k > 5 +1 (2.1
T Td

there exists Tmax > 0 such that the compressible Euler system admits a classical solution
(0, w) unique in the class

0€C(0,T]; WEA(T9)), a <0 < b, ue C([0,T]; W (T?; RY)) 2.2)
forany 0 < T < Tpax.

The proof of Proposition 2.1 is nowadays standard and essentially attributed to Kato [12],
cf. also Benzoni-Gavage and Serre [2, Chapter 13, Theorem 13.1].

2.2 Basic convex integration ansatz

Consider the initial data (gg, ug) in the regularity class (2.1) together with the associated
smooth solution (o, @) in [0, T'] x T¢, T < Tmax. In addition, denote m = ou. The Euler
system written in the conservative variables (9, m) reads

3,0 + div,m = 0, 2.3)

- . m® m .
oym + divy < — + p(Q)H) =0. 24
Q

‘We look for solutions in the form

0=0, m=pu=1m-+v,

where
div,v = 0, (2.5)
atv+divx<(v+m)?(v+m)—mé?m>=o, (2.6)
o o
v(0, -) = vop. 2.7

Here, vq € L2(']I‘d; Rd), div,vp = 0, is an initial condition for the problem (2.5), (2.6) that
will be specified below.
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To apply the abstract results of [10], we rewrite problem (2.5)—(2.7) in the form

div,v =0,
~ ~ 1 ~ 2 ~ 1 1f@l2
8,v+divx<(v+m)?(v+m)——|V+~m| H—m?m—i——ﬂ]l):o,
0 d o 0 0
v(0, 1) = vp.

together with the prescribed “kinetic energy”

Llv+mP? 1|
2 & 20

with a suitable spatially homogeneous function A = A(t) determined below.

+A7

3 Application of convex integration

Setting
H= m?m LMy e eo, 71 < T REXE ),
1| d
e=§ — 4+ A e C(0,T] xT?),
g

we may rewrite (2.8)—(2.11) in the form

div,v =0,

8,v+divx<(v+m)é?(v+m)—f|v+~m| ]I—]I-]I):O,
0 d o

1|v+m|?

S——=——=e¢,

2 0

v(0, ) = vy,

for fixed H and e given by (3.1).

3.1 Subsolutions

To apply the abstract results obtained in [10], we introduce the set of subsolutions
Xo = {v € Cyeak ([0, T1; L*(T%; RY)) N L®((0, T) x T%; RY)
v(0,-) = vo, ¥(T; ) = vr,v e C(O0,T) x T R?),
div,v =0, v+ div,F = 0in D'((0, T) x T%)
for some e L((0, T) x T¢; RG X5, N C((0, T) x T¢; RG 1),
d (v+m) ® (v+m)
Sup 7)Vmax é

O<t<t<T;xeTd 2

—]F—I[-]I]—e<0,

forany0 < 7 < T].

(2.8)
(2.9)

(2.10)

@2.11)

3.1)

(3.2)

(3.3)

3.4

(3.5)

(3.6)

@ Springer



E. Chiodaroli, E. Feireisl

Here, the symbol Amax[A] denotes the maximal eigenvalue of a symmetric matrix A. The
function vy € L2(’]I‘d; Rd), div,vr = 0 specifies the value of the solution at the final time
T. Prescribing v together with vz may seem like over-determining the problem, however,
the method of convex integration used below provides adequate solutions even in this case.

3.2 First existence result

The following results is a special case of [10, Theorem 13.2.1].

Proposition 3.1 Suppose that set of subsolutions Xo is non-empty and bounded in
L®((0,T) x T¢; RY), d = 2,3.

Then problem (3.2)—(3.5) admits infinitely many weak solutions.

Fix vp = vy = 0. Next, using the algebraic inequality

1 m?’> d m m
fwgfkmax[(wm)?(v“Lm)—IF—H] (3.7)
2 o 0
we can see that the set X is bounded in L®((0, T) x T¢; R9) as longas A € C[0, T'] (recall
also that @ < ¢ < b). Finally, we observe that v = 0 is a subsolution as soon as

A(t) > Oforany ¢t € [0, T]. 3.8)

Indeed we may consider ' = 0 and compute

d (v+m) ® (v+m)
Ekmax é -

while (see (3.1))
1P

= A.
€2§+

Thus, a direct application of Proposition 3.1 yields the following result.

Theorem 3.2 (Existence with asmall initial energy jump) Let A € C[0, T'], inf;¢0, 7] A(2) >
0 be given. Let vo = 0.
Then problem (3.1)—(3.4) admits infinitely many weak solutions v in (0, T) x T,

Asvgp =0and A > 0, the solutions o = g, m = m + v necessarily experience an initial

energy jump therefore they are not physically admissible. This problem will be fixed in the
next section.

3.3 Second existence result

The following results is a special case of [10, Theorem 13.6.1].

Proposition 3.3 Suppose that set of subsolutions Xy is non-empty and bounded in
L>°((0,T) x T¢; RY), d = 2,3.

Then there exists a set of time & C (0, T) dense in (0, T') with the following properties:
For any T € %, there exists V' € X satisfying:
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V' € Cyeak ([0, T1; L2(T9; RY)) N L®((0, T) x T RY) N C((z, T) x T; RY),

vi(0,) =vo, vi(T,) = vr; (3.9)
[ ]
v’ +div,F =0inD'((x, T) x T% (3.10)
. d. pdxd .
forsomeF € L*NC((r; T) x T% RO,>s<ym)’
[ ]
d T nvd T nvd
SUP o hmax [(V TmOE +m —IF—H} —e<0 (311
T4s<t<T,xeTd 2 o
forany0 <s <T —1;
[ ]
1 T ~ 2
ff vV AmE o, dx=/ e(z, ) dx. (3.12)
2 Jra 0 Td

In accordance with (3.9)—(3.12), the function v’ can be used as a subsolution on the time
interval (z, T'). Then, Proposition 3.1 yields the following result.

Theorem 3.4 (Existence without initial energy jump) Let A € C[0, T'], inf;¢p0,77 A(?) > 0
be given.
Then, there exists a sequence t, — 0 and Vo y,

Vo — 0 weakly-(*) in L®(T%; RY)
such that problem (3.1)-(3.4) admits infinitely many weak solutions in (t,, T) x T? satisfying

1|v+m|?
V(Tu, ) = Vo, V(T,-) =0, ET(tnv ) =e(ty). (3.13)

Note carefully that continuity of the initial energy stated in (3.13) follows from (3.12) and
weak continuity of v.

4 Adjusting the energy profile

To complete the proof of Theorem 1.3, it remains to adjust the energy profile A so that:
[ ]

lim sup [|Vou | L2 (74 ey < & 4.1

n—

e the energy inequality (1.7) holds foru = v+ m, ¢ = 9, at least on a short time interval.
As for (4.1), it is enough to choose A(0) > 0 small enough. Indeed (3.1), (3.13) yield

v+ m/? 1|2
—— (1, ) = z—(t0) + A(T).
0 2 0

1
2
Seeing that

V(Ty, -) = Vo, — 0 weakly in L*>(T¢; RY)
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we easily conclude.
Finally, the total energy of the system reads

~ 2 ~ 2
!
Vrm® L pe) = 5'“3' +A+P@) aain©,T) x T
2 0

1
2

In particular, the energy is continuously differentiable as soonas A € C 1[0, T']. The desired
energy inequality reads

1 |m|? B A 1 |m|? _ _\m+v
d (7 — + P(Q)) + A+ divy [(77 + P@)+ A +p(g)> - ] <0.(4.2)
2 9 2 0 0

Seeing that the smooth solution (g, m) satisfies the energy equality we may simplify (4.2)
to
/ s 1| - ~\ VY
A+ Adiv,a + div, 25 + P©@)+ A+ pd) 5 <0. 4.3)

Moreover, as div,v = 0,

) 1 |m? . S\ V 1 /1 m? . -
div, K*f + P+ A+ p(@)) i] =V, [r (7 — +P@+A+ P(Q))] -V,
2 5 0 o0\2 o

and (4.3), reduces to

o 1 (1 |mf? ~ 3
A+ Adivya + Vi [5 <§ | é| +P@+ A+ p(g))] v <0. 4.4)
As A is decreasing in 7, we get
A(t) < A0).

Similarly, we control ||Vl oo ((0,7)xT¢: rey by means of A(0) and certain norms of the strong
solution g, m.
Choosing

A(t) = eexp <—8%> ,

with ¢ > 0 small enough, we obtain the desired energy inequality at least on a short time
interval (0, Ty), T > 0. We have proved Theorem 1.3 for p = 2. The same statement holds
for a general 1 < p < oo as all solutions in question are uniformly bounded.

5 Concluding remarks

A similar result can be shown for the more realistic complete slip boundary conditions
u-njge =0

imposed on a bounded domain & C R?. Note that the result is local in time and that the
smooth solutions of the Euler system enjoy the finite speed of propagation property (see
e.g. Wang [14] for smooth solutions or Wiedemann [15] for generalized solutions of the
compressible Euler system). Consequently, the problem of compatibility conditions may be
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solved by considering the initial data in the form

d
00 € WEA(T?), a < inf go < supeo < b, ug € w521 RY), k > 5+ 1,
T Td

u = 0, p = ¢ — a positive constant in a meighborhood of 9€2.
The relevant local existence result for strong solutions was proved by Beirdo da Veiga [1].
Funding Open access funding provided by Universita di Pisa within the CRUI-CARE Agreement.
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