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Abstract

In this paper, we mainly propose improvements of the logarithmic difference lemma for mero-
morphic functions in several complex variables and then investigate meromorphic solutions
of partial difference equations from the viewpoint of Nevanlinna theory.
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1 Introduction

It is well known that the celebrated binomial function C" = —2%— ! — (1 < m < n) having
m (n—m)'m!
the relation

Ch=Cpa+ Gy ()

in the early history of mathematics, which was known to Shijie Zhu in China in 1303. The
functional relation (1) is an example of partial difference equations which was developed only
after the eighteenth century. Discrete analogues of equations of mathematical physics have
always been of great interest to scholars. For instances, Courant et al. [14,15] discussed alge-
braic problems of a very much simpler structure by replacing the differentials by difference
quotients on some (say rectilinear) mesh. Azmy and Protopopescu [1] investigated various
aspects of the dynamics of a discrete reaction—diffusion system. Young [48] introduced itera-
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tive methods to solve partial difference equations. Although partial difference equations such
as (1) appear well before partial differential equations, it has not drawn as much attention
as their continuous counterparts. Renewed interest has, however, been picking up momen-
tum during the last sixty years among mathematician, physicists, engineers and computer
scientists. For many examples of partial difference equations and its background, we see
[10,16,17]. If the continuous counterparts of (1) are considered, then we find an interesting
phenomenon that the entire function f(z1, z2) = e*'7%2 on C? is a nontrivial solution of the
partial difference equation

f1,22) = fz+ci, 22+ )+ f(z1, 22+ ¢2),

where ¢, ¢y are values in C? such that e“17¢2 + ¢2 = 1. Motivated by this, it is worth
considering entire or meromorphic solutions of partial difference equations.

As early as over 30 years ago, several initial results on the existence of meromorphic
solutions of some complex difference equations have been obtained by Bank, Kaufman,
Shimomura, Yanagihara and other researchers. Later on, the researches in this field were
developed slowly, almost in a state of stagnation. Until recent ten years, Nevanlinna theory
(especially the difference analogues such as logarithmic derivative lemma, Tumura—Clunie
theorem, etc.) has been used as a powerful tool to investigate complex difference equations,
and thus, it becomes an interesting and hot direction. For this background, we see [7,12,20,49].

As far as we know, however, there are very little of results on solutions of complex partial
difference equations by using Nevanlinna theory. In 2012, Korhonen [30] firstly obtained
the difference version of logarithmic derivative lemma (shortly, we may say logarithmic
difference lemma) for meromorphic functions on C™ with hyperorder strictly less than %,
and then used it to consider a class of partial difference equations in the same paper. In
[4], Cao and Korhonen improved the logarithmic difference lemma to the case where the
hyperorder is strictly less than one. Meanwhile, Wang [43] considered some kinds of partial
g-difference equations.

The main purpose of this paper is to improve the logarithmic difference lemma in Nevan-
linna theory and use it to study complex partial difference equations, basically focusing
on linear partial difference equations, nonlinear partial difference equations, difference
counterpart of Tumura—Clunie theorem concerning partial difference equations. We first

introduce some basic notations and definitions as follows. Let z = (z1, ..., zm) € C" with
lzlI> = > |z;|%. Define the differential operators d = 9 + 3 and d° = 2=2. For a

meromorphic function f on C”, let v?c_ , be the zero divisor of f — a. Set n(z, ﬁ) =
S B0 V) —a @@ NI i m = 2 and (@, 715) = Yo vy, @ ifm =1,

o | el .
where B, (t) = {z : |lz|| < t}. Denote by N(r, ﬁ) = [, —~— the counting func-
tions of zeros of f —a on complex vector space C™, by m(r, f) the proximity function of f
definedasm(r, f) = [y 108" | f(2)| o (2) Where o, (2) = d° log IzII2 A (dde||z)|*)™ !
and log™ x = max{log x, 0}. Then the Nevanlinna characteristic function of f is defined as

T(r, f)=N(r, f)+m(r, f). Then the first main theorem is said that

T(r, ! >= T(r, )+ O(1)
f—a

forany valuea € CU{oo}. A meromorphic function f can be also seen as aholomorphic curve
from C™ into P! (C) with a reduced representation f = (fo, f1), where fo and f; are entire
function on C™ without common zeros. The Cartan characteristic function is defined by
Tr(r) = [yp o logmax{| fo@. 1fi@Now@ — fy5 o, logmax{] fo@)l. |fi(@)}om ().
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The two characteristic functions have the relation T¢(r) = T(r, f) + O(1). The defect
8y (a) of zeros of f — a is defined as
1
N (r, m)

dr(a) =1 —limsup

r—00 T(r, f)
The order p(f) and hyperorder p,(f) of f are defined, respectively, by
log T'(r,
o(f) = lim sup M,
r—00 lOg r

and

pa(f) = tim sup FECETC )
r—o00 lOg r

We assume that the readers are familiar with the basic notations and results on Nevanlinna
theory for meromorphic functions in several complex variables (see, for example, [18,40,41]).

The logarithmic difference lemma of several complex variables in Nevanlinna theory will
play the key role in studying meromorphic solutions of complex partial difference equations,
as does as the logarithmic derivative lemma of several complex variables in investigating
solutions of complex partial differential equations [27,36,37]. Let ¢ € C™ \ {0}. Motivated
by the ideas of [6,49], we continue to propose an improvement of the logarithmic difference
lemma for meromorphic functions in several complex variables [4,30] (Theorem 2.1) that

( fz+o)
mlr, ————
f(@)

holds for all  possible outside of a set E with zero upper density measure, provided that the
growth of the meromorphic function f on C™ satisfies

logT(r, f)
——=

) =o(T(r, f) (@)

lim sup
F—00

0 3

(which implies that the hyperorder is rather than just strictly less than one). This is also
an extension of [20,21,49] from one variable to several variables. Then from it, we get the
relation

T(r.flz+c) =T, f)+o(Tr, ), (r¢E), “

under the assumption of (3). We will also show the explicit expression of o(7 (r, f)) in the
logarithmic difference lemma for the special case whenever f is of finite order as (Theorem
2.4)

fz+o) _ (f)—1+e
" (r’ 1% ) =o (). ©

and thus obtain the relation
T(r, fz+) =T(r, f)+ O@rI71+e) (©6)

for any €(> 0). This is an extension of Chiang and Feng [12] from one variable to several
variables.

In terms of the above results on the logarithmic difference lemma, we can consider mero-
morphic solutions of partial difference equations. Since there are too many kinds of partial
difference equations, we cannot systematically and completely investigate solutions of partial
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difference equations. In this paper, we will focus on some typical models of partial difference
equations. For the discrete potential Korteweg—de Vries (KdV) equations

i
xitl — xi 4 Zj
JHLT T il oy
J Jj+1

in [42], we can firstly consider the nonlinear partial difference equation

fi+c,z24+) = f(z1,22) + A(z1,22) )
fz1,224+¢2) — f(z1 +c1,22)

where c1, ¢y € C\ {0}, and A(z1, z2) is a nonzero meromorphic function on C? such that
T(r,A) =o(T(r, f)) (orsay, A is a small function with respect to f). In fact, we will obtain
(Theorem 3.1) that any nontrivial meromorphic solution of Eq. (7) with assumption (3) must
satisfy 8¢(0) > 0. We also consider the Fermat-type nonlinear partial difference equation

1
+ = A(z1,22) f"(z1, 22),
fmGzi+c,za+c)  fM(z1,22) &1, 22) s 22)

or
1 1 1
+ +
fMzi+ce,z24+c¢)  fMzi+e,z2) f™z1,22+¢2)

and prove that any nontrivial meromorphic solution f with §7(cc) > 0 satisfies
log T'(r. f)
r

= A(z1,22) f" (21, 22),

lim sup, _, > 0, provided that A is a small function with respect to f (see Theorem
3.2). Furthermore, we will prove the difference versions of the well-known Tumura—Clunie
theorem in several complex variables which is a powerful tool for studying complex (partial)
differential equations (see, for example, [27,28,33,38]).

There are many models of partial linear difference equations (see [10]), such as the two-
level discrete heat equation

i i i i
Wiy =au_y +buj+cufyy,
the nonsymmetric partial difference functional equation

Ux+t,y — 2“x,y +Ux—ty _ Uxyt+s — Zux,y + Ux,y—s
12 o 52 ’

and the steady-state discrete Laplace equation
Um—1,n + Um+1,n + Umpn—1 + Umnt1 — dUmn = 0.
These equations impel us to study general linear homogeneous partial difference equations
An@fl@+cp)+ -+ A1@) fz+c1) + Ao(2) f(2) =0, (3)

where Ao, ..., A, are meromorphic functions on C" and ¢y, ..., ¢, € C™\ {0}. According
to the logarithmic difference lemma for finite order, we will obtain (Theorem 3.3) that any
nontrivial meromorphic solution f of (8) satisfies p(f) > p(Ax) + 1, whenever one tran-
scendental meromorphic coefficient Ay (k € {0, 1, ..., n}) dominates the growths of all the
meromorphic coefficients. Motivated by the model of the discrete or finite Poisson equation
(see [10])

Uij+1 it j+uij—1 +ui1j —4uij = gij,

@ Springer



Logarithmic difference lemma in several complex variables and... 771

we also consider the linear nonhomogeneous partial difference equations

An@fE+cp) + -+ A1) f(z+c) + Ao(2) f(z) = F(2), (C))

where meromorphic coefficients Ag, ..., A, F (5 0) on C™ are small functions with respect
to meromorphic solutions f. We will prove (Theorem 3.4) that if a meromorphic solution f
of (9) satisfies the assumption of limsup,._, o, w = 0, then we have § ¢ (0) = 0.

This paper is organized as follows: Three forms of the logarithmic difference lemma for
meromorphic functions in several complex variables are proved in Sect. 2. By them, the
relations of N(r, f) ~ N(r, f(z+c¢))and T(r, f) ~ T (r, f(z + ¢)) are given in the same
section. In Sect. 3, we firstly consider nonlinear partial difference equations coming from the
discrete potential KdV equation and the Fermat equation and then study general partial linear
difference equations. Difference analogues of Tumura—Clunie theorem concerning partial
difference polynomials are also investigated in Sect. 3. Finally, we obtain an improvement
of Korhonen’s result for a class of complex partial difference equations by our logarithmic
difference lemma. Some examples are given to show that the results of nonlinear partial
difference equations or the linear partial difference equations are sharp.

2 Logarithmic difference lemma in several complex variables

In this section, to solve meromorphic solutions of partial difference equations, we mainly
study the logarithmic difference lemma of several complex variables of Nevanlinna theory. In
2006, Halburd—Korhonen [20, Theorem 2.1] and Chiang—Feng [12] obtained independently
the difference version of logarithmic derivative lemma (shortly say, logarithmic difference
lemma) for meromorphic functions with finite order on the complex plane. In 2014, Halburd
et al. [21, Theorem 5.1] extended it to the case for hyperorder strictly less than one. In the
high-dimensional case, Korhonen [30, Theorem 3.1] gave a logarithmic difference lemma
for meromorphic functions in several variables of hyperorder strictly less that 2/3. In 2016,
Cao and Korhonen [4] improved it to the case for meromorphic functions with hyperorder
< 1 in several variables. Very recent, Zheng and Korhonen [49] improve the condition to
the case when the meromorphic function f on the plane satisfies lim sup,._, o, logTrM =0
(rather than just hyperorder strictly less than one), which is usually called minimal type.
In fact, they proved a version of the subharmonic functions for the logarithmic difference
lemma. Here, we improve and extend the known results on logarithmic difference lemma
directly for meromorphic functions of one and several complex variables by using a growth
lemma for nondecreasing positive logarithmic convex function due to Zheng and Korhonen,
but avoiding the subharmonic function theory. A tropical version of logarithmic derivative
lemma due to Cao and Zheng [6] was obtained very recently.

Theorem 2.1 Let f be a nonconstant meromorphic function on C*, and let ¢ € C"* \ {0}. If

lim sup 0, (10)

r—o0

log7'(r, f) _
; -

then

fz+0) f@ \
(- 55) e e mome
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forallr ¢ E, where E is a set with zero upper density measure E, i.e.,

r—oo I

- 1
densE = lim sup — / dr =0.
EN[L.r]

Remark 2.1 (i). We note that condition (10) implies that p>(f) < 1 and the equality can
possibly take place. In fact, assume that (10) holds, then there exists 7y > 0O such that
for any r > rg, we have log T'(r, f) < r and thus p(f) < 1. Moreover, whenever f is
taken to satisfy, for example, T'(r, f) = exp{m} where m > 1, one can easily get
both (10) and py(f) = 1. Hence, Theorem 2.1 1s an improvement of all the difference
version of the logarithmic derivative lemma in several variables obtained before.

(ii). By the new version of the logarithmic difference lemma, all the second main theorem
and Picard-type theorem for meromorphic mappings from C™ into complex projective
spaces [P (C) obtained in [3,4,30] (including also [5,21,31,44]) can be improved under
the assumption of (10).

Before giving the proof, we show the following lemma proved recently by Zheng and
Korhonen, by which they obtained an improvement of difference version of logarithmic
derivative lemma for meromorphic functions of one variable under assumption (10). This
lemma is an improvement of a result on growth properties of nondecreasing continuous
real functions ([20, Lemma 2.1] and [21]). Here the properties of real logarithmic convex
functions are considered. Note that the characteristic function 7'(r, f) and counting function
N(r, f) for a meromorphic function on C" are satisfying the properties of nondecreasing
positive, logarithmic convex, continuous function for r.

Lemma 2.1 [49, Lemma 2.1] Let T (r) be a nondecreasing positive function in [1, +00) and
logarithmic convex with T (r) — +o0(r — 400). Assume that

logT(r)

lim inf 0. (11
r—00 r
Set
t
$(r) = max {log () } '

Then given a constant § € (0, %), we have

T0) <TG +8° ) = (14+46°20)) T, r ¢ Es,

where Es is a subset of [1,400) with the zero lower density. And Egs has the zero upper
density if (11) holds for lim sup .

Remark 2.2 Note that ¢5 (r) — oo and ¢3’% (r) —> 0asr — oo in Lemma 2.1. Then for
sufficiently large , we have ¢%(r) > h for any positive constant /. Hence,
T <TG+ <Tr+¢' () <A +aT 1), r¢E,

where E is a subset of [1, +-00) with the zero lower density.
The following lemma was obtained by Korhonen [30]. Since the assumption of f(0) #
0, oo for a meromorphic function f of one variable in [30, Lemma 5.1] can be omitted when

the Poisson—Jensen formula is used, it does not matter with [30, Lemma 5.2]. Thus, we delete
it in the statement.

@ Springer



Logarithmic difference lemma in several complex variables and... 773

Lemma 2.2 [30, Lemma 5.2] Let f be a nonconstant meromorphic function in C*, let ¢ =
(cty...,cp) € C", let % < 8 < 1, and denote ¢c; = (0,...,0,¢;,0,...,0). Then there
exists a nonnegative constant C(8), depending only on 8, such that

f(z+¢))
logt |12~ /7
/33,,(r) o8 f(@

- 87lc;1°C(8) ( R\* ™ ns(R,o0) +n (R, 0)
ELED) (f)

r

LAl (R =2 R R ' mys(r,00) +mys(r,0)
1—-68 \'r R—(+lcih/ \R—r R2 — 2

forall R > r +|cj| > Icjl.

0, (2)

I

Now we give the proof of our version of logarithmic difference lemma.

Proof of Theorem 2.1 By the definition of counting function, we have

R N(R NR1
(s ev(n1)

for all R > r. Then it follows by Lemma 2.2 and the first main theorem that there exists a

ng(r,o00)+ng(r,0) <

positive constant Ky, depending only onc; = (0,...,0,¢;,0,...,0) and § e (%, 1), such
that
m(r, M) = / 10g+ M 0, (2) (12)
f(@ 3B (r) f(@
1
< KiKa(r B (TR )+ log o
170

forall R > r +|cj| > |cj|, where

Kt B R 2n—-2 1 R R 1-6 N 1
r, = —_— v
2 r R —(r+lc;D R2—r2\R—r rd

(r+lc; )’
(log T (r+lcj[. f)%°

Under the assumption of (10). Take R = (r + |c;|) +
for sufficiently large r,

8 € (0, 3). Then

1 _ (logT(r-i-lc,'I,f)>(S — o(l)
R — (r +cjl) r+|cjl ’
R el o Hleh? 1 B
ot T eera iy W
and
R R \!\- R RO\
R2_r2<R—r> :R_1<15_ ) =o(1).
Combining these with (12),
f(z+5‘j)> | <TR 1 )
,— ) < ) +1 13
(r fo )= oW D e g ()
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for all sufficiently large . Moreover, under assumption (10), it follows from Lemma 2.1 that
r+|c;l

forany & > 0 and ¢(r) = log T+,

T(R. f) < (L+& (DT +cjl. f) < L +& ()T, f)

holds for all r ¢ E| where densE| = 0. Hence, (13) yields

m(r, M) :/ log™
f(@) 3B (r)

for all r possibly outside the set £ with densE| = 0.
Now for any ¢ € C", it can be written as ¢ = ¢; + - - - + ¢,. Take ¢g = 0. Since

fz+o
f(@)
_ [t feHennam,0)  fz4(er,0,...,0)
T fG@4 (el ene1,0) fz+(clh...,cn_2,0,0)) fz4(0,...,0)

G+ f@HYT5E) @+ YoE)

(Z+Ej)

7@ on(z) =o(T(r, f)) (14)

FEHYINE) e+ Yiie) Fz+ )
we get from (14) that
MEAELCLLIN ] P z+§5k (15)
(@) = —

for all r possibly outside the set £1 with densE; = 0.
Next, we assert that

T(r.fz+c) =T, f)+oT(r, f)) (16)

for any ¢ = (c1, ¢2, ..., ¢,) and for all r possibly outside a set F' with dens(F) = 0. In fact,
by the first main theorem and (10), we have

log N(r, . log T'(r,
limsup ENC D 08T g
r—00 r r—00 r
Then by Lemma 2.1, we get that
N(@r+h, f)=A+o()N(, f) a7

holds for any constant (> 0) independently on r and all » ¢ E» with densE> = 0. Hence,
it follows from (14) and (17) that

TG f+E)) = m(r, fz+E) + NGy £z +E))

<m (r, %) b f) + NG+ 161 )

(r, M) Fmr, f)+ NG )+ o(N (. )
[0

=T(r, f)+o(T(r, f))
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for all r possibly outside the set E1 U E» with dens(E| U E3) = 0. Thus, it deduces that

T(r, fz+(c1,....cn=1,0) +o(T(r, f(z+ (c1,...,cn-1,0))))

T@r, fz+0) =
S T(r7 f(Z + (Clv L] Cn—ls 0))) + O(T(r’ f(z + (Clv L) CVL—27 0! 0)))

=T(, fz+(1,0,...,0)) +o(T(r, f))
=T, f)+oT(r, f)

for all r possibly outside the set F = E; U E; with densF = 0. Note that f(z) = f((z +
¢) — ¢)). Then we get the assertion.
Therefore, the theorem is obtained immediately from (15) and (16). ]

From the proof of Theorem 2.1, we have assertion (16). Since the relation between
T(r, f(z))and T (r, f(z+ ¢)) is very useful to study solutions of complex difference equa-
tions, we here rewrite it as a theorem.

Theorem 2.2 Let f be a nonconstant meromorphic function on C" with

. logT(r, f)
limsup ———— =
r—>00 r

07

then

T(r,fz+c)=T(, f)+o(T(r, f))
holds for any constant ¢ € C" \ {0} and all r ¢ E with densE = 0.

If using the Hinkkanen’s Borel-type growth lemma but not Lemma 2.1, we can obtain
another form of the logarithmic difference lemma as follows. A tropical version is also given
by Cao and Zheng [6] at the same time.

Theorem 2.3 Let f be a nonconstant meromorphic function on C"*, and let c € C" \ {0}. If

. log T'(r, f)(logr)*
lim sup =

r—00 r

0, (18)

Sfor any e(> 0), then

fz+0) f@ \
(- 55) e e mome

for all v ¢ E, where E is a set with fE zl‘iﬁ < 400 which implies E with zero upper
logarithmic density measure, i.e.,

1 dr
densE = lim sup / — =0.
r—oco logr Jenap s f

The next lemma is the Hinkkanen’s Borel-type growth lemma (or see also a similar lemma
[11, Lemma 3.3.1].

Lemma 2.3 [25,Lemmad4] Let p(r) and h(r) = @(r)/r are positive nondecreasing functions

defined forr > ¢ > 0 andr > t > 0, respectively, such that fgoo p‘z) =ocoand [ % <
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00. Let u(r) be a positive nondecreasing function defined forr > rog > o suchthat u(r) — oo
asr — 00. Then if C is real with C > 1, we have

p(r)
h(u(r))

u(r + ) < Cu(r)

wheneverr > ro, u(r) > 1, andr ¢ E where

/ dr 1 C /‘X’ dr
< + —— <0
gp@r)  h(w)y C-—1J, o)

and w = max{t, u(rg)}.

Proof of Theorem 2.3 In Lemma 2.3, we take

u(ry="T(, f), p@r)=rlogr,

and
h(r) = p(r)
r
where ¢(r) = rlogr(loglogr)! ™ with ¢ > 0. Then, it is obvious that fgoo pd(:) = oo and
frw% <ooforr >p>0andr > 1 > 0. Let
p(r+lcjD)
R:=(r+lcjD+ ,
T+ 1eiDR(T(r + lejD)
(r+lcjDlog(r +1c;D)
= (r+lejh + v FpwYErS
log Ty (r + |cj ) (loglog Ty (r + |c;))
Note that
(r +Icjl) log(r + Ic;)
TR, f)=T <(r + lejh) + ! ! = f
log T (r + |cj)(loglog Ty (r + [c;1))
Applying Lemma 2.3, we have
T(R, f) =CT( +lcjl, ) 19

for all r possibly outside a set E satisfying

Ep:={r elrg,00) : T(R, ) = CT(r +1cjl, f)}

/ dt _/ dt
g, p@)  Jg, tlogt

- 1 n c /"0 dt
~ logw(oglogw)!+¢ ~ C -1/, tlogt(loglogt)!+e
< +00.

where
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This gives

_ 1 dr
logdensE| = lim sup / —
r—oo logr Jpnpr ¢

. fEm[l logr] % . dt
< lim sup —————— + lim sup/
r—00 logr r—oco JENllogr,r] 110817
loglo
< lim sup £ gr—l—O:O.
r—00 r

Under condition (18), we get that for any ¢ > 0and sufficiently large r,

log T'(r + ¢, fHAog(r + |c;))* .

20
r+ |Cj| (20)
Since (18) implies p2(f) < 1 according to Remark 2.1(i), we have
1 1 T il "
oglog T'(r + lc;l, f) “lte 21

log(r +1c;D)

for any ¢ > 0and sufficiently large r. Then (20) and (21) give that for sufficiently large r,

1 _log T(r + |cjl, f)(oglog T (r + |c;|. )¢
R—(r+lc;D (r +lcjD) log(r + lc;])
_log T(r + Ic;jl, £)(og(r + |c;1))® (IOgIOg T(r+|cjl. f))““E
r+|cjl log(r + |c;])
<e(l+e)e,
f:1+@+<1+@> og(r +1¢;1) :
r r r ) logT(r +|cjl, fH(loglog T (r + |c;l, f))I+e
Ci bl (i )
r r
1
x ) ¢loa T loglog T(r+1c;l, £) \ 1€
(log(r + I¢j ) log T( + le; . f) (“Eat et L)
=o0(1)

and

' 1-8
R R \'7° R R
2 2( > == R =o(D).
RZ—r2\R-r R_ 1 \7-1

Combining these with (12) and (19),
mr, fz+¢cj)
f@

for all r possibly outside a set £ with fEl % < +o00.
By (19), we also have

rlogr
! (’ T log T(r. H)loglog T(r, )T+ f) =cren

1
) < o(1) (T(r+|c,-|,f)+logm—o)l> (22)
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for all r ¢ Ej. It follows from (20) and (21) that
log T'(r, f)(logr)® ,
<e¢

P
and
loglog T'(r, f) 4
logr) -
Thus, it yields that
rlogr

log 7(r. f)(loglog T'(r, f)ite ~ °°

as r — oo. Then we have
N rlogr
log T(r, f)(loglog T (r, f))!+¢

r+lcjl <r

for sufficiently large r. Hence,

rlogr
log T'(r, f)(loglog T (r, f))l+¢’
forall » ¢ E;. Therefore, we get from (22) and (23) that Eq. (14) is still valid for r possibly

outside the set E. Using as the same reason as in the proof of Theorem 2.1 to get (15), we
then get immediately the conclusion of the theorem from (15) and Theorem 2.2. O

T(r+lcjl, ) =T+ H=CTw ) 23

In the proof of Theorem 2.3, we do not know how to improve condition (18) by (10)
whenever using the Hinkkanen’s Borel-type growth lemma (Lemma 2.3). The difficulty we
met is how to give well-defined functions p(r) and ¢(r) when applying Lemma 2.3. After
finished this paper, we learn that Korhonen—Tohge—Zhang—Zheng [32, Lemma 3.1] recently
obtained a similar result on the logarithmic difference lemma for meromorphic functions in
one variable under the assumption of

-
(log r)2+v

for any v(> 0). It is easy to see that this assumption (24) is stronger than (18). Hence,
Theorem 2.3 (and thus Theorem 2.1) is an improvement and extension of their result.

For study on the solutions of complex partial difference equations, we next prove another
form of the logarithmic difference lemma for meromorphic functions with finite order in
several complex variables. This is an extension of [12, Corollary 2.5] from one variable to
several variables.

logT'(r, f) = 24)

Theorem 2.4 Let f be a nonconstant meromorphic function on C" and let ¢ € C" \ {0}. If
f is of finite order, then

feto _S@ N _ (et
m(r, 7@ )—I—m(r, f(z—l—c))_o(r )

holds for any (> 0).

Proof Since f is of finite order, T (r, f) < r” (H)+e holds for any ¢ > 0. Take R = 2r. Then,
it follows from (12) that

, fz+cj)

, — O(rPN—1+ey
7@ ) (r )

m(
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For any ¢ € C" which can be written as ¢ = ¢| + - - - + ¢,,. Take ¢9 = 0. Since

fz+0¢)

@

_ JGHn ) fetlerne,0) 0 fEH(er,0,...,0)
fe+(er,..oien-1,0)  fz+(cr,...,0-2,0,0)) fz+0,...,0)
S+ Y08 fG+Y050E)  fe+Yi0é))

T ey he) ferYRe) | @t
we then get that

fz+o)
m(r, ————)
f@

- O(r/’(f)*1+8+rﬂ(f(2+2}=05j))—1+5+.”+rﬂ((f(2+2;;(])5j))*1+6). 25)

The assumptlon p( f) < oo implies that we can get from Theorem 2.2 that p(f) = p(f(z+

ZJ o) =-=p(fl(z+ Z"_(l) ¢j))) = p(f(z+¢)). Therefore, the conclusion of this
theorem is true. O

By Lemma 2.1, one can get that N(r + |c|, f) = N, f) + o(N(r, f)) for r ¢

E with densE = 0 under the assumption of limsup,_, w = 0. Note that

N(r, f(z4+¢)) < N(r + |c|, f) by the definition of counting function. Hence, provided

that lim sup, _, w = 0, we have

N(r, f(z+¢) =N, f)+oN(r, [)) (26)

forr ¢ E.Below, we geta more explicit relationship between N (r, f(z+c))and N(r, f) for
finite convergence exponent of poles (and thus true also for finite order). This is an extension
of [12, Theorem 2.2] from one variable to several variables.

Theorem 2.5 Let the convergence exponent of poles of a meromorphic function f on C" is

finite, i.e.,
1 log N(r,
A <—> := lim sup M < 00,
f r—00 logr

then for any ¢ € C" \ {0},

1
NG, fz+0) = NG, )+ 077
holds for any ¢ > 0. The A(%) can be changed by p(f) whenever f is of finite order.

Proof Set |c|| = \/Icll2 + -+ |cw|?. Sine x(lf) < o0, it is enough to take the same
method due to Zheng and Korhonen [49, pp. 15-16] to obtain that

NG +lcll, f) =N, f)+ 0(,)\(%)—14—5)

holds for any ¢ > 0. The original proof is owing to Chiang and Feng [12, Theorem 2.2] by
the definition of Riemann—Stieltjes integral for counting functions. (In fact, they proved this
lemma for meromorphic functions of one variable.) On the other hand, it is obvious that

N(r, fz+¢) =N +lell, /)
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by the definition of counting function. Hence, we get that
NG f+0) < NG f)+ 071+
and thus
NG, f)SN@, f+o)+ O(rk(ﬁ)—ws)
holds for any & > 0. The assumption X(%) < oo implies that we can get from (26) that
)‘(%) = )\(f(z%c)). Therefore,
NG, f+0) = N f +0) + 007714

holds for any ¢ > 0. Obviously, the )L(%) can be changed by the order of f from the above
discussion whenever f is of finite order. O

Finally in this section, we give the explicit relation T (r, f(z + ¢)) ~ T(r, f) for a
meromorphic function with finite order. This is an extension of [12, Theorem 2.1].

Theorem 2.6 [f a meromorphic function f on C" is of finite order, then
T(r, f(z4+¢) =T, f)+ 0@FPP~1+e)

for any ¢ € C" \ {0} and for any ¢ > 0.

Proof By Theorems 2.4 and 2.5, we have
T(r, f(z+¢) =m@r, f(z+¢)+N(r, f(z+¢))
m <r, M) +m(r, f) + N(r, f) + 0P 71He)

(@)
T(r, f)+ 0P =11,

This implies
T(r, f) <T@, f(z+¢) + 0P ET=1+ey),

Since p(f) < o0, it follows from Theorem 2.2 that p(f (z+c¢)) = p(f). Hence, the theorem
is proved. O

3 Partial difference equations

In this section, we will consider meromorphic solutions of partial difference equations by
making use of our results on logarithmic difference lemma. Recall that a meromorphic func-
tion g is said to be a small function with respect to another meromorphic function f if
T(r,g) = o(T(r, f)). For example, constant functions are small with respect to rational
functions, and finite-order meromorphic functions are small with respect to infinite-order
meromorphic functions. A meromorphic solution w on C" of a partial difference equation
(or even a general form of functional equation) is called admissible if all coefficients {a;} of
the equation are small functions with respect to w.
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3.1 Some nonlinear partial difference equations

Let us start with the discrete KdV equation [26] of the form X il — X Ly Since

J+1 » le N xf*‘
. . l.
this form is not very convenient, its potential form X ’/11] =X L+ X,ﬂifxlﬂ
J
[42]). Motivated by the discrete potential KAV equation, we consider the partial difference

equation as follows.

was studied (see

Theorem 3.1 Let c1, c2 € C\ {0}. Let f be a nontrivial meromorphic solution of the partial
difference equation

Fi+enz+en = fa, )+ A, 22) .
[, 22+ ) — f(z1+c1,22)

where A(z1, z2) is a nonzero meromorphic function on C* which is small with respect to the
solution f, thatis T (r, A) = o(T (r, [)).If 6 7(0) > O, then

log T(r, f)
s

> 0.

lim sup
r—0o0

Proof Assume that a nontrivial meromorphic solution f satisfies the condition of

. loe T . . . . . .
lim sup, _, M = 0. Since A is a nonzero meromorphic function which is small

with respect to f, we get from the first main theorem that
1 1
m (r, X) <T (r, X) =T(r, A+ 0Q)=o(T(r, ).
It follows from Eq. (27) that
1 __ 1 (f(Zl+ClaZZ+CZ)_1> <f(21,22+62)_f(Z1+C1,z2)>
fHz1.22) A1, 22) f(z1,22) f(z1,22) f(z1,22) '
and thus,

1 ( f(z1+c1,zz+62)) < f(Zl,Z2+Cz))
(r,————)<m|r, +m|r, ————
f(z1,22) f(z1,22) f(z1,22)

fz1+c1,22) 1
o (r’ FG120) ) e ) TOW
_ < f(Zl+Cl,Z2+02)> < f(Zl,Z2+Cz)>
<mj\r, +ml|\r, ————————

f(zi, z2) f(z1, z2)

( fzi+ecr,22)
tm\r, ———
fz1,22)

) +o(T(r, f)).

By Theorem 2.1, one can deduce that

< f(Zl+61,zz+62)) ( f(Zl-i-Cl,Zz)) ( f(Zl,Zz-i—CZ))
mi\r, +m\r,——— | t+tm|r, ————
f(z1.22) f(z1, z2) f(z1,22)

=o(T(r. 1))
hold for » ¢ E where E is a set with densE = 0. Hence,

T(r,f2)=T( f2>+0(1)_ <r%>+m< f2>+0(1)

< 2N <r, %) +o(T(r, [))
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holds for all r ¢ E where E is a set with densE = 0. Since §(0) > 0, we have
1 §7(0
v(r L)< (1-29 T(r, f).
f 2

RO
2

This gives

T(r,f?) <2 ( ) T(r, f)+o(T(r, f))

holds for all r ¢ E where E is a set with densE' = 0. By the Valion-Mohon’ko theorem in
several complex variables [27, Theorem 3.4], we get

T(r, /%) =27 f)+o(T(r, f)).
Therefore, it follows that
SrOT(r, f) =o(T(r, f))
for all r ¢ E where E is a set with densE = 0. This is a contradiction. O
Example 3.1 Let ¢; € C\ {0}, c; = 2mi. Then the transcendental meromorphic function
f(z1,22) = % + %2 is a solution of the partial difference equation (27) with rational
—EH2am)Qanntn2nis) g a0 deduce that §7(0) = 0,

23 (e +2mi)
w = 0. This means that the assumption §7(0) > 0 in

coefficient A(z1, z2) =

p(f) = 1 and limsup,._, o,
Theorem 3.1 is necessary.

Example 3.2 Denote © (z2) by the Weierstrass g-function (an elliptic function) of one variable

7o with two periods w; and w, such that % ¢ R defined as

1 1 1
50(22):54‘ Z { }7

2 2
it L @2 WL F VWS (w4 vws)

which is even and satisfies the differential equation (g (z2)/)2 = 4 (22)° — 1 after appro-
priately choosing w; and ws. It was proved by Bank and Langley [2, Corollary 2] that
T(r,p) = 0% and m(r, P) = o(r?) = o(T(r, §)). Then, the meromorphic function
f(z1, 22) = 2z1 + © (z2) is a solution of the partial difference equation

4w?
fzi+wi, 22 +w2) = flz1,22) + ! .
fi,z2+w2) — flzi +wi, 22)
. . log T (r,
Obviously, we have p(f) = 2 and thus limsup,_, M = 0. It seems not easy

to compute N (r, m), and however, it is interesting that by Theorem 3.1, we get
immediately 8 7 (0) = 0, and thus N (r

directly N (r, yzi50)) =
3.1 is necessary.

1 _ 2 :
, m) = O(r~). Of course, if one can compute

O(r?), then this implies that the condition § £ (0) > 0in Theorem

Question 3.1 Observe that any nonzero meromorphic function with two periods (c1, 0) and
(0, ¢2) must satisfy the discrete KdV partial difference equation

1 1
fG@i+enz)  fEnznte)

fGi+c,z2+ )= f(z1,22) + (28)
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For example, f(z1,22) = sinz| — g (z2) satisfies Eq. (28) with ¢y = 2km and c; = w;
(j € {1,2}). Thus, it is interesting to ask whether all meromorphic solutions of the discrete
KdV partial difference equation (28) must be period or not?

Recall that Gross [19] and Hayman [23] investigated meromorphic solutions of the Fermat
functional equations f™ + g™ = 1 and f™ + g™ + h™ = 1 of one variable, respectively.
Motivated by this, we get an interesting result on solutions of nonlinear Fermat-type partial
difference equations as follows.

Theorem 3.2 Let ¢y, o € C\ {0}. Suppose that f is a nontrivial meromorphic solution of
the Fermat-type partial difference equations
1 1

= A(z1, 22) (21, 22), 29
e Tt ) + S (21, 22) " (21, 22) (29)

or

1 1 1

+ + = A(z1, 22) f" (21, 22),
Mz +ce,z2+c) Mz +ce,22) f™(z21,22+¢2)

(30)

where m € N, n € NU {0}, and A(z1, z2) is a nonzero meromorphic function on C2 with
respect to the solution f, thatis T (r, A) = o(T(r, f)). If 6y (c0) > 0, then

log T
ogT(r, f) 20
r

lim sup
r—00

Proof Since A is a small function with respect to f, we get

m (r, %) <T (r, %) =T, A)+0Q1) =0T, f)).

Since § (00) > 0, we have

)
NG, f) < (1 - @) TG f).
By the Valion—-Mohon’ko theorem in several complex variables [27, Theorem 3.4], we have
T(r, ") = m+n)T @, f)+o(T(r, f)).
Furthermore, by Theorem 2.1, we have
< fz1,22) ) ( f(z1,22) ) ( f(z1,22) >
myr, +m(\r, ———— | +m|r, ——
fzi+cr,z2+ ) f(z1+c1,22) fz1,22+¢2)
=o(T(r, 1))

hold for r ¢ E where E is a set with densE = 0.
It follows from the Fermat-type partial difference equation (30) that

Mz, 22)

_ 1 [( f(z1,22) )m+< f(z1,22) >m+< f(z1,22) )m]
A(z1,z2) [\ fz1+c1,22+¢2) fi,z2+¢2) fz1+c1,22) ’
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Therefore, we have
(m+m)T(r, f)
=T, ") +o(T(r, )
=N, " +m@, "+ o(T(r, f))

= NG, £ + m(r, %)—l—m-m <r, [z +c1,zz+c2)>

f(z1,22)
f(z1, 22+ ¢2) ' fz1+c1,22)
e <r’ f(z1, z2) )+m " (r’ f(z1,22) >+0(T(r’ 0
8¢(00)
<(m+n)( — YT (r, )+ o(T(r, f)).

2
We obtain a contradiction. Similarly discussion about Eq. (29) also gives a contradiction. O

Example 3.3 [45, Example 1.5] Let ¢; and ¢, are two complex values such that ¢; + 2icr, =

—% + 2km (k € Z). Then the meromorphic function f(z1, z2) = m is a solution

= 1. Obviously,

. . . 1 1
of the Fermat-type partial difference equation RIETEv— + )

w = 0. This shows that the assumption

8r(0) = 0, p(f) = 1 and limsup,_,
87(00) > 0 in Theorem 3.2 is necessary.

Since 6 ¢ (00) > 0 is always true for any nonconstant entire function, Theorem 3.2 tells us

that Egs. (29) and (30) do not have any admissible entire solutions of lim sup, _, o, w =

0. Furthermore, if we take g(z1, z2) =
Theorem 3.2.

f(m%z)’ then a corollary is obtained immediately by

Corollary 3.1 Let ¢y, ¢ € C\ {0}. Suppose that g is a nontrivial meromorphic solution of
the Fermat-type partial difference equations

A(z1, 22)
gzt o+ )+¢"(z1,22) = =
8" (z1,22)
or
A(z1,z
§"@tennt)+g" @+, ) +g" @, nta) = #
g"(z1,22)

where m € N, n € NU {0}, and A(z1,z2) is a nonzero meromorphic function on
C? with respect to the solution g, that is T(r,A) = o(T(r,g)). If 84(0) > 0, then

lim sup, _, o, w > 0.

3.2 Linear partial difference equations

Next, owing to many models of partial difference equations such as discrete heat equation,
discrete Laplace equation, nonsymmetric partial difference functional equation and discrete
Poisson equation, we consider general partial linear difference equations and obtain the
following results. The first theorem extends and generalizes some previous results of complex
difference equations in one variable (see [12, Theorem 9.2] and [7, Theorem 6.2.3].

Theorem 3.3 Let Ay, ..., A, are meromorphic functions on C™ such that there exists an
integer k € {0, ..., n} satisfying

p(Ar) >max{p(A;):0<j <n,j#k}, and 4,(c0) > 0.
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If f is a nontrivial meromorphic solution of linear partial difference equation
An@fGE+e)+--+ A1 f(z+c)+ AR f(z) =0 (31)
where cy, ..., ¢, are distinct values of C™ \ {0}, then we have p(f) > p(Ax) + 1.

Proof If p(A;) = oo, then we obviously get from (31) that f must be of infinite order.
Without loss of generality, we assume +o00 > p(Ax) > 0. In this case, it gives that Ag
must be transcendental. We find that there is nothing to do if f is of infinity order. So, we
may assume that p(f) < +oo. From Eq. (31), we get that the solution f of (31) cannot
be any nonzero rational function. Now we only need to assume that f is a transcendental
meromorphic function with finite order. Equation (31) gives

A :A”.f(z+cn) +---+Ak+1f(z+ck+])
@+ ) @+ )
fz+cr-1) f @)
A ) a L (32)
fz+cr) fz+ck)
Since § := 84, (00) > 0, by the definition we get that
3
N(r, Ay) < (1 — 5) Ta, (r). (33)
It yields by Theorem 2.4 that
fz+ Cj)) 0
m(r, 22— ) = o1 34
< f @+ k)

for any (> 0), where j € {0, 1, ..., n}\ {k} and c¢o = 0. Then from (32), (33) and (34), we
have

1)
ET(”, Ap) < T(@r, Ay) — N(@r, Ay)
=m(r, Ay)
Z+cj
< Z m(r, A;) + Z m(r, f(ikj))ﬁ-O(l)
0<j=<n;j#k 0<j<n;j#k f(z + )
= Z T(}’,Aj)_}_ O(TP('f)71+€). (35)
0<j=<n;j#k

Set
max{p(A;):0=<j=<n,j#k}:=0<p(Ar):=p
such that p — o > 3¢ > 0. Then for the above ¢ > 0,
T(r,Aj) < pote L o2

holds for all 0 < j < n, j # k. From the definition of order of A, there exists a sequence
{rm}1% (with r,, — 00 as m — 00) such that

T(rm, Ax) > rb~°¢

for sufficiently large r,,. Hence, it follows from (35) that

) _

3= (=t O@hI=1ey
< (0= D+ 07,
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and thus
) _
(5 + 0(1)) rhmf < O(r,‘,),(f) le‘9).

This implies p(f) > p + 1 = p(Ap) + 1. =

Obvious, if the dominant coefficient Ay is holomorphic, then §4, (0c0) > 0. Hence, we get
immediately the following corollary.

Corollary 3.2 Let Ay, ..., A, are entire functions on C™ such that there exists an integer
k € {0, ..., n} satisfying

p(Ax) > max{p(A;) : 0 =< j <n,j#k}
If f is a nontrivial entire solution of linear partial difference equation
An@fz+cp)+- -+ A1I@) fz+c) + A2 f(2) =0
where ¢y, ..., cy are distinct values of C™ \ {0}, and then, we have p(f) > p(Ax) + 1.

. . 2 . . .
Example 3.4 Let ¢ € C. Then, the entire function w(z) = e* *% of one variable is a solution
of the linear partial difference equation

1 X
Tﬂw(z +0¢) — eXw(z) = 0.
e

Here p(w) = 2 and p(%) = 0 and p(—e2¢) = 1. This means that the conclusion
e( C
p(f) = p(Ax) + 1 in Theorem 3.3 is sharp.

Example 3.5 Letc; = (1,0), co = (0, i) € C2. Then, w(z) = ¢%1+3 is an entire solution of
linear partial difference equation

Ary(Dw(z + 2) + A1(Dw(z + ¢1) + Agw(z) =0,
that is
Ar(Dw(z1, 22 + i) + A1(DQw(z1 + 1, 22) + Apw(z) =0,

where A1(z) = 1, Ax(z) = z1 + 22 and Ap(z) = — ((Z1 + zp)e? ! —I—ezizz—l). Here
p(w) =2 and p(A;) = p(A2) = 0 and p(Ag) = 1. This also means that the conclusion
p(f) = p(Ax) + 1 in Theorem 3.3 is sharp.

2272
Example 3.6 Let c; = (1,i),c» = (i, —1) € C2. Then w(z) = em‘ﬂj
solution of linear partial difference equation

is a meromorphic

Ar(D)w(z + c2) + A1(D)w(z + 1) + Agw(z) =0,

that is
Ar(Qw(z1+ 1, 22+ 1) + Ai1(@Qw(z1 +i, 22 — 1) + Aow(z1, 22) =0,
where A1 (z) = ﬁ Ax(z) = % and
p221—402i+3 )
Ap(z) = — <7 + 62lZ1+412*3) '
z1+z+1+i

Here p(w) =2and p(A1) = p(A2) = 0and p(Ag) = 1. This also means that the conclusion
p(f) = p(Ax) 4+ 1 in Theorem 3.3 is sharp.
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Example 3.7 Letc; = (1,i),c» = (i, 1) € C2. Then w(z) = /1122 — 1 is an entire solution
of linear partial difference equation

Ar(D)w(z + c2) + A1(D)w(z + 1) + Agw(z) =0,
that is
A@Qwzi+ 1, 22+ +A1(@Qwz +i,22+ 1) + Apw(z1, 22) =0,

where A1(z) = A>(z) = 1 and

eizita+2i _ g
Ao(z) = —-1— ( )

eiZ1+zz —1

Here p(w) = 1 and p(A1) = p(A2) =0, p(Ap) = 1 and §4,(c0) = 0. This implies that
the assumption 84, (00) > 0 in Theorem 3.3 is necessary.

211222
z+22

Question 3.2 [r is obvious that w(z) =
difference equation

is a meromorphic solution of the partial

AQw(z1+ 1,22 — 1)+ B(@w(z1,22) =0,

where the coefficients B(z) = —at22 gpg A(z) = z1 + 222 — 1 are polynomials in C2.
Obviously, p(w) =1 = p(A) + 1 = p(B) + 1. Thus, we ask what can be said for a general

partial difference equation (31) with all polynomial coefficients Ao, ..., Ap,?
Since there is the model of the discrete or finite Poisson equation (see [10])
Uij+1 F i1+ uij—1 +ui-1j — i j = gij,

it is interesting to consider the following result on linear nonhomogeneous partial difference
equations.

Theorem 3.4 Let a meromorphic function f on C™ be a solution of linear partial difference
equation

An(@fE+cp) + -+ A1 f(z+c) + Ao(@) f(z) = F(2), (36)
where meromorphic coefficients Ao, ..., Ay, F (£ 0) on C™" are small functions with respect
to f, and c1, ..., c, are distinct values of C™ \ {0}. If limsup, _, o, w = 0, then

57(0) = 0.

Proof Assume that the defect of zeros of f satisfies § 7(0) > 0. Then, we have

N (r, %) < (1 — szﬂ> T(r, ).

It follows from Eq. (36) that

1 1 (Anf(Z‘l‘Cn)

?:F +An—lM+"'+AIM+AO).

f f f
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log T'(r, f)
22l f)

Under the assumption of lim sup,._, o = 0, we get from the first main theorem and

Theorem 2.1 that

m(r,%)f (r —>+Z (M)JFZ (r,Aj) + 0(1)

j=0
T(r, F)+ZT(r A )+Z ( f(z+cf))+0(1)

= O(T(r,f))-

for r ¢ E where E is a set with densE = 0. This gives

renom=r(o2)on(ed)on ()

N< })—i—o(T(r 1))

IA

IA

3
( il )> TG, f)+o(T, )
for all » ¢ E. Therefore, we get
SrOT(r, f) =o(T(r, f))

for all r ¢ E where E is a set with densE = 0. This is a contradiction. O
Example 3.8 Itisobviousthat f(z1, z2) = z1e® withlim sup, _, o, w = 0andd;(0) >
0 is an entire solution of partial difference equation

21

1 1
_ , —1 - 1, — o2 -
/G-t fat o=+

Here the coefﬁment + ——7 1s a small function with respect to f, and however, the other

coefficients 6—2 and e~2 + ”e‘ are not. This means that it is necessary of the assumption that
the coefficients are small with respect to the solution in Theorem 3.4.

Example3.9 Let ¢ = (1,0) and ¢; = (0,—2i). Then, f(z) = 271 with
lim sup, _, w = O and é7(0) = 1 is an entire solution of partial difference equation

1 - .
S S @ L 2) =€ f (21,2 = 20) = 0.

Here the coefficients — +2 and —e%?2 are small functions with respect to the solution f.
This implies that the coefﬁc1ent F in Theorem 3.4 cannot be identical to zero.

3.3 Difference analogues of Tumura-Clunie theorem in several complex variables

Now, we will extend difference version of Tumura—Clunie theorem from one variable to
several variables. The Clunie lemma [13] for meromorphic functions of one variable in
Nevanlinna theory has been a powerful tool of studying complex differential equations and
related fields, particularly the lemma has been used to investigate the value distribution of
certain differential polynomials; see [13] for the original versions of these results, as well as
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[22,33]. A slightly more general version of the Clunie lemma can be found in [24, pp. 218-
220]; see also [33, Lemma 2.4.5]. In 2007, the additional assumptions in the He—Xiao version
of the Clunie lemma have been removed by Yang and Ye in [46, Theorem 1]. A generalized
Clunie lemma for meromorphic functions of several complex variables was proved in [38];
for some special cases, refer [27,29]. Recently, Hu and Yang [28] extended the classical
Tumura—Clunie theorem ([22, Theorem 3.9] and [39]) for meromorphic functions of one
variable to that of meromorphic functions of several complex variables.

We prove a difference counterpart of the Hu—Yang’s version [28] of Tumura—Clunie
theorem in several complex variables as follows, which in fact generalize and extend the
corresponding result of one variable due to Laine and Yang [35, Theorem 1] modified later
by Chen et al. [8] (see also [7, Theorem 4.3.4]). Set a difference polynomial of several
complex variables

iz
G )= 6@ [] fe+aq ), (37)
red j=1

where max; ¢ Z;‘: | Mx,j =n,and g, ; # Oforatleast one of the constants gy ;. Moreover,
we assume that the coefficients in (37) are meromorphic functions on C”* and small with
respect to the function f, which is meromorphic on C”.

Theorem 3.5 Let f be a meromorphic function on C™ with

lim sup logT(r, /) =0,
r—00 r
such that
N <r, %) +N@, f) =0T, f)). (38)

Suppose that the difference polynomial (37) of f(z) and its shifts are of maximal total degree
n. If G also satisfies

> @[] fe+a )i #0, (39)

redn—1 j=1

where J,_1 ={r e J: Z?:l Wy, j =n — 1}, then G must satisfy

N <r, é) #o(T(r, f)).

For the proof of Theorem 3.5, we first need the Tumura—Clunie theorem of several complex
variables due to Hu and Yang.

Lemma 3.1 [28, Theorem 2.1] Suppose that f is meromorphic and not constant in C™ | that

g=f"+ Pua1(f).

where P,_1(f) is a differential polynomial of degree at most n — 1 in f, and that
1
N(r, f)+N (V, E) =o(T(r, ).
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Then

=(r+2)",

where « is a meromorphic function in C™, which is small with respect to f, and determined
by the terms of degreen — 1 in P,_1(f) and by g.

We also need the second main theorem for meromorphic functions with small function
targets on C™. It is mentioned in [9, Theorem 2.1] that the conclusion is easily extended
from the second main theorem for small function targets due to Yamanoi [47] by the standard
process of averaging over the complex lines in C™.

Lemma3.2 Let f be a meromorphic functionon C", and ay, . . . ag are distinct meromorphic
functions which are “small” with respect to f. Then, we have

q
@ -7, f) < Zﬁ(r, -

1
) +o(T(r, f))
—

forallr ¢ F, where F is a set of finite Lebesgue logarithmic measure.

Proof of Theorem 3.5 Suppose that the conclusion is not true, that is,

N (r, é) =o(T(r, f)).

To prove this theorem, we propose to follow the idea in the proof of [35, Theorem 1]. Since
the difference polynomial (37) of f(z) and its shifts are of maximal total degree n, we get

G ) =) @[] fe+aq.

red j=1

f +61A,j)>m'j ‘ MAJ:|
me)]‘[[( - £

redJ
= Zéj<z>f(z)f,
Jj=0

where each of the coefficients b i(z) (j = 1,..., n) is the sum of finitely many terms of type

f@+aqn;) )““
o35

It yields

CCS) _ iy 50

- = f ().
5 (2) S

In terms of assumption (39), we have Z”_(l) Z’ @) fz)d #0.

Note that all the coefficient functions by (z) (A € J) are small with respect to f. Then, by
Theorem 2.1 we get that forall j =1,...,n,

m(r,bj) = o(T(r, f))

@ Springer



Logarithmic difference lemma in several complex variables and... 791

holds forall » ¢ E with densE = 0. Moreover, by assumption (38) and Lemma 2.1 we have
N(r.bj) =o(T(r. ),
and thus
T(r,bj))=o(T(r, ), jef0,1,...,n}

and

1
N r, m =0(T(r,f))
b (2)
for all » ¢ E. Hence, by Lemma 3.1 we may write

6@ 1) _ (f(z)—i— ?) ,

En(z)
where @ # 0 and 7' (r, @) = o(T (r, f)). This implies that

1
N (l", W) = O(T(r, f)) (40)

Together with (38) and (40), it follows from Lemma 3.2 that

fz) + 42

n

1
I(r.f)<N (r, ?> +N@, )+ N (r, ) +o(T(r, f)) =o(T(r. f))
forall r ¢ (E U F), where F is a set of finite Lebesgue logarithmic measure. Hence, we get
a contradiction. O

Moreover, we improve and extend Laine—Yang’s difference analogue of Clunie theorem in
one variable [34] to high dimension by using Theorem 2.1. Define complex partial difference
polynomials as follows

PGw) =Y a@u@ 0w+ i) - wiz + i), (41)
rel

0@ w) = Y bu@w@Mow+qu)" - wz+qu)", (42)
nel

Uz,w) =) co@w@) 0wz +gu)™ -+ wiz + gy, (43)
vek

where all coefficients a; (z), b, (z) and ¢, (z) are small functions with respect to the function
w(z) which is meromorphic on C”, I, J, K are three finite sets of multi-indices, and ¢; €
C"\{0}, (s € {A1, ..., Aj, (o1, oo oy ij, V1, .., Vi )). Since the proof'is closely similar as in
[34], we omit it here.

Theorem 3.6 Let w be a nonconstant meromorphic function on C™ with

lim su 0,

r—0o0

log T (r, w)
p - =

and let P(z, w), Q(z, w), and U (z, w) are complex partial difference polynomials as (41),
(42) and (43) satisfy a complex partial difference equation of the form

Uz, w)P(z, w) = Q(z, w). (44)
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Assume that the total degree of U(z, w) is equal to n, and the total degree of Q(z, w) is less
than or equal to n, and that U (z, w) contains just one term of maximal total degree in w(z)
and its shifts. Then, we have

m(r, P(z,w)) = o(T(r, w))
forall r ¢ E where E is a set with densE = 0.

3.4 Improvement of Korhonen’s result

Finally, by applying Theorems 2.1, 2.2 and Valion—Mohon’ko theorem in several complex
variables [27, Theorem 3.4] into the following Eq. (45), it is easy to follow that

T(r,w) =deg, (R)T(r,w)+ o(T(r, w))
for all » ¢ E with densE = 0. We restate [30, Theorem 4.1] as follows.

Theorem 3.7 Let ¢ € C" \ {0}. If the difference equation

w(z + ¢) = R(z, w(z)), 45)
where R(z, u) is rational in u having meromorphic coefficients in C", has an admissible
meromorphic solution w on C" with

lim sup 0,

r—00

log T'(r, w) _
. =

then the degree deg, (R) of R(z, w(z)) is equal to one.

4 Concluding remark

The partial difference equations can be regarded as discrete analogue of partial differential
equations. Although partial difference equations appear earlier than partial differential equa-
tions, the former equations have not drawn as much attention as their continuous counterparts.
In this paper as we shown, in the viewpoint of Nevanlinna theory in complex analysis, the
improvements of logarithmic difference lemma for meromorphic functions in several com-
plex variables, the relations N (r, f(z +c) ~ N(r, f(z))and T (r, f(z+¢c)) ~ T(r, f(2))
are obtained. Then we focus basically on some typical partial difference equations such as
linear partial difference equations with function coefficients coming from the models of dis-
crete heat equation, discrete Laplace equation, nonsymmetric partial difference functional
equation, and discrete Poisson equation and others, the nonlinear partial difference equations
coming from discrete potential KdV equation and the Fermat equation, and partial difference
equation concerning the Tumura—Clunie theorem. Of course, it is impossible to study com-
pletely and systematically the meromorphic solutions of partial difference equations in one
paper. This paper is an attempt to do this by making use of the logarithmic difference lemma
of several complex variables in Nevanlinna theory. Much work on meromorphic solutions of
partial difference equations remains to be done in the near future.
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