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Abstract

This paper studies the geometry of Cartan—Hartogs domains from the symplectic point of
view. Inspired by duality between compact and noncompact Hermitian symmetric spaces,
we construct a dual counterpart of Cartan—Hartogs domains and give explicit expression of
global Darboux coordinates for both Cartan—Hartogs domains and their dual. Further, we
compute their symplectic capacity and show that a Cartan—Hartogs domain admits a sym-
plectic duality if and only if it reduces to be a complex hyperbolic space.

Keywords Cartan—Hartogs domains - Darboux coordinates - Symplectic duality -
Symplectic capacity
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1 Introduction and statement of the results

Studying the symplectic geometry of a domain X C C* equipped with a real analytic
Kihler metric v = é()dd), the following questions naturally arise:

Q1 There exist global symplectic coordinates for X?
Q 2 Is the dual domain X* of X a well-defined Kihler manifold?

When Q 2 has a positive answer we also have:
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Q3 What can we say about the symplectic capacity of X and X*?
Q4 TIs there a symplectic duality between X and X*?

Recall that the existence of local symplectic coordinates is guaranteed by the cel-
ebrated Darboux Theorem, but in general the answer to Q 1 is negative, as shown by
Gromov’s exotic symplectic structures on R%* [1] (see also [2] for an explicit example of
a symplectic manifold diffeomorphic but not symplectomorphic to R%).

The concept of duality in Q 2 and Q 4 is inspired by the natural duality between
compact and noncompact Hermitian symmetric spaces and can be expressed as follows.
The potential ¢ can be expanded as a power series of the variables z = (zl, ,zk) and
7= (Z,, ,Zk), denoted by ¢(z,z), where z is the restriction to X of the Euclidean coor-
dinates of C*. By the change of variables z = —Z in this power series, one gets a new
power series denoted by ¢(z, —z). We say (according to [3]) that a symplectic manifold
(X*, w*) is the symplectic dual of (X,w) if @* has a Kihler potential ¢* such that the
power series ¢*(z, Z) associated with ¢* formally satisfies

¢"(z,2) = —d(z, -2).
We say that a smooth map y : X — X*is a symplectic duality if it satisfies

vioy=w and y o' =,

k
where we denote by w, = é Y. dz; A dz; the restriction of the flat form of CFto X and X*.
=
Symplectic capacities are a class of symplectic invariants, which generalize the con-

cept of Gromov width, defined by Ekeland and Hofer [4, 5] for domains in R2" and
generalized by Hofer and Zehnder to symplectic manifolds [6] (we refer the reader to
Sect. 4 for definitions and to [7] and references therein for further details). Symplectic
capacities naturally represent an obstruction for the existence of a symplectic embed-
ding, as they generalize the concept of Gromov width introduced in [8], which gives
a measure of the largest ball that can be symplectically embedded inside a symplectic
manifold. Their importance arises in the celebrated Gromov’s nonsqueezing Theorem,
according to which a symplectic embedding of a ball into a cylinder is possible if only if
the ray of the ball is less or equal the cylinder’s one. Computations and estimates of the
Gromov width and the Hofer—Zehnder capacity can be found, e.g., in [8—18].

All the four questions find a positive answer when X is a Hermitian symmetric space
of noncompact type Q. In particular in [19], global symplectic coordinates that realize
a symplectic duality are given, while in [20] is computed the symplectic capacity of
Q, the Gromov width of the dual Q* and also sharp estimations of the Hofer-Zehnder
capacity of Q*, extending G. Lu’s results in [15] valid for Grassmannians. It is then
natural to investigate if these results can be extended to a class of bounded domains on
C"*! called Cartan—Hartogs domains, which are Hartogs domains based on Hermitian
symmetric spaces of noncompact type. The geometry of these domains turned out to be
interesting from several points of view, see, e.g., [21-24] and references therein (see
also [25] for Hartogs domains constructed over bounded homogeneous domains). More
precisely, Cartan—Hartogs domains are a 1-parameter family of noncompact nonhomo-
geneous domains of C**!, given by:
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Mg, 1= {zw) €QXC||w]> <Ny}, (1.1)

where Q C C" is a bounded symmetric domain, Nq(z,z) is its generic norm and y > O is a
positive real parameter. We endow My, , with its Kobayashi Kéhler form wg, , whose global
Kihler potential reads

Pq, (2 Wiz W) = —log(NA(z,2) — [w]?). (1.2)

Our first result answer positively to Q 1 when X is a Cartan—Hartogs domain:

Theorem 1 Let M, « be an (n + 1)-dimensional Cartan—Hartogs domain. Then, there exists
a global symplectomorphism ¥y, , : Mg , — cr,

The global coordinates we exhibit generalize those of the Hermitian symmetric space of
noncompact type Q the Cartan—-Hartogs domain is based on. Indeed, if we restrict the map
¥, , to the base Q, we obtain the symplectic coordinates for Q constructed by A. Di Scala
and A. Loi in [19] (see also [26]). Further, we prove that as well as Di Scala and Loi’s map,
¥, , well-behaves with respect to the action of the automorphism group of € and enjoys a
nice hereditary property (see Remarks 1 and 2 ).

We construct (see Lemma 4 below) a symplectic dual of Cartan—Hartogs domains,
that is, M;“M = C™*! equipped with the dual Kihler form way, that we show to be strictly
plurisubharmonic on C"*!. In a natural way, the dual counterpart of ¥, , defines global
Darboux coordinates for ME’”, and we have the following:

Theorem 2 The dual Cartan—Hartogs domain (M v wy, ”) is a well-defined Kdhler mani-

Jold which admits global Darboux coordinates ®g, , : M{, M crl

We prove also that @, , is compatible with the action of the automorphism group of
and enjoys an hereditary property analogously to ¥, , (see Remark 5).

As third result, we compute the symplectic capacity of (MQ,M,a)O) and (M;"!”,a);*2 u)’

answering for these domains to Q 3:

Theorem 3 Let ¢ be a symplectic capacity. Then, for a Cartan-Hartogs domain Mg, ,
equipped with the flat form w,, and for its dual M, y endowed with the dual form . one
has: ' '

C(ngﬂ,a)o) =x, ifu<l;

_
" " _Jwmif u<l,
C(MQJ“COQ,;J> = { r if > 1.

The proof of the first part of Theorem 3 is based on the results in [20], on the symplectic
capacity of Hermitian symmetric spaces of noncompact type. To prove the second part, we
apply Theorem 2.

Unfortunately, it can be proven that ¥, , of Theorem 1 is not a symplectic duality unless
the Cartan—Hartogs reduces to be a complex hyperbolic space, i.e., when Q = CH" and
u = 1. With Theorem 4 below, we show that this is not a peculiarity of our map, giving
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2318 R. Mossa, M. Zedda

a negative answer to Q 4 that characterizes the complex hyperbolic space among Car-
tan—Hartogs domains:

Theorem 4 There exists a symplectic duality between a Cartan—Hartogs domain
(Mg, 0q,,) and its dual (C”“, . ) if and only lf(MQ”,wQ”) (CH™, whvp) This is

equivalentto¥Yq , = (Dg_zlﬂ, and in thzs case ¥, , realizes a symplectic duality.

The proof is obtained when u < 1 as direct consequence of Theorem 3 while for
u > litis a consequence of a volume comparison.

The paper is organized as follows. In the next section, we describe the geometry of
Cartan—Hartogs domains, proving Theorem 1. Section 3 is devoted to the construction
of dual Cartan—Hartogs and the proof of Theorem 2. Finally in Sect. 4, we prove Theo-
rems 3 and 4.

The authors are grateful to Prof. Andrea Loi for his interest in their work and for the
useful comments. The authors would also like to thank the anonymous referee for all the
suggestions that improve the exposition and the consistency of the paper.

2 Cartan-Hartogs domains and the proof of Theorem 1

Throughout this section, we use the Jordan triple system theory, referring the reader to
[19, 20, 26-31] for details and further applications.

2.1 Definition and geometric properties

Consider a Hermitian symmetric space of noncompact type (from now on HSSNT)
Q and the associated Hermitian positive Jordan triple system (from now on HPJTS)
(V. {.. D (see, e.g., [19, Section 2.2]). Recall that there is a natural identification
between V equipped with the flat form @, := idéml(x X), where m, is the generic trace

of V, and C" equipped with the standard flat form w, = Z dz; A dz;. By mean of this
identification, from now on we will always consider Q as a bounded symmetrlc domain
of C" in its (unique up to linear isomorphism) circled realization, which is usually called
a Cartan domain when Q is irreducible. Analogously, we will consider the Bergman
operator B, as operator on C", and its generic norm N(z,Zz) as a polynomial of C" (see,
e.g., [19, Section 2.1]).

To any HSSNT Q, we can associate the Cartan—Hartogs domain Mg, defined in
(1.1), equipped with its Kobayashi metric

i .=
= 5000q,, @1

where ¢, , is the Kiéhler potential defined in (1.2). Notice that if we restrict the Kobayashi
metric wg, , to {(z, 0) e MQ} Q we get a multiple of the hyperbolic form
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Symplectic geometry of Cartan-Hartogs domains 2319

Wy = —%aélogNQ(Z,Z), 2.2)
of Q (see also [19, (11)]), i.e., wg e = H Oy
Pla
Define:
L r(b+1+(;—1)§) <s+1+(1—1) ) ( +1)
F(S)=F , (2.3)
= F<s+b+2+(r+j—2)§>l“<§+1>

for a, b the numerical invariants of Q, r its rank and s € R™. In [32, Prop. 2.1], W. Yin, K.

Lu and G. Roos prove that
/N(z,‘)‘w = Jr"F(s)/@
F

where © is the induced volume form on Fiirstenberg—Satake boundary F of Q (see, e.g.,
[33, (1.28)] for its definition). Thus,

Mg 00) = [ il / / Caa o [y o™ o
Vol(M, ,, @) = = r/\—=— Nco"=—F;4/
Quuz 0 M, (n+l)' n! o 07 -

, 1.e., the volume of M, , with respect to the flat form induced by C"*lis given by:

n.n-f—l
Vol(Mq,, @) = —F(u) / e. 2.4)
n. F
The following is a key example for our analysis:
Example 1 (Hartogs—polydisc) Let A" be the n-dimensional polydisc
A = {z= (Zl,...,Zn) eC"| |sz2 <l,j=1,... n}
the generic norm is given by (Hua [34])
Na(22) =[] =15
j=1
It follows that its hyperbolic metric reads
i _ n
Oy = —Eaalog <H(1 — |Zj|2)),
j=1

and that the associated Cartan—Hartogs domain, which we call Hartogs—polydisc, is given
by

My, = {(z, wylze A", lwl? < J]a - 1z }

j=1
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2320 R. Mossa, M. Zedda

whose Kobayashi metric is @, , = éaéw an e With

J

NMADE —10g< (1= |z H* - IWI2>. @2.5)
=1

2.2 Holomorphicisometries between Cartan-Hartogs domains

A totally geodesic complex immersion f : (Q’ ,wl’lyp> - (Q, cohyp) between two HSSNT

equipped with their hyperbolic metrics preserves the triple products {,, }' and {, , } of the asso-
ciated HPJTS V' and V (see, e.g., [19, Proposition 2.1]), i.e.,

fluv,w} = {fu, fo,fw}. (2.6)

Hence, also the generic norm is preserved, that is, Ng(f(z),%) = NS’;, (z,2). Thus, the nat-
ural lift

TiMg, =My,  [@w=({@.w), @.7)

is a holomorphic isometric embedding with respect to the Kobayashi metrics defined by
2.1),1.e.:

Fa, = —1 00108 (N4G@.7@) - wl?)

= —500log (Ng, (2.2) = [wl’) = wg .

Thus, we get:

Proposition 1 Ler Q, Q' be HSSNT. Then, any totally geodesic complex immersion
[ Q' — Q extends to a Kiihler embedding f : Mgy, — Mg, to the corresponding Car-
tan—Hartogs domains, defined by (2.7).

Consider now the isotropy group K C Aut(Q) of the automorphism’s group of Q and
recall that K = Aut(V, {,, }). In fact, by [35, Prop. II1.2.7], the action of K preserves the triple
product {,, } of the associated HPJTS, that is K C Aut(V, {,, }), where Aut(V, {,, }) is the
group of complex linear transformations of V preserving {,, }. Vice versa, as a transforma-
tion f € Aut(V, {,, }) preserves the triple product, it preserves also the generic norm N(x,y).
Hence,

fraog, = —éaélog (N(f(z),%)) = —%65102; (N(z.2) = oy,

that is K 2 Aut(V, {,, }). Then, by the argument above, the holomorphic isometric action
of K on Q induces in a natural way a holomorphic isometric action of K on M, by

T-(z,w) = (7(2),w), 7€ Aut(Q). (2.8)
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Symplectic geometry of Cartan-Hartogs domains 2321

Moreover, as a consequence of Proposition 1 and of the Polydisc Theorem for HSSNT
(see [36]), a Cartan—Hartogs domain can be realized as a union of Kéhler embedded Har-
togs—Polydiscs M, ,;:

MQ,y = Urek T(MA".M)’

where r is the rank of Q and A" C Q is a r-dimensional complex polydisc totally geodesi-
cally embedded in Q.

2.3 Proof of Theorem 1

Let Mg, be an (n + 1)-dimensional Cartan-Hartogs domain and (C”, {,, }Q) the HIPTS
associated with Q. Define the map ¥y, , 1 Mg, — C"*lby

1 _ —_1
Yo, (zw) = —(y/ﬂN”(Z,Z)BQ(Z,Z) iz, w>,
! /NG 2) = [wl? “ 2.9)

where B, and N, are, respectively, the Bergman operator and the generic norm associated
with ., Jg-
In order to prove Theorem 1, we will show that ¥, , satisfies the following properties:

” _ _ iyl =.
(A) ¥, @) = wq,, where oy = 2 377, dz; A dzj;

(B) Yg,,is a diffeomorphism.
Let us start with the following two lemmata.

Lemmal Let fo: Mg, — C" be a smooth map of the form:
1
fozys ooz W) 1= ———=(1(2), ..., 1, (D), W)
N (2.2) = Iwl?

where h := (hy, ..., h,) satisfies:

— 00N}y = )" di; A dhy, (2.10)
J=1
Y (hdh; — hydiy) = (9 — GIN*. (2.11)
J=1
Then,
W, = %f;;( dzAdZ+deaw>. (2.12)
j=1

Proof Observe first that:
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2322 R. Mossa, M. Zedda

g, =~ éaé log (N* = [w]?)
i JON¥ —|w|*)

T2 TN w2

i[ 00WN* —|w|*) . ON* — |w|*) A OWNH — |wl]?)
) [_ NH — |w|? + (N# — [w|2)2 ]’ (2.13)
i dwadw JON* (ON* —wdw) A O(N* — |w|?)
T2 NH— w2 NK— |w]? 2NH — |w?)?

AN — |w|?) A (ON* — wd)
2(NH = |w|?)? ]

Now, let us compute é 1o <ZJ"= (dzAdZ+dw A dw). To simplify the indices notation, let us

write A, = z, = w. We have:

.on - .n ]’l }_l
LN diy) A df), == Y d ! d !
2 Z (o) A (fg), 5 Z |: ] A |:\/NI4 — |W|2:|

=0 j=0 \/N m—|w|?
:ii diyndly =Rl
2 = | V- [wl2 ~ 2(NH — |w|?)?
Cif awadw | i Ay Adh
2 | N# — |wl|? Nt — |w]|?
wdw — wdw 2 2;1:1 (hjdi’j B }_ljdhj ) 5
——— AdN¥* - 4+ ——  Ad(N¥ - .
2N = ) ( [wl®) 2N = WP ( [wl®)
(2.14)

Assume that (2.10) and thus (2.11) hold. Then, from (2.13) and (2.14) we get:

fowy— o, =m [wdiv — wdw) A d(N¥ — [w]?) + (9 — DIN* A d(N¥ — |w]?)
—(ON* — wdw) A ON* = [w|*) = IN* = [w[*) A (ON* — wdi)|
=m [~IV" = [wI?) A N = [w]?) + OV — [w]?) A ON" — |w?)]
=0,
(2.15)
and we are done. O

Lemma2 Let F: (Q, w,,) = (C",wy) be a holomorphic map satisfying F*w, = wy,,,, and:

n

Y (FdF; - FdF;) = dlogN — dlogN. (2.16)
j=1
Then:
n
—00N" = i ) d(N*/*F)) A d(N*IF)), 2.17)
j=1
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Symplectic geometry of Cartan-Hartogs domains 2323

and
uN*2 Y (Fd(N"2F) — FA(N'I2F)) = (0 — GN. (2.18)
J=1

Proof We start by proving (2.17). Observe first that from F*w, = —%05 log N one gets that
\/HF satisfies \/uF*w, = —565 log N*, as it follows by

p Y dF; AdF; = —93log N*.
j=1

Then, expanding the right hand side of (2.17) we get:
u Y ANMPE) AANPPE) =p Y (FANM/? + N*2dF) A (F,dN/? + N*/2dF)
J=1 J=1

=u ) [F;N"2dN*2 A dF; + F;N*/*dF; A N*/* + N*dF; A dF)]
j=1

n
=puN"2 Y [dN** A F,dF; + F,dF; A dN*/*| — N*9d log N*
j=1

— 2 2 F F :
=uN*> Y [dN#/2 A FdF; + F,dF; A dN?|
=

_ N#9ON* — ON* A ON*
N# ’

At this point, (2.17) is satisfied if and only if
uNM2 Y [dNM/2 A FidF; + FdF; A dN*/2] = — 40N*/2 A GNM/2

Jj=1
= — 2dN#/2 A ON*I2 — 29N"/% A dNH/2,

where we used that ON# = 2N#/29N*/2 This last equivalence can be rewritten as
n
Y [dN#/2 A FdF; + F,dF; A dN"/| = —dN*/? A Glog N — dlog N A dN*/2,
j=1
that is,
n
dN*/2 A Y [F,dF; - F,dF;| = —dN*/% A [dlog N = dlog N],
j=1

which holds true once (2.16) does.
Finally, the following computation proves (2.18)
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2324 R. Mossa, M. Zedda

UN' 3 (FAWPF) = FANCF)) = uN*? 3 (FN"/2dF; + FN*/ )+
J=1 =
—F,(N*I*dF; + FdN"/?))
n
=uN* Z (Fdej — F]dFj) = uN”(dlogN _ 5logN)
Jj=1
=[4NM—1(()N _ EN) = ON* — ON*.

O

Now, we can proceed with the proof of (A). In [19, Theorem 1.1], A. Loi and A. Di
Scala show that the map F : (€, a)hyp) — (C", wy) defined by

F(z) = Bo(z2) iz,

is a global symplectomorphism, thus Lemma 2 applies once checked that F satisfies
(2.16), and (A) will follow by Lemma 1.

Denote by D(x,y) the operator on (V, {,, }) defined by D(x,y)z = {x,y,z} and denote
by z = Zj Aic; the spectral decomposition of z. We have (see [19, (28)]) that

~1)2
F) = (id - %D(z, ) e=(d-m0 s

where we use the operator z[z := %D(z, z). Therefore,

Y [Fdevj —Fdej] = m,(F,dF) — m,(dF, F)
=1

= my ((id — 202)""? z,d((id - 202)""* 2) ) = m, (d((d - z02)7"/* 2), (id — z002)™/* 2)
= my ((id — z02)7"/? z, (id — z02)™"/* dz) — m, ((id — z02)""/* dz, (id — z02)""/* 2),

where we used the identity
dF(z) = (d(id - z02)7"/%) 2 + (id — 202) ™z,

and the fact that z[z is self-adjoint with respect to the Hermitian metric m,. Using [19,
(34)], we get

_5N(z,2)

d— -1/2 - V&2
my (F(2), ((id - z02)~'/?)dz) NG.D)
and thus:

dlogN(z,%) — dlog N(z,7) = ivf"(iz’z? _ (;Vf\f((zz,zz))

=m, (F(2), ((id - z02)7"*)dz) — m, (((id — z02)7"/?)dz, F(2)),

as wished.
In order to prove (B), we need the following lemma:
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Symplectic geometry of Cartan-Hartogs domains 2325

Lemma 3 Property (B) holds for Hartogs—Polydiscs.

Proof Let M, ., be an n-dimensional Hartogs—polydisc, as described in Example 1. From
NA”(Za Z) = Hjn:](l - IZ]|2) and BA”(L Z) = dlag((l - |Zl|2)2’ ’(1 - IZnIZ)Z) (See5 c.g.
[19, Sec. 3]), (2.9) reads:

1 2y n
Yy (@w) = A ,4| |(1 -z |2)u( >,W ]
o \/H (A =z~ |W|2[ V1-=lz? VI-lz,?

(2.19)

Let

2
M = {(x],...,xn,y) eR™|x; = |zj| cy=1Iwlh 2= (22 w) EMN},

and consider the smooth map @,, ,, : M - R, defined by:

n
Do 1o %) 1= @ (2112 12,2 W) = — log (H (1-x)" —y>_

J=1

By [37, Th. 1.1], W ,(z,w) is a global symplectomorphism (in particular a diffeomor-

phism) if (p” —=£ >0, aq)” == > 0and limg, o X, a(pf: + d% —4y = +o0. The first two
cond1t10ns are easﬂy checked
0Pz u T, (1= x)H
aA M _ j=1 J > 0’
Y —xj)(njzl(l Y _y>
0P pn
2k 1 > 0.

ay Hj’l:l(] _xj)” -y
It remains to verify the third condition:
, eV y
lim + — =+o0. (2.20)
(xy)—0Mpn , ( (Hk 1(] _xk)/l —y) =l 1 X H]':l(l —xj)ﬂ -y

Observe that OMy. , = 0A" U {y = HZ=1(1 —x,)"}, thus (2.20) is satisfied since for any
[=1,...,n,

P d-x )t & x
lim ( a Hk_l( ) Z J + Y ) = 400,

M

=\ (T, = xr —y) S 1=x T, A —xr —y

and
J0=-x)f &
nhm IunHk_l : . + n Y = +00,
I \ ([T, A —xe—y) S 1-x [T A= xpe =y
concluding the proof. a
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2326 R. Mossa, M. Zedda

We can proceed with the proof of (B). Using the spectral decomposition, it is possi-
ble (see [28, Section 3.18]) to ¢ associate with a smooth odd function f : (=1,1) — C (resp.
f iR — C) a smooth map f Q — C" (resp. f C" - C" in the following way. Let
(C", {,, }) be the HPJTS associated with Q and for z € C" let:

z=Aeg+ -+ e, A > o> 4> 0,

be its spectral decomposition. Define the map 7 associated with f by

7@ =f(A)e + -+ (A)e
Thus, recalling that (see [31], and also [19]):

2
Bo(z D, = (1-4) ¢
and

No@2) = [Ja -4,
J=1

we can write ¥, , as follows:

1
\/H;1 (1-%)" =
.21)

Comparing (2.21) with (2.19) and using Lemma 3, we deduce that ¥y, , is a diffeomor-
phism (we apply [33, Section 1.6]).

‘Pﬂ,y(z’ W) =

Remark 1 (Hereditary property)Observe that the map ¥, , given in (2.9) enjoys the follow-
ing hereditary property: for any bounded symmetric domain Q' C C™ complex and totally
geodesic embedded Qri)Q, such that f(0) = 0, one has

TQ/’”(Z, W) = lPQ’”(f(Z)i W).

Indeed, consider a complex and totally geodesic embedded submanifold f : Q'<Q, sat-
iSnylg f(0)=0. By Prop. 1, f lifts to a Kéahler embedding f: My ,~Mg ,, defined
by f(z,w) = (f(2),w). By [19, Prop. 2.2], f preserves the triple products; thus, it fol-
lows that it preserves also the Bergman operator B, and the generic norm Ng. Hence,
‘PQ,’M(Z, w) = \Pg,,,(f(z), w).

Remark 2 The map ¥, , commutes with the holomorphic and isometric action (2.8) of the

isotropy group K C Aut(€2) at the origin, i.e., for every 7 € K, ¥q, 0ot = 70¥, . This fol-
lows since K = Aut(C", {,, }), and therefore,
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Symplectic geometry of Cartan-Hartogs domains 2327

W0tz w) = L (\/uNg(T(z),%)Bg(r(z),%rir(z), w)

No(7(2), 7(2)) = |wl?

S — <\ [ uNp (2. 2) Bo(z, i), w>
\No(@2) — [wl?
=70¥, ,(z,w).

Remark 3 (Alternative proof of Theorem 1 for classical Cartan—Hartogs) It is possible to
give a more geometric proof of (A) for Cartan—Hartogs domains based on Cartan domains
of classical type, without using the Jordan triple system theory. A direct computation
proves (2.16) for the Cartan—Hartogs M), , based on the first classical domain D, (see,
e.g., [34]). It is known that a HSSNT Q admits a complex and totally geodesic embed-
ding f in D;[m], for m sufficiently large. (This is obviously true for the domains D;, D
and Dy, while for the domain D, —associated with the so-called Spin-factor—the explicit
embedding can be found in [38].) By Proposition 1, flifts to a complex and totally geodesic
embedding f of M, in Mp, 1, ,- We can assume that this embedding takes the origin 0 € M

to the origin 0 € D;[m]. Hence, property (A) for Mg, , is a consequence of the Hereditary
property given in Remark 1 and the fact that (A) holds true for D,[m].

3 Dual Cartan-Hartogs domains
3.1 Definition and geometric properties

We define the dual Cartan—Hartogs domain M, , a8 C"*!, equipped with the dual Kihler
form (see Lemma 4 below) '

i = %
@, = 50000, 3.1
where (pZ‘2 = log(N” (z,—7) + |w|?) is the dual Kihler potential (see the introduction for

the definition of symplectic dual). If we restrict coQ to C" = {(z, 0) e C”“} we get a
multiple of the Kéhler form dual to the hyperbolic form (4.6),i.e.:

wﬂ,mcn = ”whyp' (3.2)

Example 2 (Dual Hartogs—polydisc) Consider the Hartogs—polydisc My, , of Example 1

at page 5. Then, by (2.5) and (3.1), the dual form on C"*! is given by Q’Zn Yy = éag(p*m w0
where

P, (& w) = log (H(l + 151 + |w|2>.

j=1

In general, the dual of a Kihler form is not defined (see [3, Example 1.3]), the following
lemma assures us that w}‘z ) is a Kéhler metric on C"*1.

Lemma 4 The function ¢, u C™! = R is strictly plurisubharmonic.
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Proof To shorten the notation, let us write N for Ng(z, —z). The hessian of (p;; } is given by

H :=

1 < (N* + |w[?)0,0,N* — 9N G, N | — wo,N* )
(¥ + wl2)’ —0N" )

Observe that it is enough to show that H is positive definite when Q = A”". Indeed, let
(C", },) be the symplectic dual of (A", @), i.e., }, = 2ddlog <ij=] (1+ |Zj|2)>, and
let (z9,wp) € C™*', (u,6) € T, C**'. By the dual Polydisk Theorem, there exists a
totally geodesic holomorphic immersion f : (C",w}) — (C”,w;';yp) such that f(Z)) = z,
and f*io(ﬁ) = u, for suitable 7, € C" and u € T;OC’. Then, the map f: C'*! - C!

defined by f(z, w) = (f(z), w) satisfies:

T, = Sod 10 (NG, + InF?)

= Eaalog (N&, @ -2+ w]?) = Doy >

which implies:
gZ",y ( (’ﬁ’ é) ’ (’ﬁ’ 5) ) = g?},y (ik,(zo,w()) (’IZ’ é) ’ik,(zo,w(]) (’IZ’ é) ) = g:),u ((M, (’E)’ (u’ 5))

where ‘7(z, w) = (f(2), w). Thus, consider a dual Hartogs—polydisk of dimension n + 1.
Then, N* = T;_, (1 + |z,|*)# and thus, for j,k=1,...,n:

wz Tho (1 + 1z,

g [Ja+ 1z =
h=1

1+ |z,|? ’

i T 78 | O R AL
910+ 1y = e n)
o g ! (I + |z»HA + |zj|2)( Jk k /)

Thus:
H HZ:l(l + |Zh|2)”
A+ Iz + [z

w2y Wi I (1l
I+ 2P + 15

n
(N* + [wl*)0;0,N* — 0,N* 9 N* =<H(1 + 1z + |w|2)
h=1

Setting:

1
(I+]z, 1)

A= (H(l +1z,1" + |W|2)M H(l + [z,
h=1 h=1

1
(1+]z,[»)?

and:

n
B = [J(1+ Iz, v,
h=1
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where V is the column vector with k-th entry , the Hessian H reads

\Zk|
1 A+ B

2 _ uz [T, (122"
(T (1 gl wl2) | =t

1z Il (12 P)*
— =
1+]z]?

H:=

S

[T, + 1z,

and since A + B is positive definite (being the sum of a positive definite matrix A and a
semipositive one B), H is positive definite iff its determinant is. A long but straightforward
computation gives

HZ:l(l + |Zh |2);4(n+1)—2

det(H) = p"— —
(Hh=l(1 + |Zh|2)” + |W|2)

and we are done. O

Remark 4 Observe that it turns out (see [19, Sect. 2.4]) that the Hermitian symmetric space
of compact type (Q*, wyg) dual to (L, a)hyp) is a compactification of (C”, wﬁyp). Further,
{(Z, w) € M, u | z= 0} is totally geodesic in M;‘Z” and has CP! equipped with the Fubini—

Study metric as compactification; therefore, M;M is not complete for any u. The authors
believe that (C"“, @5, u) admits a completion only when My, , is itself a Hermitian sym-

metric space of noncompact type, which actually happens only when it reduces to be the
(n + 1)-dimensional complex hyperbolic space, i.e., when y = 1 and rank(Q) = L

Let a and b be the two numerical invariants of Q and denote by r its rank. Using (2.3)
and the following result by Selberg [39]:

Fs) = / / H(l—/12> HW“ IT G2 -2 di A add,

154,>>4,50 =1 1<j<k<r

(3.3)

=% // H(l—;j)snzj’ H (1, — 1) diy A - AdE,.
1

paly ol Cidk<r
1>t;>-:>1,>0 7 J=1 I<y<ksr

we have the following lemma.

Lemma5 The volume of a (n + 1)-dimensional dual Cartan—Hartogs domain (C”“, oy )

Q.u
n+l
vol(c™*, ) = = o +1), (0)/

where © is the induced volume form on Fiirstenberg-Satake boundary F of Q.

is given by

Proof Observe first that since (see, e.g., [40]) det(ua)zm) = u"(N*)77, by (3.2) and after a
long but straightforward computation we get
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det(@” )= 4 (N*)ld(n+l)—}’
Q, n ’
g (V=Y + w]2)"

second, using the polar coordinates of HSSNT, we can write (see [41, (5.1.1)] and also

[29D):
" a
/ n—?:/ / / Hﬂ’“ I (/1?—&%) dA; A AdA,
mom F 1<j<ksr

+oo>A; > >1,>0 =

where F is the so-called Fiirstenberg-Satake boundary of Q. Thus,

1

(@, ) NEYH+D—r w
Vol(C"™*!, w}, )—/ =u'r // D P
- Cn+l (n+l)' n (N*)M )n+2 n!
Ty (N .
= Wy = (N*)™
i+ D! Jor (N#ypeHD (n+1)! o

n+1 -y r
'/ / / 1+,11?> TT2 TT @2 -2 day A nda,
(” +1 =1 1<j<ksr

+00>4;>->1,>0 =1

n+1 n
(n+1)' (0)/
(3.4)

where y = b+ 2 + (r — 1)a is the genus of Q, F(s) is given in (2.3), and last equality fol-
lows by:

r

NI o 2 _ 32y
[T(1+%) TI2* T1 & -2 dia-nda,
+oo> 4> >4,>0 J=1 J=! 1<j<ksr

r

=% // H(l-’-tj)_yﬁl‘f H (4= )0 diy A Ad,

j= j= <j<k<
+00>1) >+ >1,>0 J=1 J=1 Lsj<ksr

1 . —2-b d Sj Sk a
= // H(l—sj)y Hsjb H <1—sj_1—sk> ds; A -+ Ads,

= j= <j<k<
1>5,>->5,>0 =1 =1 Lsj<ksr

r

:% // H(l_sj)y—Z—h—(r—l)a Hsjb H (Sj_sk)u ds; A - Ads,

j= j= <j<k<
155,555,501 J=1 lsj<ksr

r

_1 // Hs;’ H (s; = 5)" ds; A -+ Ads, = F(0),

155, >mmg,>0 11 1si<ksr

where we performed in turn the change of variables /1}? =tandt; = s;/(1 —5;), and the last
equality follows by (3.3). a
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3.2 Holomorphicisometries between dual Cartan-Hartogs domains

Consider a totally geodesic complex immersion f : Q" — Q between HSSNT. Identify
Q' with its image f (Q’ ) C Q and observe that f trivially extends to an injective morphism
f i V' = V of the associated HPJTS V' and V (see [19, Prop. 2.1]). Hence, the map:

F:VXCo>VXC,  fzw) =(F&.w), (3.5)

satisfies:

Frp, = 200108 (N4(F@, @) + wl?)
- (3.6)
= éaa log (Ng (z,=2) + Iwl*) = Dy e

Let us identify V = C" and V' = C™, as in the beginning of this section, we just proved the
following result.

Proposition 2 Let Q be an HSSNT. Then, any totally geodesic complex immersion

f 1 Q — Q extends to the Kihler embedding f : <C’"+1,a);‘l,u) - (C"“,wg”) to the

corresponding duals Cartan—Hartogs domains, given by (3.5).

As in Sect. 2.2, the isotropy group K = Aut(V = C", {,, }) of Aut(Q2), by (3.6) induces a

. )given by

natural action by isometries of K on (C”“ 05, )

7-(z,w) = (t(2),w), 7 €& Aut(Q). 3.7)

Moreover, as a consequence of Proposition 2 and of the Polydisc Theorem for HSSNT (see

Qu
ded dual Hartogs—Polydisc M, u = <C’+1 Ny ”> (see Example 2)

[36]), we can see a dual Cartan—Hartogs domain ( C™!, o as a union of Kéhler embed-

+o_
c = UTeKT<MZ,’”)

where r is the rank of Q and A" C Q is an r-dimensional complex polydisc totally geodesi-
cally embedded in Q.

3.3 Proof of Theorem 2

Let M;, , = <C"+1, @, ) be an n-dimensional dual Cartan-Hartogs domain and (C", {,, }¢)
the HIPTS associated with Q. By Lemma 4, Mz‘2 ) is a well-defined Kéhler manifold. In order

to prove the existence of global Darboux coordinates, consider the map Qg crtl - !

given by

1 / _ _1

(DQ.M(Z’ W) = < ﬂNg(Z’ _Z) BQ(Z’ _Z) 4Z, W> (3 8)
/NG =2) + [wl? '

where B, and N, are, respectively, the Bergman operator and the generic norm associated
with {,, }o. We show that @, , satisfies:
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(A) QD;‘I’MwO = a’E,,,;

(B") ®@q ,is a diffeomorphism with its image Im(d)g,y).

As in the proof of Theorem 1, we start with the following two lemmata, where to shorten
the notation we set Ni,.(z,2) := N (z, —2).

Lemma6 Let fo: Mg, — C" be a smooth map of the form

Jo@ys iz w) = ;(hl(z), e by (2),w)

/NG (2.2 + [w]?

where h := (hy, ..., h,) satisfies

90Ng. (D) = Y, dhi(2) A dIy(), (3.9)
j=1

and

Y (hdh; — hydhy) = (3 = DN, (3.10)

J=1
Then,

. B l . n ) )
Wy, = Efg(;dmdz+dwxxdw>. (.11)

Proof The proof is totally similar to that of Lemma 1, taking into account that
Ng.(2,2) = Ng(z, -2). O

Lemma7 IfG: (2, @) = (C",wy) is a holomorphic map satisfying G*w, = 505 log N%
and

n

Y (GG, - G;dG;) = dlog Ng. — dlog Nq. (3.12)
j=1

then

00N}, = p Z dNG2G) A AN G, (3.13)
j=1

and

WY (GANEG) - GANLG)) = @ - NG, (3.14)
j=1

Proof The proof is totally similar to that of Lemma 2. a

In[19, Theorem 1.1], A. Loi and A. Di Scala show that G : <C”, %()5 log Ng) - (C",wy)
defined by
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G(2) = Bo(z,~2) iz,

is a global symplectomorphism. Thus, by Lemmas 6 and 7, in order to prove (A’) we need
only to check that such G satisfies (3.12). Also, here the proof is very similar to that of (A),
once substituting F with G and D(z, z) with —D(z, —z).

Following the same approach as in the proof of (B), we prove first that property (B')
holds for the Hartogs-polydisc case.

Lemma 8 Property (B") holds for the dual Hartogs—polydisc.

Proof We apply [37, Th. 1.1]. Following the notation of Example 2, we can
write the Kéhler potential (pzn”(z, w) for the dual Hartogs-polydisc M*,,M as

P @) = B (212 oo [z P 1D, where @, @ €1 Ris given by
n
Bro X1 o 5%, ) 1= log <H (1+x)" +y>. (3.15)
j=1

Then, by [37, Th. 1.1], the map

1 z z Zy
@y, (z,w) = ”I |(1+|z_,-|2)"< 1 s 2>’W A
VITL A+ g+ i N = ViHlal VIt

(3.16)

£ > (. The two conditions are eas-

Banru o . W
9

. . . e .0
is a diffeomorphism with its image if

oxy dy
ily checked
0P pny u T, (1 +x)~
;A ) — j=1 J > 0,
Y +xj)(1‘[;'=1(1 ) +y)
0(~p(An>*,ﬂ _ 1 >
dy [T +xe+y "
and property (B') is verified for Q = A", O

Proceeding now as in the proof of (B), the spectral decomposition of @, , reads

,
1 2\* 4

Do, (zw) = ” (1+4) L —pe]
\/H,;l(lﬂf) + wl? = (14 2)

(3.17)

Comparing (3.17) with (3.16) and using Lemma 8, we deduce that also @, , is a diffeo-
morphism (we apply [33, Section 1.6]), concluding the proof.

Remark 5 The map @, , enjoys the same properties as ¥, ,. In particular, it is hereditary

in the sense that for any bounded symmetric domain ' C C” complex and totally geodesic
embedded Q' &Q, such that f(0) = 0, one has
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Dy (2, w) =D, (]7(2, W)),

where f : M*,’ﬂ - M;Lu is the Kihler embedding given in (3.5). This can be proven as
in Remark 1, using Prop. 2 instead of Prop. 1. Further, ®g , commutes with the holo-
morphic isometric action (3.7) of the isotropy group K C Aut(€2) at the origin, i.e.,
@, 01 = 70D , as it follows by

D ,01(z,w) = ! <\/ UNA(T(2), —7(2)) Bo(7(2), —1(@) i 7(2), W>

\/NAE@. ~7@) + Il

1 < o _1
= —————— \/uNy(& —2) Bo(z, —2) 41(2),W>
N SR

= 70Qg ,(z,W).

4 Proof of Theorems 3 and 4

A map c from the class C(2n) of all symplectic manifolds of dimension 2n to [0, +0] is
called a symplectic capacity if it satisfies the following conditions (see, e.g., [7]):

— (monotonicity) if there exists a symplectic embedding (M,,w,) = (M,,®,), then
cM,,w,) < c(M,,w,);

— (conformality) c((M, Aw) = |A|c(M, ®), for every A € R \ {0};

— (nontriviality) C(BZ"(I),wO) =z = c(Z*(1), @)

Here, B*'(1) and Z*'(1) are the open unit ball and the open cylinder in the standard
R, w,), i.e.:

B*(r) ={ (x,y) € R™

n

2 2 2

Xty <reop,
,-; s } 4.1)
Z7(r) ={(x,y) €R™ | x7 + 7 < 7).

We begin computing the symplectic capacity for (MQ, s wo)‘ The proof relies on the facts,
pointed out in [20], that the unitary ball (B¥'(1), ;) can be embedded into (€2, w,) and the
domain (Q, w,) can be embedded into Z¥(1), ).

Proof of Theorem 3 Let Q be an HSSNT and let (C”, {,, }g) be its associated HIPTS. We
first prove that the unitary ball (B****(1), @) can be embedded into (M, ,,, ) if u € (0, 1.
Letz = A,c; + -+ + A,c, be the spectral decomposition of a regular point z € Q C C”, then
the distance d;(0, v) from the origin 0 € M to z is given by

d(0.2) = (] 2)* = 4.2)
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(see [31, Proposition VI.3.6] for a proof). Since 1 < Z;:I /1]? + ;=| (1 - /1!? ) and for
u
(z,w) € Mg, , we have [w|* < N(z,2)" = H;:1 (1 - /1]2> , it follows that

(B (1), w)) N C,, X C C (Mg, 00)NCp, XC,  p€O1].

reg

Since the set of regular points C:‘eg of C" is dense ( [31, Proposition IV.3.1]) and
Q= {z| ||zllpax < 1} (see [28, Corollary 3.15]), we get:

(an+2(l), 600) C (MQ,;qu)’ Uue (0, 1], (43)
as wished.

Let now Z*(1) = {(x,y) | ¥ + y* < 1} be the unitary cylinder in R?". In [20, Section 5],

it is proved that the domain (Q, a)o) can be embedded into (Z2*(1), ). It follows immedi-
ately that (MQ, s a)o) can be embedded into (Z2"*%(1), w,) for every u > 0.

Thus, the first equality of the statement of Theorem 3 follows by the monotonicity and
by the nontriviality of a symplectic capacity.

Let us now compute the symplectic capacity of (ME2 v o}, ) ) By Theorem 2, it follows

. n+1 * .
c(C + ,a)m’) = L(Im(d)g’ﬂ),a)o).
Therefore, it is enough to show that

{ B2n+2(M) C Im(q)g,”) C Zzn+2(M) if u < 1 4.4)

B¥2(1) C Im(dg ) € Z*F2(1) if p> 1"

Consider the expression of the symplectomorphism @, , given in (3.17) in terms of spec-
tral decomposition

qDQ,y(z’ W) = (Z éjcj’ fOW),
j=1

for
TONTL, (14 40)" + wp? I+ 2
and

1
é(] = B
VI, (1+2)" + Il

where z = Z;zl Ajc; is the spectral decomposition of z € C". Notice that

2 . _ 20,12
f_,—<l4 j=1,...,n, Siwlm < L

Thus:
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Im(®@g, ) € Z2"+2(p) if u < 1
Im(®g, ) C Z2* (D) if u > 1"

It remains to show that

B2(y) C Im(dg, ) if u<1
B(1) c Im(dg ) if u>1"

Notice that §§|w|2 can assume every value in the interval [0, 1). Assume that § and ¢ are
real positive constant such that

Elwl* =8> < <min {1, u}.

In order to prove that the sphere S%**%(c) of C"*! of radius c is contained in Im(®g, , ), we
need to show that the following system

Elwl* =62,
{ff:sz, forj=1,...,n," “.5)
has a solution in 4, ..., 4,, |w|, for any 5% < % and any n-uple x,...,x, € R such that

xlz + . +xi = C2 — 62. We have

r

2112 _ o2 2 _ 2\ 8
2wl=6 & |wl —H<1+Aj> 1

J=1 - &
Substituting the last term of the previous equality in 51,2 = sz, we get
A2
1-8H)—1— =4
g 1+2

J

Notice that the left hand side of the previous equation assume any value in the interval
[0, u(l — 52)). Hence, if ¢ — 6% < u(1 — 6%), the system (4.5) has a solution. By hypothesis

¢? < min {1, u}, hence if 4 < 1 we have

F =8 <u—-6 <u(l-8,
while if 4 > 1

F =82 <1-6"<u(l—6%.

Thus, we get (4.4) and conclusions follow by the monotonicity, conformality and nontrivi-
ality of a symplectic capacity. O

Recall that given a HSSNT Q, with associated Bergman operator By, the map
o Q- C
1
EQ(Z) = BQ(Z, ) 4z,
satisfies the analogous of properties as the map ¥, , of Theorem 1 (see Remarks 1 and 2)

and in addition it is a symplectic duality between (Q, whyp) and its dual (C”,wap) (see
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[19]). Notice that, according with the definition of symplectic dual given in the introduc-
tion and (2.2), we have (see also [19, (13)])

R B}
@;,, = 50010g No(z. ~2). (4.6)

We are now in the position of proving Theorem 4.
Proof of Theorem 4 Assume Q= CH" and ux =1, it is immediate to check that

Mgy, = CH™!. Recall that the generic norm and the Bergmann operator for CH" are
given by
1
New (@D =1-1lz’ and Bey(s2) iz = ——,
1=l
where |z|> = 27:] |z;|*. Substituting the previous expressions in (3.1), (4.6) and (2.9), we

1 * _ 1 s
see that (C”+ NO— ) = (C”+ , a)hyp> and that
\PCHHJ = ECHVH'I s
we conclude by [19, Theorem 1.1] that Wy | is a symplectic duality. Moreover, by substi-
tuting the previous expressions in (3.8) and by [19, Theorem 1.1] we see that

1
—_ —_—1
Dcpyn1(2) = Bepn (2, —2) 42 = E 0 (2).

Viceversa, when u < 1, a symplectic duality does not exist due to Theorem 3 while,
for u>1, if a symplectic duality between (C"“,w’g"zﬂ) and (Mg ,,®,) exists, then
Vol(C™*!, wz‘z ”) = Vol(Mg, ,, wp). In this case, by Lemma 5 and (2.4) we have

Fw _ v

FO) n+l @.7)

Since

Fay o P(u+1+G=DE)0(b+2+0+j-2%)

FO) r<1 +(,'_1)§)r<;4+b+2+(r+j—2)§>

3

when Q is the complex hyperbolic space, y = 1 is a solution to (4.7). In fact, in this case
r=1and b =n—1, thus

Fu) T(u+DI(n+1) n!

FO)  Tutn+1) — (u+m-u+1)

is equal to u"/(n + 1) if and only if 4 = 1. We claim that

)¢ (1+G-13%) o
F(0) i (b+2+(r+j—2)§)_n+1’

4.8)

and the equality holds if and only if r = 1.
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If the claim holds, since the left hand side of (4.7) is strictly decreasing in y while the
right hand side is strictly increasing, we can see that the only positive solution to (4.7) must
lie in (0, 1), concluding the proof.

In order to prove the claim recall that n = r(b +1+ g(r - 1)). Thus, substituting » = 1

in (4.8), which happens iff Q = CH", one readily gets that the equality is verified. To con-
clude, let us proceed by induction on r. Assume r > 2, by the inductive hypothesis we have

, <1+(;'—1)§) (1+(r—1)§) |
1 <b+2+(r+j—2)‘2—’> (b+2+(2r—2)§) .r<b+1+§(r—1)>

1 1
_<b+2+(2r—2)§) r r(b+1+§(r—1))+r<1+§(r—1))
1 1
< = s
r(b+1+40-n)+1 "+
which proves (4.8) (notice that the last inequality is strict since we assumed r > 2). O
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