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Abstract

Let  be a smooth, bounded domain of RY, » be a positive, L!'-normalized function, and
0 < s <1 < p. We study the asymptotic behavior, as p — o0, of the pair (/A ,, up),
where A is the best constant C in the Sobolev-type inequality

Cexp (/ (log |u|!’)wdx) < [u]f,p Yue WS”’(Q)
Q

and u, is the positive, suitably normalized extremal function corresponding to A ,. We
show that the limit pairs are closely related to the problem of minimizing the quo-
tient |ul, / exp ( fQ (log |u|)wdx) , where |u|, denotes the s-Holder seminorm of a function

ueCy ().

Keywords Asymptotic behavior - Fractional p-Laplacian - Singular problem - Viscosity
solution
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1 Introduction

Let € be a smooth (at least Lipschitz) domain of R¥, and consider the fractional Sobolev
space

WP (Q) = {ueL”(RN):uzoinRN\Q and [u]x,p<oo}, 0<s<1<p,
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where

_ u(x) — u(y)|? ’
[M]s,p = <~/]RN /]RN |x _y|N+sp dXd)’) .

It is well known that the Gagliardo seminorm [-]; , is a norm in Wé "7 () and that this
Banach space is uniformly convex. Actually,

Wy (@) = CR(@)

Let w be a nonnegative function in LY() satisfying |||l 11(q) = 1, and define

M, = [u e Wy () : / (log lu)wdx = 0}
Q
and
Ap i=inf{[ulf p:u e Mp}. n

In the recent paper [9], it is proved that A, > 0 and that

Apexp </ (10g|u|p)a)dx) <lf, YueWwyr (<, )
Q

provided that A, < oo. Moreover, the equality in this Sobolev-type inequality holds if, and
only if, u is a scalar multiple of the function u, € M, which is the only weak solution of
the problem

(—Ap) u=Apu~ Lo in Q

u=>0 in 3)

u=20 in RM\Q.

Here, (—A,)" is the s-fractional p-Laplacian, formally defined by

() (o = _2/ a0) = w12 ) = o)
) ) =
RN

|y — x|V
We recall that a weak solution of the equation in (3) is a function u € Wg "P(Q) satisfying
((—Ap)s u, go) = Ap/ uilq)a)dx Yo e Wg’p(Q),
Q

where

(=2,) 1. ) :=/ / () —u(IP 72 (wx) = u())(@X) = () dxd
RN JRN

|N+sp

lx —y

is the expression of (—A p)s as an operator from WS "7 () into its dual.

The purpose of this paper is to determine both the asymptotic behavior of the pair
({’/TP, up), as p — 00, and the corresponding limit problem of (3). In our study s € (0, 1)
is kept fixed.

After introducing, in Sect. 2, the notation used throughout the paper, we prove in Sect. 3
that A, < oo by constructing a function & € Cg’l ()N M. In the simplest case w = Q!
this was made in [10] where the inequality (2) corresponding to the standard Sobolev Space

W(; P (£2) has been derived.
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Asymptotic behavior of extremals for fractional Sobolev... 2061

In Sect. 4, we show that the limit problem is closely related to the problem of minimizing
the quotient

luel

Qs () = exp ([ (log |u|)wdx)

on the Banach space (C(O)’S (), |.|S) of the s-Holder continuous functions in € that are zero
on the boundary d€2. Here, |u|; denotes the s-Holder seminorm of u (see (6)).
We prove that if p, — oo then (up to a subsequence)

Up, = Uoo € Cg’s(ﬁ) uniformly in @, and 2/A,, — |usl; -

Moreover, the limit function u, satisfies
/(logluool)wdx >0 and Qs(uco) < Qs(u) Vue 08*"(5)\{0}
Q

and the only minimizers of the quotient Q; are the scalar multiples of u.
One of the difficulties we face in Sect. 4 is that C°(€2) is not dense in (Cg’s (), |-|s)

This makes it impossible to directly exploit the fact that u,, is a weak solution of (3). We
overcome this issue by using a convenient technical result proved in [18, Lemma 3.2] and
employed in [2] to deal with a similar approximation matter.

In Sect. 5, motivated by [3,13,17], we derive the limit problem of (3). Assuming that w is
continuous and positive in €2, we prove that 1, is a viscosity solution of

Lou+uly =0in Q
u=0 in RM\Q

where

_ . u(y) — u(x)
= qnf %%
(£oou) ) Y p—

We also show u; is a viscosity supersolution of
Loou = 0 in
u=0 in RM\Q

where
o =LE+ L
and
LI u)(x) = sup
( [e.¢] ) yeRN\{x] |y _ X|S

This fact guarantees that u, > 0 in Q.

The existing literature on the asymptotic behavior (as p — o0) of solutions of problems
involving the p-Laplacian is most focused on the local version of the operator, that is, on the
problem

“

—Apu= f(x,u) in Q
u=>0 on 0

where A ,u = div (I Vu|P~2 Vu) is the standard p-Laplacian. This kind of asymptotic behav-
ior has been studied for at least three decades (see [1,14,16]) and many new results, adding
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2062 G. Ercole et al.

the dependence of p in the term f(x, u), are still being produced (see [4-6,8]). The solutions
of (4) are obtained in the natural Sobolev space Wg "7 (Q), and an important property related
to this space, crucial in the study of the asymptotic behavior of the corresponding family of
solutions {u p} , 1s the inclusion

Wy () C Wy "'(@) whenever 1< py < pa.

It allows us to show that any uniform limit function u, of the sequence {u Pn } (with p,, — 00)
is admissible as a test function in the weak formulation of (4), so that 1, inherits certain
properties of the functions of {u,, } .

Since the inclusion Wy'"*(Q) C Wy”' () does not hold when 0 < s < 1 < p; < p3
(see [19]), the asymptotic behavior, as p — 00, of the solutions of the problem

(=Ap)’u= f(x,u) in Q )
u=0 in RM\Q

is more difficult to be determined. For example, in the case considered in the present paper
(f(x,u) = w(x)/u) we cannot ensure that the property

/ (log | u Pn
Q

is inherited by the limit function u, (see Remark 12). Actually, we are able to prove only
that

Ywdx =0

/ (loguso)wdx > 0.
Q

As a consequence, the limit functions of the family {u,, }p>] might not be unique.

The study of the asymptotic behavior, as p — 00, of the solutions of (5) is quite recent
and restricted to few works. In [17] the authors considered f(x, u) = A, [u|? ~2 u where A p
is the first eigenvalue of the s-fractional p-Laplacian. Among other results, they proved that

lim {/A, =R"",

pP—>X0

where R is the radius of the largest ball inscribed in 2, and that limit function u, of the
family {u ,,} is a positive viscosity solution of

max {Loou , Loou+ Rﬂu} =0.

The equation in (5) with f = 0 and under the nonhomogeneous boundary conditionu = g
in RV\Q was first studied in [3]. It is shown that the limit function is an optimal s-Holder
extension of g € C%*(92) and also a viscosity solution of the equation

Loou =0 in 0Q.

Moreover, some tools for studying the behavior as p — oo of the solutions of (5) are
developed there.

In [13], also under the boundary condition # = g in RV\Q, the cases f = f(x) and
f = f = [ul’P2y with © := lim,_.o8(p)/p < 1 are studied. In the first case,
different limit equations involving the operators Lo, £, and £ are derived according to
the sign of the function f(x), what resembles the known results obtained in [1], where the
standard p-Laplacian is considered. For example, the limit function u is a viscosity solution
of

—Liu=1 in {f > 0}.
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Asymptotic behavior of extremals for fractional Sobolev... 2063

As for the second case, the limit equation is
min {—£gou — ue, —Loou} =0
which is consistent with the limit equation obtained in [4] for the standard p-Laplacian and

fu) = lu|?P=2y satisfying ©® :=1lim, . 6(p)/p < L.

2 Notation

The ball centered at x € RN with radius p is denoted by B(x, p), and § stands for the distance
function to the boundary 9€2, defined by

) = min |x — y|, € Q.
(@)= minlx —yl, ¥

We recall that § € Cg’l(ﬁ) and satisfies |V3| = 1 a.e. in Q2. Here,
P @ ={uec™@:u=0mo}, 0<p<1,
where C%#(Q) is the well-known S-Hélder space endowed with the norm
lillo.p = lulloo + lulg
with |[u|| o, denoting the sup norm of « and |u|g denoting the B-Hdlder seminorm, that is,

_ u(x) — u(y)|
lulg ;== sup ————.

vyeQazty X vl

(©)

We recall that <C8 P (Q), || ﬂ) is a Banach space. The fact that the -Holder seminorm

|| is @ norm in Cg’ﬂ (2) equivalent to ||u llo, is a consequence of the estimate

04—
lulloo < lulg 1815 Vu € CP (),

which in turn follows from the following

()| = u@x) —u(yo)l < lulglx — yel® = ulg 8(x) VxeQ, @
where y, € 92 is such that §(x) = [x — y,|.
We also define
CX(Q) == {u € C™(Q) : supp(f) CC L}
where

supp(u) := {x € Q2 :u(x) # 0}

is the support of # and X CC Y means that X is a compact subset of Y. Analogously, we
define E. if E is a space of functions (e.g., C.(RN), C.(RN;RN), C?'B(ﬁ)).
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2064 G. Ercole et al.

3 Finiteness of A,

Let us recall the Federer’s co-area formula (see [12])

/g(x)IVf(x)ldxzf (/ g(x)dHNfl)dz,
Q —oo \J [~}

which holds whenever g € L'(Q) and f € C%!(Q). (In this formula Hy_ stands for the
(N — 1)-dimensional Hausdorff measure).
In the particular case f = §, the above formula becomes

181l
/ g(x)dx = / (/ g(x)dHN,1> dz. (8)
Q 0 5~}

Proposition 1 Let w € L' (Q) such that

/wdx:l and w >0 a.e.inQ. )
Q

There exists a nonnegative function & € C () that vanishes on the boundary 32 and satisfies

/ (log|&])wdx = 0.
Q

If; in addition,
K. := ess / wdHpy_1 < 00 (10)
8 U

0<t<e
for some € > 0, then § € Cg’l(ﬁ).

Proof Let o : [0, ||8]loc] — [0, 1] be the w-distribution associated with &, that is,
o (1) = / wdx, 1€ [0, 8]l,]
Q2

where
Qi={xe:58x) >t}

is the z-superlevel set of §.

We remark that o is continuous at each point ¢ € [0, ||§]|,] since the z-level set s~ {1}
has Lebesgue measure zero. This follows, for example, from the Lebesgue density theorem
(see [11], where the distance function to a general closed set in RY is considered).

Thus, there exists a nonincreasing sequence {t,} C [0, ||§]|s] such that

1
o) =1- .

Now, choose a nondecreasing, piecewise linear function ¢ € C ([0, [|8]|5]) satisfying

1
90)=0 and ¢(,) = o0
and take the function

£l :=go0d e Co(Q).
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Asymptotic behavior of extremals for fractional Sobolev... 2065

Taking into account that
i1 <0(x) <t ae.x € Q, \2,,

one has

1
T = PUne) SE1(0) < @(tn) = 57 aex €, \ Q.

Consequently,

n
JRCIRETEY TR S R T
Q2 2 k=1

Sy \ S

1 o
— wdx + — / wdx
2¢ I;ZE(kH) Q’chrl\th

1

%

1 U
= 270([1)4—]{2 W(U(thrl) — o (%))
=1

11 n 1 1 n+1 ) . ‘
T + Z DethtD) gk+1 — Z ((1/ )
k=1 k=1

It follows that
1

1 [ele] € +1 1
€ ¢ €+l . (1/2)¢ < 1
Taking & := k& with
= lim (/ |&11¢ a)dx)
e—0 Q
we obtain, by L’Hopital’s rule,

1= hm </ |&]€ a)dx) = exp (/ (log |§|)wdx>

/ (log |&])wdx = 0.
Q

1

Hence,

We now prove that &1 € C 0-1(Q) under the additional hypothesis (10). Since the nonde-
creasing function ¢ can be chosen such that ¢’ is bounded in any closed interval contained in
(0, 18]l00], we can assume that V&) € L2 (Q2) (note that |V&| = |¢'(§) VS| = |¢/(8)] ae.
in ).

Thus, it suffices to show that the quotient

151(x) — &)

Q(x,y) =
lx — yl

is bounded uniformly with respect to y € 3Q and x € Q¢ := {x € Q:8(x) < €}, where e
is given by (10).
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2066 G. Ercole et al.

Let x € Q¢ and y € 92 be fixed and chose n € N sufficiently large such that
Iny1 <8(x) <1y <e.

Since &1(y) = 0 and ¢ is nondecreasing, one has

6100 — 1)1 = £100) = (o) = 5,
Moreover,
st < 500) < Ix — 3.
Hence,

O(x,y) < .

= Dt

whenever y € 0Qandx € Q

C
1>

1 Int1
= dx = d _1)dr < Ket, .
e [ (] oz

m+1

Applying the co-area formula (8) with g = w and Q = Q we find

It follows that

n+1
O(x,y) < < K2
T Mty T 20

=2K, whenevery € 9Qandx € Q¢, (11)

concluding thus the proof that & € C%1(Q). O

Remark 2 The estimate (11) can also be obtained from the Weyl’s Formula (see [15]) provided
that w is bounded on an e-tubular neighborhood of 9€2.

In the remaining of this section, & denotes the function obtained in Proposition 1 extended
as zero outside 2. So,

£eCy'(@ and f (log |€)wdx = 0.
Q

Since Cg’l(ﬁ) - Wol‘p(Q) - Wg’p(Q), we have & € M, (for a proof of the second
inclusion see [7]). Therefore,
Ap <[EIf, Vp>1. (12)

Combining (12) with the results proved in [9, Section 4] (which requires w € L"(£2), for
some r > 1), we have the following theorem.

Theorem 3 Let w be a function in L" (), for some r > 1, satisfying (9)—(10). For each
p > 1, the infimum A, in (1) is attained by a function u, € M which is the only positive
weak solution of

(=Ap) u=Apu'w, uewy" (.
Summarizing,

[”P]f,p:AP =min{[ull,:ueM,} <[, Yp>1, (13)
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Asymptotic behavior of extremals for fractional Sobolev... 2067

and u, is the unique function in WO1 "P(Q) satisfying

up, >0 inQ and ((—Ap)su,,,qs):A,,/w(up)*'qsdx Vo e Wy'(Q).
Q

‘We also have

[uls,p 5.p
0< YA, < : Yue W, (),
P = exp (fq(og u)wdx) 0

since the quotient is homogeneous.

Remark 4 1t is worth pointing out that
/ (log luwdx = oo (14)
Q

for any function u € L°°(£2) whose supp u is a proper subset of supp w. Indeed, in this case
we have

1 1
0 <exp (/ (10g|u|)a)dx> = lim (/ |u|twdx) < |lu|lse lim </ a)dx) =0.
Q t—0t Q =0t supp|u|

Thus, if @ > 0 almost everywhere in €2 then (14) holds for every u € C2°(2)\ {0} .

4 The asymptotic behavioras p — oo

In this section, we assume that the weight w satisfies the hypothesis of Theorem 3. Our goal
is to relate the asymptotic behavior (as p — 00) of the pair (,F/A po U p) with the problem of

minimizing the homogeneous quotient Qy : Cg’s (2)\ {0} — (0, co) defined by

|uel

Qs(u) = k)

where k(u) := exp (/ (log |u|)a)dx) .
Q
Note that k(#) = 0 if, and only if, u satisfies (14). In particular, according to Remark 4,
>0 ae.inQ= Q) =00 YuecCI()\{0}.
We also observe that

0<k(u) < / ulwdx < 00 Vu € CO*(Q\ {0}, (15)
Q

where the second inequality is consequence of the Jensen’s inequality (since the logarithm

is concave):
/ (log |u))wdx < log </ || wdx) . (16)
Q Q

s = Oin£ O (u).
ueCy’* (\{0}

Now, let us define

Thanks to the homogeneity of O, we have

= inf |u|
Ms weng, s
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2068 G. Ercole et al.

where
My = ue ¢ @) ik =1}
Combining (15) and (7), we obtain

15/ lu| wdx < |u|5/ Swdx Yu e My,
Q Q

what yields the following positive lower bound to g

—1
(/ 55a)dx) < Us.
Q

In the sequel we show that p is in fact a minimum, attained at a unique nonnegative
function. Before this, let us make an important remark.

Remark 5 1f v minimizes |-|; in M, the same holds for |v|, since the function w = |v|
belongs to M and satisfies |w|; < |v]; .

Proposition 6 There exists a unique nonnegative function v € My such that
s = vl .
Proof Let {v,},cny C M, be such that
Tim_[valy = 5. (17

Since the function w,, = |v,| belongs to M and satisfies |w,|; < |v,|s, We can assume that
v, > 0in Q.
It follows from (17) that {v,},cn is bounded in Cg"Y(Q). Hence, the compactness of

the embedding Cg's (Q) = Co() allows us to assume (by renaming a subsequence) that
{vn},en converges uniformly to a function v € Co(£2). Of course, v > 0 in Q.
Letting n — o0 in the inequality

[on (¥) = va (W) < |vals lx —yI° Vx,yeQ
and taking (17) into account, we obtain
@) — v < pslx —y° Vx,yeQ.

This implies that v € Cy** () and
vy < ps. (18)

Thus, to prove that iy = |v|; it suffices to verify that v € M. Since

1 1
1 =k(v,) = lim </ [vp|€ wdx) < <f |v,,|twdx> Vt>0
e—0t Q Q

the uniform convergence v, — v yields

1< (/ |v|’wdx)t vVt > 0.
Q
1
1 < lim </ |v|’dx> = k().
t—>0t Q

Hence,
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Asymptotic behavior of extremals for fractional Sobolev... 2069

Thus, noticing that (k(v))"'v € My and taking (18) into account, we obtain

ps < (k@) ~[; = Gk@)H T ol < oly < gy

Therefore, k(v) =1, v € M and |v|; = us.
Now, letu € M be a nonnegative minimizer of |-|; and consider the convex combination

w:=0u+(1—-60)v with 0<60 < 1.

Since the logarithm is a concave function, we have
/ (logw)wdx > / (O log(u) + (1 — 0)log(v))wdx
Q Q
= 9/ (logu)wdx + (1 — 0)/ (logv)wdx = 0.
Q Q

This implies that ¢ 'w e M, where ¢ := k(w) > 1.
Hence,

Ms f cil |w|5 5 |w|.3 f 9 |14|3 + (1 - 9) |v|s = 9“? + (1 - 9)“’? = MUs.

It follows that ¢ = 1 and the convex combination w minimizes |-|; in M. Consequently,

0= f [log(Ou + (1 — 0)v) | wdx > f [0 log(u) + (1 — 0) log(v) ] wdx = 0.
Q Q

Since the concavity of the logarithm is strict, one must have © = Cv for some positive
constant C. Taking account that 1 = k(u) = Ck(v) = C, we have u = v. ]

From now on, vy € M, denotes the only nonnegative minimizer of |-|; on M, given
by Proposition 6. The main result of this section, proved in the sequence, shows that if
pn — oo then a subsequence of {u 1711} converges uniformly to a scalar multiple of vy,
Say Uso = kooVs Where koo > 1.

In the next section (see (37)), we show that u, is strictly positive in €2, implying thus that
—vy and vy are the only minimizers of |-|; on M;. As consequence, the minimizers of Qg
on C, 8 *(Q)\ {0} are precisely the scalar multiples of vy (or, equivalently, the scalar multiples
of u). Further, we derive an equation satisfied by vy and pg in the viscosity sense (see
Corollary 16).

neN

Lemma7 Letu € Cg’s () be extended as zero outside Q. If u € W59 () for some q > 1,
thenu € Wy'"(Q) for all p > q and

lim [uly,, = |uls - (19)
p—>00

Proof First, note that the inequality
lu(x) —u(| < luls lx — yI°

is valid for jll X,y € RY . not only for ihose X,y € Q. In fact, this is obvious when
x,y € RM\Q. Now,ifx € Qand y € R¥\Qthen take y; € 92 suchthat [x — y|| < |x — |
(such y; can be taken on the straight line connecting x to y). Since u(y) = u(y;) = 0, we
have

@) —u] = lu@) = lulx) —ulyDl =< lulg lx =" < Juls lx = yI*.
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2070 G. Ercole et al.

For each p > g, we have

_ p—q _ q
Wi’ :/ / lu(x) —u(IP™ |u(x) L;,(ys)l dedy < (July) 9 [ul?,,
RN JRN | +sq

e — yPf@= 0 x —y

Thus, u € Wé'p(Q) and

lim sup [u, , < lim_ )PP 1P = Jul . 20)

p—>00

Now, noticing that (by Fatou’s lemma)

//<|u<x>—u(y>|> o dyshminf// ) —u1\*
=P pes o

and (by Holder’s inequality)

//<|u(x) u(y?l) dxdy <|Q|2<1 ) (/f(wm)pdxdy>p

lx —yl? vl

< 1P e,

1
(//(lu(x) ufy)|> dx dy>q < QI liminf [u]; , .
|x—y| p—>00 '

Hence, taking into account that

ul, = lim (//(IM(X)—M(YM) dx dy>5
q—00 lx — yI’

we obtain

we arrive at
lul, < lim |Q|*9 <lim inf [u]s’p) = liminf [u], , .
g— 00 p—>00 pP—>©
This estimate combined with (20) leads us to (19). m]

N
It is known (see [7, Theorem 8.2]) that if p > — then there exists of a positive constant
s

C such that
lullcosy < Clul,, Yue Wy’ (), 1)

N
where 8 := s — — € (0, 1). As pointed out in [13, Remark 2.2] the constant C in (21) can

be chosen uniform with respect to p.
We remark that the family of positive numbers { JAp }p> | is bounded. Indeed, combining
(12) with the previous lemma we obtain

limsup J/A, < [&];.
p—00

The next lemma, where Id stands for the identity function, is extracted of the proof of [18,
Lemma 3.2]. It helps us to overcome the fact that C2°(£2) is not dense in Cg’x(Q).
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Asymptotic behavior of extremals for fractional Sobolev... 2071

Lemma8 [see [18, Lemma 3.2]]Let Q C RY be a Lipschitz bounded domain. There exist
¢ € CSO(RN, RN and 0 < 19 < (|<1§|1)_l such that, for each 0 < t < 1y, the map

O, :=Id+t¢: RY — RY
is a diffeomorphism satisfying

1. ®,(Q) cc Q,
2. &, — Id and (®;)~' — Id as v — 0T uniformly on RV,

-1 _ —1 |x—)’|
3. @70 = (@07 0| = T

Lemma9 Let u € C(O)’s (Q) be a nonnegative function extended as zero outside Q2. There

exists a sequence of nonnegative functions {uj}ren C Cg"Y ()N Wg‘p(Q),for all p > 1,
converging uniformly to u in Q2 and such that

lim sup Jug|, < |ul; .
k— o0

Proof For each k € N let W denote the inverse of @1, given by Lemma 8, and set
Qi = O ().
Since 2 CC 2 there exists Uy, a subdomain of €2, such that
Qr C Uy C Ux C Q.

Let n € C*®(RN) be a standard convolution kernel: (z) > 0if |z| < I, n(z) = 0 if
|zl > land [  ¢(z)dz = 1.
Define the function

up = (o W) % € CRY),
where

() = () V(=) xeRV
€x

and ¢; < dist(2, dUy). Note that ¢, — 0.
Since

B(x, ) C RM\Q Vx e RM\U,
we have
Wi (B(x, ) C RM\Q Vx e RM\U.

Hence, observing that
up(x) = / i (x — 2Du (Vi (z))dz = / n@u(x — ez2)dz Vx e RY
RN B(0,1)

and that
[x —erz—x|<e Yze B(@O,1)
we conclude that

up(x) =0 Vx e RM\U;.
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2072 G. Ercole et al.

Therefore, uy € C°(Q) C Wol’p(Q) forall p > 1.
Now, let x, y € Q2 be fixed. According to item 3 of Lemma 8§,

luge () — ur (V)| < /B(o y n(2) lu(Wr(x — €2)) — u(Wi(y — €2))ldz

< luls / n(2) Wi (x — exz) — W (y — €2))|* dz
B(0,1)

[uel /
< — n(2) |x — y|*dz
(I = /k)1o1)* JBo,1)
|u|s s
= ————— =y
(I =(1/k)1o11)
It follows that uy € Cg’s (Q) and
lim sup |u|, < lim s = luly .
k=00 k—oo (1 — (1/k) |§]})*

Consequently, up to a subsequence, u;y — # € C(S2) uniformly in Q. Hence, & = u since
item 2 of Lemma 8 implies that

Iim u(x) = / n(u( lim Wi (x — €xz))dz = u(x)/ n(z)dz = u(x).
k—00 B(0,1) k—00 B(0,1)
[m}

Theorem 10 Let p,, — oo. Up to a subsequence, {”pn }nEN converges uniformly to a non-

negative function U, € Cg S(Q) such that
lucoly = ”llygo p\/n Apn-
Furthermore,
Vs = (koo) " ttoo (22)
where

koo 1= k(o) = €Xp (/ (log Iuool)a)dx> > 1. (23)
Q

N
Proof Let pp > — be fixed and take By = s — plo For each (x,y) € Q2 x @, with x # y,
S

we obtain from (21)

Jup(x) —”pIEJ’)| _ Jup(x) —upﬁy)I x _y|1v%—;>
lx —y|"" 7 lx =y~
1 _1
=Clup),, diam(@)" %77 v p = py,

where C is uniform with respect to p and diam(£2) is the diameter of 2. Hence, in view of (13)
and (12) the family {u P}p>po is bounded in Cg (@), implying that, up to a subsequence,

Up, — U € C(Q) uniformly in . Of course, the limit function u is nonnegative in
and vanishes on 092.
Letting n — oo in the inequality (which follows from (21))

b =00 e, = /A,

_N S,Pn
e =yl '
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and taking (12) into account, we conclude that u, € Cg’s(ﬁ).
Up to another subsequence, we can assume that

P/ Ap, — L.

N
Let g > — be fixed. By Fatou’s Lemma and Holder’s inequality,
s

f / o) Z e DY 4
=y Y
fllmmf/ / <|Mpn(x) Mpn(y)|) dx dy
e [x —y|vnJrY
p" I)i
< liminf |Q|2(1 / / |”pn (x) — upn (y)’ dxdy
o x —y|P/1

<19 hmlnf[u,,n] = QP lim (fzn/ 7= Q> LY.

Therefore,

1

a)dx)e Ve e (0, 1).

1/q )
ool = Jim, f/ o) — Ny i) < m @i L= @4
IR 40

1

. t ! .
s () =, (e
Consequently,
1
ea)dx> .
The uniform convergence u,, — U« then yields
1 1
I < lim </ |”pn Eade) = (/ [tt0o|€ wdx)

To prove that ko, > 1, we first note that
1
t
twdx) < ([ ‘uPn €
Q
1
13
I =k(up,) = lim (/ |upn}twdx> < </ |”pn
t—0t Q Q
1
koo = k(o) = lim (f [t oo wdx) > 1.
e—07t Q

Therefore,

It follows that (keo) L ttee € M, so that
s < | (koo) Moo |, = (koo) ™" ol - (25)

In the next step, we prove that

X dx < % Vu e €% Q). (26)

Q Uco
According to Lemma 9, there exists a sequence of nonnegative functions {ux}ren C
Cg's(ﬁ) N Wy "(Q), forall p > 1, converging uniformly to « in C(2) and such that
lim sup |ugl|y < |ul -

k—o00
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Since u , is the weak solution of (3) and A, = [up]fp, we use Holder’s inequality to get
Ui 1 p=1
Ap | dex = ((=Ap) up ur) < [up]y ) lurls p = (Ap) 7 [ukls p
It follows that

Ui
’\/U/ 2K pdx < [y, p, -
Q Up,

Combining Fatou’s lemma with the uniform convergence u,, — o and Lemma 7, we
obtain

Uk ..
L —wdx < Lhmmf/ —a)dx < hmlnf [urls, p, = lukls s
Q Uso n—oo  Jo upn

that is,

Ug
L | —odx < |ugl .
Q Uoo

Letting k — oo and applying Fatou’s lemma again, we arrive at (26):

u o uj,
L | “wdy < Lliminf | X odx < hm mf lugls < luly .
Q Uco k=00 Jo Uoco

Taking u = u in (26), we obtain
L < ucols
and combining this with (24) we conclude that
L= |ucoly - 27
Now, let 0 < u € M, be fixed. Then (16) yields

—/(loguoo)a)dx :/(logu)wdx —/(loguoo)a)dx
Q Q Q

= / (log(i))wdx < log( La)dx) .
Q Uoo Q Uco
Hence, (26) and (27) imply that

1 u |u|s
(ko)™ < —wdx < whenever 0 <u € M;. (28)

Q Uco T ucols

Combining these estimates at # = vy with (25), we obtain

v )
ko)t < [ Ldr < 1Bl < (koo) ™",
Q Uco |MOO|3 |u00|3
which leads us to conclude that
_ _ v
s = |(koo) luoo‘s and (koo) 1 — wdx.
Q Uoo
Since vy is the only nonnegative minimizer of |-|; on M, we get (22). O
Corollary 11 The following inequalities hold
lul luls 05 /&
k(u) < —wdx < — VYu e Cy (). (29)
Q Us Ms
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Proof Since we already know that L = |u |, and uso = koo Vs, the second inequality in (29)
follows from (26), with u replaced with w = |u| (note that |w|, < |u|,). The first inequality
in (29) is obvious when k(u) = 0 and, when k(«) > 0, it follows from the first inequality in
(28), with w = (k)™ |u| € M;. O

Remark 12 In contrast with what happens in similar problems driven by the standard p-
Laplacian, we are not able to prove that us, € Wg “1(Q) for some g > 1. Such a property
would guarantee that u~, = v and, consequently,

lim u, = v
p—)OO

(that is, vy would be the only limit point of the family {u,} as p — 00). Indeed, if

p>1"
Uso € Wg’q(Q) for some ¢ > 1 then, according to Lemma 7, u, € Wé‘p” () for all n
sufficiently large (such that p,, > ¢) and

lim [uoo]s,p,, = |uooly -

n—0o0

Hence, proceeding as in the proof of Theorem 10, we would arrive at

1 <keo < | L20dx < Wools, o

Q upn p\/n Aﬂn

Since limy,— o0 [Uools, p, = liMp—o00 X/ Ap, = luccls We would conclude that koo = 1 and
Uso = Vs.
5 The limit problem

For a matter of compatibility with the viscosity approach, we add the hypotheses of continuity
and strict positiveness to the weight . So, we assume in this section that

weCENL (Q),r>1, w>0 in Q, and /wdx:l.
Q
Note that such w satisfies the hypotheses of Theorem 3.

For1 < p < oo we write the s-fractional p-Laplacian, inits integral version, as (—A 1,,)‘Y =
—L, where

. lu(y) = u(0) P72 (u(y) — u(x))
(Lpu)(x) == Z/RN by —xV dy. (30)
Corresponding to the case p = oo, we define operator Lo, by
o =L+ L, (31)
where
(cru) @ = sup “OTED g ) )= inf S TEE)
yeRM\(x) 1Y — ¥ yeRM\(x} |y — x|
In the sequel, we consider, in the viscosity sense, the problem
Lu=0in Q
{u:O in RM\Q, (33)
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where either Lu = Lpu + Apu’lw, with 1 < p < 00, or
Lu = Loou or Lu=L u+ |usls.
We recall some definitions related to the viscosity approach for the problem (33).

Definition 13 Let u € C(RV) such that u > 0 in 2 and u = 0 in RV\Q. We say that u is a
viscosity supersolution of Eq. (33) if

(Lp)(x0) =0
for all pair (xg, ¢) € Q2 x Cé (RM) satisfying
o(xo) = u(xo) and @(x) <u(x) VxeRV.
Analogously, we say that u is a viscosity subsolution of (33) if
(Lo)(x0) = 0
for all pair (xo, ¢) € 2 x C(]) (RN satisfying
@(x0) = u(xo) and ¢@(x) > u(x) Vx e RV,

We say that u is a viscosity solution of (33) if it is simultaneously a subsolution and a
supersolution of (33).

The next lemma can be proved by following, step by step, the proof of Proposition 11 of
[17].

Lemma 14 Letu € Wg’p(Q) NC(RQ) be a positive weak solution of (3). Then u is a viscosity
solution of
—1 _ .
{Lpu—i—Apu wo=0 in (34)

u=0 in RM\Q.

Our main result in this section is the following, where u~, € C 8 **(Q) is the function given
by Theorem 10.

Theorem 15 The function us € Cg’s (Q), extended as zero outside 2, is both a viscosity
supersolution of the problem

Loou =0 in Q
{u =0 in RM\Q (35)
and a viscosity solution of the problem
Lou+usly =0 in
{u =0 in RV\Q. (36)
Moreover, us is strictly positive in Q and the only minimizers of |-|; on Mg are
— vy and ;. (37)

Proof We begin by proving that ue is a viscosity supersolution of (36). For this, let us fix
(x0, ¢) € Q x CJ(RV) satisfying

@(x0) = Uoo(x0) and @(x) < uso(x) Vx e RV, (38)
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Without loss of generality, we can assume that
P(x) < Uoo(x) VxeRY,

what allows us to assure that u ;,, — ¢ assumes its minimum value at a point x,,, with x,, — Xxo.
Let ¢, := up, (x4) — @(x,). Of course, ¢, — 0 (due to the uniform convergence up, —
Uxo). By construction,

@(n) + o =tp, (xy) and @(x) +cy <up,(x) Vx eRY.

According to the previous lemma, u), is a viscosity supersolution of (34) since it is a
viscosity solution of the same problem. Therefore,

w(xy) w(xp)
(L, 9)(xn) + Apnm = (Lp, (¢ +cn))(xn) + Ap, oG ton =

an inequality that can be rewritten as
~1 ~1 ~1
ap~t 4l < Bl

where

_ Pn=2 — +
APl 2/ lo(y) = @)™ (p(y) — ¢(xn)) dy > 0,
RN

ly = x[VH

>0,

_ - P2 (p(y) — @)~
Bf" 1 _ 2/ |(/)(y) (/)(xn)| oLy n d
RN |y _x|N+S[I,1 y

and
w(xy)

pn—1
C"n = Apn
Up, (xn)

> 0.

(Here, at := max {a, 0} and a~ := max {—a, 0}, sothata = a* —a™.)
According to Lemma 6.1 of [13], which was adapted from Lemma 6.5 of [3], we have

lim A, = (£5¢) (xo) and  lim B, = — (Lo ¢) (xo).

n—00
Hence, noticing that
At <At et < g
we conclude that
(Loo) (x0) = (LL9) (x0) + (L9) (x0) <0
since

(£L0) (xo) = lim A, < lim B, = — (L3,¢) (x0)-

We have proved that u, is a supersolution of (35). Therefore, by directly applying Lemma
22 of [17] we conclude uo, > 0in 2.

The strict positiveness of u#, in 2 and the uniqueness of the nonnegative minimizers of
|-]s on My imply that if w € M is such that

w|, = min |u
lwls ueMSI ls
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then |w| = vs = (koo) lttoo > 0in Q (recall that |w]| is also a minimizer). The continuity of
w then implies that either w > 0 in Q or w < 0 in Q. Consequently, w = v; or w = —v;.
Now, recalling that
1
lim (Ap,,)p"i_1 = |Uooly
n—00
and using that @ (xg) > 0 and us(xg) > 0 we have

lim C, = |ucoly
n—00

Hence, since

et <Al et < B
we obtain
lusols = lim C, < lim B, = — (L¢) (x0).
n—00 n—oo

It follows that 1 is a viscosity supersolution of (36).
Now, let us take a pair (xg, ¢) € Q X C(l) (RM) satisfying

©(x0) = Uso(xp) and @(x) > use(x) Vx € RV, 39)
Since
_ |Moo|y < uoo(x) - ”oo(xo) < ‘P(x) - QO(X()) Vxe RN\ {x()} ,
lx — xol* lx — xol*
we have
. @(x) — ¢(xo) -
—|usoly < inf ——— = (L (x0)-
FE T kM) I — xol® (£o00) (o
Therefore, 1 is a viscosity subsolution of (36). ]
Since vy = (koo) luoo is the only positive minimizer of |-|; on Cg"v(ﬁ)\{O} and

Lo (ku) = kL u for any positive constant k, the following corollary is immediate.

Corollary 16 The minimizer vy is a viscosity solution of the problem

Lou+ us =0in Q
u=20 in RM\Q.
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