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Abstract
In this paper, we consider the following coupled gradient-type quasilinear elliptic system

—div(a(x, u, Vu)) + A,(x,u, Vu) = G,(x,u,v) inQ,
=div(b(x,v, Vv)) + B,(x,v, Vv) = G, (x,u,v) 1nQ,
u=v=20 on GQ,

where Q is an open bounded domain in RV, N >2. We suppose that some C'—Car-
athéodory functions A,B : QX RXRM — R exist such that a(x,t,&) = V{:A(x, t,6),

A 1,8) =218, b1, =V B8, B8 =2(x¢, and that

G,(x,u,v), G,(x,u,v) are the partial derivatives of a Cl—Carathéodory nonlinear-
ity G : QX R xR — R. Roughly speaking, we assume that A(x,7,£) grows at least as
(1 + [e[5P0)|EP, py > 1, s, = 0, while B(x, t, &) grows as (1 + [¢]22)|E|P2, p, > 1, 5, 20,
and that G(x, u, v) can also have a supercritical growth related to s, and s,. Since the coef-
ficients depend on the solution and its gradient themselves, the study of the interaction of
two different norms in a suitable Banach space is needed. In spite of these difficulties, a
variational approach is used to show that the system admits a nontrivial weak bounded
solution and, under hypotheses of symmetry, infinitely many ones.

Keywords Coupled gradient-type quasilinear elliptic system - p-Laplacian-type operator -
Supercritical growth - Weak Cerami—Palais—Smale condition - Ambrosetti—-Rabinowitz
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1 Introduction

The study of partial differential equations involving nonlinearities with critical or super-
critical growths is a very complex matter, and for many critical and supercritical prob-
lems, some basic issues are mostly unknown or undiscovered. For example, let us con-
sider the quasilinear elliptic problem

—A u= AMulP?u+ |u|?u in Q,
P (1.1)
u=~0 on 092,

where Q is an open bounded domain in RY, N > 2, and 1 < p < N. In spite of the simple
looking structure of the problem, if we ask g to be critical or supercritical from the view-
point of the Sobolev embedding theorem, namely g > p* = Iév—_pp, some significant difficul-

ties arise. Among other problems, in general, the lack of compactness which occurs does
not guarantee even the existence of solutions, which has been derived only in few cases and
frequently under assumptions on the shape of the domain Q (for the classical nonexistence
result due to the PohoZaev’s identity see [36], or also [37, Theorem III.1.3]).

The existence of positive solutions of (1.1) has been successfully addressed either
by adding some lower-order term to the critical nonlinearity (see [9]) or by considering
domains which are not starshaped (see, e.g., [6, 22]) if p =2, g =2* and A =0, while
the existence of sign-changing solutions of (1.1) has been obtained if p =2, g = 2* but
A # 0 (see, e.g., [3, 20]). To our knowledge, all the results carried over so far are built
on the key assertion that the functional associated with the critical problem (1.1) satis-
fies the Palais—Smale condition even if only in certain ranges of energy.

On the other hand, taking p # 2, due to the hardship in handling a quasilinear opera-
tor, very few results of existence have been derived so far, not even under assumptions
of symmetry on the domain (we refer to [31] for a wider discussion). We limit ourselves
to point out that as derived in [34], a PohoZaev-type nonexistence result is not yet avail-
able for sign-changing solutions of (1.1), as the unique continuation principle for the
p-Laplacian is not known, while it has been proved for nonnegative solutions (see [23]).
However, the existence of a positive solution in a domain with a sufficiently small hole
has been shown for 15—112 <p <2, as well as an existence and multiplicity result have
been proved under further assumptions of symmetry (see [21, 31, 32, 34, 35] and refer-
ences therein).

In spite of the mentioned difficulties, in recent years, there has been a marked increase
in research in critical and supercritical problems. The interest in these problems is related
to their similarity to some variational problems which arise in Geometry and Physics where
the lack of compactness also occurs. In this sense, one of the best known challenges is
the so-called Yamabe’s problem, but also some examples related to the existence of extre-
mal functions for isoperimetric inequalities, Hardy-Littlewood—Sobolev inequalities and
trace inequalities can be addressed (see, e.g., [25, 27, 29]). However, in general, also in the
“simplest” cases, some problems are still open, and some classical variational tools, largely
used in the subcritical case, do not work in the critical and supercritical ones.

Anyway, recently, quasilinear problems which generalize
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—div((1 +A@)|u|*")|VulP~2Vu) + sA)|u|P2u|Vul? = |ul*"*u in Q,
u=20 on 0Q,

have been studied and, by means of a suitable variational setting, the existence of infi-
nitely many weak bounded solutions is proved also if the nonlinear term has a supercriti-
cal growth such as 2<1+p<p(s+1) < pu<p*(s+1), when A € L®(Q) is such that
A(x) > ay > 0 for a.e. x € Q (see [14] and also, for other approaches, [4, 30]). One of the
most remarkable feature of this work is that unlike the results mentioned above, both an
existence and a multiplicity result have been provided in the supercritical case for a more
general problem without taking any symmetry assumption on the domain Q.

Here, following the ideas introduced in [14], we look for solutions of the family of cou-
pled gradient-type quasilinear elliptic systems

—div(a(x, u, Vu)) + A,(x,u, Vu) = G,(x,u,v) inQ,
—div(b(x,v, Vv)) + B,(x,v, Vv) = G, (x,u,v) inQ, (1.2)
u=v=20 on GQ,

where Q is an open bounded domain in R¥, N >2,and A,B : Q x R x RV — R are given
functions with partial derivatives

A,<x,r,§)="a—f(x,t,:), a(e1,€) = (%ow,:),.. o4

aél L) aéN(-xs tv&))r (13)

B8 = Zx1,0), b(x,r,:>=(g?B(x,r,:x...,;?B(x,r,é)), (1.4)
1 N

for a.e. x € Q, for all (¢, §) € R x RY. Moreover, a nonlinear functionG : Q X RXR - R
exists so that

G,(x,u,v) = (Z—G(x, u,v), G,(x,u,v) = (Z—G(x, u,v) forae x € Q, all (u,v) € R% (1.5)
u v

Roughly speaking, here we assume that A(x,u, Vu) grows at least as (1 + [u|*71)|Vu|P,
pi > 1, 5, >0, while B(x, v, Vv) grows at least as (1 + [v|*272)|Vv|P2, p, > 1, 5, > 0 (see
Remark 3.2 and assumption (%)), and that G(x, u, v) can also have a supercritical growth
depending on s, and s, (see hypothesis (g,)).

While subcritical quasilinear systems have been handled through several techniques
(see, e.g., [5, 8, 10, 16, 18]), as far as we know very few existence results have been deter-
mined for supercritical quasilinear elliptic systems (see, for example, [19, 24] and refer-
ences therein), even though no result occurs for supercritical systems with coefficients
depending on the solution and its gradient themselves, as that one in (1.2). Moreover, as in
[14], even if a supercritical growth occurs, the domain Q is only open and bounded as we
consider homogeneous Dirichlet boundary condition, and the solutions we are looking for
are weak.

Thus, following the same approach used in [16] and [18], but carefully adapting the
ideas in [14] to our supercritical setting, we give some sufficient conditions for recognizing
the variational structure of problem (1.2), so that investigating solutions of (1.2) reduces to
find critical points of functional
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Ju,v) = /A(x, u, Vu) dx + / B(x,v, Vv) dx — / G(x,u,v) dx (1.6)
Q Q Q

in the product Banach space X = X; X X,, with X; = W(;P Q) NnL2Q)ifi e {1,2}.

Moreover, since in the Banach space X our functional J does not satisfy the
Palais—Smale condition, or one of its standard variants, we are not allowed to use directly
existence and multiplicity results as the classical Ambrosetti—-Rabinowitz theorems stated
in [2] or in [7]. Hence, we have to submit a weaker definition of the Cerami’s variant of
Palais—Smale condition, the so-called weak Cerami—Palais—Smale condition (see Defini-
tion 2.1). We believe that the use of this definition, introduced in the pioneering paper [11]
and employed in the framework of a quasilinear supercritical system, represents another
major improvement of the work in this field. In fact, here Definition 2.1 is used for stat-
ing an extended Mountain Pass theorem and also its symmetric version of which we avail
to gain our existence and multiplicity results (see Theorems 2.2 and 2.3), but we do not
exclude the chance that this feature may be also employed to recover other kind of prob-
lems (see, e.g., [33]). In fact, we highlight that this technique has been adapted to address
problems placed over unbounded domains both in radial and in non-radial setting (see [15],
respectively [17]) but so far only in subcritical growth assumptions (in [1], the existence of
solutions for some critical and supercritical problems has been proved by using a different
(radial) approach, which is not applicable for non-autonomous equations).

On the other hand, this enhancement imposes to pay the price that some technical
assumptions on the involved functions are needed. Namely, if we just assume the Car-
athéodory functions A(x,t,§), B(x,t,&), G(x, u, v) and their partial derivatives fit some
proper polynomial growths to show the % regularity of the functional 7 in (1.6), on the
other hand, the proof of the weak Cerami—Palais—Smale condition passes through some
fine requirements on the involved functions (see Sect. 3) and a very remarkable result (see
Lemma 3.7) which has interest own self and can be employed regardless of this scenario to
fix a problem of common trouble in this field.

Now, in order to draw the attention to the enhancement of our main results, we state
them here in a “streamlined” version but we refer the reader to Sect. 4 for all the needed
hypotheses on the involved functions and the precise statement of the results (see Theo-
rems 4.1 and 4.2).

Theorem 1.1 Suppose that A(x,t, &) grows at least as (1 + |t|5PV)|E[P1, with p; > 1,5, >0,
while B(x,t,&) grows at least as (1 + |t|*2P2)|&|P2, with p, > 1, s, > 0. Moreover, assume
that the Cl—Carathéodory function A(x,t,§), respectively B(x,t,&), and its partial deriva-
tives fits some suitable interaction properties among themselves, while the C'-Carathéo-
dory nonlinear term G(x, u, v) satisfies the Ambrosetti—Rabinowitz condition for systems
with coefficients 0,, 0, > 0 such that 0, < , 1€ {1,2}, and has a proper polynomial

growth which can also be supercritical dependlng on s and s,. If

. G(x,u,v)
lim sup

——— < a,min{A;{,4,,} uniformly a.e. in Q,
(u,v)—(0,0) Iulpl + Ivlpz : hb o Y

with A;, first eigenvalue of—Apl in ng(Q), i€ {1,2}, then problem (1.2) admits a non-
trivial weak bounded solution.

Theorem 1.2 In the same hypotheses of Theorem 1.1, assume that A(x, -, -) and B(x, -, -) are
even in R X RN while G(x, -, ) is even in Iszor a.e. x € Q. Then, if
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lim inf
|(u,v)| = +00

G(x,u,v)
T T
lul®r + |v|

> 0 uniformly a.e. in Q,

problem (1.2) admits infinitely many distinct weak bounded solutions.

Finally, in order to better explain the required hypotheses, we consider the particular
setting

1 s 1 s
A, 1,8) = — A+ [t"P)IE1P,  B(x,t,8) = — (1 + [t]2P2)[&]7, (1.7)
P P>
and
1 1
Glx,u,v) = —|ulf + — v + ¢, ful" [v]"?, (1.8)
q1 9>

with ¢, > 0 and some positive exponents p;, s;, q;, v; for each i € {1,2}. So, J in (1.6)
reduces to the functional J, : X — R such that

Tl v) = - /(1+|u|flpl)|w|l’ldx+l /(1+|v|le’z)|w|ﬁzdx
P1 Jo Py Jo

_/<l|u|41+L|V|qz _|_c*|u|}’|Ivl}’2>dx7
o \q1 9

and, in a suitable set of assumptions, system (1.2) turns into the model problem

—div((1 + |u|*P)|VulP1=2Vu) + s, |u|P1=2u | VulP

= |u|"2u + yyc, |ul " 2ulv| " in Q,

—div((1 + [v]|2P2)|V|P272VV) + 5, |[v]$2P2 72y | Vy|P2 (1.9)
= yyc, uln vy + || 272y in Q,

u=v=0 on 0.

Hence, the previous results can be reworded in this way.

Theorem 1.3 Let A(x,1,&), B(x,t,&) and G(x, u, v) be as in (1.7) and (1.8) with p; > 1,
i€ {L,2},c, > 0and either p, <N or p, < N. Assume that 0,, 0, exist such that

1 " .
2<1+p,<p(s;+1)< 7 <g;<pi(s;+1) forie{l,2}, (1.10)

1

where py, p; are the critical Sobolev exponents, and also

1<y, <q,, 1<y,<gq, aresuchthat y,0,+7y,0,>1. (1.11)
Then, if

Gl iy U N\pow 1y forije{l2)is L12

ijIi_Yi N piGs;+ 1D Fi%i "/ RS (1.12)

problem (1.9) admits infinitely many weak bounded distinct solutions.
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Our paper is organized as follows. In Sect. 2, we introduce the abstract setting needed to
recognize the variational structure of our problem (1.2), as well as some extended versions
of the Mountain Pass theorems are shown up. Furthermore, a regularity result for the func-
tional J in (1.6) is provided, too. Then, in Sect. 3, some further assumptions on A(x, ¢, &),
B(x,t,&) and G(x, u, v) are addressed in order to show that the functional J verifies the
weak Cerami—Palais—Smale condition. Lastly, in Sect. 4, our main results are stated and
proved.

2 Abstract tools and variational setting

We denote N = {1,2, ... } and, as long as we introduce our abstract setting, we employ the
following notations:

e (X, lly)is a Banach space with dual (X', || - ||y,
o (W,|l-llw) is a Banach space such that X & W continuously, i.e., X C W and a con-
stant o, > 0 exists such that

IVllw < oo llylly  forally € X,
e J:DCW-RandJ e C'(X,R)with X c D.

In order to avoid any ambiguity and simplify, when possible, the notation, from now on
by X we denote the space equipped with its given norm || - ||y while if the norm || - ||y, is
involved, we write it explicitly.

Now, taking f € R, we say that a sequence (y,), C X is a Cerami—Palais—Smale
sequence at level B, briefly (CPS)-sequence, if

Jim J@y,)=p and  Lim [l (y, )l (1 + 1yl = 0.

As pointed out in [13, Example 4.3], a (CPS); sequence can be constructed so that it is
unbounded in || - ||y but converges with respect to|| - ||,. Thus, as in [14], we introduce the
following definition.

Definition 2.1 The functional J satisfies the weak Cerami-Palais-Smale condition at level
B (f € R), briefly (wCPS)ﬂ condition, if for every (CPS)ﬁ-sequence ), a point y € X
exists, such that

(i)  lim |y, —ylly = O (up to subsequences),
(it) J(y)=p,dJ(y) =0.

We say that J satisfies the (wCPS) condition in /, I real interval, if J satisfies the (wCPS),
condition in X at each level g € I.

Anyway, even if we deal with a weaker version of the Cerami’s variant of the
Palais—Smale condition, some classical abstract results can be extended so to fit to our
purposes. Actually, as in [14, Lemma 2.2] (see also [12, Lemma 2.3]), a Deformation
Lemma can be stated which provides the following extended version of the Mountain
Pass theorem given in [2] (see [14, Theorem 2.3] for a detailed proof).

@ Springer



Multiple solutions for coupled gradient-type quasilinear... 2347

Theorem 2.2 Let J € C' (X, R) be such that J(0) = 0 and the (wCPS) condition holds in R,.
Moreover, assume that there exist a continuous map ¢ . X — R, some constants ry, ¢, > 0,
and e € X such that

@ £0)=0 and £y = yllw forally € X;
@ yeXx, ZM=r = JO) = oy
@) lellw > ro and J(e) < oq.

Then, J has a Mountain Pass critical point y* € X such that J(y*) > ¢y.

If, in addition, we require that J is symmetric, then a more general version of the
Symmetric Mountain Pass Theorem in [2] can be stated, too (for the proof, see [14,
Theorem 2.4]).

Theorem 2.3 Let J € C'(X, R) be an even functional such that J(0) = 0 and the (wCPS)
condition holds in R .. Moreover, assume that ¢ > 0 exists so that:

(H,) three closed subsets V,, Z, and Mg of X and a constant R, > 0 exist which sat-
isfy the following conditions:

() V, and Z, are subspaces of X such that
Vo+Z,=X, codimZO < dim V, < 4005

@iy M, = ON', where N'C X is a neighborhood of the origin which is symmetric and
bounded with respect to || - || y;

(ii)ye M,NnZ, = Jy) = o;

@ yeV, lylx=R, = J() <0.

Then, if we put
B, = inf sup J(y(y)),
ye

Faera
with
L, = {r : X > X y odd homeomorphism, y(y) =y if y € V, with ||yllx = R,},

the functional J possesses at least a pair of symmetric critical points in X with correspond-
ing critical level B, which belongs to [, 0], where 0 > sup J(y) > o.

YEV,
Remark 2.4 Since the vector space V, in Theorem 2.3 has finite dimension, then condition

(H,)(iv) implies that sup J(y) < +oo. Moreover, such hypothesis still holds if we replace
YEV,

Il {lx with || - [l

Finally, if we can apply Theorem 2.3 infinitely many times, then the following multi-
plicity abstract result can be stated, too.
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2348 A. M. Candela, C. Sportelli

Corollary 2.5 Let J € C'(X,R) be an even functional such that J(0) = 0, the (wWCPS) condi-
tion holds in R and assumption (H ;) holds for all ¢ > 0. Then, the functional J possesses
a sequence of critical points (y,),, C X such that J(y,) /' +ooasn /' +oo.

Now, we proceed introducing the notations related to our specific setting. If Q ¢ RY
is an open bounded domain, N > 2, we denote by:

L9(Q) the Lebesgue space with norm |y|, = ( /, |y|%dx) Yaif1 < q < +co;
L*™(2) the space of Lebesgue-measurable and essentially bounded functions y : Q — R
wilth norm |y| = ess sup o|y[;
. Wo’p () the Sobolev space equipped with the norm ”y“Wll)w =|Vy|,if1 <p < +o0;
meas (D) the usual Lebesgue measure of a measurable set D in RY;
| - | the standard norm on any Euclidean space, as the dimension of the vector taken into
account is clear and no ambiguity occurs.

Moreover, for any m € N, we say that 7 : Q x R” - R is a C*~Carathéodory function,
k € Nu {0}, if h(-, v) is measurable in Q for all v € R™ while h(x, -) is C* in R™ for a.e.
x € Q.

Let A, B : QxR x RY — R be such that the following conditions hold:

(hy) A(x,t,¢) and B(x,t, &) are Cl—Carathéodory functions with partial derivatives as in
(1.3), respectively (1.4);

(h;) two exponents p; > 1, p, > 1, and some positive functions ®;, ¢;, ¥, y; € CO(IR, R),
ifi € {0, 1,2}, exist such that

A, 1,E)] < @)+ doDIET  ae. inQ, forall (1,&) eRXRY, (2.1

A, 1,8)] < @)+ (D)€" ae.in Q, for all (1,&) € RxRY,

la(x,1,8)] < @) + P, (@)|E[™!  ae.in Q, forall (1,&) € RxRY, 22)
and

[B(x,1,&)| < Wo() + wy(0)| €] ae. inQ, forall (&) € R x RV, 2.3)

[B,(x,1,&)] < W) +y;(0|E]>  ae.inQ, forall (1,&) € R X RN,

|b(x,1,8)| < o) + yr()|E]2™! ae. in Q, forall (1,&) € R x RY. @4

Furthermore, let G : QXRXR — R be a map which satisfies the following
hypotheses:

(89) G(x,u,v)isa Cl—Caratheodory function with partial derivatives as in (1.5), such that

G(-,0,0) e L*(Q) and G,(x,0,0)=G,(x,0,0)=0 forae.x e Q;

(g;) aconstant ¢ > 0 and some exponents ¢; > 1,1; > 0, if i € {1, 2}, exist such that
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|G, u,v)| < o(1+ |u|"™" + |v|")  forae. x € Q, forall (u,v) € R?,

2.5
|G, (x, u,v)| < o(1 + |ul? + [v|2")  forae. x € Q, forall (u,v) € R%. @3

Remark 2.6 Hypotheses (g,)—(g,), the mean value theorem and direct computations ensure
the existence of a positive constant ¢; > 0 such that

|GG, u )| < oy (14 [u]® + V] [ul + [ul2|v] + |v|%) fora.e. x € Q, forall (u,v) € R*.(2.6)

Now, taking any couple of real numbers #;, 5 > 1, from Young inequality, we obtain
I ul < Jul® + oI5, Jul® vl < fule+ vls forall u,v) €R?, (2.7)

where for simplicity, we set

ty 1= t;l% >t and ft4:= tstz% 2 0. (2.8)
Thus, from (2.6) and (2.7), we infer that
|G(x, u,v)| < 6,(1 + |u|® + |v|%2) forae. x € Q, forall (u,v) € R, (2.9)
with
g, :=max{q,,t;, 1} and g, 1= max{q,, 1,15}, (2.10)

for a suitable constant o, > 0.

In order to recall some features shared by the subcritical systems in [16] and [18], if
needed, here we introduce similar notations.

For each i € {1,2} let p; > 1 be as in assumption (k) and let us consider the related
Sobolev space

1.p; .
W; = Wy"(Q) withnorm || - [ly, = | - IIWJ,p,-.
Np;

N-p;
r € [1,+oo[if p; > N, W;is continuously embedded in L"(Q), i.e., 7;, > 0 exists such that

From the Sobolev embedding theorem, for any r € [1, p;.“] with p;.“ = if N > p;, or any

Iyl, <7, lIylly, forally € W,. (2.11)

Furthermore, if p; > N, we place

pi =+c0 and L*=0.
p;

Here, the notation (W, || - ||y), introduced for the abstract setting at the beginning of this
section, is referred to our problem with

W=W, xW, and Iy = Nully, + VI, @) €W. (212

Since (W, || - Ily,) is a reflexive Banach space for both i € {1,2}, sois (W, || - Iy ) in (2.12).
Moreover, we consider the Banach space (X, || - ||y) defined as
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X=X, xX, with ||y = llully, +IIVlly, if (w,v) €X, (2.13)
where
X, :=W,nL®Q) and X, :=W,nL>(Q) (2.14)
are endowed with the norms
lll, = lully, +luly ifu€X, and [Wlly, = [Vlly, + Ve ifvEX,.
Setting
L:=L*Q)xL®(Q) with |||, = ulg + 1V]es
we have that X in (2.13) can also be written as
X=WnL (2.15)
and its norm is such that
1Ge, Wl = 1@ Wl + 11 G W

Clearly, from (2.14), for both i € {1,2} we have that the continuous embeddings X; < W,
and X; & L®(Q) hold.

Remark 2.7 If p, > N for both i € {1,2}, then the embedding W; & L®(Q) means that
X; = W,. Thus, X = W and the classical Mountain Pass theorems in [2] may be applied.

Firstly, we note that if conditions (hy)~(h,), (gy)-g;) hold, then direct computations
imply that J(u,v) in (1.6) is well-defined for all (u,v) € X. Moreover, taking any (u, v),
(w,2) € X, the Gateaux differential of functional J in (u, v) along the direction (w, z) is
given by

AT v, 2)] = /

a(x,u,Vu) - Vw dx + /Au(x, u, Vu)w dx
Q Q

+ / b(x,v,Vv) - Vzdx + / B, (x,v, Vv)z dx (2.16)
Q Q

- / G, u,v)w dx — / G,(x,u,v)z dx.
Q Q

For simplicity, we set

y(u, ViweX, y(u, Vw] = dJu, v)[(w,0)] € R,
du Ju

y(u, vVizeX, - y(u, W[zl = dJ(u,v)[(0,2)] € R;
ov ov

hence, from (2.16), it follows that

%(u,v)[w]=[za(x,u,Vu)'dex+-/QAu(x,u,Vu)wdx—LGu(x,u,v)wdx 2.17)

and
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?)—“}7(14, v)[z] =/b(x, v, Vv) - Vzdx + / B,(x,v, Vv)z dx — / G, (x,u,v)z dx. (2.18)
Q Q

Q

Taking (u,v) € X, since dJ(u,v) € X', then

6] 1] 0_\.7 !
E(M,V)EX R 0V(M’V)EX2
and
dJu,v)[(w,2)] = g—‘Z(u,v)[w] + ?)—“}7(% vz] forall (w,z) € X. (2.19)

Furthermore, above remarks and direct computations give not only the estimates

o7
' 9 v

0
< [ldJw,v)|ly  and ” 9J )| < NdTw,v)lx, (2.20)
X, Wl

but also

ldTw lly < H"—j(u )
ou

+ H 0;7(% V)
x; av

X
At last, from (2.19), we infer that

dJu,v)y=0inX << (;—“7(14, v)=0inX, and 3—‘7(14, v)=0inX,.
u v

Finally, we can state the regularity of functional 7 defined in (1.6) (for the proof, see [18,
Proposition 3.5]).

Proposition 2.8 Assume that conditions (hy)(h,), (8y)g,) hold. Let (u,,v,)), C X and
(u,v) € X be such that
w,,v,) = w,v)inW and (u,,v,) = W, v)ae. inQ ifn— +oco.
If M > 0 exists such that
[l <M and |v,|, <M foralln €N,
then
Ju,,v,) > Ju,v) and |[dHu,,v,)—dTu,v)||y — 0 asn — +oo.

Hence, J is a C' functional on X with Fréchet differential defined as in (2.16).

3 The set up for the weak Cerami-Palais-Smale condition
In order to prove some more properties of functional 7 in (1.6), let p; > 1 and p, > 1 as

in the earlier hypothesis (%,). Then, assume that R > 1 exists such that the following condi-
tions hold:
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(h,) some constants #,,#, > 0 exist such that

A(X,t,f) Srlla(x’t7§)'§ a.c. lHQlfl(Z,f)l ZR’ (31)

B(x,1,&) <mb(x,1,§)- & ae inQif (1,8 2 R, (3.2)
and

sup |A(x,t,&)| < 1y, sup |B(x,t,&)| <n, ae. inf;

|(t.6)I<R [#EI<R (3.3)

(h;) some exponents s, 5, > 0 and a constant 4, > 0 exist so that
a(x, t,&) - € > pg(1 + [t|"P)|EP1 ae. inQ, forall (1,&) € R x RY,
b(x,1,E) - & > ug(1 + |t]2P2)|E|>  ae. inQ, forall (£,&) € R x RY;
(hy) aconstant g; > 0 exists such that
a(x,t,&) - E+A,(x, 1,6t > palx,t,&) - & ae. inQif [(£,8)| > R,
b(x,1,8) - &+ B,(x,1, )t 2 uyb(x,1,8) - & ae. inQif |(1,8)] 2 R;
(hs) some constants 0, 0,, 4, > 0 exist such that

1 1
0 —, [7) —,
1 < 3 2 < ) (3.4)
and
A1, E) = 0,006, 1,8) - € — 0,A,(6,1,E) > moa(x, 1,E) - £ ace. in Qif [(1,6)] > R,
B(x,1,8) — 0,b(x,1,&) - & — 0,B,(x,1,E)t > urb(x,1,E) - & ae. inQif |(¢,8)| > R;
(he) forall&,& € R, with & # &, itis
[a(x,t,&) —a(x,t,EN] - [E-=E1>0 ae.in Q, forallt € R,
[bCx, 1, &) —b(x,t,EN] - [E-ET1>0 ae. inQ, forallt € R;

(g,) forie {1,2}, taking p; as in hypothesis (h,), g;,¢; as in assumption (g,) and s; as in
(hy), we assume that

1 <q <pi(s;+ 1), 1 <q, <pi(s, + 1), (3.5)
and
o<t <P1o—L N+, 0 <22(1- —1_Vpris, + 1)
N pisi+1) 2 N Pi(sp + 1) 1
(3.6)

(g3) taking@,,0, as in (hs), we assume that

0 < G(x,u,v) < 0,G,(x,u,Vu+0,G,(x,u,v)v ae.inQ, if |(u,v)| >R.

Remark 3.1 Assumption (3.5) shows up the supercritical nature of our problem which van-
ishes if s; = s, = 0 as it reduces exactly to the subcritical condition (g,) in [16, 18].
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However, in general, if one or both s; > 0, s, > 0 hold, then a supercritical growth on
the nonlinear term G(x, u, v) is allowed. Moreover, we emphasize that the growth hypoth-
esis (g,) is needed to prove that the functional 7 satisfies the (wCPS) condition, but has not
been required for the variational principle stated in Proposition 2.8.

Remark 3.2 If we consider hypothesis (4,) with # =0 and |£] > R, then assumption (h;)
gives y; < 1. Moreover, we note that (i) and (hs) yield

A, 1,8) > (011 + py) alx,1,8) - ¢ ae. inQ if [(7,8)] > R, 3.7

B(x,1,8) 2 (Oypy + pp) b(x,1,8) - ¢ ae. inQ if |(1,5)] 2 R 3.8)
which, together with condition (/;), imply that

A1) Z g0y py + )L+ [EPPDIE 20 ae. inQ if |(,E)] 2R, (3.9)

B 1,8) 2 uo(Oypy + )L+ [12P)[E)> 20 ae. inQ if |(,E 2R, (3.10)
Hence, from (3.3) and (3.9), respectively (3.10), and direct computations, we have that

A, 1,E) > py(0 1y + )L+ [1"P)|E — 3 ae. inQ forall (1,&) € RxRY, (.11

B(x,1,8) > py(@pty + o)1+ 1P |E7 =y ae. in Q forall (1.&) eRXRY, (3.12)

for a suitable constant 7; > 0. On the other hand, from (%,) and (2.2), respectively (2.4),
direct computations imply that

AW 1,8) < @y (1) + 1y (D0 + prMIEI + 1y ae. inQ forall (1,6) € Rx RY, (3.13)

B(x,1,&) <Yy (0) + 0, (P (0) + wr,(0))[E]72 + 1, ae. inQ forall (£,€) € RX RN, (3.14)

for a suitable constant 5, > 0. Then, if hypotheses (4,)-(hs) hold, the growth conditions
on A(x, t,&) and B(x, t,€) stated in (2.1) and (2.3) are a direct consequence of (2.2), respec-
tively (2.4), as (2.1) follows from (3.11) and (3.13), while (2.3) follows from (3.12) and
(3.14). Hence, even if (2.1) and (2.3) are part of assumption (%,), they can be ruled-out
from the hypotheses if (4, )~(hs) hold, too.

Remark 3.3 In the set of hypotheses (%,) and (h5) a more precise growth condition on both
the functions A(x, ¢, £) and B(x, ¢, £) can be pointed out. In fact, (3.1), respectively (3.2), (hs)
and direct calculations imply that

<W>A“’ L 2 AMLEON ae inQif[(LOI =R, (3.15)

1Y1

<W)B@’ LE) 2 B 6,6 ae. inQ if|(1,8)] > R (3.16)
1Y2

Now, taking =0 and |£] > R in both (h,) and (hs), without loss of generality we can
choose p, small enough so that
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m—0,—pu,>0 and n —6,—pu,>0.

Thus, from (2.1), (3.9), (3.15), respectively (2.3), (3.10), (3.16), and direct computations,

we obtain that
n-01-m
A(x,1,8) < nslt] me |€]Pr ae. inQif |¢| > 1 and || > R,

1=%-1

"
B(x,t,&) < uslt| m%2 |EP2 ae. inQif |t| > 1and |£] >R,
for a suitable n5 > 0, and then from (3.7), respectively (3.8), we have that

n1=01-mp
a1, E) - E< —B 1 e |gP ae. inQif |7 > 1and |E] > R,
O, u + 1y

s m =02 o
[t] me [E]P2  ae.inQif|¢f] > 1 and |€] > R.

b(x,t’é).é L—
Om + my

Finally, from (3.17), (3.18) and assumption (%), we infer that

1 6, +u 1 O+
0<ps;<——-——"—""2 and 0<p,s, <—— —"1=2
11 0, 6, > 0, 1,0,

‘We note that if

0<s, <L and 0§s2<L,
1P1 0,05

then we can always choose #, in (h,) large enough so that (3.19) is satisfied.

(3.17)

(3.18)

(3.19)

(3.20)

Remark 3.4 Conditions in (3.20) not only relate the exponents s;, s, provided in assump-
tion (h3) with the powers p;, p, > 1 used in the growth conditions (%,) and 6,, 8, claimed in
(3.4), but also they tell us how far we can take it. In particular, it implies that in our set of
hypotheses, a supercritical growth is allowed as long as s, s, cover the whole range stated

in (3.20).

Remark 3.5 Assumptions (g,)>-g;), (g3) and direct calculations imply that for each

i € {1,2} afunction h; € L*(Q), h;(x) > 0 for a.e. x € Q, exists such that
G(x,u,0) > hl(x)|u|é fora.e. x € Q, if |u| >R,
G(x,0,v) > hz(x)|v|é forae. x € Q, if |v| > R.
Thus, from (2.6), we obtain that
hl(x)|u|é —03 <G u,0) <o (14 |ul") forae. x€Q, forallu € R,
hz(x)|v|é —03 <G(x,0,v) <o(1+|v|?2) forae. x € Q, forallv e R

for a positive constant o3 > 0. Then, (3.20) and (3.21) imply that
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1 1
P15y < 0_] <q D28y < o < g,
while from (3.4), it is

P < 5 JZIRS

0, 0,

So, if condition (3.5) holds, without loss of generality, we can take g,, ¢, in (g;) large
enough so that

P+ D) <q <pi(s;+1) and  py(s,+ 1) < gy <p3s,+ 1) (3.22)

In order to show that the (wCPS) condition holds also in our supercritical setting, we
need some preliminary results.
Firstly, we note that taking p > 1and s > 0, then straightforward computations give

IVAYIWIP = (s + 1P IyI? VYl ae. inQ, forally € W)"(Q). (3.23)

Such an equality allows us to prove the following Rellich-type embedding theorem (for the
proof, see [14, Lemma 3.8]).

Lemma 3.6 Takingl <p <N and s > 0, let (y,), C W(i’p(Q) N L®(Q) be a sequence such
that

(/(1 + |y, ") Vy, Ipdx> is bounded.
o

n

Then, y € Wé’p () exists such that |y|’y € Wé’p (), too, and, up to subsequences, we have
that

Y. =y weakly in W,”(Q),
[y,I'y, = IyI’y weakly in W(;"’(Q),
y, — y stronglyin L"(Q) foreach r € [1,p*(s + DI,

y, =y ae inQ.

Furthermore, we state the following boundedness result (for the proof, see [26, Theo-
rem I1.5.1]).

Lemma 3.7 Let Q be an open bounded subset of RN and consider y € Wol’p(Q) with p < N.
Suppose that y > 0 and k, € N exist such that

|VylPdx < y(/ - k)’dx) +y Z k"’/[meas(Q:)]l_ﬁﬂf for all k > k,
o & j

J=1
with Qk+ ={xeQ:yx)>k}andr, m, a;, g positive constants such that

1 <r<p*, g >0, pLa<egp*+p.
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Then, ess sup gy is bounded from above by a positive constant which can be chosen so that
it depends only on meas(Q2), N, p, v, ky, 7, m, &) &, |y|p* (eventually, |y|, for some | > r if
p* = +x).

As pointed out in Remark 3.1, the upper bounds in (g,) were not required so far, but
will be essential in the incoming results. Therefore, some consequences of the estimates
in (3.5) and (3.6) are needed.

Remark 3.8 Suppose 1 < p; < N,1 < p, < N and take #,, t, as in (3.6). Following the ideas
in Remark 2.6, we can choose #; and #5 in (2.7) so that

pipy(s; + 1)
PPy (sy +1) = Npy
popi(si+ 1)
pap(sy + 1) = Nty

<t3 <pi(s;+1),
(3.24)

1< <ts <py(s;+ 1),

as (3.6) implies that

pipy(s, + 1)

pipiGs, + ) =Nty >0 and 1< ———————
12 ! pipi(s, + 1) = N,

< pi(s; + 1),

and also

papiGsp + 1)

popi(s; +1)=Nt, >0 and < —/—m——F—
2 2 pzp](sl+1)—Nt2

< py(sy + D).

Then, t, and 7, in (2.8) are such that
p * * P * *
<ty < Nl Pisy+ D) < pilsy+ 1), 1 <t < Nz PiGsy + 1) < pis; + D). (3.25)
Clearly, (3.24) and (3.25) still hold if p, = N and/or p, = N.

Remark 3.9 In the set of hypotheses (g,)(g3), by reasoning as in Remark 2.6, we can
consider estimate (2.9) with g, and g, as in (2.10) but taking ¢, j € {3,4,5,6}, as in
Remark 3.8. Hence, from (3.5), (3.22), (3.24) and (3.25), we infer that

qi . q
l<p, < ——<p! and 1<p, < — <pi.
P 5| +1 p] P2 S2+1 p2 (326)

Finally, we are able to prove that the weak Cerami—Palais—Smale condition holds.

Proposition 3.10 Under assumptions (hy)~(he) and (g,)—<(g3) functional 7 © X — R, defined
as in (1.6), satisfies (wCPS) condition in R.

Proof Taking any f € R, let ((&,,v,)), C X be a sequence such that
Ty, v,) = f - and || dTuy, v)llx (1 + [, v)llx) > 0 asn — +o0. (3.27)

We want to prove that a couple (u, v) € X exists such that
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@ (w,,v,) = (u,v)in W (up to subsequences),

@  Ju,v)=p,dJ(u,v) =0.
To this aim, for simplicity, we organize our proof in the following steps:

1. Both the sequences

</(1 + Iun|s1p1)|Vu,,|”1dx> and (/(1 + |v,,|52”2)|vn|”2dx> are bounded, (3.28)
Q n Q n

so, by applying Lemma 3.6, a couple (u,v) € W exists such that also
(|u|*1u, |v|2v) € W and, up to subsequences, we have:

w,,v,) = (u,v) weaklyin W, (3.29)

(lu, "y, (v, 12v,) = (Jul™u, [v]=v)  weakly in W, (3.30)
(U, v,) = (u,v) in L"(Q) X L?(Q) if 1 <r; <pi(s; + 1), i€ {1,2}, (3.31)
u,,v,) — (m,v) ae. inQ; (3.32)

2. (u,v) € L®(Q) X L®(Q);
3. foranyk > 0, define 7, : R — R such that

[t ifll<k
Tyt := kLo ifle] >k

and

Tt 01y €R? = 01,30 = (T Tyya) € R,
then, if k£ > max{||(u, v)||;, R} + 1 (with R > 1as in our set of hypotheses), it is
NdT (T (s v )l = 0 and  T(Ti(u,,v,)) = B;

4. | Ty v,) = @)y — 0and then (i) holds;
5. (ii) is satisfied.

For simplicity, here and in the following, we will use the notation (g,),, for any infinitesimal
sequence depending only on ((u,,v,)),,. Moreover, we denote by c¢; every positive constant
which arises during our computations.
Step 1. Firstly, we note that (2.20) and (3.27) imply

C;—“IZ(un,vn)[un] =¢, and aa;vj(un,vn)[vn] =g,. (3.33)
Thus, if we take 0,, 8, as in (hs), (g3), and sy, 5, as in (h;), by reasoning as in [18Step 1 in
Proposition 4.8], from (1.6), (2.17), (2.18), (3.27), (3.33), assumptions (h;), (h3), (hs), (g3)
together with estimate (2.9), and direct computations it follows that
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0 0
f+e,=Tu,v,) -6, —‘7(14,,, volu,] — 02—‘7(un, v,
ou ov
> oty / (1 + L, 1P| Vi, 7 dx + oy / (1+ [, [27)| Vv, [P2dx — ),
Q Q

which implies that (3.28) is satisfied and, up to subsequences, (u,v) € W exists such that
(3.29)—(3.32) hold.

Step 2. Due to the Sobolev Embedding Theorem, this step requires a proof only if either
py <Norp, <N.So,if p; <N (when p, =N the arguments can be simplified), we want
to prove that u € L*(Q). Arguing by contradiction, we assume that u & L*(Q) as either

€sS supgl = 400 (3.34)
or
ess sup o(—u) = +oco. (3.35)
If (3.34) holds, then for any k € N, we have that
meas(Q),) >0 with QF ={x€Q: ux) >k}, (3.36)

and for an integer k > 0, we consider the function R; 1tERP R;t € R defined as

0 ifr <k
+ = ~ _;-4
R/z"{t—k >k (3.37)

Now, we consider condition (3.36) for a fixed integer k > R (with R > 1 as in our setting of
hypotheses) and, taking k = k%!, for simplicity, we put

w, = u,|"u,, w = ul"u, (3.38)
and, as |f[*11 > k < 1>k, we have that
Qf ={xeQ: w) >kl (3.39)

Thus, from condition (3.30) and the sequentially weakly lower semicontinuity of || - “WI >
we have that

+ N +
IR, wlly, < lgglggfllR,zwnIIW,,

i.e.,

/w IVw|Prdx < I;rillgf/g [Vw, | dx, (3.40)

ik o
with
QO =xeQ: uW>k={xeQ: w, >k}

On the other hand, by definition (3.37) with k replaced with k, it is ”Rk+un”X| < ||”n||x,’ o}
from (2.20), (3.27) and (3.36), an integer n, € N exists such that
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0
a;uj(un, v [Rfu,] < meas(Q;,) foralln > ny. (341
Then, by reasoning as in [18, Step 2 in Proposition 4.8], from (2.17), hypotheses (h5), (h4)

with u; < 1(see Remark 3.2), equality (3.23) and estimate (3.41) we obtain that

(s, + Dy
[Vw,[Prdx £ ———meas(Q! )+ [ G,(x,u,,v,)Riu,dx foralln>n. (342)
o, HoHy ’ Q
We claim that
/ G,(x, u,, v, )R u,dx — / G, (x, u, R u dx. (3.43)
Q Q

In fact, from (3.32) and (g,,) , we have that
G,(x,u,, v, )R u, = G, (x,u,v)Rfu ae.inQ,

while thanks to assumption (g,), formulae (2.5), (2.7), (3.24), (3.25) and (3.31) ensure the
existence of & € L'(Q) such that

|G, u, VIR 1, | < 0wy | + |, |9+ [u, |5+ [v,[) < h(x)  forae. x € Q,

so the dominated convergence theorem implies (3.43). Thus, summing up, via (3.40),
(3.42), (3.43) and again (2.5), from definition (3.37) (k replaced with k), we infer that

J

|Vw|”‘dx§cz</ |R2u|dx+/|u|q‘_'|R:u|dx+/|v|"|R:u|dx+meas(Q:k)>
Q Q Q ’

<c / |u|dx+/ |u|q'dx+/ |u||v|’1dx+meas(£2:k) ,
QF QF Q. ’

uk uk uk

+
uk

or better, from (2.7) but according to the choises in Remark 3.8, by taking g, > 1 as in
(2.10) and being u > 1in Q: . definition (3.38) implies that

L
/ [Vw|Prdx < ¢4 / [w] s+ dx+/
Q Q Q

We claim that

[v|dx + meas(Q; k)). (3.44)

+ + +
uk uk uk

i 1-4
/Q+ [v|dx < (@ 1V VI, ) 2! [meas(Q) )] . (3.45)

uk

In fact, if ¢, = O then (3.45) reduces to

/ [v|"*dx = meas(Q ).
ot ’

uk

while if , > 0 from Step 1 we have that z = |v|®2v € W,, so (3.25) gives w > land the
4

Holder inequality with such an exponent, together with (2.11), implies that
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4 4 Jp—

[owtras= [ s e measpo) 7
QL Q& :

_a 1- 4

< (T llzll,) > [meas(Qy )] 7227

On the other hand, if, for simplicity, we put r = %, from (3.26), direct computations and,
1

again, (2.11) we have that

J

o - .
[w|s+dx < 2"1</ |w—k|’dx+k’meas(£2:k)>
;.k Q:k ’

P1
< 2! (rl,,uwuwl)’-f’l( / |w—7<|’dx> + k' meas(Q,)
Qf, '

uk

which, together with (3.45), allows us to reduce (3.44) to the estimate

J

with ¢y = ¢4(lIwlly,, llzllw,) > 0. Atlast, as p; <N, from (3.25), we have that

Jan
- T S —
[Vw|Prdx < ¢, </ [w— k|’dx> + k’meas(Q;k) + [meas(Q;k)] P2+h

@

+
uk

(3.46)

»
meas(Q;k) = meas(Q;k)l_Vlﬂ‘, with £, = % >0, ,p) +p; =P

p—1 Pl
+ T+l + == +e,
meas(Qu’k) Pt — meaS(Qu’k) N gy

bW o,

N pis,+1)
so, from (3.26) and (3.39), since (3.46) holds for all k large enough, we have that
Lemma 3.7 applies and ess sup ow < +o0 in contradiction with (3.34). Similar arguments,
but modified in a suitable way, ensures that even (3.35) cannot occur, then it has to be
u € L*(Q), and also that it has to be v € L*(Q).

Step 3 The proof can be obtained by reasoning as in the proof of [18, Step 3 in Proposi-
tion 4.8] but with m = 2 and by replacing the estimates in [18, Remark 4.5] with those ones
in Remark 3.8 together with (3.26), and also by using (3.31) at the place of [18, (4.19)].

Steps 4 and 5. The proofs are as in the corresponding steps of [18, Proposition 4.8] (see
also [11, Proposition 4.6]). O

4 Existence and multiplicity results
Now, we can state our leading results. To this aim, we refer to the decomposition of X

already introduced in [16, Section 5]. For the sake of convenience, here we recall the
main issues. Fori € {1,2}, the first eigenvalue of —Ap’ in W; is given by
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Jo |VylPidx

= in . 4.1
yeWA(0} [ |y|Pidx @1

A1
Such an eigenvalue is simple, positive, isolated and has a unique eigenfunction ¢, ; such
that
@i >0ae. inQ, ¢, €LY(Q) and ||, =1 4.2)
(see, e.g., [28]). Furthermore, a sequence of positive real numbers exists such that
O0<dy<Ap< LA, <., withi,, /' +o00 asm — +oo, 4.3)

with corresponding pseudo-eigenfunctions (y;,,),, which not only generate the whole space
W,, but are in L*(L2), too. Thus, (y;,,),, C X;, and, for any fixed m € N, we consider

Vi,m = Span{l//i,l RN I//i,m }

and denote Y; ,, its topological complement in W; so that W; = V; , @ Y, and the inequality

bt [P < [ [Dopar orayer,, (44)
Q Q

is satisfied (cf. [11, Proposition 5.4]).
Thus, for any m € N definition (2.12) implies that
W=V, XV,) ® X, XY,,),
while from (2.15), it follows that
X = (VX Vo) ® X5 x v%)
where, fori € {1,2},itis Y,/ = ¥,,, N L®(Q) C X;and X, = V,,, @ Y,,’, with

dim (V,,)=m and codim (Y) = m.

Now, we are ready to provide our existence and multiplicity results.

Theorem 4.1 Suppose that A(x,t,&), B(x, t,&) comply with assumptions (hy)(hs) and that
a given function G(x, u, v) satisfies hypotheses (8,)-(g3). Furthermore, assume that a con-
stant ay > 0 exists such that the following conditions hold:
(hy) taking p,, p, as in hypothesis (h,) and s,, s, > 0 as in assumption (h3), we have that
Ax,1,8) > ap(1 + [t]"P)[E]17T ae. in Q, for all (t,&) € R X RY,
B(x,1,E) > ap(1 + [t|P2)|E|”>  ae.in Q, for all (1,€) € R x RY;
(g4) taking Ay jand A, as in (4.1), we have that

. G(x, u,v)
lim sup

———— < aymin{4, ,4,,} uniformly a.e. in Q.
W)=, [ulPr +[v[P2 .
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Thus, functional [J in (1.6) possesses at least one nontrivial critical point in X; hence, prob-
lem (1.2) admits a nontrivial weak bounded solution.

Theorem 4.2 Suppose that A(x,t, &), B(x,t,&) and G(x, u, v) satisfy hypotheses (hy)~(he),
(80)-(83)- Moreover, if we assume also that:

(hg) A(x,-,-)and B(x,-,-) are even inR x R" for a.e. x € Q;
(gs) taking 0,, 0, as in hypotheses (hs) and (g5), we have that
G(x,u,v)

1 1

lim inf

dim > 0 uniformly a.e. in Q;
u,v)|—+oo

lul® + [v] ™
(gg) G(x,-,-)isevenin R?for a.e. x € Q;
then functional J in (1.6) possesses an unbounded sequence of critical points

(> Vi ))iy C X such that J(u,,,v,,) /' +o0; hence, problem (1.2) admits infinitely many
distinct weak bounded solutions.

Finally, by reasoning as in [16, Corollary 5.4], we can state this further multiplicity
result since the supercritical growth in (3.26) does not affect its proof.

Corollary 4.3 Let p,,p, > 1and suppose that the functions A(x, t, &), B(x, t, €) and G(x, u, v)
satisfy assumptions (ho)y—(he), (hg), (89)83) and (g¢). Furthermore, if

(g7) inf{Gx,w,z) : x€Q, (W,2) € R? such that I(w,z)l=R} > 0, with R as in (g,);
(8g) 0, =0, with8, 0, as in (hs) and (g3);

are satisfied too, the even functional J in (1.6) possesses a sequence of critical points
((Uyy, vy )y in X such that Ju,,,v,,) /" +oo; hence, problem (1.2) admits infinitely many
distinct weak bounded solutions.

Before turning to the proof of our main results, we observe that if assumption (/5), and
then (h;), holds with s; = s, =0, then Theorem 4.1 reduces to [18, Theorem 5.1] while
Theorem 4.2 reduces to [18, Theorem 5.2] but with m = 2. Actually, the same holds true if
both p; > N and p, > N. Thus, in order to improve such previous results, here we assume
that either s, > O or s, > 0 and we define

Z;v) = max{|lylly,, llyPylly,} ifyeX,  withie({l,2}, 4.5)
and then
£ (u,v) = max{|[|(u, V)l I(ul™u, P20)lly}if v) € X. (4.6)
From definitions (4.5) and (4.6), we have that
[0 < Iyl + Pyl ifyeX,  withie {1,2}, @7
and

max{?Z,(w),,(v)} < fu,v) < €,(u)+¢,(v) forall (u,v) € X. 4.8)
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Moreover, taking p = min{p,, p, }, direct computations imply that

Z(u,v)
2

P
[, + [£,)]? > [ ] if (u,v) € X is such that Z(u,v) > 2. 4.9)

Remark 4.4 For both i € {1,2} definition (2.14) and identity (3.23) imply that the func-
tion y = |[[y[*ylly, is continuous and well-defined in (X, || - [y ) and so Z; : X; — R s con-
tinuous, too. Thus, from (2.15), we have that (u,v) = [|(Ju|'u, [v|*>v)||y is continuous and
well-defined in (X, || - ||y), then also £ : X — R is continuous with respect || - ||y and defi-
nition (4.6) implies that £(u,v) > ||(u, V) ||y for all (4, v) € X with £(0,0) = 0.

Throughout the remaining part of this section, for simplicity, we assume that
/QA(x, 0,0,) dx =0, /QB(x, 0,0,) dx =0, (4.10)
with 0y, = (0, ...,0) € RV, and
/QG(x, 0,0)dx = 0. 4.11)
Differently, one can always replace J(u, v) in (1.6) with the new functional
T (u,v) = J(u,v) — /QA(x, 0,0,) dx — /QB(x, 0,0y) dx + /Q G(x,0,0) dx,

since they share the same differential on X and so the same critical points.

For simplicity, we denote by c¢; every positive constant which arises during
computations.

Now, we can prove our existence result.

Proof of Theorem 4.1 Firstly, hypothesis (g,) allows us to take 4 > 0 such that

. G(x,u,v)
lim sup

s —|M|”‘ T <l<a, min{4,;,4,,} uniformly a.e. in Q. 4.12)

Thus, from (4.12) and direct computations, estimate (2.9) ensures the existence of a con-
stant o* > 0 such that

G(x,u,v) < A(lulPr + [v|?) + o*(Jul® + |v|%) for a.e. x € Q, for all (u,v) € R?, (4.13)

with g, ¢, as in (2.10) so that (3.26) holds. Moreover, taking s;, s, as in our setting of
hypotheses and fixing any couple (u,v) € X, from definition (1.6), condition (%,), estimate
(4.13) together with (3.23) and (4.1), it follows that

li V4 a K] P * q
Ju,v) 2 <0‘2 - E)IIMIIM}l + (sl+—1)1)1”|u| tully, —o”lulg
' 4.14)

Z P> az K P2 * q
+{a, — — vily, +————IIVI*V|, — o V.z,
<2 @)” I+ Gy I, = o
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where from (3.26) and the Sobolev inequality (2.11), we have that

4

/ y7dx = / sl dy < cyliblly’ forally € Xui€ (12}, (415)

for a suitable ¢; > 0 independent of i. Then, by using (4.15) in (4.14), from (4.12), a posi-
tive constant ¢, > 0 exists such that definition (4.5), estimate (4.7) and direct computations
imply that

a P}
P1 4 1 P: D: 1
T, v) 2 exlully + Ml ullfy ) = csllulully™ + (VI + NI ) = csliv=vl:

> [ ()] (Cz - Cs[fl(”)]"‘j_p]) + [£,(n)] <Cz - C3[fz(V)]"2T_pz>,
for a suitable c¢; > 0; hence, from (3.26) and (4.8), we obtain that

Tu,v) 2 £, (Cz — c3[f(u, V)]”qi‘_m) +[£,W) (Cz - c3[f(u, V)]’:i‘_pz)- (4.16)

We note that again from (3.26), a radius r, > 0 and a constant o, can be found so that

i
e, . .
cy—cyry” > 0, >0 forbothi=1andi=2,

thus, from (4.8) and (4.16), we infer that a constant g, > 0 exists such that
cu,v)y=r, = Ju,v) =0, 4.17)

On the other hand, from (%,)—(h,) and (h5) we have that [11, Proposition 6.5] implies the

existence of some constants b’f, b; > 0 such that

1 (1 1 (om\_
ol <0 (141058 Y g (1 0 g

a.e. in Q and for all (¢,&) € R x RY, with #,, u, as in (h,), respectively (hs), and, without

loss of generality, we can assume %(1 - %) —p; > 0 (a priori, we can take either u,
1 1

small enough or #, large enough). Thus, taking ¢, € X, as in (4.2), from (1.6), (3.21),
(4.10) and direct computations, we obtain that

w3 (1-12) Fu-2 "
Az 1,0) <bjro n |(p1’1|91 ndx + by |V(p1,1|p‘dx
1
¥ et /|(p =t [ @l

for a suitable ¢, > 0, which implies, from (3.4) that
Hzp;1,0) > —00  as T — +o0

1
as (4.2) and Remark 3.5 ensure that /Q hl(x)|(p1q1|adx > 0. Hence, considering r,, g, S0
that (4.17) holds, a point e¢; € X, can be found so that

l(ey, Ollyw >ry and  Tley,0) < gp. (4.18)
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Finally, from (1.6), (4.10) and (4.11), it is J(0, 0) = 0, which, together with Remark 4.4,
(4.17), (4.18) and Propositions 2.8 and 3.10, ensures that Theorem 2.2 applies and a criti-
cal point (u, v) exists in X such that J(u,v) > ¢, > 0. O

In order to prove our multiplicity theorem, some geometric conditions are needed. In
particular, if assumptions (%,)—(hs) and (g,)—(g;) hold, we are able to state the following
results.

Proposition 4.5 For any fixed o € R, an integer m = m(o) > 1 and a radius R,, > 0 exist
such that

(u,v) € Y;i‘ X Y;fz, f(u,v) =R, = Ju,v) > o.

Proof Firstly, we note that (3.23) and (4.7) imply that

/(1 + |y|*P)| Vy|Pidx > [;) ify €X;, foreachi € {1,2}. (4.19)
Q (s; + 1)”

Then, taking (u,v) € X, from (1.6), (3.11), (3.12), (4.19), together with (2.9) where g,, g,
satisfy (3.26), we obtain that

Ty 2 PO 1o iy Folt10 ¥ 1)

(s, + L (s, + D)

- 0'2/|u|51dx - az/lvl‘?zdx—cl,
Q Q

for some ¢, > 0. We note that for each i € {1,2} condition (3.26) allows us to take r; > 0
so that

[£>(n)]
(4.20)

T q; — T

P P+

then, reasoning as in [14, Proposition 4.5], from classical interpolation arguments, (2.11)
and (4.5), we obtain that

_ ai=ri ’7’,
/|y|%dx < o[£ </ |y|”"dx>] forally € X,,
Q Q

for a suitable constant ¢, > 0 independent of i.

Thus, fixing any m € N, from (4.4) and, again, (4.5), it follows that

/ Iy|%dx < 62/1,,2;1[5,0)] Wi forally € Y, 4.21)
where from (3.26), it is
s+ g;
Sl pi- 4.22)

Hence, taking any couple (u,v) € Y,if‘ X Y,);Z, by using estimate (4.21) in (4.20), we obtain
that
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’2

- $+q)
TV 2 o3 (£ = b 14,1 T+ [E0P — eudy 2 16,0 5 —¢,
or better, from (4.8) and (4.22), we have that
_n
j(u’ V) > [fl(u)]p] <C3 /1 1’1+1 [f(l/t V)] \1+1 _171>
— (4.23)
+ [, 5 —c4/12m+1 [£(u,v)] =+ - .
Now, for eachi € {1,2}, from (4.22), we can define R;,, > 0 so that
s+l
s+ i 03 _ 3 i
C4/1[ 1 Ri,m = E — Ri,m = <2—c4 /lip,m+l> (424)
and, since from (4.3), it follows that R; ,, /' +00 as m — +o0, we have that
R, :=min{R,,,R,,} — +co asm— +oco (4.25)

which implies R, > 2 for all m > m if m, € Nis large enough. So, for any m > m, taking

(u,v) € Y,,)il X Y,,):z such that £(u,v) = R,,, from (4.9), we have that

R p
[, + [£,n])? > <7> , (4.26)

while from (4.23), by using (4.22), (4.24) and the definition in (4.25), we obtain

_n ’1‘1*]‘71 - n ’2‘2*]‘17 -,
p si+ p ot
Jw,v) > [, <c3 c4h, ;,Vll+] ! ) + [£,(n)]P? <c3 /122+]R ) -

_n s+ _ n r8$+q)
> [£,w)] <c3 /llfn‘HRl e p‘) + [£,()] <c3 /lzf;HRz;fl“ pz) -
= 33 (121" + [£,0)172) = cy.

Thus, for any m > m,, estimate (4.26) implies that

c; (R,
Tu,v) > 33 <7> —c; if (u,v) € YX1 X Y22 is such that £(u,v) = R,,. (4.27)

Finally, we note that the proof follows from (4.25) and (4.27). O

At last, by reasoning as in the first part of the proof of [18, Theorem 5.2] (we note
that the computations do not involve the supercritical growth of G(x, u, v) but only its
lower bound coming from assumption (gs)), the following result can be stated, too.

Proposition 4.6 If also hypothesis (gs) holds, then for any finite-dimensional subspace V of
X a suitable radius Ry, > 0 exists such that

Jw,v) <0 forall (u,v) € V such that ||(u,v)|ly > Ry.
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In particular, the functional [J is bounded form above in V.
Now, we can prove our multiplicity results.

Proof of Theorem 4.2 Firstly, we observe that (1.6), (4.10) and (4.11) give J(0,0) =0,
while assumptions (/) and (g,) imply that the functional 7 is even in X. Furthermore, tak-
ing any r > 0, we set

M, ={wvyeX: fuv)=r}.

By definition, M, is the boundary of a symmetric neighborhood of the origin which is
bounded with respect to || - ||,,. Now, fixing any ¢ > 0, from Proposition 4.5, it follows that
an integer m, > 1 and a radius r, = r,(m,) > 0 exist so that

@ eM, NI XY = Jwy 2o

while, by choosing m > m,, the m-dimensional space V,, is such that codim ¥,, < dimV,,,
.. . . 3
and from Proposition 4.6 a radius R, > 0 exists so that

Jw,v) <0 forall (u,v) € V,, such that ||(u, v)||x > Ry .

Hence, assumption (H,) in Theorem 2.3 is verified. Then, the arbitrariness of ¢ > 0 so that
(H,) holds, together with Propositions 2.8 and 3.10, allows us to apply Corollary 2.5 and
the existence of a sequence of diverging critical levels for the functional J in X is pro-
vided. -

Proof of Theorem 1.3 Taking A(x, t, &) and B(x, 1, &) as in (1.7), from (1.10), it follows that
conditions (h,)—(h,) and (hy) hold. Moreover, if G(x, u, v) is as in (1.8), assumptions (1.10)—
(1.12) and Young inequality imply that (g,)(g,) are satisfied with

g, — 1 7 =1

h=r » h=E7 .
q91 — " 42— 12

On the other hand, again from (1.10), direct computations allow us to prove that hypoth-
eses (hs) and (g3) are verified, too. At last, also condition (g5) holds as (1.10) and direct
computations allow us to prove that for any R > 2 it is

G(x,u,v)

> %min{i, i} if (u,v) € R? is such that |(x, v)| > R.

1 1
Jul -+ v] ho

Then, since the symmetric assumptions (/g) and (g) are trivially satisfied, the thesis fol-
lows from Theorem 4.2. O
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