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Abstract
Let (Ar) be a strictly increasing sequence of positive numbers such that Z,gi] i < oo. Let

f be a bounded smooth function and denote by u = u/ the bounded classical solution to
1 m m
2
u(x) = 5 ]; D u(x) + ];Akkaku(x) = f(x), xeR"

It is known that the following dimension-free estimate holds:

p/2

/ [Z M (Dku(y))z] pm(dy) < (cp)? | 1fDIPum(dy), 1<p<oo
Rm kzl Rm

where (1, is the “diagonal” Gaussian measure determined by Ay,..., A, and ¢, > 0 is
independent of f and m. This is a consequence of generalized Meyer’s inequalities [4]. We
show that, if Az ~ k2, then such estimate does not hold when p = oco. Indeed we prove

m
sup [Zxk (Dkuf<0>>2} — 00 asm — oo,
FeCE®™), Ifleo=t Lk=1

This is in contrast to the case of Ay = A > 0, k > 1, where a dimension-free bound holds
for p = oo.
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976 E. Dolera, E. Priola

1 Introduction

Let us recall dimension-free L?-gradient estimates involving Ornstein—Uhlenbeck operators
(cf. [4-6, 21, 25]). Let (1x) be a strictly increasing sequence of positive numbers such that

Zi«m. 1)

For any m > 1 we denote by A, the m x m diagonal matrix with negative eigenvalues —Ay,
k=1,...,m.Let f : R" — R be abounded C2-function with all first and second bounded
derivatives, i.e., f € Cg (R™), and denote by u € C,f (R™) the unique bounded classical
solution to

1 1 m m
u(0) = (3 8mu0) + (A, Du))) = u(@) = 3 3 DR+ Y e D) = ),

k=1 k=1
(2)
where x = (x1,...,x,) € R™ and (-, -) denotes the standard scalar product in R”. Here,
Dy and D,%k are first and second partial derivatives with respect to the canonical basis (ex)
in R™. The operator we consider is an m-dimensional Ornstein—Uhlenbeck operator, namely
Ly = 58w + (Anx, D).
Then, introduce the Gaussian measure ji,, = N(0, (—2A,)~') with mean 0 and
covariance matrix (—2A,,) !, with density

A2 [ —1/2 m
Oom(x) == (ﬂ) (1_[2)”> exp[—lzl:)\,-xiz], X =(x1,...,xn) € R™.

i=1
Note that L,, is a self-adjoint operator on L2(R™, m), the usual Lz-space with respect to
m- See, for instance, [4, 6, 7, 13]. It is known that, if 1 < p < o0, there exists a constant

¢p, independent of f and the dimension m, such that the following sharp gradient estimate
holds:

- S\ P/2
L (X awm?) inan = @ [ 15orm@n. o
k=1

The result follows from the general estimates (11) given in Theorem 5.3 of [4], which extends
Proposition 3.5 in [25] (see also the references therein). Note that (3) can be rewritten as

I(=Am) 2 DullLo®n iy < Cpll FlLr @™ ) 4

where
(—Am)' 2 Dux) =Y iy Dru(x)er.
k=1

Our main result (cf. Theorem 6 below) shows that, when p = oo, the dimension-free estimate
(4) in general fails to hold. Indeed, we prove the following stronger assertion. Writing u = u/
to stress the dependence of the solution « on f, we show that if Ay ~ k2 as k — oo, then,
choosing x = 0, we have
m
sup |(—Am)1/2Dl/lf(0)|]%gm = sup {Zkk (Dkuf(O))z} — 00 asm — 00.
feCy@®™) feCE®™) " k=
I fllso<1 I flloo=1

(&)
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A counterexample to L°°-gradient type estimates... 977

In contrast to (5), we point out that, when A,, = —Al, with A > 0 and 7,,, the m x m identity
matrix, then the following dimension-free L°°-gradient estimates

IW)'2Du’ ||oo = sup ()2 Du (x)|gm < % sup |f(X), feCEHR™ (6)

xeR™ xeRm

hold true; see Proposition 5.

1.1 Infinite dimensional Ornstein-Uhlenbeck semigroups

Let us comment on the previous dimension-free Lﬁ-estimate (4). Such kind of inequalities
can be deduced from known results for infinite dimensional Ornstein—Uhlenbeck operators.
This point of view is of interest in probability because of its connection with SPDEs (see
also [8] and the references therein).

To introduce this setting, we replace R™ by a real separable Hilbert space H with orthonor-
mal basis (ex)r>1 and inner product (-, -). Then, we consider the unbounded self-adjoint
operator A : D(A) C H — H such that

D(A) = {x €H: ) ((va)?i} < oo], Aey = —er, k> 1 )
k>1

(cf. [1, 8, 9, 22]). Our condition (1) is equivalent to require that the inverse operator A1
H — H is atrace class operator. The operator A generates a strongly continuous semigroup
(e'*) on H, given by e'de; = e "¢ for any + > 0 and k > 1. We can define the
corresponding Ornstein—Uhlenbeck semigroup (P;) by

P f(x) = / fex + VI —e2Ay) N(0,—24) ") dy), f e By(H), x€H, t>0
H

®)
where f : H — R is a Borel, bounded function (i.e., f € By(H)); N(O, —(2A)’1) stands
for the centered Gaussian measure defined on the Borel o-algebra of H (see Chapter 1 in
[7], [9] and Section 2.2); I : H — H is the identity.

Formula (8) is an extension of a well-known formula used in finite dimension. From the
probabilistic point of view (P;) is the transition Markov semigroup of the OU stochastic
process (X;) which solves dX; = AX;dt +dW;, Xo = x where W is a cylindrical Wiener
processon H;cf.[7,8,14]. When f € Cg(H ),i.e. f is bounded, twice Fréchet-differentiable
with first and second bounded and continuous derivatives, we consider u : H — R given by

u(x) =R, L)f(x) = /w e (P f)(x)dt, x € H. )
0

Following Chapter 6 in [7], u is the generalized bounded solution to u — Lu = f, where L
is formally given by %Tr(Dz) + (x, AD). Here, we only note that if f is also cylindrical,

i.e., there exist m > 1 and f € Cg (R™) such that

@ =Fflx e, (x em)), x€H, (10)
then u given in (9) depends only on a finite number of variables, i.e.,

u(x) =u((x,e1),...,(x,en)), x € H
(cf. Sect. 2.2). Moreover, i solves (2) with f replaced by f . In addition, if f € Cg(H ), we
have thatu = R(1,L)f € Cg(H), and Du(x) € D((—A)l/z), x € H (cf. [9] for stronger
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978 E. Dolera, E. Priola

results). By Theorem 5.3 of [4] (see also Corollary 5.4 in [4] and Remark 1), there exists a
constant ¢, (independent of f) such that

I(=A)"2Dull o < epll fllLrcy, 1< p < oo, (11)

where yu = N(O, —(ZA)_l). Moreover, we have ||D2u||Lp(H,M) <cplfllLrH,pwie.,

> N
/ (X2 D)™ @) = ()" / |fOD)IP(dy). (12)
H k=1 H

It is not difficult to show that (11) implies (4) using cylindrical functions f as in (10); see
Remark 8. Estimates (11) and (12) are part of the generalized Meyer’s inequalities proved in
[4] using the elliptic Littlewood-Paley-Stein inequalities associated with the OU semigroup
(Py). For applications of the classical Meyer’s inequalities to the Malliavin Calculus we
refer to [15, 20, 21, 26] (see also Remark 2). The results given in [4] give a characterization
of the domain of the generator of (P;) in L”(H, u); see also [5] (the case p = 2 was
obtained earlier in [6]). We also mention the characterization of the domain of non self-adjoint
Ornstein—Uhlenbeck generators given in [17, 19]. Estimates (12) have been used to prove
strong uniqueness for a class of SPDEs in [10]. For related results on Ornstein—Uhlenbeck
operators in Gaussian harmonic analysis we refer to [2, 3, 13, 18] and the references therein.

Our main result implies that (11) fails to hold for p = oo, i.e. it is not true that there exists
C > 0, independent of f, such that

sup [(=A)2DR(, L) f(x)|ly < C sup |[f(X)], f € C}(H), (13)
xeH xeH
where we have used u = R(1, L) f as in (9) (see in particular Corollary 7). This estimate is
stated in [22, Theorem 7] which is based on [22, Lemma 6]. However, there is a mistake in
the proof of that lemma. In particular, we show that [22, Theorem 7] cannot hold.

Remark 1 Let us recall the notation used in [4] to study general symmetric Ornstein—
Uhlenbeck semigroups in Hilbert spaces. For the sake of notational clarity, the operator
C used in [4] corresponds to our —(2A)~ !, while our semigroup (e’A) corresponds to (e’ A)
in [4]. They use the Malliavin gradient D; = C/?>D (where D is the Fréchet derivative)
and Dy = %D. Moreover, the symbol D 4> = ADj, which is used in the definition of the

Sobolev space W/l’zp (see Corollary 5.4 in [4]) corresponds to our operator %(—A)l/ D.
Remark 2 Let us recall the classical Ornstein—Uhlenbeck semigroup (S;)

S f(x) =/ f(e_’x ++vV1—e2y)yv(dy), feBy(H), xeH, (14)
H

where v is a centered Gaussian measure on H (see Sect. 2.2). The classical Meyer’s inequal-
ities give a complete characterization of the domains of (I — N p)’"/ 2in L p(H, v) for all
p € (l,00)andm = 1,2, ... in terms of Gaussian Sobolev spaces related to v. Here, N,
denotes the generator of (S;) in L,(H,v) (see [15, 20, 21]). For a discussion of Meyer’s
inequalities in the Malliavin Calculus we refer to [15] and [26, Chapter 4].

Remark 3 Estimates like (11) and (12) hold true also in Holder spaces (see [9, 23] for more
details). In particular, for any 6 € (0, 1), there exists an absolute constant cg only depending
on 6 such that

I=A)2DRAL L) fll et a1y < collf oy (15)
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A counterexample to L°°-gradient type estimates... 979

Remark4 We do not know if for p # 2 the constant ¢, appearing in (3) is an absolute
constant (independent of the positive eigenvalues (1¢)). Indeed, as we have mentioned before,
the dimension-free estimate (3) follows from infinite dimensional estimates like (11) and
(12) which are proved in Theorem 5.3 of [4] (extending Proposition 3.5 in [25]). However,
Theorem 5.3 uses Lemma 5.1 in [4], whose proof invokes results on sums of operators with
bounded imaginary powers (see Theorem 4 and Corollary 2 in [24]). The approach of [11]
and [24], which has been also used in [19], does not provide sharp constants in the estimates
and so we do not know if ¢, also depends on A. We point out that the estimates given in
Proposition 3.5 of [25] provide absolute constants.

2 Notations and main results

Let Q be a symmetric and positive definite m x m matrix. We denote by A/(0, Q) the Gaussian
measure with mean 0 and covariance matrix Q, which has density

1\"/? Lo ipo2
(g) FiethXp{—ElQ x|} (16)

with respect to the m-dimensional Lebesgue measure. We first consider for A > 0 the equation
1
v(0) = (40000 = Mx. Do) = v(@) = Myo() = f(), ¥ €R".  (17)

with M, = %Am — A{x, D). We assume that f € C,%(R’"). Equation (17) is similar to (2)
with A, replaced by —A1,,. Using the following Ornstein—Uhlenbeck semigroup (S}")

S f(x) = / Fle™x ++/1—e2y) N(0, %Im) dy), xeR" >0, (18)
Rm
we find (cf. (9), and [7])

o0
v(0) = R(L, M) £ () = / (ST P)dr, ¥ € R,
0
Then, we have the following
Proposition 5 For any A > 0 it holds:

T 2 (mom
sup VAIDR(L, My) f()|rn < —= sup |f(x)], f € CHR™). (19)
xeR™ \/E xeR™

Proof Let v(x) = R(1, M) f € CZ(R™). We set v(x) = u(+/Ax) and so, for y € R™, we
get

A
u(y) = S8u() + My, Du(y)) = FO/VR)

and

1 1 1 -
S0 = S 8u0) + {y, Du(y)) = Xf(y/ﬁ) = fo.

We have
—2t

u(x) = / e~ i dr fle™'x + y)N(O, 1=e”
0 R”Z

T In)(dy)
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980 E. Dolera, E. Priola

and, considering the directional derivative (Du(x), h) = Dpu(x), h € R™, |h| = 1, we get,
differentiating under the integral sign,
o2

Dyu(x) 2f°° [ fex (0. 1=
= e X a— U [
hittx 0 Rm ¢ Y 1 —e 2 Y 2

In) (@)
(cf. Theorem 6.2.2 in [7], [9]). Then, changing variable in the integral over R”, we obtain

_ 00 e—%te—t
| Dytlloo < 2||f||oo/ —,zrdt/
0 l—e m

V2 o0 e’ b4
<0 [ =t [ 100 0. Bdy < i

1— 6_2l

(h, ( >

)2 | (O, 1) (dy)

1

Since Dyu(y) = 7

th(%), we have || Dhullcc = % | Drvlloo and (19) follows. O

Let us start the proof of the main estimate (5) concerning equation (2) involving the
Ornstein—Uhlenbeck operator L,,. Similarly to the proof of Proposition 5 the solution u €
C?(R™) to (2) is given by

u(x) = R(1L, L) f (x) = /0 e o (20)
with
P = [ et VI =) v(0.- 54,1 @
= |, FE@xE N(O.OF) @), e CRM), x R,
where

t
o = / nds = (<2Am) " Iy — &), 120
0

(Qf" is a diagonal matrix with positive eigenvalues). Let 1" = N'(0, Q7"). By differentiating
under the integral sign, the following formula holds for the directional derivative of P f
along h € R™:

Dy P" f(x) = (DP" f(x),h) = /nw (AT QM7 2y) f(eAnx + Yl dy), x €R™, 1 >0,

(21)
where A} = (Q;")‘l/ze’Am; cf. Theorem 6.2.2 in [7]. Hence, the term

(=An)"?Du’ (0) = (—A,)'?DR(1, L,)) £ (0) € R™

that appears in (5) has components
o0
_ _1
(A P Dul O = [ ear [ (A AT (@) S @)

= /0 e~'dt / m((—Am)”zA:"ek,w FUQMIY)NO, L)(dy)
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fork =1, ..., m. An easy calculation shows that

I(=Am)'*DR(1, L) £ (0)

m 00 )\keftefkkt 1 e 2
=>() e T T Ja /1O m @) e dxdr)’,
=1

(22)

_ e*Z)th

1/2
where, fort > 0, cx (t) = (T) and (Q;ﬂ)l/2 = diag[c1(?), ..., cm ()]
k

We will prove the following result.
Theorem 6 Let (Ay) be a strictly increasing sequence of positive numbers, such that ki ~ k2
as k — +o00. Then, assertion (5) is in force, i.e., taking into account (22), there holds
m 00 —t ,— Akt
Are te Mk
sup  sup ( / —————> X
meN fECi(R’”); o (I1—e 2).“)1/2
I flloo=<1

2
X ﬁ /JR'" fler(Oxt, ..., cm()Xm) xx eiﬁdxdt> = o0.

The proof of this theorem is given in Section 3.
Finally, we show that Theorem 6 implies that the infinite dimensional estimate (13) cannot
hold.

Corollary 7 Under the same assumptions of Theorem 6, there holds

sup I(=A)'2D(R(1, L) f) (0)| = o0.
feCH(H), |l fllo<l

Proof of Corollary 7 Recall that we are considering a real separable Hilbert space H with
inner product (-, -). According to Chapter 1 in [7], we can rewrite the OU semigroup (P;) in
(8) as follows

P = [ A4 NO.0) @), e, et ()

H
where Q; = fot eBAds = (=24)7'U — e¥4), t > 0, and A is given in (7). Suppose
that f € C,%(H) is also cylindrical, i.e. that (10) holds for some m > 1 and f IS Cg(Rm).
Identifying H with [2, we have that f(e"4x + y) = f(e'Amx™ 4 ym) where A,, is
the same matrix given in (2) and (20) and R = ((h,e1), ..., (h,en)) € R™, for any

h € H.Moreover, we put pu := N(0, —(2A)_1) = N(0, —(2Am)_1) X Vp,, Where v, =
]_[,fimﬂ N(0, 2x)~1; see Theorem 1.2.1 in [7]. It follows that, for any x € H,

Pf(x) = PP (F) (™) = / Fee ™ 1 /T = B Am ) N(0. —2Am) ") (@),
R’n

u(x) = R(1, L) f(x) =/0 e (P f)(x)dt = d({x, e1), ..., (x, em))
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982 E. Dolera, E. Priola

where ii is given in (20) with f in place of f therein. Setting p,, := N'(0, —(24,,)"!) and
using that Cg(H ) contains the cylindrical functions displayed in (10), we get that

sup  |(—An)'2Di(0) < sup |(—=A)"2Du(0)]n, 24)
feCcz®m) feCi(H)
Il Fllocy <1 I flloo<1

holds for any m > 1. Notice that on the left-hand side of (24) we have 0 € R™ while on
the right-hand side we have O € H. Thus, as a consequence of Theorem 6, we deduce the
assertion. ]

Remark 8 By the same argument as in the previous proof we get easily

csup (=AW PDille@n < sup (=AY DullLe . (25)
fecz@®™ fECE(H)
I FlLp m oy <1 1A lLp <1

forany m > 1 and p € (1, 400). This can be used to deduce that (3) or (4) follow from (11)
and (12).
3 Proof of Theorem 6

Let é € (0, 400). Then, put S,,, = S,,,(8) with

" s Axe T 2
Sm(8) :f zlzlng)Z ‘/(; m[ f(cl(t)xl» e o (B)xm) X \/Wdth)
€ =
b=t !
If we show that
sup S, = 0o (26)

m>2

holds under the assumption that A ~ k2 as k — 400, then the validity of Theorem 6 will
follow.

3.1 Two useful lemmas

The following identity will be important. Recall that x; = (x, ex), k =1, ..., m where (¢;)
denotes the canonical basis in R”.

Lemma9 Foranym >2 ke {l,...,m},c=(c1,...,cn) € R"\ {0} and F € B,(R), it
holds

2
I i (F) = F({c, x )xke 2 dx

m/rn
m—3 +oo
_m| | / / e 37 p™ cos B (sin 9)" "2 F (|c|p cos 9)d pd.
)" m c

27
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Proof We provide additional details for the sake of completeness. Let us first consider m = 2.
We introduce the unitary vectors y; = ¢/|c| and y» € R? such that (y1, y2) is an orthonormal
basis in R2. Using the polar coordinates with respect to such basis we can write

x = pcoshy; + psiné y,,

which entails that
1 2 p+4o0 o2
D (F) = 7/ / p*F(lc|pcos ) (cosb (y1, ex) +sinb (y2, ex)) e 2 dpdf
7 Jo Jo
T —+00 p2
= 7/ / P> F(|c|pcosB) cosb (v, ex)e” Tdpdd, k=12
o Jo

since foz T F(lc|pcos®) sinfdd = 0. Indeed, to prove this last identity under the sole
assumption that F' € B, (R), we just notice that

2 b4 2
/ F(|c|pcosB) sinf dO :/ F(|c|pcos®) sinf dO +/ F(|c|pcos®) sinf db
0 0

T
1 1
:/ F(|c|pt)dt—/ Flclpt)dt =0
-1 -1

holds as a consequence of the change of variable cos 6 = t. Finally, we get easily (27) for
m = 2 upon recalling that I'(1/2) = /7.

In the general case of m > 3, we consider an orthonormal basis () of R” where y; =
¢/|c|. Then, we introduce polar coordinates with respect to (yx). Let p = |x|. Proceeding
similarly to [12, Sect. 5.9], we have, for x # 0,

x = pcosbiyr + psinbycosbryr + ...+ psinby - - -sin by, sin b,y —1 Y,

where p > 0 (radial distance), 6y, ..., 0,—2 € [0, 7] (latitudes; 6; is the angle between x
and y1) and 6,1 € [0, 2] (longitude). Let 6 = (01, ..., 6,,—1). Denote by

J(p,0) = p" ! (sin6)"*(sin )" > - - - (sin O —2)
the Jacobian determinant. Moreover, set yi(k) = (yj,ex), fori,k=1,...,m.Let

£1(0) = cosby, &(0) =sinbicosby, ...,
En—1(0) =sinfy ---sinby,_cos0y,_1, &n(@) =sinb---sinby,_,sinb,_1.

We infer that

2 K
Lk (F) = (271) / / - 2Xmﬂpe Z F([c| pcostr) (Z&(G)y,» >J(p,9)dpd9

i=1

/ / % Flel peost 1)y 1(p. 0)dpdd (28)
0,712 %[0, 2::]

(27‘[)’"
using that
1 /00/ o? i (k)
—— pe” T F(lc| pcosbr) §i©)y; | J(p,6)dpdo = 0.
V2o Jo o Jozm2x10,27) o

29)
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984 E. Dolera, E. Priola

In order to prove (29) we check that if p > 0 then
/ F(lc| pcos0r) &(0)J(p,0)d0 =0, 2<i<m. (30)
[0,7]"2%[0,27]
If i = m, we find that
f F(lc| pcos ) &m(0) (sin0;)" 2 (sin62)" > - - - (sin Op_»)d0
[0,7]1"=2x[0,27]
T
= / F(|c| p cos6;)(sin6;)" 2 sin 6, d6; x
0

X f sin6, - - - sin By, 1 (sin 92)’"_3 - (sinby,—2)d6 - - -dby,—1 =0
[0,7]m=3x[0,27]

by the Fubini theorem, since fozn sin 6,,—1d6,,—1 = 0. Similarly we obtain that (30) holds
withi = m — 1. Note that up to now we have already proved (30) when m = 3. Let m > 4.
We check (30) when 2 < i < m — 2. We have

/ F(|c| pcos6) & (0) (sin0))"2(sin62)" 3 - - - (sin ,_2)d6
[0,7]1m=2x[0,27]
g
= / F(|c| p cos 6)(sin 0;)" 2 sin 6,d6; x
0
X / sin6, - - - cos B; (sin 6'2)’"_3 - (sinby,—2)db; - - -db,—1 = 0,
[0,7]"=3x[0,27]
because fon cos ; (sin6;)™~1-1dg; = 0. Similarly, fori = 2, we get
T
/ F(|c| p cos 6))(sin ;)" 2 sin 6,d6; x
0
X / cos 6 (sin 02)’”_3 -+ (sinB,,—2)d0; - - -db,,—1 = 0.
[0,7]"—3x[0,27]

We have verified (30) and so (28) holds. We rewrite (28) as follow
(k)

/(27-[)}11

Im,k(F) =

(k) _ ci
= e

/ / ple” F(|c| pcosB) cosBy (sinh)™~ 2d,od91
3D
where R, =2m if m =3 andifm > 3
Ry = / (sin62)™ 7 (sin63)"~* - - - sin 6, _2d6s - - - dbyy
[0,7]"=3x[0,27]

m—3 m SF(]JFI)]"(%)

_2711_[/ (sm¢)fd¢—2n]_[ <’+1 1)_2711_[r<]+2)
j=1 5=

We have used the Beta function B(-, -) (cf. page 103 of [28]). Hence since I'(1/2) = /7,
-1
we get Ry, = 2n(ﬁ)m—3 (F(%)) . Inserting R,, in (31) we obtain (27), i.e.,
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A counterexample to L°°-gradient type estimates... 985

27.[( / )m—3 Ck +00 pm 12 ] _2
Iyy(F) = ———— / e 2P p" cos ¥ (sin )" “F(|c|p cos ¥)dpdd.
m.k @y T (250) el P lclp P

m}

Lemma 10 If F € Bp(R) verifies F(x) = —F(—x) for any x € R, then we have, for any
m>2kel{l,...,m},c=(c1,...,cm) € R™"\ {0},

Az (JT)" 3 o +°°7% >
e

1
Loy (F) = ——~T7 %k P omd 1—x)"F dx (32
& (F) (22T (mT_l) | I p/o x(1—x7)"7 F(lclpx)dx (32)

(cf- (27)). In the special case of F = Fy := 1(0,00) — 1 (—0,0), we obtain

L[ Roempme Far = Y25 (33)
T fo P00 e =

Proof By changing variable x = cos 6 and using that F(x) = —F(—x), x # 0, we have

Ik (Fo) =

kg 1 _
/ cos & (sin )" 2 F (|c|p cos ©)dd =2/ x(1 = x2)"7 F(|e|px)dx .
0 0

Whence,

2. 2n ()" 3 ek T 1
e

1
Ipe(F)= ——— Y2 =2 P md/xl—xzmT%chdx.
& (F) (22T (mT_l) ] pdp A ( ) (Iclpx)

Let us assume that F = Fy = 1(0,00) — 1 (—c0,0)- We find

4n(ﬁ)m_3 Ck 400

1 2 m—3
1, Fp)=——— e 2/) lnd / x(1—x de
m,k( 0) (27T)m/2F (mTil) Ic| 1Y ) ( )

1

Using that fol x(1— xz)mT%dx = ﬁ and fOJro%’%pzpmdp =T (”’TH) 2T we find

4 m=3 1\ jmo1 1 2
Lnx(Fo) = (V) ] F<m+ )2 T 7Cl:£i"’
Qmym/2r (251) 2 m—11c| ||
since xI'(x) = I'(x + 1), x > 0 and this finishes the proof. m]

3.2 Proof of assertion (26)

| — o=2ht\ /2
Recall that cx(t) := (T) for k € {1,...,m} and t > 0. Set c(t) =
k
(c1@®),...,cn(@) € R™". Fixm > 2 and § > 0, and put S, := S,,,(8). Then, for m > 2,
define 5
2 & Ape ! cr(t)
— dr) . 34
ﬂX;(/(; (1= e )72 [e(0) ) G

We prove that lim,,,_, », S;; = 00 in two steps.
I step. We prove
Sm > Am, Ym>2. (35)

We start by constructing an approximating sequence of smooth functions for Fy := 1 (0,00) —
1 (—c0,0)- For any n > 1, consider a non-decreasing F,, € Cg (R4) such that F,,(y) = 0 if
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0<y<1/(n+1)and F,(y) = 1if y > 1/n. Then, extend each F}, to an odd function on
R by the rule F,,(x) = —F,(—x) if x < 0, and define

Snxt, oo xm) = Fa(xr 4. oo 4+ X)), X1,...,xm €R

It is clear that each f, € Cz(]R’") and || fulloo < 1. Whence,

S f:(/tS e / fuler1() (t)xm) *ﬁdd)z
m = SU n(c1(B)x1, ..., cm()xy) xpe 2 dxds
n>€k= 0 (1 _6_2}\1{,)1/2 \/W m ! ! k
m 1) )"k — Akt 1x? 2
= F, 1), T2 dxdr) .
2‘}1)2 (/o (1 — e 2M)1/2 /;(2 i fm ({c(t), x))xp e x )

Moreover, combining the fact that each F;, is an odd functions with (32), with c replaced by
c(), yields

— Akt

" Are
‘;Z(/o (—e W)WW .
m—3 m 1
— sup 4 (V) Z(C"(t)/ *zpzpmdp/o x(l—xz)mT_3Fn(|c(t)|,0x)dx)2.

n=1 2m)"/2T (251) = \e(®)]

o2 2
Fo((c(t), x))xp e~ dxdt)

Then, using that both F,(x) < Fj,41(x) and F;,(x) — Fp(x) hold for any x > 0, apply the
monotone convergence theorem to get

A" e [T e, 2
o i‘i‘f(zn>'n/2r(;)]§<|c(t>|/o e d”/ U F('c(’)"”‘)dx)

m=3 m
4 (J7) Z(Ck(t) / ﬁpzpmdp/ x(1—xH"T Fo(lc(t)|f"x>dx)2

~ @uoyr () = e

—Ait

" Are
-2 ([ &2 e .

X2 2
o({c(®), x))xr e™ s dxdt) = A,

for m > 2. In the last line we have used both (32) and (33) with ¢ replaced by c(¢). This
proves (35).
1I step. We prove that

lim A,, =00, (36)

m— 00

thus completing the proof of (26). Recalling the definition of ¢, (¢), we have

m m 2
f M1 N2 ] < /8 e M )
Ay = dt) > — A de) , m>=2. (37
2 el ) 7 2 o le@l

k=1

To bound (37) from below, note that
mo g2k 172 £ | 2 1/2 ; [+o0 - 1/2

1| = _ < _ = TEMS ] ds

@) ; 2Ak - ]; 2 k /0 Z ¢ ’
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holds for any ¢ > 0. Now, if there is a positive constant co such that A; > cok? for any k > 1,

then
+00 +00 ) +oo 5 =
Ze—Zkks < Ze—Zcok s < / e—ZCoz SdZ — L s>0,
0 2cos

k=1 k=1

1/2 2 1/4
o= ([aee) =)

Up to now we have found that

yielding

m 2

Am >f2)\k(/ —/\kf(%)l/4dt> S om > 2.

Now, exploit that

s 1\ [* 1 cod
/ t_%e_)"dt = <7> / s_4le_sds > (7> / s_%e_sds
0 A 0 A 0

holds for every A > co, to get (after recalling that, in particular, Ay > cg, for any k > 1)

1 m s 2 1 m 1 % cod 2
A, > — | 3 / ~hemigr) = L[ S (— / g

w\ 2w 0 V2w Ak 0

k=1 k=1
2 m

1 [co /'005 _1 ) 1
—. ] — sTde 7 ds 0
V2w ( 0 I; Ak

Thus, if Ax ~ k> as k — 400, then Y J"
finishes the proof.

=l

—1 f ~ logm as m — 400, and (36) holds. This
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