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Abstract

In this paper, we formulate and study the system of elastodynamics on domains with arbitrary
growing cracks. This includes homogeneous Neumann conditions on the crack sets and mixed
general Dirichlet-Neumann conditions on the boundary. The only assumptions on the crack
sets are to be (n — 1)-rectifiable with finite surface measure, and increasing in the sense of set
inclusions. In particular, they might be dense; hence, the weak formulation must fall outside
the usual context of Sobolev spaces and Korn’s inequality. We prove existence of a solution
for both the damped and undamped systems, while in the damped case we are also able to
prove uniqueness and an energy balance.

Keywords Second-order linear hyperbolic system - Dynamic fracture mechanics - Cracking
domains - Boundary conditions - Bounded deformation
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1 Introduction

The theory of dynamic fracture mechanics contains basically three principles that can be
resumed as follows

o clastodynamics off the cracks;
e energy-dissipation balance which includes also the surface energy dissipated by the crack;
e a principle dictating when a crack must grow.

For the first two conditions, we refer to [13], while the third one is discussed in [14] in some
more details and a maximal dissipation condition is proposed.

In this paper, we focus on the first issue. Precisely, we fix a time interval [0, T'] and we
consider 2 C R” a regular domain as reference configuration, a fixed family of growing-in-
time crack sets I'(¢) contained in €2, and u (¢, x) the displacement which might be essentially
discontinuous for x € I'(¢). Then, given initial conditions, and mixed Dirichlet-Neumann
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boundary conditions on 9€2, we want to find a solution to the system of (possibly damped)
elastodynamics

ii(t) — div [C Eu(t)] — ydiv[B Ea()] = £(1), in Q\T() (1

where C and B are the elasticity tensor and the viscosity tensor, respectively, Eu denotes
the symmetric part of the gradient of u, div denotes the divergence operator acting on the
rows of matrices, f(¢) is a vector field representing the volume force, and at each time ¢
the system (1) is complemented with homogeneous Neumann condition on the crack I'(¢).
This last condition reflects the fact that no external forces are acting on the crack lips. The
parameter y can take value only in {0, 1}, and in particular, for y = 1 the system is called
damped, while for y = 0 the system is called undamped.

In the corresponding quasi-static models, all the known existence results for the coupled
problem (u(t), I'(t)) without a priori assumptions on I'(¢), are obtained by minimizing a
weak form of the Griffith’s energy on function spaces with no regularity on the jump sets
except the (n — 1)-rectifiability (see [6,9,10,12]). The existence of a solution with I"(¢) closed
is obtained only in particular cases through a regularity argument (see [3,4]). Therefore, also
in the dynamic case we expect that in dealing with any general existence results, no a priori
regularity assumptions on the crack sets I"(f) should be assumed. For this reason, we assume
only that the cracks I'(¢) are (n — 1)-rectifiable with finite (» — 1)-dimensional Hausdorff
measure.

In this paper, we prove that in both the undamped and damped cases, a solution actually
exists.

The first issue is to give a weak formulation to the system written in (1). The presence
of the cracks forces at each time to solve the system on the set Q\I'(¢). Therefore, we need
to introduce suitable function spaces V;, containing for each time ¢ the solution u(z) as well
as the test functions. The scalar case, i.e., when (1) reduces to the wave equation, has been
treated by Dal Maso, Larsen in [7]. Since the structure of the equation implies no bound on
the amplitude of the jump of , but only on the L?-norm of the gradient

/ IVu(r)| dx, )
Q\I'(r)

they defined the problem in the context of GS BV (£2) (for a definition, we refer to [1, Defini-
tion 4.26]). Precisely in [7], it has been shown the existence of a weak solution u(¢) living at
each time ¢ in the space GS B V22 (2; T'(1)), composed of all functions u € GSBV (Q)NL2(R)
whose jump sets are contained in I'(¢) and such that (2) is finite.

In our case, the structure of the equation leads to an estimate of

f |Eu(r))? dx.
Q\I'(1)

Hence, V; needs to include all the displacements in L2(£2, R") whose jump sets are contained
in I (¢) and with square integrable symmetric gradient away form the cracks. Since we assume
no regularity on the cracks, in this general context a Korn’s type inequality is not true. This
means that we cannot control the L2-norm of the gradient of u(t) with the L2-norm of its
symmetric part. As a consequence, we are forced to formulate our problem in the context of
B D functions and precisely to define V; = GSB D%(Q; I'(#)) (see Definition 2.3) and V,* =
GSBD%(Q; ['(¢r))* its dual. Note that if I'(¢) are closed sets in £, then GSBD%(Q; r'ae))
reduces to the space of square integrable vector fields, whose symmetric gradients in the
sense of distribution on \I'(#) are square integrable.
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The weak formulation of the system will be

(ii(1), #); + (CEu(t), EP)h, + (BEU), EP)m, = (f (1), ) VP € V; 3

fora.e.t € [0, T], where (-, -)F denotes the duality pairing between V; and V,*, (-, ) (-, -},
denote the scalar product in L2($2, R") and in L3(2, Mg’yxn;’), respectively.

We want to emphasize that one of the most serious mathematical issues arises because
these spaces are varying (increasingly) in time, so that test functions at some time ¢ are not
necessarily admissible test functions for times s < . Moreover, since u(t) lives on each time
t in different spaces V;, we need to give a meaning to the second derivative in time ii(¢) as
an element of V;*.

While in [7] only homogeneous Neumann boundary condition was considered, in the
present paper we consider also non-homogeneous mixed Dirichlet-Neumann boundary con-
ditions on 2. This introduces another difficulty when the crack sets approach the boundary,
and as a consequence, possible problems may occur with the boundary conditions. Indeed,
when we have non-homogeneous Neumann boundary condition on a part of €2, we might
think that when the elastic material between this part of the boundary and the crack sets is
infinitesimally small, then the elastic reaction to the traction forces will be infinitesimal too.
From a mathematical point of view, the difficulty is due to the lack of continuity of the trace
operator acting on functions having jump sets close to the boundary. In order to solve this
problem, we make use of the results obtained in [15], which allow us to restrict our attention
to a suitable space of traction forces F.

We also show an energy balance and uniqueness for the damped problem. The energy
balance we are able to prove in the damped case is a conservation of kinetic plus elastic plus
dissipated energy due to the damping. For the undamped problem the energy balance, where
only the kinetic plus the elastic energy are considered, is clearly false. This can be seen using
the results of [2]. In the undamped case, the uniqueness is still an open problem.

This paper is organized as follows: in Sect. 2 we define the function spaces. Precisely, we
define V;, we show some functional properties about these spaces, and then we introduce the
space of admissible traction forces F appearing in the Neumann part of the boundary. Then
we give a precise definition of ii(¢) for a.e. ¢ € [0, T'] as an element of V,*, and we show that
under some regularity assumptions on the test functions, ii satisfies an integration by parts
formula in time.

In Sect. 3 we first give the definition of weak solution. Then we show an existence result
for the damped equation complemented with boundary conditions, by a discrete in time
approximation technique and passing to the limit when the time step goes to zero (see The-
orem 3.2). More precisely to define the discrete approximate solution uy in the time interval
(t,i, t,i“], suppose that we have already defined uy forr < t,i, and let ui‘“ be the minimizer
inV,,, +w)! of

i i i—12
U—uy _uk—uk

1 . . .
+(C&u, Eu) + — (B (Eu — Euy), Eu — Euy) — 2(f;, u),

U _
Tk

Tk Tk

where u}( = uy (t,’;), |l - |l is the norm in L? and (-, -) is the L2-scalar product, fk" is a suitable
discrete approximation of f and 7 is the time step. We define u; on (t,i, t,i“
interpolation between u}( and u}:’l.

Then we show that the limit u of the u; satisfies the energy balance (38). Precisely for

each k, uy satisfies a discrete energy balance which converges to the desired energy balance

] as the linear

1 Vi + w(t,i) is the space of functions that jump on I'(f; 1-1) with Dirichlet boundary condition w(z,i) on
apQ C 0.
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for u as k — oo (see Propositions 3.4 and 3.8). As a consequence, we deduce existence and
uniqueness for the damped problem (see Theorem 3.7).

Finally, in Sect. 4 we show the existence of a weak solution to the undamped equation com-
plemented with boundary conditions, always by a discrete in time approximation technique
and passing to the limit when the time step goes to zero (Theorem 4.2).

2 Notation and preliminary results

We denote the space of n x n matrices with real entries as M""*" endowed with the Euclidean
scalar product

5"75=Z< Sijmj>,
i=1

j=1

and we denote as | - | the associated norm; the subspace of symmetric n X n matrices is
denoted by M. L(M"*") is the space of continuous linear maps of M"*" into itself.

Let © C R” be an open set. We denote the space L>(2, R") as H, with scalar product
(-, -y and with associated norm || - || . Analogously we denote the space L2(€2, M"*") as
H,, with scalar product (-, -) 7, and with associated norm || - || g, .

Definition 2.1 We say that C: Q — L£(M"*") is a bounded symmetric and positive definite
tensor field, if it is £"-measurable and

ICllLe < oo,
Cx)eE e MIX" | V& € M"*", fora.e. x € Q,

sym
Cx)é-n=¢&-C(x)n, V& neM™ forae.x € Q (symmetry),
C)E - & > plE|?, VE e MPX", forae. x € Q2 (yp > 0) (positiveness),

sym >

(which are the usual assumptions in linear elasticity). The strictly positive number yp is
called ellipticity constant of C. Under the previous assumptions on C, given any Lebesgue-
measurable functions & : Q — M"*", we write

161 e :Z/Q(C(X)E(x)-f(x) dx.

Remark 2.2 Thanks to the symmetry and positiveness properties of C, it follows that the

function || - || zc defined on the real vector space of all measurable functions §: Q2 — Mg'yxn;’
is a norm. Moreover, by using also the L°°-bound, the norm || - || HE is equivalent to the norm
I,

We recall that GSBD%(Q) is the space of vector fields u € GSBD(R2) (see [5] for
the definition of GSBD()) such that u € L%(Q, R"), and their symmetric approximate
gradients Eu belong to L (2, M X"

sym /*

Definition2.3 Let ' C € be a countably (H"~', n — 1)-rectifiable set (see [11, Defini-
tion 3.2.14]) with H"~!1(I") < co. We define

GSBD3(Q:T) :={u € GSBD3(Q) | J, C T}.
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Proposition 2.4 Let Q be an open set of R", and let T C Q be a countably (H" ™', n — 1)-
rectifiable set with H"~1(I") < oo. Then the space GSB D%(Q; I') endowed with the scalar
product

(u,v)2 = (u, v} + (Eu, Ev)H,, 4)
is a separable Hilbert space. Moreover, we denote by || - || the associated norm to the scalar

product (-, ).

Proof Thanks to [5, Remark 4.6] we know that GSB D(2) is a real vector space, and as a
consequence, GSB Df;(Q) is a real vector space too. The fact that GSB Dg(Q; I') is also a
real vector space follows once we prove that given u, v € GSBD(L2) then J,,4+, C J, U J,,
H"1-a.e.. To see this, fix E an orthonormal basis of R”, say {&1, ..., &,}, and consider the
directions in S"~! defined by

C(E,8) :=lx eS| |x-&| > (1/s/n — O)lx|, forevery & € E},
where § is any real number in (0, 1/4/n). We claim that
A=1{x € Jyuiy | Vupr(x) € C(E, 8} C J, U J,, H' l-ae. 5)
Notice that for every £ € S"~! and for every y € &+
[R"\(Jy UJ)E N (45 =9, and [R"\(J, U J)IE N ()5 =4,
and thanks to [5, Theorem 8.1] we deduce that for every & € sr—1
[R™\(Ju U J)T5 N Jig =9, and [R"\(J, U IEN Jie =1, H' lae ye&t. (6)

Since the one-dimensional slices of u and v are S BV}, -functions, by (6) we deduce that for

H' L ae. y € 5J- the sets [R"\(J, U JU)]i is contained in the set of Lebesgue points of

ﬁi + 175 which in turn is contained in the set of Lebesgue points of ((u + v) - & )i. By using

again [5, Theorem 8.1], this means that for every & € S"~1 we have
[R'N\(Ju U J)E N (g5 =0, H' ae y e &t D

Now suppose that (5) does not hold. This means that there exists a set A’ C A with
H" (A > 0 but H"1((J, U J,) N A") = 0. Since E is a basis of R”, then there must
exists & € E such that

HHA N {(w+v)" = @+v)7)-& #0) > 0.

By using also that for H' lae.x € AN{((u+v)t —@+v)7) & # 0} we have
Vy4v(x) - & > 0 (simply by definition of A), and by using Coarea formula applied to the
projection map

76 AN (40T —w4v)) & £0) > &L

we deduce thatif we set A} := A'N{((u+v)* — (@ +v)7)-& # 0}, then "~ (=5 (A))) > 0
and

HOCA N+ 0" = @+ 0)7) - & #015) > 0. H' lae y e nf(4).
But since A} C ijrv, by (7) this means also that

HO(J U J)5) >0, H' lae y e x5 (4)),
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1576 E. Tasso

which is a contradiction since we assumed that H"~1((J, U J,) N A’) = 0 and proves our
claim. Finally, thanks to the arbitrariness of E, relation (5) proves exactly that J,, 1, C J,UJ,
H" L ae..

To prove the completeness, we argue in the following way. Suppose that (u;) C
GSB Df;(Q; I') is a Cauchy sequence. In particular, (u); converges strongly in L? (2, R")
to some u . Since

sup ([luellze + I€uklir +H" ™' (Ju)) < o0,
keN

by Theorem [5, Theorem 11.3], eventually passing through a subsequence, we know that
there exists v € GSBD(L2) such that uy — v pointwise a.e. on 2 and Euy—Ev weakly
in L' (). This implies u = v and thanks to the lower semicontinuity of the L? norm with
respect to the weak convergence also

I€ullLr < liminf |[EugllLe,
k—o00

hence u € GSBD) ().
It remains to prove that J, € I'. Using [5, Theorem, 11.3], for every open set U C 2 we
have

H'N(J, NU) < liminf H"~'(J,, N U) .
k— 00

Since the measure H"~! L T is inner regular, for every ¢ > 0 we can find a compact set
K c T, such that " ! (T'\K) < €, and so

H' N (JN\K) < lim inf H' LI, \K) < likrgiorcl)fﬂ”’l(l“\l() <e.

For the arbitrariness of €, we conclude that " ! J,\I') = 0.

To prove the separability, consider the embedding j: GSB D%(Q; I — L*R" x an)
defined by j(u) := (u, Eu). By the well-known fact that subspaces of a separable met-
ric space are separable, since j is an embedding, we deduce that also GSB D%(Q; I') is
separable. O

The dual GSBD%(Q; [')* will not be identified with the underlying Hilbert space, but
instead will be endowed with a pairing consistent with the L? inner product, as is usually
done for the duals of Sobolev spaces. Since

GSBD3(Q;T) C L*(Q2, R")
is a dense embedding, we have
L*(Q,R") = L}(Q,R")* ¢ GSBD3(2; ),

and L?(Q2, R") is densely embedded in GSB D3 (2; I')*.

In the case €2 has also finite perimeter, the trace operator 7'r (-) can be extended to the space
GSBD(L2; '), using the notion of approximate limit on the point of the reduced boundary
F <2 (see [15, Definition 3.9]). Moreover, the following theorem holds true.

Theorem 2.5 Let Q C R” be an open set of finite perimeter, and let T' C Q be a countably
(H"~', n — 1)-rectifiable set, with H"~' (") < oco. Then there exists a measurable functions
®: FQ — RY such that

(@) H"'({® = 0}) = 0 and ® € L®°(FQ, H"™) (in particular, |O|loe < 1);
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(b) Foreveryu € GSBD%(Q; I') we have
/m ITr@P® dH"™" < Cn, 2)(lully + | Eull,), ®)
where C (n, 2) is a constant depending only on n and 2.
Proof Let ©% be the weight function given by [15, Theorem 3.2], if we define
Ox) := ©T(x) for H" '-ae. x € FQ,
then (a) and (b) are direct consequences of [15, Theorem 3.2] with p = 2. ]

Now let dy €2 be a Borel subset of 2. In order to impose a Neumann boundary condition
in equation (1), we are led to study the continuity property of the following linear form

u F-Truw)dH"'u e GSBD3(2; 1), )
EINe)
where F': oy Q2 — R” is some measurable vector field. In view of inequality (8) we introduce

the following space.

Definition 2.6 (Admissible Neumann term) Let 2, T', and © be as in the previous theorem,
and let oy 2 be a Borel subset of FQ2. We define Ng := LZ(BNQ, OH""1), and we denote
by N§ its dual. We identify N¢, with the space of measurable vector fields F: dy 2 — R”

such that
F 2
/ (Ll dH" ! < o0,
we ©

and we consider the corresponding duality pairing between N¢ and Ng given by
(Fogloi= [ Fegan™ (g e No.
INQ

The induced norm is denoted by || - II}‘\,@.

Putting together the definition of Ng and Theorem 2.5, we have the following result.

Proposition 2.7 Let 2, I', and ® be as in Theorem 2.5. Let 05 2 be a Borel subset of FQ. If
F € N{ then the linear form defined in (9) belongs to GSBD%(Q; I*.

Proof Tt is enough to use inequality (8) to have

/a o F-Tr) dH"™ < [F I3, ITr@)lIng < Cn, DIF Iy, (lullm + I1€ullm,).
N
o

Our choice of Neumann forces, in some sense, is natural. In fact looking at the construction
of ® made in [15], roughly speaking, it turns out that ® measures the “closeness” of I" to the
boundary. From a physical point of view, this might be interpreted as the fact that, when the
elastic material between the Neumann boundary and the crack is infinitesimally small, then its
elastic reaction can only balance traction forces which decrease their intensity (proportionally
to ®).

The following proposition is useful to prescribe a Dirichlet boundary condition on a certain
portion of the boundary dp2 € FQ.
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Proposition 2.8 Ler 2, ' be as in Proposition 2.7, let dp<2 be a Borel subset of F2, and
let g : 0p2 — R be a measurable function. Then the set {u € GSBD%(Q; D) | Tr(u) =
g on dp2} is an affine closed subspace ofGSBDg(Q; ).

Proof The only non-trivial fact is to show that it is closed with respect to the norm induced
by the scalar product (4). But this is a direct consequence of [15, Theorem 4.1]. O

Definition 2.9 Let 0p Q2 C FQ be a Borel set. We define
GSBD3 (1) == {u € GSBD3(Q: 1) | Tr(u) =0, on dQp}. (10)

Thanks to our previous proposition, GSB Di p(82; T') is actually an Hilbert space with scalar
product inherited as a subspace of GSB D%(Q; ).

Now fix T > 0, and fix ' C Q a countably (H" Y, n — 1)-rectifiable set with H"~1(I") <
00. Consider for ¢t € [0, T] an increasing family of cracks ¢ — I'(¢)

() ST CT ifs <t

For simplicity of notation, we denote GS B D%(Q; by Vand GSB D%D(Q; '(t)) by V.
The norm in V is denoted by || - ||, and the norm in V; with || - ||;. Note that for s < ¢ we have
Vs C V; C V,and as we have already mentioned, since V C H (remember H = L2(Q2,R"))
is densely embedded in H, we have the embedding H C V* and the density of H in V*.
Similarly H is a dense subspace of V,* for every ¢ € [0, T]. We denote the pairing between
V*and V by (-, -), and the associated dual norm | - |*, we denote the pairing between V,*
and V; by (-, -);, and the associated dual norm || - ||¥. We note that these pairings are the
unique continuous bilinear maps on V* x V and V;* x V; such that (f,v) = (f, v)y and
(f,ve)r = (f,vs)g whenever f € Hve V, v € V;.

If s < t then Vj is not dense in V; and so V,* is not embedded in V;*. Anyway we can
introduce the projection operators from V,* to V.* in the following way.

Definition 2.10 Lets < ¢ and leti : Vy; — V; denote the embedding Vi C V;. Let f be an
element of V;*. Then we define the projection map Pg, of V,* onto V;* as

(Pst f, vg)s == (f,i(vg)), for any vs € V. (1D

Note that the projection maps defined above are continuous and in particular || Py, f || <
| £1I¥. When there is no misunderstanding, we omit the notation Py, f, since the action of
f € V* on elements of Vi C V; is clear from the context.

Lemma2.11 Let u € WH%°(0, T; H). Assume that there exists a positive function g €
L2(0, T), such that for every s, t € [0, T] with s < t, we have

ue W1, T; V) and ii(r)|I < g(r) fora.e.r € (1, T). (12)

Then there exists a set E C [0, T] of full measure, such that for every t € E there exists
w(t) € V;* with the following properties

lw®ll; < &), 13)
where g(t) = limsup,,_, o+ % ftH_h g(r)dr, and

1(t +h) —u(t
lim M = w(r), weakly in V', (14)
h—0+ h
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and

Coou(t+h)—ua( .
lim u = w(t), strongly in V' foreverys <t. (15)
h—0 h
In particular, for every s € [0, T] the functions t — u(t) and t — Pgw(t), considered
as a functions from (s, T) to V', belong, respectively, to Wz'z(s, T; V) and Lz(s, T; V),
and satisfy ii(t) = Psw(t) in V* forae. t € (s, T).

Remark 2.12 Under the previous hypothesis on u, for every ¢ € [0, T'] u(¢) is a well-defined
element of H. More precisely, the functions # : [0, T] — H is weakly continuous, i.e., for
every ty — t € [0, T] we have

u(ty)—u(t) weakly in H, as k — oo. (16)

Indeed, thanks to our hypothesis i (¢) is a well-defined element of V{j' forevery ¢ € [0, 7] and
1 (t)—1u(t) weakly in Vi;" whenever #x — t as k — oo. Moreover, since it € L>(0, T; H),
by using the lower semicontinuity of the norm | - ||y with respect to the weak convergence
in H, and the fact that H C V; is an embedding, we deduce that actually #(¢) € H for every
t € [0, T]. This shows that it(¢) is a well-defined element of H for every ¢ € [0, T]. Finally,
by arguing as before it is easy to see that () —1u(t) weakly in H as k — oo.

Remark 2.13 In the proof of Lemma 2.11, we are able to show that the convergence in (14)
holds when we consider the incremental quotients only for positive h.

In the proof of Lemma 2.11, we shall use the following result on increasing sequences of
subspaces of separable Hilbert spaces proved in [5, Lemma 2.3].

Lemma 2.14 Let {X; | t € [0, T1} be an increasing family of closed linear subspaces of a
separable Hilbert space X. Then, there exists a countable set S C [0, T] such that for all
t € [0, TI\S, we have

X, :UXS.

s<t

Proof (Lemma2.11)Let D C [0, T'] be a countably dense set. Choose s € D, then thanks to
(12) for a.e. t > s there exists ii(7) as an element of V;* and ||ii(t)||¥ < g(¢). By the fact that
D is countable, we have a set E’ C (0, T') of full measure, such that if t € E’ ii(¢) exists as
an element of V;* and [|ii(¢)||7 < g(¢) for every s € (0, 1) N D. Moreover, by density, for any
s1 < t there exists sp € D with s; < sp < ¢ and thanks to the continuity of the projection
map Py, ,, we have the relation between ii(7) computed in V¢ and in V¥, given by

u(t+h) —ua(t) it +h) —u(t)

gi_)mOT =ii(t) in V;; = /}LH})T = Py 5,ii(t) in VS’?, a7
This means that for every t € E’ and for every s < ¢
ii() exists in V¥, [li(@)Il5 < g(), (18)

and precisely two derivatives computed on different V* are related by (17). Hence, for every
t € E',ii(t) is well defined as an element of V" for every s < ¢.
The previous bound in (18) implies in particular

ue WHs, T; V) forevery s € (0, 7). >
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1580 E. Tasso

Now define

E:=E U{tel0,T]] U Vs = Vyand g(t) < oo} (20)
s<t
By Lemma 2.14, Lebesgue’s differentiation theorem, and the definition of E’, it holds that
E has still full measure.

Now let t € E. In order to prove (13), we notice that for every ¢ € V; there exists an
increasing sequence (s,),en converging to ¢, and a sequence of functions (¢s,)nen With
¢s, € Vs, strongly converging to ¢ in V;. Hence, we can define w(t): V; — Ras
(w(t), ¢); = lim (ii(t), @5, )s, forevery ¢ € V;. 21
n—o0
We have to show that the previous limit exists and does not depend on the approximating
sequence (¢, )neN- It is enough to notice that if n > m then

(I:i(t), ¢s,,)s,, - (ii(t)» ¢s,,,)sm = <i4.(t)7 ¢s,, - (ps,,,)sn
< i@, s, — B llsn (22)
<&lgs, — Ps,, s

This defines a continuous linear functional on V; and moreover [|w(?)|| < g(¢) . This is
exactly (13).

To prove (14) lett € E. We fixe > 0 and ¢ € V;, and then we can find s < ¢ and ¢5 € V;
such that ||¢s — ¢||; < €. Hence,

<12(t +h) —u(t) B
h

w(t 4+ h) —u(r) B
h

lim

w(z),¢> = lim < w(t), g5 + (¢ _¢3)>
h—0+ ¢ h—0t

t

1 t+h
slimsupf/ (li(r) —w(t), ¢ — ¢s); dr
t

h—ot N (23)

1 t+h

< lim sup (ﬁ/ g(r) dr+§(f)>||¢—¢s||t
h—0+ t

<2g(t)e,

where we used the fact that u € W22(s, T; V/*) and the fundamental theorem of calculus.
The arbitrariness of € gives assertion (14) and concludes the proof. ]

Definition 2.15 Under the assumption of Lemma 2.11, the element w(z) of V;* defined in
(14) for a.e. t € [0, T] is denoted by ii(z) .

Lemma 2.16 Let u be as in Lemma 2.11 and consider ¢ € LZ(O, T;V)n W1’2(0, T; H)
such that ¢(t) € V; for everyt € [0, T]. Then the map t +— (u(t), p(t))y is absolutely
continuous on [0, T] and more precisely

15}

(ut2), p(t2))g — (), p(t))g = / (ii(1), (7)) + (u(r), 9(1)) d7, (24)
n

foreveryO) <t <tp <T.

Proof By Remark 2.12 we know that ¢t — u(t) is weakly continuous in H. Therefore, since

t — @(1) is strongly continuous in H, we deduce that t +— (i(t), ¢(¢)) g is a continuous
real valued map.
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First of all, we prove our assertion for ¢(-), := ¢(- — h) instead of ¢(-). Fix any ¢ €
[, T — h]. Since ¢(- — h) € V; on the time interval [¢,7 + h] and u € Wz’z(t, t+h; V),
we easily deduce that

n
(U2), pn(02)) g — (u(t1), en (1)) = /t (ii(t), on () + (u(r), 9n(1))r dz,  (25)
1
forevery t1,t € (t,t + h) (t; < t2). Since ¢ was arbitrary and (i (-), ¢, (-)) g is continuous,
we can actually obtain (25) for every t1,t € [h, T — h] (1] < 1p).

Finally thanks to the fact ¢ € W'2(0, T; H) the left-hand side of (25) converges to
(u(t2), o))y — (u(t1), p(t1))y as h — 0T, while using also ¢ € L*0,T;V) (in par-
ticular, the continuity of the translations in L?), the right-hand side of (25) converges to

ttlz(ii(r), (1)) + (1(t), ¢(1)); dr and we are done. ]

3 The damped system of elastodynamics

From now on we consider the following standing assumptions:

(a) 2 C R"is an open set of finite perimeter;
(b) (I'(£))sef0,7] 1s an increasing family of crack sets:

's)CTI'(t) CT fors <, (26)

where I' C Q is a countably (H"!, n — 1)-rectifiable set with H"~1(I") < oo;

(c) 0p2, Iy are two disjoint Borel subsets of FS2, respectively the Dirichlet and the
Neumann part of the reduced boundary, such that dp Q2 U oy Q2 = FQ;

(d) CandB are bounded symmetric and positive definite tensor fields with ellipticity constant
yo and yj, respectively (see Definition 2.1).

In this section, we deal with the damped system of elastodynamics:
i(t) —div[CEu(t)] — div[BEu()] = f (). (27)
Now we shall give the precise definition of weak solution:

Definition 3.1 Assume (a), (b), (c) and (d). With the notation introduced in Sect. 2, let f €
L0, T; V*), let w € W22, T; H) N W20, T; H'(Q)") and let F € L?(0, T; Ne)
where © is the function relative to the crack set I' given by Theorem 2.5. We say that u is a
weak solution to (27) on the time dependent domain ¢ — Q\I'(¢) with Dirichlet boundary
condition w(¢) on dp£2, Neumann boundary condition F(¢) on dy <2 and homogeneous
Neumann boundary condition on I'(¢), if

uewh>,T; Hyn w20, T; V). (28)
Foreveryt € [0, T]u(t) — w(t) € V;. 29)
Forevery s € [0, T) u € W>%(s, T; V), and (30)
| Pssii ()| < g(t) forae.t € (s, T), for some g € L2(0, T). 31
hlfg+ /hT lle(t) — u}fr - % dr — 0. 32)

Fora.e.t € [0, T]
(ii(1), @) + (CEu(r), EP)m, + (BEU(1), EP)m, — (F (1), Tr(d))e
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1582 E. Tasso

= (f(t), ¢):, forevery ¢ € V;
where ii(t) is the one given by Definition 2.15. (33)

Given u® € V such that u® — w(0) € Vo and u! € H, since r > u(t) is strongly continuous
in V the initial value for u is well defined as element of Vy+w(0). Moreover, we are able to
prescribe the initial conditions for #(0) asking

D 102
hl—1>I8+ ; /0 lli(t) —u ||z dt = 0. (34)

Since Eu(r) and Eu(r) are in general only elements of H,, it does not make sense to
talk about their traces. For this reason the Neumann boundary conditions, F(¢) on 9y <2
and homogeneous on both sides of I'(7), have to be intended in a weak sense by means of
integration by parts in Eq. (33). Moreover, condition (32) is technical and is related to the
presence of the damping term. In fact, it plays a crucial role in view of the energy balance
(38) (see Proposition 3.4).

The work of the external forces on the solution u over a time interval [f1, ©o] C [0, T'] is
given by

[5)

Wioad (5 11, 12) 1= / (f (@), u(t)), dt (35)
1

which is well defined by (28) and the fact that f € L2(0, T; V*). One would expect that the

work on the solution # due to the varying Dirichlet boundary conditions w and Neumann

boundary conditions F over a time interval [¢1, 2] C [0, T] is given by

Whdry (u; 11, 12) 1= /

1

I
’ (/ (CEu(t) + BEU®)v - (1) dH”’l)dt
. 9o (36)
+/ (F(1), i(t))odt.

1

Unfortunately, under the assumptions (28)—(31) the trace of the normal derivative 9, u(t)
cannot be defined, not even in a weaker sense, because £u(¢) in general belongs only to H,,.
We decide to solve this problem following [8, Proposition 3.1], by using the weak formulation
of the work due to the Dirichlet boundary conditions:

5]

Wﬁry(u; 1, 1) = (i), wt)yy — (), wt)) —/ (W), u(@))p dt
1
5]

15 15
—/Q(F(t),u')(l))@dt—fz(f(t), w(t))y dl‘—i—/ (CEu(t) +BEu(t), Ew(t))m, dt.
I3 151 f
(37)

With this notation, the energy balance that we are able to prove for the solution u to (27)
has the following form:

1., S N8 T
Sy + SI1Eu®lye + 5 [ SIEu@) e dt
2 2 2 2 f (38)

1 1
= It + S 16 e + Wioaa @45 0, 1) + Whary (u; 0, 1).

Now we prove the main result.
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Theorem 3.2 (Partial existence) Assume (a), (b), (c) and (d). Let f, w and F be as in Defi-
nition 3.1. Then, given two initial conditions u® € V such that u® — w(0) € Vo andu' € H,
there exists a function u satisfying (28)—(31) and (33) of Definition 4.1, with initial conditions
1(0) = u® and (34). Moreover, u satisfies the energy inequality

| | S LA T

SN + S1Eude + 5 | SI€@ s de

2 2 w2y 2 b (39)
1 1

< S 1%+ S 1€ g + Wioaa (w3 0, £) + Whary a3 0, 1)

forae. t €[0,T].

Remark 3.3 Since F € L(0, T; Ne), by Proposition 2.7 we have that (F(¢), Tr(¢))e is
actually a duality pairing between V;* and V;. Therefore, we can absorb the Neumann term
into the forcing term defining

(f@®), @) == (f(1), ) + (F (1), Tr($))e,

and we can reduce ourselves to prove Theorem 3.2 when (33) has the simplest form
(ii(1), p)r + (CEut), EP) i, + (BEU®), EQ)m, = (f (1), P)r.

Proof Fork € N, we set ty := T /k and t,'(i = jk.For j = 1,2,..., k we define f,j € Vi by
t./+1

i i/"
fi = - f(o)dr, (40)
Tk I

J
and

w,i = w(t,{), 41)
(we use w € WH2(0, T; H'(Q)") implies that for every ¢ € [0, T] w(z) is well defined in

H'(Q)M). _
Inductively, we define ui for j = —1,0,..., k by the following:

ug =ul, u,?l =u — Tul; 42)
then, for j =0, 1, ..., k — 1, the function u,](+ is the minimizer in V1 + wj of
k
J J J=1y2
Uu—u u, —u 1 ; :
k k Uk 2 N j
u— - + 1€ullye + —l1€u — Eup)llys — 20/ u) i+
Tk H n Tk n k

(43)
Thanks to the ellipticity hypothesis on C and B, at each step the above functional is coercive
in V1 + w,{ because it is greater than
k

. »
cellluly + (o + y0l€ullFy, ] = 20 F 1% Qlull i + 1ulm,) — al (44)
k

where ¢ := min{1, l/rkz}, a[H is a constant depending only on k j, and yp, y; > O are the
ellipticity constants of C and B, respectively. By using also that the first three terms in (43)
are lower semicontinuous (here we use the symmetry and positiveness of C and B) while
the term ( f,;’ ,u) i+ is even continuous with respect to the weak convergence in the closed
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affine subspace V,+1 + w] +

, we deduce that the functional in (43) admits a minimizer
/+1

1 . . 1.
eV j+| + w/ + . The Euler equation for the minimizer u,j(+

’

Jj+1 J J Jj—1
<”k T B S | f>
Tk Tk Ty

1 . .
+(CEuT EP)y, + —BEUT — Eul). £,
Tk

= (. ¢ i (45)

. j 1 j .
for every ¢ € V.11 . Then using u,](+ — uk - (w]Jr —wj) € V. ji1 as ¢, we can write
k k

2 Jj+1 i Jj—1
_<”k I A >
H

H Tk Tk

Jj+l1 J
Uy — —uj

Tk

’

Jj+1 J J j—1 Jj+1 J
_<”k A S S wk>
Tk Tk Tk H

+1 i+l o j+1 j+1 j
+||5u’ ||HC (Ceu™ , Eu)m, — (CEu] " Ew]" — Ew])n, 46)
. ,
||5u’+ A
1 1 j j j+1 j
rk(]Ea(s wlt' —guly, ewl T —ewlyy, = (L ul" — ), g

J+l J
<fl<’ —wk)t]{-u.

Now using the identity [|a||> — (a, b) = Jllall?> + % lla — b||> — 1||5]|, multiplying by 2, and
rearranging, we get

Jj+l1 J 2 j+1 Jj J j=1 2
Uk Uy Up —up U — U
Tk H Tk Tk H
Jj+1 J J Jj—1 Jj+1 J
_2<uk — U U U wj —wk>
9
Tk Tk Tk H
Jj+12 J+1 Jj+1 Jj+1 j
+ ||6u ”HC + 1Euy — Suk ”HC +2(CEuy ", Ewy — Ewp)m, 47
j+1 2 j+l1 Jj+l1 J
Eu] —&u - 2— B(Eu —&uy), Ewy, —Ew
” k”HrIlB Tk( ( k k) k)H,,
j J—=1y2
u, —u .
k k j+1 j+1
= - +||5uk||Hc+2 FANTARESTAY )1 = 2f{ w] —w,§>,+1
k
Summing from j =0toi € {1, ..., k} and using (42), we get
i+1 i2 i Jj+1 J j=1,2
u — U u — Lt u, —u
k k i+1 k k k k
+ (€, IIHc + E -
Ty Tk H

| A
+ Z lgui ™ — gu] [

i
L .
+ 2— Z leul ™ = Eul Wy = I 13 + 1€ e + 2D (AL g

iy
— uk)t]'(/+l
Jj=0
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i i
Cin . il 1 i1l . i1 .
+2) (L wl" — wg) o +2) (Ceul” +EB(5u,{+ —&ul), Ew] ™ — gwl)n,
i=0 j=0

% 7 % '

iy =1+l J J j—1 i+1 i il i
u, —u w —w w; —w u —u w —w
_22< [ S e Wk k > +2< k ko Wk k>
0 H Tk Tk H

1_,0 1 0
_of M T M Wk T Yk (48)
7R H

We define the piecewise affine discrete approximations uy, vk, wg, zx: [0, T] — V for
te @, i by

J
. t—t . .
. k +1
ui(t) o= - G — ), (49)
N et/ TSR
wi (1) == wj + o (wk - wk)» (50)
J i1 j oyt J J i1
u, —u t—1 u —u u, —u
ve(t) = k( e ) (51
Tk Tk Tk Tk
J j—1 J Jj+l J J j=1
w; —w t—1 w —w w;, —w
() = ———F—+ k( : e ) (52)
T Tk Tk Tk

and the piecewise constant discrete approximations ig, Wy, fi: [0, T] — V fort € (t]f , t,f +1]
by

~ i+ - j+1 i

() =l @) = wlT S = f (53)
Rewriting (48) in terms of ug, wg, g, vk, zk, We get the discrete energy balance for every
te ™

Jj+l tj+1
k

1
. i+1 k . .
i 1177 + 1€ @D 3 + fo 1k (D)7 dT + 70 /0 €k (D)1I7,c dr
pas e
k . 2 12 02 k . .
+ 1€k ()35 dT = llu' 17 + 1€6°113,¢ +2 (fie(@). g (D) 1 de
0 " n 0

tj+l

+2 {fie(@), e (0)) 1 + (C&ur(v), Ewr (1)) B, + (B Eiir(v), Ewr (1)), dT

S—

J+l1

1,
2" (e (), 21(0)) i AT + 20k (1), (O — 2(u’, i (0)) 54

S—

Let My := sup,co.) lix(®)lla, Li := sup,c 1) ||€ﬁk(t)||,_,”c. By (54) we can give the
estimate

M + L + 1€kl 20 7. yp) < @M+ Lic + 1 Eitill 20, 7. 1)) + . (55)

where a and b are constants that depend only on [ fll 2¢.7:v+), llwllwizg7:v)s
lwllw22,7:m)> l#1llg and on T'. As a consequence, we can deduce the following

Euy(t) and Euig (¢) are bounded in H, uniformly in ¢ and k, (56)
iy (1) and vy (¢) are bounded in H uniformly in ¢ and k, 57
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&y, is bounded in L*(0, T'; H,) uniformly in k. (58)

Notice also that u® € H implies that u, is bounded in H uniformly in  and k. This together
with (56) gives

ui(t) is bounded in V uniformly in ¢ and k. 59)
Furthermore, using (49)—(51) and (53), we can rewrite (45) for all ¢ € (t,{ , t,‘(/ +1) as
(@), ) + (CEuk (1), EP)m, + (BEur(t), Eym, = (fu (1), ¢>),}.{f+1 (60)

for every ¢ € v, Jl - The last equation leads us to write for all ¢ € (t,{ , t,f“)
1ok D151 < Ik @)l e + 1€k Ol gp + I f N1 (61)
k k

In particular, fix s € [0, T), then for every t, 1> € [s, T] with t; < t, we have
t 5]
/ | Pyt ()]} dr < [ (€@l e + 1€ Ol gz + IO dr. (62)
1 1
Using (56)—(58), and (61), there exists a constant M such that eventually passing through a

subsequence (depending on s € [0, T)), if we call v a weak limit of v; in W'2(s, T; V),
and g a weak limit of 7 = || £y (1) g, in L?(0, T), we have

n 5]
/ 1P o7 dr < Mty — 1] + / GO+ 1F DI dr, 63)
1 1

for every t1, 1, € [s, T] with 1] < 15.
Now if we fix a dense set D C [0, T'] by using a diagonal argument, we obtain a subse-
quence, not relabeled, such that

up—u weakly in W'2(0, T; V), (64)
vk—v weakly in L>(0, T; H), (65)
vr—v weakly in Wl’z(s, T; VS*) for every s € D, (66)
and
%) 5]
/ PO dr < Ml — 11| + / G+ 1FOI) dr, (67)
1 1

forevery 11,1 € [s, T] with t; < 17.
Moreover, by using the continuity of the projection maps P, it follows that (66) and (67)
become

vr—v weakly in Wl’z(s, T; V) forevery s € [0, T), (68)

and
123 n
/ P05 dt < M|ty — 1] +/ E®+1fOIF) dt, (69)
t n

forevery s € [0, T) and every t1, t; € [s, T] with t; < t. In particular,
[P0} < M+ g0 + I fFOI (70)

forevery s € [0, T) and a.e. t > s.
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By (57) it is easy to see that in fact
ue Wh>e,T; H), (71)

and this with convergence (64) gives (28).
Now we want to show

u(t) =v(t)in H forae.r € [0,T]. (72)
First of all, for 7 € (¢, 1/ ™") we have 1 (1) = v 5/ T") and so
tl{'+1 :
. i+1 . 1
i) = v = o™ = w50 = [ 1@ dr <72 C, (73)
k k lk k

where C is a uniform bound on the L2 norm of the right-hand side of (61). Then for all

1
s < t we have |lix (1) — v (@®)||F < ‘L',?C, and this together with (65) implies iy —v weakly
in L2(s, T; V) for any s € [0, T). But also ity—u weakly in L>(0, T; H) by (64). So
v(t) = u(t) in V", forevery s € [0, T) and for a.e. t € (s, T). Since v(¢) and (t) belong to
H,and H is embedded in V forevery s € [0, T'], we finally get that v(¢) = () as elements
of H fora.e.t € [0, T]. This together with (64) and (69) allows to conclude that

ue W1, T; V¥) forevery s, 1 € [0, T] with s < 7. (74)
Let g(t) :== M + g(t) + || f (1) ||} then by (70) we have
| P ()|l < g(1), (75)

for every s € [0, T) and for a.e. t > s, and we obtain (31).
Now we investigate the convergence of the constant piecewise interpolated iix. Since by
(64) uy, are Lipschitz with values in H uniformly in &, as before we get that

iix—u weakly in L>(0, T; H), (76)
and since by (56) 1y is bounded in L2(0, T; H,), we also obtain that up to subsequences
iix—u weakly in L>(0, T; V). (77)

Furthermore, note that ﬁk.(t - ) — wr(t — 1) € V; forevery t € [0, T], and by (64) we
can write for every ¢ € (t,f, t,g'H]
e

- i k . 1/2
k(@) = it = lly = lux(®) = ue@Dlly < /,. lix(o)llv dr < 7%C,
I
where C is a constant independent on k. This means that, by using also w € W1’2(0, T: H!
(22; R™)), we can write

(- — ) — Wr (- — i) —u — w weakly in L>(0, T; V). (78)

Since the linear subspace {v € L2, T;V) | v(t) € V, forae.t € [0,T]} is strongly
closed in LZ(O, T; V), itis also weakly closed in L2(0, T; V) . Therefore, u(t) € V; + w(t)
for a.e. t € [0, T]. Moreover, for every t+ € (0, T] there exists an increasing sequence
t; € [0, T] converging to ¢ such that u(t;) — w(t;) € V;, for every i. Thanks to (64) we
know that ¢ +— u(¢) — w(¢) is a strongly continuous map with values in V, and we obtain
u(t) — w(t) € V; forevery t € (0, T]. Together with the initial condition u(0) = ul e
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we obtain (29). Moreover, thanks to (74) and (75) we are in position to apply Lemma 2.14
to the function # — w and hence to deduce that for a.e. t € [0, T']

u(t+h) —u(t)
h

Now we want to show that (33) holds for a.e. r € [0, T] for every ¢ € V;. We claim that
there exists a negligible set W C [0, T] such that for s € D and for all ¢ € V, we have

(ii(1), p)s + (CEu(t), E@)m, + (BEW(t), EP), = (f (1), P)s, (80)

forevery t € (s, T\W.
To prove the claim, first we fix s € D and ¢ € Vi. Using (60) we have for a.e. t > s

(0 (1), @)s + (CEU (1), EQ)m, + (B EUK(1), EPYp, = (fi (1), P)s. 1)

Hence, we have also

—ii(t) weakly in V,* as h — 0. (79)

T
/ (ox (@), )s + (CEur (1), EP) , + BEur (1), EP)m, — (fi(1), P)s) dr = 0. (82)

By construction fx — f strongly in L2(0, T; V*). We know that vy—19 weakly in
L2%(s, T; V) by (125). Since it = v in W2(s, T; V), we also have that ii = © in
L2(s, T; V) . Using also (64) and (77), we can pass to the limit in (82) to have

T
/ (@), p)s +(CEu@), EP)h, + BEU(), EP)m, — (f (1), ¢)s) dr =0.  (83)

By (81) we deduce that the integrand in (83) is zero for a.e. t > s. Since Vj is separable, the
set Ny of t > s for which (81) does not hold can be taken independent of ¢. We set W to
be the union over s € D of the sets Ny, so that W also has measure zero. It follows that for
every s € D and for every ¢ € (s, T]\W (80) holds, and this shows the claim.

Using Lemma 2.14, it follows that for a.e. ¢ and for every ¢ € V,, there exist s; ' t with
s; € D and ¢; € Vy,, such that ¢; — ¢ strongly in V;. Now note that if # belongs also to
(0, TI\W, by our previous claim we have

(ii(t), ¢i)e + (CEu(t), E¢i)h, + BEu), Eiyn, — (f (1), di)i

= (ii(t), ¢pi)s; + (CEut), Edi)m, + BEu, Edi)m, — (f (1), gi)s; = 0. ®9
The convergence of the ¢; to ¢ gives (33).
Since by construction
fi — f strongly in L*(0, T; V*), (85)
wi — w strongly in W'2(0, T; H' ()", (36)
wg — w strongly in H for every ¢ € [0, T1, (87)
zx — L?(0, T; H) strongly in L>(0, T; H), (88)

using also (64) and (77), passing to the limit as k — oo in (54), we obtain (39) by lower
semicontinuity.

To prove (34), it is equivalent to show that there exists a set N C [0, T'] of measure zero such
that for every t; € [0, T]\N with t; — 0, we have

u(t;) — u! strongly in H (89)
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(by Remark 2.12 #(¢) is a well-defined element in H for every ¢ € [0, T']). By (28) and (39)
we have

Il + 1Eu@® e < lu' 17 + 1€ 15e +o (1), ast — 0F (90)

forevery t € [0, T]\N where N C [0, T] is a set of measure zero. Now let (#;) be such that
t; € [0, TI\N and t; — 0. By Remark 2.12, we already know that

1i(t)—1(0) weaklyin H, ast — 0T, 91)

Moreover, by (68) together with (72) we can write for a.e. ¢ € [0, T]
t t
i(t) —u(0) = / ii(t)dr = lim / Uk(t) dr = lim ve(r) —u' in V§;  (92)
0 k—o0 Jo k—o00

hence, by choosing ¢ such that (up to subsequences) v (t) — u(t) in VO* (which is possible
by (68)), we deduce that 1(0) = ul in Vi Since both 11(0) and u! are elements of H, and H
is embedded in V(;k , we deduce 11 (0) = u! in H. Therefore, the convergence (91) becomes

i(t)—u' weakly in H.

This means that (89) is equivalent to
Tim sup [|i(6) 3 < Jlu' 13- (93)

1—> 00
Since by (28) t +— Eu(t) is strongly continuous in H, we clearly have fu(t;) — Eu(0)
strongly in H,. By using the convergence (64) and a similar argument to (92) we deduce that
u(0) = u°, and hence that Eu(t;) — Eu® strongly in H,. Therefore, by using ; in inequality
(90) and passing to the limit as i — oo, we deduce exactly (93) and hence also (89). ]

Proposition 3.4 Let u be the function given by Theorem 4.2, then u satisfies condition (32)
and the energy balance (38) for every t Lebesgue point of ||u(-) ||%1.

Proof Let w be the Dirichlet boundary condition considered in Definition 3.1. We note that for
every h € (0, T) and fora.e.t € [0, T] the functions u(t) —u(t —h) —(w(t) —w(t—h)) € V;.
Hence, if we define z(#) := u(t) — w(t) we can test Eq. (33) with W and integrate
on (h, T) to get

t _ _ t _ —
/ <ii(t), 2(1) Z(r h)> e +/ <(C€u(r), Ez(1) iz(r h)> i
h T h H,

t — —
+/ <B£u(r),&(r) s h)> dr O
h Hn

h

e B e
h h . f n .

Since u € WI*Z(O, T;V)and w € W2’2(O, T,H)N W1’2(0, T; V), we take the limit as
h — 07 on both side of the previous equality

B _ t
W> dr+/ (CEu(r), £2(1))m,dt
T 0

h—07t

t
lim <ii(‘l,'),
! 95)

t

t t
+/ (B&u(r), £2(1)) b, dr =/ (f(f),i(t))rdT-Ir/ (F(1), 2(1))edr.
0 0 0
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In order to compute the limit of the first term in the left-hand side of (95), we use
Lemma 2.16 to write

/ < i), D =@ h)> dr:<d(t), z(z)—z(t—h)> _<L.l(h),z(h)—z(0)>
h h . h - h H

—/1<a(r),—2(t)_}i(r_h)> dr.
h H

Now, since 7 is a Lebesgue point of ||z(-) ||12L1 and u satisfies the initial condition (34) we have

(96)

. Looou(t) —u(t —h) . . . u(h) — u(0)
lim, <u<r), h>H = la(0)l3; and  lim <u<h), h>H = [lu" |13
Moreover, using the identity (it(7), i(v) — i(r — b))y = —1|li(t — W14+ la ()% +

%Hd(t) —u(t — h)||%1, we can write

(v) — iz — ) P Lo
/< (0), ”h>Hdr=2h [ i ar = 5 [ il o

. ©7)
. . o 2
+ E/h li(r) —u(r — h)||5 dr.

Again using condition (34) and the fact that ¢ is a Lebesgue point of ||z (-) ||%{, we can write

. BT —a(T —h) L. 1
lim <u(r), —> dr = Sl = Sl I
h—0t Jp h H
(98)
Mli(r) — i — )1, Hogr
h—>0+ 2 h
By using the regularity assumption w € W22(0, T; H), a simple calculation leads to
. Y. w(®) —w(r—h) o 1.
lim U(r), ————— ) dv = (@), w)p — (u, wO)u
h—0+ Jp h . (99)

t
- /0 (u(r), w(r))y dr.

Putting together (97) with (99), and using the fact that z = 1 — w, we can take the limit on
both sides of (96) to get

t _ _
lim <ﬁ<r>, w) v = L1l — 3l 1

h—0t Jp h
L[ li(r) —i(r = )3 1
+h1_i>rg+§/h ||M(T) M}ff )“H dT-l—E(b.l(t),U.)(t))H (100)

1 1 [
- E<u1,w(0>>H+5/ ((0), B0 dr.
0
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Putting together (95) with (100), we obtain for every Lebesgue point ¢ of ||z (-) ||%1

IR s N 1 ) — i =)
EIIM(I)IIHJrEIISM(I)IIH§+/() ”5“<’>”H,aﬁd’—,,£n3+§fh - dr

1 1
= Sl + S 1Eu N e + Wioaa a5 0, 1) + Whary (u; 0, 1).
(101)

But since we already know that u satisfies the energy inequality (39), we immediately con-
clude that both condition (32) and the energy balance (38) hold. m]

Remark 3.5 At each time r we expect that any energy increment for the solution u(¢), is due
to the external forces. By identity (101), which is true for every u satisfying (28)—(31) and
(33), the requirement (32), i.e.,

1! (e — i =%
— dr =0,
h—0t 2/;1 h t

is natural in term of energy balance: indeed, the sum of the kinetic energy plus elastic energy
plus viscous energy at time ¢ cannot exceed the amount of energy at time zero plus the work
done by the external forces in the time interval [0, 7].

Remark 3.6 Since u(t) — w(t) € V, fora.e.t € [0, T], we can use it as test function in (33)
and integrate on (0, ¢) to obtain

L 1 ro
/0 (ii(0), i(D)e dT + S Eu e + /0 |€i(D) 35 de
1
= 18 I%e + Wioaa (ws 0, £) + Whary (43 0, 1).

Comparing this last identity with the energy balance (38), we have for a.e. r € (0, T') that
1 . 2 1 112 ! . .
SlaOlly — slully = | (i), u(r)): dr,
2 2 0
and since T > (ii(7), it(t)); € L'(0, T) we deduce that [|a() |3, € W10, T).
Putting together Theorem 3.2 and Proposition 3.4, we deduce the existence of a solution
u to the damped system of elastodynamics. Moreover, using (101) we can also obtain the
uniqueness of weak solutions considered in Definition 3.1. This is the content of the next

theorem.

Theorem 3.7 (Existence and uniqueness) Under hypothesis of Theorem 3.2, there exists a
unique solution u considered in Definition 3.1. Moreover, u satisfies the energy balance

I | I O T
Ellu(t)lly+5||5M(t)||an+§ A E”‘S’M(T)”H’J? dr
(102)

1 1
= Sl 1+ S 18 e + Wioaa(u 0. 2) + Whary (3 0.1)

forae. t €[0,T].
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Proof The existence of a solution satisfying (102) is simply a consequence of Theorem 3.2
and Proposition 3.4.

To show uniqueness, we notice that (28)—(33) are all preserved under linear combinations.
Therefore, the difference v between two solutions is a solution with Dirichlet and Neumann
homogeneous conditions, with forcing term f = 0, and satisfying v(0) = 0 and

R B
lim — | [0} dr = 0.
h Jo

h—0t

Moreover, using the same argument as in Proposition 3.4, since (32) holds for v, we have

1 . 5 1 5 1 11 . 5

S 1OI + S IEn®le + 5 [ 51815, dr =0,
for a.e. t € [0, T]. Therefore, v(t) = 0 a.e. on [0, T]. Since v € W10, T; H) and
v(0) = 0, we conclude v(r) = 0a.e.on [0, T]. ]

Finally, one can also prove that the energy balance (38) holds for every ¢ € [0, T] and
that the map ¢ +— u(¢) is strongly continuous in H. For the proof of this result we refer to
[7, Lemma 3.10].

Proposition 3.8 Under the assumptions of Theorem 3.2, let u be the weak solution of the
damped wave equation considered in Definition (3.1), with initial conditions u(0) = u° and
(34) . Then t — u(t) is continuous from [0, T] to H and the energy balance (38) holds for
everyt € [0, T].

4 The undamped system of elastodynamics

In this section, we study weak solutions of the undamped system of elastodynamics
ii(t) —div[CEu()] = f (). (103)
As for the damped case, we give the definition of weak solution.

Definition 4.1 Assume (a), (b), (¢) and (d). With the notation introduced in Sect. 2, let f €
W20, T; V), letw € W22(0, T; H)NWL2(0, T; H'(Q)") andlet F € W'2(0, T; No)
where ® is the function relative to the crack set I' given by Theorem 2.5 . We say that u is
a weak solution of (1) on the time dependent domain # — Q\I'(#) with Dirichlet boundary
condition w(¢) on dp<2, Neumann boundary condition F(¢) on dy<€2, and homogeneous
Neumann boundary condition on I'(¢), if

ue L®0,T; V)N W™, T; H). (104)
Foreveryt € [0, T]u(t) — w(t) € V;. (105)
Forevery s € [0, T)u € W>%(s, T; V") and (106)
| Psrii ()|l < g(¢) forae.t € (s, T), forsome g € LZ(O, T). 107)

Forae.t € [0, T]

(ii(1), ¢}t + (CEu@®), EP)m, — (F (1), Tr())e = (f (1), ¢):, forevery ¢ € V;
where ii() is the one given by Definition 2.15. (108)
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Given u® € V such that u® — w(0) € Vpand u! € H, since 1 — u(7) is strongly continuous
in H the initial value for u is well defined as element of H. Moreover, we are able to prescribe
the initial conditions, respectively, for £u(0) and (0) by asking

hli%l+ % /Oh I€u(t) — Eu®F, dr =0, (109)
and
lim I/h li(r) — u'||3, dr = 0. (110)
=0+ h Jo

Since in this case #(¢) is in general only an element of H, we need to consider also a
weakened formulation of the work due to the Neumann boundary conditions. More precisely,
the term appearing in the work due to the boundary forces Whqry (u; t1, £2), which in the
damped case read as

o)
/ (F(t), u(t))e dt,
1

becomes

1)

(F(2),u(n))e — (F(1),u(n))e —/ (F(0), u())edr, (111

4l

for every time interval [#1, t2] C [0, T'].
The following is the main result.

Theorem 4.2 Assume (a), (b), (c) and (d). Let f, w and F be as in Definition 4.1. Then, given
two initial conditions u® € V such that u® — w(0) € Vo and u' € H, there exists a solution
u of (1) with initial conditions (109) and (110). Moreover, u satisfies the energy inequality

1 . 1 1 1
SO + S1Eu@ e < St + S 18l e + Wioaa (45 0, 1) + Whary (3 0, )
(112)
forae. t €[0,T].

Proof Since the argument is similar to the one given for Theorem 4.2, we simply give a
sketch of the proof. ‘ .
For k € N, we set ty := T /k and t]f = jtx. For j = 1, 2,..., k we define fkj € V*and

w] € H'(Q)" by

=1, wl=w@), (113)
using that [ € w2, T: V*)and w € WI*Z(O, T; Hl(Q)"), so f and w are Well—deﬁ_ned
elements of V* and H' ()", respectively, for every ¢ € [0, T]. Inductively, we define u,]( for
j=-—1,0,..., k by the following

0 0 -1 0

g :=u, U =u —rku]; (114)
then, for j =0, 1, ..., k — 1, the function u,{“ is the minimizer in V11 + wj of
k
u—ul u,j{ - u,](_1 2 ) i
u = - +l€ullye —2(f;, u) j+1. (115)
Tk H n k
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Then if we define uy, itg, wi, Wi, vk, and zx as in (49)—(53), then proceeding exactly as in 3.2,
we deduce the following bounds

Euy(t) and Euy (1) are bounded in H, uniformly in ¢ and &, (116)
iy (t) and vy (¢) are bounded in H uniformly in ¢ and k, (117)
ui (¢) is bounded in V uniformly in ¢ and k. (118)
Furthermore, using the Euler equation for u,{“ , we can write for all r € (t,{ s t,‘(j +])
(), ) + (CEur(t), EQ)m, = {fi(t), ¢)fi+] (119)
for every ¢ € Vt j+1 . The last equation leads us to write for all ¢ € (t,'(j , t]{ +1)
k
1ok O30 < 1€k e + 1O (120)
k k
In particular, fix s € [0, T'), then for every 1, t, € [s, T] with #; < t, we have
) 5]
/ | Pse o (01§ dt < / (€Ol ge + L fe@OIF) de. (121)
11 1
Again following exactly 3.2, we deduce that up to subsequences
up—u, weakly in W'2(0, T; H), (122)
iix—u, weakly in L*(0, T; V), (123)
vk—v weakly in L>(0, T; H), (124)
vp—v weakly in W12(s, T; V). (125)

Moreover, u € L0, T; V)N W0, T; H), i(t) = v(r) a.e. on [0, T], and
| Pyii()|l7 < M+ | £, (126)

forevery s € [0, T) and for a.e. t > s.

Now the proof that u is a solution, and that satisfies the energy inequality (112) proceeds
as in the damped case. Finally, it remains to prove that u satisfies the initial conditions (109)
(110). It is enough to show that there exists a set N C [0, T'] of measure zero such that for
every t; € [0, T]\N with t; — 0, we have

u(t;) — u' strongly in H, 127)

and
Eu(t;) — Eu® strongly in H,. (128)
Again this can be achieved following a similar argument to the damped case. O
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