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Abstract

We construct the tangential k-Cauchy—Fueter complexes on the right quaternionic Heisen-
berg group, as the quaternionic counterpart of 3,-complex on the Heisenberg group in the
theory of several complex variables. We can use the L? estimate to solve the nonhomoge-
neous tangential k-Cauchy—Fueter equation under the compatibility condition over this group
modulo a lattice. This solution has an important vanishing property when the group is higher
dimensional. It allows us to prove the Hartogs’ extension phenomenon for k-CF functions,
which are the quaternionic counterpart of CR functions.

Keywords The tangential k-Cauchy—Fueter complex - Hartogs’ phenomenon - The right
quaternionic Heisenberg group - The nonhomogeneous equation under the compatibility
condition - The L? estimate

1 Introduction

The -complex plays an important role in the theory of several complex variables since many
important results for holomorphic functions can be obtained by solving nonhomogeneous
d-equation. We obtain d,-complex when it is restricted to a CR submanifold, and many
important results for CR functions can also be obtained by solving 9,-equation. In general,
for a differential complex, there is an abstract way to obtain a boundary complex restricted
to a submanifold, which is written down in terms of quotient sheafs (cf., e.g., [3,4,25]).
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In quaternionic analysis, we now know the k-Cauchy—Fueter complexes explicitly (cf.
[1,5,8,9,11,30,35,41] and references therein), which are used to show several interesting
properties of k-regular functions (cf. [12,35,40,42] and references therein). When restricted
to a quadratic hypersurface in H" !, we have the tangential k-Cauchy—Fueter operators and
k-CF functions (cf. [39] for k = 1, n = 2), corresponding to 9p, and CR functions over a CR
manifold. In this paper, we will consider their restriction to a model quadratic hypersurface

S:={(q', quy1) e H" xH: p(q’, gus1) = 0} (1.1)
in H*t! where

n—1
PG qni1) ==Requ1 —¢(q),  $(q)) =Y (=3xG ) + XG4+ X33+ Xipa) -
=0

(1.2)

Here, we write ¢’ = (..., q, ...), g = X41+1 +1ix4742 + jxa/43 + Kxg714. This hypersurface
has the structure of the right quaternionic Heisenberg group 5 = H" x Im H with the
multiplication given by

x,0)-(y,8) =(x+y,t+s+2Imxy)), (1.3)

where x, y € H" and ¢, s € Im H. We construct a family of differential complexes on J#,
the tangential k-Cauchy—Fueter complexes, given by

00 . _@0 00 _@l %) -@2)1—2 o0
0—->C™ (2, %) — CT(Q,N) — CT(Q, 1) = -+ ——> CT(R, Pap—1) — 0,
(1.4)
for a domain 2 in J#, where
V=0 CP@AICT,  j=0,1,... k,
(1.5)

Y=/ Il ATICT, j=k41,. 20— 1,

for fixed k = 0, 1, ..., and ®PC? is the pth symmetric power of C>. They are the quater-
nionic counterpart of 8,-complex over the Heisenberg group in the theory of several complex
variables. They have the same form as the k-Cauchy—Fueter complexes on H” (cf. Remark
2.1), but 2;’s are given in terms of left invariant vector fields (2.23) (2.26) (2.27), which are
differential operators of variable coefficients. So we cannot use the computational algebraic
method in [12] to construct these complexes. This family of complexes are natural in the
sense that they can be viewed as the restriction to the hypersurface S of complexes on H"*!,
but not natural in the sense that they are not invariant under the conformal transformation
group Sp(n + 1, 1) of 57 (cf. Sect. 2.5).

P in (1.4) s called the rangential k-Cauchy—Fueter operator. A OF C2-valued distribution
f on Q is called k-CF if 29f = 0 in the sense of distributions. The space of all k-CF
functions on €2 is denoted by A (£2). A 1-CF function is also called anti-CRF function in
[18,19]. Such functions play an important role in the study of pseudo-Einstein equation over
the quaternionic Heisenberg group [19].

On the other hand, when the hypersurface is the boundary of the Siegel upper half space,
i.e., the defining function in (1.1) is given by

p =Re g1 — g’
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the corresponding group is the left quaternionic Heisenberg group A =H" x ImH with
the multiplication given by

x,1)-(y,8)=(x+y,t+s+2Im(xy)). (1.6)

We already know the tangential k-Cauchy—Fueter complex (cf. [37, Theorem 1.0.1]) on
the left quaternionic Heisenberg group by using the twistor method (see also [6,27] for
constructing complexes by this method) . But in this case, A/ C>" in (1.5) must be replaced by
the irreducible representation of sp(2n, C) with the highest weight to be the jth fundamental
weight (cf. Sect. 2.5). Since it is more complicated than the right case, we only consider the
right quaternionic Heisenberg group in this paper. We see that when restricted to different
submanifolds, we get different differential complexes. This is a new phenomenon compared
to several complex variables, where expressions of 3,-complex for different CR submanifolds
are the same. It is an interesting problem to write down explicitly the tangential k-Cauchy—
Fueter complexes for all quadratic hypersurfaces in H"*! (cf. [39] for such hypersurfaces).

In this paper, we prove Hartogs’ phenomenon for k-CF functions over right quaternionic
Heisenberg group.

Theorem 1.1 Let Q2 be a bounded open set in the right quaternionic Heisenberg group 7
with dim 27 > 19, and let K be a compact subset of Q2 such that Q\K is connected. Then,
foreachu € A (Q\K), k=2,3,...,wecanfind U € Ax(2) such that U = u in Q\K.

The restriction of dim .5 and k in this theorem comes from the technical difficulty to establish
the L? estimate in the remaining cases. A form of Hartogs’ phenomenon was proved for
many elliptic differential systems (cf. [12,26] and references therein). Notably, in our case
9 as a matrix-valued horizontal vector field is not an elliptic system, and (1.4) is not an
elliptic complex. This is because symbols of Z;’s vanish at the cotangent vectors annihilating
horizontal vector fields.

In the complex case, we have deep Hartogs—Bochner effect for CR functions on CR sub-
manifolds, which are usually proved by using integral representation formulae (cf. [15,23,29]
and references therein for further development of this effect). But in the quaternionic case, the
integral representation formulae are not sufficiently developed, and only Bochner—Martinelli-
type formulae are known (cf. [34,35]). As in the theory of several complex variables, the
formulae with Bochner—Martinelli- type kernels are not good enough to prove the extension
phenomenon.

Given a differential complex, it is a fundamental problem to investigate its cohomology
group or its Poincaré lemma over a domain (cf., e.g., [7,16]). In particular, we hope to solve
the nonhomogeneous tangential k-Cauchy—Fueter equation

Dou = f, (1.7)
for f € Lz(% , 71), under the compatibility condition
2, f =0, (1.8)

ie., f is Zi-closed. If we can find compactly supported solution of (1.7)—(1.8) when f is
compactly supported, it is a standard procedure to derive Hartogs’ phenomenon (cf., e.g.,
[17,35]). One way to solve (1.7)—(1.8) is to consider the associated Hodge—Laplacian

Oy = 2098 + D7 Dy : L*(A, 1) — L, N). (1.9)
By identifying 1 = OF1C? @ €2 with C2™ | we can see that O; is a (2kn) x (2kn)

matrix-valued differential operator of the second order, which is not diagonal (cf. Appendix
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for the expression in the case n = 2,k = 2). So it is not easy to verify the subellipticity
of [J; and find its fundamental solution, while in the complex case, the Hodge-Laplacian
associated with d,-complex is diagonal and it is easy to find its fundamental solution (cf.
[13D).

By using the L? method, we establish the following estimate: when dim . > 19, there
exists some constant ¢ > 0 such that

V25 FI> + 121 1> = c(Apf, f) (1.10)

for f e C 2 (2, )N L? (o, 11) , where Ay is the SubLaplacian on the right quaternionic

Heisenberg group. But (A, f, f) does not control the L norm of f. It only controls || f || 012
L0-2
by the well-known Sobolev inequality [19], where Q = 4n+6 is the homogeneous dimension

of 7. To avoid this difficulty, we consider the locally flat compact manifold .7 /.77, where
Ay, = 73 (1.11)

is a lattice of /7. It is a spherical qc manifold (cf. [31]). Because the self-adjoint subelliptic
operator A over a compact manifold has discrete spectra, (A f, f) controls the L2 norm of
f for f L ker Ap. Moreover, by the Poincaré-type inequality we can show ker Aj, consisting
of constant vectors. Namely, there exists some ¢” > 0 such that

(Apf, ) =" IfI? (1.12)

for f € C*( ), 1) and f L constant vectors. It is a standard way to use the L>
estimate to solve the nonhomogeneous tangential k-Cauchy—Fueter equation (1.7)—(1.8) on
A | #7. The solution has an important vanishing property which allows us to prove Hartogs’
phenomenon. See also [13] for the existence theorem for 3,-equation over compact CR
manifolds by establishing a priori estimate.

In Sect. 2, we give preliminaries on the right quaternionic Heisenberg group, the hori-
zontal complex vector fields Zg‘”s and nice behavior of their commutators. We also give
the definition of the tangential k-Cauchy—Fueter operators and their basic properties. It is
checked directly that (1.4)—(1.5) is a complex. We compare the complexes on the left and
right quaternionic Heisenberg groups. In Sect. 3, we use integration by part and Poincaré-type
inequality to show the L? estimate (1.10) (1.12) for the tangential k-Cauchy—Fueter operator.
In Sect. 4, we use the L? estimate to solve the nonhomogeneous tangential k-Cauchy—Fueter
equation (1.7)—(1.8) over the quotient manifold .7#’/ 5¢7 and derive the Hartogs’ phenomenon.
In Sect. 5, we construct the nilpotent Lie groups of step two associated with quadratic hyper-
surfaces. By constructing a diffeomorphism from the group /¢ to the hypersurface Sin (1.1),
we show that the pushforward of the tangential k-Cauchy—Fueter operator on the group J#
coincides with the restriction of the k-Cauchy—Fueter operator on H"*! to this hypersur-
face. Therefore, the restriction of a k-regular functions to S is k-CF on #. k-CF functions
are abundant because so are k-regular functions on H"*! [21]. In Appendix, we give the
expression of [} forn =2,k = 2.
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2 The tangential k-Cauchy-Fueter complexes

2.1 The right quaternionic Heisenberg group .7 and the locally flat compact
manifold 7/ 77,

The multiplication of the right quaternionic Heisenberg group .7 can be written in terms of
real variables (cf. [36, (2.13)]) as

n—1 4

@)= |x byt tsp+230 Y Blxacva; |, 2.1)
1=0 j k=1

for x,y € R*, 1,5 € R?, B = 1,2,3, where ij is the (k, j)th entry of the following
matrices

0O -1 0 O o 0 -1 0
1.1 0 0 0 2.0 0 0 1
B'_OOO—I’B'_IOOO’
0O 0 1 0 o -1 0 0
(2.2)
00 0 -1
3. 10 0 -1 0
B = 01 0 0o |
1 0 O 0
satisfying the commutating relation of quaternions (B h2 — (BH? = (B3)? =

—id, B'B? = B3.Thisis because forx = x; +x0i+x3j+ x4k and x —x1+x21+x33+x4
we have

Im(xx’) = (—x1x5 + x2x] — x3x) + x4x})i + (—x1x% + x3x] + X2} — x4%5)j

+ (—x1x) + xax] — x2x5 + x3x5)k = Z Z ijxkx}iﬁ,
B=1k,j=1

where ip = 1,i; = i,ip = j,i3 = k. For fixed point (y,s) € 5, the left translate
T(ys) o H —> I, (x,1) —> (¥,5) - (x,1), is an affine transformation given by a lower
triangular matrix by (2.1). So the Lebesgue measure on R*'*3 is an invariant measure under
the left translation of .7. Recall that we have the following left invariant vector fields on J¢:

d
Ya )y, 5) = 5][(()’»3)03(170)) ., a=12,...4n, (2.3)
1=0
where e, is (0, ..., 1, ..., 0) with only the ath entry equal to 1. Then,
34
Y. = 2.4
atj =g e 2:: ; kj YAl +k (2.4)
whose brackets are
3
Ytk Yarej) =4 ) Bljdyy and Wi Yo ] =0 forl #0125
p=1
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where [,I' =0,1,...,n—1, j,k=1,...,4. The SubLaplacian is defined as

4n
Ap ==Y Y. (2.6)
a=1

The norm of the right quaternionic Heisenberg group .7 is defined by

1 )1 =yl + 1523, Q2.7)

Define balls B(&, r) := {n € ; |E~" - n|| < r}for& € #, r > 0. The fundamental set
of 2 under the action of the lattice 7#7 in (1.11) is

F={(,5)eXN0=<y,<1,0<sg<l,a=1,...,4n,=1,2,3} (2.8)
A | 7 is equivalent to .Z as a set.

Proposition 2.1 JZ is the disjoint union of Ty m)# with (n, m) € 7.

Proof We need to prove that for any (y,s) € J#, there exist unique (y',s’) € .# and
(n,m) € % such that (y,s) = (n,m) - (y,s'). Let (nq, mg) € Hy,a = 1,2. By the
multiplication law (2.1), we have

n—1 4

(avma) - (v.8) = [ na+y. ma)g +55 2> Y Bf:(n)arayarj | (2.9)
1=0 j.k=1

If ny # ny, the y-coordinates of (ny, m1) - (v, s) and (n2, m) - (y, s) aren; +y andny + y,
respectively, which are different. If ny = ny, m; # mj, we see that their s-coordinates in
(2.9) must be different. This proves the uniqueness.

For (v, ) = (Y1, ..., Yan, 51,52, 53), we can choose y’ € R¥ with 0 < y} < 1 and

n € Z*" such that y j=nj+ y}. Then, we can determine s’ € R and m € Z3 satisfying

n—1 4n
mg —i—s;g =58 — 22 Z ijn4z+ky£,+,», with 0 < s’ﬂ <1,
1=0 j.k=1
for B =1, 2, 3. So J is the disjoint union of 7, ,,).% . The proposition is proved. O

I | 77, has the structure of a locally flat manifold as follows (cf. [22, p. 238]). Let 7 : 57 —
I | 7 be the projection. We can find a finite number of balls B(;,r), j = 1,..., N,
covering .% with r sufficiently small so that 7(, ,,)B(§;,r) N B(§;,r) = @ for any (0, 0) #
(n,m) € . Notethatw B(§;, r)Nw B(§;,r) # Y fori # j if and only if there exist unique
(n, m) € A7, such that

TumBE&i, r) N BEj,r) # 0. (2.10)

Then, we can construct coordinates charts (wB(§;,r), ¢;), where ¢; : wB(&;,r) —

B(&;,r) and the transition function ¢; o ¢;”
such that (2.10) holds.
A function is called periodic on S if

fQ,s) = f((n,m)(y,s))

Uis given by 7(, ) for some (n,m) € 7
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for any (n, m) € 7. A function over .#° /.77 can be viewed as a function on .% and be
extended to a periodic function on JZ by

f.s) = f(,m)- (V') = fO, s, 2.11)

for (y, s) = (n,m) - (y', s") and (y/, s") € Z.If f is periodic, then so is ¥, f for any a. This
is because

Y HO' 5N

d r _i ’
3 (O s)(eq, 0)) T g (), s)(tea, 0))

Yo f)(y,5),

for e, as in (2.3). Thus, the action of Y, on functions over ¢’ /.77 is well-defined, i.e., it is
a vector field over J¢ / 77,

=0 t=0

2.2 Complex horizontal vector fields Zﬁ"s and the tangential k-Cauchy-Fueter
operator

We consider the following complex horizontal left invariant vector fields on /¢

Y1 +i —Y3 —iYy
Y3 —iYy Y|, —ir
Zapg) = R 2.12
(Zaa) Yoyi1 +i¥ayso —Yai3 —1¥a44 (2.12)
Yarp3 —iYaypa  Yay1 —iYaio
where A=0,1,...,2n—1, A’ =0/, 1’. It is motivated by the embedding t of quaternionic
algebra H into gl(2, C) :
. . [ x +ixy; —x3 —ixg
T(x1 + x21 + x3j + x4k) = <X3 v x —ix2> (2.13)
and vector fields
Oy, + 10y, — 0y — iy,
By — i0y, By, — idy,
(Vaar) = . . (2.14)
8X41+1 + faxzw-z _8X4l+3 - .lax4l+4
ax41+3 - 18x4l+4 8JC41+1 - lax41+2

to construct the k-Cauchy—Fueter operators on H"*! in [35]. We will use matrices

(SA’B’)=<_01 é) (8”/)=(? _01) (2.15)

. . . . ’ 7 AL TR . .
to raise or lower primed indices, e.g., Zg‘ = ZB’:O’.I’ ZapeB 4 Here, (¢4'8) is the inverse
of (e47p’). Then,

o i
Zy=Zpav, Zy=—Zpo,
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and

/

(Zj{) _ Z/g, Z/%, _ | —Yauss —.iY41+4 Y441 — §Y4l+2 . 2.16)
29 2y Yypr —iYyio —Yyi3+iYy4

2141

An element of C? is denoted by (f4/) with A’ = 0/, 1. The symmetric power ®”C? is a
subspace of ®”C2, whose element is a 27-tuple (fA/lA/z--»A’p) with A}, A), ..., A/p =0,1,
such that f AjAY...A], € C are invariant under permutations of subscripts, i.e.,

Tanay..a, = fa

e A A0 (p)

for any o in the group S, of permutations of p letters. An element of ©”C? ® AIC?" is
given by a tuple (fA/l-nA;,Aln-Aq) € (®PC?) ® (®IC?"), which is invariant under permu-

tations of subscripts of A/, ..., A’ »» and antisymmetric under permutations of subscripts of

Ay, ..., A; =0,1,...2n — 1. In the sequel, we will write fAAZA/S"'AI/c = fAQAg‘..AkA and
f Ay ALAB = faB Ay AL for convenience. We will use symmetrization of primed indices

foa. Ay = Zanm A 2.17)
oeSp

The tangential k-Cauchy—Fueter operator in (1.4) is given by

A/
(Dof)any..a, = Z ZAlfA’lA’Z...A;(v (2.18)

Al=01

for f € CY(Q, %). The k-Cauchy—Fueter operator on H' " [35] is % : C'(H"+!, %) —
CclH"*!, ¥1) with

('/@\Of)A/z...A;(A = Z Vg/fB’A’z...Ais

B'=0/,1
where V is given by (2.14). A ¥y-valued distribution f is called k-regular on Q € H'*+! if

@0 f = 0on € in the sense of distributions.

2.3 Commutators of complex horizontal vector fields

The following nice behavior of commutators of Z Q”s plays a very important role to show
that (1.4) is a complex and to establish the L? estimate. It is also the reason why the tangential
k-Cauchy—Fueter complex on the right Heisenberg group is simpler than that on the left one.

Lemma 2.1 (1) Vector fields in each column in (2.16) are commutative, i.e., for fixed A’ =
0orl,

(z4', z41 =0, (2.19)

forany A,B=0,...,2n — 1.
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(2) We have
[Zgl/v Zzz/] = [Z(2)1’+1’ Z2ll/+1] =38 (852 + i8S3) > (2.20)
(28], Zyy1) = (25,41, Zy] = Bidy,,
[ =0,...,n— 1, and any other bracket vanishes.

Proof (1) If {A, B} # {21, 2] 4 1} for any integer /, we have
(z4,z81=0, forA,B' =01,

by using (2.5) because Zﬁ/ and Z g/ only involve Y4y ;’s for different /. It follows from
(2.2) (2.5) that

[Yary1, Yool = [Yarg3, Yarpa] = — 405,
(Yarv1, Yai3] = — [Yar12, Yar14] = — 40y, (2.2
(Yarv1, Yarral = [Yargo, Yaq3] = — 40,.

Then, for {A, B} = {2, 2] + 1}, we have

0 0 . .
(25, Zp1 1] = [—Yarq43 — i¥a144, Yar41 — i¥a140]

(Z31, Z3144]

=
= [Yarq1, Yari3] + (Yoo, Yarpal —ilYay2, Yau3] +ilYa 1, Yai4] =0,
= [—Yyy1 —Yaq2, =Yy 13 +iYa44]

=

Yari1, Yai3) + Yoo, Yapal +ilYa0, Yau3] —ilYap1, Yara] =0,

by (2.21). Then, (2.19) follows.
(2) Similarly, we have

(29, Zy] = [—Yary3 — i¥Yapa, —Yarp1 — i¥a42)

= —[Yar+1, Yar 3] + [Yar42, Yar44]
— i[Yay2, Yari3] — ilYarv1, Yara] = 8(0s, + i0y,),

(2311, Zoa] = 129, 23] = 8(d, — idsy),

(29, Z§1+1] = [—Yay3 — iYar44, —Yar43 +iYapa] = — 2i[Yar43, Ya44] = 8idy,,
[Z%Jr], Z;é] = [Yaqp1 —1Yayq0, =Yy —iYyi2] = = 2i[Ya 11, Yar42] = 8i0y,,
by (2.21). The lemma is proved. O

On the left quaternionic Heisenberg group, vector fields in each column are not commutative
(2.43)—(2.44). We have the following corollary directly by Lemma 2.1 (2).

Corollary 2.1
1Z%. ZE1 + 12} . Z§1 =0, (2.22)

forany A,B=0,...,2n — 1.
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2.4 The tangential k-Cauchy-Fueter complex

Differential operators in the complex (1.4) are as follqws. Forj=0,1,....k—1, 2; :
C®(Q, ¥j) — C®(R, ¥j4+1) with ¥; = @F7/C? ® AJC?" is a differential operator of the
first order given by

. A
(Zi) ngonyayon, = GHD D0 ZhagFarapwara s (2.23)

—J-1 A'=0".1

where [AgA; ... Aj]1is the antisymmetrization of unprimed indices given by

f [Ag.. A ; Z Slgn(a)f AU(I) A,;(p) (224)
o€S)
In particular, hap) := %(hAB — hpy). By definition, we have
SolAL A AL AL = SolAL e Aj A A (2.25)

Di 1 C®(Q, %) — C®(Q, Yiq1) with % = AKC?" and ¥ = AFP2C?" is a differential
operator of the second order given by

Dk ayiiss = k+2Z00 Z}, fas ai o (2.26)
Forj=k+1,...,2n =2, 9; : C®(Q, ¥j) = C®(Q, ¥j4+1) with ¥; = oI k1C?
AJTIC?" s a differential operator of the first order given by

Ay (A ALLAL )
(7 f)A1 =G+ 2Zy, fAQ...Aj]+2] .

Remark 2.1 The k-Cauchy—Fueter complex on H" [35,41] is the same as (1.4)—(1.5) with 77
replaced by H" and Zﬁ in definition of 2;’s in (2.23), (2.26) and (2.27) replaced by VQ in
(2.14).

2.27)

Lemma 2.2
z8zp) =0, (2.28)
forany A,B=0,...,2n — landA’,B’zo’, 1.
Proof Note that
22825 =24 23 — 23 24 =12}, 23 1=0, (2.29)
by (2.19), and

428 zy) =220,k v 221, 2% = 2828 — 24z + z\ 2% -z} 2§,
=125, Zy1 +12}, 231 =0,
by Corollary 2.1. The lemma is proved. O

Now, let us check (1.4) to be a complex by direct calculation as in [41, Section 3.1].
Theorem 2.1 (1.4) is a complex, i.e.,
PDit1092; =0 (2.30)

for each j.
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Proof For A,B=0,...,2n—1and A, ..., A =0, 1, we have
(D10 DN apayn, =2 Y ZW( DD pwan.a, =2 Y. Z4WZG foan.
A=0, 1 AL C'=0/, 1

(A’ ,C
=2 > Zh Zy) feway.a, =0,
A, C'=0,1"

by Lemma 2.2 and feraray a; = farcray..ay- For general j =1,..., k —2, we have

(Dj+10Dif)Ar.Ajah A,

. . A ~C'
=G +2(G+D Z Zia, Z[A2fA;...A/-H]]C’A’A’I...A;(fjfz
AC'=0', 1

=G+D0+D Y 2 ZS ) asa ey, =0,
Al,C'=01"

by using (2.25) repeatedly, Lemma 2.2 and f symmetric in the primed indices again.
For j =k — 1, we have

(Dk © D1 Ay =(k + 2k Z Z00, ZN 28 Fa. aisniar = O
=01

This is because if A’ = 1/, 20, 71, z},’ﬂ FAq.Apeonir = Oby using (2.29), and if A = 0/,
0/ ’ 0/ _ 0/ / !’ _ O/ 0/ l/ _
200 20, 28 = 20, Ziay 2y = =200 200y Zhy = —Z{1a, 20 Z Ay = O,

by using (2.25) repeatedly and Corollary 2.1.
For j =k, we have

(Dhs1 0 D)y mes =k + 3k + 2 Z{4 Z0, Z), fas...aesn = 0. 231)
This is because if A" = 0', Z{{, Z, Z} fa,..a,.51 = 0 by using (2.29), and if A" = 1',
l/ 0/ 1! _ ’ ’ 0/ _ ’ ’ 0/ _
ZIa 25,2l = ZIn 200 Zhn = ~Zin, Ziay Ziy = ~Ziia Zhn Zigy = O,

by using (2.25) repeatedly and Corollary 2.1.
Forj=k+1,...,2n — 2, we have

Ay Af (4] )
(Zjt10 @,f) A =UHIGHDZ, 2 fA3 =0,
by Lemma 2.2. The theorem is proved. O
2.5 Comparison with the left case
Recall that a transformation 7 on 7 is called conformal if | T, Wy|| = || T W2 || for any two
horizontal vector fields W, and W, with |W|| = ||Wa||, where |[W|? := Zj” 1 a if we

write W = Z‘;"zl a;Y;.Itis known that the group of conformal transformations on Jf is the
real semisimple Lie group Sp(n + 1, 1) of rank one (cf., e.g., [18]) generated by the following
transformations:

(1) Dilations:
Ds : (y,s) — (8y, 82s), 6 > 0; (2.32)
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(2) Left translations:
Ty 2 (3, 8) —> (%, 1) - (. 8); (2.33)
(3) Rotations:
Ra i (v,s) — (ya,s), fora € Sp(n), (2.34)
where
Sp(n) = {a € GL(n, H)|ad" = I,,};

(4) The inversion:

R:(,s) — (—(|y|2—s)—1y, m> (2.35)

(5) Sp(1) acts on .77 as
o (y,5) —> (oy, 050", (2.36)
where the action on the first factor is left multiplication by o € H with |o| = 1, while

the action on the second factor is isomorphism with SO(3).

It is known that Sp(n + 1, 1) is a real form of Sp(2(n + 2), C), whose Lie algebra
g = s5p(2(n +2), C) has the decomposition g = g_» D g—1 D go D g1 D g2, Where g_» is an
complex abelian subalgebra generated by 71, 7>, T3, and g_ is generated by {Ys4/}, A =
0,1,....,2n — 1, A’ =0, 1’ with
[Yao, Yutayo] =473,
[Yar, Yotar] = 4T3, (2.37)
[Yao. Yarayr]l = [Yar, Yarao] = 4711,
and any other bracket vanishes (cf. [37, (2.10)]). p := go © g1 @ g2 is a parabolic subgroup.
u_ =g, ®g_1. Then,
g=u_@p. (2.38)

Let U_ be the complex Lie group with Lie algebra u_. There exist exact sequences [37,
Theorem 3.2.1] on U_
o o® o®
0 R(U-,0fC?) =5 R(U-, 0 '@ V) = L R (U, V)
(2.39)
0" (k+2) oy 05 n—k 2
=5 R (Uo, vE) 22 R (Ul 0 e?) > o,

for 0 < k < n—2, where operators Qi.k) ’s are defined in terms of Y4 4/, Tg (cf. [37, Theorem

1.0.1]). Here, V) is the irreducible representation of sp(2n, C) with the highest weight to
be the jth fundamental weight w; and R(U_, V) is the space of V-valued polynomials over

U_. These complexes are constructed by twistor method, and operators Q;k) ’s are invariant
under Sp(2(n + 2), C). _
The multiplication (1.6) of the left quaternionic Heisenberg group .7 can be written as
n—1 4

@)y =[xyt +sp+2Y 0 Y Hxuvas; |. (2.40)
1=0 j,k=1
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for x,y € R*", 5 € R3, B = 1,2,3, where 115/’ is the (k, j)th entry of the following
matrices '

0 1 0 0 0 0 1 0
po_|-r 00 o] o 0o 01
'_ 0 0o O -1\ 1 -1 0 0 0 ’
0 0 1 0 0 —1 0 O
(2.41)
0 0 0 1
s_|o o -1 0
’ 0 1 0 01’
-1 0 0 0
satisfying the commutating relation of quaternions. Note that
9 S 2 9
v B
Xaryj = +2) Y Igrak - (2.42)
x4/ ot dtg
is standard left invariant vector field on /7. Denote
X3 — iX4 X - iXZ
Zan) =] = i > e , 2.43
(Zaw) Xapp1 +1X410 — X443 — X444 (2.43)
Xai13 —iXg4a Xy —iXaqo
where A=0,1,...,2n—1, A’ = (', l'. They satisfy the following commutating relations:
[fal)ou §<21+1)0/] =8 (0, —idy5),
[Zonrs Zoirnr] =8 (0, +10y) . (2.44)

[2(21)0/, 2(21+1)1’] = [Z(zz)lu 2(21+1)0’] = —8idy,

I =0,...,n—1, and any other bracket vanishes. So by embedding the real Lie algebra of A
into the complex Lie algebra u_ by 2(2[) A= Y, Z(21+1) A = Y(uqna we get tangential
k-Cauchy—Fueter complexes on A (cf. [37, Theorem 1.0.1]), on which G = Sp(2(n+2), C)
acts naturally.

Now, consider complexes on the right quaternionic Heisenberg group. We can show the
following proposition as [38, Proposition 3.1].

Proposition 2.2 Under the transformation M : H" — H", g — ¢’ = qawitha = (aj;) €

GL(n,H), where g = (q1, q2, - - ., gn) With qi11 = X441 + ixa;42 + jxa143 + Kxa44, we
have
n
0q Lf (q)] = ) [3g;, @m )] (g0, (2.45)
m=1

where 5ql+1 = Oxgyy T 10xy 5 + 30y 3 + Koxy g

Proof Denote g = (x1, ..., X4,). Since M, defines a real linear transformation on the under-
lying vector space R* we have gqa = ﬁaR for some (4n) x (4n) real matrix a® associated
with a. As the bth element of ga is 22’1:1 X4 a(ﬂfb, we have
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4n

N ek
Z ™. (qa)a,y,.

b=1

Note that we can write ;1] = Z‘}:l ij_1x474 . Therefore,

_ZZ‘J 5 a<4z+/>h

b=1 j=1

4

M, = E i1 M.
qi+1 J— ak o
= 8x4l+]

t

n
_ZZI’ ‘axb ( )b(4l+j) - m2=:l Oq, - Bdt+tym:

b=1 j=I

by (aR)I = (ﬁt)R, which can be proved as [38, Lemma 2.1 (1)]. The proposition is proved.
o

Cgrollaryzi.z Let §1+1 = Xai41 +iXa142 +jXa143 + KX 4144. Then, Ry, (@1, cees @n) =
(Ql, ey Qn) a', for rotation R, in (2.34) with a € Sp(n).
Since Q; = 5[1, at the origin of .77, the above identity holds at the origin by Proposition 2.2.

It holds at other places by the left invariance. By applying the representation 7 in (2.13), i.e.,
7(q192) = t(q1)t(q2) for any q1, g2 € H (cf. [33, Proposition 2.1]), we get

R (Zoo’ Zov - Zony  Zopr )
Ziy Z1v - Zoivnyo Zoisny e (2.46)
_ (Zoo’ Zov - Zano  Zenr ) @)
Ziy Zvv - Zoivnyo Zoisny s ’

where 7(a') is a (2n) x (2n) complex matrix with aj; replaced by the 2 x 2 matrix (aji).
(2.46) implies that each column in (2.14) is not preserved under rotations (2.34) of Sp(n).
The commutativity (2.19) of each column that plays a very important role in the construction
of our complexes (1.4) is destroyed. So by definition (2.23), (2.26) and (2.27), the differential
operators ;’s in the complex (1.4) in terms of Z z‘/ ’s are not invariant under Sp(n). Therefore,
they are not invariant under Sp(2(n + 2), C).

Another difference is that the kernel of the tangential k-Cauchy—Fueter in space of L2
integrable function on the left quaternionic Heisenberg group A is infinite dimensional
[32], while it is trivial on the right quaternionic Heisenberg group ., since such a function
satisfies A, f = 0 by Proposition 2.4 and ker A;, = {0} in the L? space.

On the other hand, if we choose the complex horizontal fields on 7

—Y +ih —Y;—iYy
Y3 —iYy —-Y —ih

(Zan) = (2.47)

— Yy +i¥yo —Yayi3 — Va4
Yau3 —iYyqa  — Yy — Yy

with Y4741 replaced by —Y4;41, then Zan’s satisfy
[221)0', 2(21+1)0/] =8 (0, —idy5),
[2(21)1’, 2(21+1)1'] =8 (0y, +10;5),
[7<21)0/, ?<21+1)1’] = [2(21)1/, 2(21+1)0’] = —8idy,
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I =0,...,n— 1, and any other bracket vanishes, i.e., we can embed the real Lie algebra of
¢ into the complex Lie algebra u_. Then, the complexes (2.39) on U_ induce a family of
complexes on J# invariant under Sp(2(n + 2), C). But the first operator is different from the
first one in (1.4). Moreover, the (n — 1)th operator in the complex induced from U_ is a linear
combination of Tg’s (cf. [37, Proposition 4.3.3]), while the (n — 1)th operator in (1.4) involves
only Z44/’s. So we get two different families of complexes on .7. Here, changing Y411 to
—Y4;41 corresponds to changing the sign before xfl 41 in the defining function (1.2) of the
hypersurface S. The resulting hypersurface is essentially the boundary of the quaternionic
Siegel domain.

On other quadratic hypersurface, there is no reason to expect that the restriction of the
k-Cauchy—Fueter operators and complexes is invariant in general under the action of Sp(n).

2.6 The adjoint operator

On a domain Q2 C %7, denote the inner product

(u, v) :=/ u-vdV,
Q

for u,v e LZ(Q, C), where dV is the Lebesgue measure on 7. The inner product of
L%(Q2, ) is defined as

2n—1

OED DY (fAA’Z..AA,’\,a hAA’z...A,;)

A=0 A, AL =01

for f,h € L2(Q, ), and || f]l := (f, f)?. We define inner products of L2(£2, %) and
L?(2, #») similarly. Define the L?-norm on ¢/ 5%, by

LA NZ 20 gy = 1V 27y = /7 |f17dV.

Proposition 2.3 The formal adjoint operator of Zﬁl is
N * 7
(z4) =81, where 83 :=-74. (2.48)
Proof For u,v € Cg°(s#, C), we have

(Yqu,v) = (u, —Y,v)

by integration by part. So (Y, £ iYp)u, v) = (u, —(Y, FiY¥p)v). Then, (2.48) holds since
ng has the form Y, £ Y} for some a and b by (2.16). Thus, we have

(24w v) = (w.840) (2.49)
over .7. For (2.49) over ¢ /.77, by using the unit partition, it is sufficient to show it for
v e C§° (s, C). This case follows from the result over 7. ]

Lemma23 For f € Ch(#, M) or CL(# | A7, 11), we have

2n—1
7 — A
(ng)A’l...A;( = Z 5(A/1 fay..apa (2.50)
A=0
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Proof The proof is similar to that for the k-Cauchy—Fueter operator over H” (cf. [40, Lemma
3.1]). Forany g € Cl (7)., ), we have

A A
(Zog. f)= ZZAIgA’I.‘.A;‘sz’Z..AA,’(A = Y <gA/|...A,’(,5A/1fA/2..‘A;(A)

A Ay A \ A AA . A,
- A _ *
=y (gA’l..‘AL’ ZS(A’I .fAé...A,’()A) =(8. %)

A

by using (2.49) and symmetrization

Y (eaapGapn) = 2 (8w Geaponp)

A AL A

for any g € L2(#, 0FC?), G e L2, @ C?). (cf. [40, (3.4)]). Here, we have to sym-
metrise the primed indices in ) , 52‘, f Ay ALA since only after symmetrization it becomes
1

an element of C(; 2, ). ]
D5 P is simple since it is diagonal by the following proposition.
Proposition 2.4 For f € C%(2, ), we have
D5Pof = Apf.
Proof Recall that for a ®*C?-valued function F’ AlLA symmetric in A ... A}, we have

1
Faap =1 (FA1A§~~A; ot P A T FA;A;...;;) ’ (2.51)

by the definition of symmetrization (2.17). As usual, a hat means omittance of the corre-
sponding index. Then, for fixed A", ..., A}C =0,1,

k
1
(/ (/ — A ) — A (/ —_
(gggof)A,l.__A,k —Z‘S(A’l (D) ay.apa =7 Do (Dof) 7404
A s=1

k

k
1 Aé /
=% D2 ZNZA fa T, (2.52)

s=1AA
1 &
“x Z Z Ao fu 7 adasar = Bofa. aps
s=1 A’

by using the following Lemma 2.4 and f symmetric in the primed indices, where 7 is given
by (2.50). The proposition is proved. O

Lemma24 For A’, B’ =0, 1, we have

2n—1__
> z{zZE = —sap . (2.53)
A=0
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Proof Note that

Z(z)z/ Z2[ + Zzl+1221+1 = (—Yyi3 +iYya)(—Ya3 — Y4 14)

+ (Y1 +iYa12) Yarp1 — 1Ya142)
4

4
Z airk T Va3, Yarpa]l — ilYaq1, Yarp2] = Z Y
k=1 k=1

by (2.21), whose summation over [ gives us (2.53) for A’ = B’ = (. Similarly, we have

Z‘;,’ ZQ, + Zzz+1zz;+l = (—Yy3 + iV 4)(=Yai1 — Yy 42)
+ (Y1 +1iYa12) (= Ya43 +iYa14)
— [Yar+1, Yarq3] — [Yar42, Yar 4]
+ilYa 41, Yara] — i[Yar42, Yar431 =0,
by (2.21), whose summation over / gives us (2.53) for A’ = 0, B’ = 1’. Similarly, (2.53)
holds for A" =1,B"=0"and A’ = B’ =1’ by

Z%Z,Zgl + Zzll/+1zgl+1 = [Ya41, Yar3] + [Yarg2, Yar44]

+ i[Yaq1, Yaya] — i[Ya42, Y431 =0,
4

ZVZz, + Zzll/+1Z2l+1 = Z Y42,+k +ilYaq1, Yool — i[Yary3, Yaqa]l = Z Y421+k-
k=1 -

Then, (2.53) follows. O

3 The L2 estimate

We begin with the following Poincaré-type inequality, which was proved for general vector
fields satisfying Hormander’s condition (cf. [20, Theorem 2.1]). So it holds over .77

Proposition 3.1 (Poincaré-type inequality) For each f with Zi’;l Y, 1> € LY(2), we
have

/|f fafav e [ S° 1 fRav, G.0)

’al

where B, is a ball of radius r and fp, = fBr de/fBr dv.

We say f € L2(/y, V1) satisfies f L constant vectors if (f, C) = 0 for any
constant vector C € ¥].

Lemma 3.1 There exists some ¢ > 0 such that
Bofs 1)z el f 200 )

for f € C* ()%, M) and f L constant vectors.
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Proof As |J  twm)-F = s by Proposition 2.1, we can choose some r > 0 and a finite
(n,m)eHy,
number of elements (n;, m;) € #7,i = 1,..., N, such that

N
F C B, C U‘E("iqmi)fi'

i=1

Recall that if we identify f € C 2 ) A, V1) with a periodic function on J#, sois Y, f.
Then, the Poincaré-type inequality (3.1) implies that

4n 4n
1 1
2 2 2 2
NY Waflfa s = Z: 1YaflI72 s, = W/B | = f5,PV 2 —5IUf = fa 1225
a=1 a= r
Since f L constant vectors, we have
2 _ 2 2 2
”f - fB"”LZ(jf/jfz) = ”f”[}(jf/}fz) + ”fBV”LZ(jf/jZ"Z) > ”f”Lz(%/.)f’Z)
Thus, we find that
2 2
(Abfv f) = C”f - fB’”Lz(.}f/jfz) = C”f”LZ(jf/]an)s
_ 1
for constant ¢ = N2
Lemma 3.2 (cf. [40, Lemma 2.1]) For any h, H € C2 @ C*", we have

> hgaHap =Y hagHap —2  hiapHaz).
A.B A.B A.B

We have the following L? estimate.
Theorem 3.1 Forn > 3,k > 2, there exists some cy y > 0 such that

125 FI2 + 120 f 17 = il £12, (3.2)
for f € Dom(21) N\ Dom(Zy) and f L constant vectors over S [ 7.

Proof We use the L? method for the k-Cauchy—Fueter operator on H" in [40]. Since C?
functions are dense in Dom (21) N Dom (%) for the compact manifold .7#° /.77, itis sufficient
to prove (3.2) for f € C*(# )7, OF1C? @ C2"). We have

A/
KA 51 =k T5f )=k Y | D Z5 D 80 farapas fay ais
B.Ay,.. AL\ A} A

AL oA
= > (2315 (S ay.aas fA’z...A;(B) (3.3)

k
A/
Y Y (Z kg Saa) = S0+ 3,

A,BA|,... A} s=2

by using (2.51) to expand the symmetrization. Note that

Xo = /Z (XA:Sﬁ/lfA’z...A’kA’XB:(Sg/IfA’z...A;B>= >

Al Al
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and

=

= Z Z <8A’Z Tay & a4 fA’ZH.A;\,B)
(3.5)
+ Z Z ([ZB’I"SAQ] Ty A apa0 fA/z...A;(B) = Xn+7

by using commutators. For the first sum, we have

Al Al
= Z Z (ZB Ta . A ZASfA'T..A,’(B)

ZZ fA’ AL AkA’ZZ fA LALLATLALB (3.6)

I
nd
=\
g

=(k—1) Z > (Z Zf;‘,fAA/Bg...B,Q, > Z,?/fBA/Bg...B,’()

Bj,....B=0/, 1 A.B A
by relabeling indices and f symmetric in the primed indices. Then, by applying Lemma 3.2
with hipa =4 Z3 fawpy.. and Hap = Y4 Z4 feap)..p for fixed By, ..., By, we
get )

2 2

Sn=Gk-1 Y )

A/
> Z4 fewpy.B

A/
=2\ Z{i foinsy..n,
A/

B;,...B, A,B A
=k-1 Z > 74 foamn| - —n@ fIP,
..... B ABIl A
where
2
DDz feamym| = Y (Zf fns.s)s Z4 fBB’Bé.A.B]L)
Al A AA"B 3.8)
= Z <_ szlzf fBA’Bé‘..BIQ’ fBB’B&.B,L) = Z (AthB’Bé‘..Blis fBB’Bg.‘.B,i)
A'B A B’
by Lemma 2.4. Thus, by substituting (3.4)—(3.5) and (3.7)—(3.8) to (3.3), we get
* 2 k—1 2
KIZ6F ™+ == 120 fIP = (k= (s f, £) + 7€ (3.9)
To control the commutator term % in (3.5), note that
VA ) e
21 20+1> 2 20+1
by (2.16). Then, it follows from Lemma 2.1 that (1)
[zj}’, ﬁ] —0, forA #B, (3.10)
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A, B

=0,...,2n—1; (2) for A’ = B’, we have

/ 7 1/ ’ .
[Zzz’ Z(2)1+1] = [Zzz’ Zypr | = =80y, +ids5)
[Zzz+1s Zgz/] = [Zzl+1v Z%;] =8 (35, —idsy) »

’ T ’ 7 o T ’ 1 . .
[Zzz’ Zzz] = [Zzp Zzz] =- [Zzzﬂ’ Z21+1] =- [Zzl+17 Zyiqy | = 8idy;

(3.11)

(3)if {A, B} # {21, 2] + 1} for any [, then [22/, Tg/] = 0 for any A’, B’. Thus, we have

k
A Al
c=3 > (|:ZBl’ —Zy ] Ta a.aa fA’z...A’kB>

s=2 A,B,A},... A,

=—(k-1 > ([23/775] IBB,...B A fB’Bg...B,QB) ;

A.B.B'.B}....B]

n—1
B 5B
=—Gk-1 > > {([Zzz . Z3) ] IBB,.. B D) fB’Bg.‘.B,L(Zl))

B,B},....B] I=0

B’ B
+ ([Zzz » Ly | fB/B,. B 21+1) fB’Bg...B,’((Zl))
n ZB/ ZB,

2+1- 2y | BBy 81 fB/B,. Bl 2I+1)

B B
+ ([ZzzHa Z21+1] I8/} Bj@21+1)> fB’Bg...B;(zlJrl))]

by using (1) and (3) above, relabeling indices and f symmetric in the primed indices. Apply
(3.11) to ¥ above to get

2n—1
C=-8k-1 Y [ Y= (iaslfB'Bg...B,’(A» fB'Bg...B,’(A>
B A=0

B'.Bj....
n—1
+ (—(3sz +1i03) fB). B 2141 fB’Bg,..B,Q(zl))
1=0
n—1

+ ((852 —i95) fpB;. B/ 21)> fB'Bg...B;(zl-H))} :
1=0

For any u, v € C!(#/.#, C), we have

n—1

1
8 (dyyu,v) = - Z ([Yar41, Yarqolu + [Yar43, Yarpalu, v),
1=0

by (2.21). As

|(Ya, Yolu, v)| = [(Ypu, =Yqv) + (Yau, Ypv)|

1
= (1 Yaull® + 1Ypull® + [ Yavl* + 1Yp0]%),
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fora,b=1,...,4n, we get

4n
1
|8 (5,1, v) 2—2 (1 Yaul® + 1 Ya0l|?) . (3.13)

Similarly, we have

4n
1
|85, £ids)u, v)| = = (IYarl® + IYavl?). (3.14)

a=1

Then, apply (3.13)—(3.14) to the right-hand side of (3.12) to get

4n
3 2 3k-—1)

Gl=k=0> 3 3 |Yafgmga| =TS ) G1S)
A,B,B;.... B a=1
So it follows from estimate (3.9) that

2 k=1 3
KIZS 17+ —— 1201 = k= 1) (1 - ;) (Apf, f). (3.16)
Now, by applying Lemma 3.1 we get (3.2). O

4 Hartogs’ phenomenon
4.1 The nonhomogeneous tangential k-Cauchy-Fueter equation over .77/ 777,

Consider the Hilbert subspace £ consisting of f € L2 (¢ /5#%,¥1) and f L constant
vectors. The domain of [y over L is

Dom((0)) := {f € L: f € Dom(Z3) NDom(21), 25 f € Dom(%), 21 f € Dom(@]*)} .

Proposition 4.1 The associated Hodge—Laplacian [y is densely defined, closed, self-adjoint
and nonnegative operator on L.

The proof is exactly the same as that of Proposition 3.1 in [40] since £ @ {const.} =
Lz(%/%z, #1), and the action of [1; on {const.} is trivial. We omit the detail. Now, we
can find solution to (1.7)—(1.8), whose proof is similar to that of Theorem 1.2 in [40] for the
k-Cauchy—Fueter operator on H".

Theorem 4.1 Suppose that dim 2 > 19 and k = 2,3,.... If f € Dom(2) is Z;-closed
and f L constant vectors, then there exist u € L? (# /77, Yo) such that

Dou = f.
Proof The L? estimate (3.2) implies

cnillgl? < 1Z581* + 121817 = (Oig, &) < 10aglllgll,

for g € Dom(]y), i.e.,

cnkllgll = I1Higll- (4.1)
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Thus, [y : Dom(dJ;) — £ is injective. This together with the self-adjointness of [J; by
Proposition 4.1 implies the density of the range. For fixed f € L, the complex anti-linear
functional
ly:Lhig — (f.8)
is then well-defined on a dense subspace of £. It is finite since
|

Cn,k

@il =Kf.al < Ifllgl <

A gl

for any g € Dom(UJ;), by (4.1). So [ can be uniquely extended to a continuous anti-linear
functional on £. By the Riesz representation theorem, there exists a unique element 4 € £
such that [ (F) = (h, F) forany F € £, and ||A]| = ||I7]| < illfll. Then, we have

(h,Uhg) = (f. 2

for any ¢ € Dom((y). This implies that ~ € Dom(0J}) and O/ = f, and so h € Dom(CJ;)
and J;h = f by self-adjointness of [J;. We write h = N f. Then, | Nf]| < ! (WalB

- Cnk

Since Nf € Dom(U;), we have ZyNf € Dom(%y), Z1Nf € Dom(ZY), and

NIGNS = f — FFDNSf 4.2)

by U1 Nf = f. Because f and 2y F for any F € Dom(%p) are both Z;-closed, the above
identity implies 2] 21 Nf € Dom(21) and so 21 2{ 1 Nf = 0. Then,

0= (DD NS, HINF) = |1 D INSI,
ie, Zf21Nf = 0.Hence, Z0Z;Nf = f by (4.2). |

4.2 Proof of Hartogs’ phenomenon

We need the analytic hypoellipticity of A,. Let G be a nilpotent Lie group of step 2, and
its Lie algebra g has decomposition: g = g @ g» satisfying [g1, 911 C g2, [g,82] = 0.
Consider the condition (H): For any A € g5\{0}, the antisymmetric bilinear form

B(Y,Y) = (A [Y,Y']),
for Y, Y’ € g; is nondegenerate. Métivier proved the following theorem for analytic hypoel-
lipticity.
Theorem 4.2 ([24, Theorem 0]) Let P be a homogeneous left invariant differential operator
on a nilpotent Lie group G satisfies condition (H). Then, the following are equivalent:
(i) P is analytic hypoelliptic;
(i) P is C* hypoelliptic.

Corollary 4.1 Ay is analytic hypoelliptic on a domain Q2 C S, i.e., for any distribution
u € S'() such that Apu is analytic, u must be also analytic.

Proof Tt follows from the well-known subellipticity of A, that u is locally C¥*! if Apu
is locally C*. So A is C™ hypoelliptic. To obtain the analytic hypoellipticity of A, by
applying Theorem 4.2, it is sufficient to check the condition (H) for the right quaternionic
Heisenberg group 7. In this case, g1 = span{Yy, ..., Ya,}, g2 = span {8Sl, s, 853} , where
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Y1, ..., Yy, is the left invariant vector fields in (2.4). Let 1. € g5\{0}. For Y41 ;, Y41 € g1,
we have

3 3
Bi(Yarej Yarj) = (h War ., Yare 1) = 48u ) B 03s,) = 46y Bl hp,
B=1 B=1

by (2.5), if we write A(ds;) = Ag. Then, the matrix associated with Bj, is

rgBP 0 —A1 —XA —23
> g : A 0 A3 A2
. B _ 1 -
42_21 . , where Z}AﬁB =0 s o u| @¥
= hpBP p= P e P

whose determinant is (A% + A% + A%)zn by direct calculation. So B, is nondegenerate for
A e g3\{0}, i.e., A satisfies condition (H). |

Liouville-type theorems hold for SubLaplacian Aj; on the right quaternionic Heisenberg
group by the following general theorem of Geller.

Theorem 4.3 ([14, Theorem 2]) Let .Z be a homogeneous hypoelliptic left invariant differ-
ential operator on a homogeneous group G. Suppose u € S'(G) and Lu = 0. Then, u is a
polynomial.

Theorem 4.4 Let 2 be an open set in F such that Qe Fand 7 \52 are connected. If
fecC Low /7, Y1) with suppf C Q is Dy-closed and f L constant vectors, then there
existu € C? (I | Ay, Yp) such that

Dou = f, 4.4)

with suppu C Q.

Proof By Theorem 4.1, we can find a solution u € L? (| Ay, p) to (4.4). For ¢ € H,
denote

A =1{(q,c,s) e A :q eH" ! s eRY).

We see that 7 N Q = ¢ for |c| small by & € .F.
Since Zpu = 0 on (%”/%”Z)N\Q, we have 75 Zou = 0,, and then, by Proposition 2.4
Apup a4 = 0on (/A7) \S2 in the sense of distributions for any fixed A, AL A

So it is real analytic on (J¢/5¢7) \5 by Corollary 4.1. Moreover, u is C* on ¢/ %, by
subellipticity of Ap. In particular, u(q’, ¢, s) is well-defined on JZ /. as a real analytic
function. So it can be extended to a periodic function over .7 by (2.11). Now, let 7 be the
tangential k-Cauchy—Fueter operator on 52/, i.e., Zgu is a OF1C? ® C?*2-valued function
with

(Z01) any..a; = (DoW)pny..np, A=0,1,....2n=3.
By applying Proposition 2.4 to 7/, we see that Aju = 0, where A} = — 22"265 Y2. Then,
apply Liouville-type Theorem 4.3 to the group 7, and A}, to get
u(-, c, ) = a polynomial on 7,

which must be a constant by periodicity. Thus, u only depends on the variable g, .
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Similarly, we can prove u is a constant on the subgroup
Ay = 1{(0,qn,5) € H; qy € H, 5 € R?}.

Now, if replacing u by u— const., we see that u vanishes in a neighborhood of .#’. Con-
sequently, by the identity theorem for real analytic functions it vanishes on the connected
component .% \Q Thus, suppu C Q. O

The solution with suppu C $ above plays the role of compactly supported solution to 3
equation or the tangential k-Cauchy—Fueter equations (cf., e.g., [17,35]). It leads to Hartogs’
extension phenomenon as follows.

The proof of Theorem 1.1 Without loss of generality, we can assume Q € .% by dilating if
necessary. Let x € C{°(2) be equal to 1 in a neighborhood of K such that % \supp x is
connected. Set

6 {(1 uE). £ MK

Then, & € C*°(K), and i|Q\supp x = UlQ\supp x - We have
Dot = Zo((1 — Y)u) =: f

on ', where far arq = —ZA/l Z::lx up a by Zou = 0 on Q\K. Hence, f €
Cy° (A, 1) vanishes in K and outside 2, satistying 21 f = 21 Zpii = 0 by (2.30). We can
extend f to a periodic function and view it as an element of C*° (7 /.7, 7).

Denote

_ ff |y, fav c

f%/y‘f dv
Then, we have (f — ¢) L constant vectors. It follows from Theorem 4. 4 that there exists a
solution U e CX(# /7, Y) to joU f — ¢, which vanishes outside Q= = supp X. Then
Do — U) = con %f/%% Soc = 90u|9\9 = @0u|9\9 = 0. Therefore, U = u — U is
k-CF in Q since %y — U) = 0. Note that U = 0 outside & and J\Q is connected. So

U = uin Q\Q. Then, U = u in Q\K by the identity theorem for real analytic functions.
The theorem is proved. O

5 The restriction of the k-Cauchy-Fueter operator to the hypersurface
S

5.1 The nilpotent Lie groups of step two associated with quadratic hypersurfaces

Let (x1, ..., X4p, t1, 12, t3) be coordinates of R41*+3 Now, consider general quadratic hyper-
surfaces S defined by

4n
p=Regui1 —¢(g). where ¢ = Sjixjxi. (5.1)
k=1
for some symmetric matrix S. Define the projection:
T S s H" x ImH ~ R*H3,

/ (5.2)
@1, qn, (@) + O — (q1, ..., qn, V),
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where t = ti+ nj + 13K, q1+1 = Xai41 + ixai42 + jxa3 + kxay44, 1 = 0,...,n — 1
and tg = x4pp14p for p =1,2,3. Lety : " x ImH — S C H"t! be its inverse. The
Cauchy-Fueter operator is

3qz+| = a)641+1 + iaX41+2 +j8x4,+3 + kaX41+4-

Then, 3g,,, + gy, ® - dg,.., is a vector field tangential to the hypersurface S, since

(5qz+1 + 5ql+1¢ 'gqnﬂ) p =0,

I =0,1,...,n — 1. This vector field is exactly the pushforward vector field ¥, (5q, Tt
3g1.1¢ - 0t), where 9y = id;, + jo, + ko, Because

4dn+1

w*afﬂ = ax4n+l+ﬁ’ ‘/’*3x41+j = 8X41+,' + BX4z+j¢ : ax4n+l’
forp=1,2,3,j=1,...,4,1=0,...,n—1,and

4

Vs (5111+1 + gql+1¢ : 5t) = Zij—l (8X4I+j + ax41+_;¢ ’ 8X4n+|)
j=1

+ 541+1¢ (iax4n+2 + jax4n+3 + kax4n+4) = 5f]l+1 + 5fil-¢—1¢ : 54n+1'

Denote

Xai41 +iXar42 + JXa143 + KXapga := 0, + 94,9 - Ot (5.3)

Proposition 5.1 We have

4n

3
Xp =3, +2) Y (S1),, Xy,

p=1a=1
where 1 is the (4n) x (4n) matrix diag (Iﬁ, e Iﬂ) .

Proof The proof is similar to that of Proposition 2.1 in [39]. Consider right multiplication by
ig. Note that

(x1 + x2i + x3j + x4K)i = —x2 + x11 + x4 — x3K,
(x1 + x2i + x3j + x4K)j = —x3 — xai + x1j + 02K,
(x1 + x21 + x3) + x4k = —x4 + x31 — x2j + x1kK,

we can write

(x1 4 x2i + x3j + xaK)ig = — (IPx)1 — (P x)ai — (IPx)35 — (IPx)ak
4
=— > (IFx)jiji, (5.4)
j=1

where 18°s are given by (2.41). BP in (2.2) is the matrix associated with left multiplication
by ig ([39, p. 1358]). Then, we have

5‘1[+1¢ SO = (3x4,+,¢ + i8x4,+2¢> +jaJC4l+3¢ + kaX4l+4¢) (18,] +j3,2 + kafa)

3 4

B=1j.k=1
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Substitute it into (5.3) to get

3 4 4n 3 4n
Xaitj = gy +2 Z Z 1158“(4”")"“8% = gy T2 Z Z (S]Iﬁ)a(4l+j) Xadyy.
B=1 k=1 a=I B=1a=1
by the antisymmetry of 1. O

By Proposition 5.1, we get

3

[Xa, X1 =2 ((SIP),, = (SI),,) By
B=1

So span(C{X Ly ooy Xan, 0py, Oy, 8,3} is a nilpotent Lie algebra with center spanc{a,l, Oy,
Opy } The corresponding nilpotent Lie group of step two is the group associated with the
quadratic hypersurface S.

Now, if we choose the matrix S so that

SI? +1PS = 2B, where BF = diag(B”, ..., BY),

then the Lie algebra spanned by X1, ..., X4, 95, 0y, 05 is isomorphic to the Lie algebra
of the right quaternionic Heisenberg group .. It is sufficient to choose S = diag(S, ..., S)
such that STP + 1S = 2BP, where S is a symmetric 4 x 4 matrix. Namely,

cf —(c?) =2B*, (5.5)
for C# = SIP. Then,
S = diag(-3, 1, 1, 1),

and

0 -3 0 0 0 0 -3 0
—1 0 0 0 0 0 0 1

1. 2._

¢ = 0 0 0o -1 , €7 o= —1 0 0 01’
0 0 1 0 0 -1 0 0
0 0 0 -3

3. 0 0o -1 0

= 0 1 0 0
-1 0 0 0

satisfy (5.5). Thus, the defining function (5.1) of S in this case is (1.2) of S, and so the Lie
group associate with S is the right quaternionic Heisenberg group.

5.2 The restriction of the k-Cauchy-Fueter operator

X,’s for S has the form
3 4
Xar4j = Onye; T2 ChjXaricdyy-
B=1k=1

Since C? is not antisymmetric, they are different from the standard left invariant vector fields
(2.4) on 77 . It is standard that they can be transformed to the standard left invariant vector
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fields (2.4) on s by a simple coordinate transformation F : 2 — R* 13 (y,5) — (x,1)
given by

4

X4i4j = Yal+j, g =Sp+ Z ijy41+ky41+j, (5.6)
k=1

(cf. [39, (1.8)]) with DF =P + (Cﬂ)[ symmetric. It is direct to see that
]-‘*855 = 3,5 and  FiYyij = Xq4j,

where Y44 ; is given by (2.4). Then, we find the relationship between complex horizontal
vector fields Zg/’s on s and Vﬁ/’s on H"*!.

Proposition 5.2 Under the diffeomorphism o F : 7 — S, we have

W o), Zi =V + Y CaVA, 0. for (C5) = <@49) |. (5.7)
a=0,1 .

forfixed A=0,1,...,2n—1,A" =0/, 1, where t is the embedding given by (2.13).
Proof As t is a representation, we have

y — X413 —iXgpq — Xy — X442
Xap1 —iXg40 —Xag3 +1Xa44

_ Xar+1 +iXa2 —Xai43 —iXa44
N\ X3 —iXapa Xarp1 —iXapo

=7 (Ve (Xar1 + X0 +jXai13 +KX4144)) €
=T (5%-1 + 5c71+1¢ 'ngl) E=T @qm) e+t (5qz+1¢) T (5qn+1) 3
o 1 o 1
— V{(Zl) V/(Zl) + T(g ¢) V’(Zn) V,(Zn)
VO Vl qi VO Vl ’

QI+1) Y @I+1) @n+1) ¥ (2n+1)
0 —1)\.
where ¢ = 1 0 in (2.15). Then, (5.7) follows. m]

From this proposition, we can derive the relationship between operators in k-Cauchy—Fueter
complex on H"*! and that in the tangential k-Cauchy—Fueter complex on 7.

Proposition 5.3 Suppose that f is a k-regular function near qo € S. Then, (Y o F)* f is
k-CF on ¢ near the point Fl(x (90))-

Proof As f is a k-regular function near go € S C H"*!, we have D =01 VfrfB/A/zmA;( =
0forany fixed A =0,1,...,2n+1, A}, ..., A, =0, 1". Then, we find that

(P o FY*F) s ] N ZE W o B Py,

Flqo)

—1
B'=0,1 F~1(m(q0))
= > WoFLZ] fpay.a(q0)
B'=0',1

B/ B/
= Z Va + Z CaVinia) Ieay..4,(q0) =0,
B’ a=0,1

forany fixedA =0,1,...,2n—1, A}, ..., A =0, I, by Proposition 5.2. The proposition
is proved. O
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6 Appendix

In the case n = 2, k = 2, We have isomorphisms
2=}, C?ectz=cl, (6.1)
by identifying f € ©*C? and F € C?> ® C* with

Foo

Joo F(;/3
= o], F=]g , (6.2)

10

S .

Fi3

respectively. The operator % in (2.18) can be written as a 8 x 3 matrix-valued differential
operator:

—Y3 —iYy Y, —in 0

Y1 —i» —Y3 +iYy 0

—Y7 —iYy —Ys —iYg 0

2 Ys —iYg —Y; +1iYg 0
0= 0 —Y3 —iYy Y, —in
0 Y| —iY, —Y3 +iYy
0 —Y7 —iYy —Ys —iYg
0 Ys —iYg —Y; +1iYg

Similarly, the operator Z; in (2.23) can be written as a 6 x 8 matrix-valued differential
operator:

—-Y +ir Y3 —iYy 0 0 Y3 —iYs Y| —ir, 0 0
Y7 +iYg 0 —Y3 —iYy 0 Ys +1iYs 0 Y —in 0
Y5 —iYs 0 0 _Ys—i¥s Yy —iYy 0 0 Y, —il
0 Y7 +1iYg Y| —irr 0 0 Ys +1iYe —Y3 +iYy 0
0 —Y5 +iYs 0 Y —ir» 0 Y7 —iYg 0 —-Y3 +iYy
0 0 —Ys5 +iYg —Y7 —iYy 0 0 Y7 —iYg —Ys5 —iYs
—t —t . .
Thus, we have 75 = —% , 2f = —%1 . Then, by direct calculation we have
A 0
01 = 95 + 2{ % = (0 B (6.3)
with
Ap+A1—12idy) Li+(Y1+iY2)(=Y3-iYs) (=Y —iY2)(Y5—iYe) (=Y1—iY2)(Y7+iYg)
A= —L1+(Y3—iY4)(—Y | +iY2) A},+A2+12i3.\1 (—Y3+iYy)(Y5—iYs) (—Y3+iYs)(Y7+iY3)
- (=Y5—iYe)(Y1—iY2) (—Y5—iYe)(Y3+iYs) Ap+A3—12i0s, Li+(Ys+iYe)(—Y7—iYg) |
(=Y7+iYg) (Y1 —iY2) (=Y7+iYs)(Y3+iYs) —L1+(Y7—i¥g)(—Y5+iYs) Ap+A4+12i05)
Ap+Ar—12idy) Li+(=Y3-iYs)(=Y1—iY2)  (=Y3—i¥Y4)(—Y7-iY3) (=Y3—iYy)(=Y5—iYe)
B = —Li+(Y1—iY2)(Y3—iYs) Ap+A1+12idy (Y1-iY2)(Y7-iYg) (Y1=iY2)(=Y5—iYe)
- (Y7—-iYg)(Y3—iYy) (=Y7-iYg)(=Y1-iY2) Ap+A4—12i0y, Ly+(=Y7—iYg)(=Y5—iYe) |’
(Y5—iYe) (Y3 —iYs) (Ys—iYe) (=Y —iY2) —Li+(Ys—iYs)(Y7—iYg) Ap+A3+12i05)
2 2 2 2 2 2 2 2
where Ay = =Yi-o- =Yg, A ==Y - Yy, Ao =Yy — Y, Az = —Y5 — Y6,A4 =

—Y72 — Y82, Ly = 8(0y, + idy;). Because of the complexity of [J; in (6.3), it is not easy to
obtain its fundamental solution.
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