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Abstract

£-submanifold in the Euclidean space R™T7 is a natural extension of the concept of self-
shrinker to the mean curvature flow in R”*7_ It is also a generalization of the A-hypersurface
defined by Q.-M. Cheng et al to arbitrary codimensions. In this paper, some characteriza-
tions for £-submanifolds are established. First, it is shown that a submanifold in R"*7 is a
&-submanifold if and only if its modified mean curvature is parallel when viewed as a subman-
ifold in the Gaussian space (R””” , e_%p‘ ? (- +) ); then, two generalized weighted volume
functionals Vg and Vg are defined and it is proved that £ -submanifolds can be characterized as
the critical points of these two functionals; also, the corresponding second variation formulas
are computed. Finally, we introduce the V P-variations and the corresponding W -stability
for £-submanifolds which are then systematically studied. As the main result, it is proved
that m-planes are the only complete, W-stable and properly immersed &-submanifolds with
flat normal bundle.
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1 Introduction

Let x : M™ — R™P be an m-dimensional submanifold in the (m + p)-dimensional
Euclidean space R” "7 with the second fundamental form /. Then, x is called a self-shrinker
to the mean curvature flow if its mean curvature vector field H := tr &k satisfies

H+xt=0, (1.1)

where x is the orthogonal projection of the position vector x to the normal space T+M"™
of x.

It is well known that the self-shrinker plays an important role in the study of the mean
curvature flow. In fact, self-shrinkers correspond to self-shrinking solutions to the mean
curvature flow and describe all possible Type I singularities of the flow. Up to now, there
have been a plenty of research papers on self-shrinkers and on the asymptotic behavior of the
flow. For details of this see, for example, [1-6,8,12—17,19-24,28] and references therein. In
particular, the following result is well known (see Corollary 3.2 in Sect. 3):

An immersion x : M™ — R™ VP js a self-shrinker if and only if it is minimal when viewed

2
as a submanifold of the Gaussian space (R"7 e -5 (CRO)N

In March, 2014, Cheng and Wei formally introduced ([9], finally revised in May, 2015)
the definition of A-hypersurface of weighted volume-preserving mean curvature flow in
Euclidean space, giving a natural generalization of self-shrinkers in the hypersurface case.
According to [9], a hypersurface x : M™ — R”*! is called a A-hypersurface if its (scalar-
valued) mean curvature H satisfies

H+(x,N)=x (1.2)

for some constant A, where N is the unit normal vector of x. They also found some variational
characterizations for those new kind of hypersurfaces, proving that a hypersurface x is a A-
hypersurface if and only if it is the critical point of the weighted area functional A preserving
the weighted volume functional V where for any xo € R"*! and 1 € R,

lx(n)—xg|?

[x(t)—xp[?
A(t)=/ e T dp, V(z)=/ (x(t) —x0, N) e~ %0 dp.
M M

Meanwhile, some rigidity or classification results for A-hypersurfaces are obtained, for exam-
ple, in [7,10] and [18]; for the rigidity theorems for space-like A-hypersurfaces, see [26].
We should remark that this kind of hypersurfaces was also studied in [27] (arXiv preprint:
Jul. 2013; formally published in 2015) where the authors considered the stable, two-sided,
smooth, properly immersed solutions to the Gaussian Isoperimetric Problem, namely they
studied hypersurfaces ¥ C R”*! that are second order stable critical points of minimizing
the weighted area functional A, (X) = fz e~/ 4d.AM for compact (uniformly) normal

variations that, in a sense, “preserve the weighted volume V(L) =[5 eI/ v, It
turned out that the A-hypersurface equation (1.2) is exactly the Euler-Lagrange equation of
the variation problem in [27] of which a main result can be restated as

Hyperplanes are the only two-sided, complete and properly immersed A-hypersurfaces in
the Euclidean space that are stable under the compact normal variations “preserving the
weighted volume” .

In 2015, the first author and his co-author made in [25] a natural generalization of both
self-shrinkers and A-hypersurfaces by introducing the concept of &-submanifolds and, as the
main result, a rigidity theorem for Lagrangian &£-submanifolds in C? is proved, which is
motivated by a result of [23] for Lagrangian self-shrinkers in C2. By definition, an immersed
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submanifold x : M™ — R™TP is called a £-submanifold if there is a parallel normal vector
field & such that the mean curvature vector field H satisfies

H+xt =¢. (1.3)

We believe that if self-shrinkers and A-hypersurfaces are taken to be parallel to minimal
submanifolds and constant mean curvature hypersurfaces, respectively, then &-submanifolds
are expected to be parallel to submanifolds of parallel mean curvature vector. So there should
be many properties of &£-submanifolds that are parallel to those of submanifolds with parallel
mean curvature vectors.

In this paper, we aim at giving more characterizations of the &-submanifolds, including
ones by variation method, the latter being more important since a differential equation usually
needs a variational method to solve. For example, self-shrinker equation (1.1) has been
exploited a lot by making use of variation formulas. As the main part of this paper, we shall
systematically study the relevant stability problems for &-submanifolds, paying a particular
attention on the V P-variations and the relevant W-stability.

Now, beside the various characterizations of the &-submanifolds and some instability
results, the main theorem of this paper can be stated as

Theorem 1.1 (Theorem 7.3). Let x : M™ — R™*P be a complete and properly immersed
& -submanifold with flat normal bundle. Then, x is W-stable if and only if x(M™) is an
m-plane.

Clearly, Theorem 1.1 generalizes the main theorem for hypersurfaces in [27] which has
been stated earlier.
The following uniqueness conclusion for self-shrinkers is direct from Theorem 1.1:

Corollary 1.2 Any complete, W-stable and properly immersed self-shrinker in R™*P with
flat normal bundle must be an m-plane passing the origin.

The organization of the present paper is as follows:

In Sect. 2, we present the necessary preliminary material, including some typical examples;

In Sect. 3, we prove a theorem (Theorem 3.1) which generalizes (to £-submanifolds) a
well-known result that self-shrinkers are equivalent to minimal submanifolds in the Gaussian
space;

In Sect. 4, we introduce, for a given manifold M™ of dimension m, two families of
weighted volume functionals Vg and Vg in (4.1) parametrized by R™*7-valued functions
£ : M™ — R™P Then we compute the first variation formulas (Theorem 4.1) which
give that §-submanifolds are exactly the critical points of Vg and \75 with & suitably chosen
(Corollary 4.2). We also compute the second variation formula of both functionals for &-
submanifolds (Theorem 4.3), in such a situation Vi and V being essential the same.

In Sects. 5 and 6, we study the stability problem of &-submanifolds. After checking
that, with respect to the functional Vg or \_/g, many &-submanifolds including all the typical
examples are not stable in the usual sense (Sect. 5), we define in Sect. 6 a special kind
of variation for submanifolds of higher codimension, called “V P-variation,” which is a
natural generalization of “volume-preserving variation” for hypersurfaces. Accordingly, we
introduce “the W -stability” with respect to Vi or Vg for higher codimensional submanifolds
and then show that, among the typical examples given in Sect. 2, only the m-planes are
We-stable (Theorem 6.1 and Theorem 6.2). In particular, we give an index estimate for the
standard sphere (Theorem 6.2).

@ Springer



1494 X.Li, Z.Li

Finally, in the last section (Sect. 7), we consider the V P-variation of the standard weighted
volume functional V,, = Vj which corresponds to a special case, i.e., & = 0, of the functional
Ve or \_/g defined in Sect. 4, and study the W-stability (i.e., Wy-stability, see Definition 7.1)
for £-submanifolds. As the result, we first characterize &£-submanifolds as critical points of
Vy under V P-variations (Corollary 7.2, corresponding to the conventional extremal points
with conditions) and then prove our main Theorem (Theorem 1.1).

Remark 1.1 Our discussion of variation problem for &-submanifolds naturally gives a new
motivation of variational characterization of the submanifolds with parallel mean curvature
vectors in the Euclidean space R 17 (see Remark 4.3 at the end of Sect. 4).

Remark 1.2 Related to the present paper, it seems natural and interesting to characterize &-
submanifolds in terms of their Gauss map, just like in the study of submanifolds in R”*7
with parallel mean curvature vectors. We shall deal this kind of problems later in the sequel.

2 é-submanifolds-definition and typical examples

Let R™*7 be the (m + p)-dimensional Euclidean space with the standard metric (-, -) and
the standard connection D. Let x : M — R™1P be an immersion with the induced metric
g, the second fundamental form / and the mean curvature vector H := tr zh. Denote by T M
the tangent space of M with the Levi-Civita connection V, and define TiM = (x.(TM ))l
to be the normal space of x in R”*7 with the normal connection D

Definition 2.1 (£-submanifolds, [25]). The immersed submanifold x : M™ — R™*P is
called a &-submanifold if the normal vector field

£:=H+x"* 2.1
is parallel in 7--M, namely D& = 0.

So, self-shrinkers of the mean curvature flow are a special kind of &-submanifolds with
&E=0.
The following are some typical examples of &£-submanifolds:

Example 2.1 (The &-curves).
Letx : (a, b) — R!*P be aunit-speed smooth curve (that is, with an arc-length parameter
s). Denote by {T', ey : 2 < a < 1+ p} the Frenet frame with T := x = 3—? being the unit

tangent vector, and k; the i-th curvature, i = 1, ..., p. Then, we have the following Frenet
formula:
T =«kiez, é2=—ki1T +K2e3, -+, ép = —kp_1€p_1 +Kkpepi1, é14p = —kpep(2.2)

In particular, if there exists some i such that x; = 0, then it must hold that «; = 0 for all
j > i.Sometimes we call k := k1 and 7 := k> the curvature and the (first) torsion of x. Now

the definition Eq. (2.1) becomes (d% (T +x—(x,T) T))J‘ = 0 which, by (2.2), is equivalent
to

ki —k1{x, TY =0, kikp=0. 2.3)

It follows that
x is a &-curve if and only if it is a plane curve with the curvature k satisfying

K — K (x, %) =0. 2.4)
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In particular,
x is a self-shrinker if and only if it is a plane curve with the curvature k satisfying

Kkr + {(x, N) =0, 2.5)

where «, is the relative curvature and N := =e is the unit normal of x pointing the left of
T. Note that curves in the plane satisfying (2.5) are classified by U. Abresch and J. Langer
in [1] which are now known as Abresch—Langer curves (see [23]).

Example 2.2 (The m-planes not necessarily passing through the origin).

An m-plane x : P" — R™P (p > 0) is by definition the inclusion map of a m-
dimensional connected, complete and totally geodesic submanifold of R”*7_ In other words,
those P™s are subplanes of dimension m in R™*P that are not necessarily passing through
the origin. Let pg be the orthogonal projection of the origin 0 onto P™ and £ be the position
vector of pg which is constant and is thus parallel along P™. Clearly P™ is a &-submanifold
because H = 0 and the tangential part x | of x is precisely x — £.

Example 2.3 (The standard spheres centered at the origin).
For a given point xg € R”*! and a positive number r. Define

§™(r, x0) = {x € R™™ |x — xo| =1},

the standard m-sphere in R™+! with radius r and center x¢. In particular, we denote S (r) :=
S§™(r, 0). It is easily found that S (r, xo) is a £-submanifold if and only if xo = 0.
In fact, since x — x¢ is a normal vector field of length r, the normal part xt of xis

N 1
X =r—2(x,x—x0)(x—x0).
Note that H = —r% x — xo) is parallel. It follows that H + x= is parallel if and only if x*

is. This is clearly equivalent to that (x, dx) = 0 which is true if and only if xg = 0.

Example 2.4 (Submanifolds in a sphere with parallel mean curvature vector).

Letx : M™ — §"™+P(q) ¢ R™*P*! be a submanifold in the standard sphere $"*7 (a) of
radius @, which is of parallel mean curvature vector H. Then, as a submanifold of R”+7+1,
x is a £-submanifold.

In fact, as the sgbmanifold of R"*+P+! the mean curvature vector of x is H = Ax = H —
;%x. Thus, & := H+x+=H+(— ;”—z)x which is clearly parallel. In particular, x(M™) C
R+ is a self-shrinker if and only if x(M™) C $™P(a) is a minimal submanifold.

Example 2.5 (The product of &-submanifolds).

Let x, : MM« — R™atPa g = 1,2, be two immersed submanifolds. Denote m =
myp +my, p = p1 + pp and M™ = M™ x M™2, Then, it is not hard to show that x :=
X| X X3 : M™ — R™7P s a £-submanifold if and only if both x| and x; are £-submanifolds.

In particular, for any given positive numbers rq,...,r; (kK > 0), positive integers
mi,...,mg,ny,...,n; (1 >0,k+1>0)andn > ny + -- -+ ny, the embedding
X S™(r) X oo x STR(rg) X P X e x P — RMIEmictkdn (2.6)

are all £-submanifolds.

Remark 2.1 Apart from these typical examples of &-submanifolds given above, there should
certainly be other nonstandard examples. In particular, we have the so-called A-torus con-
structed by Q.-M. Cheng and G. X. Wei in [11], which is among a general class of rotational
A-hypersurfaces. Precisely, we have
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Theorem 2.1 ([11]). For any m > 2 and A > 0, there exists an embedded rotational -
hypersurface x : M™ — R™ 1 \which has the topology of the torus S' x S"~1.

It would be interesting if one can construct similar £ -submanifolds with certain symmetry.

3 As submanifolds of the Gaussian space

As mentioned in the introduction, m-dimensional self-shrinkers of the mean curvature
flow in the Euclidean space R"™*? = (R™*P (., .)) is equivalent to being minimal sub-

manifolds when viewed as submanifolds in the Gaussian metric space (R™*7, g) where
_ _k2 . . . . . .
g = e m (-, -). In this section, we generalize this to £-submanifolds to obtain our first

characterization. In fact, we will prove a theorem which says that £-submanifolds are essen-
tially equivalent to being submanifolds of parallel mean curvature in (R"*7, g).

For an immersion x : M™ — R™*P_ we use (~--) to denote geometric quantities when
x is taken as an immersion into (R™*7, g) that correspond those quantities (- - - ) when x is
taken as an immersion into (R™*7, (-, -)). So, for example, we have the induced metric g, the
second fundamental form 7 and the mean curvature H, etc. To make things more clear, we
would like to introduce a “modified mean curvature” for the immersion x, which is defined

~ 7% _
as H = e~ 2n H. Then, we have

Theorem 3.1 (The first characterization).Alz immersionx : M™ — R™TP is a & -submanifold
if and only if its modified mean curvature H is parallel.

Proof Denote by D the Levi-Civita connections of (R™*7, g). For any given frame field
{fea; A=1,2---,m+ p},the corresponding connection coefficients of the standard connec-
tion D and D are, respectlvely, denoted by FCB and FCB withA, B,C,...=1,2,...m+p.
Then by the Koszul formula, we find

- 1
[p = T5s+ - (s e0)gang™ — g(x. en)sf — glx.ep)sS) . (D)

or equivalently,

_ 1
D,ges = Dogea + %(gABX —g(x,ea)ep — g(x,eplea). (3.2)

Now given an immersion x : M™ — R™"P the induced metric on M™ by x of the
ambient metric g will still be denoted by g. Choose a frame field {e;, e, } along x such that e;,
i=1,2,...,m,aretangentto M" and ey, =m + 1, ..., m + p are normal to x, (T M"™)
satisfying (ea, e,g) = g(ey, eg) = d4p. Then by the Gauss formula and (3.1) or (3.2), we find
the relation between the second fundamental forms / and / is as follows:

_ 1
hij = h(ei, ej) = (D, e)” =hij + —x Lgij (3.3)
where h;j = h(e;, ej) = (De i e,-)J'. It follows that the mean curvature vectors satisfy

c._ |2
A=glhy=en (H+xb). (3.4)

~ 2 -
Now we compute the covariant derivative of the modified mean curvature H = e~ S A
with respect to the normal connection D-. First we note that, since g is conformal to (-, -)
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on R"™*P {e,} which satisfies (ea, eﬁ) = 8qup remains a normal frame field of x considered
as the immersion into (R™*7, g), not orthonormal anymore. Thus, we can write

~ ~ ~ .’Cz
H=Y H%, with H* = (H* + (x, e))
where H = ) H%¢,. Note that by (3.1),
_ 1 .
Tg =Tg — - (x,e) 85, Va,p,i.
It follows that, foreachae =m + 1,...,m + p,
- ~\ ~ ~ —
(Djl_H) = e;(H*) + AT,
12 12
=ei(e )(H* + (x, eq)) + e 27 (e; (HY) + e (x, €4))
12 1
S  +freg) (1 = o e )
Jx[?
=ewm (e;(H*) 4+ ¢; {x, eq) + Hﬁrgi + <x, eﬂ>F§i)
x2
= ¢ (DE(H +x1)°,

where DL, DL denote the induced normal connections accordingly. Thus, Theorem 3.1 is
proved. O

The following conclusion is direct by (3.4):

Corollary 3.2 An immersion x : M™ — R™¥P is a self-shrinker if and only if it is minimal
when viewed as a submanifold of the Gaussian space (R™*P g).

4 Variational characterizations

In this section, we first define two functionals and derive the corresponding first and second
variation formulas, aiming to establish variational characterizations of the &£-submanifolds.
For a given manifold M = M™ of dimension m, define

M := {all the immersions x : M — R™*P}

and let £ : M™ — R™P be a vector-valued function on the manifold M ™. Then, we can
naturally introduce, as follows, two kinds of interesting functionals V: and V¢ on M which
are parametrized by &:

Ve (x) :=f e xav,, Vg(x):/ e v, xeM, (4.1)
M M

where for any p € M™, fi(p) := 31x(p) — (), fu(p) = fe(p) — 51€(p)|* and dVy is
the volume element of the induced metric gy of x.

Remark 4.1 (1) These two functionals Vg and Vg are both of weighted volumes in a sense

. . _Li_gp2 .
since, for example, the weighted volume element e 3=l dV, corresponding to the first
one can be viewed as induced from an unnormalized “general Gaussian measure” on the
ambient Euclidean space R" 7 with “mean” . Note that when £ is constant as in the case
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1498 X.Li, Z.Li

m+p

of m-planes, (ﬁ) e~ /xdVgm+, is nothing but the usual generalized Gaussian measure
with the mean & (and the variance o2 = 1)!; meanwhile, the functional Vg is clearly a new
weighted volume obtained from V¢ by just adding a new weight 26, Also, the weight
function e~/* or ¢~/* naturally has a close relation with the definition of the Hermitian
Polynomials (see, for example, [14] and [15]). These polynomials will also be used later in
our stability discussion in Sect. 5.

(2) All of the typical &-submanifolds (that is, m-planes P™, standard m-sPheres S™(r))
and their products (2.6) have finite values for both the functionals Vg and Vg, where £ is
chosen to be H + x=.

Now let x € M be fixed with the induced Riemannian metric g := x* (-, -) and sup-
pose that F : M x (—&,&) — R™7 is a variation of x with  := F*(a%)ltzo being the
corresponding variation vector field. For p € M, t € (—e¢, ¢), denote

IF d OF 3 9
x(p) = F(p,1), — =Fs < ) ; = Fu(3 7) = (s <3—>

at or) oul ul

where (u') is a local coordinates on M. We always assume that, for each t € (—¢, ¢),
X; : M™ — R™*P is an immersion, that is, x; € M, t € (—¢, &).

Definition 4.1 (Compact variation). A variation F : M x (—¢, &) — R™¥7 is called com-
pactly supported, or simply compact, if there exists a relatively compact open domain B such
that, for each ¢t € (—e¢, ¢), the support set {p € M™; %(p) # 0} of the vector field % is
contained in B.

Denote f; = fy,, fr = fx, and

Fo(Tl(M )) = {all smooth normal vector fields  of x with compact support}.

Theorem 4.1 (The first variation formula). Let F be a compact variation of x. Then,

1 IF
Vi) = —f <(Ht +x—H+V ((xt,s> - 5|s|2> : 8—>e—ffdvz, 4.2)
M t
— aF -
Vi) = - /M <(Ht Fxt =6+ V (0, ), §>e-ﬁdv,, 4.3)

where Hy is the mean curvature vector of the immersion x;, V' is the gradient operator of
the induced metric g,, and dV; = dV,,.
In particular, if F is a normal variation of x, that is, n € Do(T+(M)), then

V/(0) = —f (H + 5= =), n)eoav, 4.4)
M

VL(0) = —f ((H +xt —§), n>e_f_°dV. (4.5)
M

I See the explanation in Wikipedia, the free encyclopedia under the title “Gaussian measure”.
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Proof From now on, we shall always write f for f, or f; in the computation. It is well known

that
) AF\ " aF
—dv, = (div(—) —(H, =—)]avV,
at at at

i |OF OF OF
= gt Ty A - Ht,i th
oul’ 3t |) ot

Furthermore

Thus by using the divergence theorem, we find
d d d
() = -f - -f -f
Vg(t)_/Ma[ (e dv,)_fM<ate )th—i-e ath,)
oF i [0F OF oF
= / —e S (x —&, —) e/ g’ =, — —(H;, — dv;
M at du' ot ; ot
2
oF ii 0 1 oF OF ,
=— H, L_E — R E) — =g -, — ~Jav,
/M(< i X —§ 3t>+gt ) ((xt ) 2|§"| EAREY: e t

- —/ (<<Ht IR ((x,,s> - l|&|2) , B—F>) el av,,
M 2 ot

which gives (4.2). The other formula (4.3) is derived in the same way. ]

Corollary 4.2 (Variational characterizations). An immersion x € M is a &-submanifold if
and only if there exists a parallel normal vector field § € [(T+M) such that x is the critical
point of both the functionals Vg, Vg for all the compact normal variations of x.

To find the second variational formulas, we suppose that x is a £-submanifold, that is,
H+xt =¢, where £ isa parallel normal vector of x. In particular, |& |2 is a constant. Note
that in this case, the two functionals Ve and \_/g are essentially the same. So in what follows
we only need to consider V.

Suppose that F is a compact normal variation of x. Then from (4.2), we have

or
Vi) =- fM <D, ((Hi+x5" =)+ V' (0.8)) §> li=oe™/aV

oF
—/ <Vf (x;, &), Di—>|t=oe—fdv
M 3 Ot

=_fM<D% ((Hz +x -6+ V! (x,,g)) li—o0, ,7>e—fdv

- / <V (x,§), D1E|z=o>e_fdv. (4.6)
M at

o
Since
g 9 9 iy F d
H =@)hi| —,— )= (gz)l] Dy — — (xt)*vta rerl B
du'  du’ ol out
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we have

. a a oF a
D% H; = g(gz)uhz <8 o J> + (&) de (D o— — (x):V', 7) N CN))

oul 8” {)M/a
On the other hand,
3( )ij | — _ ( )lk( )Jl Bi IF + ai D Bl |
gr &V ) li=0= 87 @)\ Do o g | T\ gk P gt | ) ) =0
Lgikgit (L [PF OF\ _(OF [ 9F\Y
8\ uk \or ol o swaul|) 0
it (2 (IF D\ _[OF [ OF\)
8 \oul \or* ok ot o ouk )70
L 9 d L a9
— oik,Jl h(—  — ik jl h(— —
g8 <(auk’aul)’">+g g <(aul’auk)’">’

and by the flatness of R 7,

p.p. oF | DD 8F+D 8F|
dr 33} au’to_ ud aai [3i %]8’ =0

u
=D, (D4 o (4,2
= ﬁ ﬁﬂ * " oul
=DY Dhn—h <i»»An <i>)

ol ol oul ou!

3 3
o (ADia.nauf) o (V* (%*))
dul

where A, is the Weingarten operator of x with respect to the variation vector 7. Moreover.
((X)V’ a)I D ((F)k(X) a)I
0= {; L. _— =0
t)x (m/a =l t)ij t*auk t

Bl oF
_ k k
= 5((Ft)ij)|t=ox*a T T F d@ (W) lr=0

3 ‘ 3
= 5((Ft)ij)|t=0x*7

3uk+DV

a_n.
e
dul

R 0 0 J d
) =28"%g (h [ —, —). hl —,—1.1n),
0 ”> &8 < (auk aul) ">< (au' au-/) ”>

(4.8)
g oF . B ad
ij ) ) —_ ol L Lo _
g <D%Dﬁ ot =0 =8 <<D8;%Da%n h (auf’A” (aw‘))’n»’ (4.9)
, 9 ,
gl] <<D% <(xl)* V% 314’) |I=07 7]>> = L <DJV_ s Lrh T]> .

9
R
aud "

It then follows that

d ij d d
- h —
<8t(gt) t(8’78u>|l

(4.10)
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Hence,
<D1Hz|t=07 77>=<g (DL D4 N ) >
o ol Bul a
o d ad
ik jl h _
e o (g ) ><(a ) )
o 3 Bl
k

:<A11l/177,77>+g’ g’< (7,( f,> >< <8u’ ﬁ)n>
= (A,{,In + &% g/ (hij, n) hu, 77>,

where h;; _h( T auj

(Dw# ~ )li=0. n) =(Dsxilizo— Dy ) lizo. 1)

at ot ot
=(n,n — ()'JX8F8F|
=mnn 8t s oul | oui t=0,1
= (n.n) — (Dﬂn, n)=(n,n) — <Djrn, n>-

Therefore,

Do (H +x— ), 2F = (A3 — D5+ g% g/ (hij, n) hu +
2 (Hi + x; S,at li=0 = {Ayn g g’ (hij, )b + 1,1
Meanwhile,

T or
(D (V" (3, )0, n) = <<g,)'f o (6. 6) Dy ol n>

9
<guw (x, €) Daa7n, 77> = <Dé(x,‘é)’7’ '7>

1
<DAE (XT)ns 77>

since & is parallel along x.
By summing up, we have proved the following second variation formulas for &-
submanifolds:

Theorem4.3 Let x : M™ — R™VP be a &-submanifold. Then for any compact normal
variation F : M™ x (—¢, &) — R™ P we have

Vi == [ (50 = D omyn+ ™ (g 1)
oF _f
+ V(x,5>,Da@§|t=o e /dVv, 4.11)
Ve (0) = — fM ((Am) = D oy 8787 hij n) hua n>
F -7
+ V(x,s>,Da@§|t=o e /dV. (4.12)
In order to simplify the second variation formulas, we introduce the following definition:
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Definition 4.2 (SN-variation). A variation F : M™ x (—¢&, &) — R™*P of an immersion
92F

X : M™ — R™TP ig called specially normal (or simply SN) if it is normal and 5 li=0=0.

Remark 4.2 The introduction of the SN -variation is based on the observation that the Hessian
Hess(f) at a given point p of a smooth function f on a Riemannian manifold N, p € N, is
determined only by those local values of f along the simplest curves y passing through the
point p. For example, if we choose y to be geodesic ones, then the second derivatives can be
computed as

2

pTs) (f (7)) = Hess(/)([7'(0), 7'(0)),
=0

implying that f is (semi-)convex at p if and only if j—tzz o (f(y)) = 0 for all of these
t=
geodesics y .

Clearly, for any n € T'(T-M), SN-variations with variation vector field 7 always exist in
our present case. For example, we can choose

F(p,t) =x(p) + ¥ (®)n(p), V(p,t) € M" x (—¢,¢)
where ¥ is any smooth function satisfying 1 (0) = " (0) = 0, ¥'(0) = 1.

Corollary 4.4 (The simplified second variation formulas). Let x : M™ — R™¥P pe q &-
submanifold. Then for any compact SN-variation F : M™ x (—e, &) — R™P it holds
that

Vi) =- fM ((@f = D oy + D+ 8% (g ) s} e av, @.13)
70 = - /M (@1 = Dy oy + Un+ g™ (i n) .} )e™Tav. @14)

Remark 4.3 From the above discussion, one may naturally think of the variational character-
ization of the usual submanifolds with parallel mean curvature vector in the Euclidean space.
In fact, our computations and argument in this section essentially apply to this situation. For
example, a suitable functional Vg may be defined by

V5=/ eEdv,, VxeM
M

and the first variation formula of \75 is given in the following

Proposition 4.5 Let x € M be fixed and & : M™ — R™TP be a smooth map. Suppose that
F is a compact variation of x. Then

~ oF
Vi) = —/ <<H, -6+ V' (x,8), a—}e“-“dvz. (4.15)
M t
In particular, if F is a normal variation of x, then
V/(0) = —/ (H—¢&,n)e™8av. (4.16)
M
Corollary 4.6 An immersion x € M has a parallel mean curvature vector if and only if there

exists a parallel normal vector field § € (T M) such that x is the critical point of the
functional V¢ for all the compact normal variations of x.
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Accordingly, the second variation formula for a submanifold x : M™ — R™"7 with
parallel mean curvature vector H = £ may be described as

Theorem 4.7 Letx : M™ — R™ P be an immersed submanifold with parallel mean curva-
ture H. Then for any compact normal variation F : M™ x (—e, &) — R™ P we have

~ 7 oF
VH 0)=- /M (<Ab(n) + Dé(x’[ﬂnv 77> + |A7]|2 + <V (x, H), D% §|z:0>> e(X’H)dV.
(4.17)

5 The instabilities of the typical examples

The most natural stability definition to the functional V¢ is as follows:

Definition 5.1 A &-submanifold x : M™ — R™*P is called stable if V¢ (x) < +o0 and for
every compact SN-variation F : M™ x (—&, &) — R™¥P of x it holds that VEN (0) > 0 or,

equivalently, V/(0) > 0.

In this section, we shall show that, as £-submanifolds, all the typical examples given in
Sect. 2 are not stable in the sense of Definition 5.1. o
Write the second fundamental form 4 of x locally as h = h;j0'w/ = h;’} eq With respect

to an orthonormal tangent frame field {¢;; 1 < i < m} with dual {»'} and an orthonormal
normal frame field {e,; m + 1 < « < m + p}, and denote

L=0yn =Dy my L= Loa(hig Jhij+ 1. L=y = Vo a6my 6D

where Ai]m, Ay are Laplacians on T-M™, TM™, respectively, and sometimes we shall
omit the subscript “»” if no confusion is made. It follows that

01 ) = — fM (L), m)e'av, (5.2)
and that, for any parallel normal vector field N,
L(N) = N + (hij, N)hij. (5.3)
Lemma 5.1
L(gn) = (Lo)n+ L) +2Dgyn, ¢ € C°(M™), n e T(T+M™). (54

Proof We compute directly
L(gn) = A (@n) = Dty (v (@) + (hij, dn) hij + dn
= (A +2Dgyn + $A N — (Vit g o)1
1
- ¢(DxT+A§(XT)n) + ¢<h1]’ n>hl] + ¢'7
=(A- VxT+As(xT))¢n + ¢(Al - D)JC_T+A5(XT) + (hij’ .>hij + D+ 2DJV_¢”
= (L) + ¢(Ln) + 2Dy 4.

[}
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Lemma5.2 Let x : M™ — R™P be a &-submanifold. Then for any n1, 1, € T'(T+M™)
one of which is compactly supported, it holds that

/ (m, L) e /dV = —/ <DLm, Dlnz)e*fdv. (5.5)
M M
Similarly, for any ¢1, ¢2 € C*°(M™) one of which is compactly supported, it holds that
[ #1202 av = [ (Vg1 Vo av. (56)
M M

Proof To prove the two formulas, it suffices to use the Divergence Theorem and the following
equalities:

. ) e~ =div((m, Dim)eler) = (DFm, Drm)el . 57)
91Lgoe™! = div (1Y d2e ™ o) — (Vo Vo) e/ (5.8)
m]

Lemma 5.3 Forany ¢ € C°(M™) and n € C(T+M™), it holds that
/ <¢n,L(¢n)>e’de=/ e (n,L(n)>e’de—/ VoPInPeldv.  (5.9)
M M M
Proof By (5.4) and (5.6), we find
| @n.r@mierav = [ {on (Com-+ oLn+20b,)e Tav
M M
= [ winrigetav+ [ g2 iimetav s [ (.Dpn)eav
M M M
1
=—/ <(|V¢|2|n|2>+5(V¢2,V|n|2>)e—fdv+/ ¢? (n, Ln)e~7dv
M M
1
+3 /M VygelnlPe™/dv
=/ e (n,Lme’de—/ VP lnPe V.
M M

Proposition 5.4 As &-submanifolds, all m-planes in R™ P are not stable.

Proof For an m-plane x : P™ C R™"P, let o be the orthogonal projection on P™ of the

origin O. Then & =0o. Denote by Br(0o) C P the closed ball of radius R > 0 centered at
the fixed point o:

Br(o)={x e P; |x"|=|x —&| < R}.

Let N be a unit constant vector in R” orthogonal to P™ and ¢g be a cut-off function on P
satisfying

@R Br) =1, (@RI Pm\Brir) =0, Vo[ <1, R>0.
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Define ng = ¢rN. Then ng is compactly supported and can be chosen to be a variation
vector field for some SN-variation. By (5.9) and (5.3),

Q(R, MR) = — fM (prN, L(prN))e~/dV
— [ ¢ Ly e Tav + / Vorl2e/dV
pm pm

=—| o¢% (N,N+(h,-j,1v)h,~,-)e*fdv+/ |Vor|Pe™/dV
Pm m

<— [ oreldv +f eV > — [ e7ldv <0
pm BR+2(0)\BR(0) pm

when R — 400 since fpm e=/dV < +o0. Thus for large R, we have Q(ng, ng) < 0. O
Proposition 5.5 As &-submanifolds, the standard m-spheres S™ (r) are all non-stable.

Proof For the standard sphere S (r) C R+l c R™tP we have h = —rlzg x,xt =xand

&= (—;"—2 + 1) x. Choose the variation vector field = x so that £n = 0. It follows that

0, < —fs b L) e~/ AVgn(y = —f (O {hijo nf? + 1x12) e=F dVngy)
m r

S™M(r)

—(m + r2) s )e_deSm(,) < 0.
m r

From Proposition 5.4 and Proposition 5.5, we easily find

Corollary 5.6 The product &-submanifolds S™ (r1) x --- x §™(rg) x P™ x --- x P™ are
not stable.

A more general conclusion than Proposition 5.5 is the following

Proposition 5.7 Let x : M™ — R™*P be a compact &-submanifold. If x has a non-trivial
parallel normal vector field, then x is not stable. In particular, all compact A-hypersurfaces
and compact &-submanifold with & # 0 are not stable.

Proof Let n # 0 be a parallel normal vector field. Then 7 can be chosen to be the variation
vector field of some SN-variation F of x. Since Aty = DL n = 0, it then follows

xT+A§ xT)
from (4.13) that

Om,n) =— /M (Z (hij, 77)2 + |7]|2) e fav <o.
[m}

Corollary 5.8 Any compact and simply connected & -submanifold with flat normal bundle is
not stable.

To end this section, we would like to remark that, by using suitably chosen cut-off func-
tions, say, the cut-off functions ¢g introduced in Sect. 7 for large enough numbers R > 0,
we can extend the above instability conclusions to more general complete case. For example,
the following conclusion is also true:
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Theorem 5.9 Any complete and properly immersed & -submanifold with a non-trivial parallel
normal vector field 1 is not stable.

Proof Let x : M™ — R™TP be a complete and properly immersed &-submanifold and N
be a non-trivial parallel normal vector field of x. Without loss of generality, we assume that
fM e~ fdV < oo and |[N|? = 1. For a Large R > 0, define ng := ¢grN. Choose an SN-
variation of x with ng being its variation vector field. Then, by (5.2), (5.3) and Lemma 5.3,
we have

OMmRr,MR) = — /M (¢rN, L(¢prN)) e TdV

—/ ok (N,L(N))e_de—l—/ |Vor|>e /dV
M M

—/ o% (N,N+<hij,N>hij)e_~de+/ [Vogr|Ze  dV
M B2 (0)\Bg(0)

—/ ¢%eifdv+/ e~ fav —>—/ e fdv <0 (R — 400),
M M\BR(0) M

IA

since limg_; 400 fM\BR(O) e~fdV = 0. So that there is an R large enough such that we have
Q(r,nr) < 0. o

Corollary 5.10 Let x : M™ — R™7TP be a complete and properly immersed & -submanifold.
Then, x is not stable if any of the following three holds:

(1) the codimension p = 1;
(2) p>2and& #0;
(3) M™ is simply connected and the normal bundle of x is flat.

Remark 5.1 Up to now, it is still unclear for the existence of stable &-submanifolds in the
sense of Definition 5.1 . Other stability problems have been previously discussed for both self-
shrinker hypersurfaces and A-hypersurfaces. For example, Colding and Minicozzi introduced
a notion of F-functional and proved that self-shrinkers are exactly critical points of the F-
functional ([13]). They also proved that the standard sphere and hyperplane are the only two
complete F-stable hypersurface self-shrinkers of polynomial volume growth. Furthermore,
in [9], Cheng and Wei extended the above F-functional to A-hypersurfaces and studied the
corresponding F-stability. In particular, they proved that the standard sphere S (r) of radius
r is F-unstable as a A-hypersurface if and only if v/m < r < /m + 1.

6 The W¢-stability of ¢-submanifolds

By the discussion of last section, it turns out that the concept of stability given in Definition
5.1 is over-strong in a sense. So it is natural and interesting to find a suitably weaker stability
definition for &£ -submanifolds. Motivated by the “weighted-volume-preserving” variations of
hypersurfaces (see [27]), we can introduce the W -stability in the following way.

Note that, by [27], a compact variation F of a hypersurface x : M™ — R”*! is called
“weighted-volume-preserving” if f M < % | =0 n>e_%|x > — 0 where # is the unit normal
vector field. Since a normal vector field N = An is parallel if and only if A = const, it follows
that F is “weighted-volume-preserving” if and only if [}, ( 8% o N )e’%mZdV = 0 for
all parallel normal vector field N. This recommends us to make the following generalization:
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Definition 6.1 Let x : M™ — R™TP be an immersion. A compact SN-variation F : M™ x

(—e, &) — R™P of x is called V P (“weighted-volume-preserving”) if the corresponding

variation vector n = % =0 satisfies

/ (n,NYe /dv =0, VN e I'(T+M) satisfying D*N = 0. (6.1)
M

Remark 6.1 1t is clear that, in the special case of codimension 1, V P-variations defined here
are nothing but the “weighted-volume-preserving” ones that were considered in [27].

Definition 6.2 A &-submanifold x : M™ — R™*? is called Wg-stable if V¢ (x) < 400 and
for every V P-variation it holds that Vé”(O) > 0.

Then, we have
Theorem 6.1 Any of the m-planes is W -stable.

Proof For an m-plane x : P™ C R™*P let n be an arbitrary normal vector field on P™ with
compact support. Then, we have A, =0,x — § = x T and

L=Ap,— D5+ 1.
Clearly, there are constant normal basis ey, « = m + 1, ..., m + p. So n can be expressed
by n =Y n%eq with n* € C§°(P™). Consequently,
L) =) L0™ea. (Ln.n)=>» n*Ln®

where L = Apm — V.7 + 1. Now we make the following

Claim: The eigenvalues of the operator —L are , =n — 1 withn =0, 1, .. ..

To prove this claim, we need to make use of the multivariable Hermitian polynomials
Hpn,...n,, on R™, labelled with O < ny, ..., n, < 4oo, which are defined by the expansion
(see [14] and [15] for the detail)

w2 (thym ... gmymm
e T =e 2 Z ﬁml.._nm(u),
Rlyeeny m I m:

u=@" ... u", t=0' ... " e R", 6.2)

or equivalently

7ﬁ (zl)l’l] ...(l‘m)”m
e 2 +(t,u) — Z —!H"I“'ﬂm (l,{)7

Nyl nilee
w= @', ... u™), =" .. ") eR". (6.3)
It is clear that
Hpyoomy () = Hoy @) o Hyy ™), Yu= (', ... u™) € R™ (6.4)
where, foreachi = 1,...,m, H,, (ui) is the Hermitian Polynomial of one variable u' defined
by
L2 i (i : oo
ezl 1T Fu't =Z e Hp; (u'), u',t' €R. (6.5)

ni
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By (6.5), we easily find that
, ) d ,
Hni+1(”l) =ulHn,- —niHp—1, @Hm(”l) =niHp—1, I = I....m (6.6)

implying that
a? . d ; i
_W—i_uﬁ Hp, (') =niHy, ('), i=1,...,m. 6.7)
Consequently, by (6.4), we have

m
(=Agrm + V) Hnlwn,,, () = <Z ni) Hnlwn,,, m), Vni,...,np >0. (6.8)

i=1

It is known that all these multivariable Hermitian polynomials are weighted square integrable
w2

. . _ .
with the weight e~ 27, that is

Hoyoony € LL®R") := {p € C(RM); / ¢2e~F dVpn < +00).
RIVI

Consequently, integers Z:": (ni, for all ny, ..., n, > 0, are eigenvalues of the operator
—Agn + V, acting on L2 (R™). By making a change of coordinates on ]R’"Jrf we can
assume x' — &' =u',i = 1,2,...,m, for x € P™. Thus, (6.8) shows that —L + 1 has

n=0,1,...asits eigenvalues, or equivalently,n — 1 = —1, 0, 1, ... are eigenvalues of —L
where constants are those eigenfunctions corresponding to —1.
To complete the claim, we also have to show that {H,,,...,,,; 71, ..., n, > 0}isacomplete

basis for the space of smooth and weighted square integrable functions on R”. For doing
this, we let E be the orthogonal complement in L%U (R™) of the closure of the linear span of
all Hy,..n,,, that is,

E := (Span {Hyu, > 21s--oiim =0, 1,...H.

For any ¢ € E, we have
0= (0, Huyonyw ::/IR o) Hy,m, @We TdVrm, ny, ... 0, =0,1,....

It then easily follows from (6.3) that F (pe~) = 0 where F is the usual multivariable Fourier
transformation. Since  is injective, we obtain that e~/ = 0 implying ¢ = 0. This shows
that £ = 0 and thus

L2 (R™) = Span {Hy,.nyps A1r--osfm =0, 1,...). (6.9)

Now suppose 1 = Y n%e, is a compact normal vector field that can be taken as a V P-
variation vector field. Then for each o, we have

0" € Sp(P) = {w € C®(P™);
PlVl

goze_depm < —}—oo} .

Since L is self-adjoint with respect to the weighted measure e~/ dV, we know that it is
diagonalizable, that is, any compactly supported smooth function can be decomposed into a

sum of some eigenfunctions of L. In particular, we can write foreacha =m—+1, ..., m+p,
n* =ng+y_ i ufeR, (6.10)
k>1
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where 1} € S;O’Z(P”’) satisfying Z(ng) = —Arny, k = 0. Furthermore, the self-adjointness
of L also implies that, for each pair of k # [, 5y and n;’ are orthogonal, that is

/P > ngnfefdv =0, k#L 6.11)
o

Since n is a V P-variation vector field, we have by (6.10) and (6.1) that me n"‘e—de =0
foralla =m+1, ..., m+p.Itthenfollowsfrom(G.ll)thatng‘ =0, a =m+1,...,m+p.
Therefore,

/Pm S I Refav = fpm > D e dv = ZZ[P g Pe~dv.
o

a ki>1 o k>l

Consequently, we have

/Pm D n*(=Ln®)e~/dv = /P DX Y (—Luypeldv

a k>1 >1
=S X [ ety = S S a [ gPevay
o kiz1?P" o k=1 P

> ZZ/ g Pe/dV =2 Z/ In*?e=/dV >0
« k Pm o pm

implying that

0m == [ tntmelav = [ S einelav

= Z/ n%(=Ln®)e /dV > 0.
o prm
O

Theorem 6.2 As a &-submanifold, the index ind(S™ (r)) of the standard m-sphere S™ (r) with
respect to 'V P-variations is no less than m + 1. Furthermore, ind(S™(r)) = m + 1 if and
only if r* < m. In particular, all of these spheres are not We-stable.

Proof For the standard sphere S (r) C R7H c R"™*P we have x| =0, h = —rl—zgx and
hence & = (—r% + 1) x. It follows that x — § = 75x and
m -
L = Dgngy + (hijo Y hij +1 = Dgngy + A x o L= Asne).

In particular, L(x) = riz(m + r?)x and, for any parallel normal vector field N orthogonal
to x, L(N) = N. Let ey12, ..., eptp be an orthonormal constant basis of the subspace
(Span{TSm(r),x})J- C R™*P. Then, ey = %x, €ni2s .- epyp is an orthonormal
normal frame field of S (r) and

1
Lems1) = — (m +rems1, Lew) =eq, a=m+2,....m+p. (6.12)
Now for any n € C(TL5™(r)) we can write

n= Znaea with n* € C*°(S"(r)), m+1 <a <m+ p.

o
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Then by (5.4) and (6.12)

L) =Y (L0*))ea +n*Liea)

= (D" Nempr + 0" Llems) + Y (Dsnn™)ea + 1" Leq))
a>m+2
~ m ~
= (L + rj) 7’)m+lem+1 + Z L(’?a)ea
a>m+2
where L = A sm(ry + 1. Furthermore, let Ax, k > 0 be the eigenvalues of L and write

=Y 407 for some eigenfunctions iy satisfying I:(n,‘:) =M, k>0,
It is well known that the eigenvalues of —Agm () is W k >0, so that

k k—1
A,FM—L fork =0,1,2,....
r
with constants being the eigenfunctions corresponding to k& = 0. But by (6.1),

Som ") n%e~/dVgm(y = 0 which implies that ng = 0. Therefore,

Q@n.m) = —/ (n, L(m) ¢~ dVn )
S (r)
~ m . .
= —/ nm+1 (L + 7) m+l, deSm(r) + Z / n%(=Ln%)e desm(,)
S™(r) r S )
k(m+k—1) -
- Z/ (,»72 2(m—|—r )> I e/ Vi
k=175" )
k(m+k—1) B
t 2 / <72 - 1) g PPe™ dVin(p)
§7(r) r
azm+2,k=1
= —/ e dVm )
S (r)
km+k—1) 1 B
" 2/ (7 (m +’2)> It e dVgm
k=27 S" ()
k(m+k—1) B
" Z / <72 - 1) In¢1?e™ dVigm
™ (r) r
a>m+2,k>1
> —/ In m+1| e deSm(r) +< )Z/ m+1|267deS”’(r)
S k>2 sm (")
m —
- (72 - l) 2 I %e™! dVsne). (6.13)
r Sm(r)
a>m+2,k>1
Define

m ~
={p € CT(S™ () Asniryy = —2¢h Vi ={ventis 9 € Vi k
Then dim V;, = dim V;, and the left side is well known to be 7 + 1. It is not hard to see from

(6.13) that Q is negative definite on VM , and thus, ind(S™ (r)) > m + 1 with the equality
holding if and only if rﬂz — 1> 0, that is, r2 < m. O
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7 The uniqueness problem for complete W-stable ¢-submanifolds

Itis interesting to know whether or not m-planes are the only We-stable &-submanifolds. We
shall start to deal with this problem in this section. To make things more clear, we would
better use the standard weighted volume functional V,, for immersed submanifolds, which
is a special case of either Vg or Vi with & = 0:

V) = Vo) = [ e HPav, x e
M
Then, the same argument as in the proof of Theorem 4.1, Theorem 4.3 and Corollary 4.4

easily lead to the following

Proposition 7.1 Let x : M™ — R™ TP be q &-submanifold. Then for any V P-variation of x,
we have

dF
V,L(t)=—/ <Ht+x#,§>e*%')‘f‘2dvt, X € M, (7.1)
M

. . 1.2
Vi = = [ ({adn = D5+ ¢ (s n)us +nn) ) HPav. 02
M

By making applications of (7.1) and (7.2), we can generalize the conventional extreme
value problem with conditions to our situation. For example, we have by Definition 6.1 and
(7.1):

Corollary 7.2 (see [27] for the hypersurface case). An immersion x € M is a &-submanifold
if and only if it is a critical point of Vy, under the V P-variations (the “critical point with
condition”).

Now we introduce the concept of W-stability for £-submanifolds, which can be viewed
as the “conditional” critical points of V.

Definition 7.1 A £-submanifold x : M™ — R™77 is called W-stable if it has a finite standard
weighted volume V,,(x) and V,(0) > 0 for all V P-variations of x.

In other words, the W-stability is exactly the Wy-stability, a typical one to the W -stability:
just put & = 0 in the functional V. In this sense our main theorem can be stated as follows:

Theorem 7.3 Let x : M™ — R™TP be a complete and properly immersed &-submanifold
with flat normal bundle. Then, x is W-stable if and only if x(M™) is an m-plane.

To prove this theorem, we shall extend the main idea in [27], originally applied for the
hypersurface case, to our higher codimension case here by solving some certain technical
problems. Clearly, we only need to prove the necessity part of Theorem 7.3. For this, we can
first make use of the universal covering if necessary to assume that M™ is simply connected.
Then that x has a flat normal bundle implies the existence of a parallel orthonormal normal
frame {ey; m + 1 < @ < m + p}. Furthermore, from (5.1) or (7.2) we have

L=Ayn—D5, L=L+hij. )hij+1, L=Ayn—V,T. (7.3)

Lemma 7.4 Let x be a &-submanifold. Then for any constant vector v € R"P and any
parallel normal vector field N, we have

L(v,N)=—(An, Ayr) = —(hij, N)(hij,v), L) =v" (7.4)
where v and v+ are the orthogonal projections of the vector v on TM™ and T+M™,

respectively.
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Proof By using Weingarten formula and the equality that D-(H + x) = 0, we find
L (v, N) = Apym (v, N) = V.7 (v, N)
= (0, ~Aw (e = (v —An (D)
= (hijis N) (v, €)= (hig, N) (v, ¢5) ; + (v, A )
(e, NY; (v, ej) = (hij, N) (v, Rji) +<v, AN(xT)>
= — (v, An(e) (v, ej) — (An. AUL)+<v, AN(xT)>

=— <xT, AN(UT)> — (AN, A1)+ <AN(UT)’ XT>
=—(An, A1)

The second equality follows directly from (5.3), (5.4) and the first equality in (7.4). O

Lemma7.5 Foranyn = eq + v+, v e R™ P, it holds that

Q(¢n. ¢1) < —f ¢>2|n|2e—fdv+/ VoI (Inl> + [T e/ dV, V¢ e C5oM™),
" " (7.5)
where and hereafter we denote f = %|x|2.
Proof By (5.3) and (7.4),
L() = L(eq + ) = eq + h;hij + v =0+ hhij.
It follows from (5.9) that

0(gn. ém) = — /M (@n. Lgn) e dv
—f pe <n,L<n)>e—fdv+f Vg PInPe av
M M
:_f ¢2<n,n+h?}hi~,>e*fdv+/ Vo2 n2e= dv
M M

_/ ¢2|77|2€_de - / ¢2h?; <hij7 eq + vJ‘>e_de +/ |V¢|2|n|26—de.
M M y

(7.6)
On the other hand, by (5.1) and (5.5)

/ ¢2<ea,ui>e*fd\/=/ ¢2(ea,L(ui)>e*fdv
M M
: eas<hijsvl>hij +UL>efde+/ <¢>2ea,£vl>e’fdv
M
ea,vi>e*fdv+/ o2 (hij,vﬂe*fdv_/ (D*@2e0), Dot e av
M

oV > fdv+/ ¢2h“ ,j,vL>e_-de—2/ ¢<(V¢)ea,—d(vT)>e_de
M

I
s
=

e, v > de+/ ¢2h°‘ ,,,v¢>e—fdv+2/ PhE (Ve v e T av,
M
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implying that
V ¢2h°‘ hi. vJ‘>e_de‘ - ‘2/ oh® (Vo vT)e_de‘
M
< 2/ @11 1IVgllvT e~ dV < / ¢7|h* P~/ v +/ IVoIP[vT e av.
M M M
Inserting this into (7.6) we complete the proof. O
Define

W = Span p{eq}, vi=@TveR"™?), vi={vtveR"P) (7.7)
Then W is the space of parallel normal fields of x and p < dim V+ < m + p.
Lemma 7.6 Denote

Vit = {v! = const; v e R"FP}, (7.8)

Then W N V4L = Vit

1

Proof Foranyn € WN VL, wehave n = vt = ¢%e, for some v € R”*7 and ¢* € R. Then

it follows from (5.3) and (5.4) that
=LY = "Ley) = (ew + hhij) = v + “hfshij

implying that Cahﬁ‘,-hij = 0. Multiplying this with v+ = c%e,, it follows that

2
(hot) = > el =0,
i,j.op
Thus (h, vt) = 0 or equivalently A,. = 0 which with the fact that v is parallel in the

normal bundle shows that v must be a constant vector.
The inverse part is trivial. O

Define

T2 M™) = {n € T(TM); / e/ dV < +oo},
M
on which there is a standard sz inner product (-, -) by
(. m) = f (n1,m)e~ 1AV, Vi, m e D3 THM™),
M

giving the corresponding L%)-norm [l 1l2,w. The Lﬁj inner product (-, -) and L%)-norm -2, w
for all weighted square integrable tangent vector fields and functions on M" are defined in
the same way. In particular, for a constant ¢, we have ||c||% w = 2 fM e~ /dv.

Let V1 be the orthogonal complement of V0 in V1 with respect to the L , inner product,
and define V = W @ VJ- as subspaces of "> 2(T+M™). So for any 5 € V we can write
n = w + v’ for a unique w € W and some v € R”*7 such that y = w 4 v where v may
not be unique. Since dim W = p and dim Vll <dimV+ <m+ p, we have dim V < +oo.
Fix a basis {w, + v : 1 < a < dimV} for V such that ||wa||%’w + ||va||%7w = 1 for
1 <a < dim V. Define

S={n=)_ n"w.+vl): Yy ) =
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Then the finiteness of dim V implies that S is compact. Note that for any 5 € S, 5 can not be
Zero.
Now we consider the compact case and prove the following

Proposition 7.7 Any compact &-submanifold with parallel normal bundle can not be W-
stable.

Proof 1t suffices to show that both of the following two are true:

(1) Q is negative definite on V and, consequently, is negative definite on V.\;
(2) dim Vit > 0.

In fact, the conclusion (1) follows directly from Lemma 7.5 by choosing ¢ = 1; while
conclusion (2) follows from the fact that the converse of (2) would imply that M™ = R™, by
the argument at the end of this paper, which contradicts the compactness assumption. O

Next we consider the non-compact case and thus assume that x : M™ — R™*P is a
complete and non-compact &-submanifold.

Let o be a fixed point of M and 0 = x(0). For any R > 0, we define Br(0) = {x €
R™*P; |x — 0| < R} and introduce a cut-off function ¢ as follows (cf. [27]):

1, x € Br(d);
$r(x) = 11— £(lx —6| — R), x € Byr(6)\Br(0); (7.9)
0, x € R"P\ By (5).

For the given immersion x : M" — R"*7, let ¢pp = Prox € C®(M™) and Bg(o) =
x! (Bg(0)). Then, Bg(o) is compact since x is properly immerse(_l. In particular, ¢g is
compactly supported. Furthermore, it is easily seen that [Vgg| < |D¢r| < %.

Lemma 7.8 There is a large Ry > O such that

/ Inl2e~/dv > / In?e=/dv >0, VneS, YR > R
Bgr(o) BRO(O)

Proof 1f the lemma is not true, then one can find a sequence {n;} C S such that
/ InjlPe=7dv =0, j=1,2,....
Bj(o)

By the compactness of S, there exists a subsequence {n;,} which is convergent to some
no € S. For any R > 0, there exists some K > 0 such that j; > R forall k > K. It follows
that

/ o>~ 7dV = lim / Inj e /dv =0
Br(0) k=00 Jpg (o)
which implies that
f Inol’e~/dvV = lim Inol>e~/dv = 0.
M R— 400 Br(0)

Thus we have 1y = 0 contradicting to the fact that ny € S. O
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For each R > 0, define
mp = min{/ dalnl>e=/dvy, Mg :max{/ prInle=dvy. (7.10)
nes Jym nesS Jym
Clearly,
Mg <C —max/ n?e~/dV < 4o0. (7.11)

Moreover, mg is increasing with respect to R which together with Lemma 7.8 gives that
mgr >mg, >0, VYR > Ry. (7.12)

Lemma 7.9 There exists a large Ry, such that
dim gV =dimV, dimpgV;- =dim V{", R > Ry; (7.13)

Furthermore, Q is negative definite on ¢R\7 D ¢r VIJ‘.

Proof First, we prove dim ¢V = dim V for all R > Ry if Ry is large enough. For a given
R > 0, consider the surjective linear map

dr:V = ¢rV, nr> ®r(y) =gy, VneV.

We claim that, when Ry is large enough, the kernel ker ® g, of ® g, must be trivial. In
fact, if it is not the case, there should be a nonzero sequence {n/ € ‘7} such that ¢;n; = 0.
By writing; =), n‘;(wa +v7), we can define nj = = a)z .Then ¢;7; = 0, and {7};}
is contained in S. Then the compactness of S assures that, by passing to a subsequence if
possible, we can assume that7; — 7o € S. Consequently, wehave7jg = lim;_, {0 ¢;7; =0
which is not possible. So there must be a large Ry > 0 such that ker ® g, = 0 and the claim
is proved.

For any R > Ry, it is easily seen that ker ® R C ker ® g, which implies that ker g = 0
and ¢r V=V.In partlcular dim ¢ V =dimV.

That dim ¢ V1 = dim V] follows in the same way.

Next we are to find a larger R > Ry such that Q is negative definite on ¢p V. For this, we
first note that | V¢r| supports in Bor(0)\Bg(0) and |Vor| < F’ and then use Lemma 7.5 to
conclude that, forall n € S

Q(¢Rn,¢Rn)s—/M¢§|n| e—fdv+/M|V¢R|2(|n|2+|vT|2)e‘de

A

1
< —/ pRinlPerav + — Ul + T Py av
M R= JBor(0\Br(0)

IA

3 -
—/ prInlPe™/dV + — dim V.
M R

Therefore, by (7.10)—(7.12) and Lemma 7.8, there must be an Ry large enough such that
O(¢rn, ¢rn) < Oforalln € S, R > Ry. Then the conclusion that Q is negative definite on
¢rV follows directly from the bilinearity of Q. O

Lemma 7.10 Under the complete and non-compact assumption, we have

VIJ‘ = 0 or equivalently, vt = VOJ‘. (7.14)
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Proof Let W+ be the orthogonal complement of W in the space I'3%2 (T~ M"™) of L2 -smooth
normal sections. For any given R > 0, define a subspace

WE(@rV) = W N (grV)
of W and a linear map Wg : pr Vit — W(¢r V) by
fM <¢va, ea>e_de
[y dre=7dV

Claim: There must be a large R > 0 such that ker g = 0.
In fact, if this is not true, then we can find a sequence {vj-} C Vit with ¢; vj- # 0 and

\1:,-(¢,-uji) =0 foreach j = 1,2, .... It follows that vji #£0,j=1,2,.... Define

PRV > WR(prvh) = prot preq, Vvt e Vi,

1
~1 . U/' . 2

Vo= : , j=1
T 10

Then W (¢; ﬁj—) =0,j =1, 2,.... Without loss of generality, we can assume that ﬁj— — f)é‘.
Then 9y € Vi~ and ||y [l2, = 1.
On the other hand, from ¥, (¢, ﬁj‘) =0( =1,2,...) it follows that

N Iy <¢j1~)j{ ea>e_de
N
T Judjefav

¢jea, j=1,2,...,

implying that
fM <¢jﬁj‘, ea>e_de
fM ¢je_de

But it is clear that ¢; ﬁf‘ — ﬁé- when j — +o00 since

05113, = (bjea dj57). j=1.2,.... (115

;07 — g ll2.w < 6 7 = T 2w + 1) — DTy 2w
<1157 = By llaaw + $; — 2w — 0, j — +oo.
Let j — 400 in (7.15) then we obtain
_ Ju (f)é‘, ea>e’fd\/

155113, = = (ea> T) =0
w fMe fav

because 73 € Vil is orthogonal to W, contradicting to the fact that |52 ||2., = 1. So the
0 i g g o 112,

claim is proved.
Thus by (7.13), when R is large enough it holds that

dim Vit = dim g Vit < dim W (g V) < indw (Q)

where indw (Q) denotes the W-stability index of Q. By the W-stability of x we have
indw(Q) = 0, implying that dim V]l = 0 and thus Vll = 0, which is equivalent to
vi=Vi. o

Proof of Theorem 7.3 Using Proposition 7.7, we conclude that x : M™ — R™*P must be
non-compact. Then by Lemma 7.10, we have a direct decomposition

Rm+p — VT @ VJ_
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where V T now consists of all constant vectors in R”*7 that are tangent to x, 7M™ at each
point of M, while VL consists of all constant vectors in R™*? that are normal to x, 7 M™
at each point of M™. It then follows that dim VT < m and dim V- < p. Consequently,

m+p=dmR"? =dimV' +dimV* <m+p

which implies that dim VT = m and dim V+ = p. This is true only if x(M™) = P™.
Theorem 7.3 is proved. O
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