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Abstract

It is shown that the relative distance in Frobenius norm of a real symmetric order-d tensor of
rank-two to its best rank-one approximation is upper bounded by 1/1 — (1 — 1/d)?-!. This
is achieved by determining the minimal possible ratio between spectral and Frobenius norm
for symmetric tensors of border rank two, which equals (1 — 1/ d)“~V/2_ These bounds are
also verified for arbitrary real rank-two tensors by reducing to the symmetric case.

Keywords Symmetric tensors - Spectral norm - Rank-one approximation - Rank-two
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1 Introduction

It is a well-known fact that the minimal possible ratio between spectral and Frobenius norm of
areal n X n matrix is 1/ \/ﬁ and is achieved for any matrix with identical singular values, that
is, for multiples of orthogonal matrices. Since the spectral norm of a matrix measures the length
of its best rank-one approximation, this statement has the geometric meaning that orthogonal
matrices achieve the largest possible relative distance to rank-one matrices. More generally, using
singular value decomposition, one can show that the minimal ratio between spectral and Frobe-
nius norm of a rank-k matrix is 1/ \/Z and is achieved when all nonzero singular values are equal.

There has been considerable interest in determining the minimal possible ratio between
spectral norm ||A||, and Frobenius norm ||A|| of an n; X .-+ X n, tensor A; see, e.g., [1, 8,
9, 11-13]. As in the matrix case, this ratio measures the distance of A to the set of rank-one
tensors, and is hence of both theoretical and practical relevance in problems of low-rank
approximation and entanglement. The precise relation between the spectral norm of A and
its distance to rank-one tensors is as follows:

A - Bll,
rank B<1 ”A”F
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Therefore, the minimal possible ratio ||A||,/||A||z that can be achieved is also called the
best rank-one approximation ratio of the given tensor space [13]. By (1), it expresses the
maximum relative distance of a tensor to the set of rank-one tensors.

Despite some recent progress achieved in the aforementioned references and others,
determining the best rank-one approximation ratio for tensors remains a difficult problem
in general and is largely open. One reason is

the lack of a suitable analog to the singular value decomposition. Moreover, the best
rank-one approximation ratio of tensors usually differs over the real and complex field, as
well as for nonsymmetric and symmetric tensors of the same size.

The available results in the literature focus on the best rank-one approximation ratio in
the full tensor space. As for matrices, it would however also be useful to estimate its value
in dependence of the tensor rank. In this work, we take a first step in this direction. We
determine the minimal ratio between spectral and Frobenius norm of real rank-two tensors,
and obtain that it is actually the same for symmetric and general tensors. Recall that for

matrices this value equals 1/ \/E
For tensors, one should also take into account that the set of tensors of rank at most two
is not closed. Our main result is on symmetric tensors and reads as follows.

Theorem 1.1 Let A be a real symmetric tensor of order d > 3 and rank at most two. Then,

d-1
1\ 72
IAll, > (1= =) " 1Al @

and this bound is sharp. In particular,

. Al ( 1 >T
min =(1-= s
420 ||Allp d

brank A<2

where brank denotes border rank, and the minimum is taken over real symmetric tensors.
Up to orthogonal transformation and scaling, the minimum is achieved only for the tensor

—tm L d_ d] — g,d-1
W, = Pﬁn&;[(el + te,) —el] =de|" e,.

Here, e, e, are two orthogonal unit tensors, u? abbreviates ¥ ® -+ ® u (d times) and
u?'v denotes the symmetric part of u¢~! ® v (see below for notation).

The proof of Theorem 1.1 constitutes the main part of this work and is given in Sect. 2.
The result however raises the question, whether the same bounds hold for general nonsym-
metric tensors of rank two. In Sect. 3, we show that the answer is affirmative by reducing
the question to the symmetric case.

Theorem 1.2 Let A be a real ny X --- X n, tensor of rank at most two. Then,

d-1

1\ =2
IAll, > (1= =) " 1Al ©
and this bound is sharp. In particular, assuming n; > 2 fori =1, ... ,d,
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Al ( 1 )dT'
min =(1--= s
A#0||A|lp d

brank A<2

where brank denotes border rank, and the minimum is taken over real n; X --- X n, tensors.

Note that while for symmetric tensors, the notions of rank and symmetric rank are not
the same in general [14], they coincide for rank-two tensors, see, e.g., [15].

Due to relation (1), the theorems above are equivalent to the following statement on the
maximum relative distance of a real rank-two tensor to the set of rank-one tensors.

Theorem 1.3 Let A be a real tensor of order d > 3 and rank at most two. Then,

A-B d-1
1A=Bllr _ [/, _ (1 _ 1)
rank B<1 ”A”F d

and this bound is sharp both for general as well as for symmetric tensors. Equality is
achieved for the symmetric tensor W, as above.
It is interesting to note that for d — oo our results imply
All, 1

min —— \, — ~ 0.6065
A#0 A
brank (A)<2 ” ”F \/E

. lA-Bllp 1
max min ——— /' 4/1—-—==0.7951.
A0 rankB<l  ||Al|p e

brank (A)<2

and

In particular, both quantities are bounded independently of d.

1.1 Notation

We consider the subspace Sym ,(R") of real symmetric n X --- X n tensors A = [q;
of order d. It inherits the Euclidean inner product (A, B), = Zil,.. b;
ambient space, which induces the Frobenius norm via

1~<~-J}1]

L ; from the
wig Yy g%y

2
lAllz = (A, A)p-
It will be convenient to introduce the notation
fu'=+uQ® - Qu

for symmetric rank-one tensors, and similarly

1
Uy ... Uy = a1 Z Uy QU @+ @ Uy,
' 0e©,
for the symmetrization of a nonsymmetric rank-one tensor u; @ u, ® -+ ® u,. It equals

the orthogonal projection of u; ® u, ® --- ® u, onto Sym ,(R"). Specifically, the notation
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996 H. Eisenmann, A. Uschmajew

u*v? denotes the symmetrization of the rank-one tensor u® @ v®“. For symmetric rank-one
tensors u¢ and v/ , it holds that (u¢,v¢). = (u,v)¢ and, therefore, ||u?|| = ||ul|‘.
To any symmetric tensor A, one associates a homogeneous polynomial

palu) = Z Ay iUy e Uiy = (A, u')p.

ip,enly
The spectral norm of A is then defined as

1
max — |(A, u®) | = max —— u)l.
P ||u||d|< )Fl P ||u||d|pA( )|

All, =

Due to a result of Banach [2], this definition of spectral norm for symmetric tensors is con-
sistent with the general one, which is given in (15). If w is a normalized maximizer of

IITIII“ [pA(w)|, then Aw? with A = p,(w) = (A, w?) is a best symmetric rank-one approxima-

tion of A in Frobenius norm, that is, it satisfies

d : d
IA = awlly = min A — ]l
ueR" ueR
and vice versa.
A symmetric tensor of rank at most two takes the form

A=au® - p

for vectors u, v and scalars a, § # 0, and the rank is equal to two if and only if # and v are
linearly independent. Note that the difference notation will turn out to be convenient later.
Technically, this defines tensors of symmetric rank at most two. But since for rank two both
notions of rank coincide [15], we can just use the word rank throughout. It is well-known
that the set of tensors of rank at most two is not closed [7]. This is also true when restrict-
ing to symmetric tensors. The tensors in the closure are said to have border rank at most
two, denoted as brank A < 2.

2 Proof of the main result

For proving Theorem 1.1, we will determine the infimum value of the optimization
problem

- llau? — pvII2
a,,lliré[R (@ f,u,v) = llaud — ﬁvd”ZF' )
[lell=lIvlI=1

Here, we can always additionally assume that (x,v) > 0 and a > 0. We will proceed in
several steps. First, in Sect. 2.1, we validate that the tensor W,, which has symmetric bor-
der rank two, achieves equality in (2). Hence the infimum in (4) cannot be larger than
a- ﬁ)d‘l. We next consider in Sect. 2.2 the first-order necessary optimality condition
for (4) and show that it cannot be fulfilled for rank-two tensors admitting a unique sym-
metric best rank-one approximation (Proposition 2.1). In other words, the potential candi-
dates for achieving the infimum in (4) are rank-two tensors with more than one symmetric
best rank-one approximation. In Sect. 2.3, we therefore derive a criterion for a symmetric
rank-two tensor to have a unique symmetric best rank-one approximation (Proposition 2.3),
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and validate by hand in Sects. 2.4 and 2.5 that for tensors which do not satisfy this crite-
rion the value of F is strictly larger than (1 — l)"‘1. It then remains to show in Sect. 2.6,
that among the tensors of border rank two, and up to orthogonal transformation, only
tensor W, achieves the infimum. Taken together, these steps provide a complete proof of
Theorem 1.1.

In our proofs, we will frequently assume that au? — pv? € Sym ,(R?) since we can
always restrict to Sym ,;( span {u, v}).

2.1 The ratio for tensor W,

Recall that W, = e‘li_le2 = %(e1 + tey)?|,o. We have [|W,||3 = d. The spectral norm is

given by following optimization problem:
max dx*ly st X +y*=1.
The KKT conditions for this problem lead to the relation
(d—-1x"2? —x4 =0,

-1

1. ..
7 and y = —= 18 a maximizer

that is, either x = 0, or x% = (d — l)y2 We find that x = 7

(d-1/2
with the value ||W,||, =d ( > \/2 and therefore

LA (1-1)"

W7 d

2.2 Optimality condition for symmetric rank-two tensors

The target function in (4) can be written as a composition
F(a, p,u,v) = G(o(a, B, u,v))

where

HIAIIZ

G: Sym,(R" - R, GA)=
¢ AL’

and
@:RxRXR"XR"— Sym,(R", o¢a,p,uv)=au’ —pr.

While @ is smooth, the map G is not differentiable in all points. However, it is the quotient
of the smooth function A — ||A||i. and the convex function A — ||A||§. Therefore, the rules
for generalized gradients of regular functions are applicable; see [5, Section 2.3]. It fol-
lows that the subdifferential of G in a point A can be computed using a quotient rule, which
yields

”A”4 Z[0(IANIALIG = AlIAIL]

0G(A) =
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998 H. Eisenmann, A. Uschmajew

Here, d(||A]| ) denotes the subdifferential of the spectral norm in A. The derivative of ¢
equals

o' (a, B, u,v)[6a,88,6u,8v] = u®ad - Su+ Sa - u) — v\ (dB - 5v+ 88 - v),
which leads to

JF(a, p,u,v)[ba,op, éu, 6v]
|||L|||!‘ OUIAINNANG — AlIAl, . u""(ad - 6u+ a - u) = V=" (@dp - 6v + 6 - V)

&)
with A = @(a, f,u,v) = au® — f1*. The subdifferential of the spectral norm can be charac-
terized as

O(llIAll,) = conv argmax {{A,X); : X € Sym ,(R"), rank X =1, [[X]lz =1}, (6)

see [4, Theorem 2.1] in general, and [1, Section 2.3] in particular. In words, d(||A||,;) equals
the convex hull of the normalized symmetric best rank-one approximations of A.

From (5) and (6), one concludes that the first-order optimality condition
0 € 0F(a, p,u,v) (see, e.g., [5, Proposition 2.3.2]) for problem (4) implies that there exists
X in the convex set (6) such that

(X = AA, u"Yad - bu+ 6 - u) = v (df - 5v+6p - v)) =0
for all (6a, 6, 6u, 6v) and some A € R. This is equivalent with just requiring
(X = AA, u 6u+v16v) =0

for all 6u and 6v. Let P,, denote the orthogonal projection onto the linear sub-
space {u®'6u+v¥"16v : su,6v€ R"} of Sym,(R"). Taking into account that
P, A=P, (au? — pv?) = au? — pr¥, we conclude that the optimality condition can be
written as

Mau® — pv*) € P, conv argmax {{au’ — pv’,X), : X € Sym ,(R"™), rank X = 1, || X|| = 1}.
(N
We now show that condition (7) cannot hold for tensors au? — pv¢ admitting a unique best
symmetric rank-one approximation. This is an interesting analogy to the fact that matrices
achieving a minimal ratio of spectral and Frobenius norm have equal singular values.

Proposition 2.1 Let A = au® — pv? have rank two. If A has a unique best symmetric
rank-one approximation, then A is not a critical point of the optimization problem (4).

We use the following lemma that shows P, W= au='w + bv~lw for any w € R"
with some a,b € R.

Lemma 2.2 Let||ul| = ||v|| = 1. The projection Pu,vwd is given by

(WY — G, Y, WY D+ (o, w) = (Y, w)d! )vdfl]w.

1
T
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Proof This follows from the definition of orthogonal projection by a direct calculation.
O

Proof of Proposition 2.1 Let one of +w? be the normalized best symmetric rank-one
approximation of A. Since it is unique, the optimality condition becomes

Mau® + pv¥) € P, . (8)

From p,(w) = {(A,w?);#0 and A= au’+ pr¢ € {(u¥'6u+v*16v : éu,é6ve R"} ,
we have P, w? # 0, which excludes A =0. By Lemma 2.2, P, ,w/ = au®'w + by*'w
for some a,b € R. However, since u and v are linearly independent, we have the
decomposition

(= Su+vE16v i du,sve Ry ={u'6u:éue R} W 'sv:sve R}

into two complementary subspaces. Therefore, (8) would only be possible if w is both a
multiple of u and v, which contradicts the linear independence of « and v. O

2.3 A condition for unique symmetric best rank-one approximation

We now present a class of symmetric rank-two tensors admitting unique best symmetric
rank-one approximations. By the result of Proposition 2.1, these can then be excluded from
the further discussion on the minimal norm ratio.

Proposition 2.3 Ler
A=au® - p

withu # v, ||u|]l = ||vll = 1, {u,v) > 0and « > B > 0. Then, A has exactly one best symmet-
ric rank-one approximation.

For the proof, we require auxiliary results. One is the following fact about polynomials.

Lemma 2.4 Let a,y > 0 and b > 0 and d > 2. The equation x = y(x — a)(x + b)?~! has
two real solutions if d is even, and three real solutions if d is odd.

Proof Let p(x) = y(x — a)(x + b)~! — x. Then by the intermediate value theorem, p must
have at least two real zeros, namely one in the interval [—b, 0] and another one in the inter-
val (a, o). On the other hand,

p/(X) ) yd(x ’ b)d_z <x - W) - 1a

has at most two sign changes, one at a value larger than @=Da=b and another at one at a

value smaller than —b if d is odd. Therefore, p has at most three real zeros. The statement
follows from the fact that the number of real zeros of a polynomial with real coefficients
has the same parity as its degree. a
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1000 H. Eisenmann, A. Uschmajew

The second lemma narrows the possible locations of maximizers of the homogeneous
form |p, |

Lemma 2.5 Under the assumptions of Proposition 2.3, let w be a maximizer of
[paw)| = [{aud — gy, wy | subject to ||w|| = ¢ > 0. Then, |(u, w)| = [{v,w)|.

Proof Assume to the opposite that |{u,w)| < |{v,w)| and without loss of general-
ity (v,w) > 0. Let Q be the symmetric orthogonal matrix mapping u to v and v to u
(i.e., Q=1-2zz" with z=(u+v)/||u+v|), and let w = Qw. Then, (u,w) = (v, w) and
(v,w) = (u, w). By assumption, we then have

|(aud - p, v'vd)F’ = (au? — pv? ).

If [(au — pv,wilyp| = (aud — g, wiy,. , this yields [(au? — pvd, ) p| > [(au? — pvd, wi) 5|

(by using (a+ B){v,w) > (¢ + f){u,w)¥) which contradicts the optimality of
w. In the other case, [(au?—pvd, w);|=—(au? - pv?,w?), optimality implies

BUu, W) + (v, w)?) > a({u, w)? + (v, w)?) which contradicts & > . O
We are now in the position to prove Proposition 2.3.
Proof of Proposition 2.3 We can assume that A € Symd(R2), so that u,v € R2.

Without loss of generality, since we can change coordinates, we can consider a =1,

u= (?) and \d/ﬁv = (Z) with @ > 0, b > 0 (since (u,v) >0), and a*> + b*> < 1 (since

f <a=1). Writingw = 4 <§> for points on the unit circle, where 4 > 0 is a normalization

constant, we then have
paw) = 20 = (ax + by)]. ©)
Critical points on the circle are characterized by (w, Vp,(w)) = 0, which means
¥ lx — (bx — ay)ax + by)* ' =0

independent of A. Note that here y = 0 is not possible since both a and b are nonzero.
Recall that a symmetric best rank-one approximation of A is given as p,(w)w?, where w
maximizes |pA(w)| on the circle. Since p,(—w) = (=1)%p,(w), in order to prove the asser-
tion it suffices to show that | 14 A(w)| has exactly one maximizer w with y = 1. The optimality
condition at such a w reduces to

x = (bx — a)ax + b)* L. (10)

Hence, we only need to show that there is exactly one solution x of this equation corre-
sponding to a global maximum of |p,| on the unit circle.
If y = 1, then p, in (9) has a zero at x;, = %. Then,

1-b_ b-b*-4>
= >

_ _ d—1
P P = (bxg — a)(axy + b)* .

X0
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This shows that (10) has at least one solution x* > x,. We consider such a solution x* such
x*

that the corresponding unit vector w = 4 < 1

> is a local maximum of |p,| on the unit cir-

cle. We have

A = L(axo -b) < A%(ax* —b) = [{v,w)].

R s
By Lemma 2.5, w is not a global maximum of |p,|. If 4 is even, then by Lemma 2.4, equa-
tion (10) has exactly two solutions, and therefore only one corresponds to a global maxi-
mum. If d is odd, then by the same lemma, (10) has three solutions. Taking into account
that p, in (9) has only one zero for y = 1, one of these solutions corresponds to a local
minimizer of | D4 | Hence, there is only one global maximizer. O

[{u,w)] = A <

2.4 Thecasea > 0>

d |2
Nlaw =1l

We show that TP 2 %if (ud, vy > 0 and @ > 0 > f. This shows that for d > 2 such
u“—, F

d-1
tensors do not attain the infimum in (4) since % > <1 - é) . We formulate this statement

without « and § by removing the restriction ||u|| = ||v|| = L.
. 412 1
Proposition 2.6 Leru # v and (u,v) > 0. Then, m 2 3
F
d
Proof We can assume ||u|| > ||v||. Using that ||u¢ + v¥||, > (u? +17, ||Z||d )r» We have
el 4 20 vy + (<“*">)2d vl - (u)w

Il + V45 ’ W) . llul v 1

lud + w12~ Nl + 2w, v)4 + [|v]]4 Neell?d + 2, v)d + vl 2fvli2d 27
as asserted. O

2.5 Thecasea=06>0

In this section, we verify by a direct calculation that the infimum in (4) is not attained for
the difference of two rank-one tensors with the same norm, i.e., when a = f#in (4).

Proposition 2.7 Leru # v, ||u|| = |[v]| # 0, {u,v) > 0and d > 3. Then,

llu = v|12 14!
s (1)
llud = veI5 d

We require the following version of Jensen’s inequality.

Lemma 2.8 Let f :[a,b] > R be convex and continuously differentiable. If
a+b=d +banda<d <b <b,then
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1002 H. Eisenmann, A. Uschmajew

1 b
—/f(x)dxz
—a/,

The inequalities are strict if f is strictly convex.

Proof Without loss of generality let @ = —b and @’ = —b'. Then, using substitution, we
have

b b
% / F()dx = l, f(ﬁlx) —F ) +f () dx
b

1

=y f(X)dX+—/ / F»=f(= y)dydx 2 — L f(X)dx

by monotonicity of the derivative of a convex function. This shows the first of the asserted
inequalities. The second inequality is just Jensen’s inequality, noting that — “+b =1 ;b,. Iffis
strictly convex, then f” is strictly monotone and the inequalities are strict. a

Proof of Proposition 2.7 We can assume that A € Sym ,(R 2, so thatu, v € R2. After

rotation and rescaling, we have u = < tl > andv = < 1—t ) with ¢t € (0, 1]. Then,
lud = v|12 = 2(1 + ) = 2(1 = ) =1 g(0). (11

First, we apply the estimate

4 1+ — (1 -)
||ud—vd||62<ud—vd u > =( + ) ( ),

’ d
lu T
which yields
e v ey —a=py 1 1=\
llud —ve||2. ~ 2(1 + 2)d 2 1+2) )
The right-hand side is monotonically increasing in the interval (0, 1]. For ¢ = (ﬁ it
equals

1 1_(d—2)" _d'-@d-2y
2 d 244
. . 1 d-1 d—1 d-1 . . .
This value is larger than (1 - 2) = <7) since, using Lemma 2.8 with f(¢) = 14!,
it holds that d¢ — (d — 2)? > 2d(d — 1)~ for d > 3. This shows that

[lud — vdlli . (1 ~ l)d_l
llued — v2||%. d
for all ¢t € [\ / ﬁ, 1]. It hence remains to verify this inequality for all t € <O, ﬁ),

which is a little bit more involved. The starting point is another lower bound for the spec-
tral norm, namely
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e =1, > <ud —, <W>d>,, - ﬁ((\/ﬁﬂy_ (\/ﬁ_z)d> = h),

Note that

II — V“IIF ”WdHF

ing that g(f) = |lu? — vd||2 is of order t2 by (11). We therefore have
dy 2

e _ [ Wa (V@=Dja _ Wiz (1 ~ l)d—l

=0 5@~ \TWal\ /v W12 /-

where the second and third equalities are shown in Sect. 2.1. We now claim that

2
AM gorre (0.4/
dr g(1) d-1
which then proves the assertion. This claim is equivalent to the positivity of

NG

o (2 050 = ¢ (Oh(r))
= [(\/ﬁ+ t>d71 + (\/cm— t)dfl
- t[(m * ’)d - <\/ﬁ - f>d] [(1 +) (1 - tz)d_l] :

Elementary manipulations give

Vd'

4d

_ [(\/m+ ) ey - (Vami-0) - N—l] (1-ra-1)
- [(\/ﬁw)d_l(l — )t - (\/ﬁ—t)d_l(l +12)"‘1] (1 +z\/_1>
= [(F+t+t2\/dj+tj)d_] —(M—z—ﬁx/ﬁﬂ*)d 1]( —t\/dTl)

=:b =a

- [(yﬁ+,_,z\/ﬁ_f3 ) _(\/ﬁ_tﬂzm_g)“](lﬂ\/ﬁ).

=:b =:a

1+2- —zz)d]

— (20 ()g(1) — g (A1)

(12)
Note that forz € <0,\/ﬁ>we have b > b’ > a’ > aand

b—a=2t<l +\d- 1), b —d =2t(1 —nd- 1).

Therefore with f(f) = (d — 1)t?~2, we can rewrite (12) as
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1004 H. Eisenmann, A. Uschmajew

b v
ﬁ\/gd(%’(t)g(t) - g ) = 2% [(b' - a’)/ J@)dx—(b— a)/ f®) dX]-

Moreover,

/ /
atb _ i+ s d—1-20=4F0

2 2

(o ,_ .
and therefore d' := W >d >a and b>D" := W > b'.  Since

d'+b" =a+bandd” —b" =d - b', Lemma 2.8 yields

b’ b

J@dx>b-a) [ fx)dx,

!

b
G a')/ Jx)dx > (b —a)

a a

where the second inequality follows from monotonicity of f. This shows that (12) is posi-
tive. O

2.6 Tensors of border rank two

We now consider tensors lying on the boundary of the set of symmetric rank-two tensors.

Proposition 2.9 Ler A be a limit of symmetric rank-two tensors andrank A > 2. Then,

Al S <1 1)"‘1_ IW,ll2
> >
A1l

d

IWall7

and equality is attained if and only if A = u~"vfor some orthogonalu and v, that is, for ten-
sors arising from scaling and orthogonal transformations of tensor W,.

The boundary of rank-two tensors is well-studied. We require the following well-known
parametrization, see, e.g., [3]. We offer a self-contained proof for completeness.

Lemma 2.10 Let A be a limit of symmetric rank-two tensors and rank A > 2. Then, A is

of the form
A = au’ + bdu®y
with (u,v) = 0 and |lul| = ||v]| = 1.
Proof Let A, = “Z + VZ with lim,_, A, =A or lim,_, A, = —A. It is not difficult to see

that u,, and v, must be unbounded since otherwise there is a subsequence of A, converging
to a tensor of rank at most two, contradicting rank A > 2. We write v, = s,u, + t,w, with
[lw,|l = 1and (u,,w,) = 0. Then,

d
_ dy, d d\ a-kk dk k
A, = (ts)u, + Z <k )sn Lu W,
k=1
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and it can be checked that all terms are pairwise orthogonal. Hence, since A, converges,
all terms must be bounded and by passing to a subsequence we can assume that all of them
converge. Due to ||u,|| - oo we have 1 + sﬁ — 0 for the first term, which implies that the
sequence s, is bounded. Therefore, considering the term k = 1, the sequence ¢,||u, ||*~! is
bounded which automatically implies #*||u,, |*~* — 0 for all k > 1. We conclude that

lim A, = lim(1 sZ)uZ + r}ggo dsz_ltnuz_lw” = au® + bdu~v

n—oo n—oo

which proves the assertion. a

Proof of Proposition 2.9 Using Lemma 2.10, scaling and orthogonal transformations,
we can assume A = aef + bde‘li_le2 € Sym 4( R?) with a,b > 0. Then, ||A||12F =a* + b*d

since the tensors ¢¢ and e?~'e, are orthogonal and ||de?'e, ||2 = d. We have the following
two lower bounds for the spectral norm:

d

-1

IIAIIgz<aei’+bde‘f“e2,%< d1_1>> =L<a\/d—1 +bdVd -1 )
v PV

(13)
and

All, > (ae} + bde{ e, €]}, = a. (14)

We can restrict to tensors A with Frobenius norm [|A||% = a* + b?d = 1 and need to show
that

d-1

1\
Al > (1—-)
Il > (1-

whenever a > 0. The first lower bound (13) implies that this is true whenever b >

Vd-avd=1
—

Together with 1 = a®> + b*d and a,b > 0 this verifies the claim for 0 < a < 2—”2‘2((_1]_1). If

a> = 2‘;(31_1), then the second lower bound (14) yields the desired estimate
2
24/d(d - 1) d—1 1\¢!
AP > d® > (1 _ _>
I ||,,_a_< — >> 1> (1-1
ford > 3. a

This concludes the proof of Theorem 1.1.

3 Approximation ratio for nonsymmetric rank-two tensors

Recall that the spectral norm for general n; X -+ X n, tensors is defined as

(Auy @ =+ @ uy)p. (15)

Al = max
T ===t

The result for symmetric tensors raises the question whether the inequality
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1006 H. Eisenmann, A. Uschmajew

-1

1
IAll, > (1= =) " 1Al

is also true for general real tensors of order d > 3 and rank at most two. As stated in Theo-
rem 1.2, the answer is indeed affirmative and a consequence of the following interesting
fact.

Proposition 3.1 Let A be a real n; X --- X n, tensor of rank at most two. Then there is is
symmetric rank-two tensor Ag € Sym 4(R 2y with [|A]l = |Agll- and [JA]l, > [l Ag]l,

For the proof, we will require two lemmas. The first is on the behavior of successively
taking geometric means of positive real numbers, and the second on the relation of Frobe-

nius and spectral norm of two particular 2 X 2 matrices.

Lemma 3.2 Let x,z > 0,k > 0, and define the sequence

Yo=X Y1 = (Xk_lz)

1=

1
s Vo2 = (ylﬁﬁyf)k-
Then, lim,_, y, = (x"z)ri‘

Proof We may assume x,z > 0, otherwise the result follows immediately. We show via
induction that

1
Yo = (ka+<_1)/zk“'(_1)f_I ) LD, (16)

The cases # = 0 and # = 1 follow directly. Now let (16) be true for 1, ..., 7 + 1. Then,
D240 e e G=D(K D) ey
+ +
_. ).( )

K2 (k1) K (1) K (k1) K (k+1)

=

Yer2 = (yf+1yf)
_ <xk/+3+(_])f+2zk/+z+(_l)/+1 ) m
proving (16). Taking the limit £ — oo gives the result. a

Lemma3.3 Lera,b € Rand 0 < x;,x, < 1. Define the matrices

a+ bx;x, b\/xlxz—x%xg a+ bxx, bx \/l—x
S = and T =
byfxix, — 22 b(1 = x,xy) bxz\/l — 2 b\/(l -1 -]

Then, ||S|lr = IIT|| and [IS]|, < [IT1],-

Proof A direct calculation shows that ||S|| = ||T|| . The singular values of 2 X 2 matrices

are given by 02, = F2/2 + /F*/4 — |D|*, where F is the Frobenius norm and D is the
determinant of the matrix. We have

|det S|? = a®b*(1 — 2x1%y +x2x2) and |detT|? = ®b*(1 — xl —x2 +x xz)
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Since 2x,x, <x? +x? implies |det T|* < |det S|?, the largest singular value of T, which
equals its spectral norm, is larger or equal to the largest singular value of S. O

Proof of 3.1 Write A=aU+ pV where U=u; ® - Qu, and V=v, ® --- ® v, with
lu;ll = llv;]l = 1. Then, ||A]|% = @® + 2ap(U, V) + p>. We may assume that u;,v; € R>
and after an orthogonal change of bases and possibly changing sign of f, we may also

assume that
u;=e, v,=xe +14/1 —)cize2 with  0<x; <1.

Our goal is to show that replacing any k factors v; ,...,v; of V with the same unit norm
vector v defined by

k 1/k
v=xe; + V1 —-x%, with x= (Hxl-j)

J=1

leads to a tensor with the same Frobenius norm but smaller spectral norm. Since Frobenius
and spectral norm are invariant under permutation of tensor factors, it suffices to prove this
for the case that the first k vectors v, ..., v, are replaced in this way. The resulting tensor is
denoted by Ay = aU + pV, withV, =v® - @ vQ v, ® - ® v, and since

(U, Vk>F—H<u,,V) H(u,,v>_x’< H X, —Hx _H<u,,v> =(U,V)p,

i=k+1 i=k+1

the Frobenius norms of A and A, indeed coincide. In the remainder of the proof, we show
by induction that the spectral norm does not increase with £, i.e., [|A;, |, < lAll, < IAll,-
For k = d , this provides a symmetric tensor with the desired properties.

We start with k = 2. Let wy, ..., w, be the maximizers in

(Ao Wy ® - @ wy)p = [IAs]l,-

m
lwill=-=llwgll=1

Leta=a Hf:3(ui, w),b=p H?=3(vi, w;), and consider the matrices

a+ bxx, bx;y/1 — x>
T—aee +bvv 2

1—
bxz\/l — 2 b\/(l — )1 - )

and

a+bxix,  by/xx, —x*x2
S=aelelT+bva= 2
by/x;x, —x?x% b(1 —x;x,)

They represent the bilinear forms
WITW, = (A0, @ 0, @ W3 @ - @w,)p and WIS, = (A, W, @ W, @ w3 ® - @ wy)p

in W, and Ww,. Clearly,
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ITl, =, max (A5 ® W @ wy ® = @ wbr < lIAll,
Vi 0]

and

ISl = I, ” ”w7” 1< 2 W @ Wy @ W3 ® -+ @ Wy)p = |IAsl,-
Lemma 3.3 implies ||S||, < |||, and therefore ||A, ||, < [|A]l,-

For the induction step, let 2 < k < d and assume that replacing any k factors of V in
the described manner always results in a tensor with a smaller or equal spectral norm.
Note that here V was in principle arbitrary. Starting from the given V, we now construct a
sequence ‘70, Vl, ... of rank-one tensors in which the first k factors and then the second to
(k + 1)-st factors are successively replaced:

‘70 =V ® - @V @ Vi ® (V2 ® - @ vy)s
V=5 @7 @ @7 ® (o ® - ®vy),
‘72 =@ ®@N®V®@Wp® - ®V)

and so on (the term in brackets disappears when k = d — 1). By induction hypothesis, the
corresponding sequence B, = aU + ﬂ\N/f of tensors has nonincreasing spectral norm and
in particular ||B,||, < |Byll, = lAll, < IA|l,- We claim the B, converge to A;,;, which
proves [|Ai, ll, < lAll, < IlA]l, as desired. Indeed, the unit norm vectors

_ 2
v, =ye + 1 - yse,

above are constructed according to

i
i

k
= H , = (xk_lxk+l) » Ve = (y/;:-Iny)

By Lemma 3.2, this sequence converges to

1/(k+1
k k /D

1/k _ 1/k+1)
Hxi X1 = Hxi ’
i=1

i=1

that is, the V, converge to V,,, and hence the B, converge to A,,,. This concludes the
proof. O

Based on Proposition 3.1, we obtain a proof for Theorem 1.2 for general real rank-two
directly from Theorem 1.1.

Proof of Theorem 1.2 Again, since A has rank at most two, it suffices to prove the state-
ment for general (i.e., nonsymmetric) 2 X --- X 2 tensors. Obviously, the minimal ratio
IA]l,/llAllg over general 2 X --- X 2 tensors is smaller or equal than the minimum over
symmetric ones. However, by Proposition 3.1, the converse is also true. The result hence
follows from Theorem 1.1. a
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Theorem 1.2 suggests an interesting relation between results in [6, 10]. The authors in
[6] found that the minimal possible ratio of spectral and Frobenius norm among all ten-
sors in C*® C>® C” is 3, while in [10], it is shown that the minimal ratio for tensors

inR’® R>® R?Zis only % However, Theorem 1.2 states that border rank-two tensors in

R 2> have the minimal ratio 2. This might be related to the fact that tensors of real rank
two and three both have positive volume in R?® R?>® R?2 while almost all tensors in
C?® C?® C?have complex rank two.
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