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Abstract
Perfect nonlinear (PN) functions over a finite field, whose study is also motivated by prac-
tical applications to Cryptography, have been the subject of several recent papers where 
the main problems, such as effective constructions and non-existence results, are consid-
ered. So far, all contributions have focused on PN functions represented by polynomials, 
and their constructions. Unfortunately, for polynomial PN functions, the approach based 
on Hasse–Weil type bounds applied to function fields can only provide non-existence 
results in a small degree regime. In this paper, we investigate the non-existence problem 
of rational perfect nonlinear functions over a finite field. Our approach makes it possible 
to use deep results about the number of points of algebraic varieties over finite fields. Our 
main result is that no PN rational function f/g with f , g ∈ �q[X] exists when certain mild 
arithmetical conditions involving the degree of f(X) and g(X) are satisfied.

Keywords  Perfect nonlinear functions · Algebraic varieties over finite fields · Lang–Weil 
bound

Mathematics Subject Classification  06E30 · 11T06

1  Introduction

Since differential cryptanalysis [12, 13, 36] is an important cryptanalytic approach target-
ing symmetric-key primitives, perfect nonlinear (PN) and almost perfect nonlinear (APN) 
functions over finite fields and, more in general, functions with low differential uniformity, 
have been widely investigated in the last years due to their applications in cryptography. To 
mitigate the threat of differential cryptanalysis, derivatives of functions defined over finite 
fields have received a lot of interest.

In a discrete setting (usually finite groups), derivatives of functions can be defined as 
follows.
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Definition 1.1  Let A and B be finite abelian groups and F ∶ A → B be a function. Given 
a ∈ A , the function defined by DaF ∶ A → B , with DaF(x) = F(x + a) − F(x) , is called a 
derivative of F.

Usually, one is interested in bounding the number of solutions of the equation

for any a ∈ A and b ∈ B . In the late 1960s, functions F ∶ A → B , with |A| = |B| and with 
bijective derivatives were studied in connection with projective planes; see [23].

Later on, differential cryptanalysis provided the motivation to study functions for 
which (1) has always the minimum number of solutions.

Definition 1.2  [37] Let F ∶ A → B be a function and set

for a ∈ A and b ∈ B . Then, the differential ΔF-uniformity of F is defined to be

Functions with ΔF equal to 1 or 2 are, respectively, called perfect nonlinear (PN for 
short) or almost perfect nonlinear (APN for short). Usually, A = B are a finite field �q , 
where q is a prime power. Then, if F is a PN function all its derivatives are a bijection 
of �q . Permutations and PN functions have been widely investigated in the last years; see 
e.g., [7, 8, 16, 20–22, 26, 30, 39, 41, 42, 47–49]. Excellent surveys on this topic are [14, 
18, 38].

An important subclass of PN functions is given by the so-called exceptional PN func-
tions, i.e., functions which are PN over infinitely many finite fields �q ; see for instance 
[27, 32, 51].

In the case q = 2n there are no PN functions, and APN functions have received a lot 
of attentions; see [1, 4, 9, 26]. Also, a slight modification to the definition of PN func-
tions for the characteristic 2 case was proposed by Zhou [50]; see also [5, 6, 29, 33, 40, 
43]. Interestingly, such functions have similar properties and applications as their coun-
terparts in odd characteristic; see [43, 50]. Since in this paper we study PN functions, 
we will assume from now on q = ph odd.

Most of the PN or APN functions known so far have specific shapes: they consist of 
polynomials with few terms (monomials or binomials) or of particular degrees.

Let �r(�q) and ℙr(𝔽q) denote the affine and the projective r-dimensional space over 
the finite field �q , respectively. In the polynomial case, a well-known approach to inves-
tigate whether f (X) ∈ �q[X] is a PN function consists in attaching to f the surface Sf  of 
ℙ
3(𝔽q) defined by

see [3, Section 10]. Then f(X) is PN over �q if and only if all the affine �q-rational points of 
Sf  satisfy either X = Y  or Z = 0.

Note that if f (X) = Xt , then f (X + Z) − f (X) − f (Y + Z) + f (Y) is homogenous of 
degree t − 1 and therefore Sf  is actually the curve of affine equation

(1)DaF(x) = b,

�(a, b) = #{x ∈ A ∶ F(x + a) − F(x) = b},

ΔF = max
a∈A,a≠0,b∈B

�(a, b).

Sf ∶
f (X + Z) − f (X) − f (Y + Z) + f (Y)

Z(X − Y)
= 0;
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The investigation of Ct has been crucial to obtain the full classification of exceptional PN 
monomials; see [27, 32, 51]. As a (standard) terminology, if f (X) = Xt is PN over �q we 
will say that t is a PN exponent in �q . It is known that if t is an exceptional PN exponent 
then t = pi + pj , i ≥ j ≥ 0 , or t = (3i + 3j)∕2 , i > j ≥ 0 , i ≢ j (mod 2) ; see [27, 32, 51].

For polynomials f(X) with more terms, the surface Sf  is usually more complicated and 
sophisticated techniques must be employed.

The aim of this paper is to extend this connection between PN functions and algebraic 
varieties over finite fields to the investigation of rational PN functions.

On the one hand, it is well known that any function over finite fields can be expressed 
by a polynomial of degree at most q − 1 , although the shape of such a polynomial function 
can be rather involved. Also, non-existence results, proved by means of Hasse–Weil type 
bound, can be obtained only in a small degree regime; see [3] and the references therein.

On the other hand, the investigation of the existence of PN functions represented by 
rational functions instead of polynomials could expand the range of classification results 
while still manipulating polynomials (the numerator and the denominator of the rational 
function), and it is the main goal of this paper.

To the best of our knowledge, this problem has never been considered in the literature. 
In this scenario, a rational function

with f (X), g(X) ∈ �q[X] , is PN over �q if and only if

is a permutation of �q for any a ∈ �
∗
q
 . Here, without loss of generality we can assume that 

f(X) and g(X) are coprime and in this case g(x) ≠ 0 for each x ∈ �q must hold.
The main tool in our investigation is the analysis of specific algebraic varieties over 

finite fields associated with the rational function �(X).
From now on we fix the following notations for f(X) and g(X):

with g(x) ≠ 0 for any x ∈ �q , gcd(f , g) = 1 , ai, bj ∈ �q , bn ≠ 0.
Note that f (X)∕g(X) − an∕bn is PN if and only if f(X)/g(X) is PN. So, an can be assumed 

to be 0 (and in particular deg(f ) ≠ deg(g) ). Also, since �(X) is PN if and only if �(Xp) is 
PN, we will always assume that �(X) is separable.

In this paper, we investigate necessary conditions on f(X) and g(X) for which �(X) as in 
(3) is a PN function and our main result is the following; see Proposition 2.6, Theorems 3.3 
and 5.5.

Main Theorem  Let �(X) = f (X)∕g(X) ∈ �q(X) , where f(X) and g(X) are as in (4) and (5). 
Suppose that one of the following holds: 

(2)Ct ∶
(X + 1)t − Xt − (Y + 1)t + Yt

X − Y
= 0.

(3)�(X) =
f (X)

g(X)
,

�(X + a) − �(X) =
f (X + a)

g(X + a)
−

f (X)

g(X)

(4)f (X) =Xm + am−1X
m−1 + am−2X

m−2 +⋯ + a1X + a0,

(5)g(X) = bnX
n + bn−1X

n−1 + bn−2X
n−2 +⋯ + b1X + b0,
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	 (i)	 m < n;
	 (ii)	 p ∤ (m − n) , n < m , q > (m − n)4 , and m − n is not a PN exponent;
	 (iii)	 m − n = pk + 1 , for some positive integer k, and 2(am−1bn−1bn − b2

n−1
− am−2b

2
n
+ bn−2bn) 

is a nonzero square of �q.

Then �(X) is not PN exceptional.

2 � Links with algebraic surfaces

First, we associate to the rational function �(X) the surface S� ∶ s�(X, Y , Z) = 0 , where

Clearly Z(X − Y) divides s�(X, Y , Z).
An analog of the link mentioned above between PN polynomials and points on alge-

braic surfaces can can straightforwardly obtained.

Proposition 2.1  The rational function �(X) is PN over �q if and only if S� does not possess 
an �q-rational point (x0, y0, z0) with x0 ≠ y0 , z0 ≠ 0.

Proof  It is enough to observe that a point (x0, y0, z0) ∈ S� , with x0, y0, z0 ∈ �q , x0 ≠ y0 , 
z0 ≠ 0 , corresponds to a solution of

Denote by � q the algebraic closure of �q.
For a hypersurface F ∶ F(X1,… ,Xr) = 0 , F ∈ �q[X1,… ,Xr] , a component of F  is a 

hypersurface G ∶ G(X1,… ,Xr) = 0 where G(X1,… ,Xr) ∈ � q[X1,… ,Xr] is a non-con-
stant factor of F(X1,… ,Xr) . If F  possesses no components apart from itself, the hyper-
surface F  is called absolutely irreducible. The component G is said to be �q-rational if 
there exists � ∈ � q such that �G ∈ �q[X1,… ,Xr].

The q-Frobenius �q ∶ � q[X1,… ,Xr] → � q[X1,… ,Xr] maps each polynomial 
F to the polynomial �q(F) raising all the coefficients of F to the power q. Clearly 
F ∈ �q[X1,… ,Xr] if and only if �q(F) = F and in this case we equivalently say that F is 
defined over �q.

Proposition  2.1 provides a strong motivation for studying the surface S� and its �q
-rational points. In particular, to prove the existence of a suitable point of S� , it is useful 
investigating the existence of an absolutely irreducible �q-rational component of S�.

In the next sections, we will provide sufficient conditions on the polynomials (4) and 
(5) to ensure the existence of an absolutely irreducible component defined over �q of S� , 
distinct from Z = 0 and X − Y = 0 . For a comprehensive introduction on the methods 
and the basic notions on algebraic varieties and related topics we refer to [28]. In what 
follows, we list only a few results we will make use in the sequel, whose proofs can be 
found, for instance, in [3].

The following is a particular case of [1, Lemma 2.1].

(6)
s�(X, Y , Z) = (f (X + Z)g(X) − f (X)g(X + Z))g(Y + Z)g(Y)

− (f (Y + Z)g(Y) − f (Y)g(Y + Z))g(X + Z)g(X).

�(X + Z) − �(X) =
f (X + Z)

g(X + Z)
−

f (X)

g(X)
=

f (Y + Z)

g(Y + Z)
−

f (Y)

g(Y)
= �(Y + Z) − �(Y).
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Proposition 2.2  Let H be a hyperplane of ℙ3(𝔽q) such that S� ∩ H has a non-repeated abso-
lutely irreducible component defined over �q . Then S� possesses a non-repeated absolutely 
irreducible component defined over �q.

In the small-degree regime (usually when max{deg(f ), deg(g)} ≲ 4
√
q ), the existence 

of such a component yields the existence of suitable �q-rational points of S� , due to esti-
mates on the number of �q-rational points of an algebraic variety such as the Lang–Weil 
bound [31] and its generalizations.

Theorem  2.3  (Lang–Weil Theorem) Let V ⊂ ℙ
N(𝔽q) be an absolutely irreducible variety 

of dimension n and degree d. Then there exists a constant C depending only on N, n, and d 
such that

Although the constant C was not computed in [31], explicit estimates have been pro-
vided for instance in [15, 17, 24, 25, 34, 44] and they have the general shape C = r(d) 
provided that q > s(n, d) , where r and s are polynomials of (usually) small degree. We 
refer to [17] for a survey on these bounds. We only include the following result due to 
Cafure and Matera.

Theorem  2.4  [17, Theorem  7.1] Let V ⊂ �
N(�q) be an absolutely irreducible variety 

defined over �q of dimension n and degree d. If q > 2(n + 1)d2 , then the following estimate 
holds:

In most of the cases, due to Theorem 2.3 and its generalizations, results on PN func-
tions obtained investigating algebraic varieties are presented in terms of exceptional PN 
functions. In terms of non-exceptional functions, non-existence results can be obtained 
via Theorem 2.4. Summing up, one of our key tools will be the following.

Theorem  2.5  Suppose that S� possesses an absolutely irreducible component defined 
over �q different from Z = 0 and X = Y  . Then �(X) is not exceptional PN. Also, if 
q > (3n + m)13∕3 then �(X) is not PN.

We conclude this section with this observation that proves case (i) of Main Theorem.

Proposition 2.6  Let �(X) = f (X)∕g(X) ∈ �q(X) , where f and g are as in (4) and (5). Sup-
pose that m < n . Then �(X) is not PN exceptional.

Proof  In this case F(X) ∶= �(X + a) − �(X) is a rational function whose denominator has 
degree larger than the one of the numerator. If F(X) permutes �q , then there exists a unique 
x ∈ �q such that F(x) = 0 . On the other hand, when F(X) is seen as a function on ℙ1(𝔽q) , 
F(∞) = 0 . Thus, ∞ does not belong to the value set of F(X). When q is large enough, this 
contradicts [19, Theorem 1.2]. 	�  ◻

|||||
#(V ∩ ℙ

N(𝔽q)) −

n∑
i=0

qi
|||||
≤ (d − 1)(d − 2)qn−1∕2 + Cqn−1.

|#(V ∩ �
N(�q)) − qn| ≤ (d − 1)(d − 2)qn−1∕2 + 5d13∕3qn−1.
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In view of the previous result, we will focus on rational functions whose denominator 
has degree smaller than the degree of the numerator, and we will assume, throughout the 
paper, m > n.

3 � Necessary conditions from homogeneous parts of high degree in S
˛

For h ∈ �q[X1,… ,Xr] , with the symbol h(i) we denote the homogeneous part of degree i 
in h. In particular, h(MAX) and h(min) denote the homogeneous parts of highest and smallest 
degree, respectively.

Consider the following polynomials

From now on, let T be the homogeneous coordinate and �∞ ∶ T = 0 be the plane at infin-
ity of ℙ3(𝔽q) , and consider C∞ ∶ h(MAX)(X, Y , 1) = 0 the affine chart of the algebraic curve 
S� ∩ �∞ ∶ h(MAX)(X, Y , Z) = 0 , obtained by de-homogenizing with respect to Z. The next 
result is easily obtained from (6) by direct computation.

Proposition 3.1  The homogeneous part of highest degree in s� is

The following fact will be used in the proof of Theorem 3.3.

Remark 3.2  [35, Theorem  8.4.19] Suppose that d is not a PN exponent. If q > d4 , then 
(X + 1)d − Xd is not a permutation and therefore the curve Cd ∶ h1,d(X, Y , Z) = 0 (see (2)) 
contains an absolutely irreducible component defined over �q and distinct from X = Y  and 
Z = 0.

We are now in position to prove (ii) of Main Theorem.

Theorem 3.3  Assume that p ∤ (m − n) , and q > (m − n)4 . If m − n is not a PN exponent, 
then S� possesses an absolutely irreducible component defined over �q and distinct from 
X − Y = 0 and Z = 0 . If in addition q > (3n + m)13∕3 , then �(X) is not PN over �q.

Proof  Since m − n is not a PN exponent, the function Xm−n is not PN. Now the curve 
C∞ = S� ∩ �∞ has equation XnYn(X + Z)n(Y + Z)nh1,m−n(X, Y , Z) = 0 by Proposition  3.1. 
Also, h1,m−n(X, Y , Z) = 0 defines precisely the curve Cm−n as in (2) and thus by Remark 3.2 
it possesses an �q-rational component distinct from X = Y  and Z = 0 . Since p ∤ m − n , 
such a component, which is clearly distinct from X = 0 , Y = 0 , X + Z = 0 , Y + Z = 0 , is 
non-repeated in C∞ . Therefore, by Proposition 2.2, the claim follows. The last part of the 
claim follows by Theorem 2.5. 	�  ◻

h1,a(X, Y , Z) ∶= (X + Z)a − (Y + Z)a + Ya − Xa,

h2,a,b(X, Y , Z) ∶=
(
(X + Z)aXb − Xa(X + Z)b

)(
Yb + (Y + Z)b

)

+ ((X + Z)a − Xa)(Y + Z)bYb

−
(
(Y + Z)aYb − Ya(Y + Z)b

)(
Xb + (X + Z)b

)

− ((Y + Z)a − Ya)(X + Z)bXb.

XnYn(X + Z)n(Y + Z)nh1,m−n(X, Y , Z).
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Now, we provide the following general criterion. It will be crucial in the proof of 
Theorem 3.5. As a notation, for two polynomials F and G, we write Fk ∣∣ G if Fk ∣ G and 
Fk+1 ∤ G . Also, for a prime p and an integer � , pk ∣∣ � if pk ∣ � and pk+1 ∤ �.

Proposition 3.4  Let

where each s(i) is either homogeneous of degree i or the zero polynomial, and s(M) ≠ 0. Let 
t(X, Y, Z) be a non-constant absolutely irreducible factor of s(M)(X, Y , Z) defined over �q . 
Suppose that one of the following holds. 

1.	 t(X, Y , Z) ∤ s(M−1)(X, Y , Z);
2.	 s(M−1)(X, Y , Z) = 0  ,  t(X, Y , Z)2�+1 ∣∣ s(M)(X, Y , Z)  f o r  s o m e  � ≥ 0  , 

t(X, Y , Z) ∤ s(M−2)(X, Y , Z);
3.	 s(M−1)(X, Y , Z) = s(M−2)(X, Y , Z) = 0 , t(X, Y , Z)2�+1 ∣∣ s(M)(X, Y , Z) for some � ≥ 0 such 

that 3 ∤ 2� + 1 , t(X, Y , Z) ∤ s(M−3)(X, Y , Z).

Then s(X, Y, Z) contains an absolutely irreducible factor defined over �q.
Proof 

1.	 Let u(X, Y, Z) and v(X, Y, Z) be such that u(X, Y , Z)v(X, Y , Z) = s(X, Y , Z) . Suppose by 
the way of contradiction that t(X, Y , Z) ∣ u(N)(X, Y , Z) and t(X, Y , Z) ∣ v(M−N)(X, Y , Z) , 
where u(N)(X, Y , Z) and v(M−N)(X, Y , Z) are the homogeneous parts of the highest degree 
in u and v. Then 

 a contradiction. This shows that there exists a unique absolutely irreducible factor of 
s(X, Y, Z) whose highest homogeneous part is divisible by t(X, Y, Z). Such a factor is 
therefore fixed by the q-Frobenius �q and thus is defined over �q.

2.	 With the same notations as Case 1, assume again by absurd that t(X, Y, Z) divides both 
u(N)(X, Y , Z) and v(M−N)(X, Y , Z) . Since t(X, Y , Z)2�+1 ∣∣ s(M)(X, Y , Z) , without loss of gen-
erality we can suppose that t(X, Y , Z)�+1 ∣ u(N)(X, Y , Z) . By 

t(X, Y , Z) ∣ u(N−1)(X, Y , Z) . Therefore 

 a contradiction. Arguing as before, this shows that s(X, Y, Z) contains an absolutely 
irreducible factor defined over �q.

s(X, Y , Z) = s(M)(X, Y , Z) + s(M−1)(X, Y , Z) + s(M−2)(X, Y , Z) +⋯ ,

t ∣ s(M−1)(X, Y , Z) = u(N)(X, Y , Z)v(M−N−1)(X, Y , Z)

+ u(N−1)(X, Y , Z)v(M−N)(X, Y , Z),

0 = s(M−1)(X, Y , Z) = u(N)(X, Y , Z)v(M−N−1)(X, Y , Z)

+ u(N−1)(X, Y , Z)v(M−N)(X, Y , Z),

t ∣ s(M−2)(X, Y , Z) = u(N)(X, Y , Z)v(M−N−2)(X, Y , Z)

+ u(N−1)(X, Y , Z)v(M−N−1)(X, Y , Z)

+ u(N−2)(X, Y , Z)v(M−N)(X, Y , Z),
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3.	 Assume, by absurd, that no absolutely irreducible factor of s(X, Y, Z) is defined over �q . 
Then 

with ui absolutely irreducible of degree Mi and such that t�i ∣∣ u(Mi)

i
(X, Y , Z) . 

Then 2� + 1 =
∑

i �i . Note that, since no ui(X, Y , Z) is defined over �q , for each 
�i such that t�i ∣∣ u(Mi)

i
(X, Y , Z) , there exists at least another ui� (X, Y , Z) (namely 

ui� (X, Y , Z) = �q(ui(X, Y , Z)) ) such that t�i ∣∣ u(Mi� )

i�
(X, Y , Z) . This also means that 

2� + 1 ≠ �i for each i.
	   Let 𝛾 = min{𝛽i > 0} and denote by u(X, Y , Z) = ui� (X, Y , Z) , so � is the highest power 

of t dividing u
(Mi�

)

i�
(X, Y , Z) . By the above consideration � ≠ 2� + 1 . Also, since 2� + 1 

is an odd number not divisible by 3, we are able to rule out the cases 
2� + 1 ∈ {2� , 3� , 4�} . Either �i = � for each i and then 2� + 1 ≥ 5� or there exists at 
least a �i such that 𝛽i = 𝛾 � > 𝛾 and 

 which yields � ≤ (� − 1)∕2.
	   Now, let 

 where v(X, Y , Z) =
∏

i≠i�
ui(X, Y , Z) . As above, 

 If t ∣ u(N−1)(X, Y , Z) and t ∣ v(M−N−1)(X, Y , Z) , then t divides s(M−3)(X, Y , Z) , a 
contradiction.

	   Since s(M−1)(X, Y , Z) = 0 ,  t ∣ v(M−N−1)(X, Y , Z) .  So we can suppose that 
t ∤ u(N−1)(X, Y , Z) and t2�+1−2� ∣ v(M−N−1)(X, Y , Z).

	   Since s(M−2)(X, Y , Z) = 0 , t2𝛽+1−3𝛾>0 ∣ v(M−N−2)(X, Y , Z) . This yields a contradiction 
to t ∤ s(M−3)

�
(X, Y , Z).

	�  ◻

Theorem  3.5  Let q > (m − n)4 , (m − n) be not a PN exponent, and r 
be such that pr ∣∣ (m − n) . Suppose that f is not a monomial and define 
i = max{i ∈ {0,… ,m − 1} ∶ ai ≠ 0} , j = max{j ∈ {0,… , n − 1} ∶ bj ≠ 0}.

Assume that one of the following cases holds. 

1.	 0 < m − i ≤ 2 , n < i , n − j > m − i , gcd((m − n)∕pr − 1, (i − n)∕pk − 1) = 1 , where 
pk ∣∣ (i − n);

2.	 m = i + 3 , n < i , n − j > 3 , gcd((m − n)∕pr − 1, (i − n)∕pk − 1) = 1 , where pk ∣∣ (i − n) , 
and p ≠ 3;

3.	 0 < n − j ≤ 2 , m − i > n − j , gcd((m − n)∕pr − 1,m + j − 2n − 1) = 1 , p ∤ (m − j);

s(X, Y , Z) =
∏
i

ui(X, Y , Z),

2� + 1 ≥ 2� + 2� � ≥ 2� + 2(� + 1) = 4� + 2,

s(X, Y , Z) = u(X, Y , Z)v(X, Y , Z),

u(X, Y , Z) ∶= u(N)(X, Y , Z) + u(N−1)(X, Y , Z) + u(N−2)(X, Y , Z) +⋯

v(X, Y , Z) ∶= v(M−N)(X, Y , Z) + v(M−N−1)(X, Y , Z) + v(M−N−2)(X, Y , Z) +⋯ .
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4.	 n = j + 3 , m − i > 3 , gcd((m − n)∕pr − 1,m + j − 2n − 1) = 1 , p ∤ (m − j) , and p ≠ 3.

Then S�(X, Y , Z) possesses an absolutely irreducible component defined over �q distinct 
from X = Y  and Z = 0 . Thus �(X) is not PN exceptional. If in addition q > (3n + m)13∕3 , 
then �(X) is not PN over �q.
Proof  Since m > n,

By Remark  3.2, h1,(m−n)∕pr (X, Y , Z) possesses an absolutely irreducible factor h(X, Y , Z) 
defined over �q and different from X − Y  and Z, and therefore

We will prove that such a factor is not a factor of s�(X, Y , Z)(N) , the second highest homoge-
neous part in s�(X, Y , Z) . Note that

Recall that k is such that pk ∣∣ (i − n) . Then

, whereas h(MAX)

2,m−j,n−j
(X, Y , 1) equals

By our assumptions,

and

and therefore h(X, Y , Z) ∤ s(N)
�

(X, Y , Z) . Finally, Proposition 3.4 yields the first part of the 
claim. The final claims follow from Theorem 2.5. 	�  ◻

s�(X, Y , Z)
(MAX) = XnYn(X + Z)n(Y + Z)nh1,m−n(X, Y , Z).

h(X, Y , Z)(MAX) ∣ h1,(m−n)∕pr (X, Y , Z)∕(X − Y).

s(N)
�

(X, Y , Z) =

{
XnYn(X + Z)n(Y + Z)nh

1,i−n
(X, Y , Z), if Cases 1–2 hold;

XjYj(X + Z)j(Y + Z)jh
2,m−j,n−j

(X, Y , Z), if Cases 3–4 hold.

h
(MAX)

1,(m−n)∕pr
(X, Y , 1) = X(m−n)∕pr−1 − Y (m−n)∕pr−1,

h
(MAX)

1,i−n
(X, Y , 1) = X(i−n)∕pk−1 − Y (i−n)∕pk−1,

{
(m − j)X2(n−j)Y2(n−j)(Xm−j−1−2(n−j) − Ym−j−1−2(n−j)), if m − j − 1 > 2(n − j);

(m − j)Xm−j−1Ym−j−1(X2(n−j)−m+j+1 − Y2(n−j)−m+j+1), if m − j − 1 < 2(n − j).

gcd
(
h
(MAX)

2,m−j,n−j
, h

(MAX)

1,(m−n)∕pr

)
= (X − Y),

gcd
(
h
(MAX)

1,i−n
(X, Y , Z), h

(MAX)

1,(m−n)∕pr

)
= (X − Y),
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4 � Necessary conditions from homogeneous parts of low degree in S
˛

Other necessary conditions for �(X) to be a PN rational function can be obtained by 
looking at low degree terms of f(X) and g(X). Our approach is summarized in the fol-
lowing remark.

Remark 4.1  Consider the algebraic curve C0 with homogeneous equation s(min)
�

(X, Y , Z) = 0 . 
Assume there exists a simple �q-rational point P of C0 off X = Y  and Z = 0 . By [11, Lemma 
2.9] then there exists an �q-rational plane � such that � ∩ S� possesses a non-repeated abso-
lutely irreducible �q-rational component. By Proposition 2.2 this yields the existence of an 
absolutely irreducible component of S� defined over �q distinct from X − Y = 0 and Z = 0.

Theorem  4.2  Suppose that f is not a monomial and define i = min{i ∈ {1,… ,

m − 1} ∶ a
i
≠ 0} , j = min{j ∈ {1,… , n − 1} ∶ bj ≠ 0} Assume that one of the following 

cases holds.

•	 a0 ≠ 0 , j < i , q > j4 , p ∤ j , and j not a PN exponent; or
•	 a0 ≠ 0 , j > i , q > i4 , p ∤ i , and i not a PN exponent; or
•	 a0 = 0 , q > i4 , p ∤ i , and i not a PN exponent.

Then S� possesses an absolutely irreducible component defined over �q distinct from 
X − Y = 0 and Z = 0 . Thus �(X) is not PN exceptional. If in addition q > (3n + m)13∕3 , 
then �(X) is not PN over �q.
Proof  Assume first a0 ≠ 0 and j < i . Then by a straightforward computation

Note that, since p ∤ j , s(min)
�

(X, Y , Z) does not have repeated factors (to see this it is enough 
to observe that the number of singular points of s(min)

�
(X, Y , Z) = 0 in the algebraic closure 

is finite).
Since j is not a PN exponent, the function Xj is not PN and hence, by Remark  3.2, 

the algebraic curve C0 ∶ s(min)
�

(X, Y , Z) = 0 possesses an absolutely irreducible compo-
nent defined over �q and distinct from X = Y  and Z = 0 . Since such a component is non-
repeated and q > j4 , this component possesses a non-singular �q-rational point not lying on 
X = Y  and Z = 0 by the Aubry-Perret Bound (see Theorem 5.2 below). This, together with 
Remark 4.1, yields the existence of an �q-rational absolutely irreducible component of S� 
distinct from X = Y  and Z = 0 . In the remaining cases, the same arguments applied to

prove the first claim. The final claims follow from Theorem 2.5. 	�  ◻

s(min)
�

(X, Y , Z) = a0b
2
0
bj(X

j
− (X + Z)

j
− Y

j
+ (Y + Z)

j
).

s(min)
�

(X, Y , Z) = b3
0
ai(X

i − (X + Z)i − Yi + (Y + Z)i),
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5 � Links with algebraic curves

Recall that if p ∤ (m − n) and m − n is not a PN exponent, then Theorems 2.5 and 3.3 yield 
that �(X) is not an exceptional PN rational function. In this section, we want to investigate 
the case where m − n is a PN exponent. Recall that in this case m − n = pi + pj , i ≥ j ≥ 0 , 
or m − n = (3i + 3j)∕2 , i > j ≥ 0 , i ≢ j (mod 2) ; see [27, 32, 51].

In what follows we investigate the case m − n = pk + 1 . Again, we consider a variety C(a)
�

 
attached to the rational function �(X) = f (X)∕g(X) , but this time we see a as a parameter. 
In this case C(a)

�
 is a curve defined by Fa(X, Y) = 0 , where

Note that the curve C(a)
�

 has no affine �q-rational points off X − Y = 0 if and only if 
�(X + a) − �(X) permutes �q.

A result similar to Proposition 2.1 can be easily obtained.

Proposition 5.1  The rational function �(X) ∈ �q(X) is a PN function if and only if for any 
a ∈ �

∗
q
 the curve C(a)

�
 has no affine �q-rational points off X − Y = 0.

Now, we want to obtain non-existence results for PN rational functions �(X) via an 
investigation of putative absolutely irreducible �q-rational components in the curves C(a)

�
.

In fact, by the Hasse–Weil Bound [46], absolutely irreducible �q-rational components 
provide the existence of �q-rational points in a small degree regime.

We include here a refined version of Hasse–Weil Bound given by Aubry and Perret, and 
independently by Leep and Yeomans.

Theorem 5.2  (Aubry-Perret bound) [2, Corollary 2.5] Let C ⊂ ℙ
2(𝔽q) be an absolutely irre-

ducible curve of degree d. Then

As a corollary, in a small degree regime we obtain the following.

Corollary 5.3  Let C ⊂ ℙ
2(𝔽q) be an absolutely irreducible curve. If deg(C) < 4

√
q then C 

possesses affine �q-rational points out of X − Y = 0.

In order to prove the existence of suitable absolutely irreducible �q-rational components 
in C(a)

�
 , we will make use of the so called local quadratic transformations to deal with reso-

lutions of singularities and branch analysis. Note that local quadratic transformations (see 
[28, Section 4] and [10, Section 2]) are in particular �q-birational transformations.

First, we can suppose that the singular point under examination is the origin O = (0, 0) . 
Thus, consider a plane curve C defined by

(7)Fa(X, Y) ∶= (f (X + a)g(X) − f (X)g(X + a))g(Y + a)g(Y)

(8)− (f (Y + a)g(Y) − f (Y)g(Y + a))g(X + a)g(X).

(9)q + 1 − (d − 1)(d − 2)
√
q ≤ #(C ∩ ℙ

2(𝔽q)) ≤ q + 1 + (d − 1)(d − 2)
√
q.

F(X, Y) = Fr(X, Y) + Fr+1(X, Y) +⋯ = 0,
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where each Fi(X, Y) is zero or homogeneous in X and Y and of degree i and Fr(X, Y) ≠ 0 . 
We can also suppose that X = 0 is not a tangent line at O, i.e., X ∤ Fr(X, Y) . Clearly, r is 
the multiplicity of (0,  0). The geometric transform of the curve C is the curve C′ given 
by F�(X, Y) = F(X,XY)∕Xr . Note that if Y = 0 is not a tangent line at O then we can also 
consider C′ defined by F�(X, Y) = F(XY , Y)∕Yr . By [28, Theorem 4.44], there exists a bijec-
tion between the branches of C centered at the origin and the branches of C′ centered at an 
affine point on X = 0 . A finite number of local quadratic transformations can be be per-
formed to determine the total number of branches centered at a point. In particular, if r is 
coprime with the characteristic and the tangent cone Fr(X, Y) at O splits into non-repeated 
linear factors (over the algebraic closure) distinct from X then there are precisely r distinct 
branches centered at O. In fact, distinct linear factors of Fr(X, Y) correspond to distinct aff-
ine points of C′ on X = 0.

We refer to [28] for a more comprehensive introduction to local quadratic transformations 
and branches.

In our investigation we will make use of the following result.

Proposition 5.4  ([45, Lemma 7] and [3, Theorem  4.4]) Suppose that there exists an �q
-rational branch centered at an �q-rational point of a curve C . Then there exists an abso-
lutely irreducible component of C which is defined over �q.

Since the term of the highest degree in Fa(X, Y) (see (8)) is aX2nY2n(X − Y)p
k , the curve 

C
(a)
�

 has three points at infinity. We will investigate the point (1 : 1 : 0) in order to determine 
conditions for which there exists an �q-rational branch centered at it. To this aim, we need to 
consider a change of variables to send (1 : 1 : 0) to the origin (0 : 0 : 1). Let f(X, T) and g(X, T) 
be the homogenization of f and g and consider the homogenization Fa(X, Y , T)∕T of Fa(X, Y) , 
where

Note that Fa(X, Y , T) is actually divisible by T.
Consider now Ga(X, Y) ∶= Fa(X + 1, 1,Y) , where Ga(X, Y) reads

Note that the origin (0, 0) belongs to D(a)
�

∶ Ga(X, Y) = 0 and that D(a)
�

 and C(a)
�

 are projec-

tively equivalent. This means that any �q-rational component of D(a)
�

 different from X = 0 is 
mapped into an �q-rational component of C(a)

�
 distinct from X − Y = 0.

In order to deal with Ga(X, Y) , it is useful to consider the following polynomials

Fa(X, Y , T) ∶= (f (X + aT , T)g(X, T) − f (X, T)g(X + aT , T))g(Y + aT , T)g(Y , T)

− (f (Y + aT , T)g(Y , T) − f (Y , T)g(Y + aT , T))g(X + aT , T)g(X, T).

(10)

(f (X + 1 + aY , Y)g(X + 1, Y) − f (X + 1, Y)g(X + 1 + aY , Y))g(1 + aY , Y)g(1,Y)

− (f (1 + aY , Y)g(1,Y) − f (1, Y)g(1 + aY , Y))g(X + 1 + aY , Y)g(X + 1, Y)

= c0(X) + c1(X)Y + c2(X)Y
2 + c3(X)Y

3 +… .
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and

We already know that Ga(X, Y) is divisible by XY, since Fa(X, Y , T) is divisible by 
T(X − Y) , so in Equation (10) the polynomial c0(X) vanishes. Now, we are interested in the 
coefficients c1(X) , c2(X) , c3(X) of Y, Y2 , and Y3.

By a MAGMA aided computation, recalling that m = pk + 1 + n ≡ 1 + n (mod p) , we 
obtain

f (X + 1 + aY , Y) = (X + 1)m + m(X + 1)m−1aY +

(
m

2

)
(X + 1)m−2a2Y2 +⋯

+ am−1Y

(
(X + 1)m−1 + (m − 1)(X + 1)m−2aY

+

(
m − 1

2

)
(X + 1)m−3a2Y2 +⋯

)
+ am−2Y

2
(
(X + 1)m−2

+ (m − 2)(X + 1)m−3aY +

(
m − 2

2

)
(X + 1)m−4a2Y2 +⋯

)
+⋯ ,

f (X + 1, Y) = (X + 1)m + am−1Y(X + 1)m−1 + am−2Y
2(X + 1)m−2 +⋯ ,

f (1 + aY , Y) = 1 + maY +

(
m

2

)
a2Y2 +⋯

+ am−1Y

(
1 + (m − 1)aY +

(
m − 1

2

)
a2Y2 +⋯

)

+ am−2Y
2
(
1 + (m − 2)aY +

(
m − 2

2

)
a2Y2 +⋯

)
+⋯ ,

f (1, Y) = 1 + am−1Y + am−2Y
2 +⋯ ,

g(X + 1 + aY , Y) = bn

(
(X + 1)n + n(X + 1)n−1aY +

(
n

2

)
(X + 1)n−2a2Y2 +⋯

)
+

+ bn−1Y

(
(X + 1)n−1 + (n − 1)(X + 1)n−2aY

+

(
n − 1

2

)
(X + 1)n−3a2Y2 +⋯

)

+ bn−2Y
2
(
(X + 1)n−2 + (n − 2)(X + 1)n−3aY

+

(
n − 2

2

)
(X + 1)n−4a2Y2 +⋯

)
+⋯ ,

g(X + 1, Y) = bn(X + 1)n + bn−1Y(X + 1)n−1 + bn−2Y
2(X + 1)n−2 +⋯ ,

g(1 + aY , Y) = bn

(
1 + naY +

(
n

2

)
a2Y2 +⋯

)
+

+ bn−1Y

(
1 + (n − 1)aY +

(
n − 1

2

)
a2Y2 +⋯

)

+ bn−2Y
2
(
1 + (n − 2)aY +

(
n − 2

2

)
a2Y2 +⋯

)
+⋯ ,

g(1, Y) = bn + bn−1Y + bn−2Y
2 +⋯ .
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where

We are now in position to prove the main result of this section.

Theorem  5.5  Let m − n = pk + 1 such that (4n + pk − 1)4 < q . If 2(a
m−1bn−1bn−

b
2

n−1
− a

m−2b
2

n
+ b

n−2bn) is a non-zero square of �q , then �(X + a) − �(X) is not a permuta-
tion of �q for any a ∈ �

∗
q
 and �(X) is not PN. In particular, �(X) is not PN exceptional.

Proof  From (11), the lowest degree parts in c1(X) , c2(X) , c3(X) are

, respectively. Therefore,

Note that the origin is a double point for D(a)
�

∶
Ga(X,Y)

XY
= 0 since the smallest degree term 

in the polynomial defining D(a)
�

 is Y2 . Now, we apply (pk − 3)∕2 times the local quadratic 
transformation � ∶ H(X, Y) ↦ H(X,XY)∕X2 , obtaining, at the end of this process, the 
polynomial

where Ha(X, Y) has only terms of degree larger than 2. By assumption 
2(am−1bn−1bn − b2

n−1
− am−2b

2
n
+ bn−2bn) is a nonzero square of �q , then the homogeneous 

part of the smallest degree in Ga(X, Y) factorizes into two distinct linear factors defined 
over �q . This means that the origin is the center of two distinct �q-rational branches of D(a)

�
 

and thus in view of Proposition 5.4, there exists an absolutely irreducible �q-rational com-

ponent of D(a)
�

 which is clearly different from X = 0 and Y = 0 . This shows that C(a)
�

 con-
tains an absolutely irreducible �q-rational component distinct from X − Y = 0 and by Prop-
osition 5.1, together with Corollary 5.3, the claim follows. 	�  ◻

(11)

c1(X) = b3
n
a(m − n)(X + 1)2n(1 − (X + 1)m−n−1) = b3

n
a(X + 1)2nXpk ,

c2(X) = b2
n
a(nabn + 2bn−1)(X + 2)(X + 1)2n−1((X + 1)m−n−1 − 1)

= b2
n
a(nabn + 2bn−1)(X + 2)(X + 1)2n−1Xpk ,

c3(X) = �(X + 1)2n−2(1 − (X + 1)p
k+2) + �(X + 1)2n−1Xpk−

�(X + 1)2n(1 − (X + 1)p
k−2),

� ∶= −
1

2
bna(n

2a2b2
n
− na2b2

n
+ 4nabn−1bn − 2abn−1bn + 2b2

n−1
+ 4bn−2bn),

� ∶= bna(nabn + 2bn−1)
2,

� ∶= −
1

2
b2
n
a(n2a2bn − na2bn + 4nabn−1 − 2abn−1 + 2am−1bn−1 − 2am−2bn + 6bn−2).

b3
n
aXpk , 2b2

n
a(nabn + 2bn−1)X

pk , −2bna(am−1bn−1bn − b2
n−1

− am−2b
2
n
+ bn−2bn)X,

Ga(X, Y)

XY
= − 2bna(am−1bn−1bn − b2

n−1
− am−2b

2
n
+ bn−2bn)Y

2

+ 2b2
n
a(nabn + 2bn−1)X

pk−1Y + b3
n
aXpk−1 +⋯ .

Ga(X, Y) = − 2bna(am−1bn−1bn − b2
n−1

− am−2b
2
n
+ bn−2bn)Y

2 + b3
n
aX2 + Ha(X, Y),
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6 � PN functions on the projective line

It is worth mentioning that another possible environment for PN rational functions could 
be the projective line ℙ1(𝔽q) = 𝔽q ∪ {∞} . As a notation, ∞+ x = ∞ for any x ∈ �q . In this 
context, we can give the following definition.

Definition 6.1  Let F ∶ ℙ
1(𝔽q) → ℙ

1(𝔽q) be a function and set

for a ∈ �q , b ∈ ℙ
1(𝔽q) . As usual we denote

and F is said to PN (resp. APN) over ℙ1(𝔽q) if ΔF equals 1 (resp. 2).

Remark 6.2  The equation F(x + a) − F(x) = b always makes sense in ℙ1(𝔽q) , as one can 
first compute the rational function G(X) ∶= F(X + a) − F(X) = N(X)∕D(X) , where 
N(X),D(X) ∈ �q[X] , gcd(N(X),D(X)) = 1 , Nmax and Dmax are the leading coefficients of 
N(X) and D(X), and then consider

Note that for PN rational functions over ℙ1(𝔽q) , Proposition 2.1 does not hold. How-
ever, the following remark holds.

Remark 6.3  If S� possesses an �q-rational point (x0, y0, z0) with x0 ≠ y0 , 
z0 ≠ 0 , then � is neither PN over �q nor over ℙ1(𝔽q) . In fact, we deduce that 
�(x0 + z0) − �(x0) = �(y0 + z0) − �(y0) and thus �(X + a) − �(X) is not a permutation over 
�q nor over ℙ1(𝔽q).

Proposition 6.4  Let �(X) = f (X)∕g(X) be a PN rational function over �q . Then �(X) is a PN 
rational function over ℙ1(𝔽q) if and only if

for any a ∈ �
∗
q
.

Proof  The rational function �(X) is PN over ℙ1(𝔽q) if and only if for every a ∈ �q

permutes ℙ1(𝔽q) for x ranging in �q . Since �(X) is a PN rational function over �q , then 
g(x) ≠ 0 for every x ∈ �q , and for every a ∈ �

∗
q

�(a, b) = #{x ∈ ℙ
1(𝔽q) ∶ F(x + a) − F(x) = b}

ΔF = max
a∈𝔽 ∗

q
,b∈ℙ1(𝔽q)

�(a, b),

G(u) ∶=

⎧
⎪⎪⎨⎪⎪⎩

N(u)∕D(u), if u ≠ ∞,D(u) ≠ 0;

∞, if u ≠ ∞,D(u) = 0;

∞, if u = ∞, degD < degN;

0, if u = ∞, degD > degN;

Nmax∕Dmax, if u = ∞, degD = degN.

deg(f (X + a)g(X) − f (X)g(X + a)) > deg(g(X + a)g(X)),

�(x + a) − �(x) =
f (x + a)

g(x + a)
−

f (x)

g(x)
,
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permutes �q as x ranges in �q . Therefore, �(X) is a PN function over ℙ1(𝔽q) if and only if the 
function f (X+a)

g(X+a)
−

f (X)

g(X)
 takes ∞ to ∞ for every a ∈ �

∗
q
 , which proves the claim. 	�  ◻

As a corollary, the following holds.

Corollary 6.5  If �(X) is a PN rational function over �q and deg(f ) < deg(g) , then �(X) is not 
PN over ℙ1(𝔽q).

Finally, we note that there exist no PN rational functions over ℙ
1(𝔽q) if 

deg(f ) < deg(g) < q , as it happens for PN exceptional rational functions over �q ; see 
Proposition 2.6.

Proposition 6.6  Let �(X) = f (X)∕g(X) ∈ �q(X) , where f , g ∈ �q[X] and gcd(f , g) = 1 . Sup-
pose that deg(f ) < deg(g) < q . Then �(X) cannot be PN over ℙ1(𝔽q).

Proof  In this case F(X) ∶= �(X + a) − �(X) is a rational function whose denomina-
tor has degree larger than the one of the numerator. Since F(X) maps ∞ to 0, there must 
exist x0 ∈ �q such that g(x0) = 0 , so that F(x0) = ∞ . Now, for each a ∈ �

∗
q
 we have that 

g(x0 − a) = 0 otherwise F(x0 − a) = ∞ since its denominator vanishes at x0 − a and f and g 
are coprime. This means that (X − (x0 − a)) ∣ g(X) for each a ∈ �

∗
q
 and so Xq − X ∣ g(X) , a 

contradiction to deg(g) < q . 	�  ◻

7 � Conclusions and open problems

The main aim of this paper is to provide constraints on the structure of PN rational functions. 
This investigation could be useful in the search for new PN functions with prescribed shape. 
Since we did not provide examples of PN rational functions, it would be interesting to search 
for infinite families. Another possible direction is the investigation of APN rational functions.
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