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Abstract
We show that contact reductions can be described in terms of symplectic reductions in the
traditional Marsden–Weinstein–Meyer as well as the constant rank picture. The point is that
we view contact structures as particular (homogeneous) symplectic structures. A group action
by contactomorphisms is lifted to a Hamiltonian action on the corresponding symplectic
manifold, called the symplectic cover of the contact manifold. In contrast to the majority of
the literature in the subject, our approach includes general contact structures (not only co-
oriented) and changes the traditional view point: contact Hamiltonians and contact moment
maps for contactomorphism groups are no longer defined on the contact manifold itself, but
on its symplectic cover. Actually, the developed framework for reductions is slightly more
general than purely contact, and includes a precontact and presymplectic setting which is
based on the observation that there is a one-to-one correspondence between isomorphism
classes of precontact manifolds and certain homogeneous presymplectic manifolds.

Keywords Contact structures · Symplectic structures · Principal bundles · Hamiltonian
group action · Symplectic reduction · Contactomorphisms

Mathematics Subject Classification 53D20 · 53D10 · 53D35 · 70H33 · 70G45 · 70S05

1 Introduction

Reductions of systems due to their symmetries are fundamental tools in almost all areas
of physics, having strong links to important questions in the traditional classical mechanics
of particles, rigid bodies, fields, fluids, plasmas, and elastic solids, as well as quantum and
relativistic theories. A model appearance of reductions is that for Hamiltonian systems with
the celebrated Marsden–Weinstein–Meyer theorem, defined for Hamiltonian group actions
and with the use of momentum maps (see the historical survey [60]).
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Hamiltonian systems are intensively studied recently in the context of contact structures
replacing the symplectic ones in the traditional setting. The roots of contact geometry go
back to 1872, when Sophus Lie introduced the concept of contact transformations for study-
ing systems of differential equations, but then contact structures became objects of intensive
studies in a purely geometric context, as well as a tool for numerous applications, like in
Gibbs’ work on thermodynamics, Huygens’ work on geometric optics, Hamiltonian dynam-
ics, fluid mechanics, etc. As a nice source for the history of contact geometry and topology
with an extended list of references we recommend [31], and for comprehensive presentation
of contact geometry we refer to classical monographs [3, 32, 55].

The standard Hamiltonian formulation describes exclusively isolated systems with
reversible dynamics, while real systems are constantly in interaction with the environment,
which introduces the phenomena of dissipation and irreversibility. Some of these phenomena
can be described mathematically by means of contact geometry methods. There is a huge
list of publications on contact Hamiltonian geometry, let us mention only a few recent ones
describing mechanical dissipative systems, both in the Hamiltonian and Lagrangian setting
[10, 19, 23–25, 29], but also quantum systems [15].

Unfortunately, almost all this literature deals with trivial (co-oriented) contact structures,
where a global contact form η on a manifold M is given. This is fine for local calculations,
but it hides the essence of the corresponding intrinsic geometry. The problem is that, even
in co-orientable cases, dealing with contact Hamiltonian vector fields and the Reeb vector
field associated with a particular contact form η depends strongly on the choice of η and does
not make any sense for more general contact structures. The point is that, changing a local
contact form defining the contact structure into another one in the same class of conformal
equivalence, we have to change also the Reeb vector field (the new one is not even in the same
conformal class) and the original Hamiltonian defined on the contact manifold. Actually, it
is a student exercise to prove that if, for a contact distribution C ⊂ TM , a tangent vector
vy ∈ TyM is not in Cy , then there is a local contact form η inducing C , i.e., C = ker(η),
such that vy = Rη(y), where Rη is the Reeb vector field for η.

In [34], we developed an essentially different picture for contact Hamiltonian mechanics
and contact Hamilton–Jacobi theory which is geometrically intrinsic and valid for general
contact structures. The main change of the view point is that contact structures on M are
represented by 1-homogeneous symplectic forms ω on R

×-principal bundles τ : P → M ,
where R

× = R \ {0} = GL(1, R) is the multiplicative group of nonzero reals. We call these
structures symplectic R

×-bundles and they are for us genuine contact structures (see [12,
34, 38]). In this sense, contact geometry is not an ‘odd dimensional version’ of symplectic
geometry but rather a particular, namely homogeneous, symplectic geometry. To make it
precise, let us mention that on every R

×-principal bundle τ : P → M with respect to an
action of the Lie group R

×,

h : R
× × P → P, h(s, x) = hs(x),

a concept of homogeneity of tensor field is well defined. Namely, a vector field X (resp., a
differential form α) on P is homogeneous of degree k ∈ Z if (hs)∗(X) = s−k · X (resp.,
(hs)∗(α) = sk · α). Putting � = hs in the general differential geometric formula

�∗(i�∗(X)α) = iX�∗(α), (1)

valid for any diffeomorphism � : N1 → N2, any differential form α on N2, and any
vector field X on N1, we immediately get that iXα is (l + k)-homogeneous if only X
is k-homogeneous and α is l-homogeneous. It is also easy to see that then dα is also l-
homogeneous. Any symplectic R

×-bundle associated with a given contact structure we call
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Reductions: precontact versus presymplectic 2805

its symplectic cover. All these covers are canonically isomorphic, but a choice of a particular
presentation of a symplectic cover may depend on our purposes. All this can be generalized to
precontact structures and their presymplectic covers being presymplectic R

×-bundles. The
corresponding theory is developed in this paper.

Note that any R
×-principal bundle P → M can be viewed as an open submanifold L×

P of
nonzero vectors in the suitable line bundle LP with the action of R

× being the multiplication
by (nonzero) reals in LP . The line bundle LP can be viewed as the line bundle associated
with the principal bundle P and the standard action of R

× on R. In the case of a symplectic
R

×-principal bundle corresponding to a contact manifold (M,C), the line bundle LP is
dual to LC = TM/C . Contact Hamiltonians in this framework are not functions on M but
1-homogeneous functions on P , H : P → R (alternatively, sections of the line bundle
LC ). Since the principal bundle may be nontrivial, there is generally no way to associate
with them functions (Hamiltonians) on M . Canonical examples are contact structures on the
bundles M = J1L of first jets of sections of a line bundle L → Q which are nontrivial
if only L is nontrivial. In this case, P = T∗(L∗)× with its canonical symplectic form and
the so-called phase lift (see [11, 12, 34, 38, 43]) of the R

×-principal bundle structure on
(L∗)× = L∗ \ {0M } consisting of nonzero vectors in L (cf. [34, 38]). Note that this phase lift
is not the same as the standard cotangent lift of a group action. In [38], it was shown that these
canonical examples are the only linear contact structures. This result is a contact analog of
the well-known fact that every linear symplectic structure on a vector bundle E → M is
equivalent to the canonical symplectic structure on E � T∗M .

Since the symplectic formω on a symplecticR
×-bundle P is 1-homogeneous with respect

to the R
×-action, 1-homogeneous Hamiltonians are closed with respect to the symplectic

Poisson (Lagrange) bracket {H1, H2}ω. This defines also a Jacobi bracket of sections of L∗
P

which makes L∗
P into a local Lie algebra in the sense of Kirillov [45, 49, 58] or, equivalently,

into a Jacobi bundle in the sense of Marle [58], or a Kirillov manifold in the sense of [12,
38]. For trivial principal (or line) bundles, we get a Jacobi structure on M , i.e., a Jacobi
bracket on the C∞(M)-module C∞(M) in the sense of Lichnerowicz [21, 56]. A standard
misunderstanding present in the literature is that the Jacobi bracket on C∞(M) is viewed
as a bracket on the associative algebra C∞(M), and not on C∞(M) as a C∞(M)-module.
The corresponding Jacobi structure on M is therefore understood as a pair (�, �), where
� is a bivector field and � is a vector field on M (satisfying some additional conditions),
that comes from taking the constant function 1 as the basic section for this module, while
choosing another basic section leads to other tensors (�, �) for the same Jacobi bracket.

Note that our symplectic R
×-bundles, being particular instances of symplectic Liouville

manifolds in the terminology of [55], can be understood asmore advanced symplectizations of
contact structures which (at least for contact forms) are very well known in contact geometry.
The use of the multiplicative group R

× (which is non-connected) instead of the additive
group R (or the multiplicative group R

+ of positive reals), which appears in traditional
symplectizations of contact forms, is crucial for including nontrivial contact structures into
the picture. Traditional symplectizations of contact forms produce symplectic R

+-principal
bundles (which are always trivializable) which are sometimes called symplectic cones. The
same remains valid for Jacobi brackets and the corresponding poissonizations.

Contact reductions, as contact analogs of various symplectic reductions, and related ques-
tions (for a pure algebraic approach to Poisson and Jacobi reductions see [41, 48]) were
already a subject of studies in numerous papers, let us mention [2, 7, 22, 30, 46, 52–54, 57,
79]. These reductions are mainly reductions by Lie group actions, and generally use contact
forms as the starting point, even if in some cases (e.g., [79]) the final reduced structure does
not depend on the choice of the contact form in its conformal (equivalence) class. Conse-
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quently, contact moment maps are usually defined on contact manifolds themselves, and
associated with actions preserving the contact form, which is completely non-geometrical
from the contact geometry point of view. An exception is the paper [80], which is devoted to
generalized concepts of a reduction, and [57], where a concept of the moment map, although
geometrically different, is equivalent to ours, but no symplectic geometry is used and only
the zero-value of the moment map is considered (which is the trivial part in our setting).
Note finally that contact reductions can be viewed as particular cases of reductions of Jacobi
bundles. In [76], the authors propose a version of coisotropic reductions of contact structures
in the language of Jacobi bundles and Jacobi brackets. Some reductions of Jacobi brackets
on functions on manifolds (e.g., trivial Jacobi bundles) are developed in [62, 63, 65, 66].

In this paper we propose a completely different approach by viewing contact reductions as
particular (homogeneous) symplectic reductions on symplectic R

×-bundles. Therefore, we
can use somewell-knownmethods from symplectic geometry and the reductions are intrinsic
from the very beginning, not referring to any auxiliary contact form representing the contact
structure. Moreover, the proposed reduction procedure is very broad and includes not only
contact analogs of the Marsden–Weinstein–Meyer reduction by a Lie group action, but also
constant rank submanifold reductions. Our version of a contact Marsden–Weinstein–Meyer
reduction is the following (cf. Theorem 6.3).

Theorem 1.1 Let (M,C) be a contact manifold with a symplectic cover τ : P → M, let
ρ : G × M → M be an action on M of a Lie group G by contactomorphisms, and let
J : P → g∗ be the corresponding contact moment map. Let μ ∈ g∗ be a weakly regular
value of J , so the connected Lie subgroup G0

μ of G, corresponding to the Lie subalgebra

g0μ = {ξ ∈ ker(μ)
∣
∣ ad∗

ξ (μ) = 0}
of the Lie algebra g of G, acts on the submanifold Mμ = τ(J−1(μ)) of M. In particular,
G0

μ = G if μ = 0 and G is connected.

Suppose additionally that TMμ is transversal to C and the G0
μ-action on Mμ is free and

proper. Then we have a canonical submersion π : Mμ → M(μ) onto the orbit manifold
M(μ) = Mμ/G0

μ, which is canonically a contact manifold with the contact structureC(μ) =
Tπ(C ∩ TMμ).

Note that in the case μ = 0 our contact reduction comes down to the standard Marsden–
Weinstein–Meyer reduction on the symplectic cover of the contact manifold.

Actually, in the paper we consider a more general situation when a field of hyperplanes
C on a manifold M is only precontact, i.e., the corresponding 2-form on C is of constant
rank (this form is nondegenerate in the contact case). We associate with precontact structures
(M,C) presymplectic R

×-bundles, i.e., principal R
×-bundles τ : P → M equipped with a

1-homogeneous presymplectic form ω. Note that we always understand presymplectic forms
as closed 2-forms of constant rank and all objects are generally smooth. One exception are
distributions understood as just fields of linear subspaces of tangent bundles (non-necessarily
smooth). On the other hand, constant rank distributions are always assumed to be regular, i.e.,
of constant rank and smooth. In particular, when we speak about fields of hyperplanes, we
always mean smooth fields of hyperplanes. Groups and precontact manifolds are connected,
if not declared otherwise.

With every contact vector field on a precontact manifold (M,C), i.e., a vector field whose
local flow preserves C , we associate a Hamiltonian vector field on the presymplectic cover
(P, ω) of (M,C) and a unique 1-homogeneous Hamiltonian on P . In the case of a contact
group action, this leads to a uniquely defined equivariant moment map J : P → g∗, so we
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Reductions: precontact versus presymplectic 2807

can follow the ideas of Meyer, Marsden, andWeinstein [60, 61] if the reduction by symmetry
group is concerned. Note finally that presymplectic reductions have been already studied by
some authors (e.g., [13, 27]), including reductions of Dirac structures [6, 9]. The paper is
organized as follows.

In the next section,wepresent basics of our understanding of precontact geometry, together
with introducing presymplecticR

×-bundles. Also fundamental theorems describing relations
between precontact and presymplectic setting are proved there. In Sect. 3, we show a precon-
tact analog of the presymplectic reduction, i.e., precontact-to-contact reduction, while Sect. 4
is devoted to precontact and contact Hamiltonian dynamics. Different types of submanifolds
in precontactmanifold are considered in Sect. 5, together with a contact analog of the constant
rank reduction in symplectic geometry. The precontact analogs of the Marsden–Weinstein–
Meyer reduction are proved in Sect. 6. We end up with concluding remarks, showing in part
possible applications and follow-up studies.

2 Principles of precontact geometry

For our picture of contact geometry, we refer generally to [12, 34, 38]. It is easy to generalize
the concepts developed there to a precontact setting.

Let M be a manifold of dimensionm, and letC ⊂ TM be a field of hyperplanes on M , i.e.,
a distribution with (m − 1)-dimensional fibers (corank 1 distribution). Such a distribution is,
at least locally, the kernel of a nonvanishing 1-form η on M , i.e., C = ker(η). Of course,
the 1-form η is determined only up to conformal equivalence, since ker(η′) = ker(η) if and
only if η′ = f η, where f is a nowhere-vanishing function. Denote with ρC : TM → LC the
canonical projection onto the line bundle LC = TM/C → M , and with νC : C×M C → LC

the skew-symmetric bilinearmapwhich for vector fields X , Y onM , taking values inC , reads
νC (X , Y ) = ρC ([X , Y ]).
Definition 2.1 The distribution ker(νC ) we will denote simply χ(C) and call the character-
istic distribution of C . A hyperplane field C ⊂ TM we call a precontact structure of rank
(2r + 1) if the 2-form νC on C is of rank 2r , i.e., the distribution χ(C) is regular of rank
(m − 2r − 1). Manifolds equipped with a precontact structure (of rank (2r + 1)) we will call
precontact manifolds (of rank (2r + 1)). Any nonvanishing (local) 1-form which determines
a precontact structure C of rank (2r + 1) as its kernel we call a precontact form of rank
(2r + 1). If (2r + 1) is the dimension of M , then any precontact structure of rank (2r + 1)
we call a contact structure and any (local) 1-form η such that C = ker(η) we call a contact
form.

Remark 2.2 Of course, all 1-forms conformally equivalent to a precontact formη of rank (2r+
1) are also precontact forms of rank (2r + 1) and contactomorphisms, i.e., diffeomorphisms
respecting the fields of hyperplanes, are possible only between precontact structures of the
same rank. Note that a differential 2-form β is of (constant) rank 2r if and only if βr is
nowhere vanishing and βr+1 = 0. We will frequently use this fact in the sequel. We will
denote the value of a differential form β at point y as βy or β(y), depending on editorial
needs.

Proposition 2.3 Let C be a field of hyperplanes on a manifold M of dimension m, and let η
be a nonvanishing 1-form on M such that C = ker(η). The following are equivalent:

(1) the distribution C is a precontact structure of rank (2r + 1);
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(2) the 2-form dη is of rank 2r on C = ker(η);
(3) the (2r + 1)-form η ∧ (dη)r is nonvanishing and η ∧ (dη)r+1 = 0.
(4) the characteristic distribution χ(η) ⊂ TM of η, defined by

χ(η)(y) = {

Y ∈ ker(η(y))
∣
∣ ∃ a ∈ R

[

iY dη = a · η(y)
] }

,

is regular of rank (m − 2r − 1);

In any, thus all of these cases, χ(C) = χ(η) and χ(C) is regular and involutive, so it
determines a foliation FC on M, whose leaves are maximal integral submanifolds of χ(C).

Proof (1 ⇔ 2) In the trivialization of LC induced by η,

η# : LC → M × R, η#([X(y)]) = (

y, iX(y)η
)

,

we have, for vector fields X , Y ∈ C ,

νC (X , Y ) = η([X , Y ]) = −dη(X , Y ) + X
〈

η, Y
〉 − Y

〈

η, X
〉 = −dη(X , Y ), (2)

so the rank of dη
∣
∣
C equals the rank of νC . Here,

〈·, ·〉 denotes the canonical pairing between
vectors and covectors.

(2 ⇔ 3) Suppose that η ∧ (dη)r is nonvanishing at y ∈ M . Then, (dη)r is nonvanishing
on Cy , so the rank of dη on Cy = ker(ηy) is at least 2r . If this rank is greater than 2r , then
it is at least 2(r + 1), so η ∧ (dη)r+1 = 0 at y. Conversely, if the rank of dη on ker(η) is 2r ,
then clearly η ∧ (dη)r is nonvanishing and η ∧ (dη)r+1 = 0.

(2 ⇔ 4) Let us first show that for each y ∈ M we have χ(η)(y) = ker
(

dη
∣
∣
Cy

)

. If

Y ∈ χ(η)(y), then Y ∈ ker(η(y)) and iY (dη) = aη(y) for some a ∈ R, so iY dη vanishes

on Cy = ker(η)(y), thus belongs to kernel of dη
∣
∣
C . Conversely, if Y ∈ ker

(

dη
∣
∣
Cy

)

, then

Y ∈ ker(η(y)) and the linear function iY dη on TyM vanishes on ker(η(y)). Hence it is of the
form aη(y) for some a ∈ R. Consequently, dη

∣
∣
Cy

is of rank 2r if and only if the dimension
of its kernel is m − 2r − 1, that finishes the proof.

Finally, from the proof of (2 ⇔ 4) it follows that χ(C) = χ(η). The involutivity of χ(C)

is a well-known fact. ��
We have the following version of Darboux Theorem for precontact structures.

Theorem 2.4 (Precontact Darboux Theorem) Let C be a precontact structure of rank (2r +
1) on a manifold M of dimension m, and let y0 ∈ M. Then, there are local coordinates
(z, pi , qi , u j ) in a neighborhood U of y0, with i = 1, . . . , r and j = 1, . . . ,m − 2r − 1,
such that these coordinates vanish at y0 and C is on U the kernel of the 1-form

η = dz − pi dq
i . (3)

Proof Consider a neighborhood U of y0 which is equipped with coordinates (zl , u j ) such
that the foliation FC is defined locally by the system of equations zl = const and

η = fl(z, u) dzl + g j (z, u) du j

is a local 1-formsuch thatC = ker(η).Of course, l = 1, . . . , 2r+1 and j = 1, . . . ,m−2r−1.
Since ∂u j ∈ χ(C), we have g j = 0 and we can assume that f1 = 1, as η = 0. Moreover, the
condition i∂u j dη = a jη (Proposition 2.3 (4)) implies that

∂ fl
∂u j

= a j fl , l = 1, . . . , 2r + 1, j = 1, . . . ,m − 2r − 1.

123



Reductions: precontact versus presymplectic 2809

But for f1 = 1 we get a j = 0, so η depends on the coordinates (zl) only. Since η = 0
and dη is of rank 2r on ker(η), the 1-form η is actually a contact form in coordinates (zl),
l = 1 . . . , 2r + 1. Using the contact Darboux Theorem, we get (3), and it is easy to see that
we can additionally require that y0 = 0 in the Darboux coordinates. ��

Note that the above theorem does not mean that any precontact form of rank (2r + 1)
inducing C reads locally as in (3). Indeed, dη is of rank 2r for η as in (3). On the other hand,
η′ = eu

1
(dz − ∑r

i=1 pidq
i ) is in the same conformal class as η, but

dη′ = eu
1

(

du1 ∧ dz −
r

∑

i=1

(

dpi ∧ dqi + pi du
1 ∧ dqi

)
)

,

is of rank 2(r + 1), not 2r .

Remark 2.5 We will call the foliation FC on the precontact manifold (M,C) the character-
istic foliation. Note that the characteristic distribution χ(C) of a precontact structure C is
trivial, i.e., 2r + 1 = dim(M), if and only if the precontact structure is actually a contact
one. According to the Darboux classification of 1-forms [20] (see also [55, Ch. V.4]), the
1-form (3) can be characterized as a 1-form of class (2r +1) onU , i.e., a 1-form η satisfying
η ∧ dηr = 0 and (dη)r+1 = 0.

Note that precontact structures are understood by many authors as just distributions of
corank 1, and precontact forms as just nonvanishing 1-forms (e.g., [76, 77, 80]), which
is too weak in our opinion. In practice and applications, even such authors put additional
requirements which made the structures close to what we call precontact structures and
precontact forms. In [25, 26], precontact forms of class (2r+1) are defined as in theDarboux’
classification, so that the precontactmanifolds in [25, 26] are trivial examples of the precontact
structures in our sense (in which LC = TM/C can be nontrivializable).

In what follows, we will use also the concept of a presymplectic form after Souriau [74]:
a 2-form ω is presymplectic of rank 2(r + 1) if ω is closed and its characteristic distribution
χ(ω) has constant rank equal to 2(r + 1). Being automatically involutive, χ(ω) defines a
foliation Fω which we call the characteristic foliation of ω. Again, some authors consider
presymplectic forms simply as closed 2-forms, which is too weak for our purposes. As easily
seen, our presymplectic forms are by definition nonzero.

Definition 2.6 A contactomorphism between precontact structures (Mi ,Ci ), i = 1, 2, is a
diffeomorphismϕ : M1 → M2 such that Tϕ(C1) = C2. A contact vector field on a precontact
manifold (M,C) is a vector field whose local flow consists of contactomorphisms. For a
vector field X on M and a distribution D ⊂ TM , we will write X ∈ D if X takes values in
D.

The following easy proposition states the properties of contactomorphisms and contact
vector fields.

Proposition 2.7 A diffeomorphism ϕ : M1 → M2 between precontact structures being
locally the kernels of precontact forms ηi , i = 1, 2, is a contactomorphism if and only if
ϕ∗(η2) is in the conformal class of η1, i.e., ϕ∗(η2) = f η1 for a nonvanishing function f .
A vector field X on a precontact manifold (M,C) is a contact vector field if and only if
[X , Y ] ∈ C for any vector field Y ∈ C, and if and if and only if £Xη = gη for any (local)
precontact form inducing C, where g is a function (not necessary nonvanishing) on M.
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2.1 PresymplecticR
×-bundles

Throughout the paper we will use the following notation: if L → M is a vector bundle,
then we denote with L× the open submanifold in L consisting of nonzero vectors, i.e.,
L× = L \ 0M , where 0M is the zero section of L . Of course, if L is a line bundle, i.e.,
the rank of L is 1, then L× → M is canonically an R

×-principal bundle with respect to
the multiplication by nonzero reals. In what follows, principal bundles with the structure
group R

× we will call simply R
×-bundles. Any precontact structure (M,C) determines a

line subbundle of the cotangent bundle T∗M , namely the annihilator Co of C . Any (local)
precontact form η determining C induces a local trivialization of Co, represented by the line
subbundle [η] ⊂ T∗M generated by η, and given by

Iη : M × R → [η] ⊂ T∗M, Iη(y, s) = s · η(y), (4)

Note that under this trivialization, the pull-back of the canonical symplectic form ωM on
T∗M is

ωη = I ∗
η (ωM ) = I ∗

η (dθM ) = d
(

I ∗
η (θM )

)

= d(sη) = ds ∧ η + s · dη, (5)

where θM is the Liouville 1-form on T∗M . Since the zero section of T∗M is a Lagrangian sub-
manifold, we will consider exclusively the form ωη restricted to M×R

×, which corresponds
to the restriction of ωM to [η]×. Note that τ : M × R

× → M is a trivial R
×-bundle, and the

opposite of the fundamental vector field of the R
×-action and 1 ∈ R, where we understand

R as the Lie algebra of R
×, is ∇ = s∂s .

Of course, the map (4), thus the closed 2-form ωη, is defined for any 1-form η. The
following proposition describes a relation between the characteristic distribution of ωη,

χ(ωη) = {

X ∈ T(M × R
×)

∣
∣ iXωη = 0

}

,

and the characteristic distribution of η,

χ(η)(y) = {

Y ∈ ker(η(y))
∣
∣ ∃ a ∈ R

[

iY dη = a · η(y)
] }

.

Proposition 2.8 Let η be a 1-form on a manifold M. For any Y ∈ TyM and any a ∈ R, the
vector X = Y − a · s ∂s ∈ T(y,s)(M × R

×) is a characteristic vector of the closed 2-form ωη

if and only if Y is a characteristic vector of the form η.
In particular, the fibers of the characteristic distribution χ(ωη) are projected by Tτ onto

the fibers of the characteristic distribution χ(η) of η. The projection Txτ : χ(ωη)(x) →
χ(η)(τ (x)) is an isomorphism of vector spaces if and only if η(τ(x)) is nonvanishing, so
a is uniquely determined. If η(y) = 0, then ∂s is a characteristic vector of ωη(y, s) for all
s ∈ R

×.
Proof The vector X = Y − a · s ∂s ∈ T(y,s)(M × R

×) is a characteristic vector of ωη if and
only if

iXωη = s (iY dη)(y) − (iY η)ds − a · s η(y) = 0.

This is clearly equivalent to Y ∈ ker(η) and

(iY dη − aη) (y) = 0,

which means, in turn, that Y is a characteristic vector of η. The number a ∈ R is uniquely
determined if and only if η(y) = 0, and arbitrary if η(y) = 0, that implies immediately the
final statements. ��
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A fundamental observation which connects precontact geometry with the presymplectic one,
is the following (cf. [12, 38]).

Theorem 2.9 A nonvanishing 1-form η on a manifold M is a precontact form of rank (2r+1)
if and only if the closed 2-form (5) on M×R

× is presymplectic of rank 2(r+1) (in particular,
ωη is symplectic on M ×R

× if and only if η is a contact form). In this case, the characteristic
distribution χ(ωη) of ωη is transversal to the fibers of the projection τ : M × R

× → M.

Remark 2.10 Before proving, let us explain the term ‘transversal to the fibers’ used in the
above theorem. What we mean here and in several other places later on is that at each point
the intersection of the distribution and the subspace of vectors vertical with respect to the
projection τ is trivial. This notion of transversality does not agree with the traditional one,
we have nevertheless decided to use this terminology for purposes of this paper. We hope it
will not lead to any misunderstanding.

Proof (⇒) Let us assume thatη is precontact of rank (2r+1), whichmeans thatη∧(dη)r = 0,
while η ∧ (dη)r+1 = 0. The 2-form ωη is clearly closed. We have

(ωη)
r+1 = (r + 1)srds ∧ η ∧ (dη)r + sr+1(dη)r+1. (6)

The two summands are linearly independent and ds ∧ η ∧ (dη)r = 0, so (ωη)
r+1 = 0. We

have

(ωη)
r+2 = (r + 2)sr+1ds ∧ η ∧ (dη)r+1 + sr+2(dη)r+2 = 0. (7)

The first summand vanishes, since η ∧ (dη)r+1 = 0, and the second vanishes, since

(dη)r+2 = d
(

η ∧ (dη)r+1) = 0.

Therefore, (ωη)
r+2 = 0, thus (ωη) is of rank 2(r + 1).

(⇐) Now we assume that (ωη) is of rank 2(r + 1), i.e., (ωη)
r+1 = 0 and (ωη)

r+2 = 0.
From (7), we get that η∧(dη)r+1 = 0, because the summands there are linearly independent.
It remains to show that (ωη)

r+1 = 0 implies now η ∧ (dη)r = 0. This is, of course, true at
points in which the rank of dη is < 2(r + 1). Suppose that (η ∧ (dη)r )(y) = 0. Hence, the
rank of dη is 2(r + 1) at y. Let us choose X1, . . . , X2r+2 ∈ TyM such that

(dη)r+1
y (X1, . . . , X2r+2) = 0.

We can assume additionally that X1, . . . , X2r+1 ∈ ker(ηy) and
〈

ηy, X2r+2
〉 = 1 (η is nonva-

nishing). We have

0 = (dη)r+1
y (X1, . . . , X2r+2)

=
2r+1
∑

k=1

(−1)k(r + 1)(dη)ry(X1, . . . , X̂k, . . . , X2r )dηy(Xk, X2r+2).

Hence, at least one summand must be = 0, i.e., for some k,

(dη)ry(X1, . . . , X̂k, . . . , X2r ) = 0.

But then

(η ∧ (dη)r )y

(

X2r+2, X1, . . . , X̂k, . . . , X2r

)

= (dη)ry(X1, . . . , X̂k, . . . , X2r ) = 0;
a contradiction. ��
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Remark 2.11 Let us note that Theorem 2.9 can be seen as a particular case of [77, Proposition
3.6], where precontact forms are understood as 1-forms with values in a line bundle. This
language is better adapted to the work with general Jacobi bundles.

Corollary 2.12 Let C be a field of hyperplanes on a manifold M. Then, C is a precontact
structure of rank (2r+1) if and only if the restriction of the canonical symplectic formωM on
T∗M to (Co)× is a presymplectic form of rank 2(r + 1), where Co ⊂ T∗M is the annihilator
of the subbundle C ⊂ TM. In particular, C is a contact structure if and only if (Co)× is a
symplectic submanifold of T∗M.

Theorem 2.9 shows that with any precontact structure (M,C) of rank (2r + 1) there is
canonically associated the principal R

×-bundle P = (Co)×, with the R
×-action s �→ hs

inherited from the vector bundle structure of T∗M , hs(ηy) = s ·ηy , and the obvious projection
τ : P → M inherited from the projection πM : T∗M → M . Moreover, P is equipped with a
presymplectic formω = ωM

∣
∣
P of rank 2(r+1) inherited from the canonical symplectic form

ωM on T∗M . Since the canonical symplectic structureωM on T∗M is linear, the presymplectic
form ω is 1-homogeneous with respect to the R

×-action, h∗
s (ω) = s · ω. The characteristic

distribution of ω is transversal to the fibers of τM : (Co)× → M . An abstract counterpart of
such a structure is therefore the following (cf. [11, 38]).

Definition 2.13 A presymplectic R
×-bundle of rank (2r + 1) is an R

×-bundle τ : P → M
with respect to an R

×-action

h : R
× × P → P, R

× × P � (s, x) �→ hs(x) ∈ P,

equipped additionally with a presymplectic formω of rank 2(r+1)which is 1-homogeneous,
(hs)∗(ω) = s · ω, and whose characteristic distribution χ(ω) is transversal to the fibers of τ .
Such a structure we will denote (P, τ, M, h, ω). With every such a presymplecticR

×-bundle
there are canonically associated: a nonvanishing R

×-invariant (0-homogeneous) vector field
∇, being the opposite ∇ = −̃1 of the fundamental vector field 1̃ of the R

×-action,

∇(x) = d

dt

∣
∣
∣
t=0

(het (x)) = d

dt

∣
∣
∣
t=1

(ht (x)),

and a nonvanishing 1-form θ = i∇ω. If ω is symplectic, then we speak about a symplectic
R

×-bundle.
An isomorphism of presymplectic R

×-bundles (Pi , τi , Mi , hi , ωi ), i = 1, 2, is an isomor-
phism

P1
ϕ̃

τ1

P2

τ2

M1
ϕ

M2

(8)

of R
×-bundles such that ϕ̃∗(ω2) = ω1. A vector field X on a presymplectic R

×-bundle we
call an R

×-presymplectic vector field if it generates a flow of local automorphisms of the
presymplectic R

×-bundle

Proposition 2.14 Let (P, τ, M, h, ω) be a presymplectic R
×-bundle. Then

(1) the 1-form θ is a unique 1-homogeneous nonvanishing and semi-basic 1-form such that
dθ = ω (in particular, ω is always exact);
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(2) the characteristic distribution χ(ω) ⊂ TP of ω is involutive, R×-invariant, and induces
an R

×-invariant foliation Fω on P, with leaves transversal to the fibers of τ ;
(3) any isomorphism (8) respects ∇i and θi , i = 1, 2,

ϕ̃∗(∇1) = ∇2, and ϕ̃∗(θ2) = θ1;
(4) a vector field X on P isR

×-presymplectic if and only if X isR
×-invariant (homogeneous

of degree 0) and £Xθ = 0.

Proof (1) Since ∇ is vertical, θ is semi-basic. But ∇ is homogeneous of degree 0
(R×-invariant) and ω is homogeneous of degree 1, therefore θ is 1-homogeneous. Con-
sequently, d(i∇ω) = £∇ω = ω. If θ1 is another 1-homogeneous and semi-basic potential
for ω, then d(θ − θ1) = 0. But θ − θ1 is 1-homogeneous and semi-basic, so

θ − θ1 = £∇(θ − θ1) = d(i∇(θ − θ1)) + i∇d(θ − θ1) = 0.

The first summand on the right-hand side is 0, because θ − θ1 is semi-basic.
(2) The characteristic distribution is clearly of constant rank and involutive, so it induces

an R
×-invariant foliation Fω whose leaves are maximal integral submanifolds of χ(ω).

The characteristic distribution χ(ω) is transversal to the fibers of τ by definition, so are
the leaves of the foliation Fω.

(3) If now ϕ̃ : P1 → P2 is an isomorphism of presymplectic R
×-bundles, it respects the

R
×-actions, so ϕ̃∗(∇1) = ∇2. Since ϕ̃∗(ω2) = ω1, from (1) we get ϕ̃∗(θ2) = θ1.

(4) Finally, a vector field X on P isR
×-presymplectic if it isR

×-invariant and the flow ϕt of
X consists of (local) automorphisms of (P, τ, M, h, ω). This means that hs ◦ϕt = ϕt ◦hs
and, aswe have just shown,ϕ∗

t (θ) = θ . It is a standard task to prove that hs◦ϕt = ϕt ◦hs is
equivalent to Ths(X(x)) = X(hs(x)), thus invariance of X , and ϕ∗

t (θ) = θ is equivalent
to £X (θ) = 0. ��
The 1-form θ we will call the Liouville 1-form for the presymplectic R

×-bundle, and the
vector field ∇ - the Euler vector field. For the presymplectic R

×-bundle (Co)× the Liouville
1-form θ is the restriction to (Co)× of the canonical Liouville 1-form θM on T∗M . For
simplicity, we will usually identify pull-backs of differential forms on M by τ with the forms
themselves, i.e., we write τ ∗(η) = η.

Proposition 2.15 For a presymplectic R
×-bundle (P, τ, M, h, ω) of rank 2(r + 1) and an

open submanifold U ⊂ M, there is a canonical one-to-one correspondence between trivial-
izations of the principal bundle P over U and precontact forms η of rank (2r + 1) on U. The
correspondence between η on U and θ on U × R

× is given by θ(y, s) = s · η(y), so that

ω = ds ∧ η + s · dη.

Hence,

C = ker(η) = Tτ(ker(θ))

is a precontact structure on U.

Proof Since the R
×-action on U × R

× is hs′(y, s) = (y, s′ · s), we get ∇ = s ∂s and
θ = s · i∂sω. Since θ is homogeneous of degree 1, the 1-form i∂sω = θ/s is R

×-invariant and
nowhere vanishing, and hence it is a pull-back τ ∗(η) of a local nowhere-vanishing 1-form η

on U . We will write simply η for τ ∗(η) on U × R
×. Consequently,

ω = dθ = d(s · η) = ds ∧ η + s · dη.
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Since ω is presymplectic of rank 2(r +1), from Theorem 2.9 we deduce that η is a precontact
form of rank 2r + 1. Of course, ker(sη) = ker(η) for s = 0. Conversely, if η is a precontact
form onU such that ker(τ ∗(η)) = ker(θ), then θ(x) = F(x)η(τ (x)) for some nonvanishing
function F on τ−1(U ). But θ is 1-homogeneous, while η is 0-homogeneous, so F is 1-
homogeneous. We will show that the map

� : τ−1(U ) → U × R
×, �(x) = (τ (x), F(x))

is a local trivialization of the principal bundle P . Indeed,

�(hs(x)) = (

τ(hs(x)), F(hs(x))
) = (τ (x), s · F(x)).

In this trivialization F(x) = s, so θ = s · η and C = ker(η) is a precontact structure onU . ��
It is well known (cf. [34, Theorem 2.1]) that for every principal R×-bundle (or a line bundle)
τ : P → M we can always find an atlas of local trivializations

ϕα : τ−1(Uα) → Uα × R

with the transition functions

ϕαβ : (Uα ∩Uβ) × R
× → (Uα ∩Uβ) × R

×, ϕαβ(x, s) = (x,±s).

This is equivalent to the fact that we can always find a 2-sheet cover p : M̃ → M such that
the pull-back principal bundle p∗P is trivializable. An analogous fact is true for line bundles.
We get therefore from Proposition 2.3 the following corollary, which is very useful when
dealing with precontact structures.

Corollary 2.16 For every precontact manifold (M,C), we can find an open covering (Uα) of
M and local precontact forms ηα inducing C onUα , such that ηα = ±ηβ onUαβ = Uα ∩Uβ .
In other words, there exists a 2-sheet cover p : M̃ → M such that the pull-back precontact
structure p∗C on M̃ admits a global precontact form.

Weknow already that with every precontact structure (M,C) there is a canonically associated
presymplectic R

×-bundle (Co)× ⊂ T∗M , with the projection τ = πM , the R
×-action h, and

the presymplectic form ω inherited from the cotangent bundle πM : T∗M → M . This
presymplectic R

×-bundle we will call the canonical presymplectic cover of (M,C). For
contact structures, we refer to canonical symplectic covers. A fundamental result is the
converse of this observation (cf. [38]).

Theorem 2.17 Any presymplecticR
×-bundle (P, τ, M, h, ω) of rank 2(r+1) induces canon-

ically a precontact structure C of rank (2r + 1) on M, together with an isomorphism

P
�P

τ

(Co)×

πM

M
idM

M

of presymplectic R
×-bundles. This precontact structure is given by C = Tτ(ker(θ)), where

θ is the Liouville 1-form on P. In other words, there is a one-to-one correspondence between
precontact manifolds (M,C) of rank (2r + 1) and isomorphism classes of presymplectic
R

×-bundles of rank 2(r + 1) over M. As a principal R
×-bundle, P can be therefore iden-

tified with
[ (

LC
)∗ ]×

, where LC = TM/C. Moreover, the projection τ : P → M maps
locally diffeomorphically the leaves of the characteristic foliation Fω onto the leaves of the
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characteristic foliationFC . In other words, the projection τ is on leaves ofFω a differentiable
covering of the leaves of FC .

Proof Since in Proposition 2.15 the local contact structure was defined as C = Tτ(ker(θ)),
so without any reference to the local precontact form η, this definition gives a global contact
structure on M . Moreover, we infer from this proposition that, for every x ∈ P , we have
θ(x) = τ ∗(�P (x)), where �P (x) ∈ T∗

τ(x)M . In particular, πM ◦ �P = τ , where πM :
T∗M → M is the canonical projection. The map �P takes values in (Co)×. Indeed, since
any X0 ∈ Cτ(x) is of the form Tτ(X) for some X ∈ ker(θ(x)), we have

〈

�P (x), X0
〉 = 〈

�P (x), Tτ(X)
〉 = 〈

τ ∗(�P (x)), X
〉 = 〈

θ(x), X
〉 = 0.

Moreover, �P (x) = 0, since θ(x) = 0, and so �P : P → (Co)× is a morphism of principal
R

×-bundles: as θ is 1-homogeneous, we have �P (hs(x)) = s · �P (x). This morphism
induces the identity on the base, so it is an isomorphism. In other words, �P : P → (Co)×
is a diffeomorphism such that�P◦hs = s ·�P , where τM◦�P = τ . Of course, the annihilator
Co ⊂ T∗M can be canonically identified with the dual line bundle of LC = TM/C .

It remains to show that �∗(ωM ) = ω. We will just show that �∗(θM ) = θ , where we
denote for simplicity � = �P and θM for the canonical Liouville 1-form on T∗M . Let
X ∈ Tx P . We have

〈

�∗(θM (�(x))
)

, X
〉 = 〈

θM (�(x)), T�(X)
〉 = 〈

�(x), TπM (T�(x))
〉

= 〈

�(x), Tτ(X)
〉 = 〈

τ ∗(�(x)), X
〉 = 〈

θ(x), X
〉

.

We used the coordinate-free definition of θM : for any p ∈ T∗M and any vector field Y on
T∗M , we have

〈

θM (p), Y (p)
〉 = 〈

p, TπM
(

Y (p)
)〉

.

We already know from the local picture (Theorem 2.9) that the fibers of χ(ω) are mapped
by Tτ isomorphically onto the fibers of χ(C). This immediately implies that the leaves of
Fω are mapped by τ locally diffeomorphically into the leaves ofFC . The image of every leaf
of Fω is therefore open in the corresponding leaf of FC . It is a student exercise to show that
it is also closed, so it is the whole leaf. ��

Any presymplecticR
×-bundle τ : P → M inducing a given precontact structureC on M ,

we will call a presymplectic cover of (M,C). The reader could ask why we do not just stay
with the canonical presymplectic cover (Co)×. The point is that in many cases we deal with
a structure which is clearly a presymplectic R

×-bundle, while the corresponding contact
structure C , thus (Co)×, is not explicitly given. This is an easy way to define precontact
structures.

Example 2.18 For a manifold M , the cotangent bundle T∗M with the zero section removed,
i.e., (T∗M)× is clearly an R

×-bundle with respect to the multiplication by reals in T∗M . The
canonical symplectic form ωM restricted to (T∗M)× is still symplectic and 1-homogeneous,
so we deal with a symplecticR

×-bundle. According to Theorem 2.17, this defines a canonical
contact structure on the projectivized cotangent bundle PT∗M = (T∗M)×/R

×. In textbooks
one usually uses much more space to define this contact structure. Our approach, however,
can be found for the holomorphic case in [78, Example 55].

Proposition 2.19 Let (Pi , τi , Mi , hi , ωi ) be a presymplectic cover of a precontact structure
(Mi ,Ci ), i = 1, 2. If (8) is an isomorphism of presymplectic R

×-bundles, then ϕ is a
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contactomorphism of the corresponding precontact structures on M1 and M2. Conversely,
any contactomorphism ϕ : M1 → M2 is covered by a unique isomorphism

P1
ϕ̃

τ1

P2

τ2

M1
ϕ

M2

of presymplectic R
×-bundles.

Proof According to Proposition 2.14, we have ϕ̃∗(θ2) = θ1, hence Tϕ̃ maps ker(θ1(x))
onto ker(θ2(ϕ̃(x)). But Tτi projects the kernels of θi (xi ) onto Ci (τi (xi )), thus Tϕ(C1(y)) =
C2(ϕ(y)), that proves that ϕ is a contactomorphism.

Conversely, for the canonical presymplectic covers Pi = (Co
i )

× ⊂ T∗Mi , i = 1, 2, we
can obtain ϕ̃ as (Tϕ−1)∗ : T∗M1 → T∗M2 restricted to (Co

1 )
× (Tϕ respects the precontact

structures, so (Tϕ−1)∗ respects their annihilators). It remains to show that the isomorphism ϕ̃

of presymplectic R
×-bundles covering the contactomorphism ϕ is unique. This is equivalent

to proving that vertical (i.e., covering the identity) automorphisms ϕ̃ of any presymplectic
R

×-bundle (P, τ, M, h, ω) are trivial. Indeed, since ϕ̃ projects onto identity, it acts trivially
on pull-backs τ ∗(η) of forms η on M . Actually, since ϕ̃ is a vertical automorphism of the
corresponding R

×-bundle, it must be of the form ϕ̃(x) = h f (τ (x)) for a nowhere-vanishing
function f on M . But if f = 1, then ϕ̃ cannot preserve ω. This because if ϕ̃∗(ω) = ω,
then one can prove as above that it preserves also the Liouville 1-form θ = i∇ω. But θ

is semi-basic and 1-homogeneous, so locally, in coordinates (s, y) associated with a local
trivialization, it reads θ(s, y) = s ·η(y) for a (pull-back of) 1-form η on M (we know already
that it is a local precontact form for the precontact structure). Then,

s · η(y) = ϕ̃∗(s · η(y)) = (s ◦ ϕ̃) · η(y) = ( f (y)s) · η(y),

so f (y) = 1. ��
Corollary 2.20 Let (P, τ, M, h, ω)beapresymplectic cover of a precontact structure (M,C).
Then, any action ρ : G × M → M of a Lie group G on M by contactomorphisms can
be lifted to a unique action ρ̃ : G × P → P on the presymplectic R

×-bundle P by its
automorphisms such that (ρ̃)g = (̃ρg). Conversely, any G-action on the presymplectic cover
P by automorphisms projects to a G-action on M by contactomorphisms. It follows that
there is a canonical one-to-one correspondence between contact vector fields Xc on M and
R

×-presymplectic vector fields X on P, given by Xc = τ∗(X).

2.2 Remarks on PoissonR
×-bundles

Note that the concept of a symplectic R
×-bundle has an obvious generalization, namely a

Poisson R
×-bundle. The Poisson tensor on P should be (−1)-homogeneous (the symplectic

Poisson tensor� = ω−1 is homogeneous of degree (−1) if ω is 1-homogeneous). Of course,
if the Poisson tensor is invertible, we deal with a symplectic R

×-bundle, i.e., with a contact
structure. The concept of a Poisson R

×-bundle coincides with the concept of Kirillov’s local
Lie algebra [49] (or Jacobi bundles in the terminology of Marle [58]), which provides a
proper understanding of Jacobi brackets as local brackets on sections of line bundles. In
other words, Jacobi brackets are closely related to homogeneous Poisson brackets, that is
pretty well known in the literature (see, e.g., [12, 21, 40, 42, 45, 50, 51, 58]). In non-singular
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cases, the Lie algebra of Jacobi brackets completely determines the manifold M [37]. More
information about Jacobi brackets and their generalizations, as well as various Lie brackets
on manifolds, can be found in [36, 39, 77]. We will not go deeper into this subject in this
paper.

3 Precontact-to-contact reduction

Let nowC be a precontact structure of rank (2r+1) on a manifold M of dimensionm, and let
χ(C) = ker(νC ) be the characteristic distribution ofC . Since χ(C) is regular and involutive,
by Frobenius Theorem we conclude that it induces a foliation FC of M by maximal integral
submanifolds of χ(C) which we will call the characteristic foliation of C . The dimension
of leaves of this foliation is the rank of χ(C) which is (m − 2r − 1). The assumption that
the characteristic foliation is simple means that there is a smooth manifold structure on the
space M0 = M/FC of leaves such that the canonical projection p0 : M → M0, associating
to points of a leaf F this leaf in the space of leaves, is a surjective submersion, i.e., p0 is a
smooth fibration. Of course, the dimension of M0 is (2r + 1).

Theorem 3.1 If the characteristic foliationFC is simple, then M0 carries a canonical contact
structure C0 such that C0(p0(y)) = Tp0(C(y)). Moreover, if η is a precontact form defined
in a neighborhood of y ∈ M and inducing C, then p∗

0(η0) = fηη for any contact form η0
defined in a neighborhood of p0(y) and inducing C0, where fη is a nonvanishing function.

Proof Let us observe first that C0(p0(y)) = Tp0(C(y)) is a correct definition of a field of
hyperplanes C0 on M0. Since the leaves are connected by definition, it is enough to prove
that this definition is correct in a neighborhood of any y ∈ M , i.e.,

Tp0(C(y′)) = Tp0(C(y)) if p0(y
′) = p0(y). (9)

Let us fix y. As p0 : M → M0 is a fibration, it is locally trivial in a neighborhood of y, so
there are local vector fields X1, . . . , Xm generating TM in a neighborhood of y, which are
projectable onto vector fields Y1, . . . , Ym on M0. In other words, Yi and Xi are p0-related,
(p0)∗(Xi ) = Yi . We can also assume that X1, . . . , Xm−1 span C and X2r+1, . . . , Xm−1

span χ(C), i.e., tangent spaces of the leaves of FC . Then, Y2r+1 = · · · = Ym−1 = 0
and Y1, . . . , Y2r , Ym span TM0. Let us show first that the local flow ϕi

t of each Xi , i =
2r + 1, . . . ,m − 1, preserves C . Let Y be a local vector field taking values in C . Since

ρC ([Xi , Y ]) = νC (Xi , Y ) = 0, for i = 2r + 1, . . . ,m − 1,

we get that [Xi , Y ] again takes values in C , thus the local flow ϕi
t of each Xi preserves C for

each i = 2r + 1, . . . ,m − 1, i.e., Tϕi
t (C(y)) = C(ϕi

t (y)). Hence, if y
′ = ϕi

t (y), then

Tp0(C(y′)) = Tp0 ◦ Tϕi
t (y)(C(y)) = T(p0 ◦ ϕi

t )(C(y)) = Tp0(C(y)) for i = 2r + 1, . . . ,m − 1,

since clearly p0 ◦ ϕi
t = p0 for such i . As X2r+1, . . . , Xm−1 span the involutive distribution

χ(C), compositions of local diffeomorphisms from their flows act locally transitively on the
leaves of FC , that shows (9) for y′ in a neighborhood of y in the leaf containing y.

Now, it is easy to see that C0 is a contact structure, since the map p0 kills the kernel of
νC . More precisely, the surjective morphism of vector bundles Tp0 : TM → TM0 induces
canonically a surjective morphism pC : LC → LC0 by

pC
(

ρC (Xy)
)

= ρC0
(

Tp0(Xy)
)

.

123



2818 K. Grabowska, J. Grabowski

We have

νC0(Yi , Y j ) = ρC0
([Yi , Y j ]

) = ρC0
([(p0)∗(Xi ), (p0)∗(X j )]

)

= ρC0
(

(p0)∗([Xi , X j ]
) = ρC([Xi , X j ]

)

,

where i, j = 1, . . . , 2r . But νC is nondegenerate on the subbundle in C spanned by

X1, . . . , X2r , so the matrix
(

ρC
([Xi , X j ]

))

is nondegenerate, that proves that νC0 is non-

degenerate. Finally, it follows from (1) that ker(p∗
0(η0)) = C , so p∗

0(η0) = f η for a
nonvanishing function f (of course, f depends on the choice of η). ��
Definition 3.2 The contact structure C0 on M0 we call the reduced contact structure and the
whole procedure—the precontact-to-contact reduction.

Remark 3.3 Note that the local 1-form p∗
0(η0) on M generating C is automatically of class

(2r + 1) (cf. Theorem 2.4). Moreover, Theorem 3.1 is very similar to contact coisotropic
reductions proposed in [25, Theorem 14] and [76, Proposition 4.2]. Analogous reductions
for general Jacobi structures are considered in [77, Section 7.2]. However, the situation in
this case is much more complicated.

A natural question is now, what is the counterpart of precontact-to-contact reductions on
the level of presymplectic covers.

3.1 Symplectic reduction of presymplecticR
×-bundles

The well-known symplectic reduction of presymplectic manifolds (or constant rank subman-
ifolds in symplectic manifolds) requires some additional caution in the case of presymplectic
R

×-bundles, in order to assure that the resulted symplectic manifold has a compatible R
×-

bundle structure.

Theorem 3.4 Let (P, τ, M, h, ω) be a presymplectic cover of a contact manifold (M,C) of
rank 2r + 1. Then, the characteristic foliation Fω is simple if and only if the characteristic
foliation FC is simple.

In this case, the manifold P0 = P/Fω of Fω-leaves carries a canonical structure of a
symplectic R

×-bundle (P0, τ0, M0, h0, ω0) such that the canonical submersion p : P → P0
is a submersive morphism of R

×-bundles, i.e., h0s ◦ p = p ◦ hs , and ω = p∗(ω0).
In particular, we have the following commutative diagram for a surjective morphism of

R
×-bundles:

P
p

τ

P0

τ0

M
p0

M0.

(10)

Moreover, M0 = M/FC and M0 carries a canonical contact structure C0 such that C0 =
Tp0(C), where p0 is the canonical submersion onto the manifold of leaves of FC .

Proof Suppose FC is simple. According to Theorem 3.1, the manifold M0 = M/FC of FC -
leaves carries a canonical contact structureC0 such thatC0 = Tp0(C), where p0 : M → M0

is the canonical submersion. Consider the canonical symplectic cover (P0, τ0, M0, h0, ω0)
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Reductions: precontact versus presymplectic 2819

of the contact manifold (M0,C0), the Liouville form θ0 on P0, and the pull-back bundle
P1 = p∗

0(P0), with the commutative diagram

P1
p1

τ1

P0

τ0

M
p0

M0.

It is easy to see that P1 carries a canonical structure of a principal R
×-bundle with the R

×-
action h1 inherited from P0, and the above diagram describes a submersive morphism of
principal R

×-bundles. The 1-form θ1 = p∗
1(θ0) is clearly nonvanishing, 1-homogeneous,

and ω1 = dθ1 = p∗
1(ω0). Since p1 is a submersion, ω1 is a closed form of rank 2(r + 1) and

its characteristic distributionχ(ω1) is mapped by Tp1 onto the trivial distribution, soχ(ω1) is
transversal to the fibers of τ1. Moreover, since p0 ◦τ1 = τ0 ◦ p1 and Tp1(ker(θ1)) = ker(θ0),
we have

Tp0
(

Tτ1(ker(θ1))
) = Tτ0

(

Tp1(ker(θ1))
) = Tτ0(ker(θ0)) = C0.

Hence, Tτ1(ker(θ1)) = C andwe have just proved that (P1, τ1, M, h1, ω1) is a presymplectic
cover of (M,C). But all presymplectic covers are isomorphic, so (P, ω) � (P1, ω1), thus
the characteristic foliation Fω is simple, since Fω1 is simple by definition.

Conversely, let us assume that Fω is simple. For a leaf F of Fω, denote with [F] the
corresponding point of P0 and with ω0 the reduced symplectic form on P0. In other words,
F = p−1([F]), where p : P → P0 is the canonical surjective submersion onto the manifold
of leaves (thus a fibration). From symplectic geometry, we know that P0 is equipped with
a unique symplectic form ω0 such that p∗(ω0) = ω. Since the R

×-action h on P maps
leaves onto leaves, it induces a smooth R

×-action h0 on P0 by h0s ([F]) = [hs(F)], i.e.,
h0s ◦ p = p ◦ hs , and the fibers of τ are projected by p onto the orbits of h0. Since the leaves
of Fω are transversal to the fibers of τ , the submersion p restricted to any fiber of τ is a
local diffeomorphism. Moreover, since h∗

s (ω) = s · ω, we have (h0s )
∗(ω0) = s · ω0, so ω0

is 1-homogeneous. This easily implies that every leaf F intersects the fibers at no more than
one point, that implies that the action h0 is free.

Indeed, if in a fiber F of Fω there are two different points of the fiber τ−1(y0), say
x0 and x1 = hs0(x0), s0 = 1, then v = p(x0) = p(x1) ∈ P0, and h0s0(v) = v. Since
hs0(hs(x0)) = hs(x1), we have h0s0(h

0
s (v)) = h0s (v), so h0s0 is the identity on the whole

R
×-orbit of v.
Let us consider a local trivialization U × R

× of P over a neighborhood U of y0 ∈ M ,
which is equipped with coordinates (zi , u j ) such that y0 = (0, 0) and the foliation FC is
defined locally by the system of equations zi = const . This system of coordinates on U
gives a system of coordinates (zi , u j , s) in Ũ = τ−1(U ) = U × R

× such that s ∈ R
× and

hs′(zi , u j , s) = (zi , u j , s′s). There is a ∈ R
× such that x0 = (0, 0, a). These coordinates,

reduced to a sufficiently small neighborhood of x0, induce local coordinates (zi , s) in a
neighborhood of v in P0 such that v = (0, a). Note that zi are invariant with respect to the
R

×-action on P0. We denote zi and zi ◦ p with the same symbol, hoping that it is clear from
the context on which manifold we are. On the R

×-orbit of v, the diffeomorphism h0s0 is the
identity, so h0s0(z

i , s) = (zi , f (z)s) for z = (zi ) sufficiently close to 0, and f (0) = 1. Hence,
for the symplectic form ω0 on P0, with

ω0(v) = ds ∧ (gidz
i ) + hi jdz

i ∧ dz j , gi , hi j ∈ R,
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we have

(h0s0)
∗(ω0(v)) = d( f s)(0, a) ∧ (gidz

i ) + hi jdz
i ∧ dz j = ds ∧ (gidz

i ) + h′
i jdz

i ∧ dz j .

The identity (h0s0)
∗(ω0(v)) = s0 · ω0(v), with s0 = 1, would imply

ds ∧ (gidz
i ) = s0 · ds ∧ (gidz

i );
a contradiction, since g jdu j = 0 (otherwise ω0 would not be symplectic).

We have just proved that the smooth R
×-action h0 on P0 is free. Now, we will show that

it is proper. To prove this, it is convenient to use Borel’s characterization of properness (see
[68, Thm. 1.2.9 (5)], attributed there to Borel): a G-action on a manifold N is proper if and
only if for every compact subset K of N the subset

(K
∣
∣K ) = {g ∈ G

∣
∣ g · K ∩ K = ∅}

of G is compact.
So, let us take a compact subset K ⊂ P0, and a sequence m1,m2, . . . of points from K

which is dense in K . Let x1, x2, . . . be a sequence of points in P such that p(xi ) = mi ,
and let Ui be a neighborhood of xi having compact closure Ūi , for all i = 1, 2, . . . . Since
p is an open map, the family of open sets {p(Ui )}i∈N covers K , so we can choose a finite
covering, say U1 ∪ U2 ∪ · · · ∪ Ur . But then K̃ = Ū1 ∪ Ū2 ∪ · · · ∪ Ūr is a compact set
and K ⊂ p(K̃ ). Consequently, (K

∣
∣K ) is a closed subset of (K̃

∣
∣K̃ ) which is compact, since

the R
×-action on P is proper. Moreover, (P0, τ0, M0, h0, ω0) is a symplectic R

×-bundle
and p is a submersive homomorphism of R

×-bundles. Here, M0 = P0/R
×. The projection

τ : P → M commutes with the R
×-action, so induces a smooth map p0 : M → M0

defined by p0(τ (x)) = τ0(p(x)). Let us observe that p0(τ (x)) = p0(τ (x ′)) if and only if
p(x) and p(x ′) belong to the same R

×-orbit in P0, say p(x ′) = h0r (p(x)), so if and only if
p(x) = p(hr (x ′)). This, in turn, is equivalent to the fact that x and hr (x ′) belong to the same
leaf of Fω, and further that τ(x) and τ(x ′) belong to the same leaf of FC . This means that
M0 is a manifold of leaves of FC , that finishes the proof. ��
Remark 3.5 The reduction (10) we call the symplectic reduction of a presymplectic R

×-
bundle. Since any foliation is locally trivial, thus locally simple, symplectic reductions as
above can always be done locally, i.e., on presymplectic R

×-bundles τ−1(U ) ⊂ P , where
U is an open submanifold of M on which the foliation FC is trivial.

If actions of Lie groups by contactomorphisms are concerned, it is easy to see that such
actions ‘commute’ with the contact (equivalently, symplectic) reductions. Namely, as the
contact actions of Lie groups on precontact manifolds (equivalently, actions on presymplectic
R

×-bundles by automorphisms) respect the characteristic distribution, Theorem 3.4, together
with Corollary 2.20, immediately imply the following.

Proposition 3.6 Let (P, τ, M, h, ω) be a presymplectic cover of a precontact manifold
(M,C), let ρ : G × M → M be an action of a Lie group G on M by contactomorphisms,
and let ρ̃ : G× P → P be the canonical lift to a G-action on P by automorphisms. Suppose
that the characteristic foliation FC (equivalently, the characteristic foliation Fω) is simple,
so we have the contact (symplectic) reduction (10). Then, the G-actions ρ and ρ̃ induce
canonically actions ρ0 : G × M0 → M0 and ρ̃0 : G × P0 → P0 by contactomorphisms and
automorphisms, respectively, according to the formulae

ρ0
g(p0(y)) = p0(ρg(y)) and ρ̃0

g(p(x)) = p(ρ̃g(x)).

In particular, τ0 ◦ ρ̃0
g = ρ0

g .
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3.2 Precontact and presymplectic reductions

Sometimes we have to deal with reductions of precontact and presymplectic manifolds with
respect to foliations smaller than the characteristic foliations. In particular,wehave the follow-
ing obvious generalization of the standard symplectic reduction of presymplectic manifolds.

Proposition 3.7 Let (P, ω) be a presymplectic manifold of rank 2r . If F is a simple foliation
of P, whose leaves are integral submanifolds of the characteristic distribution χ(ω), then
the manifold P0 = P/F of leaves of F carries a canonical presymplectic form ω0 of rank
2r such that p∗(ω0) = ω, where p : P → P0 is the canonical submersion.

In the context of precontact manifolds and their presymplectic covers, we can proceed exactly
like in Theorems 3.1 and 3.4 for foliations FM and FP replacing FC and Fω, respectively,
where the leaves of FP cover the leaves of FM (thus FP is R

×-invariant), if only their
leaves are integral submanifolds of the corresponding characteristic foliations. The proofs are
essentially the same, the ranks of the reduced ω0 and C0 remain the same, only the reduced
manifolds P0 and M0 are generally of dimensions greater than the dimensions obtained
for contact and symplectic reductions. Hence, we can formulate the following theorem on
precontact/presymplectic reductions.

Theorem 3.8 Let (P, τ, M, h, ω) be a presymplectic cover of a precontact manifold (M,C)

of rank (2r + 1). Then, there is a canonical one-to-one correspondence between regular
R

×-invariant involutive distributions χP of rank k on P such that χP ⊂ χ(ω), and regular
involutive distributions χM of rank k on M such that χM ⊂ χ(C), given by χM = Tτ(χP ).
Let FP and FM be the corresponding foliations. Then, FP is simple if and only if FM is
simple.

In this case, the manifold P0 = P/FP of FP-leaves carries a canonical structure of
a presymplectic R

×-bundle (P0, τ0, M0, h0, ω0) of rank 2(r + 1) such that the canonical
submersion p : P → P0 is a submersive morphism of R

×-bundles, i.e., h0s ◦ p = p ◦ hs ,
and ω = p∗(ω0).

In particular, we have the following commutative diagram of a surjective morphism of
R

×-bundles:

P
p

τ

P0

τ0

M
p0

M0.

Moreover, M0 = M/FM, and M0 carries a canonical precontact structureC0 of rank (2r+1)
such that C0 = Tp0(C), where p0 is the canonical submersion onto the manifold of leaves
of FM.

4 Hamiltonian dynamics on precontact manifolds

4.1 Precontact Hamiltonians

A vector field on a presymplectic manifold (P, ω) we will call a Hamiltonian vector field if
there is a function H (called a Hamiltonian of X ) on P such that iXω = −dH . It is easy
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to check that a function H is a Hamiltonian if and only if H is constant on the leaves of
the characteristic foliation Fω. Note that there is no guarantee that such functions are not
just constants. Moreover, if ω is not symplectic, then a Hamiltonian H does not determine
X uniquely: Hamiltonian vector fields XH with the same Hamiltonian H differ by a vector
field taking values in the characteristic distribution χ(ω). On the other hand, we have the
following.

Proposition 4.1 On every presymplectic manifold (P, ω), there exists a Hamiltonian vector
field XH for eachHamiltonian H (i.e., a function on P which is constant on the leaves ofFω).
Two such Hamiltonian vector fields differ by a vector field taking values in the characteristic
distributionχ(ω).Moreover, we have awell-defined ‘Poisson bracket’ ofHamiltonians, given
by

{H , H ′}ω = XH (H ′) = ω(XH , XH ′), (11)

where XH , XH ′ are Hamiltonian vector fields with Hamiltonians H , H ′.

Proof For any x0 ∈ P , there is a neighborhoodU of x0 and a vector field XU
H onU such that

iXU
H (x)ω(x) = −(dH)(x) for x ∈ U . This is because we can chooseU such that Fω is trivial

on U , so we can pass locally to the symplectic reduction p : U → U0 = U/Fω such that
ω = p∗(ω0) for a symplectic form ω0 on U0. Then, H = H0 ◦ p for some Hamiltonian H0

on the symplectic manifold (U0, ω0), and as XU
H we can take any vector field on U which

projects via Tp onto the Hamiltonian vector field XH0 on U0. This is possible, since p is a
trivial fiber bundle. Of course, any two such vector fields XU

H differ by a vector field whose
projection onU0 is 0. What we have just proved is that the submanifold A ⊂ TP , defined by

A = {Xx ∈ Tx P
∣
∣ iXx ω(x) = −(dH)(x), x ∈ P},

is a smooth locally trivial affine subbundle in TP . By topological reasons (the fibers of A are
contractible), there is always a global section XH of A. Finally, the definition of the Poisson
bracket is correct, since (11) does not depend on the choice of the Hamiltonian vector fields.

��
From Corollary 2.20, we deduce now the following.

Proposition 4.2 Let (P, τ, M, h, ω) be a presymplectic cover of a precontact manifold
(M,C), and let X be an R

×-presymplectic vector field, i.e., X is an R
×-invariant vector

field such that £Xθ = 0. Then, X admits a unique 1-homogeneous Hamiltonian H defined
by H = iXθ . Consequently, any contact vector field Xc on M determines a unique 1-
homogeneous Hamiltonian H on P and a unique R

×-invariant Hamiltonian vector field X
on P such that iXω = −dH and τ∗(X) = Xc.

Proof Since X and θ are homogeneous of degrees 0 and 1, respectively, H = iXθ is homo-
geneous of degree 1. Moreover,

iXω = iXdθ = £Xθ − d(iXθ) = −dH ,

so H is a Hamiltonian for X . If H1 is another 1-homogeneous Hamiltonian for X , then
d(H − H1) = 0. But H − H1 is 1-homogeneous, so

H − H1 = £∇(H − H1) = i∇d(H − H1) = 0.

��
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We will call H = iXθ the contact Hamiltonian of Xc. Of course, a contact Hamiltonian can
be associated with many contact vector fields Xc.

Remark 4.3 H associated with Xc can be described directly by H(x) = ισXc (x), where ισXc

is the linear function on
(

LC
)∗

defined by the section σXc of LC = TM/C , σXc (y) =
ρC (Xc(y)), where we identify P with

[ (

LC
)∗ ]× (cf. Theorem 2.17).

4.2 Contact Hamiltonianmechanics

In this section, we will concentrate on contact manifolds and their symplectic covers. In
this case, any function on the symplectic cover is a Hamiltonian and determines a unique
Hamiltonian vector field. Note first that we are using the convention in which the canonical
symplectic form ωN on T∗N is ωN = dpi ∧dqi in canonical coordinates, i.e., ωN = dθN for
θN = pidqi being the Liouville 1-form on T∗N , and Hamiltonian vector fields are uniquely
defined by

iXH ω = −dH .

This gives the correct Hamilton’s equations and the map H �→ XH is a morphism of the
symplectic Poisson bracket

{H1, H2}ω = XH1(H2) = ω(XH1 , XH2)

into the Lie bracket of vector fields, X{H1,H2}ω = [XH1 , XH2 ].
The commonly accepted approach to contact Hamiltonian dynamics in the physics liter-

ature is constructed almost exclusively only for trivial contact manifolds, i.e., manifolds M
equipped with a globally defined contact 1-form η (cf. [10, 25, 28, 44, 64, 69, 73]), although
a more general approach is also known, especially in the context of Jacobi geometry (see,
e.g., [34, 35, 51, 58, 75]).

For a real valued function Ĥ (contact Hamiltonian) on a trivial contact manifold (M, η),
the corresponding contact Hamiltonian vector field Xc

Ĥ
is a vector field on M defined as the

unique one satisfying

iXc
Ĥ
η = −Ĥ , iXc

Ĥ
dη = dĤ − R(Ĥ)η, (12)

where R is the Reeb vector field for η, i.e., R is uniquely determined by iRη = 1 and
iRdη = 0. In this sense, a contact Hamiltonian system is the triple (M, η, Ĥ). Since

LXc
Ĥ
η = d iXc

Ĥ
η + iXc

Ĥ
dη = −R(Ĥ)η, (13)

Xc
Ĥ
is a contact vector field on M with the conformal factor λ = −R(Ĥ). In this realization,

the contact Jacobi bracket of two smooth functions on M is defined by

{F̂, Ĥ}η = i[Xc
F̂
,Xc

Ĥ
]η. (14)

According to (13), the flow of a contact Hamiltonian vector field preserves the contact struc-
ture, but it does not preserve neither the contact one-form nor the Hamiltonian function.
Instead, we obtain

LXc
Ĥ
Ĥ = −R(Ĥ)Ĥ .

123



2824 K. Grabowska, J. Grabowski

Referring to contact Darboux coordinates (z, qi , p j ) in which η = dz − pidqi , the Hamil-
tonian vector field determined in (12) is computed to be

Xc
Ĥ

= ∂ Ĥ

∂ pi
∂qi −

(

∂ Ĥ

∂qi
+ ∂ Ĥ

∂z
pi

)

∂pi +
(

pi
∂ Ĥ

∂ pi
− Ĥ

)

∂z,

whereas the contact Jacobi bracket (14) is

{F̂, Ĥ}η = ∂ F̂

∂qi
∂ Ĥ

∂ pi
− ∂ F̂

∂ pi

∂ Ĥ

∂qi
+

(

F̂ − pi
∂ F̂

∂ pi

)

∂ Ĥ

∂z
−

(

Ĥ − pi
∂ Ĥ

∂ pi

)

∂ F̂

∂z
.

So, the Hamilton’s equations for Ĥ read

q̇ i = ∂ Ĥ

∂ pi
, ṗi = −∂ Ĥ

∂qi
− pi

∂ Ĥ

∂z
, ż = pi

∂ Ĥ

∂ pi
− Ĥ . (15)

In our setting, contact Hamiltonians for a contact manifold (M,C) are 1-homogeneous
Hamiltonians H : P → R on the corresponding symplectic cover τ : P → M equipped
with a 1-homogeneous symplectic formω. Aswe alreadymentioned, 1-homogeneousHamil-
tonians on P can be viewed as sections of the line bundle LC → M , where LC = TM/C . The
section corresponding to a Hamiltonian H we will denote σH , and the Hamiltonian corre-
sponding to a section σ will be denoted Hσ . Since ω is 1-homogeneous, the 1-homogeneous
Hamiltonians are closedwith respect to the symplectic Poisson (Lagrange) bracket {H , H ′}ω.
This corresponds to a Jacobi bracket {σ, σ ′}J on sections of LC via

{σH , σH ′ }J = σ{H ,H ′}ω .

The correspondingHamiltonian vector fields XH (or Xσ ) on P are homogeneous of degree 0,
i.e., they areR

×-invariant, therefore they project onto the vector fields Xc
H = Xc

σH
= τ∗(XH )

onM , called contactHamiltonian vector fields. ContactHamiltonian vector fields are actually
contact vector fields, i.e., their flows preserve the contact structure (cf. Proposition 2.19), and
H �→ Xc

H is a one-to-one correspondence between contact Hamiltonians and contact vector
fields.

Note that the above understanding of Hamiltonians as sections of certain line bundles is
present already in [58] (see also [51]) and valid for an arbitrary Jacobi bundle.

Example 4.4 Let P = R
× × M be the trivial R

×-principal bundle with coordinates (s, y =
(ya)). Any trivial contact structure on P consists of the symplectic form ωη associated with
a contact 1-form η on M and defined by ωη = ds ∧ η + s · dη. If R is the Reeb vector field
for η, thenR, viewed as homogeneous vector field of weight 0 on P ,R(s, y) = R(y), is the
Hamiltonian vector field with respect to ωη with the Hamiltonian H = s, iRωη = −ds. Let
us take a function Ĥ on M and consider the homogeneous Hamiltonian (the sign depends on
conventions)

H : P → R, H(s, y) = −s · Ĥ(y).

The function Ĥ we will call a reduced contact Hamiltonian (it is defined only for trivial
R

×-bundles). The corresponding Hamiltonian vector field XH is homogeneous of weight 0,
so that XH (s, y) = F(y) s · ∂s + Y (y), where F is a (pull-back of a) function on M and
iY ds = 0, so that the vector field Y can be viewed as tangent to M and therefore identified
with the contact Hamiltonian vector field Xc

H = τ∗(XH ). In other words,

XH (s, y) = F(y) s ∂s + Xc
H (y).
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We have

iXH ωη = (sF) · η − (iXc
H
η) ds + s · iXc

H
dη = Ĥ ds + s dĤ ,

so that iXc
H
η = −Ĥ and

iXc
H
dη = dĤ − F η.

Contracting both sides with R, we get F = R(Ĥ), so

XH (s, y) = R(Ĥ)(y) s ∂s + Xc
H (y),

and in this way we reconstructed equations (12) for the reduced contact Hamiltonian Ĥ . In
Darboux coordinates y = (z, qi , p j ) for η, we recover the contact Hamilton equations (15).

5 Contact reductions

5.1 Isotropic, coisotropic, and Legendrian submanifolds

Let us fix a contact manifold (M,C) and its symplectic cover (P, τ, M, h, ω). It is obvious
that there is a canonical one-to-one correspondence between submanifolds N of M and
R

×-subbundles Ñ of P , given by N = τ(Ñ ) and Ñ = τ−1(N ).
Since in our language contact structures are understood as certain homogeneous sym-

plectic structures, objects in contact geometry are consequently homogeneous objects in
symplectic geometry. For instance, a submanifold N of the contact manifold M we call
isotropic (resp., coisotropic, Legendre) if the inverse image Ñ = τ−1(N ) is isotropic (resp.,
coisotropic, Lagrangian) in (P, ω). These concepts are well known in the literature even for
general Jacobi structures, although often defined in other languages. For some deeper studies
on contact coisotropic submanifolds, see, e.g., [51, 71, 75, 76].

Proposition 5.1 Let N be a submanifold of a contact manifold (M,C). Then,

1. N is isotropic if and only if TN ⊂ C
∣
∣
N . Equivalently, the restriction η

∣
∣
N of any local

contact form η associated with C vanishes.
2. N is coisotropic if and only if the contact vector fields Xc

H on M, associated with contact
Hamiltonians H : P → R vanishing on Ñ , are tangent to N.

3. N is a Legendre submanifold if and only if it is simultaneously isotropic nad coisotropic.

Proof 1. Let η be a local contact form onU ⊂ M such that C = ker(η). We can assume that
P over U is trivial and we can write ω on Ũ = τ−1(U ) as

ω(y, s) = ds ∧ η(y) + s · dη(y),

where y ∈ U . Assume that Ñ is isotropic in P . Since ∂s is tangent to Ñ , we get that
i∂sω vanishes on TÑ . But, for y0 ∈ N , the vector space T(y0,s) Ñ is spanned by ∂s and
Y (y0) ∈ Ty0N , so i∂sω(y0, s) = η(y0). Hence, η(y0) vanishes on Ty0N . Conversely, if η

vanishes on TN , then taking vectors Y , Y ′ ∈ Ty0N we get

ω
(

a · ∂s + Y (y0), b · ∂s + Y ′(y0)
) = a · η

(

Y ′(y0)
) − b · η (Y (y0)) + dη

(

Y (y0), Y
′(y0)

) = 0.

This is because if η
∣
∣
N = 0, then dη

∣
∣
N = 0.

2. Since contact Hamiltonians are particular Hamiltonians on P , and projectable vector
fields tangent to Ñ project onto vector fields onM which are tangent to N , the implication ‘⇒’
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follows easily.Conversely, suppose that the contact vector fields associatedwithHamiltonians
vanishing on Ñ are tangent to N . This implies that the Hamiltonian vector fields XH on P
associated with 1-homogeneous Hamiltonians vanishing on Ñ are tangent to Ñ . We have to
show that it is true for all Hamiltonians on P vanishing on Ñ . Since the statement is local, we
can assume that P = R

× × M and ω(s, y) = ds ∧η(y)+ s · dη(y), where y ∈ M . Consider
an arbitrary Hamiltonian H = H(y, s) on P , H(y0, s) = 0 if y0 ∈ N . For a fixed s0 ∈ R

×,
let Ĥ(y) = H(y, s0)/s0. It is a function on M , so H ′(y, s) = s · Ĥ(y) is a 1-homogeneous
Hamiltonian on P . Let us take y0 ∈ N . Since

dH ′(y0, s0) = Ĥ(y0)ds + s0
∂ Ĥ

∂ y
(y0) = ∂H

∂ y
(y0, s0) = dH(y0, s0),

the vectors XH (y0, s0) and XH ′(y0, s0) coincide. But the latter is tangent to Ñ , that completes
the proof.

3. It follows from the well-known fact that Lagrangian submanifolds in a symplectic
manifold can be characterized as being simultaneously isotropic and coisotropic. ��

Note that Ñ being R
×-invariant is actually an R

×-principal bundle itself, τN : Ñ → N ,
where τN = τ

∣
∣
Ñ , equipped additionally with a 1-homogeneous closed 2-form ω

∣
∣
Ñ . Here,

we understand ω
∣
∣
Ñ as i ∗̃

N
(ω), where i Ñ : Ñ ↪→ P is the canonical inclusion map. We will

write simply τ instead of τN , that should not lead to any misunderstanding.
The above concepts can be formulated also in the precontact/presymplectic case, although

the concept of Legendrian/Lagrangian submanifolds in noncontact/nonsymplectic case are
used less frequently. For instance, if Ñ is a submanifold in a precontact manifold (P, ω) of
rank 2r , then

1. Ñ is isotropic if ω
∣
∣
Ñ = 0, i.e., TÑ + χ(ω)

∣
∣
Ñ ⊂ (TÑ )ω;

2. Ñ is coisotropic if (TÑ )ω ⊂ TÑ + χ(ω)
∣
∣
Ñ ;

3. Ñ is Lagrangian if it is isotropic and coisotropic, i.e., (TÑ )ω = TÑ + χ(ω)
∣
∣
Ñ ,

where (TÑ )ω denotes the ’orthogonal complement’ of TÑ with respect to ω, i.e., for x ∈ Ñ ,

(TÑ )ω(x) = {X ∈ Tx P
∣
∣ ω(X , Y ) = 0 for all Y ∈ Tx Ñ }.

Since we always have a local symplectic reduction to a symplectic manifold of dimension
2r , any Lagrangian submanifold Ñ is locally projected by the reduction to a Lagrangian
submanifold of the reduced symplectic manifold, so the rank d of the intersection TÑ ∩
χ(ω)

∣
∣
Ñ is locally constant and dim Ñ = r + d (cf. [47, Definition 2.2]). For precontact

manifolds, we have the following analog of Proposition 5.1.

Proposition 5.2 Let N be a submanifold of a precontact manifold (M,C). Then,

1. N is isotropic if and only if TN ⊂ C
∣
∣
N .

2. N is coisotropic if and only if the contact vector fields Xc
H on M, associated with contact

Hamiltonians H : P → R vanishing on Ñ , take values in Ty N + χ(C)(y) for y ∈ N.
3. N is a Legendre submanifold if and only if it is simultaneously isotropic nad coisotropic.

5.2 Constant rank reduction

For general symplectic reductions, we refer to [4, 5, 55]. For symplectic reductions byHamil-
tonian actions of Lie groups to [1, 3, 55, 59, 61].
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Reductions: precontact versus presymplectic 2827

Constant rank submanifolds in a symplectic manifold are defined as those submanifolds
Ñ for which the restriction of the symplectic form to Ñ is a closed 2-form of constant
rank (recall that we decided to call such 2-forms presymplectic forms). It could suggest that
this leads naturally to the definition of constant rank submanifolds of a contact manifold
M as those submanifolds N ⊂ M for which Ñ = τ−1(N ) is a constant rank submanifold
in (P, ω), i.e., the closed 2-form ω

∣
∣
Ñ is of constant rank. There is, however, a problem

with such a definition, especially if we want to work with reductions, since constant rank
R

×-subbundles Ñ in symplectic R
×-bundles (P, τ, M, h, ω) need not to be presymplectic

R
×-bundles themselves. This is because the characteristic distribution of ω

∣
∣
Ñ need not to

be transversal to the fibers of τ : Ñ → N .
Let us start with looking closer at corresponding characteristic distributions. Let

(P, τ, M, h, ω) be a presymplectic cover of a precontact manifold (M,C) of rank (2r + 1),
with the 2-form νC : C ×M C → LC on C of rank 2r , the Euler vector field ∇, and the
Liouville 1-form θ , so C = Tτ(ker(θ)) ⊂ TM . Let N be a submanifold of M . If we denote
TC N = TN ∩C , then it is clear that the dimension of TCy N may jump at some points y ∈ N ,

so generally TC N is not even a smooth distribution.
For x ∈ Ñ and y ∈ N , denote with χ(Ñ )(x) ⊂ Tx P the kernel of ω

∣
∣
Ñ (x), and with

χ(N )(y) ⊂ TM the kernel of
(

νCN

)

(y), where νCN = νC
∣
∣
TC N . The dimensions of these

kernels we denote k(Ñ )(x) and k(N )(y), respectively. We know that if a 1-form η generates
the precontact structure C = ker(η) locally on U ⊂ M , then we have a local trivialization
Ũ = U × R

× in which ω = ωη. From Proposition 2.8, we know that Txτ maps χ(Ñ )(x)
onto χ(N )(y), where y = τ(x), so k(Ñ )(x) ≥ k(N )(y) and these dimensions are equal if
and only if η

∣
∣
N (y) = 0. The latter is equivalent to Ty N � Cy , and to the fact that ωÑ has

no vertical characteristic vectors (the characteristic distribution is transversal to the fibers of
τ ). A submanifolds N of M we will call transversal if Ty N � Cy for all y ∈ N . In general it
could be k(Ñ )(x) = k(N )(y) + 1 even if k(Ñ ) is constant or k(N ) is constant, which shows
that we cannot work with constant rank submanifolds in the traditional meaning.

Example 5.3 Consider the contact form η = dz − pdq on M = R
3 and the submanifold

N ⊂ M defined by the equation z = 0, so the tangent bundle TN is spanned by vector fields
∂q , ∂p and the contact form restricted to N reads ηN = −pdq . Hence, d(ηN ) = dq ∧ dp
and TC(p,q)N is spanned by ∂p if p = 0, and TC(0,q)N = T(0,q)N . Consequently, χ(N )(p, q)

is spanned by ∂p if p = 0, and is trivial if p = 0, so the generalized distribution χ(N ) is not
regular. However, Ñ is of constant rank. Indeed, the submanifold Ñ on P = M × R

× with
adapted coordinates (z, p, q, s) is defined by the same equation z = 0. Since the symplectic
form reads

ω = ds ∧ η + s · dη = ds ∧ dz + dq ∧ (sdp + pds),

its restriction to Ñ is

ω
∣
∣
Ñ = −p ds ∧ dq + s dq ∧ dp = dq ∧ (sdp + pds).

Its kernel is generated by s∂s − p∂p . It is a nowhere vanishing vector field on Ñ , so χ(Ñ ) is of
constant rank 1. Actually, Ñ is coisotropic. Indeed, the vector field X(p, q, s) = s∂s − p∂p
is the restriction to Ñ of the vector field s∂s − p∂p − z∂z which is the Hamiltonian vector
field for the 1-homogeneous Hamiltonian H(z, p, q, s) = s · z. Note that X(0, q, s) = s∂s
is vertical, so χ(Ñ )(0, q, s) is the vertical part of the tangent space T(0,q,s) Ñ .

Example 5.4 Consider the standard contact form η = dz − p1dq1 − p2dq2 on M = R
5.

Let a submanifold N in M be defined by the equations z = 0, q1 = q2, so we can take
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(p1, p2, q = q1 + q2) as coordinates on N in which the contact form restricted to N reads
ηN = −(p1 + p2)dq . Hence, TC(p1,p2,q)N is spanned by ∂p1 , ∂p2 if p1 + p2 = 0 and equals
TN if p1 + p2 = 0. Since d(ηN ) = dq ∧ dp1 + dq ∧ dp2, the kernel of d(ηN ) as a bilinear
form on TC N is in both cases spanned by ∂p1 , ∂p2 (cf. (2)), so N is of constant rank.

The above examples show that even if Ñ is of constant rank in (P, ω), the distribution
χ(N ) ⊂ TN can be of non-constant rank, and vice versa. As Example 5.3 shows, even
coisotropic submanifolds can be non-transversal. This is, of course, a very bad situation if
we want to use this distribution for a reduction, and suggests the following definition.

Definition 5.5 A submanifold N of a contact manifold (M,C) is of constant rank if N is
transversal and the characteristic distribution χ(N ) is of constant rank. An R

×-subbundle
τ : Ñ → N of a symplectic R

× principal bundle τ : P → M we call constantly transversal
if the characteristic distribution χ(Ñ ) ⊂ TÑ has constant rank and it is transversal to the
fibers of τ (has no vertical vectors).

The following is now obvious.

Proposition 5.6 Let (P, τ, M, h, ω) be a symplectic cover of a contact manifold (M,C),
and let N be a submanifold of M. Then, N is of constant rank, if and only Ñ = τ−1(N ) is
constantly transversal. This is equivalent to the fact that (N , TC N ) is a precontact manifold
of rank (2r + 1), and to the fact that (Ñ , τ, N , h, ω

∣
∣
Ñ ) is its presymplectic R

×-bundle of
rank 2(r + 1), where 2r = dim(N ) − k(N ). In this case, the characteristic distributions
χ(N ) and χ(Ñ ) are regular and involutive, so define the corresponding foliations FN and
FÑ , respectively.

The foliations FN and FÑ we call the characteristic foliations of N and Ñ , respectively.
Theorem 3.4 immediately implies the following result on contact constant rank reduction.

Theorem 5.7 (contact constant rank reduction) Let (P, τ, M, h, ω) be a symplectic cover
of a contact manifold (M,C), and let N be a constant rank submanifold of M such that
its characteristic foliation FN is simple, with the canonical submersion p0 : N → N0 =
N/FN . Then, (N , TC N ) is a precontact manifold, p0 is a precontact-to-contact reduction,
and Ñ = τ−1(N ) is a presymplectic R

×-subbundle of (P, τ, M, h, ω), with all structures
inherited from the latter. Moreover, the characteristic foliation FÑ is also simple, with the
canonical submersion p : Ñ → Ñ0 = Ñ/FÑ , and we have the commutative diagram

Ñ
p

τ

Ñ0

τ0

N
p0

N0

in which the right-hand side is a symplectic R
×-bundle and the horizontal maps form a

symplectic reduction of the presymplectic R
×-bundle Ñ .
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6 Contact Marsden–Weinstein–Meyer reduction

6.1 Precontact momentmaps

Let (P, τ, M, h, ω)be a presymplectic cover of a precontactmanifold (M,C)of rank (2r+1),
and let

ρ : G × M → M, ρ(g, y) = gc(y),

be an action of a Lie group G on M by contactomorphisms. This induces a homomorphism
ξ �→ ξ c of the Lie algebra g of G into the Lie algebra of contact vector fields on M , where
ξ c is the fundamental vector field associated with the action ρ and ξ ∈ g. The group action
ρ is covered by an action (see Corollary 2.20)

ρ̃ : G × P → P, ρ̃(g, x) = g̃(x)

of G on P by automorphisms of the presymplectic R
×-bundle structure, i.e.,

(g̃)∗(ω) = ω, hs ◦ g̃ = g̃ ◦ hs, τ ◦ g̃ = gc.

Moreover, any contact vector field ξ c is covered by a uniqueR
×-invariant Hamiltonian vector

field ξ̂ on P , with 1-homogeneous Hamiltonian Hξ = i
ξ̂
θ on P . Therefore, we do not have

the problems with defining the moment map, coming from non-uniqueness of Hamiltonians
in the standard symplectic setting.

Let ĝ be the Lie algebra of vector fields spanned by ξ̂ (the infinitesimal action of G). It is
easy to see that ĝ(x) is the tangent space to the G-orbit G.x = {g̃(x) ∣

∣ g ∈ G} at x ∈ P ,

Tx (G.x) = ĝ(x) = {ξ̂ (x)
∣
∣ ξ ∈ g}.

Of course, τ : P → M maps G-orbits in P onto G-orbits in M . We define the map

J : P → g∗,
〈

J (x), ξ
〉 = Hξ (x) = (i

ξ̂
θ)(x),

which we will call the contact moment map associated with the action ρ of G on M by
contactomorphisms. Actually, in the context of moment maps and reductions, only the Lie
algebra of vector fields ĝ (a g-action) is needed if G is connected. Note that, in contrast to
the majority of existing literature (cf. [2, 25, 31, 52, 79]), our contact moment map is defined
on P , not on M . This moment map is known to be Ad-equivariant. The equivariance means
that

J (g̃(x)) = (Ad∗)g(J (x)) = (Adg−1)∗(J (x)),

so

Hξ (g̃(x)) = HAdg−1 (ξ)(x).

In our case, the moment map is not only equivariant, but it intertwines additionally the
corresponding R

×-actions,

J (hs(x)) = s · J (x). (16)

Indeed,
〈

J (hs(x)), ξ
〉 = Hξ (hs(x)) = s · Hξ (x) = 〈

s · J (x), ξ
〉

,
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since Hξ is 1-homogeneous. For any vector subspace V ⊂ Tx P , with V ω we denote the
’orthogonal complement’ of V with respect to ω, i.e., V ω(x) = {X ∈ Tx P

∣
∣ ω(X , V (x)) =

0}.
Proposition 6.1 Let K (J ) ⊂ TP be the kernel of TJ . Then,

K (J )(x) =
⋂

ξ∈g
ker(dHξ (x)) = (ĝ(x))ω. (17)

In particular, χ(ω) ⊂ K (J ), so the moment map J is constant along the leaves of the charac-
teristic foliationFω. In the case when the foliationFω (equivalently,FC) is simple, the map J
induces the moment map J 0 : P0 → g∗ for the induced G-action (the g-action is enough) on
the reduced symplectic R

×-bundle P0 = P/Fω (cf. Proposition 3.6) by J 0(p(x)) = J (x),
where p : P → P0 is the canonical submersion.

Proof Let X ∈ K (J )(x0), and let γ : R → P be a smooth curve representing X , i.e.,
γ (0) = x0 and γ̇ (0) = X . For any ξ ∈ g, we have

0 = 〈

(Tx0 J )(X), ξ
〉 = d

dt

∣
∣
∣
t=0

〈

J (γ (t)), ξ
〉 = d

dt

∣
∣
∣
t=0

Hξ (γ (t)) = iX (dHξ (x0)) = i
ξ̂ (x0)

iXω.

The rest is obvious. ��
The above proposition shows that, in the case of simple FC (e.g., if C is a contact structure)
we can reduce our considerations to the standard Marsden–Weinstein–Meyer Hamiltonian
reduction.

6.2 The precontact Marsden–Weinstein–Meyer theorem

Our construction will be modeled on the standard Marsden–Weinstein–Meyer reduction,
with some necessary adaptation to the case of presymplectic R

×-bundles. We will assume
that G is connected. Let us fix μ ∈ g∗. The inverse image Pμ = J−1(μ), considered in the
standard approach, is R

×-invariant only if μ = 0, so for μ = 0 we consider

P[μ] = J−1([μ]×) =
⋃

s =0

hs(Pμ),

which is the smallest R
×-subbundle in P containing Pμ. Here, [μ]× = {sμ ∣

∣ s = 0}. Of
course, Psμ = hs(Pμ) and P[sμ] = P[μ] for s = 0 (cf. (16)).

We say that μ is a weakly regular value of J if Pμ is a submanifold and for every x ∈ Pμ

we have K (J )(x) = ker(Tx J ) = Tx Pμ. Of course, due to (16), μ is a weekly regular value
if and only if sμ is a weakly regular value, where s = 0, and any regular value is also
weakly regular. In what follows we always assume that μ is a weakly regular value. Then,
Tx Pμ = K (J )(x) and (17) implies that all Hamiltonians Hξ , ξ ∈ g, are constant on Pμ, thus
on all Psμ, s ∈ R

×. Moreover, due to the equivariance of the moment map, the subgroup

Gμ = {g ∈ G
∣
∣ Ad∗

g(μ) = μ}
of G acts on Pμ. Denote its Lie algebra with gμ, and the distribution spanned by ξ̂ for ξ ∈ gμ

with ĝμ.
The cases μ = 0 and μ = 0 are essentially different, so we will consider them separately.

Let us start with the case μ = 0 which is more sophisticated. In this case, the submanifold
P[μ] of P is foliated by 1-codimensional submanifolds Psμ, s = 0, which are transversal to
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Reductions: precontact versus presymplectic 2831

the τ -fibers, so τ(P[μ]) = τ(Pμ) = Mμ is a submanifold in M , and the subgroup Gμ acts
on Mμ. We will describe the characteristic distribution of the submanifold P[μ].

Let us first look at the characteristic distribution χ(ωμ), where ωμ is the restriction of ω

to Pμ. We know that, for x ∈ Pμ, the tangent space Tx Pμ equals K (J )(x) = (ĝ(x))ω (17).
Assume first that ω is symplectic. Then, ĝ(x) = (Tx Pμ)ω, so

χ(ωμ)(x) = (Tx Pμ)ωμ = ĝμ(x).

Using a local symplectic reduction of the presymplecticR
×-bundle P and the corresponding

reduction of themomentmap (Proposition 6.1), we can infer that in the general presymplectic
case we have

(Tx Pμ)ω = ĝ(x) + χ(ω)(x) and χ(ωμ)(x) = (Tx Pμ)ωμ = ĝμ(x) + χ(ω)(x). (18)

Note that we are actually interested in the characteristic distribution of ω[μ] = ω
∣
∣
P[μ]of ω

restricted to P[μ] rather than χ(ωμ). As the R
×-action allows for identifying each Psμ with

Pμ, we have TP[μ] = TPμ ⊕[∇], where [∇] is the line subbundle of vertical vectors in TP[μ],
thus generated by the Euler vector field ∇.

First of all, ∇(x) ∈ χ(ω[μ])(x) if and only if i∇(x)ω = θ(x) vanishes on Tx Pμ, so
Tτ(x)Mμ ⊂ C . We can exclude this case assuming that Mμ is a transversal submanifold in
(M,C). It remains to check for which X ∈ χ(ωμ)(x)we have 0 = ω(∇(x), X) = 〈

θ(x), X
〉

.

But χ(ωμ)(x) = ĝμ(x) + χ(ω)(x) (18), so it is enough to take X = ξ̂ (x) for ξ ∈ gμ. We
have then

0 = 〈

θ(x), ξ̂ (x)
〉 = Hξ (x) = 〈

J (x), ξ
〉 = 〈

μ, ξ
〉

,

which means that μ annihilates ξ , i.e., ξ ∈ ker(μ). It is easy to see that g0μ = gμ ∩ ker(μ)

is an ideal in the Lie algebra gμ. Indeed, ξ ∈ gμ if and only if ad∗
ξ (μ) = 0. Hence, for

ξ, ξ ′ ∈ gμ we have

0 = 〈

ad∗
ξ (μ), ξ ′〉 = −〈

μ, [ξ, ξ ′]〉,
i.e., [gμ, gμ] ⊂ g0μ. The corresponding connected Lie subgroup in Gμ we denote G0

μ. We
conclude that in the case when Mμ is transversal, we have

χ(ω[μ]) = ĝ0μ + χ(ω)

on P[μ].
Let us pass to the case μ = 0. Now, P0 = P[0] is automatically an R

×-subbundle in P
over a certain submanifold M0 = τ(P0) of M . Similarly as in (18), we have

(Tx P0)ω = ĝ(x) + χ(ω)(x) and χ(ω0)(x) = ĝ00(x) + χ(ω)(x).

Note that in this case g00 = g0 = g. Summarizing these observations, we get the following.

Theorem 6.2 For any weekly regular value μ ∈ g∗ of the moment map J such that Mμ is
a transversal submanifold of (M,C), the characteristic distribution χ(ω[μ]) of the closed
2-form ω[μ] = ω

∣
∣
P[μ] on P[μ] is

χ(ω[μ]) = ĝ0μ + χ(ω),

and the characteristic distribution χ(Cμ) of the field of hyperplanes Cμ = C ∩ TMμ on Mμ

is Tτ
(

χ(ω[μ])
)

and equals

χ(Cμ) = (g0μ)c + χ(C),
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where ĝ0μ (resp., (g0μ)c) is the distribution on P[μ] (resp. Mμ) spanned by the Hamiltonian

vector fields ξ̂ (resp., by the contact vector fields ξ c), where ξ ∈ g0μ and g0μ = gμ ∩ ker(μ)

is a Lie ideal in gμ.
In particular, if the distribution ĝ0μ + χ(ω) (equivalently, (g0μ)c + χ(C)) is of constant

rank on P[μ] (resp., Mμ), then (P[μ], τ, Mμ, h, ω[μ]) is a presymplectic R
×-bundle covering

the precontact manifold (Mμ,Cμ), where Cμ = TMμ ∩ C.

Under the assumptions of Theorem 6.2, we can carry out the presymplectic reduction (The-
orem 3.8), provided that the action of G0

μ on Mμ is free and proper. In this case, the orbits
of the subgroup G0

μ on Mμ (resp., on P[μ]) form a regular simple foliation, spanned by
(g0μ)c (resp., ĝ0μ). The characteristic foliation χ(Cμ) (resp., χ(ω[μ])) is then of constant
rank if and only if the intersection (g0μ)c ∩ χ(C) (equivalently, ĝ0μ ∩ χ(ω)) is of constant
rank, e.g., χ(C) ⊂ (g0μ)c (resp., χ(ω) ⊂ ĝ0μ). The latter condition is automatically satisfied
for C being contact (resp., ω being symplectic). Therefore, we can formulate the following
precontact/presymplectic version of the Marsden–Weinstein–Meyer theorem.

Theorem 6.3 Let (P, τ, M, h, ω) be a presymplectic cover of a precontact manifold (M,C),
let ρ : G × M → M be an action on M of a Lie group G by contactomorphisms, and let
ρ̃ : G × P → P be the Hamiltonian cover of this action, associating with every element ξ

of the Lie algebra g of G the contact vector field ξ c on (M,C) and the Hamiltonian vector
field ξ̂ on (P, ω).

Let J : P → g∗ be the corresponding contact moment map, and let μ ∈ g∗ be a
weakly regular value of J , so that P[μ] = J−1([μ]×) is an R

×-subbundle of P, covering a
submanifold Mμ = τ(P[μ]) of M. Then the connected Lie subgroup G0

μ of G, corresponding
to the Lie subalgebra

g0μ = {ξ ∈ ker(μ)
∣
∣ ad∗

ξ (μ) = 0}
of g, acts on P[μ] and Mμ.

Suppose that Mμ is a transversal submanifold in (M,C) and the G0
μ-action on Mμ

is free and proper, so that we have a canonical submersion π : Mμ → M(μ) onto the
orbit manifold M(μ) = Mμ/G0

μ. Suppose additionally that the distribution (g0μ)c ∩ χC

(equivalently, ĝ0μ ∩ χ(ω)) is regular (e.g., C is contact/ω is symplectic), where (g0μ)c is the

distribution on Mμ spanned by the contact vector fields ξ c with ξ ∈ g0μ.
Then, M(μ) is canonically a precontact manifold with the precontact structure C(μ) =

Tπ(C ∩ TMμ). Moreover, the G0
μ-action on P[μ] is also free and proper, so that we have

a canonical submersion p : P[μ] → P(μ) onto the orbit manifold P(μ) = P[μ]/G0
μ, and

P(μ) carries a presymplectic R
×-bundle structure (P(μ), τμ, M(μ), hμ, ω(μ)) such that

P[μ]
p

τ

P(μ)

τμ

Mμ
π

M(μ)

is a morphism ofR×-bundles and p∗(ω(μ)) = ω
∣
∣
P[μ] . Moreover, C(μ) is a contact structure

(resp., ω(μ) is symplectic) if only C is contact (resp., ω is symplectic).

An obvious consequence of the above theorem in the case when (M,C) is a contact manifold,
i.e., a contact Marsden–Weinstein–Meyer theorem, is Theorem 1.1. A particular case of the
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latter is Theorem 1 in [79]. Note that if the action of Gμ is free and proper, then the action
of G0

μ is free and proper if and only if G0
μ is closed in Gμ (Gμ is always a closed subgroup

of G), thus closed in G. A characterization of closeness of G0
μ for compact G is given in the

following proposition.

Proposition 6.4 If G is compact and connected, then G0
μ is a closed (thus compact) subgroup

in Gμ if and only if aμ induces a character on Gμ for some a = 0, i.e., the linear map
aμ : gμ → R gives rise to a group homomorphism

ϕaμ : Gμ → S1 = R/Z, ϕaμ(exp(v)) = a〈μ, v〉 mod Z

for all v ∈ gμ. In other words, aμ ∈ g∗ takes integer values on the kernel of exp : gμ → Gμ.

Proof Since for G being compact and connected the subgroup Gμ is always connected (see,
e.g., [8]), the normal subgroup G0

μ of Gμ is closed in Gμ if and only if Gμ/G0
μ � S1. Let

ϕ : Gμ → S1 = Gμ/G0
μ be the canonical group homomorphism. Since g0μ = ker(μ), the

corresponding morphism Dϕ : gμ → gμ/g0μ � R has the form Dϕ(v) = a〈μ, v〉 for some
a ∈ R, a = 0, so ϕ = ϕaμ. ��
Example 6.5 A simple numerical example for the above contact Marsden–Weinstein–Meyer
reduction is the following. Consider M = T∗

R × R with the contact structure determined
by the Darboux contact form η = dz − pdq . In other words, this is the canonical contact
structure on the first jet bundle J1(R; R). Hence, τ : P = M × R

× → M is the trivial
R

×-bundle and

ω = ds ∧ (dz − p dq) + s · dq ∧ dp.

Moreover, ∇ = s ∂s and θ = s · η = s · (dz− p dq). Consider the 1-dimensional Lie algebra
g = R and its realization in vector fields on M given by ξ �→ ξ c = ξ ·(∂q − p ∂p− z ∂z). This
is the infinitesimal part of the action of the groupG = R by t .(z, p, q) = (e−t z, e−t p, q+ t)
on M by contactomorphisms. The vector fields ξ c are contact vector fields, £ξ c η = 0, and
the corresponding 1-homogeneous Hamiltonians read Hξ = ξ · s · (p + z). Indeed, the
Hamiltonian vector field ξ̂ = XHξ on P reads

ξ̂ = ξ · (∂q − p ∂p − z ∂z + s ∂s),

so its projection onto M is exactly ξ c. The moment map J : P → R
∗ satisfies

ξ · J (s, z, q, p) = Hξ (s, z, q, p) = ξ · s · (p + z),

so J (s, z, q, p) = s · (p + z) with every μ ∈ R
∗ as a regular value.

Let us consider first the case μ = 0, so that P0 = J−1(0) is the 3-dimensional and
R

×-invariant submanifold in P , defined by the equation p + z = 0. We can take (s, z, q) as
global coordinates parameterizing P0, (s, z, q) �→ (s, z, q,−z), in which

ω
∣
∣
P0

(s, z, q) = ds ∧ (dz + z dq) − s dq ∧ dz. (19)

The submanifold M0 = τ(P0) in M is of dimension 2 and it is defined by the same equation
p + z = 0, so that M0 is a transversal submanifold and (z, q) serve as coordinates in
M0. The rank of ω

∣
∣
P0

is clearly 2, so the rank of the distribution D = ker(ω
∣
∣
P0

) is 1.
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The distribution D is thus generated by the vector field X = ∂q − z ∂z + s ∂s , as X is
nonvanishing and iX (ω

∣
∣
P0

) = 0. Note that X is the restriction of the Hamiltonian vector

field 1̂ = ∂q − p ∂p − z ∂z + s ∂s to P0. This vector field is nowhere vanishing, so it spans
D, and the corresponding R-action on P0 is

t .(z, q, s) = (e−t z, q + t, et s).

As 1-dimensional submanifolds, the trajectories of this action are described by the system of
equations s e−q = s′ and z eq = z′, where (z′, s′) ∈ R × R

×, so that (z′, s′) are coordinates
in P(0) = P0/R. The reduced principal R

×-action on P(0) is clearly s.(z′, s′) = (z′, s s′),
and the reduced symplectic form reads (cf. (19))

ω(0) = d(s′ eq) ∧ (

d(z′ e−q) + z′ e−q dq
) − s′ eq dq ∧ d(z′ e−q) = ds′ ∧ dz′.

The trivialR×-bundle P(0) = R×R
× with the symplectic formω(0) is the symplectic cover

of the unique (trivial) contact structureC = R×{0} ⊂ TR onR, which is associated with the
contact formη′ = dz′. Note that the analog of the above procedure can be done forT∗

R
n+1×R

equipped with the canonical contact form. If we view T∗
R
n+1 × R as T∗

R × T∗
R
n × R with

coordinates (z, q, p, qi , p j ), then formally the same contact vector field ξ̂ can be used as the
infinitesimal part of theR action involving only coordinates (z, q, p, s). Thewhole procedure
will give the canonical contact structure on T∗

R
n × R as the reduced structure.

Our procedure is intrinsic, so does not depend on the particular choice of the (local) contact
form generating the contact structure. For instance, if we start in our example from

η̃ = f · η = f · (dz − p dq − pidq
i ),

where f is a nowhere vanishing function on M = T∗
R
n+1 × R, then we have another

trivialization of P with s̃ = f · s and the rest of coordinates unchanged. In these coordinates,
the procedure is the same, and we end up finally with another trivialization of P(0) with
coordinates (z′, qi , pi , s̃′), where s̃′ = f (z, 0,−z, qi , p j ) · s′. This corresponds to the new
contact form

η̃′ = f (z, 0,−z, qi , p j ) · η(z, q, p, qi , p j ),

which is clearly equivalent to η, so that it induces the same reduced contact structure.
If now μ ∈ R

∗, μ = 0, then Pμ is the submanifold in P = M × R
× defined by the

equation s = μ/(p + z), p + z = 0, and P ′ = P[μ] = J−1((R∗)×) is an open-dense
submanifold in P of those (z, p, q, s) ∈ T∗

R×R×R
× such that (p+ z) = 0. The action of

R on P preserves P ′, so its action on M preserves the open-dense submanifold M ′ = τ(P ′)
defined by (p+ z) = 0. The group G = R is commutative, so gμ = g and g0μ = {0}. Hence,
M ′ and P ′ with restricted contact (resp., symplectic) structures are the reduced structures in
this case.

In the next example, we consider first jet prolongations of group actions on line bundles
which can serve as canonical examples of group actions by contactomorphisms on nontrivial
contact manifolds.

Example 6.6 In this example, we show how to produce a contact analog of the Marsden–
Weinstein–Meyer reduction for the cotangent lifts of group actions on a manifold (see, e.g.,
[1, 67, 70]).

Let τ0 : L → Q be a line bundle,π0 : L∗ → Q be its dual, andG be a Lie group. Note first
that, similarly to the case of cotangent bundles, any G-action ρ̂ : G× L → L on L by vector
bundle automorphisms can be canonically lifted to a contact G-action ρ : G× J1L∗ → J1L∗
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on the first jet bundle J1L∗ of sections σ : Q → L∗ of L∗, equipped with its canonical
contact structure. Indeed, if ρ̂∗ : G × L∗ → L∗ is the dual action on L∗ and the vector
bundle isomorphisms ρ̂g reads

L
ρ̂g

τ0

L

τ0

Q
ρ̂0
g

Q,

then ρ is uniquely determined by

ρg(j
1
q(σ )) = j1

ρ̂0
g (q)

(ρ̂∗
g ◦ σ ◦ ρ̂0

g−1).

Recall that infinitesimal automorphisms of a vector bundle consist of linear vector fields on
the bundle and the symplectic cover of the contact manifold J1L∗ is P = T∗L×, with the
phase lift of the R

×-action on L× and the canonical symplectic structure of the cotangent
bundle [34, 38]. The Hamiltonian action of G on T∗L×, lifted from the contact action on
J1L∗, is the standard cotangent lift of the G action on L , thus on L×.

If ξ ∈ g is an element in the Lie algebra g of G and ξ̂0 is the corresponding linear vector
field on L (thus a 1-homogeneous vector field on L×), associated with the G-action ρ̂ on L
by vector bundle automorphisms, then the contact Hamiltonian Hξ on T∗L× is Hξ = ι

ξ̂0
,

where ι
ξ̂0
is the linear function on T∗L , thus on T∗L×, associated with the vector field ξ̂0 on

L . Since ξ̂0 is a linear vector field on L , it is easy to see that the function ι
ξ̂0

on T∗L× is

additionally 1-homogeneous with respect to the lifted principal R
×-bundle structure, thus a

contact Hamiltonian. The corresponding Hamiltonian vector field ξ̂ = XHξ is therefore the

well-known cotangent lift of the vector field ξ̂0 on L , and the contact moment map reads

J : T∗L× → g∗,
〈

J (αv), ξ
〉 = ι

ξ̂0
(αv) = 〈

αv, ξ̂0(v)
〉

,

where αv ∈ T∗
vL

×, v ∈ L×.
For 0 = μ ∈ g∗, we can proceed now with the traditional Marsden–Weinstein–Meyer

reduction,which is known to yield the reduced symplecticmanifold J−1(0)/G = T∗(L×/G).
Since clearly L×/G = (L/G)×, the corresponding reduced contact manifold is J1(L/G)∗ =
J1(L∗/G) with its canonical contact structure. The case μ = 0 is more complicated even
in the standard situation and leads to the so-called fibration cotangent bundle reduction [67,
Theorem 6.6.8]. The studies on corresponding contact analogs of the latter we postpone to a
separate paper.

7 Conclusions and outlook

We presented in this paper a fully intrinsic geometric approach to reductions of contact man-
ifolds, which serves for general (also nontrivial) contact structures. This approach is closely
related to symplectic reductions, due to a one-to-one correspondence between contact mani-
folds and symplectic manifolds of a special type (symplecticR

×-bundles). Actually, all tools
can be easily adapted to the precontact/presymplectic structures introduced in the paper. We
obtained precontact-to-contact reductions, as well as precontact versions of the celebrated
Marsden–Weinstein–Meyer theorem. The presentation was concentrated on introducing geo-
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metric concepts and tools.A next stepwill be devoted to closer analysis of important examples
coming from physics and other potential applications.

The precontact/presymplectic framework can be crucial for these aims, since presym-
plectic structures play a fundamental rôle in various problems of physics origins, especially
related to constrained systems (e.g., [14, 33, 70, 72]) or time-dependent mechanics [47].
For instance, the presymplectic approach is a crucial step in the relativistic theory, e.g., the
equations of motion of a charged spinning particle moving in a space-time (with or without
torsion) in the presence of an electromagnetic field. The power of presymplectic formulation
resides in the fact that it is manifestly covariant and does not require non-relativistic concepts,
like absolute time, to describe dynamics. Also the space of solutions of first-order Hamil-
tonian field theories is a presymplectic manifold, that was exploited in a series of papers
[16–18] describing covariant variational evolution and Poisson/Jacobi brackets on the space
of functions on the solutions to a variational problem. We plan to carry out studies in these
directions and publish them in forthcoming papers.
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