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Abstract

We consider a class of vector-valued elliptic operators with unbounded coefficients, cou-
pled up to the first order, in the Lebesgue space L7(R%;R™) with p € (1, o0). Sufficient
conditions to prove generation results of an analytic C-semigroup T'(¢), together with a
characterization of the domain of its generator, are given. Some results related to the hyper-
contractivity and the ultraboundedness of the semigroup are also established.
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1 Introduction

Systems of elliptic equations with unbounded coefficients appear naturally in several
settings, e.g., in the analysis of Navier—Stokes equations and backward-forward stochas-
tic differential equations in connection with Nash equilibria in the theory of games, see
e.g., [1, 20, 23, 24] and also [10, 11, 21] for other relevant applications.

In this paper, we consider vector-valued elliptic operators with unbounded coeffi-
cients acting on smooth functions f : RY = R™ (m > 2) as follows:

d
Af = div(QVf) + ) BDf - Vf, (1.1)

i=1

where O, B'(i = 1, ...,d) and V are matrix-valued functions, Q is locally uniformly elliptic
on R? and (div(QVf), = div(QVf) foranyi =1, ... ,m.

Under suitable quantitative assumptions on the coefficients of the operator, we prove

that the realization of A in L”(R%;R™), with domain

D,={uc’(R:R")n Wlif(Rd;Rm) : div(QVu), Vu € I7(R4R™)},
generates an analytic Cy-semigroup 7,(¢). Refining gradually our main assumptions, we
also prove the consistency of the semigroups 7',(t) =: T(z) for p > p, and a suitable p; > 1
and for p € (1, o). We then show that each operator T(f) maps L”(R%;R™) into LZ(R%;R"™)
for p < g < .

To the best of our knowledge, this is the first paper aimed at providing a precise char-
acterization of the domain of the infinitesimal generator of the associated semigroup,
when also the diffusion coefficients of the operator A are possibly unbounded and the
operator is coupled up to the first order. Indeed, the description of the domain of the
generator of operator .4 in L”(R¢;R™) has been provided only in the papers [22, 25, 28],
but there the coefficients of the diffusion part are bounded, and in [7, 8] where there is
no coupling in the first-order term.

The literature on systems of elliptic operators with unbounded coefficients concerns
mainly the analysis in spaces of bounded and continuous functions and the study of the
so-called invariant measures (see, e.g., [1-3, 6, 15]). On the other hand, the L’-theory is
not well developed and the literature concerns essentially weakly coupled elliptic opera-
tors (i.e., the coupling between the equations is through a potential term), whose diffu-
sion coefficients are assumed to be uniformly elliptic and bounded.

The first result in this direction is [22], whose assumptions allow the diagonal drift
term to grow like |x| log(1 + |x|) and the potential term like log(1 + |x|) as |x| — oo, and
the generation result is proved via a Dore-Venni-type theorem on sums of noncom-
muting operators, due to Monniaux and Priiss [32]. Note that this latter perturbation
theorem requires information on the bounded imaginary powers of the realization in
LP(R4;R™) of the principal part of the operator .A. Unfortunately, such information for
elliptic operators with unbounded coefficients is not available yet. The technique in [22]
has been recently used in [25] to prove generation results in LP-spaces for vector-valued
Schrédinger operators of the form Au = div(QVu) — Vu. In that paper, the entries of
the potential V of operator A are locally Lipschitz continuous on R?, satisfy the condi-
tions (V(x)&, &) > |€|%, for every x € R?, £ € R™, and ID;V(=V)™*| € L®(R?) for some
a € [0,1/2). The last assumption allows for potentials V whose entries grow more than
linearly at infinity. For instance, the potential V(x) = (1 + |x|")V,, for every x € R?,
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Generation results for vector-valued elliptic operators with... 1349

where V, is an antisymmetric constant matrix and r € [1, 2), is allowed, but no exponen-
tial growth rate at infinity is allowed.

Under slightly different hypotheses on the potential V (pointwise accretivity and local
boundedness), generation results for the operator A as above are proved in [26], but, dif-
ferently from [25], only a weak characterization of the domain is provided (in fact, the
generation result is proved in the maximal domain of the realization of the operator .4 in
LP(RE;R™)).

A more general class of potentials, whose diagonal entries are polynomials of type |x|*
or even |x|" log(1 + |x|) as well as e/, for @, 7 > 1, is considered in [28] where the operator
A is perturbed by the potential v/ where the function v € Wﬁ)’:"(Rd) satisfies the condition
|Vv| < cv for some positive constant ¢. A perturbation theorem (due to Okazawa [33] and
used in [28]) works for a more general diagonal perturbation of V in the [?-setting (see
[7]), allowing for different growth rates in the diagonal entries of the potential matrix. In
[7] the operator A is also perturbed by a diagonal first-order term that can grow at most
linearly at infinity.

Assuming that the diffusion coefficients are bounded, our assumptions (see Hypotheses
3.1) cover the cases considered in [22, 25, 26, 28], where roughly speaking the coefficients
may grow at most polynomially, allowing also for some exponential growth. We point out
that, already in the case of Schrodinger vector-valued operators, our hypotheses allow for
the entries of V to grow at infinity as e"’, for every # > 0, improving the growth-rate con-
sidered in [28] (see Example 5.1).

To our knowledge, the only other paper where systems of elliptic equations with
unbounded diffusion coefficients are considered is [9]. In that paper, the semigroup con-
structed in the spaces of bounded and continuous functions is extrapolated to the LP-scale,
but the technique adopted does not provide any information on the domain of the infini-
tesimal generator of the semigroups. Moreover, the assumptions therein considered either
impose a sign on the drift term and require that the quadratic form associated with the
matrix-valued function —2V — ¥, D,B" is bounded from above, or force the matrices B’ to
be bounded when the diffusion coefficients are themselves bounded. Such restrictions are
not needed under our set of assumptions.

The present paper is organized as follows. In Sect. 2, we provide conditions that ensure
that C§°(IR";IR’”) is a core for the maximal realization of operator A in L’(R%;R™), when
A is a vector-valued elliptic operator with a diagonal drift. Section 3 is the main body of
the paper. Here, we introduce and comment the main assumptions and prove the generation
result (see Theorem 3.3 and Proposition 3.9). Next, in Sect. 4 we first associate a semi-
group in C,(R4;R™) to the operator .A and use this result to prove the consistency of the
semigroups 7',(¢) and summability improving results. Examples of classes of operators to
which our results apply are provided in Sect. 5. Finally, some technicalities are postponed
to appendix for an easier reading of the paper.

Notation. Let d,m € N and let K = R or K = C. We denote by (-, -) and by - |, respec-
tively, the Euclidean inner product and the norm in K™. Vector-valued functions are dis-
played in bold style. Given a function u : Q C RY — K", we denote by y, its k-th com-
ponent. For every p € [1,0), LP(R? K™) denotes the classical vector-valued Lebesgue
space endowed with the norm ||f||, = ( fRd |f(x)|Pdx)!/P. The canonical pairing between
IP(RY, K™y and L”' (RY, K™) (p' being the index conjugate to p), i.e., the integral over R?
of the function x ~ (u(x),v(x)) when u € LP(R4,K™) and v € L” (R4, K™), is denoted by
(u,v)p,p,. For k € N, WrP(R?, IK™) is the classical vector-valued Sobolev space, i.e., the
space of all functions u € I”(R?, K™) whose components have distributional derivatives up
to the order k, which belong to I7(R?, ). The norm of W*?(R?, K™) is denoted by || - || kp
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Given a d X d-matrix-valued function Q, we denote by q(u,v) the function defined by
x = {Qx)Vu(x), Vv(x)) on smooth enough functions u and v. We simply write q(«) when
u = v. Finally, given a vector-valued function u and € > 0, we denote by |u|, the scalar val-
ued function |u|, = (Ju|® + ¢)'/%

2 Cores

The aim of this section is to prove vector-valued versions of results about cores for elliptic
operators with unbounded coefficients, in the line of those proved in [4]. Throughout the
section, we will consider the elliptic operator A in (1.1) assuming that B’ = b,/ for some
functions b; : R - R,i=1,...,d,and we setb = (by, ..., b,).

In the following lemma we adapt some known results about scalar elliptic regularity to
the vector-valued case.

Lemma 2.1 Suppose that Q is symmetric and that {(Q(x)E, &) > 0 for any x € R? and
& € R4\ {0}. Further, suppose that q;»b; € C'(RY) forij=1,...,d, Vi € Lf;’c([Rd) for

— d.ppm ’ d.pm . .
hk=1 .. ,mandu € LfOC(IR R™), fe Lfoc(lR ;R™) for some p € (1, ) satisfy the vari-
ational formula

/ uA@dx = / fodx, QE Cf(Rd;[R’"). 2.1
R4 R4
Then,u € W' (RER™).

Proof Lete,...,e, denote the canonical basis of R”. Writing (2.1) with ¢ = ge,, for some
peC*RYandh € {1,...,m} we get

[div(QV @) + (b, V@) lu,dx = / <fh + Z th”k>(ﬂdx- 2.2)
R4 R4 k=1
By the arbitrariness of & we get the assertion from the scalar case, by applying standard

elliptic regularity (see, e.g., [27, Theorem D.1.4(iv)]). O

Theorem 2.2 Let the hypotheses of Lemma 2.1 be satisfied. Further, assume that there
exists a positive function w € C'(R?) such that lim,|_,, w(x) = co and

(b, V) (OVy, V)
wiogy =7 oy = =
P (divb)|E* + (VE, &) > 0 2.4)

in R? for every & € R™, some positive constants C,, C, and some p € (1,00). Then, the
operator (A, Cf(Rd;R’")) is closable on LP(R%;R™) and its closure generates a strongly
Continuous semigroup.

Proof First, we observe that, thanks to (2.4), (A, C?"(IR‘J;R’”)) is dissipative. Hence, by
[16, Proposition 3.14] we deduce that (A, Cj"(IR{d;[Rm)) is closable on IP(R?;R™). Then,
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we have only to show that (Al — A)(C(‘f"(Rd;Rm)) is dense in L7(R%;R™) for some A > 0.
Since y(x) tends to oo as |x| — oo, without loss of generality we can assume that y(x) > 1
for every x € R%

Fix 4> 0 and let u € L/ (R%;R™) be such that (igp — Ag,u), , =0 or, equivalently,
(Agp,u), , = /l(q),u)pp, for every ¢ € C*®(R%R™). We claim that u € W2 (R%GR™) for
some r > d so that, in particular, u € Cl(Rd R™). For this purpose, we observe that, by
Lemma 2.1, u € Wf)f (R%R™). If p’ > d, then we are done. Otherwise, we apply the
Sobolev embedding theorem, to infer that u € Lql ([Rd R™) for some ¢, > p’ and, conse-
quently, by Lemma 2.1, u € W q‘([Rd R™). If q, > d then we are done; otherwise, we iter-
ate the procedure and in a ﬁmte humber of steps we get the claim by a bootstrap argument.

Summing up, we have shown that

m d
/1/ (@, u)dx = / < Y div(QVu )@, — Y. b(Du, @) — (V" + divb)u, <0>>dx
R¢ RY N\ h=1 i=1
(2.5)
for every @ € Cf°([Rd ;R™). Equality (2.5) extends by density to every function
@ € [7(R%R™) with compact support.

Fix a smooth decreasing function ¢ : [0, c0) — [0, 1] such that {(s) = 1if s € [0, 1] and
(s)=0if s> 2, and set {, = ¢(n~'logy). Clearly C (S C°°([Rd) and hrnn_,oo ¢,(x) = 1for
every x € R?. Note that the function ¢, := §2u|u|p 2= Czu(lu|2 + €)?'=/2 belongs to
WP (R%R™) (since u € C'(R?;R™)) and has compact support. Hence, writing (2.5) with
@ = @, and integrating by parts the second-order term, we get

m
A [ b2 == Y [ a@iuul 2
Rd = Jra

- / ((V + divbyu, u)*|ul? dx
Rz[

- /R ) ¢? Z Z b;Djuy (s u | 2)dx

i=1 j=1

(2.6)

=: .9 - / ((V + divbyu, u)lul? 2dx — .7,
R'I

where we recall that q(f, g) = (QVf, Vg) on smooth enough functions f and g. Taking into
account that D;|u|, = |u|£‘1(Diu, u)foreveryi=1,...,d, itis easy to check that

=3 [ awogiur - [ @l ax
=1 IR K .7)

—W -2 / a((ul)E ul? dx.
Rd

Here, we remind that q(f) = q(f,f). Moreover, applying Holder’s inequality we can
estimate

1

H / alul’dx (2.8
Rd

@ |u|g>|u|f;’-‘dx' <s / a2+
R R
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1352 L. Angiuli et al.

for every 6 >0. Finally, observing that ZD u;(u; |u|17 H=p _lDi|u|’:

Jj=1
lul” = Jul?|ul” > + e|ul” 7%, integrating by parts we obtain

1 . ' 1 ,
S, = - /W(dwb)|u|§ Cfdx—;/w(b,vcfﬂul’e’ dx
=_l, / (divb)|u|2|u|g’—2cjdx—£, / (divb)|ul’ ¢ dx
P Jre P Jre
1 S
-1 [ ey e
Replacing (2.7) and (2.9) in formula (2.6), we obtain
m
d [ P = Y awei - [ o ul g
R‘[ [R’[ i=1 Rd
= =2) [ a(ul ) |l dx
[R{
((V + p~divb)u, u)2|ul” ~dx
R4

E . /_ 1 ’
+I7/W(dwb)|u|g chdx+;Ad(b,vcj>|u|gdx.

and

(2.9)

(2.10)

We now distinguish the cases p < 2 and p > 2. In the first, case, p’ —2 > 0 so that using
(2.8), with 6 < p’ — 2, in (2.10), disregarding the first and the fourth terms in the right-

hand side of (2.10), since they are nonpositive (take (2.4) into account), we get

/ Pl 2Cdx

/ q(C)lulpdx+— (d1vb)§2|u|p‘2dx+— (b V) [ul dx
=3 24 r

SL/ 9 (n-llogw Plaf?de+ £ (divb>c2|u|f"-2dx
én? w2 P Jra nie
b,V
2 [ 8T gy fulf .
p'n w

If p > 2, then p’ — 2 is nonpositive and we write

’_ 1 ‘_
/ q(lul )¢ ul” 2dx=z / q(u|>) 2 u? ~*dx
d Rd
d

/R qu(Du u)(Du u)C |u|” ~Hdx

ij=1

so that

@ Springer
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P -2 / allul )1l dx < 2 - p') / 3 1t ) |2 el =l

k=1

m 2
( D |Q1/2Vuh||uh|> Clul? ~dx

h=1
<@2-p) Z / ) ()2 ul? dsx.
h=1 /R

Therefore,

- / D a2 ul? Pdx - (' - 2) / a(lul )2 u|? ~dx
RY =1 R?
<(1-p) / a Y @) ul? dx.
RY =1

Now, we take § < p’ — 1 and, proceeding as in the case p’ < 2, we still obtain (2.11).
Note that the second integral in the last side of (2.11) converges to 0 as € — 0. Indeed,
for each € € (0, 1) we can estimate

(divh)C2(ul? 2dx < €5 / |divh||u|” " ¢2dx,

R? R?

which vanishes as € — 0% since the function ¢, is compactly supported in R? and the
functions divb, |u|, are, respectively, locally integrable and locally bounded on R?. Here,
(p’ — 2)* denotes the positive part of p’ — 2. Hence, letting ¢ — 0 and using the dominated
convergence theorem, we deduce that

ul Cax <L / I 1 og y) P lul” dx

Rd 6 2

b,V _ ,
2/ <W—”’>c’(n Hogw e, lul” v
R

Since, for every n € N, ¢’'(n"! logyw(x)) # 0 only if 1 < n~!logy(x) < 2, taking (2.3) into
account we can estimate

(2.12)

1 q(y)
on? w2

q(w)

2 /1% Jul” < 4C,67 E 1A ).
log” y

—-[¢' (" ogy) P [l

Moreover, since ¢’ < 0 on [0, 00), it follows that

b,V 2C /
_ < W) é: (n ,1 !/ - / |u|p dx
p'n % R
Hence, by dominated convergence we can let n tend to oo in both sides of (2.12) and con-
clude that A|ul|, <0, whenceu = 0. O

Theorem 2.3 In addition to the hypotheses of Lemma 2.1, let us assume that condition
(2.4) holds true and that there exists a positive function w € C'(R?), which diverges to co
as x| tends to o, such that
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GOV _ o g VY VY)

1 2

ylogy |~ (w logy)?
for some constants C,, C, > 0. Then, the realization Ap of the operator A in [/ (R4, R™),
with domain D, ..., ={u € LP(REGR™) N leo‘f(Rd;[Rm) 1 Au € IP(R%R™)), generates

a contraction semigroup in LP(R%;R™). Moreover, the space Cz"([R{d;Rm) is a core for

(A, D), x)-

In the particular case when b identically vanishes and (V(x)&, &) >0 for every
x, & € RY, the previous semigroups exist for every p € (1, 00) and are consistent.

Proof Let (A, D) be the closure of (A, C*(R%R™) in LP(R%;R™) and fix u € D. Then,
there exists a sequence (,,) in C®*(R?;R™) such that u, and .Au,, converge, respectively to
some function # and g in L?(R%;R™), as n tends to co. Hence, for every ¢ € Cf(Rd;R’”) it
follows that

[ Ao [ o

where A* is the formal adjoint to the operator .4, which implies that Au = g = Au distri-
butionally. By Lemma 2.1, we deduce thatu € D, .

Let us now prove that A/ —.A is injective on D, ., for some A > 0. For this pur-

pose, we fix u € D such that Au = Au. Then, for every ¢ € Cj"(IRd;R”’), it holds

p.max
that (u, ip — A*@), , = (Au - Au, @), , = 0. Since Cj"([Rd;R’") is a core for A" in
L7 (R?;R™), due to Theorem 2.2, we conclude that u = 0.

Next, we fix a function u €D, and set v=Aiu— Au. By Theorem 2.2,
v=J4w—Aw = iw — Aw for some w € D C D, ... By the injectivity of .A on D, ., we
getthatu =w € D.

Finally, let us assume that b identically vanishes on R?. To prove that the semigroups
generated by the operators A, and A, are consistent, one can take advantage of the Trotter
product formula (see [16, Corollary II1.5.8]) to write

eAf = lim (extre™:V)'f,  f € URGR™,

n—oo

for every t>0 and r € {p,q} if p,g>2, where eV is the strongly semi-

group in L'(R%R™) generated by the multiplication operator u — —Vu, with
D(V,) = {u € '(RER™) : Vu € L'(RGR™)) and e4'f = (e47f,, ..., e4f,) for every
t>0 and f € L"(R%;R™), where ¢’ is the scalar semigroup generated by the operator
div(QV). Both the semigroups ¢! and e~"Vr are consistent on the [/-scale. If p.q € (1,2],
then we observe that the operator .A* adjoint to A satisfies the same assumptions as the
operator A. Therefore, for r € {p, q}, the semigroup e"d- is the adjoint of the semigroup
generated in L7 (RY;R™) by the closure of the operator (A", CZ"(Rd;[R’”)). Denote by T,,(t)
this semigroup. Then, for every ¢ > 0, f € LP(R%R™) n L4(R4;R™) and Qe C§°(|Rd;[R{”’),
we can write

(etAFf’ ¢>p,p’ = (f! Tp’(t)¢>p,p’ = <f’ Tq’ (t)¢>q,q’ = <6[Aqf’ ¢>q,q’

and the equality e4»f = eaf follows. Finally, if p < 2 and g > 2, then evf = ¢"42f = eaf
for every t>0 and f € C(f"(Rd;IR’”). Approximating f € L7(R%;R™) n LY(R%;R™) in
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IP(R%R™) 0 L1(R?;R™) with a sequence of functions of function (f,) c C;"(Rd;Rm), the
equality e = ¢ on LP(R%;R™) N LI(R4;R™) follows for every t > 0 also in this case.
O

3 The full operator A

In this section, we consider the elliptic operator A defined in (1.1) assuming that
p € (1,00) and that the coefficients Q = (g;), B' = (B},), V = (v,) satisfy the following
assumptions:

Hypotheses 3.1

(i) Qis areal, symmetric matrix with entries in C'(R¢). Moreover, (Q(x)&, ) > 0 for
every x € R%and &€ € R\ {0};
(i) B : R?— R™" are symmetric matrix-valued functions, with coefficients of class
C'overR? foreveryi=1,...,d;
(iii) V : R4 — R™"ig a measurable matrix-valued function;
(iv) there exists a function v € C!'(R?) with positive infimum ¢, and positive constants
k,c;and 6 < p such that

(VOEE) 2 vmIER, Vel < v,
m d m
3 Bl | < k Vi) Y Q0o )z, 3.1
k=1

i=1
(divB(x)&, &) > —0v(x)|€]?

hk=1
forevery xeRY, £ € R", nt = (nf,...,n}) e R and k = 1,...,m, where we set
divB(x) = z,il D;Bi(x) for every x € R?, D,B' being the matrix whose entries are
obtained differentiating with respect to the variable x; the corresponding entries of
the matrix B

(v) there exist positive constants y, C, and ¢, such that

if1<p<2:  (QWV), Vu): < (¥ +C,

101 V()] < v + C,,
itp>2: 10()] < eyv(a),
Sup|x—y|59(x) |VQ()’)| < Czll(x)/)(x)_l

for every xe R‘l’, where pu(x) is the minimum eigenvalue of Q(x) and
p(x) = 0|2 v(x)"2
(vi) there exists a positive function y € C'(R?) such that lim,_,  w(x) = oo and
(QVy, Vy) < Cy? log’ y.

Remark 3.2 The above assumptions might seem somehow restrictive and only technical.

Actually, elliptic operators with unbounded coefficients exhibit a bad behavior in the usual
LP-spaces with respect to the Lebesgue measure unless suitable (strong) conditions are
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assumed on their coefficients. An easy scalar one-dimensional counterexample shows that,
even in the case when the diffusion coefficient of the operator A is constant and the drift
grows slightly more than linearly at infinity, there exists no realization of the operator A in
L?(R) which generates a strongly continuous or an analytic semigroup (see [34]). Similar
pathological behaviors are exhibited in the vector-valued case (see, e.g., [22, Example 2.2],
[25, Example 2.3], [9, Sect. 3]). So, in order to prove generation results, one has to require
strong conditions on the growth of the drift term or, as an alternative, to assume the exist-
ence of a dominating potential term .

Our assumptions on the diffusion coefficients of operator A are inspired by those con-
sidered in [29] (see also [12, 13]) where the scalar equation is studied. Hypotheses 3.1(iv),
(vi) guarantee the sectoriality of the operator —A, in the sense of [19], Definitions 1.5.8.
On the other hand, inequality (3.1) and the oscillation condition in Hypothesis 3.1(v) are
crucial to interpolate the term Zi | B:D;u between div(QVu) and Vu.

For every p € (1, 00), let Ap denote the realization of the operator A in LP(R%;R™)
with domain

D, ={u € W.P(R:,C™) : u, Agu, Vu € LP(R%C™)}
={u € WXREC™) 1 Agu,vu € L"(RY,C™)),
where Agu := div(QVu). On D, we consider the norm ||u||Dp = [ Agull, + [lvull,, which

is clearly equivalent to the norm u +— |[u]|, + ||.A0u||p + || Vul|, due to Hypothesis 3.1(iv)

which implies that [vu||, < |[Vull, < c/lvu]l, and ||u||p < calllquP for every
u € [P(R4,C™). Since A, is a closed operator, D, endowed with the norm || - ||, is a
)

Banach space.
We can now state the main generation result:

Theorem 3.3 Under Hypotheses 3.1, assume further the condition

6 p—1 1 p)
1—;—Txmy—4(p_l [(3— Yy + =2 (W+m)

if p € (1,2), and the condition

>0, (3.2)

1
1_€_y<l’p — (p_1)+ Km(m+p 2)>0, (3.3)

p

K(ﬁ+m))

if p=2. Then, the operator A, generates an analytic contraction semigroup T (1) in
LP(R%,C™). Moreover, if the above assumptions are satisfied also for some 1 < g # p, then
T,(f =T, forall f € LP(R4,C™) n LY(RE,C™).
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Remark 3.4

®

(ii)

(iii)

We stress that, without assuming conditions like (3.2) and (3.3), the domain charac-
terization in Theorem 3.3 could fail, as some scalar counterexamples show (see [31,
Example 3.7]).

We also point out that, if Hypothesis 3.1(v) is satisfied for every y > 0, then condi-
tions (3.2) and (3.3) reduce, respectively, to

4 - 0p)(p — 1) — K22 = p)X(Vm + m)? > 0, (3.4)

4p* —40p — (p — D*m(m+p —2) > 0. (3.5)

It is easy to check that (3.5) is satisfied for every p > 2 for instance if 6 < 1/2
and km < \/g . On the other hand, condition (3.4) cannot be satisfied for every
p € (1,2); it is satisfied, for p € [p,,2) for some p, € (1,2), for instance if
42 = 0p))(po — 1) — K22 = po)*(y/m + m)* > 0 and

A =16(0% — 0 + 1)+ c*(m + \/m)* = 320k (m + \/m)*> < 0.

If A > 0, then the third-order polynomial f; in the variable p, defined in (3.4) has

a local maximum f(p,) and a local minimum f(p,) at some points 0 < p; < p,.
Clearly, condition f(p,) > 0 is necessary to guarantee that f(p) > 0 for every
p € [py,2). This condition is also sufficient if p, > p, or p; > 2. On the other
hand, when p, <p, <2 <p,, we also need to require that # <2 and, when
Py <Py <Py, <2o0rp, <py<p, <2, we need the additional condition f(p,) > 0.
Finally, if inequality (3.1) is replaced by the new condition

d

o . o 1

D 1D Bl ont| < (e vh@) + € Y0k 1) (3.6)
hk=1|i=1 k=1
for every x, " eR? (k=1,...,m) and some positive constants ¥ and C,., then

the generation result in Theorem 3.3 can be applied to the operator A — A, for a
suitable A, > 0. In particular, the operator A, generates a strongly continuous ana-
lytic semigroup (not contractive, in general) in LP(R?;R™). Indeed, condition (3.6)
implies that for every € > 0 there exists a positive constant 4 such that Hypotheses
3.1 are satisfied with V being replaced by V + A, provided that ¢ is chosen suffi-
ciently small such that condition (3.2) (resp. (3.3)) holds true with x being replaced
by k + €. In particular, if (3.6) is satisfied by every x > 0, then conditions (3.2) and
(3.3) reduce to § < p. Hence, if @ < 1, then we get generation results of a family of
consistent semigroups for every p € (1, o).

Our assumptions do not allow to cover the case when p = 1, which will be addressed
in a future paper.

In the proof of Theorem 3.3 we will take advantage of the following results.

Lemma 3.5 Foreveryu € Cg"(Rd, C™), n € CY(R?) and € > 0 it holds that
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d
Re/ Z(B’Du u)lult” 2r]dx— —_— / (B'u, u)|ull” 3nD,|u| dx
R =1

(ivBu, u)lul?’~*ndx (3.7)
[R(

d
1/ ; -
- = (B'u,u)|ul?""D;ndx.

Moreover,

[t adutoac < Y [ a2 G38)
Re =1 JRd

Proof Let us first prove formula (3.7). We fix u,  and € as in the statement of the lemma
and observe that for p =2, formula (3.7) can be obtained just integrating by parts and
using the symmetry of the matrices B' (i = 1,..., d).

In the case p # 2, we denote by . the left-hand side of (3.7) and set

d
_ 1 2 _ ' -3
w=-L A dZ(B’u Dl ndx = /R BBt D

By integrating by parts and taking into account the symmetry of the matrices B!, we deduce
that

H=— 1 ((dlvB)u u)|ull” Zndx — 2
p—2 p-

1 i )
L /(, ;(B w,u)uf~2D s,

which immediately yields (3.7).
To prove (3.8), we preliminarily observe that, since Q is symmetric, it follows that

(0¢,8) =(QRel,Re ) +(0Im{,Im ) whence 0 <(QRel,Rel) <(Q¢.() for every
¢ € C™. Using this fact and Cauchy—Schwarz inequality, we obtain

7 Re.¥

m 2
a(lul,) = Glul) " q(luP) < |u|;2< 3 (ORe(w, Vi), Re(uﬂﬁh»f)
h=1

m 2 m
1
< |u|;2( hZ |uh|q<uh>z> < |u|2|u|;2;q<uh>.

Observing that |u|? < |u|?, estimate (3.8) follows at once from (3.9). O

(3.9)

Recalling the definition of sectorial operator of type S(a) (see, e.g., [19, Chapter I,
Sect. 5.8, Definitions]), we can prove the following:

Proposition 3.6 Under the assumptions of Theorem 3.3, (—A, Cj"(le, C™)) is sectorial of
type S(C) for some positive constant C, namely for allu € Cj"(le, c™)
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'Im/ (Au,u)|ulP~2dx
R4

< —CRe/ (Au,u)lu|P~*dx. (3.10)
R4

Proof We fixu € C*(R,C™)and € > 0. Recalling that D;|u|, = |u| 'Re(Du,u), an inte-
gration by parts shows that

Re / (div(QVu),u)|u |f_2dx
[Rd

m 3.11)
-3 [ awplac- -2 [ adula
j=1 R4 R4

d

Hence, using formula (3.7), splitting the term Re Z (B'Dju,u)lu |‘E"2dx into the sum
i=1 IR‘I

i 2 i -2
ReZ/ (B'Du, w)|ulP~ dx + = Rez Rd(BD,~u,u)|u|‘: dx

and, by applying (3.7) with # = 1, we deduce that

“Re / (Au, )| 2dlx
R4
-y / s+ 0 =2) [ alulup
- Rd R4

ReZ/ (B'Du,u)ul’~ 2dx+—2/ (Blu,u)|u|"~>D;lul, dx

+Re [ ((p7'(divB) + V)u,u)|u|’*dx.
R4

(3.12)
To ease the notation, we denote by .# and ¢ the third and fourth integral terms in the
right-hand side of the previous formula. Applying (3.1), with nl’.‘ = D,u; and r/f = D;|u|,
fori=1,...,dand k =1, ..., m, respectively, and then Cauchy—Schwarz and Holder’s ine-
qualities, for every g,, &, > 0 we get

p-2l I 5
—KZ ()7 v |u|[u]?~2dx
d
KE 2 2
>l '2 R e
Rd
and

lp—2|

R L / aCleel v el lul?dx
Rd
xme, |p - 2| L xmp—2 )
>——1—— [ q(ul)lulP?dx - ——= [ vu|*lul’2dx.
P Rd 41751 Rd

Therefore,
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m

—Re/ (Au,u)luli"zdxz <1 €olp - 2|> Z/ qu)|ul?” 2dx
R4

£,km 2
+(p-2- lp—2| qlu|)|ul?"dx
p Rd

—2
+ [1 _0_ M<i + i)] / viu | |u|P2dx
p 4p €1 Rd

- (3.13)
<1_£0KP >Z/ q(u)|u|p de
+ <p— >/ q(lul,)lul?2dx

Rd
T ieren) / lu Pl 2ds,
R4
where
6 xmlp-2| 1
X)) =1-=——— — ), ,xy > 0. )

Silxy, %) = > 4 % —+ 5 Xy Xy (3.14)

On the other hand, since
l[q(Imu;, [u]| )Re u;| + |q(Re u;, [u| )Im u)|
< q(Jul)"*[q(mu)'/*|Re u;| + q(Re u)'/*Im ;]

1/2 1/2 2 241/2
< q(Jul)'*(q(Rew;) + q(Im u))'/*(Re u;)* + (Imu;)*)"/
= q(lul)'*(a(;)"/*|u;]

1
<5(aC) + aClul)lul,
for every j = 1,...,m, we can estimate

‘Im/ (.Au,u)|u|f‘2dx‘
Rtl

m
<p-213 /R (latimu, Jul, e | + la(Re ], Dl

m

T e I/Rd

lp—2| p—2 lp 2| 2
< Z [ Al 2+ E5=m | adulfuly s
Jj=1
“ [ > 2, 192
+x2 )2 v ullul?2dx+ ¢ | viulul?dx
R4 R4
|P 2| p—2 | | p—2
< Z awlul Ry =—=m | q(lul)ul;dx
Rd

Km .
+ <c1 + —)/ viu|*ul?dsx.
2 ) Jra

Diuk

|u||u|§_2dx +c / v|u|2|u|§_2dx
R4
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We now distinguish between the cases p € (1,2) and p > 2. In the first case, the coefficient
of the second term in the last side of (3.13) is negative. Using inequality (3.8), we can con-
tinue estimate (3.13) and get

_Re/ (Au,u)|ulP>dx 281(50’51)2/ q(uj)|u|€—2dx
¥ =R (3.15)
+f1(€o,61)/ V|u|2|"|€_2a'X,
Rd
where

p—2

81, x) =p—1+ K () + mxy) (3.16)

for every x,,x, > 0, and, similarly,

‘Im/ (.Au,u)|u|1;_2dx
R4

2 —-Pp K 2 —p c -2 Km 2 —2
< < Lt = m> ; /W Q) ul? dx+<c1 n 7) IRLREA
The supremum of function f), subject to the constraint g, (x;,x,) > 0, is

L0 K2(p — 2)’m(1 + /m)?
P 4p2(p - 1) ’
see Subsection A.3, which is positive thanks to condition (3.2). Then, we can choose g, and
€, positive and such that the coefficients of the two terms in the right-hand side of (3.15)
are both positive. Thus, we get

‘Im/ (.Au,u>|u|’6’_2dx
Rd

< —CRe/ (Au,u)|ulP2dx, 3.17)
R4

with

C > max + =+ m e +— )—— ¢.
{( 2 2 2 giCene) ' 2 ) fieg€p)

Now, we address the case p > 2. Here, the coefficient of the second term in the right-hand
side of (3.13) can be made positive by choosing £, small enough. Note that the supremum
of the function f;, subject to the constraints x;, € (0,p/(x(p — 2))) and x, € (0, p/(km)), is

6 p-2

p  4p?

sz(m +p-2),

(see Subsect. A.4), which is positive due to condition (3.3). Hence, we can determine ¢,
and g, such that the coefficients of the three terms in the right-hand side of (3.13) are all
positive. With this choice of the parameters, estimate (3.17) follows immediately with
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CZHlaX{ pp=2+K) s P ,<C1+m>;}.
2(p — ggk(p —2)) 2(p — €,xm) 2 ) fi(gg, 1)

Finally, letting & tend to 0% in (3.17), by dominated convergence we get (3.10) in both
cases. O

Proposition 3.7 Under the assumptions of Theorem 3.3, assume that C, = 0 in Hypothesis
3.1(v). Then, there exists a constant C = C(m, p,y, k,0) > 0 such that

vall, < C|lAull,,, u € CX(RYC™). (3.18)

Proof Since the coefficients of the operator A are real-valued, we can limit ourselves to
considering functions with values in R™. We fix u € C?(Rd ;R™), e > 0and set f = —Au.
Then,

/ (fu)ul v = / (div(QVu), u)lul? > dx
Rd Rd

d

—/ Z(BiDiu,u)|u|’£’_2vp_]dx
R =1

+/ (Vu,u)|u|‘;‘2v”‘ldx= I+ 2+ s
Rd

Integrating by parts, taking (3.11) into account, we deduce that

/1 = Z / q(uj)|u|£72vp71dx +@- 2)/ q(|u|€)vp71 |u|g72dx
j=1 IR "

+ / g, V= |ulP2dx + (p - 2) / qClal, vV |’ dx.
2 o, A y

Thus, applying Cauchy—Schwarz and Hoélder’s inequalities and taking Hypothesis 3.1(v)
into account, we get

c e 1 Ip-2|
> - MNulP2p gy — [ — + 221 )2 WVlulPd
72 61>;Adq<u,>lulf i- (g + 220 [ s
+<p—2—sz|p—2|>/ aul ) a2
Rd

for every €,,&, > 0.
We now estimate the term _#Z,. Using the same arguments as in the proof of (3.12) and
applying Young’s inequality, we get
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2l « 1 1
Sy S [ a2

-2
—Mlcm/ q(|u|£)%|u||u|€_2v”_%dx+l/ ((divB)u,u)luVé’_zvp_ldx
R4 P Jrd

V3 w2 lu P2
m [ q)2V72 ul|ul? ™ dx
R4

lp -2 / -2 p-1
> Z ulP~20-14
2 —K &3 & o Q(uk)| |£ X

_lp=2]
p

Kme, /Rd q(|u|E)|u|€—2VP—1dx+ 1/ ((divB)u,u)|u|Iz—2vP—1dx

-2
-[K'p 'm<i+l> ”""(” ]/ Pl dx
4p £ &4

for every €5,€4 > 0.
Summing up, we have proved that

2 m
gt (1—81 -2 )Z/ atlul; " ds
k=1 /R

+ P—2—|P—2|<£2+m£4>]/ q(IuIE)Iulﬁ‘zv”‘ldx (3.19)
P Rd

A enenes) / P,
Rd

where

0 , |p 2| kmlp=2| (1 1 p—1
(X, X3,0,)=1—=— - —t+=)-—
SO, xp, X3, X4) > y <4 o e ap Wy - Kmy

(3.20)
for every (x;,x,,x3,%,) € RY. Combining (3.19) with the estimate

/(f,u>|u|§—2vﬂ—1dx55/ V0alPdx+C [ |f|dx,
R4 B(O,R)

R4

which holds true for every 6 > 0 and some positive constant C = C(8, p), where B(0, R) is
any ball containing the support of the function f, we get

_2 m
(1 —& K ld |53> Z/ () ul? v~ dx
p i=1 J R

+ [P -2-|p-2 (52 + m54>] / q(|u|6)|u|’6’_2v"_ldx (3.21)

#hlenenened) [ P ds =Sl g, < C [ 1P

As in Proposition 3.6, we distinguish between the cases p € (1,2) and p > 2. In the first
case, assuming that 1 — g, —-plklp - 2|e; > 0 and using (3.9), we can combine the first
two terms in the left-hand side of (3.21) and obtain the inequality
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eerenene | aluloluly s

(3.22)
#hterenened) [ P ds =Sl g, < C [ 1P

where the function g, : RY — R is defined by

lp—2|

x3—2-p) <x2 + ’;me4> (3.23)

&o(x, X0, x3,x4) =p— 1 —x; — K

for every (x;,X,,X3,X4) € Ri. It is easy to check that the supremum of f,, subject to the
constraint g,(x,, ..., x4) > 0, is given by

6 p-1 1 klp —2| 2
l—=———xmy— [(3—p)y+—( m+m)
p p 4p-1 p Vi
(see Subsect. A.1 for further details). Due to condition (3.2), this supremum is positive.
Thus, we can choose the parameters ¢; (j = 1, ...,4) such that the coefficients of the two

first integral terms in the left-hand 31de of (3. 22) are both positive, so that

2
f2(61’82’63764)/ |u| |u|P Vpdx 5”V|u| ||U(B(OR)) = / U‘lpdx

Letting € tend to 0%, we can choose 6 > 0 such that estimate (3.18) follows.
If p>2, then the supremum of the function f,, subject to the constraints
p(1 —x)) — k(P —2)x; > 0and p(1 —x,) — kmx, > 0,18

1_Q_pp1,<my——(p—1)— Ky(\/Z+m) Km(m+p 2),

4
(see Subsect. A.2 for further details), which is positive due to condition (3.3). Now, we can
argue as in the case p € (1, 2) to obtain estimate (3.18). O

Proof (Proof of theorem 3.3) The proof is articulated in some steps.
Step 1. Here, we prove that there exist positive constants M, and M, depending on
K,Cps €15 €5 7> Cpy 0 and p, such that

Myllullp, < |l Au —ull, < Myllullp , u € CR%C™M). (3.24)

Also in this case, we can assume that u takes values in R™. Adapting the arguments in
[29, Lemma 2.5, Proposition 3.3] and using Hypothesis 3.1(v), we can show that, for
every € > 0, there exists a positive constant K,, depending also on p and the constants
K,Cp,C15Cp, Y Cr’ such that'

<ellAgull, + K || Vul|, u € CX(RER™). (3.25)
V4

! When p € (1,2) the additional condition y2 < 4(p — 1)~! is needed to apply the arguments in [29].
Note that this condition is a straightforward consequence of (3.2), since this latter condition implies that
1= @=p)r* /@@ -1)>0.
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We first assume that C, = 0. Using inequality (3.25) and taking into account Proposition
3.7, we can estimate

llallp, < Il Azll, + Du

+ IVull, + llvull,
p

i=1

1
< |l Aull, + EIIAoull,, + [+ Ky p)ey + lvull,

< Slully, + |14 +K, e, C+ ] I Aul,

for every u € C °°(|Rd R™), so that using Proposition 3.6, which shows that the operator A
is dissipative, we get |lullp <2K||Aull, < 2K||Au —ul, + 2K|lu||,. < 4K||.Au — ul .
where K =1+ (1 + Kl/z)C1C + C/2. The first part of (3.24) follows with M, = (4K)~'. If
C, # 0, then we can determine a positive constant 4 such that V + Al and v + 1 satisfy
Hypothesis 3.1(v) with C, = 0. In such a case, using again the dissipativity of .A we obtain

lellp, < Kl Aw — du - ull, < K|l Au = ull, + KAllull, < (1 + DK Au - ul|,

and the first part of (3.24) follows with M, = ((1 + /1)I~()‘1 and K is a positive constant,
depending on ¢, K , and C.
To prove the other part of (3.24) we argue similarly, observing that

| AL — ull, <2||Agull, + (K; + DIIVull, + |lul],
<20l Agull, + (¢, Ky +¢; +cpH)llvull,
<max{2,¢,K, +c, + c51}||u||Dp.

Step 2. Here, we prove that D, =D, .., \(Ag = V) := {u € PR%C™) © Agu — Vu € IP(R%C™)}
and that C°°([Rd R™) is dense in D,. Clearly, D, C D, ,..(Ay — V), so let us prove the
other inclusion. We fix u € D,,‘max(AO V) and observe that Theorem 2.3 guarantees the
existence of a sequence (u,) C CS°(R" ;R™) converging to u in I”(R%;R™) and such that
Aqu, — Vu, converges to Aqu — Vu in LP(R%R™) as n tends to co. Step 1, applied with
" = 0, shows that (u,) is a Cauchy sequence in D, endowed with the norm || - || D, Since
this latter is a Banach space, we conclude that w €D, and the inclusion
D, nax(Ag — V) C D, follows. This argument also shows that C°°([Rd R™)is dense in D,
Step 3. Here, we prove that the operator (A, D,) generates an analytic contraction semi-
group in LP(R4;,C™). In view of Proposition 3.6, [19, Theorem 1.5.9], it suffices to show
that the operator / — A : D, - LP(R%,C™) is surjective. For this purpose, we apply the
continuity method (see, e.g., [18, Theorem 5.2]). For every ¢ € [0, 1], we introduce the
operator

d
Lu=u-div(QVu)—1 ) B'Du+ Vu, ueD,.
i=1
Due to the density of Cf(R‘l ;R™) in Dp, we can first extend (3.25) to every u € Dp and,
then, using this inequality, we can extend (3.24) to every u € D,,. Thus, we can determine a
positive constant K, independent of 7 € [0,1], such that [|Lull, > K||u/| D, for every
te[0,1] and u € Dp. Moreover, Theorem 2.3 and Step 2 show that the operator
(A, -V, D,) generates a strongly continuous semigroup of contractions in LP(RE,CM).
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Hence, the operator L, is surjective on L”(R;C™). Since the operator A, has real-valued
coefficients, it follows that £, is surjective on Z”(R?;C™). The continuity method applies
showing that also the operator £, =1 — A : D,-I (R?;,C™) is surjective.

Step 4. Finally we complete the proof, showing that, if ¢ is a different index in
(1,0), which satisfies the assumptions of the theorem, then Tp(t)f = Tq(t)f for
every t >0 and f € LP(R%C™ nLYR4C™). Since both T,(n) and T, (r) map func-
tions with values in R™ in functions with values in R”, we can limit ourselves to con-
sidering functions with values in R”. By Theorem 2.3, the semigroups generated by the
closure of the operator (Ay — V,C®(R%R™)) in LF(R%;R™) and in LY(R%R™), coin-
cide on L”(R%;R™) N LI(R%;R™). As a by-product, writing the resolvent operators as
the Laplace transform of the semigroups, we infer that the resolvent operators coincide
on LP(RYR™) N LR R™). Therefore, for every f & ILP(R%R™)nLI(RYR™) and
A € R sufficiently large there exists a unique w € D, n D, which solves the equation
Au—Agu+Vu=f.

Next, we observe that all the computations in the previous steps can be performed
replacing || - || D, with|| - || p, + [l D, and by applying the method of continuity in the space
P(RYEGR™) N LI(REGR™)  endowed with the norm || - l, +1I-1l,- It follows that
M—-A: Dp n Dq — IP(R%R™) N LY(R4;R™) is invertible for every A > 0, and therefore
(A=A, 'f = (Al = A))"'f for every f € I/(R%;R™) N LY(R*;R™). By the representation
formula of semigroups in terms of the resolvents, we get the assertion. O

Remark 3.8

(1) Itis worth observing explicitly that estimate (3.25) does not imply that the drift term
is a small perturbation of A or A, — V, see [31, Remark 3.6].

(i) We point out that if there exists g, > 0 such that (Q)&, &) > po|&|? for every
x,& € RY, then D, is continuously embedded in W2(R4;R™). Indeed, from (3.21),
with v = 1, it follows that

> / q(u)dx < C' / | Au|dx, u € C*(RC™),
k=1 /R4 R?

from which it follows immediately that

|Va|*dx < C' ;! / | Au|*dx.
R4 R4
Since Cf(Rd;Cm) is a core for A,, the previous inequality extends to every u € D,.

To conclude this section we prove that D), coincides with the maximal domain of the
realization A, of A in LP(R%;R™).

Proposition 3.9 Fix p € (1, 00) such that the assumptions of Theorem 3.3 are satisfied.
Then,

D, = {u € PR4C™ N WEI(REC™) - Au € IP(RGC™) =: D

loc

Ap,)

max(

Consequently, CZ?°(IR‘1;C’”) is a core for (A, Dy (A))).
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Proof First of all, let us observe that the inclusion D, C D, (A,) is immediate conse-
quence of the estimate ||u||, < cg' [lvull, and interpolative estimate (3.25). To prove that
Dx(A,) C D, it suffices to prove that A/ — A is injective on D, (A,) for some (hence
all) 2 > 0. So, let us consider # € D,,,,(\A,) such that Au — Au = 0. We have to show that

u = 0. To this aim, we prove that

max

/1/ []*|u]?~2dx <0, p e, ). (3.26)
Rd

Once formula (3.26) is proved, the claim follows easily letting € tend to 0. The argument
used to prove (3.26) is similar to that already used in the proofs of Theorems 2.2 and 3.3.
For this reason we just sketch it. Note that

d [ wpwpa=- Y [ awo - e-2 [ ol
R4 k=1 J R4 R4

d
_ 1 i _
- [ atule gt =2 3 [ (2D

i=1 J R

d
p—2 i p=252
+T‘/W;(8Diu,u)|u|€ ¢dx

d
2- |
+—p2/ (Blu, u)uP=3¢2D, |u] dx
)4 i=1 R4

- [ " divByu,u) + (Vu,u)]|ulP > dx,
Rd
(3.27)
where ¢, = ¢{(n"'logw) and ¢ : [0, 00) — [0, 1]is a smooth function such that {(s) = 1 if
s € [0,1]and {(s) = 0 if s > 2. To ease the notation, we denote by fj, j=1,...,5the last
five integral terms in the right-hand side of (3.27). We estimate

_ 1
17,1 < € / a2+ / aClupdx
R4 €0 JBO.5)

for every g, > 0, where the ball B(0, r) contains the support of function ¢, and, using
Hypothesis 3.1(iv) we obtain that

1 < 21 / VIVaC a2, dx
[Rd

2 -2 42 m*i? 2 -2
<& [ vl T [ ol
R4 E2P7 JRrd

2

for every £, > 0 and

lp-2| ¢ - mx |p — 2| -
Al e —= 3 | alul{*Eidx+ 32— | vlullul
& /o [

for every €, > 0. Finally, for every €5 > 0,
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-2 -2
| / a2 lul2dx + 1 P = 2]
p Rd 4e;

— 95 < <§ - 1)/ viu?|ul? 22 dx,
p R4
hence we get

_ P21 ¥ _
Al lulP a2 dx s(—l +eK D[ alulr¢ldx
R4 P el JRY

Ip

20, 1P=252
| A4| < e5mK » viw|*|u|?™2¢ dx.

In addition,

lp—2| _
+ <2 —ptey+ > Kme, q(lu])|ul? 2dex
R4

ey —filer )] / Va2 dx
[R"

1 m2k?
+<—+ - )/ a¢lulrdx,
& P& B(0,r)

where function f; is defined by (3.14).

Now, we distinguish between the cases p > 2 and p € (1,2). In the first case, thanks
to condition (3.3), with y = 0, we can choose €; > 0 (i = 0, 1,2, 3) to ensure that the first
three terms in the right-hand side of (3.28) are nonpositive. We refer the reader to Subsec-
tion A.3 for further details. Thus, we get

(3.28)

i [ wpwpgacsc [ gt
R4 B(0.r)

for some positive constant C depending on m, p, k. Then, arguing as in the proof of Theo-
rem 2.2, letting n — oo we deduce (3.26).
In the second case, when p € (1,2) we use estimate (3.8) to deduce that

A / 2 ul? 2 2dx < [eg — 811, €3)] ) / Q) u|?~2E dx
[Rd k=1 [Rd

+ (&, —fl(£1,£3)]/ viu*lulP=2¢2dx (3.29)
R4

1 m2x?
+<—+ i ) [ st
& P& B(0,r)

where the function g, is defined by (3.16). Also in this case, using condition (3.2), with
y =0, we can choose ¢; > 0 (i =0, 1,2, 3) to make the first two terms in the right-hand
side of (3.29) nonpositive and then we can conclude as in the first case. We refer the reader
to Subsection A.4 for further details. a
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4 The semigroup in C,(RY;R™)

In this section, under suitable assumptions on the coefficients of the operator A, we associ-
ate a semigroup T (¢) with A in C,(R?;C™) that, under the assumptions of Theorem 3.3,
is consistent with T'(f). Again, we can limit ourselves to considering functions with values
in R™.

Hypotheses 4.1

(i) The coefficients g; belong to C,**(RY) fori,j = 1,...,d and (Q(X)&, &) > py|&|? for
every x, £ € R? and some positive constant Hy; the functions B (i = 1, ..., d) satisfy
Hypotheses 3.1(ii), (iv), with k < V/2m~1;

(i)  the function V has entries in C? (R?)for some a € (0, 1) and (V(x), &) > v(x)|&|?, for
every x, & € R? and some function v € cr C([Rd) bounded from below by a positive
constant ¢;

(iii) there exists a positive function ¢ € C*(R?) blowing up as |x| — co such that
A, @ < Ap for some A > 0, where A, = div(QD) — vI with the function v from
Hypothesis 3.1(iv)).

The assumptions on the matrix-valued function Q and on v guarantee that, for every
f € C,(R%), there exists a unique function u € C,([0, 00) X R) N C12((0, c0) X R¥) such
that D,u = A,u on (0, 00) X R? and u(0,-) = f (see [27, 30]). Setting S(t)f := u(t,-) for
every ¢t > 0, we define a semigroup of bounded operators on C,(R?) which satisfies the
estimate ||S(?)|| L,y S e~ (see, for instance, [5, Proposition 2.2]).

Theorem 4.2 Under Hypotheses 4.1, for every f € C,(R%;R™) the Cauchy problem

{ Du(t,x) = Au(t, x), (t,x) € (0,0) x R, @l

[1mm]u(0,x) = f(x), x€RY,
admits a unique classical solution u, which is bounded in each strip [0, T] X R4. Moreover,
lu(t, )] < e [If | s (t,x) € [0,00) X R”. 4.2)

Proof The proof of this result is standard. The uniqueness of the locally in time bounded
classical solution u follows from estimate

lu(t, 0)* < (SO, (1,%) € [0,00) X R, (4.3)

which can be proved by considering the function z = |u|?> — S(-)|f|?, which satisfies the
inequality D,z — A,z <0 and vanishes when ¢ = 0. A variant of the classical maximum
principle (see [27, Theorem 3.1.3]) implies that z(¢,x) < 0 for every (z,x) € (0, c0) X R?,
and the assertion follows.

The existence part can be obtained by compactness, considering the sequence
(w,) C C.7*/*7((0, 00) X B(0,m)) N C,([0,00) X B(O,n)) of functions such that
D,u, = Au, on (0, o) X B(0,n), u, vanishes on (0, 00) X dB(0, n) and equals function f on
{0} x B(0, n) for every n € N. Each function u,, also satisfies the estimate ||u,(z, -)||, < €™’
for every t > 0. We refer the reader to [1, Theorem 2.8] for the missing details. a
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Thanks to Theorem 4.2 we can associate a semigroup T (?) to A in Cb(le, R™), by
setting T (-)f := u, where u is the solution to Cauchy problem (4.1) provided by Theo-
rem 4.2. Clearly, || T ()ll z(c,@ammy) < €™ for every 7 > 0. This semigroup can be easily
extended to C,(R%;C™) in a straightforward way.

In order to show that the semigroups Tp(t) (p = p,) are consistent also with T’ (f) on
C,(R%R™) and, hence, on C,(R%;C™) we show that the domain D(A) of the weak genera-
tor of T (¢) coincides with the maximal domain of .4 in C,(RY;R™). The notion of weak
generator A has been extended to vector-valued elliptic operators with unbounded coef-
ficients in [2, 15] mimicking the classical definition of infinitesimal generator of a strongly
continuous semigroup. Its domain is the set of all functions # € C,(R?%;R™) such that the
function ¢t —~ (T (H)u — u) is bounded in (0, 1] with values in Cb(IRd ;R™) and it point-
wise converges on R to a continuous function, which defines Awu.

Proposition 4.3 Under Hypotheses 4.1, the weak generator of the semigroup T(t) coincides
with the realization of the operator A on D,,,,(A), where

loc

D, (A) = {u € C,(RGR™ N ﬂ WP (R R™) : Au € Cb(R";IR’")}.

1<p<oo

Moreover, for every A > 0 and f € C,(R%;R™), the function R(A)f defined by

(RA(x) = / e (T o (Df ), xeRY, (4.4)

0

belongs to D, (A) and solves the equation lu — Au = f.

max
Proof Taking (4.2) into account and arguing as in the proof of [2, Proposition 2.2] the
inclusion D(A) C D, (A) can be easily proved. Thus, D(A) = D,,,,(A) if and only if
Al — A is injective on D,,,(,A). To prove the injectivity of this operator, we fix a func-
tion u € D,,,(A) such that Au — Au = 0. A straightforward computation reveals that
2A|ul? — A, |ul?> = w, where

(B'Du,uy — 2(Vu,u) + viu|*.

d
=1

w=-2) q(u)+2
k=1

1

Using Hypotheses 4.1 (note that x <V 2m~') and estimating Zle(BiDiu, u)
< Yy a(w) + =-vlul?, we conclude first that y < 0 on R< and then, applying the maxi-
mum principle in [27, Theorem 3.1.6], thatu = 0. O

Proposition 4.4 Suppose that the assumptions of Theorem 3.3 are satisfied, for every p > p,,
and some p, > 1, as well as Hypotheses 4.1. Assume also that px*m —4(p — 1)> <0, if
p € (1,2). Then, for every f € C,(R4C™ nILP(RY,C™), p > p, and t > 0 it holds that
T,(f =T, ()

Proof As we have already stressed, we can limit ourselves to proving that 7,()f = T, ()f
for every f € C,(R%R™) n [P(R%R™). We fix A > 0, f € C,(RY;R™), with compact sup-
port, and consider the resolvent equation Au — Au = f. By Theorem 3.3 and Proposition
4.3 the previous equation admits a unique solution u, € D(A,), for every r € [p,, o), and
a unique solution u, € D, (A). Since u, is the Laplace transform of the semigroup T',(7),

max
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the consistency of the semigroups T,(r) and T (1) 1mphes that u, = u, for p,q € [py, ).
Hence, we can simply write u 1nstead of u, and ue W q(R“’ IR’”) for every g € [py, o),
so that it is continuous over R?. To prove that it is also bounded on R4, we fix r > 0,
arbitrarily, and R > 0 such that supp(f) C B(0,R). Since the operator A, is dissipative,
we have the estimate [|u]l 45 rm < llull, < A1 I\ Il zoseo.r):mmy- Letting g tend to oo and
using the arbitrariness of r > 0, we conclude that u is bounded over R¢, so that it belongs
to C,,([Rd ;R™). Since ,Au = Au —f, the function .Au is bounded and continuous over R?.
Thus, u € D,,,,(A) and the equality u = u_ follows. Hence,

R(LAf = RO, i> 0.

max

Using (4.4) and the uniqueness of the Laplace transform one obtains T,(1)f = T, (1)f for
every ¢t > 0. To remove the condition on the support of f, we observe that every function
f € C,RER™) N LP(RYGR™) s the limit in L2(RY;R™) of a sequence (f,) C C°(RY;R™)
which is bounded in C,(R?;R™) and converge to f pointwise in R¢. Taking the limit as n
tends to co in the equality 7,(8)f, = T, (1) ,, we complete the proof. O

Theorem 4.5 Let the assumptions of Proposition 4.4 be satisfied. Further, assume that the
function v belongs to C*(R?), blows up at infinity and, in addition, satisfies the inequal-
ity A,y <M in R? for some positive constant M, if p € (1,2). Then, the semigroup T(t)
maps LP(R%;,C™) into LI(R?;C™) for everyt > 0 and p, < p < q < 0. Moreover, for every
T > 0, there exists a positive constant C = C(T, p, q) such that

a(1_1
IT@Of Nl poga:om < Ct 2(" ")“f”u Rd;Cm)> ferREC™), te(0,T]. 45)

Proof Also in this case we prove the assertion for functions with values in R™. For every
D € [pg, o), we consider the contraction semigroup S,(¢) generated by the operator A,
with domain D,(A,) := {u € L’(RY) | Agu,vu € LP(R?)}, in [P(RY) (see [29, Theo-
rem 2.4]). The restriction of the semigroup S,(f) to L*(R%) n L!(R¢) can be extended
to a contraction C,-semigroup S;(f) on L'(R?) which is consistent with S (1) for each
p € (1,00). Indeed, fix f € LZ(R") NLY(RY) and r> 0. Then, f € LP(R") for every
1 < p <2 and, since the semigroups S,(¢) are consistent, we get

1S, Of 1 oy = hm 1S, Of Nl oy < thUP”f”U(Rd) 1l 2 ey

By letting r tend to oo, we conclude that the restriction of S,(¢) to L*(R%) N L' (R?) extends,
by density, to a contraction semigroup S;(¢) on L! (R%). Moreover, if f € Cj"(le), then

t
Siof =f=S,0f —f = / S, ($)A,fds, t>0.
0
Hence for every p > 1it follows that ||S,(0)f — fll».9) < tIIASIl,- Letting first p tend to
1 and then r tend to oo, we deduce that S, (t)f converges to fin L' ([Rd) as t tends to 0. By

density it follows that S, () is a strongly continuous semigroup.
On the other hand, S, () is the semigroup associated with the quadratic form

a(f) = / a(dx + / WP,
[Rd IR"
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with  domain  D(a) = {f € L2RY) n W2(RY) : |Q'/2Vf|,v'/%f € L(RY)}.  Note
that a(f) > min{cy, uy}|Ifll;, for every f € D(a). Since by Nash’s inequality
|[f||§+4/d <C |[f||f 2|V||T/d for some positive constant C, and every f € W'2(R¢) n L'(R%),
we easily obtain that |[f||§+4/ 4 < Ka(f)lVHT/ ? for some constant K > 0 , and therefore S, (¢)
is bounded from L!(R?) into L*(R?) (see [14, Theorem 2.4.6]). By observing that A, is
self-adjoint, the usual duality argument proves that S,(¢) is bounded from L*(R¢) into
L*(R9) and, by applying the semigroup law, it follows that S, (¢) is bounded from L'(R%)
into L®(RY).
Next, we claim that

I(T o O < SO 1)), (t,%) € (0,00) X R, (4.6)

for every f € C,(R%R™). Using the fact that S,(¢) is bounded from L!(R?) into L®(R%)
together with (4.6) it is immediate to check that Tp(t) maps LP(R%R™) into L®(R?;R™) for
every p > p, and (4.5) follows in this case. Finally, applying Riesz-Thorin interpolation
theorem, we conclude the proof.

So, let us prove the claim. We first consider the case p € (1,2). A straightforward
computation reveals that the function z, , = lw]? — SCH(If)? +£)15, where we have set
u=T()f,is aclassical solution to the equation D,z, , — A,z. , = v, , Wwhere

p2=p), Pr
Vep =l a(ul®) = plul™ 3 atw)
k=1
d
+p|u|f¢f’2 Z(B’D,-u,u) —p|u|’g”2(Vu,u) + vlul’g’.

i=1

Using the hypotheses, the estimate q(|u|?) < 4|u|? X;" | q(u,) and Young’s inequality, we
infer that

p—Zm p—2 2 psz
Vep SPA=p+o)ul 3 alw) +viul [l ( 1-p+=— ) +e
k=1

for every ¢ > 0. Choosing ¢ = p — 1 and using the condition px?m —4(p — 1)> <0, we
conclude that Dz, , — Az, , < eviu|’?, whence

z&p(t,x) < / S - s)(evlulf_z(s, )))x)ds < s / S — s)v)(x)ds 4.7
0 0

for every t > 0 and x € R?, where we used the fact that, by the assumption A, v < M in
R? and [27, (proof of) Lemma 4.1.3], we can apply each operator S(f) to function v and
(S(t)v)(x) < v(x) + Mt for every t > 0 and x € R?. Letting € — 0 in (4.7), the assertion fol-
lows in this case.

Finally, the case pe€ (2,0) follows easily from estimate (4.3), with
u=T_()f, if we recall that S(f) admits an integral representation with a kernel
p i (0,00) x R x RY » R satisfying the condition ||p(t, x, Npiws <1 for every >0
and x € R? (see (27, Theorem 1.2.5]). Hence, by the Holder’s inequality we conclude that
lu(z, )P < (S(t)[flz)li < S|P in R? for every t > 0. O
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Remark 4.6 1t is worth noticing that, if the assumptions of Proposition 4.4 are satisfied,
with (3.1) replaced by (3.6), to be satisfied by every ¥ > 0, and 8 < 1, then the semigroup
T (1) is defined for every p > 1 (since, by Remark 3.4, the assumptions of Theorem 3.3 are
satisfied by every p > 1) and estimate (4.5) holds true for every p, g € (1, ), with p < gq.

5 Examples

In this section we provide examples of classes of operators to which the results of this
paper can be applied.

Example 5.1 Let A be the operator defined in (1.1) with
G0 =1+ 1xP)36;, B =1+ Py e+ Al
forevery x € R, i,j=1,...,d and let V : R? - R™" be a measurable function such that

(V0E, &) > v) €)%, [V@E| < )€l (5.1)

with v(x) 1= ¢ for x € RY. Here, f € (0, ), « € [0,2], 7 € [0,a/4] and A is a sym-
metric m X m real-valued matrix for everyi =1, ...,d.
It is easy to check that, for every € > 0, there exists a positive constant C, such that

10 V@] <evm)s +C.,  xeR%

Moreover the condition « € [0,2] ensures that <QVV1V\/) < Cv? log v on R4
for some constant C > 0. Since |VQ()| < C,(1+|y[*>)2 for every y€ R? and
px)=C,.(1+ |x|2)4 e gor every x € R? and some positive constants C, and C
it follows that

EER

IVOO)| < C,(1+ (x| + Coy(1+ [x|D)ie 2Ty e Bx, p(x).

Consequently the inequality sup,_y<,q) |VOO)| < ¢p(1 + |x|2)%(p(x))‘1 for every x € R?
follows immediately, with a positive constant ¢,, since the right-hand side grows faster than
the left-hand side as Ixl tends to co.

On the other hand, if we set

A 1= ema Z <Z(A k)2>

then, by applying the Cauchy-Schwarz inequality, we get
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m d : m d
ik 2y 5 (1+[x2)P ik
Z Bjnf| =(1 + [x|*Y e2* o Z Al
k=11 i=1 k=11 i=1

< AV + 12 Y I
k=1

< AV + 1377 Y (0t )
k=1

<AV Y (0t )
k=1

for every x,#* € RY. Denote by A, Ay, respectively, the minimum and the maximum
eigenvalues of A’ and let A € R the vector with entries 4, = ||V [Ay] (= 1,...,d).
Then, again by the Cauchy-Schwarz inequality, we can estimate

d

(divB@)E ) > =1+ [xPy e (27 4 b1+ 1P) Y A, &)1 1|

i=1
> —(1+ [Py~ ex ™ (2 4 g1 + [x)P) (€] Al I
> —Iv(x)|£|?

for every x € R? and &€ € R”, where § := (2y + P Alcy and
co += max{|x|(1 + |x[2)Prr=lem Oy
xeR?

Therefore, Hypotheses 3.1 are satisfied for every p > c,(2y + f)|4|. If we assume
further that 4(p® —Op)(p— 1) —A22 - p(y/m+m)? >0, if pe(l,2), and
4(p* —0p) — (p — 2)A(2)m(m +p—2)>0,if p > 2, then, by Theorem 3.3 (see also Remark
3.4) and [17, Lemma 2.4, Proposition 2.9], which guarantee that

{u € PR A W(RY) : x o div((1 + [x])2Vux)) € L’(RY)}

loc

={ue PRHYNWPRY : x (1+|x]H)2D*ux) € IP(R%)}

loc

={ue W*”RY : x> (1 + |x|)*D*ux) € I’(RY),
the operator
1 d
a -2 ;
Apf =le((1 + |X|2)E Vf) + (1 + |x|2)}’e§(l+|k| ) ZAlDf _ Vf’
i=1
with domain
D@A,) = {f € W*R!,C") : x> (1 + [x])*?D’f(x), |Vf| € LP(R*;,C™))
generates an analytic contraction semigroup 7,(7) in L/ (R4, C™). Moreover, Tp(t)f =T q(t)f
for all feIP(RY,C"NLIRY,C™" and g > cy(2y + p)|A| satisfying the condition

AP - 0g)(q — 1) = A22 — g*(\/m + m)* > 0.
An example of function V satisfying (5.1) form = 2 is
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e p()
= < —() e<1+""2>’>

for every measurable function ¢ satisfying |¢(x)| < e+ for all x € RY.

Example 5.2 Let A be the operator defined in Example 5.1 with a potential matrix V whose
entries belong to C]‘Z)C(IR") and satisfy (5.1). Assuming further that A, < V2m~! if p > 2
and pA%m —4(p—1)?2 < 0if p € (1,2), all the assumptions in Hypotheses 4.1 are satis-
fied. Hypothesis 4.1(iii) is satisfied, for instance, by the function ¢ : RY > R, defined by
@) = 1 + |x|? for every x € R?. Indeed, since

(A,@)(0) = 2alxP(1 + [x)2 7" +2d(1 + |63 = (1 + |x?)e

diverges to —oo as |x| — oo, clearly we can find a positive constant A such that A,¢ < Ag.
Further,

(AW = v@) [28(a + 28 = DI+ 312272 + 42 x2(1 + x> 272
+26d(1 + |x) P71 — ] =y oy (x)

for every x € R?. Since w(x) diverges to —co as |x| — oo, the condition A, v < M in R¢ is
satisfied too. Thus, Proposition 4.4 can be applied to deduce that T,(1)f = T (1)f for every
f € PR%E,C™ n C,(RYC™).

Suppose that (2y + f)|A|c, < 1 (see Example 5.1) and y < a/4. Then the semigroup
T, (r) exists for every p € (1, o) and all the semigroups are consistent.

Finally, Remark 4.6 infers that T(¢) maps L”(R?;C™) into LY(R%;C™) for every ¢ > 0 and
1 < p £ g £ o and estimate (4.5) holds true.

Appendix A
Derivation of condition (3.2)

We need to compute the supremum of the function f, in (3.20) in the set
Q= {(g,&,,€3.84) € (O, o)t : 8.(€1,€5,€5,€4) > 0}, where g, is defined by (3.23). To
simplify the notation, we write f,(g,,&,,€3,64) = A — B.‘sl‘1 - C.‘sg1 - DE;I - Drs;1 and
8.(e1,€,,63,64) =E — €, — Fe, — Ge; — He,, where

Azl—%—’%xm}/, B = %2, C:yz%, D= —Kmlf;_ﬂ,
E=p-1, F=2-p, G:KZ%”, H=%Km.

From the constraint g,(g;,€,,€5,€64) > 0, we deduce that €, < E — Fe, — Ge; — He,.
Therefore, taking also into account that £, > 0, we deduce that
B C D D

£1.60,63,84) <fo(Eg. 63,8 imA- ————— = — = _ €,
fa(€1, €2, €3, €4) < fol€r. €3, 64 E—Fe,—Ges—Hey, & € &

g)r every (g,,€,,€35,64) €EQ. So, we consider the function ]72 on the set
Q = {(g,, €5, €4) €(0,0) : Fe, + Gey + He, < E}. Since fy(e,, €5, €4) diverges to —co
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as (&,, €3, £4) approaches the points of the boundary of £~2 this function has a maximum in
Q. Imposing that its gradient vanishes, we obtain the system

&, =(E—Fe, — Ge; — Hey) L%, 62=(E_F£2_GE3_H£4)‘/B_CF’
DF

£3=(E—F£2—G£3—He4)\/%, = £3=‘/E£2’

E4=(E—F62—G£3—H84)\/B£H e4=\/g[£2.

We conclude that the unique stationary point of ]72 is the point (g,, €5, €,), Where

E\/E E+ /2
_ F _ G

VB +\/CF+ /DG +\DH €3=\/§+\/C_F+\/D_G+\/D_H’
B VB + \/CF + VDG + VDH

i.e.,
Jo@2E0,E) =A = L(VB+ VCF + VDG + VDHY, A1)

which is the left-hand side of (3.2). Since f, is continuous at the point (£, €,, €5, &), where
€ = E—Fe, — Ges — Hey, and f(¢,,€5,€4) = lim, _; f5(€,,€,,€3,€,), the second line
of (A.1) is also the supremum in Q of function f,.

Derivation of condition (3.3)

We still need to consider function f, but in the new set Q = {(g,, &,,€3,€,4) € (0, o)t :
E—FEe —Fe; >0, E—FEe, — Gegy >0}, where now E=p, F=k(p—2) and G = km.
Since 0 < £, < 1 —E"'Fe;and 0 < &, < 1 — E~'Gg,, it follows that

BE CE D D

- -2 - Z = f(ese
E—-Fe; E-Geg;, €5 & Siles €4)

fre), €5,85,84) <A —

for every (g, €5, €3, £4) € Q. We consider function ?2 inQ = (0,F'E) x (0, G"'E), which
diverges to —oo as (g5, £,) approaches the boundary of Q'. Hence, it has a maximum in &',
which is attained at the unique stationary point (£, £,), where

_ D E _ \/B E
G =1—, g =\,
’ \/;\/BE +/DF ! G \/CE + /DG

A~ — |BDF  DF {CDG DG
f2(63,€4)=A—B—2 T—F—C—Z T—F, (AZ)

and
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which is the left-hand side of (3 3). Since f is continuous at the point (€, €,, €3, £4), where
£, =1-E"Fg,, &,=1-E'Gg, and f2(£3,£4) =1limg .6 2 2(E1 €2, €3, 84), We
conclude that the second line of (A.2) is also the supremum in Q of function f,.

On inequality (3.28)

In this subsection, we prove in details that we can choose the parameters €; (i =0, ..., 3) in
such a way that the first three terms in the right-hand side of (3.28) are all nonpositive.
Equivalently, we just need to prove that these parameters can be fixed to guarantee that
fi(e;,€) >0, 1—g,k(p—2)p~' >0 and p—kme; > 0. The better choice of &, is
€, = plx(p — 2)]7". Replacing this value in f;, we get a new function f;, which is continu-
ous and increasing in the domain (0, p(km)™"). Therefore its supremum in the interval
(0, p(xkm)~1) is the limit at p(xm)~', which is 1 — 5 = m(p 2) ———=(m+p —2), and it is positive

due to condition (3.3).

On inequality (3.29)

Here, we prove in details that the free parameters in (3.29) can be chosen to guarantee
that the first two terms in the right-hand side of (3.29) are all nonpositive. Of course, we
just need to show that we can choose the positive parameters €, and €5 in such a way that
f>(e,,€3) and g,(g;, &5) are both nonnegative. (Here, f, is the same function defined in
(3.20), where now y = 0, and g, is defined by (3.16).) For this purpose, we compute the
supremum of the function £, on the set Q = {(g,&;) € (0,0)? : g,(g,,&;) > 0}. We set
E=m, G=p(p—-1D[Q2-p)k]~!, so that g,(g;,&;) > 0 is equivalent to &, + Fe; < G.
Therefore, 0 < ¢; < G — Fe;and

B B

hle,e5) <A~ g - C’——m,g3 = J72(53)
for every (g, £5) € Q, where
Alzl_g B/:Km(z_p) l_p(p_l)
P’ p Q-px

We consider function f , in the interval (0, m~'C). Since it diverges to —co as gytends to 0
and m~!C, function f2 has a maximum. Computing the first- order derivative of f,, we eas-
ily realize that such a maximum is attained at £; = c(m + y/m m)~! and its value is

) _ B 2__0_KQ-p? 2
A C,(\/Z+1)_1 =T (\/E+m)

which is positive due to condition (3.2).

If we set £, = G — F¥; and observe that f, is continuous at (g, €;), then we conclude
that lim, _z f,(€,,€;) = f,(€3). Moreover, g, (€,,£;) = 0. These two remarks show that we
can choose €, €5 € (0, 00) sufficiently small such that f,(e,,€;) > O and g,(g,&5) > 0.
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