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Abstract

This note introduces a class of nonlinear Neumann problems on balls expanding with the
radii tending toward infinity. Performing singular perturbation arguments, we establish the
corresponding concentration phenomenon and refined asymptotic expansions with the precise
first two-order terms. In doing so, we obtain the nontrivial boundary structure of solutions
with effects coming from the nonlinear Neumann boundary condition and the boundary mean
curvature varied with expanding domains.
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1 Introduction

This work is motivated by some stationary reaction—diffusion models and electrochemistry
models in a reactor of macroscopic length scale involving nonlinear adsorption process on
the surface [2,6,11,15,18]. In such a situation, the region for a chemical substance to diffuse
across is much larger compared with a reaction process [3,5,19].

Mathematically, one considers the related differential equations with nonlinear Neumann
boundary conditions in expanding domains, where the nonlinear source describes the absorp-
tion process, and the boundary effect is associated with the adsorption process; see, e.g.,
[16]. Here, the expanding domain means that the diameter of a large domain keeps increas-
ing toward infinity. Such expanding domains may formally approach the entire space, the
half space or an unbounded exterior domain. However, due to the nonlinear boundary effect,
the asymptotic behavior of solutions varied with the expanding domain is totally different
from the entire solutions. Since the domain keeps getting large, let us imagine in mind firstly
that as the domain boundary expands out with the same distance along the outward nor-
mal direction, the corresponding solutions asymptotically vary with the expanding domain,
and its asymptotics remains to be strongly affected by nonlinear boundary conditions [1,4].
Essentially, such a phenomenon can be investigated under appropriate scales related to the
diameter of the domain. Accordingly, the problem is equivalently transformed into singularly
perturbed equations in finite domains. For the large domain with diameter tending to infinity,
an important issue arises about the optimal upper bounds and the asymptotic behavior of
solutions with respect to the domain geometry.

To basically understand the influence of expanding domains on solutions, we focus on
the domain Bp a ball of large radius R >> 1 centered at the origin in RN, N > 2. We shall
investigate a class of semilinear elliptic equations which are more general than models in
[16]. The model reads

V- (a(xDVu(x)) = B(Ix) f(u(x)) in  Bg, (1.1)

ou
a*‘j(x) =n(u(x)) on 9Bg, (1.2)

where V and V- are the gradient and the divergence operators, respectively. |x| denotes the
standard N-dimensional Euclidean norm, ¥ = v (x) is the unit outward normal vector to d Bg
at x, % is the unit outward normal derivative, and functions f and n admit the following
assumptions:

(A1) f e Cll(;ct (R) with T € (0, 1), iﬁf f' > 0and f(8) = 0 for some 6y € R.

(A2) n e Cll(;z (R) is monotonically decreasing and strictly positive in R.

Equation (1.1) has many practical applications in the fields of physics, chemistry and
biology, where a characterizes the diffusion, B is regarded as a spatially inhomogeneous
reaction term for the absorption f, and n admitting (A2) models a degradation process in Bg
which is compensated by adsorption through 9 Bg. For a simplified caseae = 1 and 8 = 1,
we refer the reader to [16, (2a) and (2b)] for a typical model obeying assumptions (A1) and
(A2). In this work, e and B are treated in more general settings as follows:
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Nontrivial boundary structure in a Neumann problem on balls... 1125

(A3) a e C]OC ([0, 00)) and B € ch
and

loc ([0, 00)) are bounded above and have positive infima,

ﬁ(r)rN_l is increasing to r > 0.

Moreover, for @ g (r) := a(r)xjo,r)(r) and Br(r) := B(r) x[0,r)(r) restricted in the
domain [0, R] with sufficiently large R, there exists k* € (0, 1) independent of R
such that
lim sup (R (Jar()] + [BR()]) + Rlaz() € 0,00 (13)
R—00 1 ck*R,R)

As an example in (A3), we introduce a smooth function @ g = a x[o, g satisfying property
(1.3) with @ (r) = k* forr € [0, k*R], a(r) € [k*, 1] forr € [k*R, kR], and a(r) = 1 for
r € [kR, 00), where k* € (0, 1) and k > 1 are constants independent of R.

For (1.1), one naturally considers the boundary condition a(lxl) (x) = n(u(x)). Here,
we use (1.2) since « is a positive constant on dBg. In the related issues, some previous
works have been traced back to [4,16]. Let us mention [4,16], where the optimal bounds for
solutions of (1.1)—(1.2) with@ = 1 and B = 1 have been investigated. However, at the best
of our knowledge, only partial results for the structure of solutions have been obtained. One
of main difficulties lies on unknown boundary behavior of u and 3- which interact with each
other in the nonlinear boundary condition (1.2).

Starting with an interior estimate, we prove that for any Ry € (0, R),

max <|u(x) 6ol + (' R') |Vu(x>|> < Loe M(R=Ro) (1.4)

Ro

where L and M are positive constants independent of R and Ry [cf. (2.6)]. As a consequence,
u behaves as a flat core (converges to 6y exponentially) in any compact subset K of Bg

as dist(0K, dBR) m oo. Since 6y does not satisfy the boundary condition (1.2), u
is nontrivial near the boundary. To deal with the boundary asymptotics, one can observe
that under the scale x = RX, (1.1) becomes a singularly perturbed model in the domain
By = {x e RN : |x| < 1} with a parameter 12 — 0, and on the boundary dBj, the

outward normal derivative in (1.2) has a parameter R — 0 [see, e.g., (2.17) and Equation
(2.19)—(2.20)]. Hence, the singularity of |Vu| near d B introduces additional difficulties
when trying to implement the standard technique of matching asymptotic expansions that do
work for singularly perturbed semilinear elliptic problems. In this work, we are devoted to
refined boundary asymptotics of u as R >> 1. We propose a new analysis technique based on
arguments in [7,10,12-14,17] and [9, Proposition 2]. For the fist situation, we assume that
the perturbation of Eg; o with respect to R >> 1 is sufficiently small in the sense

O BR)

where 10 is a positive constant independent of R. Then, the boundary asymptotic expansions
at each boundary point xpg € dBg can be formally depicted as follows [see (2.7)—(2.9] for
the rigorous versions):

FO = F@)
R>1 o F(po) — F(6o) N—-1 a(R) B'(R)
u(xpa) ~  po+ /(po) R 2a(R) 2ﬁ(R)> o
1o —n'(po)
n(po)
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1126 C-C. Lee

17/(170) F(t) — F(6o) ,
aj( ) R»1 (po) + F(po) — F(6o) N—-1 «a'(R) ﬁ’(R))
oy ed) PO f(po) R 2aR) ' 2B(R)
1o —n'(po)
n(po)
(1.7)
R>1
where a & bmeans R(a —b) — 0as R — oo, and
t
F(t) :/ f(s)ds (1.8)
0

is the primitive of f,and pg > 6 is uniquely determined by n(po) = /2o (F (po) — F (6))
[cf. (2.10)]. It is clear that even if R is large, u is strongly influenced by the nonlinear effect
of (1.2) on the boundary. We stress that the asymptotics (1.6) and (1.7) are obtained under

R>1
assumption (1.5), i.e., 5272; A o. In light of (1.6) and (1.7), solutions asymptotically
expand as the radius of the domain By tends to infinity, and &, ¢’, B, B’, n, n’ and the

curvature & L have significant 1nﬂuence on the structure of solutions. Note also that even if
[xpd| = R — 00, both u(xpq) and 2 55 2 (xpq) remain finite and positive. Hence, u forms a
boundary layer with the concentration phenomenon near the boundary d Bg. The rigorous
boundary asymptotic expansions of u and d:j will be presented in Theorem 2.1. For an
application of such asymptotics, we refer the reader to Corollary 2.2. To describe the related
boundary concentration phenomena of the solution u via a theoretical perspective, we show
that R(u(x)—60p) and R|Vu(x) |2 weakly converge to Dirac measures concentrating at infinity
as R tends toward infinity. Such phenomena will be described in Theorem 2.3.

Despite the crucial roles of o and pg in asymptotics (1.6) and (1.7), assumption (1.5)
implies that the perturbation of % with respect to g is actually rather small than the
curvature of d Bg as R is sufficiently large. To study further the influence of small perturbation
of gﬁg Lo on asymptotic expansions of u(xpg) and (xbd) we shall consider the situation

liminfg_ o R‘a((g; — /,L(]‘ > 0 instead of (1.5). In the final Sect. 4, we will establish the

corresponding boundary asymptotic expansions in Corollary 4.1 which are more complicated
than (1.6) and (1.7). As an application of Corollary 4.1, we focus particularly on the case

R
Roo 5573 = #o and Rli—>moo k™ - Ho

a(R)

For doing so, the effects of boundary curvature % and the perturbation of 8 E «(R) — Mo on

€ (0, oo) for some 7, > 0. (1.9)

boundary asymptotics of u and 3% will be classified via three situations 7, € (0, 1), 7, = 1
and 7, > 1. Such a result can be found in Remark 3.

2 Statement of the main results

The associated energy functional of (1.1)—(1.2) is defined by

5[v]=/ a(|X|)|V | + B(x|)F(v)dx —ea(R) /Vr](t)dtdO'x, v € H'(Bp).
Bgr dBg Jbp

Let us fix R > 0. Since mﬁn F = F(0o) [by (Al)], together with (A2)—(A3) we verify
that £ is bounded below over H'! (Bg). Thus, applying the standard direct method to £, one
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Nontrivial boundary structure in a Neumann problem on balls... 1127

immediately obtains the existence of weak solutions to (1.1)—(1.2). Thanks again to (A1)—
(A3), for each fixed R > 0 we can further follow the standard argument consisting of the
maximum principle and the elliptic regularity theorem [cf. [8]] to show that (1.1)—(1.2) has
a unique solution u € C'(Bg) N C®(Bg) satisfying u(x) > 6o, Vx € Bg. In particular, the
uniqueness implies that u(x) = U(|x|) is radially symmetric in Bg, where U is the unique
solution of

(Ve 0) =BV UG, e O, R), @1
U'©) =0, U'(R) =n(U(R)), 22)

and satisfies
U(r) = 6p in [0, R]. (2.3)

This along with (Al) yields f(U(r)) > 0 in [0, R]. Notice also that a(r) and B(r) are
positive in (0, R). Since U solves (2.1) and satisfies U’ (0) = 0, we know that PN la (U (r)
is increasing to r and, consequently,

U'(r) > 01in [0, R]. (2.4)

Accordingly, u is monotonically increasing in the sense that u(x) > u(y) if |x| > |y|. It
should also be mentioned that u is stable since the second variation of £[u] with respect to
compactly supported smooth perturbations & is nonnegative, i.e.,

0ulE] = /B (D IVER + B(xD) f (w2 dx

—a(R) / 0 (WEdoy = 0, V& € Cl(Bg)
IBR

[trivially due to (A1)—(A3)].

2.1 Boundary structure and concentration phenomena

The main goal of this work is to establish asymptotic behavior of solution U as R goes to
infinity. Later on we will prove that both U and U’ are uniformly bounded in [0, R] for all
R > 0. To establish the refined asymptotics, asymptotic expansions of &(R) and B(R) with
respectto R >> 1 are required. In what follows, we continue along the relation (1.3) to further

assume that as R — oo, f% approaches a positive constant i1 in the sense described in
(1.5),1ie.,
B(R) o(l)
— = + —, as R 1, 2.5
aR) TR > 2.5)

where o(1) denotes the quantity approaching zero as R goes to infinity. The first result
is about an interior estimate of U and U’ and refined, precise asymptotics for U(R) and
U’(R). Particularly, the boundary asymptotic expansions involve the domain geometry and
the behavior of @’(R) and B'(R).

Theorem 2.1 (Interior and boundary asymptotics). Assume (Al)—(A3). For N > 2and R > 0,
let U € CL((0, R]) N C*®((0, R)) be the unique solution of (2.1)—(2.2). Then, U is monoton-
ically increasing in [0, R]. As R > 1, U is strictly convex near the boundary, and there exist
positive constants Lo and My independent of R such that for r € [0, R],
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1128 C-C. Lee

N-1
U =60l + (%) U] = Boe ™R, 2.6)

Moreover, if (2.5) is satisfied, then the boundary asymptotics of U(R) and U’(R) involving
the effects of &’ (R), B’ (R) and the curvature % are depicted as

0()

1
U'(R) = n(po) +n'(po)CoH(R) + & (2.8)
where
e — < FP0) F(t) — F(6)
n(po) o \ F(po) —F(6o)
(2.9)
_N-1 1 (a® _ B®
[ (a(R) i ﬁ(R))'
Here, po > 0y is uniquely determined by the nonlinear algebraic equation
1(po) = v/2110(F (po) — F (60)), (2.10)

and F is defined in (1.8).

Note that Cq is a positive coefficient independent of R [cf. (A1) and (A2)]. The uniqueness
of equation (2.10) is trivially due to the fact that 5 is a decreasing function and F is strictly
increasing in (6y, 00) [by (A1) and (A2)].

Equations (2.7) and (2.8) provide fruitful information for the effects of & and 8 on boundary
asymptotics of U. It should be mentioned a case

N—1 1 (/R  B®RY o) .
T+*<a(m * ;6(1?))‘7’1“>> .
for example, a(r) = Y1 (R — ) + 1 and B(r) = poa(r) for r € [0, R]. Then, we have
o(1) (1)

U(R) = po + =R and U'(R) = n(po) + —~ R

and conclude that the effect of the domain size on solution U is inconspicuous. Let us consider
another special case where a(r)ﬂ (r) is a constant value as r > rg for some ry > 0. Then, as
R > 1,(2.9) implies H(R) = “+. In this case, U(R) and U’ (R) are indeed varied with the
boundary curvature, but the effect of @ and B on U(R) and U’(R) is quite slight.

We shall also stress the importance of second-order terms of (2.7) and (2.8). Note that

{R%U =U(R) ~ pand U (R) ~ n(po) as R > 1. When n’(py) < 0 [cf. (A2)], by the
second-order terms of (2.7) and (2.8) one further gets

N —1 1 a/(R) ﬁ/(R)
R 2 (a(R) T B®)
U'(R) < n(pp) as R > 1.

>>OasR>>1(=)U(R)>poand

In particular, if (r) = o1 and B(r) = B are constants as r is close to R, then for sufficiently
large R, H(R) = ] ,andU(R) > ppand 0 < U'(R) < n(po). Moreover, some monotone
properties for boundary asymptotics of U(R) and U’(R) with respect to @’(R), B’(R) and
the sufficiently large radius R of the domain Bg are stated as follows:
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Corollary 2.2 Under the same hypotheses as in Theorem 2.1, let a; € Clzocr([O, o0)) and
Bi € ch "T(10, 00)) satisfy (A3). Then, we have

loc

() Let Uy, g, be the unique solution 0f(2 1)-(2.2) with (R,a, B) = (R, i, Bi), | =

1,2, where 1 < Ry < Ry and sup R—l < 0. Ifﬂ Eﬁ‘) satisfies (2.5) and
Ri>1

(a/l(Rl) N .3’1(R1)) _ <0!’2(R2) n ﬂ/z(Rz)> _ 0(1).
aj(R))  Bi(Ry) ax(Ry)  Ba(Ro) Ry
Then, as R is sufficiently large, there hold
Uotl,ﬂl(Rl) > Uotz.ﬂz(RZ) > 0 and 0 < Utlxl,ﬂl(Rl) < U:‘-'z,ﬂz(RZ)'
Moreover, when n'(po) < 0, we have 0 < U:xl,ﬂl(Rl) < U&z’ﬂz(Rz) asl K Ry <
R».
(II) Let Uy, g, be the unique solution of (2.1)—(2.2) in (0, R) with (&, B) = (e;, Bi),
i = 1,2. Assume further that
B1(R) B2(R)
and
a1 (R) az(R)
and one of the following assumptions holds:
B1(R) ﬁz(R)
a1 (R) az(R) ) )
Bi1(R)  Ba2(R) i (R)  B|(R) - ay(R)  B5(R)
@1 (R)  @(R) a1(R)  B1(R) ~ ax(R)  Pa(R)
then Uy, g, (R) > Ua, g,(R) > 0 and 0 < Uy, 5 (R) < U, 5, (R) as R > 1.

are positive constants independent of R,

@
(i)

and n'(po) <0,

A discussion on Corollary 2.2(I) is stated as follows:

Remark 1 Tt seems that the standard comparison is difficult to imply Corollary 2.2(I). Let
us consider another situation that ; and B; satisfy

Bi(r) _ B2(r) J o) (r) - o) (r)

ai(r) — a(r) ai(r) — ax(r)
Then, applying the standard PDE comparison to (2.1)—(2.2) and using (2.3)—(2.4), one obtains
fjuhﬁ; > ﬁuz,ﬁz > 6o in [0, R]. In particular, if fjal,ﬁl #* fja“gz at an interior point,
then Uy, g, (R) > Ug, g, (R) > 6. This is the same as the corresponding result in Corol-
lary 2.2(II), but the conditions (i) and (ii) are far weaker than condition (2.11).

, Yr € [0, R]. (2.11)

Let us return to Theorem 2.1 which establishes refined asymptotics of U(R) and U'(R)

under a strong assumption (2.5). It should be stressed that if £ W — o but it does not satisfy

(2.5), then the effect of the perturbation of B(R) a®) R) — Mo cannot be ignored. We will establish

asymptotics of U(R) and U’(R) involving the effect of the perturbation of B(R) a R) — Mo in
Sect. 4; see (4.3)—(4.4).

To see the concentration phenomenon of U near the boundary r = R as R — o0, let us
introduce a Dirac measure §°° defined in the interval of nonnegative extended real numbers,
which satisfies §°°(r) = 0 for r € (0, 00) and fO°° §°°(r)dr = 1. We focus on the behavior
of U in the region (k* R, R) and define

_[RWG) =60, forre (K*R, R),
PR () = {o, for r € [0, k*R] U [R, o), @12
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1130 C-C. Lee

and

51 () RUZ(r), forr e (KR, R), 2.13)
n»(r) = .
kU2 0, for r € [0, kK*R] U[R, 00),

where k* is defined in (A3). The following theorem confirms that §py—g,) and 8 zy2 behave
as Dirac measures at infinity in the following weak sense:

R—00 1 Po t—6p .
(SR(U,QO) dr ) 6,
Vio Ja,  N2(F () — F(6o))

R—o0 Po
Spun <4//~L0 /0 V2(F(t) — F(6y)) dl) 5.
0

Theorem 2.3 (Boundary concentrations). Under the same hypotheses as in Theorem 2.1, as
R — oo, for any r € [0, 00), there hold

SrRU—-0y)(r) = 0 and dpyn(r) - 0 as R — oo, (2.14)
and
o0 1 Po t— 6o
lim SRWU—gy)(r)dr = dr, (2.15)
R=oo Jo RO JHo Jo, V2(F@) — F@0)

Rlim /00 Spun(r)dr = \//TO/.[)O V2(F(t) — F(6p)) dt. (2.16)
—00 Jo 0

Remark 2 We shall stress that (2.15) is well defined. Indeed, by (A1) it is easy to obtain
1 0 =6 -1/2 —-1/2
/ dr e (max f’) , (min f’) .
Po — 6o Jo, 2(F(t) — F(6p)) [60, pol [60. pol

2.2 Asignificant idea

To study the asymptotic behavior of U as R — 0o, we consider a change of variables

€= % — 04, s =€r € (0, 1], uc(s) =U), acls) =ar), Be(s) =B). (2.17)

In what follows, we use the symbol

d
D.=—
ds

for the derivative with respect to the variable s rather than ' to avoid the notation confusion
with the prime notation ’ for the derivative with respect to the variable r. Then, we have

(Due)(s) = € 'U'(r) = RU'(r), Dae)(s) = Ra'(r), DP)(s) = RB'(r),  (2.18)

and (2.1)—(2.2) is equivalent to the following singularly perturbed equation with small param-

eter €:
& <(D2u€)(s) + (N . (D“S)(S)) <Due)(s))

ae(s)
_ Be(s)

B ac(s)

fue(s)), s €(0,1), (2.19)
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Nontrivial boundary structure in a Neumann problem on balls... 1131

(Due)(0) =0, eDue)(1) = n(ue(l)). (2.20)

Hence, Equation (2.1) in the domain (0, R) with R — oo becomes a singularly perturbed
equation (2.19) with € | 0 in a finite domain (0, 1). To deal with asymptotics of u¢, one can
multiply (2.19) by Du. and make simple calculations to obtain a first-order ODE

e’ 2 Be(s)
5 ((Due)(s)) “ao) F(ue(S))>

[ Ta(N-1 D)) > Be (1)

= / [€< T T ww )“DME)(’)) +F(”€(’))D<ag(r>>]d[

+ Crre, s €[k, 1], (2.21)

with
2 k*
Cire = %((Duexk*))2 - f : Ek; F(uc(k*)), (2.22)

where D (5—:) = % (5—2) and F is defined in (1.8). In particular, (2.21) together with the

boundary condition (2.20) implies

1 2 Be(D)
- E(ﬂ(ue(l))) + (D) F(ue(1))

1 N—-1 Da)() Be (1)
_ 2 2 —
_/* [e < ; + %) >((Du€)(t)) + F(uc(t))D (a&))] dt — Cpr c.
(2.23)

We will show that the right-hand side of (2.23) tends to zero as € | 0. Its precise leading
term plays a key role in the asymptotics of u,(1).

The remainder of the paper proceeds as follows: In the next section, we will establish the
interior and gradient estimate of u. in Lemmas 3.1 and 3.2, which give the precise leading
order term of the expression in the right-hand side of (2.23). In particular, by (2.5), (2.17)
and (2.23), we obtain

(e (1))? = 210 (F(ue(1)) — F(80)) + 0e(1) as € | 0. (2.24)

As will be mentioned later on, the interior estimate (3.1) and the gradient estimate (3.2) show

that if liix(} "l _ 00, there still hold u¢ (s¢) — 6p and (Du,)(s¢) — 0 exponentially as €
€ €

goes to zero. Furthermore, in Theorem 3.3, we combine (2.23) with (3.26)—(3.27) to establish
the precise leading order terms of (2.24) as follows [see (3.37) also]:

1 1
c <—§(n(ue(1)))2 + 1o (F(ue(1)) — F(90)))

Dae) (@) | DB [
=Vro| (N -1+ + V2(F (1) — F(60)) dr + 0e (1),
( 2ae(1)  2Bc(1) ) Jgy ‘
which will determine the precise first two-order terms of u. (1) and (Du)(1) with respect
to small € > 0. We shall highlight here that Theorem 3.3 plays a key role in the proof of
the main theorems. The proof of Theorems 2.1 and 2.3 and Corollary 2.2 will be stated in
Sect. 3.3. To see the effect of the perturbation of BR) around o on solution asymptotics, in

a(R)
the final Sect. 4 we replace the strong assumption (2.5) with liminf g, R(gg—llg — o) >0

which includes the situation (1.9). Then, we establish in Corollary 4.1 the precise effect of

557112 — no on asymptotics of U(R) and U’(R)_
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1132 C-C. Lee

3 Proof of the main results

In this section, we first investigate asymptotics for solutions u. of Eq. (2.19)-(2.20) and
establish the corresponding boundary gradient asymptotic expansions as € tends to zero. Such
asymptotics play a crucial role in the asymptotic expansions of U and U’ as R approaches
infinity. In Sect. 3.3, we shall complete the proof of Theorems 2.1 and 2.3 and Corollary 2.2.

3.1 Interior estimates

To go further, let us state some properties which can be obtained directly from (A1)—(A3),
(2.3), (2.4) and (2.17)—(2.20).

(P1) Ase > 0is sufficiently small, we have

ae(s) 1 a(r) Be(s) _ /3( )
> — lim in and lim e [0, 1].
Be(s) = 2 R—oo[0,R] ﬁ(r) ac(s) — 2 R—00 [o R] a(r)’
1 L alr) B(r) .
Henceforth, we set C; := —min{ lim 1nf lim inf > 0. This
2 R—>00[0.R] B(r)’ R0 [0.R] at(r)
along with (A3) gives
min e (s) > (Cq, in Pe(s) >Crasl0<ex 1.
s€[0,1] Be(s) sel0,1] ae(s) —

(P2) Ase > 0is sufficiently small,
IDae) ()| [DB(s)  |Dae)(s)]
Ca,
S&i%( e | B @ )7

where k* € (0, 1) is defined in (A3) and C; is a positive constant independent of €.
(P3) ue — 6y and Du, are nonnegative in [0, 1]. Moreover, by (A1) we have

f(ue(s)) = C3 and f(ue(s))(ue(s) — o) = C3(ue(s) —6p)*, Vs € [0, 1],

where C3 is a positive constant independent of €.
(P4) By (1.2) and (A2), we have

e 'n (r[l(}aﬁiue> < (Due)(1) < € 'n(bo).

(PS) By (2.19) and u, > 6y, we have

D (5" ac()Du)®)) = sV B(5) fue(s)) 2 0, Vs € (0, ).

N—-1

Hence, s ae (s)(Due)(s) is increasing to s € [0, 1].

Moreover, we have the following estimates of u. and Du, with respect to sufficiently small
€ > 0.

Lemma 3.1 Assume that (Al)—(A3) hold. For € > 0 and a. and B¢ satisfying (2.17), let
ue € CL(0,1]) N C*((0, 1)) be the unique solution of (2.19)—(2.20). Then, there exist
positive constants €* and M* independent of € such that as 0 < € < €*,

—M (1)
0 < ue(s) =0 < 2(ue(l) —Ople™ < . (G.D
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Nontrivial boundary structure in a Neumann problem on balls... 1133

and
0 < sV o (5)(Due)(s) < gag(l)n(eo)e“?*“*”, (3.2)
fors €0, 1].

Proof We first deal with the estimate of u.(s) — 6p. Multiplying (2.19) by u.(s) — 6y and
using (P1) and (P3), we obtain

& <<D2ue><s> + (N e (D“E)(s)> <Due>(s>) (We(s) = 60) = C1C3(ue(s) — o)’

ae(s)
3.3)
One can further check that, for s € [k*, 1],
((Dzue)(s) + (N L (D“f)(s)> (Duexs)) (ue(s) — 60)
K e (s)
= D2 (es) — 0)%) — Dlue(s) — 60))’
= b € 0 ué(s) 0))
N—1 Daos)
+ ( + ) (D(ue(s) — 60)) (ue(s) — 6o)
s ae(s)
1 1 /N—1 2
= D2 ((ue() = 60)) + 5 ( s cz> (ue(s) — 60)°. (3.4)

Here, we have used (P2), (P3) and u.(s) > 6p to deal with the last inequality of (3.4).
Combining (3.3) with (3.4), one finds

€2 (N -1 2
€D ((ue(s) — 60)%) = [20103 -5 ( s cz> } (e (s) — 6)>

> C1C3(ue(s) — 6o)%, s € [k*, 1], 3.5

as
N-—1 =
0<e<2CC3 T-}-Cz .
Consequently, applying the standard PDE comparison theorem to (3.5), we may arrive at the

estimate

C1C3 C1G3

0 < uc(s) — 0y < (ue(1) — 6p) <e— T2 KD 4 o (H)), Vs e [k*, 1. (3.6)

Now we shall refine the estimate (3.6). Firstly, we assume s € [k*T“, 1],ie,s —k*>1—s.
Then, (3.6) implies

JC1C
0 < 1e(s) — B < 2(ue (1) — e~ 219, 3.7)
On the other hand, for s € [0, k*TH], by the property (Du¢)(s) > 0 and (3.6) we have
K+ 1 V/C1C3 .
0 <uc(s)— 6o 5145( * )—905 2@uc(1) — fp)e™ =3 (1-k")
(1-k%)/C| C3
<2uc(l) — by~ &0, (3.8)
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1134 C-C. Lee

It therefore follows from (3.7) and (3.8) that

(1—k* )a/c,c (- Y)

0 <uec(s) —0) <2ue(l) —bp)e™ Vs e [0, 1]. (3.9)

Now we shall deal with the estimate of Du.. Multiplying (2.19) by sV ~!a, (s) and taking
the derivative of the expression with respect to the variable s, one arrives at

€D (M ac DU () =D (V7 B (9)) fue) + 5V elo) £ e () Due) ).
(3.10)

To deal with the left-hand side of (3.10), we first notice D (sV~!Bc(s)) > 0 [by (A3)].
Thanks to (P1) and (P3), we arrive at a differential inequality

.o Be(s) N—1
C3 (sé%éfu m) (5" e () Du)(9))
C1C35N Lo (5)(Due) (s), in (0, 1). (3.11)

€2D? (5" are () Du)(s) )

A%

v

Applying the standard PDE comparison theorem to (3.11) and using (P4) immediately give

ae(1)n(6) ( ERVACITS I 77\%(17?))
—————— e T e 4 e .
€

0 < sV o (s)(Due)(s) < (3.12)

Along with the fact that sV (5)(Due)(s) is increasing to s [see (P5)], we may follow the
similar argument as in (3.6)—(3.9) to obtain

a k)a/C]C (1-5).

N-1 2
0=s7 ae(s)Due)ls) = zae(n(Go)e” (3.13)

Letusset M* = % VCICs Then, (3.1) and (3.2) follow from (3.9) and (3.13), respectively.
This completes the proof of Lemma 3.1. O

The following result states the uniform boundedness of u. and the leading order terms of
ue (1) and (Due)(1) with respectto 0 < € <K 1.

Lemma 3.2 Under the same hypotheses as in Lemma 3.1, max|o,1] e = ue(1) is uniformly
bounded as € > 0 is sufficiently small. In particular, as € |, 0, foreach s € [0, 1) independent
of €, lue(s) — 0ol + €|(Duc)(s)| — 0 exponentially, and

ue(l) — p and eDue)(1) — n(po), (3.14)

where p is the unique root of (2.10). Moreover,

< Ce'?, for s e [k*, 1], (3.15)

2B (s)
eDue)(s) — 2 (s) (F(ue(s)) — F(6o))

where C is a positive constant independent of €.

Proof We first claim limsupuc(1) < oo. Integrating (3.2) over the interval (k*, 1), one
€l0
obtains (D160
- ae (1N (0o
(kN ([rknm ae> (e (1) = ue (k) = ===
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Nontrivial boundary structure in a Neumann problem on balls... 1135

Along with (3.1), one arrives at

e (1)n(6o)
]\4*(]{*)1\1_1 minge« 1] e

ue(l) — < uc(k*) < B0+ 2ue (1) — e e 17K

Because M* > 0, k* < 1 and —%<)_ jg uniformly bounded to 0 < € <« 1 [by (A3) and
€

e
(P1)], the above inequality implies'
. ae(Dn(6o)
limsupuc(l) <6y + (3.16)
o e M kN min e

Since u, (1) is uniformly bounded as 0 < € < 1, and 6y < uc(s) < u(1), we immediately
obtain the uniform boundedness of u. as 0 < € < 1. Moreover, (3.1) can be improved by

0 < ue(s) — 0 < Lee™ e 17, 3.17)

as 0 < € <« 1, where
ac(1)n(6o)

M*(5HNV ! min o,
k*,11

Lei=1+6)+ (3.18)

Note that L. is uniformly bounded to € > 0. Consequently, by (3.1) and (3.17), we show
that for each s € [0, 1) independent of €, both |uc(s) — 6p| and €|(Duc)(s)| decay to zero
exponentially as € approaches zero.

To prove (3.14), we shall obtain the precise leading order terms of u (1) and (Du¢)(1)
with respect to small €. Let us first deal with the terms in the right-hand side of (2.23). Firstly,
by (P2) and (3.2) one may check that,as 0 < € < 1,

1 _
/ &2 (N Ly (D"‘G)(”> ((Due) (1)) 2de

* t a(r)
LIN=1  @ao®) (achn@n\ [, g\
5/*( P + ) )(IN_IO!G(I)> (e e +e ¢ ) dr
2
2 (D@ N—1
e (1)n(60) < = +c2>e;: Cue. (3.19)

T MF k)N min o
[k*,1]

Note that C4 is a positive constant independent of € due to (A3) and (2.18). Next, we shall
claim

1
Be (1) Be(1)
/k* F(uc(t))D <otg(t)> dt — Cpr e F(Qo)ae(l), asl<ex 1.

By using (1.8), (2.22) (P1)-(P3), (3.2) and (3.17), we have

1
Be (D) Be(1)
Vk F(ue(r))D <O{E(t)) dt — Cyr e — F(GO)O{E(I)

Be(k) ! pe(r) Be(l)  Pelk)
< |Cr*.e + ) F(Qo)’ + ‘/k* F(uc())D <0{€(t)> dt — F(6o) (ag(l) — Olg(k*))‘
Be (k) ! Be(t)
<|Cee+ L F @ |+ [ 1P - o) ’D <M)) ar
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IA

M* % m* * € 1
Cs (e_Tk +e e Uk )) + G (1 + max /SEE ;) fue(1)) /k (ue(t) — Op)dt

Cs (e—M?k* n e—MTU—k*)) + Ce, (3.20)

IA

as 0 < € < 1, where Cs is a positive constant independent of €, and Cg can be any large
positive constant satisfying

Cs > gllmsup{Le <1+ éU)f(Le—i—Qo)}
M* 1o 1ef0.1] Be (1)
Here, we have used (2.22), (3.2) and (3.17) to get
Be (k™) _ME _ME gy
Cioe iy FO0)| = Cs (" +e ) (3.21)
which verifies the last second line of (3.20). Combining (2.23) with (3.20) yields
2B (1)
(e (1)))* — ﬂe(l) (F(ue(1)) = F(6o)) . (3.22)
6

On the other hand, by (2.5) and (2.17), we have gzg; — o as € | 0. Note that F is strictly
increasing in (8p, 00). Since uc(1) > 6p and n > 0 is a decreasing function [cf. (A2)], we
obtain lim o u¢ (1) = p which uniquely solves (2.10). Moreover, by this with the boundary
condition (2.20), we have lim, o € (Du¢)(1) = n(po). Therefore, we obtain (3.14).

It remains to prove (3.15). Let s € [k*, 1]. Following the similar arguments as in (3.19)
and (3.20), we can get estimates

[ % (N -1, (D"‘f)(’)) (Du))?dr < Cr (N : +c2) (3.23)
. : () =
and
’/ Fluc(1))D (ﬂé( )) Cpre — P | _ e (3.24)
(1) e (s)

as 0 < € < 1, where C7, Cg > Oindependent of s and €. Then, by (2.21) and (3.23)—(3.24),
we arrive at
2 2 /35 (s) ~9
€ ((Due)(s))” — () (F(ue(s)) — F(6o)| < C7e (3.25)
6

with a positive constant c independent of s and €. Since (Du¢)(s) > Oand F (uc(s)) > F(6p),
Vs € [0, 1] [see (P3)], together with (3.25) we immediately get (3.15) and complete the proof
Lemma 3.2. m]

3.2 Boundary asymptotics with precise first two-order terms

Recall that (3.19) and (3.20) imply

LN —
sup ¢ / N=1, @ISy 502 ds < oo,
O<exl1 * s ae(s)

1
sup 1/ Fue(r) <D<ﬂ€>>(t)dt ck*,e—F(eo)ﬁe(l) < 00.
O<exl € * 023 ae(1)
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Nontrivial boundary structure in a Neumann problem on balls... 1137

To obtain the structure of the solution u, we further establish their precise leading order terms
which play a crucial role in the refined asymptotics of u. (1) and (Du,) (1). The asymptotics
are stated as follows:

Theorem 3.3 Under the same hypotheses as in Lemma 3.1, for € >0 sufficiently small, we have

N
e/ (N Ly maf)(”) ((Du)(s))2ds

* s ae(s)
P
~ Vi ((N 1+ M) V2@ — F@ondi + o), (3.26)
ac() ) Ja
and
1
! (/ F(uc(s)D (ﬂf(s)> ds — Cpe e — F(6) ﬁf(”)
€ o+ oe(s) ae(1)
L (Do) " O FED
= 5 (m \/pTo(Dae)a)) /9 2(F() — F(Bo)) di +oc(1),  (3.27)

where o (1) denotes the quantity approaching zero as € | 0.
Proof Let us fix a number 7, € (0, 1) independent of €. By (P1) and (P2), we obtain
Dae)(s) — Dad)D| _ .

(%)
- <e€“ sup |D
sell—eta 17| @e(s) ae(1) [1—eta 1] Qe
< (C§ +C sup a€> et <90, (3.28)
[1—e%a, 1]
Be(s) _ Be(1) < W sup  |D <&>‘
se[l—eta 1] ac(s) ac(1) [1—eTa 1] Oe
< 1 ) -, €0
<|14+ — ) Cret* — 0. (3.29)
Cy
Hence, for 0 < € « 1, we consider a decomposition
1 _
/ &2 (N Ly mw(”) ((Due)(s))2ds
* N e (s)
1—¢Ta _
_ / 2 (N Ly (D"‘G)(”) (Due)(5))dr
* s o (s)
1 _
+f e [(N Ly (D"“)(”) - ((N “h+ L"‘f)(”ﬂ ((Due)(5))2ds
1—€Ta s ae(s) ae(1)
1
+ €2 <(N -+ M) / ((Due)(s))>ds. (3.30)
ae(1) 1—¢Ta

Using the gradient estimate (3.2) and (3.28), we may follow the similar argument as in (3.19)

to
1—¢Ta _
/ &2 (N I, Dx)6) ) (Due)(s))* di

* K o (s)

2

_ 1—€™ ¥ *
52<N 1+c2) _acn@) / (¢ 409 ) s
k* k™™ [girll]oc6 *
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N —1 * Tg—
(due to 7, € (0, 1)) < Co (T—I—C2>ee_2M€ 1<<eas 0<exl,

and

1 —
[ )~
1

—eTa K ac(s) ac(1)

1
< Cjpe™ / 2((Due)(s)?ds € eas 0 <€ < 1,
1—ema
where Cg and Cyg are positive constants independent of €.
To deal with the last term of (3.30), let us rewrite (3.15) as

e(Duo)(s) = \/ %ff((:)) (Flue(s)) — F(00)) + ve(s) and |ye(s)| < Ce'2, Vs e [k, 1].

(3.31)
Then, by (3.29) and (3.31) one may check that

1
€ / ((Due)(s))* ds

1—€ta

1
= /; (\/zﬂe (s) (F(ue(s)) — F(6o)) + Ve(s)> (Due)(s)ds

eTa e (s)

Be(l) [
= (D) V2(F(t) — F(6p)) dt 4 o.(1)

ue(l—et)

\/E Ao Po ue(l)
_ / +f +/ 2(F(0) = F00)) dt + oc(1)
ac() |Juci—emay  Joy P

= /ﬂE(I; /])0~/2(F(t)—F(Oo))dt—i—oe(l). (3.32)
0o

TV el

Here, we have used the following three estimates to deal with (3.32):

1 1
/ Ve (5)(Due)(s)ds| < ﬁe‘”/ (Due)(s)ds < Ce'(ue (1) — 6p) < €2,
1 l1—€™a

—cta

! € € 1
/1 \/2 <l3 ©) _ Bl )) (F(ue(s)) — F(60))(Due)(s)ds

—€ta aE(S) af(l)

by 329 =2 (14 & ) Qe (Fuett) = F@) (et ) 5 €
1
and

0 ue (1)
{/0 +/ }\/F(t)—F(Qo)dt
u p

e(I—€ta)

(by (3.14) and (3.17)) < V/Flue (1)) — F(bo)(jue(l — €%) — | + ue(1) — pl) =5 0.

Since gji; — 1o as € | 0, (3.32) immediately implies (3.26).
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Nontrivial boundary structure in a Neumann problem on balls... 1139

Now we shall prove (3.27). From the first three lines of (3.20), we obtain

1
1 ‘(/ F(uc(s))D (ﬂé(s)> ds — Cre.c — F(60) ﬁe(l))
€ k* ae(s) (1)

l * M* * E
—/ (F(ue(s»—F(eo))D(’gf( ))d < - (e Tk et Uk >)i’>o,
k* e(8) €
(3.33)

Hence, by (3.31) and (3.33), one finds

L Be(s) Pel)
([ Pucom (Z55) o5 - e - ren )

/ VF () — F(00) (€Duc)(s) — v (s)) ;;((ss)) (ﬁ 2;) ds + o (1)

/ VF e (s)) — F(Bo) (Du)(s) 2“5(5)) (’%i;) ds + oc(1). (3.34)

Here, we have used (P1)—(P2), |y (s)] < Ce!/? and the interior estimate (3.17) to verify

1
. ’/k Fuco) = P 7)1 p (248 ) s

1.
260 \ae )@ €

On the other hand, notice that 2“5 ((YY D (ge 8) € C?(;CT ([0, 00)). Thus, by (P1) and (P2), we

have

xe(s) o ;36(5) _ ae(l)D<ﬂe(1)> < Cls— 1T,
Zﬂe(s Ote(S) 2Be(1)  \ae(D)

where Cj; is a positive constant independent of €. Let us also recall (Du¢)(s) > 0 and
T € (0, 1). Hence, following the similar argument as in (3.32) arrives at the precise leading
order term of the expansion in the last line of (3.34):

e ()

(s ) Be(s)
€ - € a €
/1 o V F(ue(s)) — F(6o) (Due)(s) s ) ds + 0¢(1)

o () (ﬁe(l))/ VFe) = Fo) Duo)(s) ds +oc()
1—e!

2B:(1)  \ae(1)
S (G X0
_ae(l)< 251 PPOD) Zae(l)(Daé)(1)>

ue(l)
Xf o VE O = F(60)di +0c(1)

ue(1—el/=)
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_ 1 ae(1) _ Be(1
= a6(1)< 26.(1) (DB (1) ,/2 0 (Dae)(1)>

Po

X / VF(t) — F(0y) dt + oc(1). (3.35)

Since £ EI; = 1o + 0c(1), by (3.34) and (3.35), we obtain (3.27) and complete the proof of
Theorem 3.3. ]

Thanks to Theorem 3.3, now we shall establish the precise first two-order terms of u. (1)
and (Du,)(1) with respect to sufficiently small €. Note that by (2.5) and (2.17), we have

1 <ﬂe (1)
e (1)
Combining (2.23) with (3.26)—(3.27), one may obtain

) | ()

—,LL()) <1, a0<ex . (3.36)

(F(ue(1)) — F(6o))

2 ae(D)
)4
SN ((N —1+ m“ig”) ( f " V2F () — F@o)) di + oe(l))
6 90
e (D)
2ac() ( Jm Y (Dae)(l))

X (/PO V2(F(t) — F(6p))dt + 05(1)>
Ao

~ D)) D)
_6M<(N_l)+ 2ac) T 26.D) )

X (/PO V2(F(t) — F(6p))dtr + 05(1)) . (3.37)
fo

The next task at hand is to deal with the first two terms of u. (1) and (Du.)(1). By (3.14),
we obtain

ue(l) = p + g with lim g = 0. (3.38)
€

Combining the boundary condition (2.20) with (3.38) gives the asymptotics
eue)(1) =n(po) + gen’ (po)(1 + 0e(1)). (3.39)
On the other hand, by (2.10) and (3.38), we have, for 0 < € < 1, that

1 2, Be(D)
— 7)) + a(l) (F(ue(1)) — F(6o))

1 2
—= [n(po) + gen’(po) (1 + 0e(1))]
(

'3 (1; [F(po) — F(00) + qe f(po)(1 + 0c(1))]

= ge [—n(po)n’(po) + 10 (po) + 0c(1)]

Be(1)
+ — 1o | (F(po) — F(6o))- (3.40)
ae (1)

+
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As a consequence, by (2.10), (3.36), (3.37) and (3.40) one may check that

9e _ / -1 _ Dae)(d)  DBH()
= =(npon (po) + 1o f (Po)) [J/To((N D+ (D) + 2/35(1)>

(1
/6 V2(F (1) — F(60)) dr + — ('B W —MO> (F(po) — F(%))} + 0e(1)
0

()
F(t) — F(6o)
Do)(1 DB)(1 F(po) — F(6o)
:<(N—1)+(2321()) (2521()) h YR f(o) +oc(l). (341
‘ ¢ —n'(po) + mo—— 7(70)

Here, we have used (3.36) to verify the second equality. By (3.38) and (3.41), it yields the
precise first two-order terms of u. (1) with respect to small €:

_ Dac)(1) | DBH(D)
uc(l) = po+€Cop ((N -+ 2. (1) + 25.(1) +05(1)) ,

—1
where Cp = (—n’(po) + Ko ;((1[;8))) 9}070 1/%dr is defined in Theorem 2.1.
Finally, (3.39) and (3.41) imply

(3.42)

n(Po) Dae)(1) | D)D)
Due)(1) = +1'(po)Co <(N -D+ 20 (D) + 6.1 ) +oe(1).  (3.43)

3.3 Completion of the proofs

Proof of Theorem 2.1 The monotonic increase of U follows immediately from (2.4). To deal
with the convexness of U as R > 1, let us recall (2.19), (P2), (P3) and Lemma 3.1. Firstly,
we choose k. € [k*, 1) such that u. (k) = WTPO € (6o, po)- Then, by (3.17) and (3.18) we

_ * . 0 — . .
have 0 < 20-% < Lee= "7k with 0 b elog I’Z—Lf" < —M*(1 — k) < 0, implying

el ——10g P2 =0 j clas0<ex 1. (3.44)

M* 2LE
Moreover, we have ming, 1) ue > (6o + po)/2 for any € > 0. Hence, by (2.19), (P2), (P3)
and (3.44) we obtain, for sufficiently small € > 0, that
N (Da) ﬁ (s)
E(D%uc)(s) = —€ (k +s ‘ ) (Due)(s) + ( nf . ) [ (ue (k"))
[k* 1]

Qe
> —62<NT:1+C2>(DM5)(S)+C1f( °+p>_—f(0°+p> 0

since lim¢ o sup €(Du.) < 0o. As a consequence,
[k*,1]

1

D%uc)(s) > 0in [ke, 1] as 0 < € < 1.

This along with (2.17) gives U” > 0 in [ER, R] as R > 1, where ER = ki/rR (= keR)
admits
1 pP— 9() ~
R+ W log : < kR < R.
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Hence, we obtain the convexness of U near the boundary r = R as R > 1.
It remains to deal with (2.6). By (2.17)—(2.18), (3.2) and (3.17), one arrives at

2n(6p)a (R) —M*(R r)

min &
[0.R]

0<U(r) —6p < Lee MR

0= (%) v =

for r € [0, R]. Consequently, we prove (2.6) with My = M* and Lo = 2n(6p) maxo, rj e
(min[oﬁR] a)_l + SUpPy_¢«1 Le Which are positive constants independent of R. Finally, by
(2.17), (2.18), (3.42) and (3.43), we immediately obtain (2.7) and (2.8). Therefore, we com-
plete the proof of Theorem 2.1. O

Proof of Corollary 2.2 Corollary 2.2(1) follows directly from (2.7)—(2.9) so we omit the proof.
We are now in a position to prove Corollary 2.2(I). Assume firstly that (i) is satisfied. Setting

;= g: Eg ,1 =1, 2, which are independent of R, we denote p; = p(u;) the unique root of
(2.10) with o = i, i = 1, 2. Notice that F(po) is strictly increasing to py € (8p, 00) and
n(po) is decreasing to pg € (0p, 00) [see (Al) and (A2)]. Hence, from (2.10) it is easy to
check that po = po(uo) is strictly decreasing to ;o > 0. As a consequence, the assumption

M1 < (o implies

p1 > p2 > 6pand 0 < n(p1) < n(p2).

Accordingly, the leading order terms in (2.7) and (2.8) immediately imply
U, 8, (R) > Uay ,(R) > 6 and 0 < Uy, g (R) < Uy, 5, (R)as R > 1.

Now we assume that (ii) is satisfied. Then, as R — oo, by (2.7) we know that fjal,,gl (R)
and ﬁaz,ﬁz (R) have the same leading order term, and by (2.8), fj;]’ﬂl (R) and ﬁ:xz,ﬂz(R)
have the same leading order term. Due to the fact that the second and third conditions in (ii)
exactly appear in the second-order terms of (2. 7) and (2.8), a 51mple comparison immediately
showsUa] B1(R) > U‘,,2 g,(R) > 6Hpand 0 < Uol1 ﬁl(R) < Um2 8 (R) as R > 1. Therefore,
we complete the proof of Corollary 2.2(II). O

Proof of Theorem 2.3 Tt suffices to prove

lim R i Ur) —6)d " —% d
_ t,
koo Jpg T EE «ﬁ b V2(F() — F@0)

Jim R/ U’z(r)dr—f/ V2(F (1) — F(69)) dr,

R— o0

which are equivalent to claiming

) Ve (s) — 6o 1 Po t—0
1 ds = dr, 3.45
el fk e O T m ey VZFEO-F@) G4
1
liilge/ (Due)z(s) ds :\/pTO/pO 2(F(t) — F(6p)) dt, (3.46)
€ k* 0o

respectively. Firstly, by following the similar argument as the proof of (3.26), (3.46) can be
obtained straightforwardly so we omit the detailed proof. It remains to prove (3.45).
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To deal with (3.45), we first consider the decomposition

1 . l—€ta 1 .
/ ues) —fo i/ +f }ueu) b g
* € * 1—€Ta €

where 7, € (0, 1) has already been used in the proof of Theorem 3.3. Due to the interior
estimate (3.17), we have

/“"’ ue(s) =60 4
* €

Utilizing (3.15) and following the similar argument as the proof of (3.27), we can deal with
the second integral as follows:

1 —
/ ue(s) —6p ds :/ ue(s) 0 (Duc)(s) ds
e € e \/ L) (F(ue(s) = F(00)) + 0c(1)

<1, as0<ex . (3.47)

! e(s) =
N Duc ds + o0c(1
Vit hew TET o) = Fo) + oc(y 4 oD
ue(1) N

: L% dr 4+ oc(1)
VD Jucti-ey VZF@D = F@0)) + 0c(1)

1 Po r— 90

dr + oc(1). (3.48)

~ o Joy VZE® — F@0)

Here, we have used (3.29), u.(1) — p, ue(l — €%) — 6y and the fact that

Po t—6p . . .
fGo 7mdt is finite [cf. Remark‘2] to verify (3.48). Therefore, (3.45) follows from
(3.47)—(3.48). The proof of Theorem 2.3 is done. O

4 Final remark: how strongly does the small perturbation of % affect
the boundary structure of U?

In Theorem 2.1, we have established refined asymptotics of U(R) and U’(R) under a strong
assumption (2.5). The 51tuati0n shows that, on the boundary asymptotics of U, the effect of
the perturbation of BR) o R) — o withrespect to R >> 1 is far smaller than the effect of boundary

be - Mo‘ < [H(R)| ~ g as R> 1.

curvature 11€ since

With regard to the small perturbation of B(R g 10, particularly for including its significant
effect on boundary structure of U, we shall pay attention to the situation

B(R) B(R)
Rl)moo «R) = o and hm lo%fR «(R) — ol > 0. “4.1)
The main difference between (2.5) and (4.1) comes from the fact that (4.1) implies
[H(R)| < % — ol as R > 1. 4.2)

Accordingly, the perturbation of BB @ ( R) ) around 1o plays a crucial role in asymptotic behaviors
of U(R) and U’(R) and is undoubtedly not to be ignored. Note also that (4.1) includes (1.9).
Hence, (3.36) is no longer satisfied, and the asymptotic expansions of U(R) and U’(R) are
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more complicated than the corresponding results in Theorem 2.1. Such a result is stated as
follows:

Corollary 4.1 Under the hypotheses as in Theorem 2.1, we replace (2.5) with (4.1). Then, as
R > 1, we have

JFo) — F @) <ﬂ(R) ) o(1)
U(R) = — H(R _ 43
Ry =Pot F o) — ntpom (o) \a(ry ~ H0) TEHEI+ == (49

U'(R) =n(po) +n'(po) <

o(1)
+

F(po) — F(6o) (ﬂ(R)

— + CoH(R
10 (po) — n(pon’ (po) \a(R) 0) 0 ())

4.4)

Proof The argumentis similarto (3.41)—(3.43), where we should note that the second equality
of (3.41) is obtained from (3.36) [which is equivalent to (2.5)]. Note also that (2.10) and the
first equality of (3.41) still hold under assumption (4.1). Since (4.1) cannot imply (3.36), we

shall use the first equality of (3.41) and (2.10) to obtain that, as € = % — 00,

L f(l?o))_1 [( N1 (Dae)(1) (D,Be)(l)>
qe—R< 77(P0)+M0n(p0) ( )+ (D) + 6.1

Po [ F(t) — F(6o) 1 (ﬂe(l) )
d _ 0
x/go F(po) — F(60) t+ Toioe \acl) Mo | + oe( )}

S0 = F @) (ﬂ(R) ) o(1)
_ _ HR) + 2. 45
10/ (o) — n(pom’ (o) \a(ry ~10) GO + = ()

As a consequence, by (2.17)—(2.18), (3.42)—(3.43) and (4.5), we get (4.3) and (4.4) and end
the proof of Corollary 4.1. O

At the end of this note, we take a holistic viewpoint to answer the question on the title of
this section.

Remark 3 To see the effect of f% — 1o on asymptotics of U, we may assume f‘% — o =

s R™ ™ with u, # Oand 7, > 0. We stress that different z, results in the various asymptotics
of U. More precisely, by (4.3)-(4.4) we have
[U(R) — pol + [U'(R) —n(po)| S R-™h™ ag R > 1.

Moreover,

e If0 < 7, < 1, then % —Mo‘ > |[H(R)| and

s/ F(po) — F(0p) 1 +0(1)
wo S (po) —n(po)n’(po) R™ ~ R™
wsn)' (po)~/F (po) — F(6p) 1 n o(1)
wof(po) —n(po)n’(po) R™ ~ R™

U(R) =po +

3

U'(R) =n(po) +

Note also that if ws < 0 (resp., > 0), there holds U(R) < po (resp., > po) and
U’(R) > n(po) (resp., < n(po)) as R > 1.
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o If r, =1, then

BUS — wo| ~ IH(R)] and

U(R)=p0+< — + CoH(R)

F(po) — F0y) 1 ) o(l)
o f(po) —n(po)n’(po) R R’

, ( uFRO—F@ 1 ) o(l)
U(R) = — oH(R .
o "(p°)+"(p°)(uoﬂpo)—n(po)n o R O )T

o If t, > 1, then BR) ,uo‘ < |H(R)| and

a(R)

U(R) = po + CoH(R) + ?

1
U'(R) =n(po) +n'(po)CoH(R) + Q
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