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Abstract
We study the asymptotic behaviour of positive groundstate solutions to the quasilinear elliptic
equation

—A,,u—i—aup’l —u? "4 uy"l'=0 in RV (Pe)

where ]l < p < N,p <q <[ < +oo and ¢ > 0 is a small parameter. For ¢ — 0, we
give a characterization of asymptotic regimes as a function of the parameters ¢,/ and N. In
particular, we show that the behaviour of the groundstates is sensitive to whether ¢ is less
than, equal to, or greater than the critical Sobolev exponent p* := A’,’—ivp.
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1 Introduction

The present paper is devoted to the study of positive solutions to the quasilinear elliptic
equation
—Apu—i—aup_l —ul ' 4y=1=0 in RV, (P,)

where
Apu = div(|Vu|"2Vu),

is the p-Laplacian operator, | < p < N, p < g <[l and ¢ > 0 is a small parameter. Our
main aim is to understand the behaviour of positive groundstate solutions to (Pg) as € — O.
By a solution to (P.), we mean a weak solution u, € WP RNy N LY (RV). These solutions
are constructed as critical points of the energy

1
E(u) := —/ IVulpdx—/ Fe(u)dx, (&)
P JRN RN
where

Fulu) = / " F)ds,
0

and the expression f; is a suitable bounded truncation of
Fols) = —els|P 25 + |s]772s — |s|'2s. (1.1)

Throughout the paper by groundstate solution to (P.), we mean a positive weak solution
which has the least energy £ amongst all the other non-trivial solutions.

In the first part of the paper, forall 1 < p < N and p < g < [, we prove the existence
of a radial groundstate solution u, of (P.) for all sufficiently small & > 0, see Theorem 2.1,
extending classical results of Berestycki and Lions [3] from the Laplacian (p = 2) to the
p-Laplacian setting, forany 1 < p < N. As a by-product of the method [3] which is adapted
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Groundstate asymptotics for a class of singularly perturbed... 25

to the present quasilinear context, the weak solutions to (P,) which are found, are essentially
bounded and decay uniformly to zero as |x| — oo. We recall that, as in the known case
p = 2 treated in [3], the symmetry of the solutions is achieved as a limit of a suitable
(minimizing) sequence of radially decreasing rearrangements constructed from a possibly
non-radial minimizing sequence. Theorem 2.1 in Sect. 3.2 summarizes all the above results
about the existence and basic properties of these groundstates to (Pg).

We point out that for large ¢ > 0 equation (P;) has no finite energy solutions, so the
restriction on the size of ¢ is essential for the existence of the groundstates. The uniqueness
(up to translations) of a spherically symmetric groundstate of (P;) is rather delicate. For
p < 2, Serrin and Tang [33, Theorem 4] proved that equation (P, ) admits at most one positive
groundstate solution. For p > 2 the uniqueness could be also expected but to the best of our
knowledge this remains an open question. We do not study the question of uniqueness in this
paper and none of our result rely on the information about the uniqueness of the groundstate
to (Pg).

The question of understanding the asymptotic behaviour of the groundstates u, of (P;)
as ¢ — 0, naturally arises in the study of various bifurcation problems, for which (P;) at
least in the case p = 2 can be considered as a canonical normal form (see, e.g. [8,40]). This
problem may also be regarded as a bifurcation problem for quasilinear elliptic equations

—Apu= fo(u) in RN,

whose nonlinearity f, has the leading term in the expansion around zero which coincides
with the ones in (P, ). Let us also mention that problem (P;) in the case p = 2 appears in the
study of phase transitions [6,25,44], as well as in the study of the decay of false vacuum in
quantum field theories [7].

Loosely speaking, to understand the asymptotic behaviour of the groundstates u, ase — 0,
one notes that elliptic regularity implies that locally the solution u, converges as ¢ — 0 to a
radial solution of the limit equation (see Theorem 6.4)

—Apu — w4+ u'=0 in RV, (Py)

Itis known that (here and in the rest of the paper p* := % is the critical Sobolev exponent):
when g < p* equation (Pp) has no non-trivial finite energy solutions, by PohoZaev’s identity
(3.1), whereas for g > p* equation (Pp) admits a radial groundstate solution. Existence goes
back to Berestycki—Lions [3] and Merle—Peletier [23] in the case p = 2 and, in the context of
the present paper, it is proved in the general p-Laplacian case (see Theorem 4.3); uniqueness
questions have been studied by Tang [38, Theorem 4.1], see also Remark 4.4 .

In Theorem 2.8 we prove using direct variational arguments that, as expected, forg > p*
solutions u, converge as ¢ — 0 to a non-trivial radial groundstate solution to the formal limit
equation (Py). The fact that for ¢ < p* equation (Py) has no non-trivial positive solutions,
suggests that for ¢ < p* the solutions u, should converge almost everywhere, as ¢ — 0,
to the trivial zero solution of equation (Py) (see estimate 2.2). This however does not reveal
any information about the limiting profile of u,. Therefore, instead of looking at the formally
obtained limit equation (Pp), we are going to show that for ¢ < p* solutions u, converge
to a non-trivial limit after a rescaling. The limiting profile of u, will be obtained from the
groundstate solutions of the limit equations associated with the rescaled equation (P ), where
the choice of the associated rescaling and limit equation depends on the value of p and on
the space dimension N in a highly non-trivial way.

The convergence of rescaled solutions u, to their limiting profiles will be proved using a
variational analysis similar to the techniques developed in [24] in the case p = 2. Note that
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26 W. Albalawi et al.

the natural energy space for equation (P ) is the usual Sobolev space
W @Y) = u e LP®Y) and Vue LP®Y)),
with the norm
Nll,p = Nullp + 11Vullp,

while for ¢ > p* the natural functional setting associated with the limit equation (Py) is
the homogeneous Sobolev space D7 (RV) defined for I < p < N as the completion of
(O (RV) with respect to the norm ||Vu||z». Since W17 (RY) G DLP(RN), it follows that
no natural perturbation setting (suitable to apply the implicit function theorem or Lyapunov—
Schmidt-type reduction methods) is available to analyse the family of equations (P;) as
& — 0. In fact, even for p = 2 a linearization of (Pp) around the groundstate solution is not
a Fredholm operator and has zero as the bottom of the essential spectrum in L2(R™). In the
case of the p—Laplace equations, the difficulty in applying classical perturbation methods is
even more striking, as for 1 < p < 2 the energy associated with the p-Laplacian is not twice
Fréchet differentiable.

In order to understand the limiting profile of u, in the case ¢ < p*, we introduce the
canonical rescaling associated with the lowest order nonlinear term in (P;):

_ 1 X
Ve(x) =€ 4 Pug <%) . (1.2)
Then (P;) reads as
]7
—Apu Pl =] —erryl in RV, (Re)

from which we formally get, as ¢ — 0, the limit problem
—A,,v—i-vp*1 =v"'  in RV (Ro)

We recall that for ¢ > p* equation (Rp) has no non-trivial finite energy solutions, as a
consequence of Pohozaev’s identity (3.1), whereas for p < g < p* equation (R() possesses
a unique radial groundstate solution. Existence was proved by Gazzola, Serrin and Tang [15]
and uniqueness by Pucci—Serrin [29, Theorem 2]. The particular rescaling (1.2) allows to
have, when p < g < p*, for both (R;) and the limit problem (Ry), a variational formulation
on the same Sobolev space wLP(RN). This indicates that problem (R;) could be considered
as a small perturbation of the limit problem (Ryp). In particular in the case p = 2 the family
of the groundstates (v,) of problem (R,) could be rigorously interpreted as a perturbation
of the groundstate solution of the limit problem (Rp) using the perturbation techniques and
framework developed by Ambrosetti, Malchiodi et al., see [2] and references. However,
for p # 2 the Lyapunov—Schmidt reduction technique, in the spirit of [2] is not directly
applicable. Instead, in this work, using a direct variational argument inspired by [24, Theorem
2.1] we prove (see Theorem 2.2) that for p < g < p* groundstate solutions (v.) of the
rescaled problem (R, ) converge to the (unique) radial groundstate of the limit problem (Ry).

In the critical case ¢ = p*, the limit problem (R() has no non-trivial positive solutions.
This means that in this case the canonical rescaling (1.2) does not accurately capture the
behaviour of (u.). In the present paper, extending the results obtained in [24] for p = 2, we
show that for ¢ = p™* the asymptotic behaviour of the groundstate solutions to (P.) after a
rescaling is given by a particular solution of the critical Emden—Fowler equation

—A,U=U""" inRV. (Ry)
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Groundstate asymptotics for a class of singularly perturbed... 27

It is well known that equation (R,) admits a continuum of radial groundstate solutions.
We will prove that the choice of the rescaling (and a particular solution of (R,)) which
provides the limit asymptotic profile for groundstate solutions to equation (P;) depends on
the dimension N in a non-trivial way (see Theorem 2.3).

Wrapping up, we provide a characterization of the three asymptotic regimes occurring as
& — 0, i.e. the subcritical case ¢ < p*, the supercritical case ¢ > p* and the critical case
g = p*, extending the results of [24,25], to both a singular (p < 2) and degenerate (p > 2)
quasilinear setting.

Asymptotic notation

Throughout the paper we will extensively use the following asymptotic notation. For ¢ < 1
and f(e), g(e) > 0, we write f(g) < g(e), f(e) ~ g(e) and f(g) ~ g(e), implying that
there exists &9 > 0 such that for every 0 < ¢ < go:
f(e) < g(e) if there exists C > 0 independent of ¢ such that f(g) < Cg(e);
fe) ~gle)if f(e) < g(e) and g(e) < f(e);
fe) =~ g@)ﬁf@)~g@)mdmmﬁo%?

We also use the standard Landau symbols f= O(g) and f = o(g), with the understanding
that f > O and g > 0. As usual, C, ¢, c1, etc., denote generic positive constants independent
of e.

2 Main results

The following theorem summarizes the existence results for the equation (P;). The proof is
a standard adaptation of the Berestycki and Lions method [3]. For completeness, we sketch
the arguments in Sect. 3.2.

Theorem 2.1 Let N > 2,1 < p < Nand p < q < . Then there exists e, = €+(p,q,1) >0
such that forall ¢ € (0, ¢,), equation (Py) admits a groundstate u, € WH?(R¥)YNLIRY)N
Cll.f (RN). Moreover, u.(x) is, by construction, a positive monotone decreasing function of
|x| and

ue(x) < Ce®l x e RV,

for some C, 8 > 0.

For p < 2, Serrin and Tang proved [33, Theorem 4] that equation (P;) admits at most
one positive groundstate solution. For p > 2 the uniqueness to the best of our knowledge
remains an open question. As anticipated earlier, none of our subsequent results rely on the
uniqueness of groundstates of (P.). In what follows, u, always denotes a groundstate solution
to (P.) constructed in Theorem 2.1 for an ¢ € (0, &,). When we say that groundstates u,
converge to a certain limit (in some topology) as ¢ — 0, we understand that for every ¢ > O a
groundstate of (P;) is selected, so that (i¢)cc(0,¢,) 18 @ branch of groundstates of (P;), which
is not necessarily continuous in ¢. In the present work, we study the limit behaviour of such
a branch of groundstates when ¢ — 0.
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28 W. Albalawi et al.

2.1 Subcritical casep < q < p*

As anticipated earlier, since in the subcritical case the formal limit equation (Pp) has no
groundstate solutions, the family of groundstates u, must converge to zero, uniformly on
compact subsets. We describe the asymptotic behaviour of u, performing the rescaling (1.2)
which transforms ( P, ) into equation (R, ). In Sect. 7, using the variational approach developed
in the main part of this work we prove the following result, which extends [24, Theorem 2.1]
to the case p # 2.

Theorem2.2 Let N >2,1 < p < N, p < q < p* and (ug) be a family of groundstates of
(Py). As ¢ — 0, the rescaled family

= T 21
ve(x) = ¢ Ug <%) (2.1)

converges in WP (RV), L'(RNY and Cllo’g (RN) to the unique radial groundstate solution

vo(x) of the limit equation (Ry). In particular,

1 (0) ~ £77 1 0). 2.2)

2.2 Critical case g = p*

In this case we show that after a suitable rescaling the correct limit equation for (P;) is given
by the critical Emden—Fowler equation

—A,U=U""" inRVY. (Ry)

It is well known by Guedda—Veron [16] that the only radial solution to (R,) is given, by the
family of rescalings

Up(Ix]) :== Ui (Ix|/A) (x> 0), (2.3)
where e
PRV NV e

Ui(x]) == |:HW:| , 2.4

and where p’ ;=

p’j pand K = %. Recently in [12] it has been observed that 4-U;, are

the only nontrivial radial solutions to A ,u + |u|?"~2u = 0 in D"-P(R"). Sciunzi [32] and
VEtois [42], respectively in the ranges p > 2 and p < 2, proved that any positive solution
to (Ry) in DL.p (RM) is necessarily radial about some point; this combined with [16] gives a
complete classification of the positive finite energy solutions to (R).

Our main result in this work is the following theorem, which extends [24, Theorem 2.5]
to the case p # 2.

Theorem23 Let N > 2,1 < p < N, p* = g < Il and (u¢) be a family of groundstates of
(P:). There exists a rescaling

he 2 (0, &4) = (0, 00) (2.5)
such that as ¢ — 0, the rescaled family

N—p
ve(x) 1= Ag g ug(Aex)
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Groundstate asymptotics for a class of singularly perturbed... 29

converges in DV (RN) to the radial groundstate solution U} (x) of the Emden—Fowler equa-
tion (Ry). Moreover,

_P-p
g pi=p) l<p<+N,
_Wwr-p
be 2 ) (elog 1)1 p =N, 20
1
g =m0 /N <p<N,
and "
_r =p
& PT=p) 1 <p<«/N,
e BB 10e ) vE 27
e S Ye rU=p) (log g)l’ P p=4/N, 2.7
_PP=N=p*)+p®
& PPLU=p")(p=1)+p] VN <p<N.

Remark 2.4 The lower bound (2.6) on A, can be converted into an upper bound on the

maximum of u,,
l

g T=p) l<p< VN,
1
u:(0) < 1 (e(log g)) =P, = JN, 2.8)
N—p

e+ /N < p <N,

see Corollary 5.20.

Forl < p < /N lower bound (2.6) and upper bound (2.7) are equivalent and hence
optimal. For VN < p < N, the upper bounds in (2.7) do not match the lower bounds (2.6).
However, under some additional restrictions, we could obtain optimal two-sided estimates.

Theorem 2.5 Under the assumptions of Theorem 2.3, we additionally have

g_% 1 < p < +/NandN > 2,
_*=p
e N (elog D) FH p = VN and N = 4 29
e =il N <p<landN >4,
and ,
£ T=p) l<p<+/Nand N > 2,
1
s (0) ~ 1 (s(log g)) TP p=JNand N > 4, (2.10)

N—
gW;ﬁl)ﬂﬂ VN < p< 7N2+1 and N > 4.
In the above cases v, converges to U1 (x) in L'(RN) and Cltg (RM).

Remark 2.6 In the case p = 2 and N > 3, two-sided asymptotics of the form (2.9) were
derived in [25] using methods of formal asymptotic expansions. Later, two sided bounds
of the form (2.9) were rigorously established for p = 2 in [24, Theorem 2.5]. The barrier
approach developed in [24, Lemma 4.8] in order to refine upper bounds on X, in the difficult
case /N < p < N cannot be fully extended to p # 2, see Lemma 5.11. In this difficult
case, the matching upper bounds of the form (2.6) are valid for VN < p < NT“ and N > 4.

Remark 2.7 Theorem 2.5 leaves open the following cases, where matching lower and upper
bounds are not available:
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30 W. Albalawi et al.

° NZ4andNT+1§p<N

e N=3and /3 <p <3

e N=2andv/2<p<2
Note that the case N = 3 and p = 2 is not included in Theorem 2.5. However, matching
bounds (2.9) and (2.10) remain valid in this case. This is one of the results in [24, Theorem
2.5]. We conjecture that the restriction p < % is merely technical and is due to the method
we use.

2.3 Supercritical case g > p*

Unlike the subcritical and critical cases, for ¢ > p* the formal limit equation (Pp) admits a
nontrivial solution. Using a direct analysis of the family of constrained minimization problems
associated with (P;), we prove the following result, which extends [24, Theorem 2.3] to the
case p # 2.

Theorem2.8 Let N > 2,1 < p < N, p* < q < [l and (u.) be a family of groundstates
of (P:). As ¢ — 0, the family u, converges in DLP(RN), LI®RYN) and Cllo’g @R t0 a
groundstate solution ug(x) of the limit equation (Py), with

up(x) ~ le_rf as |x| — oo.
Moreover, it holds that
ue(0) = up(0),

and that8||ug|§ — 0.

2.4 Organisation of the paper

This paper is organized as follows. Section 3 is devoted to the existence and qualitative
properties of groundstates u, to (P.); in Sect. 4 we deal with existence and qualitative
properties of groundstates to the limiting PDEs (Pp), (Ro), (R.). Both sections contain various
facts about the equation (P.) and limiting equations which are involved in our analysis. In
the rest of the paper we study the asymptotic behaviour of the groundstates u.. In Sect. 5
we study the most delicate critical case ¢ = p* and prove Theorems 2.3 and 2.5. In Sect. 6
we consider the supercritical case ¢ > p* and prove Theorem 2.8. In Sect. 7 we consider
the subcritical case ¢ < p* and prove Theorem 2.2. For the reader convenience we have
collected in the sections A and B of Appendix some auxiliary results which have been used
in the main body of the paper.

3 Groundstate solutions to (P.)

3.1 Necessary conditions and PohozZaev’s identity

According to PohoZaev’s classical identity [26] for p-Laplacian equations, a solution to (Pg)
which is smooth enough, necessarily satisfies the identity

/|Vu|de=p*/F(u)dx, (3.1)
RN

RN
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Groundstate asymptotics for a class of singularly perturbed... 31

for 1 < p < N.Identities of this type are classical, see for instance [28] for C? solutions and
[9] for bounded domains. In the present paper the following version of PohoZaev’s identity
has been extensively used.

Proposition 3.1 Suppose f : R — R is a continuous function such that f(0) = 0, and set
F(t) = [y f(s)ds. Let

ue Clldg(RN)’ and |Vu|P, Fu) e L'(R"Y)
with u such that
—Apu = fu)
holds in the sense of distributions. Then u satisfies (3.1).

Proof We first assume that p < 2. By the classical regularity result of Tolksdorf [39], see
also Theorem 2.5 in [31], we have
ue Wol®Y), p<2.

O

Having checked the existence and local summability of the second weak derivatives in this
case we argue as follows. Multiply the equation by x; d;u# (x) and integrate over Bg = B(0, R)
and denote by n(-) the outer normal unit vector. Observe that the vector field

v = x;0;u|Vu|’>Vu

is such that v € C(RY,RY) and divv € LllOc (RM). By the divergence theorem (see, e.g.
Lemma 2.1 in [22]), we have

/ Apu x;0ju(x)dx = / |Vu(a)|p_28,~u((r)0iVu -ndo
BR aBR
—/ [Vu ()P 2Vu(x) - Vix;dju(x)]dx.
Bg
Write the last integral as A; + B;, where

A :=/ V()72 3,1 2d,
Br

1
B; : —/ 0; (IVu(x)|?)x;dx.
P JBg

An integration by parts in B; yields

1 1
Bi=— [ |Vu@)|Poinido — — [ |Vu(x)|dx.
p 3BR p BR

On the other hand, we have also

S u(x))x;0;u(x)dx
Br

= —/ F(u(x))dx +/ F(u(x))o;n;do.
Bg 9Bg
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32 W. Albalawi et al.

Summing up on i we have
N -2
(x) N FuGx)dx +{1—- — [Vu(x)|Pdx = |Vu(o)|?P~*Vu -0 Vu -ndo
Bg p Bg dBg
1
——/ |Vu(o)|p(7-nda+/ F(u(x))o -ndo.
p dBRr dBR

The right hand side is bounded by
1
M(R) = (1 + 7> R/ |[Vu(o)|? do + R/ |F(u(x))|do.
p 0Bg 0Bg

Similarly as in Lemma 2.3 from [22], since F (u), |Vu|? € L'(RV), there exists a sequence
R; — oo such that M (R;) — 0. By using the monotone convergence theorem in () we
obtain the conclusion in the case p < 2.

For p > 2 a regularisation argument similar to [11, p. 833] (see also [12,17,20]) allows
to work with a Cllo’g -approximation u, € C? which classically solves

p—2

—div ((s + |w£|2)% wg) = f(u) in Bag,

Ug = U on 33213.

The proof can be then carried out with obvious modifications of the proof given in the case
p < 2, performing the e-limit before letting R — 400 along a suitable sequence (Rj)ieN,
and this concludes the proof. O

3.2 Existence and variational characterization of the groundstates

To prove the existence of groundstates, we first observe that the method of Berestycki—Lions
[3] although focused on the case p = 2 is applicable in the present quasilinear context,
we sketch the proof referring to [3] for the details. In fact, observe that f.(s) = |s|9 25 —

Is|!=2s — g|s|P~2s satisfies
. (s) _ .. (s)
(f1) —oo < liminf,_, o+ :;_1 < lim sup,_, o+ fp—_l =—¢<0.
. Se(s) N
(f2) —oo < limsup_, | o ) <0, where p* = A’/’—ﬂj.

(f3) There exists e, > 0 such thatforall ¢ € (0, ¢,) the following property holds: there exists
¢ > 0such that Fx(¢) = fi fo(s)ds > 0.

To prove the existence of an optimizer, one carries on with the constrained minimization
argument as in [3], based on the truncation of the nonlinearity f;, which allows to use
WP (RN) for the functional setting. For all ¢ € (0, &) in the present context p # 2 a
suitable truncated function f; : R — R is provided by:

0, u <0,
= dut —u —eurt we01], )= [ fi)ds,  (32)
0

—&, u>1.
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Replacing in ( P,) the nonlinearity with the above bounded truncation f; (1) makes the min-
imization problem

Se = inf /|Vw|f’dx; we WHP(RN), p*/ﬁg(w)dx =1 (Se)

RN RN
well-posed in W7 (RN) even for supercritical [ > p*. Standard compactness arguments
using radially symmetric rearrangements of minimizing sequences allows to obtain a radially

decreasing optimizer w,, see also “Appendix A”. If w, is an optimizer for (S, ) then a Lagrange
multiplier 6, exists such that

— Apwe = 6, fe(w) inRY. (3.3)

Note that by construction fg (u) € L®@RN) and then by a classical result of DiBenedetto,
see, e.g. Corollary p. 830 in [11], any solution u € W7 (RV) to the truncated problem with
fg is regular, i.e. u € CloC (R™). Then the maximum principle implies that any solution for
the truncated problem is strictly positive and solves the problem

— Apwe = b, fe(w) inRY, (3.4)

involving the original nonlinearity. The exponential decay estimate (3.10) on w, follows by
Gazzola—Serrin ( [14, Theorem 8]). As a consequence of the regularity and summability, w,
satisfies both Nehari’s identity

/ Vel dx = 6, / £ (weywed, (3.5)
RN RN

and Pohozaev’s identity (3.1)

/|Vw£|pdx =9£p*/Fg(w5)dx. (3.6)
RN RN
The latter immediately implies that
0 = S;. 3.7

Then a direct calculation involving (3.7) shows that the rescaled function

e (x) i= we (x/ Y/ Se) (3.8)

is the radial groundstate of (P;), described in Theorem 3.2 below.
One more consequence of PohoZaev’s identity (3.6) is an expression for the total energy

of the solution
1 1 N
_ _ /
Ee(ug) = (; p*) Sg ?,

(see [3, Corollary 2]), which shows that u, is indeed a groundstate, i.e. a nontrivial solution
with the least energy. Another simple consequence of (3.6) is that ( P;) has no nontrivial finite
energy solutions for ¢ > &,. The threshold value ¢, is simply the smallest value of ¢ > 0 for
which the energy & is nonnegative and can be computed explicitly.

To summarize, in the spirit of [3, Theorem 2] we have the following
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Theorem3.2 Let N > 2,1 < p < Nand p < q < l. Then there exists ¢, = €,(p,q,1) > 0
such thatforalle € (0, &), the minimization problem (S ) has a minimizer wy, € WP (RN)N
LI®Myn C]L’g (RN). The minimizer w, satisfies

— Apwe = Se fo(we) inRY. (3.9)
Moreover, we(x) is a positive monotone decreasing function of |x| and
we(x]) < CeM, x e RY, (3.10)
for some C, 8 > 0. The rescaled function
e (x) 1= we (x/ /)

is a groundstate solution to ( P;).

In view of (3.2) and since we are interested only in positive solutions of (P;), in what
follows, we~always assume that the nonlinearity f.(u) in (P;) is replaced by its bounded
truncation f,(u) from (3.2), without mentioning this explicitely.

Remark 3.3 Equivalently to (S,), we can consider minimizing the quotient

4
[IVwllp

Se(w) = w e Mg,

(N=p)/N~’
p* f Fg(w)dx>
]RN

where

M, :=10<we W-PRY), / Fo(w)dx > 0
RN

Setting w) (x) := w(Ax), it is easy to check that Sg(w;) = Sg(w) for all L > 0. Therefore
it holds that
Se = wier}\f/tg Se(w). 3.11)

Moreover, the inclusion M, C M, for &2 > &1 > 0, (3.11) implies that S is a nonde-
creasing function of ¢ € (0, ).

4 Limiting PDEs
4.1 Critical Emden-Fowler equation

In this section, we recall some old and new results for the critical Emden—Fowler equation
—Apu=u”"" weD"PRY), u>0, (Ry)

where 1 < p < N, p* = pN/(N — p) is the critical exponent for the Sobolev embedding.
We observe that any nontrivial nonnegative solution to (R,) is necessarily positive as a
consequence of strong maximum principle (see [41]). Solutions of (R,) are critical points of
the functional

1 1 *
J(u) := —/ [Vu|Pdx — —/ |u|? dx. 4.1)
p Jry p* Jry
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By the Sobolev embedding D7 (RN) c LP"(RY), J is defined in D7 (RY). Since by
[18] all the minimizing sequences for

S, := inf /|Vw|pdx; w e DVP(RY), f|w|1’*dx =1}, (S%)

RN RN
are relatively compact modulo translations and dilations, critical points for 7 are provided
by direct minimization, after suitable rescaling of positive solutions W to the Euler-Lagrange

equation for Sy
— AW =6WF "1 inRV. (4.2)

Here since

/|VW|de:9/|W|P*dx:9,
RN RN

it follows that S, = 6. Positive finite energy solutions to this equation are classified after
the works of Guedda—Veron [16] and of Sciunzi [32] and Vétois [42] mentioned in the
Introduction, which we recall in the following

Theorem 4.1 Let 1 < p < N. Then every radial solution U to (Ry) is represented as

AP /PP NP ki’
U =U =|— , 4.3
(IxD) 20(x]) W+ ) (4.3)

for some A > 0, where p’ = ﬁ and k := %, [16].
In fact, every solution U to (R,) is radially symmetric about some points y € RN and
therefore it holds that
N AL
Ux)=U), y(x)i=| ——mm 4.4
W= Uy (0= | S (44)

for some ). > 0 and y € RV, [32,42].

In the case p = 2 and N > 3 this result is classical, see [5]. Hence, the radial groundstate of
(Ry) is given by rescaling the function

kl/p/Nl/p k/pl
Uox)i=| — , 4.5
1,0(x) 5 4.5)
and moreover it holds that
* N
IVUs.0llh = [1Usoll5 = 8277 4.6)

see, e.g. [37]. In conclusion all the positive minimisers for (S,) are translations of the radial
family

Wi (x) i= Us0(/85x). 4.7)
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4.2 Supercritical zero mass equation

This section is devoted to the supercritical equation

— Apu — )" %u + |u">u=0 in RV, (Py)
where | < p < Nand p* <gq <.
Relmark ;1/.2 Noltfza th% by Polioiaev’s identity (3.1), equation (Pp) has no solution in
DLP(RY) N Ol (RY) g < p*.
We prove the following existence result in the spirit of Merle-Peletier [23] to the case p # 2.

Theorem4.3 Let N > 2,1 < p < N and p* < q < . Equation (Py) admits a groundstate
solution ug € D"P(RY) N L/®RY) N Cllo’g (RN), such that uo(x) is a positive monotone
decreasing function of |x| and

N—p
wo(x) ~ [x|" 7T as |x| = oo. (4.8)

Remark 4.4 The uniqueness result of [38] is applicable to fast decay solutions to (Py). How-
ever the regularity hypothesis H1 as stated at p. 155 in [38] would require p* > 2, namely

=
Proof Following Berestycki-Lions [3] in the present zero-mass case context, we solve the
variational problem in D7 (R") namely

So := inf f|Vw|1’dx|weDl’P(]RN), p*/ﬁo(w)dx=l , (So)
RN RV
where

Fo(w) = /0 fo(s)ds,

and fo(s) is a bounded truncation of the nonlinearity

fo(s) = [s]7%s — || 2s,

e g.
0, u <0,

fow) = Jut=t —ul=1, welo, 1, 4.9)
0, u>1.

The above bounded truncation makes the minimization problem well-posed in D7 (R").
Arguing as for the positive mass case the existence of a radially decreasing optimizer u is
standard.

The global boundedness of the truncation allows to use the classical result of DiBenedetto,
see, e.g. Corollary p. 830 in [11], to show that u € Cllo’g‘ RM).
Then the maximum principle implies that any solution for the truncated problem solves in
fact (Pp) and is strictly positive.

Note that by Ni’s inequality A.3 and the Cll.f (RN regularity it follows that u € L>®(RY).
By interpolation with Sobolev’s inequality, this implies that u € L'(RY) for all [ > p*.
With the lemmas below on the asymptotic decay, we conclude the proof. O
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The following lemma about asymptotic properties of solutions is taken from [13].

Lemma 4.5 ([13, Corollary 8.3.]) Let 1 < p < N. Assume that

g(lxD)

\%4 < ,
Vel s 1o

where g : RT™ — RT is bounded and continuous and satisfies the following conditions:

(e ¢] t 1
@ |f r‘—leglﬁjfp')|x|N—1d|x| e < oo,
7 &)
(C2) 1f glxx‘ dlx]| < oo.
Assume that
— Apu+V@uP~ =0,  inRY\B(0), (4.10)
admits a positive supersolution. Then (4.10) admits a solution which satisfies
Uo(x) ~ |x|" 7T as |x| — oo. @.11)
Corollary 4.6 If
V@) :
X)) = —7—7—7———,
(1 + [x[)p+?

and c is sufficiently small then (4.10) admits a positive solution that satisfies (4.11)
Proof We can take
glxl) = |x| ™.
Then (C1), (C2) are elementary to check. ]
The decay estimate (4.8) is proved in the following lemma.

Lemma4.7 Letug € DVP(RN) N LIRN) be a positive radial solution of (Py). Then

wo(x) ~ x|" 7 as |x| = oo. 4.12)
Proof Since ug € D"P(RN)N L!(RV) is radial then by the Ni type inequality A.3, we have

_N-p N
up <clx|” 7, in RV\B(0),

and since [ > p* then we have for some §; > 0

N

I-p 2 —p _ € —
uy - <clx| » = in R\ B1(0), (4.13)

implying
I—p C

N
Ug = < A+ xprior in R™,

for sufficiently large constant C independent of x. Now set

I—py p—1 —1 . N
—Apuo + (uy Nul ™ =ul” =0, inRY,
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and then we have

c _
P=l> 0 inRV.

At g

As a consequence, ug is a supersolution of (4.10) and then by comparison principle (see
Theorem B.1 in Appendix), we obtain

_N-p
ug > clx| 77! in |x| > 1. (4.14)
Similarly, we can set
q—py, p—1 -1 - N
—Apug — (uy Nuy  =-—u, =<0, in RY,
and since ¢ > p* we have for some 8, > 0,

Nep (—
5 @=p) _

q-—p Nwl™ .

u <c'lx in |x| > 1

4P < x| < e =L
implying

_ C’
ug b = PRI T URN,
(1 + [x])PTe2

and hence

C/
Y'<0 inRY.

Mg — —C
B0~ a0 =

Now since uq € Drl;lg (RY) is a subsolution of (4.10), then by Lemma B.2 ug satisfies
condition (§) and hence by comparison principle Theorem B.1, we have

_N-p
ug <clx|” 7T in |x|>1, (4.15)

and hence from (4.14) and(4.15) the conclusion follows. O

5 Proof of Theorems 2.3 and 2.5: critical case g = p*

In this section we analyse the behaviour of the groundstates u. of equation (P;) as ¢ — 0 in
the critical case ¢ = p* and prove Theorem 2.3. Although our approach follows the ideas of
[24], the present p-Laplacian setting requires substantial modifications.

5.1 Variational estimates for S

Equivalently to the Sobolev constant (S,), we consider the Rayleigh type Sobolev quotient

[ IVw|Pdx
RN

(N=p)/N’
[ lw|P"dx
N

which is invariant with respect to the dilations w; (x) := w(x/X), so that

Sy = inf Si(w).
0#weD!.P(RN)

Sp(w) := we DYPRY), w £0,
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We define the gap
op = S — Ss. 5.1
To estimate o, in terms of &, we shall use the Sobolev minimisers W, from (4.7) as test
functions for (S;). Since W, € LP(R¥) only if 1 < p < VN, we analyse the higher and
lower dimensions separately. It is easy to check that W, € L*(R") for all s > N lflp:pl) , with

N—

_N-pinN NP
WWalls =277 SN s = a7 O 0w,
and that, if | < p < +/N then W), € L?(R") it holds that
[IWallp = AP [ Wi}

In the case of dimensions p = +/N and v/N < p < N, given R > u, we introduce a cutoff
function ng € C(?Q(R) such that ng(r) = 1 for |[r] < R,0 < ng < 1for R < |r| < 2R,

ng(r) = 0 for |r| > 2R and |r;/R (r)] < 2/R. We then compute as in, e.g. [35, Chapter III,
proof of Theorem 2.1]

N-p

» R\ » 1
IV (nrWu () I = S« 4+ O m , (5.2)
__N_
p* R p—1
lIngWyllhe =1-0 | = , (5.3)
"
_N=p_ = Ry -Onty
leWallp = =7 wi(-o(() 7). 64
and
O (uPlogR), p=+/N,
1'% P: N—p ﬂ 55
R Wullp 0 (M”_{ Rl’p_1 )7 JN < p<N. (5.5)

As a consequence of these expansions we get an upper estimate for o, which plays a key role
in what follows.

Lemma 5.1 It holds that

1—p*
g l-r 1< p<a/N,
< (N=p)(I=p*)
0 < 0s S 3§ grl@—rH-Dirl /N < p <N, (5.6)

(e(log é))% p=+N.
Hence, o, — 0as e — 0.
Proof We first observe that since
Sk = Sx(we) < Sp(we) = S,

it follows that o, > 0. We now obtain the upper bounds on o.
Case 1 < p < +/N. Note that W, € M, for all sufficiently small ¢ and sufficiently large
1, and we have

S

—(N=-p) *
- g

Se(Wy) = (5.7

L—epPBp—pun

)(N—p)/N’
I
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where

p* p*

By = —lIWillh, = —IIWill;.

p [

We now optimize the right hand side of the estimate (5.7) picking u such that the function
_N=p %
Ve(w) i= Bpeul + B~ 7 7.
achieves its minimum. This occurs at
e ~ 8_(N’1’[)7(l’1’) (5.8)

and we have
. 7[71)*
min e ~ Ye(ue) ~e-r .
u>0

In the presentcase 1 < p < VN, we may conclude that
S
(1 = e (pe)) N =PIV

and (5.8) is the value of u, such that the bound (5.6) is achieved on the function W, .
Case p > ~/N. We assume here that R >> . Using ng W, as test function and using the
calculation in (5.2)—(5.5), we get

Se(Ww)

= S (14 OWe(ue)) = Ss + 0 <8l’7> 59

N—p

R\ 7T
Se(MrWy) < | S« + O ;

(- [o(() 7)ol H)
(N

Np R\ =5 +N\ 11\ 72
summ Cmili-o(() )] T
R

and hence as o 00, we have

ScnrWy) = ,(1+ e, B,

and hence as 5 — 00, we have

S: W) = 8,(1+ ¥ (e B,

where

R _/;:f N—p p>-N —M(l— )
Ve (1, R) = (—) et R 4 Y, (5.10)
"
If in particular we choose
1
e = e TP, R, =7 (5.11)
we then find that
(N=p)U=p*)

Yo (e, Re) ~ & Pl=p ) p=Dtpl"
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and, similarly to the above case, the bound (5.6) is achieved on the test function ng W,
provided p, and R; are as in (5.11).
Case p = +/N. Again we assume that R >> j. Testing again against ng W, and by(5.2)—(5.5)

with p = +/N, we get

S W) = (Su+ 0((5)‘%’))
h <1 B <0<<§>;Nl) +80<u” logR)

_N=p Ry\—&=2l N ~(N=p)/N
fu ¢ ”||W1||5[1—0((;) ) ,

and then as 5 — 00, we have

ScmrWy) = Su(14 e R) ),

where .
RN\—5=F _N=p g px
Ve, R) == (—) " euPlog R4 7 TP, (5.12)
n
Choose
1 1\ w0
R, :=¢ 7, e 1= (8 log 7) , (5.13)
£
and hence

a=p*)

I\ 5
Ve (e, Re) ~ (SIOg g) o .

Thus the bound (5.6) is achieved by the test function ng, W,,,, where 1, and R, are defined
in (5.13). o

5.2 PohozZaev estimates

For e € (0, €4), let w, > 0 be a family of the minimisers for (S¢) (or equivalently 3.11). This
minimisers w, solve the Euler—Lagrange equation

—Apwe = Se(—ew? w7 —wlh) inRY (5.14)

with the original (untruncated) nonlinearity.
Our next step is to use Nehari’s identity combined with Pohozaev’s identity for (5.14) in
order to obtain the following useful relations between the norms of w;.

Lemma5.2 Foralll < p < N, setk := l]fgi_p’j; > 0. Then, it holds that

llwelly = kellwellp,
||ws||£: = 1+ (k + Dellwellp.
Proof Since w, is a minimizer of (S;), identities (3.5)—(3.6) read
p'e P

p* b4 l p* 14 l
L= [fwell,e — ellwellp — [lwellgs 1:”wE“p*_7||w€||p_7||w€”l' (5.15)

An easy calculation yields the conclusion. O
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Lemma5.3 Foralll < p < N, we have

p N -1
ek + Dllwellp = =5, oe (1 +o(D).

-Pp
Proof Using that w, is a minimizer for (S;), by Lemma 5.2 it follows that

Vw,||b S,
S, < S.(wy) = IVwellp _ e

P
ellpe (14 e+ eliwell

)(N—p)/N ’

namely,
SYTNP (1t e+ Dellwellf) < SN/N=P,

Setting o, := S — Sk, as ¢ — 0 we obtain
N

_ N ~v——1
SYYP e+ Dellwell < o — 5T o).

N

and this concludes the proof. O

‘We note that the above results allow us to understand the behaviour of the norms associated
with the minimizer w, to (Sg). In fact we have the following

Corollary 5.4 As & — 0, we have

b0 50 P
ellwellp = 0, [lwell; = 0, [[well,» — 1.

5.3 Optimal rescaling

We are now in a position to introduce an optimal rescaling which captures the convergence
of the minimisers w; to the limit Emden—Fowler optimizer Wj.
Following [35, pp.38 and 44], consider the concentration function

0.(1) = / e ?" d.
By

where B, is the ball of radius A centred at the origin. Note that Q,(-) is strictly increasing,
with

li A) =

lim Q- (2) 0,

and
lim Q:(A) = [[wel|’> — 1, ase — 0,
A—00 4

by Corollary 5.4. It follows that the equation Q.(}) = Q. with

0. :=/|W1<x)|f’*dx <1,

By

has a unique solution A = A, > 0 for ¢ < 1, namely

Qs()\e) = Q* (5-16)
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By means of the value of A, implicitly defined by (5.16), we set

N—p
Ve (x) 1= A" we(hex), (5.17)
and easily check that
[vellpr = Hwellp = 14+ 0(1),  [[Vvellp = [[Vwellp = Ss + o(1). (5.18)

namely (vg) is a minimizing family for (S,). Moreover

f e ()7 dx = Q.
B

The following convergence lemma follows by the concentration—compactness principle of
P.-L. Lions [35, Theorem 4.9].

Lemma5.5 Forall 1 < p < N, it holds that
[IV(ve — WDIlp — 0,
and
[lve — Willpx — 0,
ase — 0.

Proof By (5.18), for any sequence &, — 0, there exists a subsequence (g;) such that
(ve,) converges weakly in DLP(RN) to some radial functions wy € D'P(RN). By the
concentration—compactness Principle [35, Theorem 4.9] applied to ||v8||;*1 Ve, we have in
fact that (v, ) converges to wy strongly in D'»(RV) and LP"(RV). Hence, ||wol|,* = 1
and therefore wy is a radial minimizer of (Sy), that is necessarily wg € {Wy},~0. Note that
it also holds

/|wo(x>|P*dx _ 0.
B

As a consequence wg = Wj. Since the sequence (&,) was arbitrary, the whole sequence (v;,)
converges to W, strongly in D7 (RY) and L?" (RY), and this concludes the proof. O

5.4 Rescaled equation estimates

Our next step is to obtain upper and lower estimates on the rescaling function A,, which is
implicitly determined by (5.16). The rescaled function v, introduced in (5.17) is such that

I=p
-1 *_1 —(N=p)(2)+r 4
—Apve = Sg(—ekg’vf +oP T = ’ ve ), (R})
as (Sg) is achieved by w,. By construction, for v, we obtain
; I’(l;p*) p
V) P - P
Nvell; = A" 7 NMwelly,  Mvellp = Ag Pllwellp-

Putting Lemmas 5.2 and 5.3together we then achieve the relation

pi=p*)
G l
Ae T el = ALkelvellp S o (5.19)

which yields the following
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Lemma5.6 Let1 < p < N. Then

_ <p*—1;) L
p—p*) o P
3 S/ Ae S & Pog .

Proof The statement will follow by (5.19) combined with the observation that

lim inf [|vell; > 0, liminf |[ve][, > 0.
e—0 e—>0

The former is a consequence of Lemma 5.5 and Holder’s inequality, which yields L'(B)) C
LP"(By) since [ > p*, hence
cllve X i = [lve Xy px = [IWi1 X |1 px — [(Wi — ve) X, || p*
= |[|[W1 X3, |p+ — o(D).

Here X'g,, is the characteristic function of B. To show the latter, by the embedding L? i (By) C
L?(By) since p* > p, we obtain

cllveXp |l pe = [[ve X [1p = [IW1XB, [, — [[(Wi — ve) Xy || = [[W1 X, (], — o(1),
and this concludes the proof. O

By (5.6) and Lemma 5.6 we obtain both an estimate from below

_*=p)

PRI 1 <p<+N,
) -
Ae > g, PP > LT @ G-DE VN < p<N, (5.20)
w*=p)
1\ 70=» _
(s(log g)) p =+~N,
and from above .
_r-pr
g pl=p 1< p<+/N,
_ @P=Ma—pHp?
re < e PO G-Dtl VN <p <N, (5.21)

a=p*)

_@*=p) )
e PTH (log %> D, .

We note that in the case 1 < p < +/N the above lower and upper estimates are equivalent,
therefore we have the following

Corollary 5.7 Let 1 < p < /'N. Then ||ve||; and [lvellp are bounded.
Proof This is an immediate consequence of (5.19)—(5.21). ]

In the case p > +/ N we take into account the growth of ||v¢||, to obtain matching bounds.
In this case instead of (5.21) we use the more explicit upper bound

_ (PP=N)U=pH)+p?

g V/pgl/p e P2A=p*) (p—D+p] VN < p <N.
Ae S el S Hlvell, ot —p) t=p*) (5.22)
ellp e @) (]Og é) p(T=p) p= ﬁN,

which follows from (5.19) and (5.6).
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5.5 A lower barrier forp > 2

To refine the upper bound (5.21) we shall construct a lower barrier for w, in the critical
regimés /N < p < N.For p > 2 this will be done using the following uniform estimate.

Lemma 5.8 Given u > 0andy > 0, set
h(r) :=r"Ve M.

Assume that p > 2 and that N — 1 —2y(p—1) <0and y(N —p—y(p — 1)) <0. Then
forall p > 0andr > 0,

—Aph+uP(p = Hi?™!

1772N—]—2 —1 ple_ - -1
PN =20 = D) N =2 =P D) s 59
r r

=p
Remark 5.9 If p = 2 then (5.23) becomes an equality.

Proof By direct calculations, we have

r

p—2
—Aph+uP(p— P~ = (p — Dy {M”_z - (u+ y) }h”_l

2 N—-1-2y(p—1 N—p—y(p—1
+(u+%)p {u ry(p ) ¥ przy(p ))}hf’*l.

For all # > 0 and r > 0, by monotonicity we have

p—2
{M”‘z —(n+1) } <0,
r

(e 2y )

Therefore, assuming that N — 1 —2y(p — 1) <Oand y(N — p — y(p — 1)) < 0 we can
estimate,

—Aph + pP(p — AP

-2 —1 - — —p—= —
- (V)P {MN L-2y(p=1) yWN-p—y@ 1))}hp_1

r r r2

PN —1— — P=I(N — p— _
fuy (N—1-=2y(p 1))h,,71 L7 (N-p—y(p 1))h,,71
rp—l1 rP

uniformly for all © > 0 and r > 0. O

Remark 5.10 In the case 1 < p < 2 by monotonicity, convexity and Taylor for all u > 0
and r > 0 we have

p—2
0= {u"_z —(n+ %) } <@2- p)u”*%.
Similarly, we can estimate
p—2
(v 1) 2w —-purL, (5.24)
or, alternatively,

L (0 =
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Therefore, assuming that N — 1 —2y(p — 1) <O0and y(N — p — y(p — 1)) < 0 we can
estimate,

p1C=P)p =Dy,
r
No1=20p =) v =p=yp - 1))}hp71.
r r

—Aph+uP(p— P < p

+( (5.24) or (5.25) ){M
(5.26)

Both (5.24) and (5.25) introduce a large positive term in (5.26) which we cannot control.
To estimate the norm ||v¢||,, we note that

_ *_ ~(N-p)=L+p
_ApU8+Sas}¥g|Ua|p ! :S5|U5|p ! — Seke r

et = = Vel !,
where we have set

—(N—p)=2 +P
Ve(x) = Sehe WLl (x).

By the radial decay estimate (A.3) we have
Ve(x) < O pr 3TN v

_ p=p®
By (5.18) and since A, wr=p < 0, — 0 Lemmas 5.1 and 5.6 yield, for sufficiently small
e > 0, the following decay estimate

~(N-p) 52+ ~(N-p) 2+
Vo) i=Soke 00 TPy = S DT g P e O
<o -n P o),

where § := M(l — p) — p > 0 and the constant C > 0 does not depend on ¢ or x. Hence,
for small ¢ > 0 the rescaled functions v, > 0 satisfy the homogeneous inequality

— Apve + SeerPoP T H Voo >0, x e RN (5.27)
The following result provides a suitable lower barrier to (5.29) below.

Lemma5.11 Assume N > 4 and?2 < p < ﬁ Then there exists R > 0, independent on

& > 0, such that for all small ¢ > 0,
he(x) o= x|~ 7t o= VSl
satisfies
—Aphe +(p — l)Ssekfhf_l + Vg(x)hf_l <0, |x]>R. (5.28)
Proof By Lemma 5.8 with y = p we conclude that there exists R > 1, independent of
& > 0, such that
—Aphe + (p — 1)SeerP kP~ + Ve (o)nP™!

YPREN =1 =2y(p=1), 0y - GEU-pp C
pp—1 he™" + 2 ey

p—1
rpté e

1
< (eSe)? Ae

N-p
“Mrapyip) 1
CA p} _lhf’l for |x| > R.

1
< {—y”*Z(N +1—=2p)(eSe) 7 he + Che
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It is convenient to denote s := [ — p* > 0. Taking into account that —%(Z —p)+p=
s(1 — N/p) < 0, we can use the lower bound (5.20) on A, to estimate

BS2(—p)+
YPAN + 1= 2p)(eSe)Phe+ Cap P 0T
) 1 (N=p)U=p)—~
< —yPTAN+1-— 2p)sf’gp (= 1>+p1 + Cg Plsr— 1)+p]
2 p s(p—1) (N—p)I—p)—
<-—y (N +1—=2p)SI e?b5w=DFr 4 Cg™ PS0- 1>+p1 <0,

for all sufficiently small ¢ > 0, provided that p < (N + 1)/2, which completes the proof. O

Lemma5.12 Assume N > 4and?2 < p < % There exists R > 0 and ¢ > 0, independent
on ¢ > 0, such that for all small ¢ > 0,

ve(@) = clx| " 7T e VS (x| > R).
Proof Define the barrier
he(w) = x| 7 e VS,

which satisfies
— Aphe +eSAPRPT 4 V()R <0, |x| > R. (5.29)

by Lemma 5.11. Note that Lemma 5.5 and Lemma A.4 in Appendix imply
[l(ve = W1)Bg\Bgj2lloo = O,
and hence
ve(Ix]) = Wi(lx]),  for |x| =

Hence for all sufficiently small ¢ > 0, we have
1
ve(R) > EWI (R), for|x|=R

Since h.(R) is a monotone decreasing function in ¢, then by a suitable choice of a uniform
small constant ¢ > 0 we obtain

che(R) = S Wi (R)
and hence
ve(R) > chs(R), for all small e > 0.
Then the homogeneity of (5.29) implies
—Ap(che) + eSeAP (che)?™' + Ve(x)(che)P' <0, in|x| > R,
for all small ¢ > 0. Define a function ch, ; by
chey =chy —k~' < che, for allk >0,
then

— Ap(che ) + Ve (che )P + eSAL (che)P™1 <0, in|x| > R (5.30)
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and
Vg > che > chgp, for |x| = R.

Now, since

chg - 0,  as|x| - o0,
then for k large enough there exists Ry > R such that

chex =0, for |x| = Ry,
and since v, > 0, then

Ve > chek, for |x| = Rg.

As a consequence, from (5.29) and (5.30), using the comparison principle (see Theorem B.1
in Appendix) we obtain

Vg > che g, for R < |x| < Ry,

which can be achieved for every k. Since Ry — 00 as k — o0, the assertion follows. O

5.6 Critical dimensions N > 4and +/N < p < @ completed

We now apply Lemma 5.12 to obtain matching estimates for the blowup of ||v, ||, in dimen-
sionsN24and\/ﬁ§p< NTH

[)2 =\

Lemma5.13 IfN > 4and /N < p < %, then ||v6||£ > <E/£AS> =

Proof Since /N < p < NTH we directly calculate from Lemma 5.12:

o0
_N=p
Wz [ uirars [ o e Py,
RN\ Bg R
and as ¢ — O (i.e. i/\ — 00), we have
£
%
o p2-N 1 C pZ:IN
gz er [ ez () T
Yehe
R
and this completes the proof. O

As an immediate consequence of the above result, by (5.22), we obtain an upper estimate of

Le which matches the lower bound of (5.20) in dimensions N > 4 and v'N < p < NT’LI .

1
Corollary 5.14 If N > 4 and VN < p < NTH, then e < & W=pH(p=D+pl,

We now move to consider the case p = +/N.

Lemma5.15 If N > 4 and p = /N then it holds that ||ve||} 2 log(—A—).
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Proof Since p = +/N, by Lemma 5.12 we immediately get

1
R/eSghe

vl > / PN o () [Pdr > o /

RN\Bg R

_1L
E/Ese Ag

=cP / 1dr>log<

7N_
- dr

o)

and this concludes the proof.

@*=p)

Corollary 5.16 If N > 4 and p = ~/N then it holds that i, < (g(log é))* L

Proof By (5.19) and (5.6) we get

Cell log

=l

e < Yer, < €™,
for some 81 2 > 0 and ¢ small enough, by (5.20) and (5.21). It follows that

1
~ log —.
€

Clearly,

1
log 7(’/5)»5

1y 1\~
AP < (s(log g)) = (e <log g> ) ,
1\ \~ %5
A£§<e<log7)) peen
e

Hence,

and

and this concludes the proof.

5.7 Proofs

The sharp upper estimates on A, yield the following
Corollary 5.17 Let either 1 < p < VN, or N >4and /N < p< % Then

lvellr = O(1).

The boundedness of the L’ norm also allows one to reverse the estimates of ||v,|| pvia(5.19).

Corollary 5.18 It holds that

o), I < p < JN.
llvellh = { OCog ), p=+/N, N >4,

U=pHIp=(p*=p)(p=D]

O(e F=pla=rH0-tr1), /N < p < M N > 4.
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We now prove that the L/ bound implies an L°° bound.

Lemma 5.19 Let either 1 < p < VN, or N >4and /N < p < % It holds that
[lvelloo = O(). (5.31)
Proof We start observing that by (R) v, is a positive solution to the inequality
—Apve — Ve()wPl <0, x eRY,
with
Ve(x) == Sev? 7P (x).

By Lemma A.5 in Appendix, we obtain

ve ()] < Crllvellix ™M x #0, (5.32)
which combined with Corollary 5.17 yields

Ve(x) < S.CF P el PN < e

for some uniform constant C,, > 0 independent on € or x. Hence, v, is a positive solution to
the inequality
— Apve — Vi)oP 1 <0, x eRY, (5.33)

with V,(x) = C*|x|_1’p*/l S LfOC(RN) for some s > N/p, since [ > p*. With these
preliminaries in place, one can invoke here the result on local boundedness Theorem 7.1.1 in
[30, p.154] for subsolutions of (5.33) to conclude. However, to make the proof self-contained,
we provide a simple argument to justify (5.31).

Integrating the inequality (5.33) over a ball

/ —Apve(y)dy < / V(v (y)dy,

By (0) By (0)

and by the divergence theorem, taking into account the monotonicity of v, with respect to
|x| we have

—Apve(y)dy = / — Ve (0)|P2Vve (o) - vdo
B|_,-|(0) BBm(O)
= V0 ()P f do = C1|Vue(o)lP~ x|V
9B (0)
On the other hand
x|
V.ol (n)dy = C / r BN L0l () d
B‘X‘(O) 0
x|
< Gl [y = Calu Y,
0
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. *
since — 27~ + N > 0. Hence

[V (0) [P~ <

- / Va(roP ™ (rdr < Cs|u ()7 x| PP (5.34)

Byx|(0)

| x|

for some Cy4, C5 > 0 independent of ¢ and x. Integrating again from 0 to x¢ after writing
(5.34) in this form

d - -
—d—rv€(|x|) < Cg|ve (0)|x|1=PP*/D/(P=1)

we have -
06(0) < ve(x0) + Crve (0)|xo] 17T | (5.35)

for some C7 independent of ¢ and x. We pick A small enough such that for all |xo| < A we
have

pi=p*) pU=p*)
v:(0) <1 — C7A =D ) = v:(0) (1 — Crlxo| 17D ) = Vg (x0).
Then
Cgvs(0) < ve(xo), for all xo, |xol < A,
(1=p*)
where Cg =1 — C7A L=y . Hence by taking the power [ and integrating we obtain
Colve (0)['dx < / |ve ()|
lx|<A Ix|<A
which by Corollary 5.17 immediately concludes the proof. O
By elliptic estimates for the p-Laplacian, we have the following

Corollary 5.20 Let either 1 < p < VN, or N > 4 and /N < p < % It holds that

ve > Wiin che RN and L* (RN)for any s > p*. In particular,
v:(0) >~ U1 (0).

loc

Proof As a consequence of the L* bound of Lemma 5.19 and the convergence of v, to the
Sobolev minimiser W; in D7 (R") via the compactness result in Lemma A.5 we obtain the
convergence in L* (RY) for any s > p*. Since we can write (R}) in the form

—Apve = 8e(Ve),
and by Lemma 5.19 we have
||ge(ve)||Ll°&(RN) <C,
uniformly with respect to ¢, then by [11, Theorem 2] we have
||v8||cllo~g(RN) < Ca

uniformly with respect to ¢. It follows that by the classical Arzeld—Ascoli theorem that for a
suitable sequence ¢ — 0 we have
ve > Wi in CLY (RY),

loc

where o < o’ |
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Proof of Theorem 2.3 The proof follows immediately from Lemmas 5.5 and 5.6, which yield
the upper and lower estimates on A;. O

Proof of Theorem 2.5 The proof follows from the sharp upper bound on A in Corollaries 5.14—
5.16, and from Corollary 5.20. In particular, since from Corollary 5.20 and in view of (3.8),
we have

N—p

Uz (0) ~ Ay 7 v,(0),

then by the sharp estimate of A, we have the exact rate of the groundstate u, (0) in the present

critical case ,

g=p l<p<+/N, N>2,
N—p
g (0) ~ { =05 /N < p < MH N > 4, (5.36)

e
(e(log é)) 7 p=JN, N=>4

6 Proof of Theorem 2.8: supercritical case q > p*

In this section, we consider the supercritical case ¢ > p* and prove Theorem 2.8 stated in
Introduction, which essentially says that for ¢ > p* groundstate solutions u, converge as
& — 0 to a non-trivial radial groundstate solution of the formal limit equation (Pp). This
result extends [24, Theorem 2.3] to p # 2.

6.1 The limiting PDE

From the results of Sect. 4 we know that for ¢ > p™* the limit equation
—Apu—ut" +u'"' =0 in RV, (Po)

admits positive radial groundstates solutions ug € D"?(RY) N L!(RY), which are, since
they are radial, fast decaying, namely such that

wo(x) ~ |x|" 7T as |x| = oo. 6.1)

Note thatby construction ug € Cllo’f (RN). Moreover ug admits a variational charachterization

in the Sobolev space D7 (R") via the rescaling

uo(x) = wo(;—%),

where wy is a positive radial minimizer of the constrained minimization problem

So := inf f|Vw|pdx‘weDl’P(RN), p*/ﬁo(w)dx:1 , (So)
RN RN

where

Fo(w) = /0 fo(s)ds,
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and fo (s) is a truncation of the nonlinearity
fols) =1s177%s — 15| s,

as described in Sect. 4. Then the minimization problem (Sp) is well defined on DLP(RN).
The minimizer wy satisfies the Euler-Lagrange equation

q—1 -1
—Apwo = So(wy  —wy ).

Moreover, wy satisfies Nehari’s identity

/|Vwo|”dx=so /Iwolqu—/|w0|ldx ,
RN N RN

which yields
1= [lwoll§ — Ilwoll}. (6.2)

From the Pohozaev identity

1 1
f|Vwo|de=sop* ;[|wo|‘fdx—7f|wo|’dx ,
RN RN RN

we have . .
14 p
1= —lwollf — 7||wo||§. (6.3)

Hence from (6.2) and (6.3) we obtain the relation
p* p*
llwoll§ — lwoll) = ;Ilwollg - TIIwollf =1,

from which we obtain the expressions
(g —p")

ql —p*)
Pl —q)

p*l—q)

!
llwoll§ = + Mwoll; =

6.2 Energy estimates and groundstate asymptotics

The relations between S, and Sy is provided by introducing the convenient scaling-invariant
quotient

[ IVw|Pdx
]RN

(p* f Fo(w)dx
RN

So(w) := w € Moy, (6.4)

)<N—p>/N’
where

Mo := {w e DVPRY), f Fo(w)dx > 0
RN

Note that, by a rescaling argument, this is equivalent to (Sp) :

So = inf S .
0 wg}wo 0(w)
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Lemma 6.1 Forall1 < p < N, it holds that

0<S—8Sy0—>0, as ¢ —> 0.

Proof To show that Sy < S, simply note that
So < So(we) < Se(we) = Se. (6.5)

To estimate S, from above we test (S¢) with the minimizer wg. By (6.1), we have wg €
LP(RV) if and only if I < p < ~/N. We break the proof by analysing the higher and lower
dimensions separately.

Case 1 < p < J/N. Using wo as a test function for (S¢), we obtain

So

Se < Se(wp) < "
(1 — 2" ol

< So+ O(e), (6.6)

N-—p
P
Ll’(RN)) N

which proves the statement for 1 < p < +/N.
In the cases p = /N and /N < p < N, given R > 1 we pick a cutoff function
nr € C3°(R) such that nr(r) = 1 for [r] < R,0 < ng < 1for R < |r| < 2R, ng = 0 for

Ir| > 2R and 9| < 2/R. By (6.1), for s > NL_p we obtain

N—p
/ IV (nrwo(x)|Pdx = So+ O (R‘TJ> :
RN

_ (N—p)s
||w0||23(RN)<1 -0 <R o +N> )
O(log(R),  p =N,
Pdx = 2N
/RNmeo(x)l x 0<R%>, VN <p<N.

/ [ rwo (x)[*dx
]RN

Case p=~/N.Let R = ¢~ L. Testing (S¢) with nrw and since ¢ > p*, we get

_N-p
Se = S:nrwo) = (So+ 0 (R ))

* (N=p) *
- (p—||wo||Z <1 0 <R—?’1[’+N>) — 2 0(log R)
q p

* (N=p)l N—p
Emifio{r )

N-p
S O(gr-t 1
= o+ O ) T §S0+0(810g7>,
L e

(1-0@ )~ 0logh)

from which the claim follows.
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1
Case /N < p < N.Let R =& 7. We test (S,) with ngwo and as ¢ > p*, we obtain
_N-p
Se < Se(qrwo) < <S0 + 0 <(R) p-l >) -

* (N—p) * 2N
(p—||w0||2 (1 -0 (R‘ ,,_”1"+N>> ~ o <R'p—1 )
q P

P

N—
* N—p)l N
- p7||wo||§ (1 -0 <(R)——‘ = +N>>>

N—p
(p—1) —
- So + O(ertr-D) . 550_1_0(87,,?],,_"1)),

N—

2_ 4-p
(1 — o(eTPT) — o(g—p’?T'lv)“)) v
which completes the proof. O

Lemma 6.2 It holds that ||we||co < 1 and ||wel|s <

— ~

1 forall s > p*.
Proof Note that by (3.8) we have
llwelloo = lluelloo < 1.
By Sobolev’s inequality and Lemma 6.1, we have
lwellD. < S MIVwell) = S;7'Se = 871 So(1+ o(1)).
Hence for every s > p*,
llwell3 < lJwel |7,
which concludes the proof. O
Lemma 6.3 Forall1l < p < N, we have

£||w5||ﬁ — 0 as ¢ - 0.

Proof Observing that w, is an optimizer to (S;), it follows that

£
1=p* / Fe(we)dx = p* / Fo(we) — p*—|lwe|[5. (6.7
RN RN b
Hence
[ IVwg|Pdx
RN Se

So(we) = =
(N=p)/N *
(p* / Fo(wg)dx) <1 + %8”71)8”1};)
RN

(N=p)/N "~

If by contradiction we had lim sup,_, 8||w6||§ = m > 0, then by Lemma 6.1 for any
sequence &, — 0, we would obtain

S, So(1+o(1
So < So(we,) = w Sllted)
o ANPN =T
(1+ Brealluwe,I15) z
and this, as it is clearly a contradiction, concludes the proof. O
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Theorem 6.4 Letl < p < Nandq > p*. Ase — 0, the family of groundstates u, converges
to a groundstate ug in DVP(RV), LY(RNY and Cllo’g (RN) to (Py). In particular

us(0) >~ up(0).

Furthermore uy is fast decaying, namely

_N-p
upg(x) ~ x| »~1 as |x|] — oo.

Proof Since the family w, is bounded in D'7(R™), then there exists a subsequence We,
such that

Wg, —~W in D"P@®RN) and We, = W ae in RN, asn— o0

where @ € D'7(RV) is a radial function. By Sobolev’s inequality, the sequence (wg,,) is
bounded in L?" (RM). Using Lemma A.5 we conclude that

We, — W in LS(]RN \ B,(0)) forr > 0ands € (p*, 00).
Taking into account Lemma 6.3 and (6.7) we also obtain
&
/ Fo(w)dx = lim / Fo(wg,)dx = lim (1 + p* 2w, ||5> =1.
n—00 n—oo p
RN RN
By the weak lower semicontinuity property of the norm we also have that
V||, < liminf |[Vwe, ||, = So,
n—-oQ
i.e. w is a minimizer for (Sp). We now claim that
Vwg, — VW a.e. on RV, (6.8)

and then by Brezis-Lieb Lemma [4], (w,,) converges strongly to w in DLP(RY), In fact,
arguing as in [22, Theorem 3.3] (see also [21, Proposition 2.3], define a bounded function

[s it |s] <1,
T =

ST if |s| > 1,

o0
and consider a sequence (By) of open subsets of RV such that | J By = R". Then if
k=1

lim /(ww%w—zwgn — |VD[P~2VD) - VT (w, — )dx — 0, (6.9)
noeo )
for every k, then
Vwg, = VW a.e. on By,

and hence by a Cantor diagonal argument, (6.8) is satisfied.
To show (6.9), we introduce a cutoff function

o [1 =k
X) .=
P 0 if |x|>k+1,

and since

(IVwe, |P72Vw,, — [VOIP VD) VT (we, — i) > 0,
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then

0< / (IVwe, IP2Vw,, — V|72 VB) VT (wg, — )dx
By
< / [(vagnlf”vu;gn — |V®|P2VD) VT (wg, — a))]p(x)dx
Biyi
<| f (IVwe, 12w, = (V|7 ~2VE) V(T (w, — ) dx|

Bit1

+

/ (IVwe, [P2Vw,, — [V@IP2V®) T (we, — ﬁ))Vpdx‘ — 0,
Biy1
as n — oo. In fact
‘ f (IVwe, 172wy, — [VuolP"2Vi) V(o T (we, — ﬁ;))dx}
Bi+1

5‘/|vu}£n|P*2vm8ﬂv(pT(w€” —uv))dx‘+‘/|vw|P*2va}v(pT(w5n —uv))dx]

RN RN
= ‘ / Je(we,)pT (wg, — w)dx‘ + ‘ / F@)pT (we, — ﬁ))dx‘ — 0,
RN RN

by local compactness. Moreover, by Holder’s inequality and since 7 is bounded and w,, —
i — 0 a.e. on RV, then by dominated convergence theorem, we have

‘ / (IVwe, 1P 2Vw,, — [ViIP~2V@)T (ws, — )V pdx

Biy

1
= ( / T we, = DI7IVpIPdx)" = 0,

Bit1

and hence (6.9) follows. As a consequence (w, ) converges to @ in D7 (RV) and in L* (R")
for any s > p*, where w is a minimizer of (Sp) satisfying the constraint. Similarly to the
proof of Corollary 5.20, using Lemma 6.2, by uniform elliptic estimates we conclude that
(wg, ) converges to Wy in Cllo‘f (RN). The decay follows from Lemma 4.7. This concludes the
proof. O

Proof of Theorem 2.8 The statement follows directly from Theorem 6.4 and Lemma 6.3. O

7 Proof of Theorem 2.2: subcritical case p < g < p*

In this section, we consider the subcritical case p < ¢ < p* and prove Theorem 2.2 showing
that, after the canonical rescaling (1.2), the groundstate solutions u, converge as ¢ — 0 to the
unique non-trivial radial groundstate solution to the limit equation (Rp). This result extends
[24, Theorem 2.1] to p # 2.

@ Springer



58 W. Albalawi et al.

Since by Pohozaev’s identity the equation (Pp) has no positive finite energy solutions, to
understand the asymptotic behaviour of the groundstates u, we consider the rescaling in
(1.2), which transforms (P;) into (R;), whose limit problem as ¢ — 0 is (Rp).

Pick G, : R — R, a bounded truncated function such that

1 1 &
Ge(w) = ;""'q - —|w|? - lwl’,

1 1
forO <w<e¢ 7,G,(w) <0forw > ¢ 47 and G.(w) =0 forw < 0.Fore € [0, £*),
we set

S, = inf{ / [Vw|Pdx ’ we WHPRY), p* / Ge(w)dx = 1], (S))
RN RN

a well-defined family of constrained minimization problems, which share, together with the
limit problem (S(/)), the same functional setting whp(RN)Y. By Theorem 3.2, (S;) possesses
a radial positive minimizer w, for every ¢ € [0, £*). The rescaled function

Ve (X) 1= ws({/x?),

is a radial groundstate of (R;).
We estimate (S..) by means of the dilation invariant representation

J IVw|Pdx
RN

(p* [ Ge(w)dx
]RN

Si(w) = we M.,

)(N—p)/N’

where M, :={0 < w € W'P(RY), [ G(w)dx > 0}. We have

RN
5= i, Sl
and for € small enough we have
So < Sh(we) < Se(we) = S, (7.1)

This follows by observing that as p* f G (w:)dx = 1 and G(s) is a decreasing function of
RN
eforeachs > 0, wehave w, € M, and the second inequality follows again by monotonicity.
Observe that by continuity wg € M, forsufficiently small £. As aconsequence, by testing(S.)
with wo, that for ¢ small enough, we have that
S5 , =g
<S8y+ O(gar).

(1= 5o fwoll]

)(N -p)/N —
Hence S, — S(). Reasoning as in Lemma 5.2 , we obtain that

S, < Si(wo) =

(-p"q , ql—Dp)
(=q@p* pl—q)

Inserting this identity into the definition of Sj(w,) and using the convergence of S to S,
one can easily check that

|lwell§ = [[well5-
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_p(p*—q) _q(p*—p)

li (AR L | pAE R 7.2

Jim lwell = 50— Tl = 22— (7.2)

Therefore p* f Go(wg)dx — 1 as & — 0. Wehave thenachieved thatarescaling A, — 1
RN

exists such that p* [ Go(ig)dx = 1 and S, (0,) — S, with W, (x) := we (Aex). It follows

RN
that (w,) is a minimizing one parameter family for (S(’)) that satisfies the constraint used
in the method which yields Theorem 3.2. By Theorem 3.2 we conclude that for a suitable
sequence &, — 0, it holds w,, — W strongly in WLP(RN), and since A, — 1, it holds that
wg, — W, where @ is the minimizer of (S)) satisfying the constraint. By the uniqueness of
minimizer of (Rg), we have w = wg. An obvious modification of the proof of Lemma 5.19,
using ||we|| p*, yields that ||we||co < 1 ase — 0. By uniform elliptic estimates we conclude

Lo (RN ), and therefore the proof

that w, converges to wo in L* (RN) for any s > p and in C},

of Theorem 2.2 is complete.

A Radial functions

We recall that for u € L'(RV), the radially decreasing rearrangement of a function u is
denoted by u* and it is such that for any & > 0 it holds that

[r e RY 1u(0)* > of =[x e RY 1 Ju(x)| = af,

where ‘ . ] denotes the Lebesgue measure in RY. We recall that

/ F(u)dx:/ F(u*)dx,
RN RN

for every continuous F such that F'(1) is summable.
The following fundamental properties of rearrangements can be found, e.g. in [43]:

LemmaA.l Let1 < p < oo andu,v € LP(RN). Then u*, v* € L?(RN) and
Nt llp = lullp, [l = vl < llu—vllp.

LemmaA2 Let 1 < p < N and u € DVPRN) (respectively, in WhP(RY)). Then u*
belongs to DLP(RN) (respectively, in wLP(RN)), and we have

/qu*(x)l”dxf/ [Vu(x)|Pdx.
RN RN

We will be frequently using the following well-known decay and compactness properties
of radial functions on RV,

Lemma A.3 [36] Assume that 1 < p < N. Then there exists C = C(N, p) > 0 such that
forallu € Drl’p(RN),

_N-—p
lu@)| = Clx| 7 [IVullpp@wv)- (A.1)

Lemma A.4 (Compactness of the radial embedding [36]) Let 1 < p < N. Then we have the
Sollowing continuous embedding

WP @RNY < LI(RY) (A.2)
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forp <q < p*:= A‘,’—i\’p when p* < oo and for p < q < 00 when p* = oo. Furthermore,

the embedding is compact for p < q < p*.

LemmaA.5 (1) Lets > 1 and letu € L*(RN) be a radial nonincreasing function. Then for
everyx # 0,
-N
lu@)| = Clx| ™= [lulls, (A.3)

where C = C(s, N), see, e.g. [3].
(2) Let u, € DLP@RN) be a sequence of radial functions such that u,—u in DLP(RN).
Then, passing if necessary to a subsequence, it holds that

up — u in L°@RM\B.(0)) and L*R\B.(0)) Vr >0, s> p*.

Proof Since (utp)neny € DP(RY) is a radial sequence, setting f,(|x|) = u,(x) from the
fundamental theorem of calculus and Holder’s inequality for all |x| > |y| > r > 0 it holds
that

Ix] )
|t (x) — 14 ()] sf | £r01de < |x — yVP | NPISN LY V| gy

By

and as a consequence, since u,,—u is bounded, for all x, y € RN \ B,(0) and a uniform
constant C > 0 we have that

litn (x) — ()| < CrA=N/P e — 3 1P, (A4)

Namely, (¢#,),¢n is bounded in co1/v (RN \ B.(0)) and by the locally compact embedding it

is strongly convergent to u in Lfgc(]RN \ B,(0)). This and Lemma A.3 yield the convergence

in LSRN \ B,(0)). |

B Comparison principle for the p-Laplacian
Let G € RY be a domain. We say that 0 < v € Wlf)’cp (G) satisfies condition (S) if:
(S) there exists (y)peny C WA (RN) such that 0 < 6, — 1 a.e. in RV and

/R(@nv, v) —> 0, as n — +oo.
G

where R is defined by
. p wP p—2
R(w, v) := |Vu| —v(i)\w\ V. (B.1)
vp-1

Notice that if G is bounded and v € W1?(G) then condition (S) is trivially satisfied with
6 = 1in G. In case of an unbounded domain G, condition (S) ensures that the subsolution
v is sufficiently small at infinity, in order to respect the comparison principle (see [19]).
Using condition (§), we formulate a version of comparison principle for a p-Laplacian with
a general negative potential (see, e.g. [19,27,34]).

Theorem B.1 (Comparison principle for p-Laplacian) Let 0 < u € WIL’CP (GYNC(G) be a
supersolution and v € Wl})’cp (G) N C(G) a subsolution to the equation

—Apu+VulPu=0 in G, (B.2)
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where V € LS (G). If G is an unbounded domain, assume in addition that 3G # () and vt

satisfies condition (S). Then u > v on G impliesu > v in G.
Below we prove a simple sufficient condition for assumption (.S) to hold.
LemmaB.2 If0 < v € D}(RN) then v satisfies (S).

Proof Following [19,34], define

1, 0<r<R
log &2

nr(r) = ;’fg?, R <r <R?
0, r> R,

and note that [ng| < 1 a.e. in RV and |n’R| < @r‘l. We are going to show that

/R(nRv, v) >0 as R — oo.
RN
Using the Picone’s identity [1,10] and inequalities [34, Lemma 7.4], it is straightforward to
deduce the inequalities
R(nrv,v) < cilv(r)pl?, (I<p=2), (B.3)

R(ngv, v) < calnrvr P lvmp)y P+ eslv r)y 1P, (p > 2). (B4)
Case 1 < p <2.Using (B.3) and Ni’s decay estimate Lemma A.3 onv € Drlt}g (RM),

_N—p
v<clx| 7,

by a direct calculation we obtain

R? R?
’ N—1 _N—p 1] ~1]1? N—1
R(prv,v)dx <cp | [v(nr),.|Pr dr <c ‘r Z r dr
log R
RN R R
C
<— >0 as R — . (B.5)
(log R)P~!

Case p > 2. By Holder and (B.5) we conclude

e 2 2 N—-1
/0 V'[P~ o)) Pr ~dr

+00 ) +00 P
< ( / |nRv/|PrN—1dr) ( / |v(nR>;)|PrN—‘dr)
0 0
2

R? »
-2 —
= cllvlipun e, (/R I 1dr> — 0 as R — oo,

Taking into account (B.4) and once again (B.5), the conclusion follows. ]

Remark B.3 While the statement of Lemma B.2 is sufficient for our purposes, it is far from
optimal. See [19, Appendix B] for constructions of radial functions v ¢ D7 (RY) which
satisfy assumption (S).
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