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Abstract

Let X be a group class. A group G is an opponent of X if it is not an X-group, but all its
proper subgroups belong to X. Of course, every opponent of X is a cohopfian group and
the aim of this paper is to describe the smallest group class containing X and admitting no
such a kind of cohopfian groups.
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1 Introduction

Let X be a class of groups. A non-trivial group is said to be minimal non-X if it is not an X
-group, but all its proper subgroups belong to X; minimal non-X groups are also called
opponents of X. We say that X is accessible if every locally graded group whose proper
subgroups belong to X is either finite or an X-group, i.e. if any locally graded opponent of
X is finite. Recall here that a group is locally graded if all its finitely generated non-trivial
subgroups have proper subgroups of finite index. In particular, if X contains the class g of
all finite groups, then it is accessible if and only if there are no opponents of X within the
universe of locally graded groups. A group class which is not accessible is called inac-
cessible, so a group class is inaccessible if and only if it admits an infinite locally graded
opponent.

It is easy to show that the class 2 of abelian groups is accessible and 2 shares such a
property with other relevant classes of groups, like, for instance, the class 9N, of nilpotent
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groups of class at most ¢ and the class &, of soluble groups of derived length at most d
(see [3] and [6], respectively). On the other hand, the consideration of the locally dihedral
2-group shows that the class 91 of nilpotent groups is inaccessible, while it seems to be an
open question whether the class @ of soluble groups is accessible or inaccessible.

Inaccessible group classes are closely related to the important concept of a cohopfian
group. Recall that a group G is cohopfian if it is not isomorphic to any of its proper sub-
groups, or equivalently if every injective endomorphism of G is an automorphism. All
finite groups are obviously cohopfian and an infinite locally graded group is cohopfian if
and only if it is an opponent of a suitable inaccessible group class. We refer to the recent
paper [16] for an extensive analysis of this topic.

The aim of this paper is to provide a further contribution to the study of inaccessible
group classes and consequently to the knowledge of cohopfian groups. In particular, for
any group class X, we describe the smallest accessible group class A(¥) containing X. Of
course, all groups in A(X) \ X are cohopfian. Actually, A(¥X) is constructed as the union
of an ascending chain of group classes A, (%) containing X and as we climb up the chain,
we find cohopfian groups which are richer in cohopfian subgroups. The final section of the
paper contains a number of concrete examples of accessible closures.

Our notation is mostly standard and can be found in [28]. Notice also that some of our
arguments concerning classes may be precisely developed at least in the Morse—Kelley set
theory (see [25]).

2 Accessible group classes

The aim of this section is to describe some general properties of accessibility, with special
attention to the relationship between accessible and local group classes. In addition to this,
we produce many examples of accessible classes that will be used in Sect. 4 to determine
certain interesting accessible closures.

It is quite obvious that the intersection of any collection of accessible group classes is
likewise accessible. Actually, for the intersection of two accessible group classes, this fact
is a special case of the following easy lemma.

Lemma 2.1 Let X and %) be group classes. If Q) is accessible and does not contain infinite
locally graded opponents of X, then the intersection X N 9) is accessible.

Proof Let G be an infinite locally graded group whose proper subgroups belong to X N %).
Since 9) is accessible, G is a ¥-group. Then G cannot be an opponent of X, so it is also
an X-group. Therefore G is in X N 9 and hence X N 9 is accessible. a

Since the class of torsion-free groups is obviously accessible, it follows from Lemma 2.1
that if X is a group class whose locally graded opponents are periodic, then the class of all
torsion-free X-groups is accessible. Further into the text, we will exhibit examples of this
situation.

In contrast to the above consideration, it turns out that the union of accessible group
classes need not be in general accessible; this is, for instance, the case for the class of nil-
potent groups, as
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In order to prove that even the union of two accessible group classes need not be accessi-
ble, some more work is needed.

Let = be a proper non-empty subset of the set of all prime numbers P, and let D, be
the class of all torsion-free locally cyclic groups in which every non-trivial element has
finite p-height for some p € x; of course, D, is subgroup closed. Assume for a contradic-
tion that ®, admits an infinite locally graded opponent G. It is easy to see that G is isomor-
phic to a subgroup of the additive group Q of all rational numbers and G # Q since 7 # P.
Thus

G~G"<G

for some positive integer m, which is obviously impossible. Therefore the group class D,
is accessible. Moreover, since #’ = P\ x is a proper non-empty subset of P’ too, we can
analogously consider the accessible group class ®_,. On the other hand, the group class

D,UD,

consists of all groups isomorphic to a proper subgroup of Q and hence it is inaccessible.

Although the classes D, and D, in the above example are accessible, they are not
local. Recall here that a group class X is said to be local if it contains every group G such
that each finite subset of G lies in an X-subgroup; in particular, if the class X is subgroup
closed, then X is local if and only if it contains all groups whose finitely generated sub-
groups are X-groups. Actually, it turns out that local group classes are not in general acces-
sible, even if they are subgroup closed. In fact, consider a finitely generated torsion-free
nilpotent group W which is cohopfian (for the existence of such groups see, for instance,
the proof of Proposition 4 in [33]), and let 28 be the class consisting of all groups in which
every finitely generated subgroup is isomorphic to a proper subgroup of W. Then 28 is a
local class and W is an opponent of 28, so that the class 28 is inaccessible.

Our next example shows that the union of two accessible group classes need not be
accessible even within the universe of periodic groups.

Let p and ¢ be distinct prime numbers and let 2(p, g) be the class consisting of the
trivial groups and of all abelian groups that can be decomposed into the direct product of
a non-trivial locally cyclic p-group and a cyclic g-group. It is straightforward to show that
A(p, q) is an accessible class. On the other hand, the class

Ap, ) L (g, p)

is not accessible, admitting the direct product C = C,» X C, as an opponent. Here, again
the consideration of the group C shows also that the class 2(p, g) is not local, for any
choice of the primes p and g.

Let X be a local group class. Obviously, X admits only finitely generated opponents and
in particular the locally graded ones belong to the class X, i.e. they contain a normal X
-subgroup of finite index (this is, for instance, the case of the class 28 considered above). It
follows that X is accessible, provided that X = Xg. On the other hand, if we assume that X
is accessible, it may happen that X is inaccessible, even if it is subgroup closed (see, for
instance, [15]).

Our next statement shows in particular that the class of groups which are locally X is
accessible whenever the group class X is subgroup closed. The smallest local group class
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containing X is usually denoted by LX; thus LX is the class of all groups in which every
finitely generated subgroup lies in some X-subgroup (or it is actually an X-subgroup if X
is subgroup closed). Notice also that all finitely generated groups in the class LX are X
-groups.

Lemma 2.2 Let X be a group class which is closed with respect to normal subgroups of
finite index. Then the class L(X) is accessible.

Proof Assume for a contradiction that L(X %) admits an infinite locally graded opponent G.
Then G must be finitely generated and so it contains a proper subgroup H of finite index.
Clearly, H is finitely generated and hence it contains an X-subgroup K of finite index. Since
X is closed with respect to normal subgroups of finite index, it follows that the normal core
K is an X-subgroup of finite index of G, a contradiction. a

It follows in particular from the above result that the classes L(&) of all locally (sol-
uble-by-finite) groups and L(NF) of all locally (nilpotent-by-finite) groups are accessible.
We also remark that in the statement the class L(X) cannot be replaced by (LX), even
when ¥ is local and accessible, as the choice X = 2 = L shows (see, for instance, [2]).

Lemma 2.3 Let X be a group class which is contained in the class Max of all groups satis-
fying the maximal condition on subgroups. If all infinite locally graded opponents of X are
not finitely generated, then the class LX is accessible.

Proof Let G be any locally graded opponent of L. X. Then G is finitely generated and so it
contains a proper subgroup X of finite index. Clearly, X is likewise finitely generated and
hence it is an X-group. It follows that G satisfies the maximal condition on subgroups.
Thus all proper subgroups of G belong to X and so G is an opponent of X. Therefore G is
finite and the class LX is accessible. O

Of course, Lemma 2.3 applies to any accessible class contained in the class Max.
Although the class Max is clearly inaccessible, its infinite locally graded opponents can-
not be finitely generated, so Lemma 2.3 also yields that L(Max) is accessible. We point out
that, dually, if X is any subclass of the class Min of all groups with the minimal condition
on subgroups, then LX is an accessible class.

It should also be remarked that there exist subgroup closed subclasses of Max to
which Lemma 2.3 does not apply, like, for instance, the intersection 28 N Max, where 28 is
the local class considered above. On the other hand, some of the most important subclasses
of Max admit the Priifer groups as the only infinite locally graded opponents. In fact, this
is the case of the class B3 of polycyclic groups (see [12], Corollary 2.6) and the next result
shows that the same conclusion holds for the class P of supersoluble groups and for the
class of finitely generated nilpotent groups.

Let U be a class of groups. A group class ¥ is called a U-Fitting class if £ < U and
X contains every U-group which is the product of two normal X-subgroups. If 2 is the
class of all groups, U-Fitting classes are precisely the usual Fitting classes. Notice also that
every group class X is trivially X-Fitting.

Theorem 2.4 Let X be a group class which is P%-Fitting. Then every infinite locally
graded opponent of X is a Priifer group.
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Proof We first prove the statement for the class P#. Let G be an infinite locally graded
opponent of P% and assume for a contradiction that G is polycyclic. Then G contains a
normal subgroup of finite index which is poly-(infinite cyclic), and hence it admits a finite
homomorphic image G/M whose order is divisible by at least four prime numbers. If N is
any normal subgroup of finite index of G, the factor group G/M N N cannot be minimal
non-supersoluble (see [10]) and so it must be supersoluble. Therefore all finite homomor-
phic images of G are supersoluble and hence G itself is supersoluble (see [1]), a contra-
diction. Thus G is not polycyclic and so it is a group of type p* for some prime p (see
[12], Corollary 2.6).

Consider now an arbitrary P#-Fitting group class X and let G be an infinite locally
graded opponent of X which is not a Priifer group. Since ¥ < P#, it follows from the first
part of the proof that G is supersoluble, so it admits an infinite homomorphic image which
is either cyclic or dihedral. Thus G is the product of two proper normal subgroups and
hence it belongs to X, a contradiction. O

It follows now from Lemma 2.1 that the class of polycyclic torsion-free groups, the class
of supersoluble torsion-free groups and the class of finitely generated nilpotent torsion-free
groups are accessible.

The consideration of the famous example of Heineken and Mohamed [22] shows that
there exist infinite locally graded opponents of the class 9t of nilpotent groups having a
complicated structure. On the other hand, it is known that locally nilpotent groups form
an accessible class (see [13]); in particular, all infinite locally graded opponents of N are
locally nilpotent and so they are even primary groups (see, for instance, [7], Theorem A).
Thus also the class of torsion-free nilpotent groups is accessible by Lemma 2.1. It is also
known that the class of hypercentral groups and the class of hypercyclic groups have the
same infinite locally graded opponents and these are periodic (see [13]), so again Lemma
2.1 yields that the class of torsion-free hypercentral groups and the class of torsion-free
hypercyclic groups are accessible.

Locally supersoluble groups form an accessible class (see [13]). Moreover, since Priifer
groups are the only infinite locally graded opponents of the class of polycyclic
groups, Lemma 2.3 has the following interesting consequence.

Corollary 2.5 The class L’ is accessible.

It follows from Lemma 2.2 that the class LCBg) of all locally (polycyclic-by-finite)
groups is accessible, and our next results show that this property holds for many natural
subclasses of LEBE).

Lemma 2.6 Let X and %) be subgroup closed group classes consisting of polycyclic-by-
finite groups and such that X N9 < F. Then the infinite locally graded opponents of
LX U LY are finitely generated opponents either of X or of 9).

Proof Let G be an infinite locally graded opponent of the local class LX UL%). Then G
must be finitely generated and so it contains a proper normal subgroup N of finite index.
Obviously, N is finitely generated, so it belongs either to X or to ) and hence it is polycy-
clic-by-finite. Thus G itself is polycyclic-by-finite. Suppose that G contains proper sub-
groups of finite index X and Y such that X € X and Y € 9. Since X and %) are subgroup
closed, the intersection X N Y belongs to X N %) and so is finite, a contradiction. Therefore

@ Springer



990 F. de Giovanni, M. Trombetti

either all proper subgroups of finite index of G are in X or all are in ). Since each proper
subgroup of G is contained in a proper subgroup of finite index, it follows that G is either
an opponent of X or of §). The proof is complete. a

The above statement has a number of interesting consequences.

Corollary 2.7 Let X and Q) be subgroup closed group classes consisting of polycyclic-by-
finite groups and such that X N Y < § and let G be an opponent of X U %) which satisfies
the maximal condition on subgroups. Then G is either an opponent of X or of ).

Corollary 2.8 Let X and Q) be subgroup closed group classes consisting of polycyclic-by-
finite groups and such that X N'Y) < F. If X and ) are accessible, then also LX ULY) is an
accessible class.

Corollary 2.9 Let X and Q) be subgroup closed group classes consisting of polycyclic-by-
finite groups and such that X N'Y < F. If all infinite locally graded opponents of X and
of Y are not finitely generated, then the class LX U LY) is accessible.

Corollary 2.10 Let X be a subgroup closed group class consisting of polycyclic-by-finite
groups. If all infinite locally graded opponents of X are not finitely generated, then the
class LX U L is accessible.

A combination of Theorem 2.4 and Corollary 2.10 provides the following interest-
ing result which shows in particular that the classes LIt U L and L(Pn%) ULE are
accessible.

Corollary 2.11 Let X be a P,6-Fitting group class which is subgroup closed. Then the
class LX U L is accessible.

Notice also that N, = L(EYZL. N Max) for any non-negative integer ¢ and hence the fol-
lowing result is a direct application of Corollary 2.10.

Corollary 2.12 For each non-negative integer c, the group class N, U L is accessible.

In contrast to the above result, the consideration of the locally dihedral 2-group
shows that the class 2l U § is inaccessible. On the other hand, there exist relevant proper
subclasses X of L such that 91, U X is accessible, like, for instance, the class € of all
Cernikov groups.

Theorem 2.13 The group class M. U € is accessible for each non-negative integer c.

Proof Let G be an infinite locally graded group whose proper subgroups belong to 9, U €.
Then every finitely generated subgroup of G contains a nilpotent subgroup of finite index
and in particular G is locally (nilpotent-by-finite). Moreover, it is clear that G satisfies the
minimal condition on subgroups that are not nilpotent of class at most c. As LN, = 9, it
follows that either G is a Cernikov group or it is nilpotent of class at most ¢ (see [27], The-
orem B(ix)). Therefore the class 9t U € is accessible. O
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Of course, the statements of Corollary 2.12 and Theorem 2.13 for ¢ = 0 give that the
classes L and € are accessible.

Lemma 2.14 Let ¢ be an infinite locally finite field. Then each of the groups PSL(2, %)
and Sz(J) contains a proper subgroup of infinite rank which is not locally supersoluble.

Proof Let p be the characteristic of the field Z". It is known that both groups PSL(2, /%)
and Sz(.#) contain a Frobenius subgroup X = C X N, where the Frobenius kernel N is iso-
morphic to the additive group of .#" and the Frobenius complement C is a homomorphic
image of the multiplicative group of %" involving infinitely many primes (see, for instance,
[26]). Clearly, X has infinite rank, and it cannot be locally supersoluble since any element
of C of prime order g > p does not centralize N. a

Theorem 2.15 Let X be a P,€¢-Fitting class which is subgroup closed. Then the group
class LX U C is accessible.

Proof Assume for a contradiction that L¥X U € admits an infinite locally graded oppo-
nent G. Then G is locally finite by Corollary 2.11 and in particular it contains a finite sub-
group E which is not in X. Since every proper subgroup of G is either locally supersoluble
or Cernikov, it follows easily from Lemma 2.14 and Theorem of [23] that G has no infinite
simple homomorphic images. In particular, either the centre {(G) has finite index or G con-
tains a normal subgroup N such that {(G) < N < G; if Nis Cernikov, then G/C;(N) s like-
wise a Cernikov group (see [28] Part 1, Theorem 3.29) and hence C;(V) is a proper normal
subgroup of G which is not Cernikov. Thus G contains in any case a non-Cernikov normal
subgroup M. It follows that G = EM, so G/M is a finite group whose proper subgroups are
supersoluble and hence it is soluble. Thus G is locally soluble and so it contains an abelian
subgroup A = A, X A,, where both A, and A, are non-Cernikov and E < N (A,) N N;(A,)
(see [20]). Clearly, EA, and EA, are proper subgroups of G which neither are Cernikov nor
belong to LX and this contradiction completes the proof. a

Corollary 2.16 The group classes L U € and L(Pn‘ﬁ) U € are accessible.

For our purposes, we need the following result that was proved in [8] (see Proposi-
tion 1 and Theorem 2).

Lemma 2.17 Let G be a countable simple locally (soluble-by-finite) group which is not
locally finite. Then G contains a locally soluble subgroup R such that the Hirsch—Plotkin
radical of R is trivial and for each element g of G there exists a positive integer n = n(g)
such that g" € R. Moreover, G is the union of a chain of proper subgroups containing R.

Theorem 2.18 The group class PF U LY is accessible.

Proof Assume for a contradiction that the statement is false and let G be a locally graded
opponent of BPF U LF. Clearly, G cannot have proper subgroups of finite index, so that
in particular it is not finitely generated. Since G is not locally finite, it contains a finitely
generated infinite subgroup X; moreover, there exists a countable subgroup Y of G which
is not polycyclic-by-finite, since the class *Bg is countably recognizable (see, for instance,
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[14]). Then G = (X, Y) is countable and obviously non-periodic. As G is locally (soluble-
by-finite), it follows from Lemma 2.17 that G is not simple.

If G contains a maximal normal subgroup M, the factor group G/M is simple, so that it
cannot be an opponent of PF U LF and hence is locally finite. Then M is not locally finite,
so that it is polycyclic-by-finite and thus there exists a characteristic subgroup K of M such
that M/K is finite and K /K’ is infinite. The factor group G/C4;(K/K') is periodic, so even
finite (see, for instance, [28] Part 1, p.85) and hence C;(K/K’) = G. It follows that G/K’ is
locally finite over its centre, whence G’ /K’ is locally finite by the famous Schur’s theorem
(see [28] Part 1, Corollary to Theorem 4.12). On the other hand, G/G’ is divisible and can-
not contain subgroups isomorphic to the additive group of rational numbers, so that G/G’
is periodic and hence G/K’ is likewise periodic, which is a contradiction since K/K’ is
infinite. Therefore G has no maximal normal subgroups.

An application of Zorn’s lemma yields that there exists a chain

Li<Ly<..<L, <L, <..

of proper normal subgroups of G such that

G=|JL,

neN

Since G is not locally finite, there is a positive integer m such that L,, is not locally finite.
Then L, is polycyclic-by-finite for all n» > m and hence even for all n. On the other hand,
the automorphism group of any polycyclic-by-finite group is residually finite (see, for
instance, [28] Part 2, Corollary to Theorem 9.12) and then L, < {(G) for all n. Therefore G
is abelian and so periodic, because it is divisible and cannot contain copies of the additive
group of rational numbers. This last contradiction completes the proof. O

Corollary 2.19 The group class PF U € is accessible.

Proof Let G be any locally graded group whose proper subgroups belong to BF U €
and assume that G is not polycyclic-by-finite. Then it follows from Theorem 2.18 that G
is locally finite and hence all proper subgroups of G are Cernikov. Therefore G itself is
a Cernikov group because the class € is accessible. a

Notice that the above statement implies that Priifer groups are the infinite locally
graded opponents of *Bg.

Our next corollary shows in particular that in the statements of Theorem 2.18 and
Corollary 2.19 the group class BF can be replaced either by the class of supersoluble-
by-finite groups or by the class of finitely generated nilpotent-by-finite groups.

Corollary 2.20 Let X be a subgroup closed group class consisting of polycyclic groups.
Then the group classes X% U LE and XF U € are accessible.

Proof Assume for a contradiction that there exists an infinite locally graded opponent G of
the group class X% U L (the group class X U €, respectively). Then G is polycyclic-by-
finite by Theorem 2.18 (Corollary 2.19, respectively) and so it contains a proper subgroup
X of finite index, which of course belongs to Xg. Since X is subgroup closed, it follows
that G is an Xg-group, a contradiction. O

@ Springer



A constructive approach to accessible group classes 993

The following result applies in particular to the class 8 and, by Theorem 2.4, to any
subgroup closed P, %¢-Fitting group class.

Corollary 2.21 Let X be a subgroup closed group class consisting of polycyclic groups and
such that all its infinite locally graded opponents are not finitely generated. Then the group
classes X UL and X U € are accessible.

Proof Assume for a contradiction that G is an infinite locally graded opponent of one of
the classes X UL and X U €. Then G is polycyclic-by-finite by Corollary 2.20 and so all
its proper infinite subgroups belong to X. On the other hand, each finite subgroup of G is
contained in a proper subgroup of finite index and hence it is in X. Therefore G is also an
opponent of X, which is impossible because it is finitely generated. |

Notice that, if X is any group class, the accessibility of X U € is equivalent to that of the
class X U Min (to this aim, it is enough to observe that every locally graded group satisfy-
ing the minimal condition is locally finite and so even Cernikov by a famous theorem of
Sunkov [34]). In particular, the obvious fact that the class Min is accessible can be also
obtained as a special case of the above results. More generally, if 6 is any property per-
taining to subgroups such that X is a #-subgroup of H, whenever X is a #-subgroup of a
group G and X < H < G, it turns out that the class of all groups satisfying the minimal
condition on #-subgroups is accessible. In particular, if ¥ is any group class, the class of all
groups satisfying the minimal condition on X-subgroups is accessible. Moreover, the class
of all groups with the minimal condition on normal subgroups is accessible.

Theorem 2.22 The group classes L& and L& U L are accessible.

Proof Let G be an infinite finitely generated locally graded group whose proper subgroups
belong to L& U L. Then G contains a proper normal subgroup N of finite index, which is
finitely generated and hence soluble. Thus G is soluble-by-finite.

Let S be a soluble normal subgroup of finite index of G of smallest derived length, so
that in particular S/’ is infinite. If ¢ is a prime which does not divide 1G/S|, it follows
from the theorem of Schur—Zassenhaus applied to the finite group G/S'S? that G = ES
and E N S = 'S4 for a suitable subgroup E. Then E is a proper subgroup of finite index of
G, so that E is soluble and hence G itself is soluble.

Since the classes L& and L& U L are local, all their opponents would be finitely gen-
erated, which is impossible by the first part of the proof. Therefore L& and L& U L are
accessible. O

It follows in particular from Theorem 2.22 and Lemma 2.1 that the class of solu-
ble Cernikov groups and the class of periodic locally soluble groups are accessible.

In contrast to the case of P,%-Fitting classes described in Theorem 2.15, in the state-
ment of Theorem 2.22 the class L cannot be replaced by €. In fact, if % is any infi-
nite locally finite field with no infinite proper subfields, it is known that all infinite proper
subgroups of the infinite locally finite simple group PSL(2, %) are metabelian and hence
PSL(2, %) is an opponent of X U € for each group class ¥ such that 2*> < ¥ < L&. The
same example also shows that the class X U & is inaccessible for the same choices of X;
in particular, the class @ U g is inaccessible while, as we remarked in the introduction, it
seems to be unknown whether soluble groups form an accessible class or not.
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The last part of this section deals with a couple of group classes of a different kind.
Recall that a group G is called metahamiltonian if all its non-abelian subgroups are
normal, while G is called quasihamiltonian if XY = YX for all subgroups X and Y of
G. Metahamiltonian groups were introduced and studied by Romalis and Sesekin (see
[29-31]), who proved in particular that the commutator subgroup of any soluble meta-
hamiltonian group is finite of prime-power order. Of course, all subgroups of a meta-
hamiltonian group are likewise metahamiltonian, and it is known that the class /7 of
metahamiltonian groups is local and accessible (see [5]). As concerns quasihamilto-
nian groups, it is well known that these groups are locally nilpotent and have a modular
subgroup lattice (see, for instance, [32], Theorem 6.2.10); moreover, the class 2 of all
quasihamiltonian groups is local and so also accessible by Lemma 2.3 of [9].

It has been recently proved in [11] that if a locally graded group G satisfies the minimal
condition on subgroups which are not metahamiltonian (quasihamiltonian), then G is either
metahamiltonian (quasihamiltonian) or a Cernikov group. Thus the group classes U €
and 2U € are accessible. Moreover, by choosing %) = & and either X = 7N Max or
X = 2N Max in the statement of Lemma 2.6, we get the following result.

Corollary 2.23 The group classes 770 LE and 2 U L are accessible.

3 The accessible closure

This section deals with the embedding of an arbitrary group class into a smallest acces-
sible group class; this is the real core of the paper.

Let X be a class of groups and put A,(¥X) = X. If @ > 0 is an ordinal number such
that the group class A,4(X) has been defined for each ordinal # < &, denote by A (X)
the class consisting of all groups in A,_,(¥) and of all infinite locally graded opponents
of A,_;(¥) when « is successor, while write

A3 =JAa®

p<a

when a is limit. Of course, X < A (X) < A;5(X) whenever y < 6. The accessible closure of
X is now defined as

A®) =A@,

where a ranges over all ordinal numbers.

It follows from the above construction that A(¥) \ X consists only of infinite locally
graded groups; in particular, if all groups in X are locally graded, then A(¥) is contained
in the class of locally graded groups. Notice also that every infinite locally graded oppo-
nent of X belongs to A(X).

The following result validates the name accessible closure.

Theorem 3.1 Let X be a group class. Then A(X) is accessible and A(X) <9 for every
accessible group class 9 containing X.
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Proof Assume for a contradiction that G is an infinite locally graded opponent of A(X).
Since G is a set, there exists an ordinal 4 such that all proper subgroups of G lie in A ;(X),
so that G is also an opponent of A ,(¥) and hence it belongs to A, ;(X) < A(X), which is
impossible. Therefore A(¥) is an accessible group class.

Let 9 be any accessible group class for which X <9 and assume for a contradic-
tion that A(X) is not contained in g). Consider the least ordinal u such that A (%) is not
a subclass of ) and let H be a group in A (¥) \ 9. Clearly, 4 > 0 is not a limit ordinal
and A,_(¥) <9, so that, by the definition of A ,(X), it turns out that H is an infinite
locally graded opponent of A,,_; (X). Thus H is also an opponent of ), which is impossible
as 9) is accessible. |

Corollary 3.2 A group class X is accessible if and only if A(X) = X.
Corollary 3.3 Let X and 9) be group classes such that X < %). Then A(X) < A(9).

Proof As the class A()) is accessible by Theorem 3.1 and X < ) < A(9), it follows again
from Theorem 3.1 that A(¥) < A(%). O

Notice that if X is any inaccessible group class, then X < A(X) but obviously we
have A(X) = A(A(X)) and hence in the above statement < cannot be replaced by <.

Our next purpose is to prove that there exists a local group class X which is subgroup
closed and whose accessible closure A(X) is not local. To see this, consider a cohopfian
finitely generated torsion-free nilpotent group W (see Sect. 2) and put

G=WxDrC,
P

where C,, is a group of order p and p ranges over all prime numbers. Let X be the class con-
sisting of all groups whose finitely generated subgroups are isomorphic to subgroups of G
not containing W. Clearly, X is a subgroup closed local class and W belongs to A (%) \ X.
More generally, it can be easily proved by induction that, for each positive integer n and for
any choice py, ..., p, of n prime numbers, the group

W><CpI x...xCpn

is a member of the class A, ;(¥)\ A,(%X). It follows that, for any non-negative integer
n, the group G cannot be an opponent of A, (X), so it is not in A, ;(X) and hence neither
in A (¥). On the other hand, all finitely generated subgroups of G belong to A (¥) and
SO L(Aw(I)) # A, (X). Assume for a contradiction that there exists an infinite set 7 of
primes such that the group

W x (Dr cp>
PET

belongs to A(X), and let p be the least ordinal number for which A ,(X) contains a group H
of this type. Clearly, # > 0 and y is not a limit, so that H must be an opponent of A ,_,(¥),
which is of course impossible since any maximal subgroup of H containing W does not
belong to A, (¥). In particular, G does not belong to A(X), while all its finitely generated
subgroups lie in A ,(¥) < A(X). Therefore the class A(¥) is not local. Although this argu-
ment proves that A (%) is not local for each infinite ordinal @, our next statement shows
that the situation is better for finite ordinal numbers.
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Proposition 3.4 If X is a local group class, then also the class A, (X) is local for each non-
negative integer n.

Proof Assume for a contradiction that the statement is false and let m be the smallest non-
negative integer such that the class A, (¥) is not local. Clearly, m > 0 and A,,_, (¥) is local.
Let G be a group in L(Am(X)) \ A,,(¥) and notice that G cannot be finitely generated.
Moreover, since A,,_;(X) is local and G is not in A,,_,(¥X), there exists a finitely generated
subgroup E of G which is not contained in any A,,_,(X)-subgroup of G. If g is an ele-
ment of G \ E, the subgroup (g, E) lies in a subgroup U of G that belongs to A,,(¥). Obvi-
ously, U cannot belong to A,,_;(X), so that it is an opponent of A, _;(¥) and in particular
its proper subgroup E is in A,,_,(X). This contradiction completes the proof of the state-
ment.~ O

In contrast to the behaviour of locality, it can be proved that the accessible closure of
any subgroup closed group class is likewise subgroup closed.

Proposition 3.5 If X is a subgroup closed group class, then also the class A (%) is sub-
group closed for each ordinal a. In particular, the accessible closure of X is subgroup
closed.

Proof Assume for a contradiction that the statement is false and let x be the smallest ordi-
nal such that A (¥) is not subgroup closed. Consider a group X which is not in A ,(X) but
is isomorphic to a (proper) subgroup of some group G € A (¥X). Clearly, u > 0 is not a
limit and the class A, _, (%) is subgroup closed, so that G cannot belong to A ,_,(X). There-
fore G is an opponent of A ,_,(X), and hence X € A,_|(¥X) < A (%), a contradiction.~

O

Any group class X naturally lies between two subgroup closed classes of groups. In fact,
we may consider the class SX consisting of all groups which are embeddable in an X-group
and the class X5 of all groups whose subgroups belong to . Then SX is the smallest sub-
group closed group class containing ¥ and X5 is the largest subgroup closed group class
contained in X; in particular, ¥5 = X = SX if and only if the group class X is subgroup
closed. The relation between these operators and the operator X — A(X) is described by
the following consequence of Proposition 3.5.

Corollary 3.6 Let X be a group class. Then
A(%%) < (A®)° <A®) < S(A®)) < A(S)).
Proof Since X¥° < X < SX, we have
A(X5) <A(X) <A(SX)

by Corollary 3.3. Moreover, the group classes A(%5) and A(SX) are subgroup closed by
Proposition 3.5, and so the statement follows. O

It is not difficult to see that the group classes ¥ and X5 have the same opponents,

so X is accessible if and only if S is accessible. In contrast to this fact, there exists a
group class 2) such that A(g)s) # A(9)S. To see this, let X be the subgroup closed local
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group class constructed after Corollary 3.3 such that A(X) is not local and let 2) be the
class obtained by adding to X all groups which are isomorphic to groups of the form

wx(Drc,),
PET
where 7 is any infinite set of primes. Then 2)% = X and so G does not belong to A(@S). On
the other hand, every subgroup of G which is not finitely generated belongs to ) and hence
all subgroups of G lie in A_(2). It follows that G is a member of the largest subgroup
closed subclass (A(g)))S of A(9), and hence A (95) # (A(?)))S.

Notice now that the group classes X and SX need not to have the same (infinite locally
graded) opponents. In fact, let p and g be distinct prime numbers and let X be the class
consisting of the trivial groups, of all Priifer p-groups and of all finite cyclic groups of
order p"q for some non-negative integer n. Then X is accessible, while Cp X C, is an
opponent of SX and S(A(f)) =SX # A(SX).

The above two examples show that all inequalities in the statement of Corollary 3.6
may be strict.

As we remarked in Sect. 2 the union of two accessible and subgroup closed group
classes X and %) need not be accessible, so that in general A(X) U A(9)) is properly con-
tained in A(¥ U ¥2)). On the other hand, the operator A behaves better on intersections
and differences.

Lemma 3.7 If X, ) are subgroup closed group classes, then A(X N%)) = A(X) N A(D).

Proof Since the intersection A(¥) N A(®) is an accessible class containing X N %), we have
AXNY) <AX)NA(Y). Assume for a contradiction that the inclusion is strict and let
u be the least ordinal number such that A ,(X) N A(%) contains a group G which is not
in A(XNnY). Of course, u is not limit. If x > 0, then all proper subgroups of G belong
toA,_;(X),soalsoto A, | (X)NA(®) < A(X NY). This is impossible because A(X N'Y)
is accessible. Therefore y = 0 and we may consider the least ordinal v such that X n A ()
contains a group H which is not in A(X¥ N'Y). Now, v > 0 and it is not limit, so that all
proper subgroups of H lie in XN A,_(Y) < A(XNY) and hence H itself belongs to
A(X nY), the final contradiction. O

In the above result the condition that both group classes X and g) are subgroup closed
cannot be weakened. To see this, fix a prime number p and choose as g the class consist-
ing of all identity groups and all Priifer p-groups; if X is the class of all cyclic p-groups,
then A(¥ N 9) consists only of identity groups while

AE)NAD)=AF)NnY=9.

On the other hand, the argument of the proof of Lemma 3.7 can be employed to prove the
following result.

Lemma 3.8 Let 9 be a class of groups which is accessible and subgroup closed. Then
A(XNY) = AX)nY for each group class X.

Lemma 3.9 Let X be a group class. Then A(X \ 9) < A(X) \ 9 for every subgroup closed
group class 9).
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Proof Assume for a contradiction that the statement is false and let u be the least ordinal
such that A (¥ \ 9) contains a group G which is not in A(¥) \ . Of course, y > 0 is not
limit. Then all proper subgroups of G lie in A,_ (X \ 9) < A(X)\ ¥, so G itself cannot
belong to the subgroup closed class ). Since A(¥) is accessible, G belongs to A(¥) and so
to A(X) \ 9. This contradiction proves the statement. |

Notice that the inclusion in the above result can be strict. To see this, let X be the class
consisting of all cyclic p-groups, where p is a prime number, and let ¥) be the class of all
cyclic p-groups of order at most p* for a fixed positive integer k; then the Priifer p-group
belongs to A(X) \ 2 but not to A(¥X \ 9)).

Corollary 3.10 Let X be an accessible group class. Then X \ 9) is accessible for every sub-
group closed group class %).

Proof By Lemma 3.9 we have
E\D<AE\D <A@ \9=%\9
and hence X \ 9 = A(¥X \ ) is accessible. a

Remark that the above statement is false for an arbitrary group class 9. In fact, for any
prime number p, the class X of all locally cyclic p-groups is accessible, while X \ 9) is
inaccessible if 9) is the class of all Priifer p-groups.

Finally, there are group classes X and ) such that X < Y and A;|(X)\ X =A,D\ 9,
but A(¥) \ X # A(®) \ 9. In fact, as we already mentioned, it has been proved in [13] that
the class 3 of all hypercentral groups and the class P, % of all hypercyclic groups have the
same infinite locally graded opponents and all such opponents are periodic, in other words

A3\ 3=A,(P,%)\P,%

Consider now, for a prime number p, a p-group H of Heineken-Mohamed type (see Sect. 2)
and let ¢g,,q, be prime numbers different from p and such that g, divides g, — 1.
Put K =HXC, and G = (x) X K, where x is an element of order ¢, acting trivially on H
and as a non-trivial automorphism on C, . Then G belongs to the class A; (P, %) < A(P,%).
On the other hand, the class A(3) is contamed in LN by Theorem 3.1 and hence G does
not belong to A(3). Moreover, A(3) < A(Pn%) by Corollary 3.3, and A(3) \ 3 cannot
contain hypercyclic groups because every hypercyclic locally nilpotent group is hypercen-
tral. Therefore A(3) \ 3 is a proper subclass of A(f’n‘f) \P %.

4 Examples of accessible closures

This section is devoted to show the essential role played by Cernikov groups in the determi-
nation of the accessible closure of some natural group classes containing all finite groups.
Recall that any Cernikov group G contains a divisible abelian normal sub-
group J(G), which is the direct product of a finite number 4 = h(G) of Priifer groups
such that the factor group G/J(G) is finite of order k = k(G), say. The integers h > 0
and k > 1 are invariants of G, and the pair s(G) = (h, k) is usually called the size of G.
These pairs of integers can be ordered lexicographically by putting (h, k) < (W', k') if and
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only if either 4 < #’ or h = h’ and k < k’. Of course, G is finite if and only if 4 = 0, and
s(X) < s(G) whenever X is a proper subgroup of an arbitrary group G.

The first result of this section proves that the accessible closure of the class & of
finite groups is not too large.

Theorem 4.1 The accessible closure of the class of finite groups is the class of Cernikov
groups.

Proof Since the class € of Cernikov groups is accessible, we have A(g) < € by Theo-
rem 3.1. Assume for a contradiction that A({) # € and let Gbe a Cernikov group of small-
est possible size which is not in A(g). Then all proper subgroups of G belong to A(g) and
hence there exists an ordinal u such that A (&) contains all proper subgroups of G. Obvi-
ously, G is an opponent of A () and so it belongs to A, | (F) < A(F). This contradiction
completes the proof. a

The following result is a direct consequence of Theorem 4.1 and Lemma 3.8.

Corollary 4.2 If & is any set of primes, the accessible closure of the class of finite m-groups
is the class of Cernikov z-groups.

We now describe the accessible closure of the most relevant classes consisting of
polycyclic-by-finite groups.

Theorem 4.3 Let X be a subgroup closed group class consisting of polycyclic groups. Then
the accessible closure of X is the class X U C.

Proof By Theorem 4.1 we have € = A(F) < A(XF). Then XF U € < A(XF), and hence
A(XF) = XF U € because this latter class is accessible by Corollary 2.20. a

The above result applies in particular to the group classes consisting of polycyclic
groups, supersoluble groups, finitely generated nilpotent groups.

Corollary 4.4 The following equalities hold:

(@) A(BI) =PFUC;
(b) A(RHF) = (BL)FUE;
©) AMNF N Max) = (NF N Max) U C.

It was already noticed that the class of locally soluble groups, the class of locally
supersoluble groups and the class of locally nilpotent groups are accessible. Moreover,
since P=PF N LS, B¢=(P%)F N L(P%) and N N Max = (NF N Max) N LN, the fol-
lowing result is a direct consequence of Lemma 3.8 and Corollary 4.4.
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Corollary 4.5 The following equalities hold:

(@ AP =PuCEne)
b A(P%) =BZU(€ENLEP,5);
©) AN nNMax) = (ER nMax) U (CCHLER) =LNN(CPUC).

Recall that a group G is said to be an FC-group if every element of G has only finitely
many conjugates, or equivalently if the centralizer C;(g) has finite index in G for each
element g of G. Abelian groups and finite groups obviously have the FC-property and FC-
groups were introduced with the aim of studying common properties of these two impor-
tant group classes. We refer to the monograph [35] for a detailed account of this relevant
part of the theory of infinite groups.

The consideration of the locally dihedral 2-group shows that FC-groups form an inac-
cessible class. On the other hand, it is known that every locally graded opponent of the
class of FC-groups is either Cernikov or a countable perfect locally finite p-group with
no proper subgroups of finite index (see [24] and [35], Theorem 8.11). The existence
of groups of the latter type seems to be still an open question; this is of course the main
obstruction in the determination of the accessible closure of the class of FC-groups. Thus,
in the following, we construct the accessible closures of certain special classes of groups
with finite conjugacy classes. Our next result deals in particular, when ¢ = 1, with the class
of groups with boundedly finite conjugacy classes (that is well known to coincide with the
class U of groups with a finite commutator subgroup) and shows that A(FA) = FA U €.

Corollary 4.6 A(gN,.) = FN, U C for each non-negative integer c.

Proof By Theorem 4.1 we have € = A(g) < A(N,) and so FN, U C < A(FN,). On the
other hand, it follows from Theorem 1 of [4] that the class §J,. U € is accessible and hence
A@N) =N . VE. |

The class U is strictly related to the class Zg of all groups which are finite over the
centre and actually Schur’s theorem just states that Zg is contained in F2.

Corollary 4.7 The accessible closure A(ZF) of the class of all groups which are finite over
the centre is the class ZE U C.

Proof By Theorem 4.1 we have € = A(g) < A(ZE) and so ZF U € < A(ZF). Assume for
a contradiction that there exists a locally graded opponent G of Zg U €. Since ZF < F,
each proper subgroup of G is in A U € and hence G’ is finite by Corollary 4.6. On the
other hand, all proper subgroups of G are obviously abelian-by-finite and so G itself is
abelian-by-finite (see, for instance, [15], Lemma 3.1 and Lemma 3.2). Therefore G/¢(G)
is finite and this contradiction shows that the class ZF U € is accessible, whence
AZF) =ZF U C. O

Let k be an element of the set N U {oo}. If G is any group, the subgroup G, generated by
all elements of G of order k is called the k-layer of G. Clearly, every layer of G is a charac-
teristic subgroup and G is covered by its layers. A group G is called an FL-group if every
layer of G is finite, while it is called a CL-group if all its layers are Cernikov. Thus any
FL-group is covered by finite normal subgroups and so it is a periodic F'C-group, while any
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CL-group has a covering consisting of Cernikov normal subgroups and hence it is locally
finite. Actually, it was proved by Polovickif that a group has the CL-property if and only if
it is covered by Cernikov normal subgroups and all its Sylow subgroups are Cernikov (see
[28] Part 1, Theorem 4.42).

Lemma 4.8 The class of CL-groups is accessible.

Proof Assume for a contradiction that the class of CL-groups admits a locally graded oppo-
nent G, which of course must be locally finite. If p is any prime number and P is any Sylow
p-subgroup of G, it follows from Polovickii’s description of CL-groups that all proper sub-
groups of P are Cernikov and hence P itself is a Cernikov group. Therefore all Sylow sub-
groups of G are Cernikov and hence G cannot be covered by Cernikov normal subgroups,
again by the result of Polovickii. On the other hand, every proper subgroup of G has a
covering consisting of Cernikov normal subgroups and hence it follows from the theorem
in [21] that G is a g-group for some prime ¢, which is an evident contradiction. Therefore
the class of CL-groups is accessible. a

Since the locally dihedral 2-group contains infinitely many elements of order 2, it is an
opponent of the class of FL-groups and so this class is inaccessible, in contrast to the above
result.

Corollary 4.9 The accessible closure of the class FL of groups with finite layers is FL U €.

Proof By Theorem 4.1 we have € = A(F) < A(FL), and so FLU € < A(FL). Assume for
a contradiction that there exists a locally graded opponent G of FL U €. Then G is a CL-
group by Lemma 4.8, so there exists a positive integer k such that the k-th layer G, is an
infinite Cernikov group. It follows that every proper subgroup of G/G, is Cernikov, so
that G itself is a Cernikov group, a contradiction. Therefore the class FL U G is accessible
and hence A(FL) = FLU C. a

In the last part of this section we describe some examples of accessible closures involv-
ing the class R of linear groups. It is well known that locally nilpotent (locally supersolu-
ble) linear groups are hypercentral (hypercyclic) and so it follows from the accessibility of
the classes L9 and L(P,%) that

AR)NL=3n8 and A(P,¥)n8=P,¢ng

Recall now that a group G is paranilpotent if it has a normal series of finite length whose
factors are abelian and have only G-invariant subgroups. Paranilpotent groups form a
class & that lies strictly between P4 and P, %"

Theorem4.10 A(P)N & = (Z N L) U (CNLEPD)).

Proof Obviously, Z N & < A(Z) N . Moreover, by Lemma 3.7 and Theorem 4.1 we have
CNLE®?® =A(FNLEDL)) <AP)Nn L.
Assume for a contradiction ¥'= (2N &) U (ENL{PP)) < A(F) N L and let y be the

least ordinal such that A (&) \ ¥ contains a linear group G. Then y > 0 is not limit and
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hence G is an opponent of A, _; (). On the other hand, A,_;(£) N L< ¥ by the minimal
choice of u, so all proper subgroups of G are either paranilpotent or Cernikov and hence G
is a Cernikov group (see [17], Corollary 4.4). Since the class of locally supersoluble groups
is accessible, we have that G is locally supersoluble, a contradiction. O

Our final result deals with the accessible closure of the class Z, & consisting of all
groups which are finite over the k-th term of their upper central series for a fixed non-
negative integer k.

Theorem4.11 A(Z,F N ) = (Z,F N &) UC.

Proof By Theorem 4.1 we have (Z,F N L) UE < A(Z,F N L). Assume for a contradic-
tion that the class (Zk% N 2) U € admits a locally graded opponent G. Since Z,F < N,
it follows from Corollary 4.6 that y,, ;(G) is finite and hence G is linear (see [19]). On the
other hand, it is well known that N, N 8 < Z, ¥ (see, for instance, [18]). This contradic-
tion completes the proof. a
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