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Abstract

In this article we review the notion of the order of a distribution and extend it to the case
of positive real numbers. We suggest to use the name Holder distributions for such distri-
butions. The first part of the paper concerns itself with functional-analytic properties of the
Holder test function spaces and its duals. Of particular interest are the CZ"H(Q) and the
DE rta)+ (§2) spaces which have notably better properties such as reflexivity, compared to the
classical Holder spaces. We also give a few examples and some Fourier-analytic properties of
distributions of fractional order, and at the end, we note how one can extend classical results
where estimates of the order of distributions appear, such as giving a bound on the order of
convolution of distributions.
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1 Introduction

In his pioneering book on distributions [23], Schwartz introduced the notion of the order of
a distribution. A distribution u € D’(X) is said to be of order smaller or equal to r if the
restriction of u to C2°(X; K) is continuous with respect to the topology induced by that of
Cl(X; K), for every compact K C X. The order of a distribution is the smallest integer r
with such a property. A distribution of finite order can be tested against a function that is not
infinitely differentiable. In some applications, this means that if our distribution is of finite
order, we do not have to consider partial differential equations with only smooth coefficients.
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Furthermore, it allows one to obtain results like the structure theorem of distributions where,
at least locally, one can represent any distribution as a derivative of some finite order of a
continuous function.

This article is motivated by an observation that sometimes the regularity of a test function
for a distribution of finite order can be even lower than its order, but not too much (the classical
example being the Vp.(%) distribution, as discussed in, e.g., Footnote 1 on p. 18 of [24]). We
provide a mathematical framework, write down the details to explain this phenomenon, and
also provide a few examples and applications, together with a few generalisations of classical
results from distribution theory.

The structure of the article is the following. In Sect. 2, we define Holder test function
spaces and examine their properties, and in Sect. 3, we consider their duals which we shall
call Holder distributions. Of particular interest are the spaces CZ"H(Q) and DEr +a) +(Q)
since it turns out that they have much better properties. In Sect. 4, we prove though that
they are not nuclear. The following Sect. 5 gives a few examples of distributions and their
real order. Finally, we deal with some further properties of Holder distributions, namely
Fourier-analytic properties (Sect. 6), and the order of convolution of Holder distributions
(Sect. 7). At the end of the article, we discuss possible further extensions and related results
(Sect. 8).

Let us remark that a special case of Holder distributions, which we shall introduce in this
article, was already considered by Francis Bonahon in [5,6] with applications to the the-
ory of transverse structures for measured laminations on a closed surface of negative Euler
characteristic (i.e., a surface of hyperbolic type). We briefly describe the problem which
Bonahon resolved by introducing the notion of Holder distribution. A geodesic lamination
on a surface is a lamination whose leaves are geodesic. One can consider several trans-
verse structures for a given geodesic lamination. For example, if one uses Radon measures
on arcs transverse to the lamination which satisfy some additional invariance conditions,
one constructs classical transverse measures, which have been well studied in the theory
of foliations and laminations. But one can consider things more general and use distribu-
tions on arcs. An important problem which one must overcome in this consideration is the
invariance conditions. Namely, given two homotopic arcs, the homotopy should send the
distribution defined on one arc to a distribution defined on the other arc. But this implies
that the homotopy between the two arcs must be differentiable, which seldomly happens.
In general, a geodesic lamination never admits transverse differentiable structures. But, as
Francis Bonahon noticed in [5,6], the homotopy can be chosen to be Holder, or even Lip-
schitz, continuous. Once having shown that geodesic laminations have a transverse Holder
structure, he introduced the notion of Holder distributions as continuous linear functionals
on the space of all Holder functions with compact support. This corresponds to our space
Dy . (see Definition 8). For results and applications which stemmed from this, we refer
the reader to the survey article [7] and the unfinished monograph [8], which is available
online.

At the end of this section, let us give a notation remark. In this article, we use the usual
convention for the symbols <, =, and ~. For example, A < B means there is a positive
constant C such that A < C B, and C does not depend on relevant parameters in the given
context. A < p B means there is a constant C = C(p) such that A < C B, and the constant
C depends on the parameter p. Sometimes we also use A < B (resp. A > B). It means that
A < c¢B (resp. B < cA) for some sufficiently small and positive constant c.
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2 Properties of spaces of Holder continuous test functions

Let Q C R be an open set. For r € Ng and o € (0, 1], we denote by C"%(2) the vector
space of functions on €2 which are r-times differentiable with derivatives of order r being
a-Holder continuous functions. To avoid boundary problems, we take C"%(£2) to contain
only functions f whose derivatives of order r are locally Holder continuous, i.e., for each
point z € €2, there is an open ball B contained in €2, with center z, such that the Holder
seminorm

[0Y f(x) — 3 f(y)I
< 00
X,yeB, x£y |x —yl¥

)

for all multi-indices y with |y| = r. For r € Ng and « € (0, 1), we denote by ¢"%(2) the
vector subspace of C"*(€2) containing functions f which have the stronger property that
there exists a family of balls (which may depend on f) covering €2 such that for each ball B
in this family

0,

; 107 F(x) — 3 F()|
im  sup =

h=0 |x_y|<h, |x —y[*
X,yEB, x#y

for all multi-indices y with |y| = r. We also denote by C" (2) = ¢"0(€2) the vector space
of r-times continuously differentiable functions. All of the above introduced spaces shall be
considered without a topology.

Forr € Ng, @ € (0, 1], and a compact set K C €2 denote by C;go’ (R2) the setof all C"“(L2)
functions whose support is contained in K. Since K is compact, Ciz* (€2) is a Banach space
with norm given by

1F leregyi= Y 197 flliz=@ + ) [flera

lyl=r lyl=r
where
. [0Y f(x) — 0¥ f(y)
[flcre):= sup m < 00,
X,YEQ, XAy [x —yl

and thus, it is a locally convex space. We can take the same norms for the spaces ¢"“ (2) for
r € Noand a € [0, 1), i.e., we define ||f||C7(,a(Q):: ||f||cj(*”(9) and [ flere@)=[flcre).
Given two compact sets K and L such that Int K C L, it holds C%‘HS (Q) C Cg‘a (2) for
all ¢ sufficiently small, the embedding being continuous and compact. The same is true for
the embedding 3"t (Q) c V().

If ¢ is sufficiently small, one can approximate each function f € C %’O‘H (R2) by a C{°(2)
function (Int K C L) by using a mollifier, but in the norm of C 2’0‘ (€2). On the other hand,
as is also well known, one cannot approximate C* (€2) functions by compactly supported
smooth functions in the norm of C Z’a(Q). The obstruction which occurs is that if one takes
a slightly more smooth function g than the functions in C%’a (€2), one has (if « < 1 and
lyl=r)

[0Yg(x) —a¥g(yI
Ix—y >0, x4y x — y[* B

0,

and hence, any limit of smooth functions in the norm of C¢* (€2) has this property too. This is
just the fact that ¢i¢” (€2) is a strict Banach subspace of Cz® (€2). In fact, we can approximate
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c;f‘ (€2) functions with C7°(£2) functions in the norm of cZ’“ (£2). For more on Holder spaces,
we refer the reader to [1,15].

We shall introduce three families of Holder test function spaces. We start with the first
two.

Definition 1 Let (K,,) be an increasing sequence of compact subsets of £ which exhaust it,
ie., Q =UyenKy, and K, C Int Ky 4.

We define the space C."%(RQ2), r € Np, 0 < a < 1, as the space of all C"%(R2) functions
with compact support, and equip it with the strict inductive limit topology generated by the
natural inclusions C;(:‘ (Q) = CCRQ).

We define second space c.* (), 7 € Ng, 0 < a < 1, as the space of all ¢"**(£2) functions
with compact support, and also equip it with the strict inductive limit topology generated by
the natural inclusions c;(::’ () — c.’%(2). In the case a = 0, we also denote this space with
Cl(2).

Before introducing the third family of spaces, we elaborate on some properties of the
spaces C.* () and "% (2). Recall that C."“(R2) (resp. c;(’:‘(Q)) is a Hausdorff, complete
space as a strict inductive limit of such spaces. The space CZ°(£2) embeds continuously into
C. % (), though not densely. On the other hand, c¢"* (2) has C2°(£2) as a dense subspace, and
so it is separable. It is the case that a subset of Ci.'* (Q2) (resp. ¢, * (R2)) is bounded if and only
if itis contained and bounded in some C}¢* (2) (resp. ¢ (2)). This is called the Dieudonné—
Schwartz theorem. See, e.g., [22] or [25]. From this, it follows that C."% () (resp. ¢t (R))
is not a Montel space since closed and bounded sets are not compact in the Banach space
C%’:{ (2) (resp. c;(:‘ (R2)). In fact, C2*(R) and c,"*(R2) are not even semireflexive. Namely,
if they were semireflexive, then also their respective closed subspaces C;(’:(Q) and c;(:‘ (Q)
would be semireflexive (this follows from [22, page 144, 5.5, d)]), and hence also reflexive
since Banach spaces are barrelled. But since Holder spaces are not reflexive, this gives a
contradiction.

Now, since C;{f‘ (R2) are not separable, one may ask whether C."* () is separable. The fact
that an inductive limit of countably many separable spaces is again separable is well known
and easily proven. We are interested in a converse of this statement. Notably, separability
is not well behaved for general topological spaces, e.g., non-open subspaces of separable
topological spaces (which are not metrizable, but otherwise they can be well behaved) are
not generally separable. This also extends to topological vector spaces: There exist separable
topological vector spaces with dense or closed (even complete) non-separable subspaces (see
[10,13,18]). Despite this, we also have (see [ 18]) that metrizable subspaces of separable spaces
are again separable. Therefore, C.'® () is not separable. We collect the above (essentially
known) observations in a proposition.

Proposition 2 The spaces ¢ (Q) and C.% () are neither Montel nor semireflexive. The

spaces ¢ (Q2) are separable, and the spaces C.® () are not. c.* (2) have C°(Q) as a
dense subspace.

The most interesting family of spaces is the following one.

Definition 3 Let (K,) be an increasing sequence of compact subsets such that 2 = U, eNK),
and K,, C Int K,,41. We define C*T(Q), r € No, 0 < @ < 1 as the space of all ¢"-*1¢(Q),
0 < ¢ < 1—a, functions with compact support, and equip it with the inductive limit topology
(note this inductive limit is not strict) generated by the natural inclusions c;(’:fﬂ/ Q) —>
CLYt(Q), i.e., the finest locally convex topology such that all the inclusions are continuous.
One can also define this space using the spaces C ;(’fH/ "(Q).
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An extension of the notion of the order of a distribution 1891

One should notice that the space C2°(£2) embeds continuously and densely into Cy. *T(Q),
which can be seen using say a mollifier. In fact, the spaces C.’*" (), r € No, 0 <« < 1,
have much better properties than either of the spaces C.*(Q), ¥ € Np, 0 < a < 1, or
¥ (Q),r € Ng, 0 < & < 1, the reason being that the embeddings

Il - C;’(a+l/n (Q) r a_:l/(n-H)(Q)
are compact. We use the general theorems from the article [17, Theorem 6’, Theorem 7’]
which we adopt to our setting.

r,oa+

Theorem 4 For the space C." " (), 0 < a < 1, the following is valid.

(a) It is a separable Hausdorff complete bornological (DF) Montel space. In particular, it
is reflexive, barrelled, and webbed.

(b) If B is a bounded subset ofCZ’OH'(Q), then it is a subset ofCrK’fH/n (2) for somen € N
and it is bounded in its Banach space topology. Also, on B the inductive topology and
the weak topology coincide.

(c) A sequence (f,) converges in CZ’O‘JF(SZ) if and only if it is contained in C;énaJrl/"(Q)for
some n € N and it converges in its Banach space topology.

(d) The inductive limit topology coincides with the general (non-locally convex) inductive
limit topology.

(e) If Z is a closed subspace of CL¥T(Q), then its subspace topology coincides with the
topology of the inductive limit of spaces Z N Cr DH_I/" (RQ), n

Proof Hausdorffness follows from [17, Lemma 3]. The rest of the first statement in (a) is

precisely the first statement in [17, Theorem 6’]. Recall that all Montel spaces are reflexive

and barrelled. The fact that it is webbed follows from the fact that it is reflexive and its strong

dual is a Fréchet space (this we shall see explicitly in Theorem 13), and so we can apply [4,

Theorem 14.6.4].

The statements in (b), (c), and (d) are all contained in [17, Theorem 6’]. The part (e) is

also just an application of [17, Theorem 7] to our case. O

Remark 5 The fact that CZ"H (€2) is Hausdorff, separable, complete, barrelled, and bornolog-
ical can alternatively be seen by using more elementary properties of (strict) inductive limits.
Separability follows by using either the density of compactly supported smooth functions,
or the fact that C.'*" () is a countable union of separable compact sets. The fact that it is
barrelled and bornological follows easily from the fact that each Cy ratl/ "(Q) is such as a
Banach space, and inductive limits inherit these properties. We give sketches of alternative
proofs of Hausdorffness and completeness which are in a certain sense extrinsic. Hausdorff-
ness follows from the fact that the embedding of C/-*" () into ¢"*(€2) is continuous, and
using the fact that ¢.'“ () is Hausdorff as a strict inductive limit.

The alternative argument for completeness is slightly more involved. Assume there exists
a Cauchy net which does not converge in C.*" (). As the embedding of C.**(Q) into
c.’“(R) is continuous, then the same net converges in c,’“ () in its topology (since this is a
strict inductive limit topology) to an element ¢ ¢ C*T(Q). Therefore, if we now denote

wp(h):= sup  [37p(x) — Ve (y)l,
lyl=r.|x=y|<h

then for each n there exists a sequence (hy) strictly decreasing to 0 such that

wp(h) / (BH T = too.
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Using this, one can easily obtain a sequence (/) strictly decreasing to O such that sup;, iy < 1
and

wp (i) = (hi)* .
Now we construct an intermediary space C.'“(£2) of compactly supported functions whose
rth derivatives have modulus of continuity slightly stronger by a logarithmic factor than the
modulus of the rth derivatives of the function ¢, i.e.,

wh): up  wy(hi).

= P S

In(min{h, 1/2}) ny g <ny
We endow C.“ () with a strict inductive topology as usual, and so it is complete. Now note
that for & € (hg1, hx] we have w(h) 2, h® hetU/k for ¢ small. In particular if 7 < hy and

e+1/k < 1/n,then w(h) =, h*T'/" Therefore, for each n the space the space C;(’::[H/" (Q)

embeds into C*(€2) continuously, and hence, C.* " (2) embeds continuously into C2“ ()

too. But now on one hand ¢ is not an element of this space by construction, and on the other,
it has to be since the space C.. "‘H(Q) embeds continuously into it and hence the given net

must converge in it, a contradiction.

We know that the space C,. ot (£2) is Montel, so the next natural question to ask is whether

this space has the stronger property of being nuclear. The answer is no; this will be proved
in Sect. 4.

3 Distributions of positive real order

Definition 6 A Holder distribution of order smaller or equal tor +a,r € No,0 <« < 1,18
any continuous linear functional on c,"*(€2). We denote the space of all such functionals by
DL, ().

Remark 7 Note that for a distribution 7', satisfying the bound
(T, o) = Cxligllcr g

for all ¢ € C(2) and compact K contained in €2 is equivalent to T being a distribution of
classical order at most r + 1 since the Lipschitz norm is equivalent to the C! norm.

As the space C2°(2) is not dense in C.%(R),0 < a < 1, we cannot naturally extend the
just defined distributions to functionals on C.'“ (2). Instead, for 0 < o < 1, we view them as
functionals on the closure of C°(£2) in the topology of C¢'® (), which is precisely the space
ce’* (). Note that D/, 1« (§2) is a Fréchet space with the strong topology as a dual of a strict
inductive limit of Banach spaces. This is obvious from the fact that the Dieudonné—Schwartz
theorem is valid for ¢ % ().

The following spaces are much more suitable from the viewpoint of functional analysis.

Definition 8 A Holder distribution of order smaller or equal to (r +a)+,r € No,0 <o < 1,
is any continuous linear functional on C;. ot (€2). We denote the space of all such functionals
by D 1 ().

Indeed, each Holder distribution from Dzr o)t (R2) is a distribution in the classical sense
since C°(2) is dense in the space C."“" () foreach 0 < a < 1.
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An extension of the notion of the order of a distribution 1893

For 0 < B < «, we have that every Holder distribution of order at most g is a Holder
distribution of order at most S+, and every Holder distribution of order at most S+ is a
Holder distribution of order at most «. Furthermore, it is not true that a Holder distribution of
order at most 0+ is a distribution of classical order 0; we shall give a simple example later.
The same can be shown for ¢+ and o« when o € R .

Definition 9 The order of a Holder distribution is the smallest order for which we have
continuity in the corresponding topologies.

Remark 10 This is well defined since it follows from the property of inductive limits that a

distribution 7 is continuous on C>** () if and only if it is continuous with respect to the

topology of ¢2***(Q) for all & > 0 sufficiently small. Therefore, the spaces C.'*" () are

also quite natural to consider when defining the continuous order of a distribution.
The following criteria hold, similarly to classical distributions.

Proposition 11 For a linear functional u on c..* (), the following are equivalent
(a) u € D), ,(Q),
(b) (VK C Q compact )(3ACg > 0)(Vg € ¥ (Q))
(e, 9)] < Cxllpllee.
() (VK C Q compact )(ACk > 0)(Vp € CI"(O(Q))
[, )| < Ckllglle e

(d) for every sequence (@) converging to zero in c.’*(S2), the scalar sequence ((u, i)
converges to zero.

(e) for each n € N and for every sequence (¢i) converging to zero in c%’j(Q), the scalar
sequence ({u, gx)) converges to zero.

‘We omit the proof completely since it is the same as the proof for classical distributions of
finite order as the spaces c.’* (€2) have the same properties as the spaces C . (€2). In fact, the
proof is almost the same as the proof of the following analogous proposition for Dér ta)t ().

Proposition 12 For a linear functional u on C-*"

@ u €D, (),
(b) (VK C Q compact )(Ye > 0 small ) ACk . > 0) (Vo € c%"”s(ﬂ))

(R2), the following are equivalent

i, @) = Ck ell@ll rote,
(¢) (VK C Q compact )(Ye > 0 small )(ACk . > 0)(Vp € CF(R))

u, )| = Cr ell@ll rave,

(d) for every sequence (¢y) converging to zero in et
converges to zero.
. . ,a+1
(e) foreachn € N and for every sequence (¢y) converging to zero in c;{:H_ /n (R2) the scalar

sequence ({u, gx)) converges to zero.

(R2) the scalar sequence ((u, ¢r))
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Proof The equivalence (a) <= (b) follows from the fact that a functional u« is continuous
on ¢,"**(Q) if and only if it is continuous for each n on c;(’jﬂ/" (). The equivalence (b)
<= (c) is just the density of C® () in ¢"**T¢(8). The implication (a) == (d) is trivial.

The implication (d) = (e) follows from the fact that C%’SH/ " () embeds continuously

r,o+ r,a+e

into ¢~ " (€2). Finally, the implication e) = (b) follows from the fact ¢~ "~ (£2)) embeds

continuously into ch’fH/ " (Q2) for n sufficiently large, and the fact that ¢y (€2)) is a Banach

space where sequential continuity implies continuity. O
Next we give some properties of the space u € Dér +a) L+ (£2).

Theorem 13 The space D), +(82) with the strong topology is reflexive and a Fréchet—

(r+a)
Schwartz space, it is a projective limit of spaces (c;g;”l/ "(Q)), and its topology is generated

by the increasing sequence of seminorms

ITn:= sup (2]

roa+1/n
YECK, ()

”(/’HC;',OH»I/H 1
Kn

<
@)~
= || T ||(c;(.z+l/n(9)),.

Proof First note that because of Theorem 4 it follows that Dzr +a) () is reflexive, and we

know that ¢/t () is a complete (DF) space. Therefore, we can apply [17, Theorem 18, ¢)] to

obt.ain that Dér o)t (Q) with the strong topology .is a compact projective limit of a sequence,

which, as mentioned in [17, Remark 6], means it is a Fréchet—Schwartz space. [17, Theorem

12] identifies (c;(’fﬂ/ "(€2))’ as the sequence of the projective limit. For the last claim, one just

needs to recall that the strong topology is the topology of uniform convergence on bounded
r,oa+

sets. Namely, by the Dieudonné—Schwartz theorem (which is valid for ¢.”™ " (£2) by Theorem

4), each bounded set can be absorbed by a set of the form {¢ € c%’aH/n (2) : |lg ||Cr,a+]/n <1},
" Kn (%)

and so in particular, the norms || - ||, completely determine the strong topology. O

Remark 14 Let us mention three properties of Holder distributions of order 0+ that classical
distributions do not generally possess. First, one can define Holder distributions of order
at most 0+ (and even less than 1) on general metric spaces, as there Holder functions are
well defined. The second property is that Holder distributions of order 0+ are completely
determined by restriction to their support (see the proof of [5, Lemma 1]). This is a property
that Radon measures have, but some other distributions as 8’ do not. It proved to be crucial in
Bonahon’s work. And third, if Y is a closed subset of X, then every 0+ Holder distribution
T on Y (in other words, T has support in Y in accordance with the restriction property
we just mentioned) can be easily extended to a 0+ Holder distribution 7 on the whole
X by simply setting (T, ¢) = (T, @|y)- This correspondence between 0+ distributions on
Y and 0+ distributions on X with support in Y is actually one to one (see the proof of
[5, Lemma 2]).

. r,a+
4 Proof of non-nuclearity of C;’" " (R2) and D£r+a)+

()

In this section, we prove the following theorem.

Theorem 15 The spaces CL*T(Q) and DEH_O[H_(Q), r € No,0 < o < 1, are not nuclear.
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An extension of the notion of the order of a distribution 1895

Since CL*T() is nuclear if and only if D£r+o¢)+(9) is nuclear (see [25, page 523,
Proposition 50.6.]), it is sufficient to prove that the Fréchet space DEr ta)+ (€2) is not nuclear.
First we shall prove this for the space Dér +a) 4+ (T), where T is the one-dimensional torus
(i.e., the circle), and later we shall see how the general case easily follows from this one. We

start with an auxiliary result from classical Fourier analysis.

Lemma 16 Consider a function f € ¢%¢(T), 0 < & < 1 and denote by Sy the Nth Fourier
partial sum operator. Then,
InN
IS8 £ = Fllesn S 1l ny -

For a proof, see [3, Chapter IV, Section 4] and references therein.
The following lemma gives us a result interesting in itself. The same result does not hold
for classical Holder spaces.

Lemma 17 The sequence (x +— e2mikxy, .7 is a Schauder basis for C"*T(T), r € N,
0 <a < 1 Infact,

lim sup SN S = fllerarimery =0
N—o0 Hf”vr,a#»'/ﬂ(’l[‘)fl

forallm > n > 1/(1 — «). Here Sy denotes the partial sum operator, i.e., Sy f = Dy * f,
where Dy is the Dirichlet kernel.

Proof Since the differential operator 9" commutes with Sy, it is sufficient to prove the
theorem for r = 0. The convergence of the Holder seminorm follows from the bound

1f () = fO) = f&x =0+ f(y = D] <20 flloatijnepy min{lx — y|* /7 [ et1/my
< 20 Flloasimepylx — y|@ /M e/t

valid for f € ¢%*T1/7(T). One just needs to apply Lemma 16 to ¢ — f(z) withe < 1/n
in order to obtain L°° convergence, and to t > f(x) — f(y) — f(x — 1) + f(y —t) with

& = 1/n — 1/m in order to obtain convergence of the - +1/m (T seminorm. O
Corollary 18 The sequence (x + e2minxy . is a Schauder basis for DEHQH(T), in the

strong topology.

Proof Since Sy is self-adjoint, one has

(SNT =T, f) =(T.SnJf = f)

and so the claim follows by Lemma 17. O

We begin with the proof of Theorem 15.
Step 1 Proof that D(r 4o+ (T is not nuclear.

/
If D(r+0t)

(see, e.g., [11]). We shall prove that this is not the case. We denote by ¢, (x) = £2minx the

elements of the Schauder basis of DEr +a) +('JI‘), and by || - || the seminorm || - || (C;:-%—l Jk

of Dér +a) +(T). Define a,’i = ||en|lk- Then, the associated Kothe space is defined as

. (T) were a nuclear space, then also its associated Kothe space would be nuclear

(M)

K(a) = {s = Enez ¢ [Elk = Y [Enlay < oot

neZ
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1896 M. Misur, L. Palle

with seminorms | - [ which make it into a Fréchet space. If Dz ra) +(T) were nuclear, then

the Kothe space would also be nuclear and it would satisfy the condition

k
(VkeN)(ajeN)Z“—’;<oo. )
nel an
Let us calculate
af = leallc = sup  lea(p)]

(ﬂECr,a+l/k (T)
el r.et1/k gy <1

= sup lp(n)l,
pecratl/k(r
el r.et1/k gy <1

and therefore |a,’§| < [n|~ ¢t/ for some C > 0 since this is a well-known decay
property of the Fourier coefficients of Holder continuous functions (see, e.g., [14] or [27]).
For an estimate below of |a’,§ |, we just need a rough one (actually the upper bound is also
stronger than needed), obtained by considering ¢ = ¢,,. Therefore, we have

1 N 1 1

~ |n|r+1 ’

| = 2
llen ll ere17k ¢y llenller+1¢my

for n # 0 and some C > 0. Finally, we see that for all k, j € N

k |n|r+ot+l/j

a
Z j o~ Z |n|r+1

neZ 9n  pez\{0}

and so the condition (1) is not satisfied. Therefore, DEr +ay+ (T) cannot be nuclear, and so the
same is true for C"%*(T).

Step 2 Proof that C.-*" () is not nuclear for open sets 2 € R? when d > 1.
Let © € R be an open set with d > 1, and consider T as a (compact) submanifold of
(this obviously cannot be done for d = 1). Note that the restriction map 7 : C;. "H(Q) —
C"%T(T) is continuous and surjective since it is continuous and surjective as a map 7 :

c;(‘:‘H/ k(Q) — c@+/K(T) for all k € N large enough. By an open mapping theorem (see

[12, page 450, Theorem 6.7.2]), 7 : C-*1(Q) — C"@*+(T) is an open mapping. We conclude
that C"**(T) is isomorphic as a topological vector space to a quotient space of C.** ().
Hence, C.. ’(”(Q) is not nuclear since quotients (by closed subspaces) of nuclear spaces are
nuclear.

Step 3 Proof that C.-*" () is not nuclear for open sets €2 C R.
In the one-dimensional case, we have exactly the same proof as in the higher dimensions,
except we use a different quotient map. Note that it is sufficient to consider only €2 = R since
open intervals are diffeomorphic to R. For general open sets, non-nuclearity follows from
the interval case since open sets of R are disjoint unions of open intervals, and restriction to
one such interval gives a quotient map.

The quotient map we use in the case €2 = R is the periodization map defined on the space
CI**(R) and given by

Po(x) =Y ¢ +1).
leZ

Since the function ¢ is compactly supported, the above sum is finite for each x € R In
fact, the above sum is finite for each bounded subset of R, and from this, one easily sees
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An extension of the notion of the order of a distribution 1897

that P maps c;g:‘H/ k (R) continuously into ¢ @t/k(T) (considered as the space of periodic

functions with period 1). The proof of surjectivity is the same as in the well-known C* case.
Namely, take a compactly supported smooth function ¥ with fR Y(x)dx = 1 and define
the function ¢ = ¥ * x0,1). Then, ¢ is smooth, compactly supported, and P¢ = 1. From
this, one easily obtains that P(¢ f) = f forall f e ¢"*T1/5(T). Surjectivity follows since

of e C23+1/ k (R) for all k& € N large enough. This concludes the proof of Theorem 15.

Remark 19 Another strategy for (dis)proving nuclearity, which the authors have not pur-
sued, would be to use the e-entropy of compact sets and Mityagin’s condition (see [20]).
It should be sufficient to use the entropy numbers of embeddings of Besov spaces (see
[26, Theorem 1.97.]).

5 Examples of Holder distributions

In this section, we give several examples of Holder distributions. The first example has already
been mentioned in Introduction:

Example 20 Let us consider the distribution Vp.(%) on R whose action on ¢ € C°(R) can
be defined equivalently by

< <1> >_ . / o) /*“’ @(x) — 9(—x)
vp.| — ), )= lim —dx = —dx.
X e—0+ R\[—s,s] X 0 X

It is an example of a distribution whose classical order is precisely 1. We shall demonstrate
by a simple calculation that it is actually a Holder distribution of order at most « for any
0 < a < 1, and hence of order O-+. Indeed, fix one arbitrary & € (0, 1) and take ¢ € C2°(R).
Denote K = supp ¢. Using the second integral in the above definition, we get

r () #ll =1 o]

X
1 _ _ 400 _ _
5/ lp(x) — o( x)ldx +/ lp(x) — ¢( x)|dx.
0 X 1 X

The second integral can be bounded by:

T o (x) — p(—x)| oo dx
/ T  ax < zmax|x¢(x>|/ = = 2max [x¢(0)| < 2|K|l@lL=K)-
1 X xek 1 X xek
Concerning the first integral, we can write
1 1 1
— (- — (- — d
/ lp(r) — (=0l :2/ lp(x) </>(17X)| ¥ <27 sup lp(x) — oI lf
0 x 0 [2x|*|2x|' xyeK, x#y X —y¢ 0o x ¢
2% lp(x) — ()]

B l_ax,yeK,x;éy |X—Y|°‘

Taking Cx = max {2|K l, = ], we just need to apply the part (b) of Proposition 12 to finish

-«

the proof.
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Example 21 For B € (1, 2), consider a distribution Pf.iﬂ whose action on ¢ € C2°(R) can
X3

be defined equivalently by

+eo +00 _
P g} = lim (/ @dx—z‘/’(o)) :/ g —9O)
Xﬁ e—>0+ ¢ xB eB—1 0 B

Its classical order is equal to 1, yet we will show that it is a Holder distribution of order at
most « for any o € (B — 1, 1), and hence of order at most (8 — 1)4. Similarly as in the
above example, we have

Foo — 1 — +o0 _
<Pf.1ﬁ,<p>—/ SCRLCN Y LRI g LN
Xt 0 0 1

xﬁ xﬂ xﬁ
lo(x) —p()| ' dx
< sup = 5o T 2lKllellLem)-
x,yeK, x#y |X - y| 0o X

Since B — o < 1, the integral in the last line is finite and is equal to l_ﬁﬁ

Example 22 Finite part (partie finie) of x%, defined for ¢ € CZ°(R2) by

—¢ +o0
Pf.—s. )= lim / ¢(x)dx+/ o) | 20(0)
x2 e—0+ oo x2 R X2 e

is a distribution of order at most 1 + « for every o € (0, 1) and hence of order 1+. Indeed,
this follows easily once we remark that Pf %2 =— (Vp. ( ))/ Its classical order is 2.

1
X

6 Fourier-analytic properties of distributions of real order and their
test functions

In this section, we use classical results to obtain some further properties of the introduced
distributions of positive real order and their test functions. We start from a result in Sect.
4. There we obtained in Lemma 17 that the Fourier basis constitutes a Schauder basis for
C"%*(T), a result which does not hold for C"*%(T). We have the same result for the general
d-dimensional case:

Theorem 23 The sequence (x +— ezmk'x)kezd is a Schauder basis for C"@+(T%), r € Ny,
0 <a <1 Infact,
lim sup ”SNf - f||cr<ut+l/m(']rd) =0

N=00 | £ .t 1/n (gay <1

forallm > n > 1. Here Sy denotes the (cubic) Fourier partial sum operator.

The proof is the same (up to obvious modifications), though we need a substitute for
Lemma 16 (sometimes referred to as Jackson’s theorem), which can be found in [2].

Some other classical results we are interested in are [16, Theorem 7.3.1., Theorem 7.6.6.,
and Theorem 7.9.3.]. We have the following consequence of [16, Lemma 7.9.2, Theorem
7.9.3.] and the inclusion [16, (7.9.6)]

1 1 1 1 1 1
Theorem 24 Cid(;_E)J’(d(;_E)_[d(;_i)JH—(Rd), 1 < p < 2, is continuously embedded into
the space of functions having Fourier transform in L (R?), and each distribution having

Fourier transform in LY (R%), ¢ = 1/(1 — 1/p) € (2, 00), is of order at most d(; — %)—i—.
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An extension of the notion of the order of a distribution 1899

The fact that this is essentially the best result possible is contained in Theorem 7.6.6. in
[16]. Namely, there one obtains by scaling that the classical order in general cannot be less

than d(% — %). The same is also true for our real order, and one easily sees that the same

proof can be applied as in [16] as soon as one notices that for 0 <« < 1,7 > 1,& € R% in
a fixed bounded set, and f smooth

|eitf G0 _ pitf®)|

El;e% e < C(f)”. ()

This inequality is applied to the expression [16, (7.6.12)] when calculating the Holder norms
of derivatives of the test functions u, = i ¢''¢ ” considered in the proof.
We also have the following extension (of one part) of the Paley—Wiener—Schwartz theorem.

Theorem 25 Let K C RY be a open ball of radius R and centre 0. If u is a Holder distribution
with order o > 0 and with support contained in K, then

V@IS 1+ Qg e kimel, ©)
where ¢ € C¢ and U is the Fourier—Laplace transform of u.

We omit the proof since it is again a straightforward modification of the first part of the
proof of [16, Theorem 7.3.1.]. One again needs inequality (2), and it is essentially the only
additional ingredient needed to prove Theorem 25.

As is well known, the reverse of Theorem 25 does not hold. The simplest example is if
we take the distribution x[_1,1; pv.%, then its Fourier-Laplace transform is up to a constant
the complex sine integral function Si which satisfies (3) for « = 0. On the other hand, we
know that x(_1 1) pv.% is not of order 0, but 0+. Actually, Theorem 24 hints that in general
the gap can be much worse (up to d/2).

In the remainder of this section, we give an example of a completely different proof of
sharpness of Theorem 24 for the case d = 1 and p = 1. It is based on a concrete example
and functional-analytic arguments.

We begin by giving an example of a compactly supported Holder continuous function of
degree 1/2 on the real line which does not have an absolutely integrable Fourier transform.
Our plan is to use a modification of a well-known example of a periodic Holder continuous
function whose Fourier series does not converge absolutely. This function is defined by the
conditionally convergent series

f(x) B i eiklnkelﬂikx @

k=2 k
The proof of the fact that this converges (and in fact uniformly) and of the fact that f is
Holder continuous of order 1/2 can be found in [27, Chapter VI, Theorem 3.1., p. 240] (see

also [27, Chapter V, Theorem 4.2., p. 197]). There are two main steps in this proof. The first
step (and the more difficult one) is to prove the estimate

N

sup |3
xeR k=2

ezkln k62mkx

<CVN

by using the van der Corput lemma. In the second step, one proves that the series converges
(uniformly) to a Holder continuous function of order 1/2 using the above estimate and
summation by parts. Now one can modity this example by considering it as a function on the
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real line and using an appropriate cutoff function (though it seems not any). The point of the
following lemma is not the statement itself but rather the way we transfer example (4) from
T to the real line.

. 0.3 . o . . o
Lemma 26 There exists a C. * (R) function which is not in the Wiener algebra, i.e., it does
not have an absolutely integrable Fourier transform.

Proof Denote S,(x) = Y ;_, %ez’f kX We have S, — f uniformly and hence also in
S’(R). On the other hand, we know

n_ piklnk

FS(®) =) ——8(®),
k=2
and since FS, — F f in S'(R), we have
o eiklnk
FIE© =) ——8&®),
k=2

of course in S’(R). y y
Take an arbitrary smooth function ¥ with compact support and F(0) = 1/2. Define

Y=k (1)

where x|_1,1] is the characteristic function of the set [—1, 1]. Then, v is again a compactly
supported smooth function with Fourier transform

sm(27r.§)
23

The two main properties of the Fourier transform of i we are going to use are that it is a
Schwartz function and also that it has a zero at each integer, excluding the point & = 0 where
itis equal to 1.

Now consider the function g(x) = f(x) ¥ (x). It is Holder continuous of order 1/2 and
has compact support, so it only remains to prove that its Fourier transform is not absolutely
integrable. We have

Fe@) =FfxFYE) = (Ff, uwFy) = (fli;n Sy e FY)

n o iklnk

FYE) = Fy @) Fr—in@E) = FyE) ——

where in the fourth equality we used the fact that S, — f in S'(R). First, one should notice
that Fg(—I) = €™/ /l for | > 1 an integer, and so |Fg(—1)| = |e"™/I| = 1/I (here we
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used that 7 (I) = 0 for [ # 0). To prove that Fg is not absolutely integrable, it is sufficient
to show that there exists a § € (0, 1/2) such that

1
[78(=l+ &) > Z1Fg(=D

for each [ > 1 an integer and all |£| < § (the point is that the choice of § is independent of
[). From this, it would follow that

18(6)]dE = / Fg(—l +£)dE > + / Fe(—Dlde =53+,
/R g j61<a 2; j6l< ,;l

where the right-hand side diverges.
To obtain the desired §, one should notice that it is enough to prove that (Fg)’ is O(El‘)

as |§] — 400, i.e., there exists a constant A > 0 such that |(Fg)'| < @4' for |£] > 1. Then,

we could take § = min{1/(4A), 1/4} since by the mean value theorem there is a § between
—[ and —[ + & such that

|Fe(—l+&) — Fe(=D| = [(Fg)' (1 + )5

AlE]| 1/4 1 11
< — < = < = = = |Fg(=DI,
|—1+E —l—1/4 4 —1 "2 2

and so we would get the desired inequality
%Ifg(—l)l = %I}"g(—l) —Fe(=l+ &I+ %Ifg(—l + &)l
< JIFECDI+ 51 Fg (-1 5],
thatis |Fg(~1 +8)| > 3|Fg(=D)l. for |§] < 6. ]
Finally, we need to prove the decay property at infinity of (Fg)’. Recall Fg(§) = F f *

F(£), so we have . B
(F&)'(&) = Ff x(Fy) ).

Then, by a similar calculation as before, one obtains

o eiklnk
(F®) =) ——o(-k=8),
k=2

where ¢ is some Schwartz function. Since the above expression is a convolution between the
functions of decay 1/k and of arbitrary decay, the decay of the convolution is at best O(lé—l).
This concludes the proof of the lemma.

In particular, now we know that the space of CE 172 (R) is not a subset of the Wiener algebra,
and therefore, also cg’l/ e (R) is not a subset of the Wiener algebra for any 0 < ¢ < 1/2.

But from this it is not immediately clear that a distribution satisfying

KT, o)l = CllFellLir)

is not generally of order at most 1/2. We prove that there exist distributions satisfying the
above bound, but which are of order at least 1/2 — ¢ for ¢ arbitrarily small. For convenience,
denote by X the Wiener algebra (a Banach space with norm ||x|x = [|Fx| 1), and hence,
its dual X’ is the space of distributions with Fourier transform in L°(R), the uniform norm

@ Springer



1902 M. Misur, L. Palle

being || T||x' = [|FT |L=®), T € X')and by Y the space cg’l/z_g (R), a strict inductive limit
of Banach spaces Y = c(;(’:/ e (R), for a fixed small ¢. Recall also that Y’ is a Fréchet space

with the strong topology. We need the following simple lemma.

Lemma 27 Assume that each distribution which can be extended to an element of X' can
also be extended to an element of Y'. Also assume that the induced embedding of X' — Y’ is
continuous in the pair of topologies (uniform topology on X', weak* topology on Y’). Then,
Y embeds continuously into X.

Proof First, we have to prove that the extensions are compatible, i.e., the actions coincide
on the set X N Y. By continuity, it is enough to construct for each y € X N Y a sequence
in C2°(R) which converges in X and Y topologies at the same time. This is easily done by
using the standard mollifier.

Now by assumption, X’ embeds into Y’, and as the restriction operator maps ¥’ to Y7,
we can ask whether a bound of the form || f| y, < Ci |l f lx’ holds. This indeed holds by the
following argument. Consider the bilinear form on X’ x Y defined by (f, y) — (f, y) =
f(y). This form satisfies the bound [(f, y)| < Cy| fllx by continuity of the inclusion

X' — Y’ and the bound [(f, y)| < Cf||y||Y]£ by continuity of f on Y. By the uniform

boundedness principle, we have |(f, y)| < C](”y”Ylé N fllxr-
Finally, one should notice that for y € Y3 we have

Ivlix = sup [(foy)l= sup [(foy)l= sup [[flyllylly, = Cellylly,.
b by by

fe fe fe
Ifllx =<1 171y =Ci I/ 1y, =Ci

Here X denotes the subspace of X’ of all distributions whose Fourier transform are simple
functions on R vanishing outside a set of finite measure, and so as the Fourier transform of
y is a Co(R) function as y is integrable, the (first) equality is justified by the converse of
Holder inequality. Therefore, we conclude that Y; embeds continuously into X for each k in
the pair of norm topologies, and so Y also embeds continuously into X. O

Remark 28 One could circumvent using the converse Holder inequality if X were reflexive,
but this is not the case since it is isomorphic to L! as a Banach space. On the other hand, a
proof using density should work. Indeed, if we additionally assume y € X, we have

Iylx = sup [{f, ¥},
fex’
I fllx <1

and so we have an embedding of X N Y} into X in the pair of norm topologies of Y} and X. It
remains to prove that X N Y is dense in Y (this is not that simple; it is sufficient to prove that
C1°<°k is dense in Yy, but since mollifying will push the support outside K, one needs to use a
cutoff function and analyse what is happening at the boundary, and for this, a usual strategy
for higher dimensions is first to straighten the boundary for which one needs to assume some
smoothness on d Ky). In trying to circumvent even a density argument, one could conclude
that X N Y — X is continuous in the pair of the inductive limit topology of the sequence
(X N Yx)x and the norm topology of X. Unfortunately, the inductive limit topology of the
sequence (X N Yx)x on X NY does not in general coincide with the subspace topology on
X NY inherited from Y. In fact, in general it can be strictly finer than the subspace topology
when considering strict inductive limits of Fréchet spaces even if the subspace is closed (see
[25, Remark 13.2.]). One should compare this with Theorem 3 e).
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Theorem 29 The dual of the Wiener algebra does not embed into D12 (R) for any e, where
both spaces are considered as subsets of the space of distributions.

Proof Now since we know that Y = cg 1/2=e (R) does not embed into the Wiener algebra X,

by the previous lemma, it follows that either X’ is not a subset of Y’, or that the embedding
X' — Y’ is not continuous in the pair of norm and weak* topology. We argue that the
latter case is not possible. Assume that we have the (not necessarily continuous) embedding
X’ — Y'.Tts graph is closed in the pair of strong topologies, since both X" and Y’ with strong
topologies embed continuously into the space of distributions (with say the weak* topology).
But since both X’ and Y’ are Fréchet in these topologies, the closed graph theorem is valid
and we obtain an even stronger continuity than needed. O

We conclude that there exists a distribution satisfying

KT, ¢)| < CllFellLi(r)

which is not of order at most 1/2 — ¢ and hence has order strictly larger than 1/2 — .
Therefore, we see that we cannot lower the order below % We could say that a distribution
on the real line having an a.e. bounded Fourier transform is of order somewhere between
“%—” and %—I—.

Of course, it would be of interest to provide examples for greater dimensions. This would
likely entail an appropriate modification of (4) and proving the associated estimates.

7 Convolution of Holder distributions

Letu € D), ,(RY) and v € D;H;(Rd), where r, g € Ng and a, 8 € [0, 1), and assume the
following compatibility condition on their supports K,, and K,:
For any compact set K C RY, there exist compact sets K, K> C R? such that

(xeKu,yeKU A x+yeK> — xe€Kj|, yeks. 5)

Since u and v are distributions, it is standard to define their convolution u % v € D'(R%)
by its action on a test function ¢ € C%° (R?) (with obvious abuse of notation)

(v, ) =u® vE), AEEYEE+Y)

where p; € CX(RY) is equal to one on a neighborhood of K| and py € C° (RY) is equal
to one on a neighborhood of K;. The definition does not depend on the choice of cutoff
functions p; and p,, and furthermore, the following formula holds:

(v, ) = (v(y), (W), px+y))) = (), (V(y), (X + y))).

We will show that u x v is in fact a Holder distribution of order at most r 4+ g + « + B. Recall
that for o, > 0 we denote by [ 4 8] the greatest integer less than « 4+ 8 and by {« + B}
the difference o + g — [ 4 B] € [0, 1).

Let us first show the following result.

Lemma30 Ler Q; C R? and 2 C R% be open subsets and take r,q € No and o, B €
[0, 1). Assume that ¢ € ¢" T4t BBl (O % Q) satisfies:

(VY € @) (AU(Y') C Qa2 neighborhood of y') AK (y') C Q1 compact ) :
supp (9(.,y)) C K(¥), VyeU(®y). (6)
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Then for any u € D, (), one has:

Y (@), 9(x,y) € P ().

In particular, if ¢ is infinitely differentiable, then the same is true for
y = (u(x), ¢(x,y)).

Proof Notice that for every fixed y € 2, function x — ¢(x, y) belongs to c"“(2). Thus,
the function

D(y) = (u(x), p(x,y))

is well defined. It remains to show that ® belongs to the space ¢?'# (2,). Let us first prove
continuity. For h such that |h| < §, define

wh(xv Y) = (/)(Xv y + h) - (p(X, Y)y

and write

Q(y +h) — d(y) = (u(x), gn(x,y)).

Note that if we take § small enough, then ¢y (X, y) have supports contained in a fixed compact
set independent of h. In order to show that & is continuous, it is enough to show that
on(.,y) = 0in c"“(Q) as |h| — 0. This immediately follows from

07 on(x, )| = |07 o(x,y + h) — 87 p(x, y)| < Cfj(,, () %,

where by C (}} W (h) we have denoted the Holder seminorm of the function 3 ¢ with respect
to the second variable on the set U (y), and by y a multi-index such that |y| < r. It remains
to recall that C{,(y) (h) — O as |h| — 0.

Next we prove that @ is a ¢ times differentiable function and that we have the formula

3D (y) = (u(x), &y p(x,y)),

for all |y| < ¢. Let us assume that ® is k — 1 < ¢ times differentiable and that the formula
is true for all |y| < k — 1. We consider the function (for i € (0, §))

(X, y + hej) — 3V p(x,y)
h

eh (X7 y) = - ay.j ay‘P(Xa Y)’

where e; is a vector of the standard basis of R%, and write

Y D(y + hej) — 07 D(y)
h

— (u(x), 0y, 07 @(x, y)) = (u(x), O (x, y)).

To show that @ is of class C¥, it would be enough to show that 6, (., y) — 0in c."* (1) as
h — 0. This can be done in precisely the same way as it was done for ¢, above after one
uses the mean value theorem to rewrite 6 as

On(x.y) = dy;0% p(x.y + h(x.y)e;) — dy, 87 p(x, y),

where |h(x,y)| < h.
The final step is to prove that partial derivatives of order ¢ are Holder of order 8. We
can take B > 0 as the case B = 0 is actually already proven. Take an arbitrary y’ € €,
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and § > 0 such that an open ball of radius § centered around y’ is contained in U (y’). For
y.y € K(y,8) CcU(®y),and |y| = g, we write:

[07 D(y) — Y DY) _ K"(X) 7 o(x,y) — 37 p(x, 9))‘
ly — 318 ' ly — 318
M, y) —371e(x, §)

<
ST B A g
n Z sup [072¢(x,y) — 3720(X,§) — 3720(X,y) + 720X, §)|
lyal=r+q X#% ly = y1Px — X[

Since |y — §'|/3 =|x,y)—X,¥) |, the terms in the first sum in the above bound are bounded
by the B-Holder seminorms of the functions 3”77 1¢. In fact, they go to O when |y — §| — 0
since @ is in czw’ﬂ(Ql x §27) and the variables go over a precompact set K (y') x K (0, §),
where K (y') is the compact set as in support condition (6).

For the second sum, we have to consider two cases separately. In the case whena + 8 < 1,
using the inequality

min {[x — X|**7, |y — g|**#}

x — &|*ly — 31

<1, (8)

one gets

[072¢(x,y) — 0720(x,§) — 072X, y) + 720X, §)|

sup sup

YH#Y X#X |Y—§’|ﬁ|X—ﬁlo‘
a2 — 0Y2¢(Z
<2sup 1872 (z) - §0(Z)|’
Z#2 |z — Z|a+/3

where y, § go over K (¥, 8), and z, 2 go over K(y') x K(y', 8). Thus, ® € C?#($2,). We
can in fact show & € ¢?#(,). Namely, we have for any sufficiently small 5 > 0

[072¢(x,y) — 0720(x,§) — 3720(X,y) + 720X, ¥)|

sup sup

V£Y  X#£X |y_§,|ﬁ|x_§|a
ly=¥l<n
372¢(z) — 32¢(z
<2 sup | w()A w()l’
2t |z — Z|a+/3
lz—Z|<n

and so we get that the second sum in (7) also tends to 0 as |y — §| — O.
In the case @ + B > 1, we need the inequalities
10720 (x,y) — 8729(x, §) — 8"20(X,y) + 0"20(X, §)|

S Ix — X[ sup sup [0V p(X,y) — 839X, 9)| 9
Xe[x,%] ly3l=r+q+1

10720(x,y) — 0729(x, §) — 0”20(X, y) + 0"20(X, y)|

Sly =3l sup sup  |873(x,§) — 073 0(X, )| (10)
yely. 1 lysl=r+q+1
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obtained by applying the mean value theorem to functions x — 372¢(x,y) — 072¢(X, ¥)

andy — 9%2¢(x,y) — 072¢(X, y). Here [x, X] (resp. [y, ¥]) is the line segment connecting

the points x and X (resp. y and ¥). Therefore, if M:=min{|x — X|, |y — ¥|}, then
10720(x,y) — 3720(x, §) — 020X, y) + 020X, Y)|

SM sup  sup  [373¢(z) — 330 @), (11
|z—Z|>M |y3l=r+q+1

Now using inequalities (8) and (11), we get

10729(x, y) — 0729(x, §) — 329X, y) + 729X, y)|

sup sup - =

Y#Y x#X ly — 18 Ix — x|
< wup  sup 00@ —0M0@)]
~ p p |z — i|°‘+/3*1 ’

[y3l=r+q+1 z#%

where z, Z go over K(y") x K(y’, §). Thus, ® € C1P (). We can actually prove the needed
stronger result ® € c?-#(Q,), though in a slightly different way than in the case o + 8 < 1.
Namely, using the geometric mean of (9) with weight (1 — 8)/(2 — « — B) and (10) with
weight (1 — «)/(2 — @ — B), one easily gets the inequality

[072¢(x,y) — 0720(x, ) — 0720(X,y) + 720X, §)|

ly — ¥18Ix — x|«

l—a
< <|3y3</’(l) — V30(2)] >2‘”‘ﬂ
< sup sup —

[¥3l=r+q+1 |z—2=|x—%| |z — z|o A1

X sup sup
ly3l=r+q+1|z—2|=|y—y|

<|ah<p(z) — (@) )’3/3

|z _ i|"‘+'3*1

Our claim follows now easily since the second factor on the right-hand side of the previous
inequality goes to 0 when |y — §| — 0 because ¢ € ¢’ T4HLetB-1(Q x Q)). ]

Remark 31 For ¢ € c.’*(RY), the function ¢ : R x R¢ — C defined by ¢(x,y) = ¢(x+Y)
satisfies the support condition assumed in the Lemma 30. It is clear that ¢ € ¢>*(R¢ x R?),
and we can take U (y’) to be the open unit ball around y” and K (y’) to be the set difference
between supp (¢) and the closure of U (y').

Theorem 32 Assume u € D, RY) and v € Dé;-vﬂ (R?) satisfy the compatibility condition

/

on their supports (5). Then, u x v € Dr+q+a+ﬁ (Rd).

Proof Take ¢ € C°(RY). We already know that u v is a distribution from the classical
theory, so we only have to show continuity. Similarly as before, define

D(y) = p2(y) (u(x), p1 (X (x +y))

which is a function of class C* with compact support by Lemma 30. Here p; and p; are
cutoff functions equal to 1 on K and K> as given in condition (5). The proof of Lemma 30
gives us

[ @lleap(ky) S N@llerratiatsriors) k, xky)-

Therefore,
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(v, 9)| = [[®), L2M{UX), pIE)PE+ V)]
=, 2|
,S ||<D||cq,ﬁ(1(2)

S l@llerra+ietpricts (k, x k)

which proves our claim. O

Corollary 33 Assume u € Dér+a)+ RY) and v € D;H-ﬂ (R?) satisfy the compatibility condi-

tion on their supports (5). Then, u x v € D2r+q+a+ﬁ)+(Rd).

8 Further extensions

We see no obstacle in extending the notion of real positive order to currents in the sense of
de Rham and distributions on manifolds. For example, the construction could follow the one
presented in [9].

Luc Tartar posed to us an interesting question which we were not able to answer so far:
What can one say about the order of a fractional derivative of a Radon measure? A standard
way to calculate the upper bound on the order of a derivative of a distribution is to use
partial integration of its action on test functions. However, partial integration depends on the
Leibniz formula, but there is no Leibniz formula for a fractional derivative of a product, so
this question is not trivial. We believe that the notion of Holder distributions might prove
suitable to answer this question.

This leads us to a result by Ornstein [21], whose consequence is an answer to a question
by Laurent Schwartz: Does there exist a distribution u € D(R?) such that 9« and dyu are of
order 1, but u is not of order 0? He constructed an example of a distribution in R? which is
not a measure, but whose first-order derivatives were distributions of order 1. Can we use the
notion of Holder distributions to determine the order of u given by Ornstein? Is it possible
to give an estimate on the order of all such distributions?

These are closely related to the question of extending two important results in distribution
theory. The first one is the structure theorem of distributions which states that any distribution
can be locally represented as a finite derivative of a continuous function. Is it possible to have
an optimal (in some sense) representation of Holder distributions using fractional derivatives?
The second one is the Schwartz kernel theorem, which states that for every continuous linear
map K : D(Y) — D'(X) there exists aunique k € D' (X x Y) suchthat (Kv, u) = (k, u®uv).
The connection between the order of distributions in the image of K and the order of the
distribution k was done in the PhD thesis of the first author [19] (it is available online). The
structure theorem was vital. Is it possible to obtain a similar result in the case when the image
of the operator K is a subset of Holder distributions?

We hope that some of these questions will be resolved soon.

At the end, let us mention an interesting extension communicated to us by an anonymous
referee: Instead of using norms of Holder spaces, one could use norms of more general
function spaces. For example, Holder—Zygmund spaces coincide with Holder spaces in the
case where €2 is the whole R? and exponent is a positive non-integer real number, but these
spaces do not have C2° as a dense subset since they are not separable (as discussed in Sect. 2).
But generally for Besov spaces the approach considered in this article should work. It would
be of interest to follow the suggested alternative approach and to investigate the topological
properties of the resulting spaces.
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