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Abstract

In this paper, we study a class of nonlinear parabolic problems including the p-Laplacian
equation. The initial datum and the forcing term are allowed to be summable functions
or Radon measures. We prove that these equations have surprising regularizing properties.
Moreover, we study the behavior in time of these solutions proving that decay estimates hold
true also for nonzero reaction terms. Finally, we study the autonomous case.
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1 Introduction

Let us consider the following nonlinear parabolic problem

ur — div(a(x,t,Vu)) = f(x,t) in Qr,
u=~0 on I, (1.1)
u(x,0) = up(x) on £2,

where Q7 = Qx (0, T),Qis anopenboundedsetof]RN,N >2,T >0andl" =0Qx(0,7),
with 92 regular.

Here the function a(x,,£) : € x (0, T) x R¥Y — R¥ is a Caratheodory function'
satisfying, fora.e. (x, 1) € Q7 and forevery £ and y € R" the following structure conditions

a(x,t,0) =0, (1.2)
la(x,1,8) —a(x,t,mIlE =n] = el =nl”, «>0, 2<p<N, (1.3)

1 i.e., it is continuous with respect to & for almost every (x, r) € Q7, and measurable with respect to (x, t)

forevery & € RV,
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and

, 1
la(x,t, &) < BUEIP" +h(x,0], B>0, helL’(Qr) ;+?=1 (1.4)
Notice that assumptions (1.2) and (1.3) are equivalent to require that (1.3) and the following

coercivity condition hold true

a(x,1,8§)& > algl’, (1.5)

since (1.5) implies (1.2).

We recall that under the previous structural assumptions, also in presence of only
summable data [ € LY(Q7) and ug € LY(RQ), there exists at least a solution u of (1.1)
(see [7] and Definition 2.1). Generally, these solutions are not unique. To guarantee the
uniqueness further requirements are needed even when the forcing term f is identically zero
(see [1,3-5,11,21,28] and the references therein).

The model we have in mind is the p-Laplacian equation

uy — Apu = f(x,t)in Qr,
u=20 on T, (1.6)
u(x,0) = ug(x) on £,

which is widely studied since it appears in a lot of applicative problems modeling dif-
fusive problems arising in various different contexts like, for example, fluid dynamics
(non-Newtonian fluids), biology (evolution of biological species and populations), hydrology,
glaciology etc. (see [29] and the references therein).

It is well known that in the absence of the forcing term f, i.e., when (1.6) becomes

Uu; = Apu in QT,
u=>0 on I, (1.7)
u(x,0) =ug(x) on £,

a very strong regularization property appears: there exists a solution u of (1.7) which becomes
“immediately bounded” also if the initial datum u( is only a summable function (see [15] if
N = 1,[9,13,14,20,29,30] and the references therein). Moreover, this solution satisfies the
following decay estimate

P
luoll ) 7g) "
()l (@) < € p— (1.8)
t Np-2+p
(see [20,29]).
Indeed, also the following bound holds true
c
lullLe@) < — (1.9)
tr-2

where ¢ depends only on N, p, o and |€2| (see [20]). This last estimate is noticeable different
from (1.8) because it does not depend on the initial datum u(. Bounds like (1.9) (i.e., inde-
pendent of u) are often referred in the literature as “universal estimates”. Notice that the
value ﬁ is larger than the decay exponent that appears in (1.8) and consequently this last
inequality is a better estimate for large values of 7.

Finally, all the previous results remain true for problem (1.7) replaced by

u; = div(a(x, t, Vu)) in Qr,
u=20 on I, (1.10)
u(x,0) =ug(x) on £,
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when (1.2)—(1.4) are retained and also estimates (1.8)—(1.9) still hold true in this more general
setting (see [10,20]).

In addition, it is also unique the solution that has this regularizing property (see [21]) and
it is also possible to show that if the summability of the initial datum increases, for example
if ug belongs to L'0(2) with rp > 1, then this higher summability influences the decay
estimates (1.8) that becomes

Pro
leoll oy ™
lullie@) < ¢ ——x—— (1.11)
t Noo=2+prg
(see [20]).

We point out that, although this equation is widely studied, it seems an open problem
to understand what happens to these decay estimates and to this strong L°-regularization
property when f is not identically zero and the initial datum uq belongs to L' (Q).

Hence, this “open case” is the contempt of this paper.

We prove here that if f is a function satisfying

feLl™0,T;L°(Q) s>1 m=>1 (1.12)

and
uo € LY(Q) (1.13)

then there exists a solution of (1.1) which immediately increases its regularity reaching the
same summability properties of the solution u” (obtained by approximation) of the following
problem

W%, — div@a(x, 1, Vu®)) = f(x, ) in Qr,

=0 on T, (1.14)

u(x,0)=0 on Q.

Hence, for every ¢ € (0, T) we have
W ell(e,T:LV(Q) = uelle T;L"(Q). (1.15)

In particular, when f = 0 being uY € L®(Q27) (indeed in this case u° = 0) we obtain the
L>-regularization property recalled above for null data f. Notice that u° belongs to L>(Q7)
also when f is a function not identically zero satisfying (1.12) and
1 N
—4+ — <1 (1.16)
m  ps
Thus, there exists a solution « of (1.1) that becomes immediately bounded also for sufficiently
regular data f (i.e., satisfying (1.16)) even if u¢ is only a summable function.

We point out that (1.15) holds true for every ug € L'(2) and for every forcing term
satisfying (1.12); hence also if f does not satisfy (1.16), an improvement in summability
immediately appears and again u(¢) immediately reaches the same summability of u” (see
Corollary 2.2 for further details). To our knowledge, this regularizing phenomenon is not
known in the literature.

Moreover, we prove that the following estimate holds true for almost every ¢ € (0, T')

__r__
NG-DTp
C luoll ;'
lu(t) — u®(@) || Loy < min § ——, C; —= &+ (1.17)
P2 t Np=2+p
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where C;, i = 0, 1 are positive constants depending only on p, N and the coercivity constant
« defined in (1.5). Notice that the previous result includes, as particular cases, the decay
estimates (1.8) and (1.9), since, as recalled above, when the forcing term f is identically zero
also ¥ is identically zero.

We notice that the previous estimate is rather surprising since it holds true for every choice
of f and hence, also when the condition (1.16) is not satisfied and hence when generally both
u(r) and u®(r) are not in L°°(K2). Thus, the difference between these solutions u and u® is
bounded although it may happen that both these solutions are unbounded!

Indeed, we will show that there exists a global solution u of (1.1) (see Definition 2.2)
satisfying the bound (1.17) for almost every ¢ > 0. This last result allows to describe the
asymptotic behavior in time of u(¢) and implies that

li —u®|| o) = 0.
,_fToo”u(t) u |lpoe) =0

In other words, for t large the solution u(¢) forgets its “initial value u(” and has the same
behavior of the solution #° which satisfies a null condition.
In this paper, we also study the autonomous case:

a(x,t,Vu) = a(x, Vu) fx, )= f(x)

and we prove that for every ug € L'(Q) and f € L'() there exists a global solution u(¢)
of (1.1) that satisfies

li £ — oty = 0
IJTOQHM() wll Loo(@) ,

where w is the solution (obtained by approximation) of the associate stationary problem

{ —div(a(x, Vw)) = f(x) in Q, (1.18)

w=0 on 0%.

In other words, u(t) tends in the L°°(£2)-norm to the solution w of the nonlinear elliptic
problem (1.18) even when both these solutions, u(¢) and w, do not belong to L (2)!

Finally, we investigate what happens to the results described above in the more general case
of Radon measures as initial data which is an open problem even in the case of null function
f. We complete our investigation considering the case of forcing term f Radon measure too
and extending our study also to the semilinear case p = 2 being this last case not present in
the literature (see [2,8,16,23] and the references therein).

‘We show that most of the results remain true in this more general setting. In particular, the
instantaneous regularizing property (1.15) holds true and the L*°-estimate (1.17) described
above in the framework of measure data becomes

P
N(p=2)+p
. Co ”u()”M Q .
lu() — u (@) o) < min { ——, Cl% if p>2
tp—2 t No=2D+p

and

. lluoll m luollm (e .
lu(e) — u® ()| L) < mln{Cz T o R i p=2
t2e0! t?
where Co and C are the same positive constants in (1.17) (hence they depend only on N, p
and «), C; is a positive constant depending only on N and « and o is a positive constant

depending only on «, |2| and N (see formula (4.52)).
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The plan of the paper is the following: in Sect. 2 we state all our results. In Sect. 3, for the
convenience of the reader, we recall some known results which we use in the proofs. Finally,
Sect. 4 is devoted to the proofs of all the results.

2 Main results

We state here our results in all the details. We start considering the case of data in Lebesgue
spaces and then (in Sect. 2.2) we will study what happens in the presence of measure data.

2.1 Data in Lebesgue spaces

Before enouncing our results, we recall what we mean by a solution of (1.1).

Definition 2.1 Assume that the data f and u satisfy
feLlY(Qr) upeL(R). (2.1)

Then a measurable function u € L*®(0, T; L' (Q)) N L'(0, T; WOI‘I(Q)) is a solution of
(I.)ifa(x,t, Vu) € (LY(Q7)" and

// [—ua—(p +a(x,t, Vu)V(p] dxdt = / upp(0)dx + // fo, (2.2)
Qr ar Q Qr

for every ¢ € WH2°(0, T; L*®(2)) N L™®(0, T; W(}’OO(Q)) satisfying ¢(T) = 0.

We observe that under the structure conditions (1.2)—(1.4) and the assumption (2.1) on the
data, there exists at least one solution of (1.1) (see [7]). As noticed above, these solutions (in
absence of further requirements) are not unique.

One of the main results of this paper is the following L°°-estimate which describes the
behavior in time of the distance between two solutions of (1.1) satisfying different initial
data in L'(£2) and that can be considered as a sort of “continuous dependence of the initial
data” (see also Remark 2.1). The importance of this estimate relies not only in the estimate
itself, which is rather surprising, but also in various interesting properties of the solutions that
it implies and that we will explain below. In detail, let us consider the following nonlinear
parabolic equation

v, — div(a(x,t, Vv)) = f(x,t) in Qr,
v=0 on T, (2.3)
v(x,0) =g on £,

(i.e., problem (1.1) with initial datum vg) where
v € L'(Q). 2.4)
We have the following result

Theorem 2.1 Let (1.2)—(1.4) be satisfied. Assume (2.1) and (2.4). Then there exists at least a
solutionu € C([0, T1; L' (Q)) of (1.1) and there is at least a solution v € C([0, T1; L'(2))
of (2.3) such that the following estimate holds

_p
_ Nop-D+p
. CO ||u0 UOHLI(Q)
lu@®) —v(@)peo@ < mny —,Ci——5—— for almost every t € (0, T)
{2 tNO-D¥p

2.5)
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where Cy and Cy are positive constants depending only on N, p and «.

Moreover, u and v are obtained as the limit (a.e. in Q) of “classical” solutions of the
approximating problems (respectively) (4.1) and (4.4).

Finally, if u and v are two solutions of, respectively (1.1) and (2.3), obtained as the limit
(a.e. in Qr) of solutions of the approximating problems (respectively) (4.1) and (4.4), then
they satisfy (2.5).

As noticed in Introduction, estimate (2.5) is rather amazing since in general both the solution
u and v are not bounded.

We observe that the previous result can be generalized to global solutions. To show the
existence of these global solutions, let us assume

he LY (10, +00); LP () (2.6)
(where h is the function in (1.4)) and
f €L, (10, +00); L' (), up e L' (). 2.7)
The following result holds true.

Theorem 2.2 Let (1.2)—(1.4) and (2.6) be satisfied. Assume (2.7) and (2.4). Then there exists
at least a global solution u € Cjyc([0, 400); LY(Q)) of (1.1) and there is at least a global
solution v € Cjpe([0, +00); L1()) of (2.3) such that the following estimate is satisfied

P
N(p=2+p
B e lluo — voll
l(t) — v(@) || Le() < min 7,0, 1% for almost every t > 0
tr-2 t Np-2+p
(2.8)
where Cy and C| are the same constants in (2.5), hence positive constants depending only
on N, p and «.
In particular, it results
lim [Ju(t) — v() | 1) = O. (2.9)
f—>+00

Finally, u and v are obtained as limit of regular approximating solutions.
We recall that here by a global solution we mean the following.

Definition 2.2 A measurable function u is a global solution of (1.1) if it is a solution of (1.1)
for every T > O arbitrarily fixed. We also denote a global solution of (1.1) as a solution of
the following problem

u; — div(a(x,t,Vu)) = f(x,t) in Quo,
u=>0 on 922 x (0, +00), (2.10)
u(x,0) = ug(x) on .

Remark 2.1 We point out that the global solutions # and v constructed in Theorem 2.2 are
obtained by approximation. We recall that the solutions in Q7 constructed by approximation
are unique, i.e., if you change the approximation sequences of the data you always get (passing
to the limit) the same solution named for this reason “solution obtained by approximation”
(see [11]). Hence, the result of Theorem 2.2 is valid not only for the particular solutions
constructed here but for all the solutions constructed by approximation. In particular, this
implies that all the global solutions constructed by approximation have the same asymptotic
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behavior for # — 400 independently from the initial datum that they satisfy. In other words,
the initial data do not influence the behavior for large value of t of all these solutions.

Moreover, a continuous dependence from the initial data holds true for all the solutions
of problem (1.1) constructed by approximation.

In the autonomous case

ax,t,§) =ax,§)  fx,1)=fx) (2.11)
the previous result imply the following.

Corollary 2.1 Let (1.2)—(1.4), (2.6), (2.7) and (2.11) be satisfied. Then there exists a global
solution u € Cjoe([0, +00); L1 () of (1.1) (that is the unique solution constructed by
approximation) such that
lim |ju(t) — w||Loo(Q) =0, (2.12)
f—>+00

where w is the (unique) solution of the stationary problem (2.14) obtained by approximation.
Moreover, the following estimate is satisfied

_r
N(p=2+p
C lluo — wl|
lu(t) — w| Lo < min —]0, Cl¢ for almost every t > 0
tr—2 t No=-2+p
(2.13)
where Co and C are the same constants in (2.5).
Here, by a solution w of
—div(a(x, Vw)) = f(x) in €,
:w:O on 0%, (2.14)

we mean a function w € Wol’l () such that a(x, Vw) € (L'(€2))" and

/a(x,Vw)Vgodx:/ fo,
Q Q

for every ¢ € Wé "°(R2). Moreover, we say that w is a solution of (2.14) constructed by

approximation if it is obtained as limit in L' () of the solutions w, € WO1 P(Q) N L®(Q)
of the following approximating problems

—div(a(x, Vwy)) = fr(x) in Q,
{ w, =0 on 082, 2.15)
where f, € L°°(Q) satisfies
fax) > f(x) in LY(RQ). (2.16)

Hence, in the autonomous case, whatever is the choice of the initial datum u, the “correspond-
ing” global solution of (1.1) which take uq as initial datum and is obtained by approximation,
converges (letting t — -+00) to the (unique) solution of the associate stationary problem
(2.14) obtained by approximation. We show now that the estimates proved in the previous
theorems allow to prove also interesting information on the regularity of the solutions of

(1.1).
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1810 M. M. Porzio

To this aim, let «° be as in Introduction the (unique) solution of (1.1) constructed by
approximation which assume zero initial datum. Thus, u° solves (1.14) and is the a.e. limit
in Q7 of the regular solutions 149, of the following approximating problems

@), — div(a(x,t, Vu9)) = fu(x, 1) in Qr,

W =0 on T, (2.17)
ug (x,0)=0 on £,
where
fn €L®Qr)  fu— f in LYQ7p). (2.18)

Recall that under the assumptions of Theorem 2.2 (i.e., (1.2)—(1.4), (2.6) and f as in (2.7))
u® has a global extension in  x (0, 400).

We notice explicitly that in all what follows the solution #° can be replaced by any solution
v of (2.3) (constructed by approximation) that satisfy a bounded initial condition.

Theorem 2.3 Assume (1.2)—(1.4) and (2.1). Let u® be the solution of (1.14) defined above.
Then there exists a solution u € C([0, T]; L' ()) of (1.1) which in every set Q2 x (e, T),
e € (0, T), has the same summability properties of u°, i.e., for every ¢ € (0, T)

u’ e L, T; LY (Q) = uel’(e,T;L"(Q) (2.19)
where § and v belong to the set [1, +o0]. In particular, it results
u’ e L0, T; LV (Q) = ueld ((0,T]; L")
Moreover; the following estimate holds true for every ¢ € (0, T)

i 1 |

L (Q) 1 1
el e 2oy < N4l e, 1oy + min —, C1 |QUv(T —¢)3
epr-2 e Np— 2)+p

(2.20)
with Co and C1 as in (2.5), and where (here and throughout the paper) we adopt the convention
1 . . .
that T = 0 and we denote |Q2| the measure of Q2. In particular, the following universal

estimate is satisfied

0 1 1
”u”L’S(S,T;LU(Q)) = ||l/l ”LS(ET LV (Q)) + L |Q|“(T —8)5. (221)
epr-2
Finally, u is obtained as the limit (a.e. in Q) of the approximating solutions u,, of problem
(4.1) and under the further “global assumptions” (2.6) and (2.7) it can be extended to a
global solution (denoted again u) satisfying the assert of Theorem 2.2.

Thus, thanks to the previous result, we can assert that, although the initial datum u is only a
summable function, instantaneously the solution « reaches the same regularity of the solution
u® which satisfy a bounded initial datum condition. Moreover, for every & > 0 arbitrarily
fixed, itis possible to estimate the norm of u in every set 2 x (g, T') with a constant independent
of up. Universal estimates are known in the literature when f = 0 and in the framework of
bounded solutions. Hence, estimate (2.21) allows to conclude that universal estimates remain
true also for nonzero data f and for possibly unbounded solutions.
An immediate consequence of Theorem 2.3 is the following regularity result.
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Corollary 2.2 Assume (1.2)—(1.4), ug € LY(Q) and f e L™, T; L*(2) withm and s in
(1, 400]. Then there exists a solution u € C([0, T1; L' () of (1.1) satisfying, for every
& > 0, the following regularity properties

1, N
uelL®Qx(T)) oty <1

ueli(Qx(T)) ifl<%+%§[fv71+l, m=>p, s>1,

weLI@x 1) fl<itd<Mirt§(1-L-1) 1sm<p, s=z1

ps — pm m

where

_ sm(N + p) + N(p —2)(ms — s + m)
1= Nm — pr(m — 1)

Indeed, there is “an immediate improvement in regularity” also of the gradient of u if the
datum f is not too irregular. In detail, it results:

Theorem 2.4 Let (1.2)—(1.4) be satisfied. Assume uqy € LY(Q) and f € L™, T; L*(Q))
with m and s in (1, +00] satisfying
N
—+— <1 (2.22)
m  ps
Then there exists a solution u of (1.1) (which is the same solution that appears in Theorems 2.1
and 2.2 ) satisfying

ueL®@eE T; L2(Q)NCI0,T]; LYQ)NLP (e, T; Wol’p(Q)) (2.23)
forevery 0 < ¢ < T and verifying the following estimates for almost everyt € (0, T)
)
N(p—2D+p
N N T s
lu®llo@) < AW = co I f lmo. ;@) +min § =, C—52— 1, (224)
tp—2 t No=-2+p
and
T
, 1 2
Vul” = =A@ | 5 A®O + 1 flL1 @ (2.25)
t JQ o 2

where co = co(T, |2|, N, @) and Cy and C1 are exactly the same constants that appear in
(2.5). In particular, the following universal estimates hold true

Co
lu@llre) < B@) =collfllLmo,1;L52) + —> (2.26)
tr=2
r p_ 1 |€2]
[Vul? < —=B@t)| —B®) + 1 flL1qn |- (2.27)
t JQ o 2

Moreover, the solution u is obtained as the limit (a.e. in Q) of the approximating solutions
uy, of (4.1). Finally, u is Hoelder continuous (of exponent 8 with respect to x and % with

respectto t) in Q x (e, T), for every 0 < & < T. In particular, it results
ueCEx(0,T)NCWO0, T); LX(Q)). (2.28)

Remark 2.2 We notice that the previous result reveals that although the initial datum u is
only in L'(2) there exists a solution u which becomes immediately bounded and whose
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1812 M. M. Porzio

gradient increases its summability too. Moreover, universal estimates, i.e., estimate which
are not influenced at all by the initial datum u are satisfied both by the L°°-norm of u and by
the L?-norm of the gradient of u. To our knowledge these universal estimates are not known
in the literature for nonzero data f.

Remark 2.3 We recall that it is well known that if f belongs to L™ (0, T'; L*(£2)) with m and
s satisfying (2.22), also without any information on the initial datum uq, all the solution
of (1.1) belonging to C(0, T’; L2(Q) N LPO, T: Wol’p(Q)) are bounded (see [12] and the
references therein). Moreover, the result has a local nature, i.e., if u is a local solution
belonging to C,-(0, T'; LZUC(Q))ﬂLﬁK O, T, lm P(Q)) and fisin L (0, T; Lj,.()) (with
m and s as before) then u is locally bounded (see [12,17] and the references therein). The
difference here with the classical L°°-theory is that the “starting regularity” C (0, T'; L>(£2))N
LP,T; W(}’p () is not assumed since we do not know if solutions with L!-initial data
have such a regularity. Moreover, the L°-estimates that we derive are completely different
from the classical ones since they do not depend at all from the solution itself.

Indeed, even if the initial datum is only a summable function, it is sufficient that f belongs
to the space L” (0, T; W17 (Q)) to have solutions that immediately belong to the energy
space C((0, T); L2(Q)) N LP, (0, T; Wy'? (%)) as the following result shows.

loc

Theorem 2.5 Let (1.2)~(1.4) be satisfied. Assume ug € L' () and f € L (0, T; W=7
(RQ)), i.e, f = fo—div(f1), with f; € LP,(QT), i = 0, 1. Then there exists a solution*
u of (1.1) belonging to C([0, T1; L' (Q)) N C((0, T); L*()) N LY (0, T; Wol’p(Q))3 and
satisfying the following estimates

q

wfs

ey = Ca 1ol gy + 1 ||L,,/(QT)]

o ol 7T
1
+min{ —— ¢;—=2 1, (2.30)
ep2 e Np=2+p

q

T
14
/fQIVquSCo (101l @y + 110 o
t

2p
N(p=2)+p
! c? luoll
+£ min S ,Cf% |Q|, forevery0 <t <T, (2.31)
o 172 t N7
1
2
where Cy = |: —— (max{1, cp})? :| , cp is the Poincaré constant defined in (4.36) and
plar!

/
co = %Cg—i—

2 Here, similarly to Definition 2.1, by a solution of (1.1) we mean a measurable function u €
L0, T; LY @) N L' 0, T; Wy ' () such that a(x, 1, Vu) € (L' Q7)Y and

[/ [—uaﬁ +a(x,t, Vu)Vga] dxdt = / upe(0)dx + /f [foe + f1Vel, (2.29)
Qr or Q Qr

for every ¢ € Wl oo(0 T; L®(Q)NL>®0,T; Wl’oo(Q)) satisfying ¢(T') = 0.
I
3 By 1P (0, T; Wy'P () we mean the space LY, (0, TT; Wy ” ().
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In particular the following universal estimates hold true

p/
7 Co 1
Il e rizan < Co [ 1ol on + 1 ilrop | * +—l@lt,  @32)
egr-2
T p P C1
s [Vul” < co I:”f()”Lﬂ/(QT) + 11/ ||L11’(QT)] + 722: Jorevery0 <t <T,
17-

(2.33)

2
where c1 = CO% |2|. Finally, u is the same solution satisfying Theorems 2.1-2.3 and hence
it is obtained as the limit (a.e. in Qr) of the regular solution u, of (4.1).

We prove now that under the assumptions of the previous theorem, the solutions that imme-
diately regularize are unique. In detail we have the following result.

Theorem 2.6 Under the assumptions of Theorem 2.5 there exists only one solution u of (1.1)
belonging to C([0, T]; L' ()) N C((0, T); L*(2)) N LIPUC(O, T; Wol’p(Q)).

Moreover; if v is a solution of (2.3) with vy € L'(2) and if u is a solution of (1.1) and if
both u and v belong to C ([0, T1; L'(Q2)) N C((0, T); L* () N L) (0, T; W(}’”(sz)) then

the following estimate ( “continuous dependence from the initial data”) holds true

P
luo —voll ifg, "
lu(®) —v(@®)llLo@) < C1——F———— foralmostevery t € (0,T) (2.34)

t N(p=2)+p

where Cy is the same constant (depending only on N, p and «) that appears in (2.5).

Remark 2.4 Animmediate consequence of the previous result together with Theorem 2.5 (see
also Remark 4.2) is that the solutions constructed by approximation are unique. We point
out that it is well known in the literature that the solutions constructed by approximation
are unique (and also in a more general setting) but here the proof of this result is com-
pletely different and shows that indeed the uniqueness holds in the set of the solutions that
immediately increase their regularity. Thus, the “reason” of the uniqueness of the solutions
constructed by approximation is their regularity C([0, T']; L' (2)) N C((0, T); L*(2)) N
LD (0, T; Wy'P ().

We conclude this section showing (in the following subsection) that most of the previous
results remain true in the more general framework of Radon measure data.

2.2 Measure data

Let us denote M (O) the set of (finite) Radon measures on O. As usual, if fis a Radon measure
on O, we identify the measure f with the application ¢ — |, o ¢df defined on C (0). If we
assume

ug € M(S2) (2.35)

and
feM®Qr) (2.36)

by a solution of (1.1) we mean the following
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1814 M. M. Porzio

Definition 2.3 Under the assumptions (2.35) and (2.36) a function u € LYo, T; WOI’I(Q))
is a solution of (1.1) if a(x, r, Vu) € (L' (Q7))N and

// I:—uai +a(x,t, Vu)Vg0:| dxdt :/ ©(0)dug + // pdf, (2.37)
Qr at Q Qr

for every ¢ € C®°(Qr) which is zero in a neighborhood of I' U (Q x {T'}).

As noticed above, here we investigate both the semilinear case p = 2 and the degenerate
case p > 2. The singular case p < 2 will be the subject of a forthcoming paper (see [26]).
We recall that if the data ug and f are finite Radon measures and if the structure conditions
(1.2)—(1.4) are satisfied with p > 2, then there exists at least one solution of (1.1) (see [7]).
We have the following results:

Theorem 2.7 Let (1.2)—(1.4) be satisfied with p > 2. Assume (2.35), (2.36) and vy in M (S2).
Then there exist u and v solutions of, respectively, (1.1) and of (2.3) such that the following
estimates hold true for almost every t € (0, T)

[)
N(p=2)+p

. Co ||M()—U()||MQ .
lu(r) = v(D) L@ < min { —-, C————F 2 b if p>2  (238)
tpr-2 t Np=2+p
and
. luo — vollm(e luo — vollm(e )
lu) — v(®)|| L) < mmic v @ ¢ SME L i p =2 (2.39)
t2e 12

where Co and C are the same positive constants defined in (2.5), Ca is a positive constant
depending only on N and « and o is a positive constant depending only on «, |2| and N
(see formula (4.52)).

Moreover, these solutions u and v are obtained as the limit (a.e. in Q) of “classical”
solutions of the approximating problems (respectively) (4.46) and (4.49).

As already noticed in the case of L!-data, the previous estimates are rather unexpected being
the data only bounded Radon measures. We point out that in the particular case

f=0

choosing vy = 0, by the previous Theorem it follows that there exists a solution u of (1.1)
satisfying the following estimates for almost every ¢ € (0, T')

])
C luoll yiey "
@@y < min { —1-, Ci——2D 1 if p>2 (2.40)
tr—2 t Np=2+p
and
u u
wmhmmSImﬁa”%W@%q”“WM} it p=2 4
120! t?

(being in this case v = 0). To our knowledge, estimates (2.40) and (2.41) seem not known
in literature and show that the L°°-regularization property, well known (when f = 0) for
L'-initial data, appears also for measure initial data. Notice that if p > 2 by (2.40) it follows
the universal estimate

C
lu(t) || L) < 10 for almost every ¢ € (0, T) (2.42)
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and hence again, as in the case of initial data in Lebesgue spaces, the L° norm of the solution
can be estimate by quantity independent of the initial datum itself.

We show now that also in the case of measure data there exist global solutions (according
to Definition 2.2) having the same asymptotic behavior in time. We point out that the proof
of the existence of such global solutions is different from the previous case of L!-data since
now the solutions in Q7 (generally) do not belong to C ([0, T']; L'(R)). In detail, we have:

Theorem 2.8 Let (1.2)—(1.4) and (2.6) be satisfied with p > 2. Assume (2.35) and vy in
M (R2). If (2.36) holds for every T > 0, then there exist a global solution u of (1.1) and a
global solution v of (2.3) such that estimate (2.38) if p > 2 and (2.39) if p = 2 are satisfied
for almost every t > 0.

In particular, the limit (2.9) holds true, i.e.,

z—lfgloo () — v(@) L) = 0.

Corollary 2.3 (Autonomous case) Let (2.11), (1.2)—(1.4) and (2.6) be satisfied with p > 2.
Assume (2.35) and f in M(S2). Then there exists a global solution u of (1.1) such that for
almost every t > 0

P
N(p=2)+p
e o —wiy ‘
Ju(®) = wlizxg) < min § =, Cl——F2— 1 if p>2  (243)
tr-2 t Np=2+p
and
, luo — wllme luo — wilm@ :
lu(t) = w2y < mln{Cz G M@ i p=2 (244
t2e t2

where Co and Cy are the same positive constants defined in (2.5), C» and o are the same
positive constants defined in (2.39) and w is a solution (constructed by approximation) of the
associated stationary problem (2.14). In particular, it results

li — 00 =0.
t_}?@llu(f) wllro@ =0

Here, by a solution w of the stationary problem (2.14) with datum f in M (2) we mean a
function w € W' (Q) such that a(x, Vw) € (L'(2))" and

/ a(x,Vw)Vedx = / edf,
Q Q
for every ¢ € C°(L).

We point out that the assumptions of Corollary 2.3 guarantee the existence of a solution
w of (2.14) (see [7]).

The following result shows that also in the case of measure initial data there exists at least
a solution which “immediately” improves its regularity reaching the same regularity of the
solutions verifying bounded initial data. In details, let us assume

vo € L*®(Q) and f e M(Qr) (2.45)

and let v a solution of (2.3) obtained as limit (a.e. in Qr) of v, € L*®(Qr) N
C([0, T1; L*()) N LP(0, T; W, " () solutions of

(vn)r — div(a(x, 1, V) = fu(x, 1) in Qr,
v, =0 on T, (2.46)
v(x,0) = vg on £,
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1816 M. M. Porzio

where
fn € C3P(Rr) : fn convergesto f in the weak- * topology of measures. (2.47)

We recall that under the assumptions (1.2)—(1.4), there exists such a solution v (see [7]).
Moreover, in this more general setting of measure, we do not know if the solutions of (2.3)
obtained by approximation are unique. Anyway, we have the following regularity result:

Theorem 2.9 Let (1.2)—(1.4) be satisfied with p > 2. Assume (2.45) and (2.35). If v is as
above a solution of (2.3) constructed by approximation, then there exists a solution u of (1.1)
having the same summability properties of v, i.e., for every ¢ € (0, T) it results

ve e, T; L"(Q) = uelL’(e,T;L"(Q) (2.48)
where § and v belong to the set [1, +00]. In particular, it results
ve L0, T; LY (Q) = uell ((0,T];L" ()

Moreover, if p > 2 the following estimate holds true for every ¢ € (0, T)

P
N-—Tp
. Co lleo — UOHM(Q) 1 1
Nl zs e .oy < M0llLse, 700 ()) + min —> C1 N |2 (T —¢)3
ep2 e Np-D+p

(2.49)
with Co and Cy as in (2.5) (positive constants depending only on p, N and o). In particular,
the following universal estimate holds

Co

1 1
Nullpse, 7,00 @) < MllLsce, v @) + — 1S (T —&)s. (2.50)
gr2

If otherwise p =2, for every ¢ € (0, T) it results

lllpo e, 70 @) = IVlLse ;00 @)

lleo — voll m(2) llo — vollm(s)
, C1 N

+ min {Cz
£2e%¢ e2

}|Q|%(T—a)% @2.51)

with Co and o as in (2.39). Finally, u is obtained by approximation.

Hence, an interesting consequence of the previous result is that if f is in L™ (0, T'; L (2))
with m and s satisfying (2.22) and ug is in M (£2), then there exists a solution of (1.1) which
immediately becomes bounded, despite the fact that the initial datum is only a Radon measure.
The following result shows that, analogously to the case of summable initial data, also the
gradient of the solution improves instantaneously its regularity.

Theorem 2.10 Let (1.2)—(1.4) be satisfied with p > 2. Assume ug € M(Q2) and f €
L™, T; L5(2)) with m and s in (1, +00] satisfying (2.22). Then there exists a solution
u of (1.1) satisfying

ue L®e, T; L) N LP (e, T; Wy P () (2.52)

for every 0 < ¢ < T. Moreover, for almost every t € (0, T) the following estimates hold
true

A

lu@) Lo < A), (2.53)

r L)
/ f vl < L aq) <—A(r> + ||f||L1(QT>> (2.54)
t Q o 2

IA
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where
NG
. Co ”uO”Mpg; ! .
A(t) = co | fllLm,T:L5 (%)) + min ; ,C1+ ifp>2 (2.55)
tr—2 t No=-2+p
and
. luollme luollm (e .
A(I):C() ||f||Lm(()7T;Ls(Q))+mln{Cz 5 U(t ),C] N (€2) lfp=2» (256)
tZe 7

with co = co(T, |R2], N, @) as in (2.24) and C; (i =0, 1, 2) and o as in Theorem 2.7.
In particular, if p > 2 the universaLestimates (2.26) and (2.27) are satisfied.
Finally u is Hoelder continuous in Q x (g, T') and the regularity property (2.28) holds.

An immediate consequence of the previous theorem is the following interesting result.

Corollary 2.4 Let (1.2)—(1.4) be satisfied with p > 2. Assume ug € M(S2). Then there exists a
solution u of (1.10) belonging to L>® (e, T; L (Q)NLP (e, T; W(}’P(Q))mcqg, T1; L3(R))
and Holder continuous in Q x (¢, T), for every ¢ € (0, T). Moreover, the following universal
decay estimates hold if p > 2

=S

and the following exponential decay estimates are true if p = 2

1
()l gy < Co POIM@ (//HV|)<C”WW@

tZeUt tZeUl‘

clel Cs _ OJ/IQ]
2aa AT T g
Indeed, although the initial data are only Radon measures, to have an immediate improvement
in the regularity of the gradient of the solutions (again as in the case of summable initial data)
it is sufficient that the data f belong to L” (0, T'; WP (Q)), as the following result clarify.

where C3 = with Cg, Cp and o as in Theorem 2.7.

Theorem 2.11 Let (1.2)—(1.4) be satisfied with p > 2. Assume ug € M(2) and f €
LY, T; W=l (Q)), ie., f = fo—div(f1), with f; € LV (Qr), i = 0, 1. Then there
exists a solution u of (1.1) belonging to L (0, T Wol‘p(Q)) N Cloe (0, T L3(Q)) and sat-

isfying the following estimates

loc

i

2
iz < Ca [Ioll @y + 1 filr @] + B@© @57
T P p/ )
[ [ 19ue < co[ 0ol + il + 2 BOP foreveryo <=7
t JQ o
(2.58)
where
NG
co . Nuol Jo7
B(e) = min { —-, C;—D__ViQiz i p>2
gr—2 e Np=2+p
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P
N(p=2)+p
. uollm lluoll yr(e2 o
B(e) = min | ¢, 10lm@ o 0w Lo e g
£2e%¢ e Np=D+p

where Cy and cq as in Theorem 2.5.
In particular, if p > 2 the universal estimates (2.32) and (2.33) hold true.
Finally, u is obtained as the limit (a.e. in Q) of the regular solution u, of (4.46).

3 Preliminary results

We recall here some known results about L°°-decay estimates proved in [20] that will be
essential in the proofs of the outcomes presented here. We observe that in the theorems below
only integral estimates are assumed (hence a priori the functions involved could not solve
any partial differential equation). Moreover, the proofs of all the results stated in this section
make use only of elementary tools (a Lemma on suitable continuous functions proved in
[27] and a classical Lemma on nonnegative real numbers often used in the framework of
boundedness). We point out that further developments and applications of regularity results
proved simply by means of suitable integral inequalities can be found in [19-26].
In detail, let us define

Gi(s) = (Is| — k)+ sign(s). (3.1)
We have:
Theorem 3.1 (Theorem 2.1 in [20]) Assume that
ue C(0,T); L () N L0, T; LY(2)) N C([0, T); L™(£2)) (3.2)
where Q is an open set of]RN, N>10<T <+4o0and
1< < by < b po = L =10) 3.3
<rp<r<qg<+4oo, bp<b<gq, by= — & 3.3)
q
Suppose that u satisfies the following integral estimates for every k > 0
[ 1Gewraas - [ 16l wds
Q Q
2]
+61/ ||Gk(u)(‘r)||}iq(9)dr <0 forevery 0 <tj <thp <T (3.4)
n

Gk @)@l Lro@) < c2llGrw)(@o)llLo) forevery 0 <ty <t <T, (3.5)
where ¢ and ¢y are positive constants independent of k and
uy = u(x,0) € L'(Q). (3.6)

Then there exists a positive constant C1 (see formula (4.19) in [20]) depending only on N,
c1, €2, 1, ro, ¢ and b such that

h
lluoll L90 Q)

lu (@)l Lo @) < ClT Jorevery t € (0,T), 3.7
where
h —1 h h <1 b) 3.8)
= , = — — ) ro. .
1= " —ro) = r?Tb 0 1 p 0
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Moreover, if € has finite measure we have universal bounds if » > r and exponential
estimates if b = r. More in detail we have the following results.

Theorem 3.2 (Theorem 2.2 in [20]) Let the assumptions of Theorem 3.1 hold true.
If Q has finite measure and b > r we have the following universal bound

C
Il < o for every 1€ (0.T), (39
where
hy=hy+ 0 = 1 (3.10)
L A ’

and Cy, (see formula (4.19) in [20]), is a constant depending only on r, ry, q, b, c1, ¢z and
the measure of Q2.

Theorem 3.3 (Theorem 2.2 in [20]) Let the assumptions of Theorem 3.1 hold true.
If Q has finite measure and b = r the following exponential bound holds

lluoll o)

hgor  Jorevery 1 € (0. 1), (3.11)
e

lu@® Lo < Ca

where Cy is a positive constant depending only on N, cy, c2, r, ro, b and q, hy is as in (3.8)

and c1K T
o=— 1 _ « arbitrarily fixed in (0, 1— —0> . (3.12)
r

-2’

4 = r)l@'"a

4 Proofs of results

In this section, we prove all the results stated in Sect. 2.

4.1 Proof of Theorem 2.1

Let u be a solution u of (1.1) obtained as the a.e. limit in Q7 of the solutions u,, € L>®(Q7)N
C([0, T1; L>(2) N LP(0, T; Wol’p(Q)) of the following approximating problems

(un)e — div(a(x,t, Vup)) = fu(x, 1) in Qr,

u, =0 on I, “4.1)
1 (x, 0) = g (x) on @,
where the data ug ,(x) € L>(2) and f, (x,1) € L*(Qr) satisfy
uon(x) — up in LY(S), 4.2)
fulx, 1) = f(x, 1) in LY(Qp), 4.3)

(see [7]). Notice that being u,, in C ([0, T']; L2(£2)) we can choose in (2.2) also test functions
¢ not satisfying ¢(7) = 0 and in these last cases in the left-hand side of (2.2) will appear
also the integral on Q2 of u,, (T)¢(T). Indeed, it results

p(N+1)—N

e L90, T: W forevery 1<
u ( o (§2) very 1 <g < N1

(see again [7]) and
ueC(0, Tl L' ().
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(see [28]). Analogously, let v € C([0, T]; LY(Q) N LI, T; Wg’q(Q)) be a solution of
(2.3) obtained as the a.e. limit in Q7 of the sequence v, € L*®(Qr) N C([0, TT; LZ(Q)) N
LP(0,T,; WO1 "7 (€)) solutions of the following approximating problems

(vp)r — div(a(x,t, V) = fu(x, 1) in Qr,
v, =0 on T, “4.4)
vy (x, 0) = v, (x) on £,

where vp , (x) € L*°(Q) satisfies
von(x) = vy in LY(RQ), (4.5)

and with f;, the same approximating sequence defined in (4.3). Let k a positive constant
arbitrarily fixed and Gg(s) the real function defined in (3.1). Choose G (u, — v,) as test
function in (4.1) and in (4.4). Notice that these choices, together with the following ones
can be made rigorous by means of the Steklov averaging process. Subtracting the equations
obtained in this way we get forevery 0 <t <tp < T

1 2 1 2
5 | 1Gkun —v)@)I" — 5 | 1Grun — vp)(11)]
2 Ja 2 Ja
n
+/ /[a(x7t7 Vu,) —a(x,t, V) IVGr(uy —v,) = 0.
1 JQ
By (1.3) the previous estimate implies
1 2 1 2
3 |Gr(up — va)(@2)|" — 3 |Gk (un — va)(t1)]
Q Q

5]
+(x/ / IVGr(un —vp)|” <0, (4.6)
1A
and hence, thanks to the Sobolev inequality* we obtain

5]
/|Gk(un—vn)(tz>|2—/ |Gk<un—vn)(t1>|2+2acs/ 1Gin =)} ) = O-
Q Q t
' (4.8)

Notice that the previous inequality is equivalent to require that the assumption (3.4) is satisfied
by u, — v, with ¢y = 2acg, ¥ = 2,b = p and g = p*. Observe also that the previous choice
of the coefficients r, b and q satisfies the condition (3.3) with ryp = 1. Moreover, it results
b > r. Hence to apply Theorem 3.2, we need to prove that also (3.5) is verified. To this aim,

. . . _ . 1 . -
let 5 > 1 arbitrarily fixed and take as test function ¢ = {1 e ] sign(u, —vy)

in both the problems (4.1) and (4.4); subtracting the equations obtained in this way we get
forevery0 <<t <T

4 The Sobolev inequality: there exists a constant ¢y depending only on N and p (N > 2) such that

1)
P* N

Cs </ Ivlp*dx> "< / |[Vu|Pdx  forevery v € W(;’p(ﬂ), pF = Py 4.7

Q Q N-—p
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1 1
/'G"(””_””)'([H —afg{1_[1+|Gk(un—vn)|(r)16—1}

+8 rr/[a()c t,Vu,) —a(x,t, Vu,)IVGr(u, — vy,

1
[1 + |Gy — va) |11

1
/'Gk(”" o)t} + 7 /{ [1+|Gk(un—vn>|(ro>]8—1}’

from which, thanks to assumption (1.3), we obtain forevery 0 <7 <t < 7T and§ > 1

1 1
/Q|Gk(un—vn)|(z)sfQ|Gk<un—vn)|<ro)+8_1/Q[Hle(un_vnm]‘;_1

€2
= | 1Gk(un —vp)l(0) + —.
Q §—1
Hence (letting § — +00) we deduce
[ 16100 = 1) = [ 161t = vl 49)
Q Q
i.e., (3.5) is satisfied. Thus we can apply Theorem 3.2 obtaining the following universal
estimate c
lita(t) = va (@Dl o@) < —o— forevery 1 € (0, T), (4.10)
172

where the positive constant Cy depends only on N, p and «. Noticing that u, — v,, converges
a.e. to u — v in Q7 by the previous estimate we deduce

C
lu(t) —v(@®)|lLe@) < 10 for almost every ¢ € (0, T), “4.11)

tpr—2

where Cyp = Cy. We observe that also the assumptions of Theorem 3.1 are satisfied and
consequently also the following estimate holds true

_p
leo.n = vounll 1y
lun (@) — vaOllLe@) < Ci 5 forevery t € (0, T), (4.12)

t N(p=2+p

where C| is a positive constant depending only on N, p and «. Hence by (4.12) we obtain

N(p 2)+p
[leo — vo ||L1(Q)

lu(®) —v(@®) L@ < C1 for almost every t € (0, T). (4.13)

t Np— 2)+1'

By (4.11) and (4.13) it follows that estimate (2.5) holds true. m]

Remark 4.1 We notice that if in (4.1) we change the approximation of the initial datum u,
i.e., if we consider another approximation, as for example

(zn): — div(a(x,t,Vzy)) = fulx,t) in Qr,
=0 on T, (4.14)
20 (x,0) = 20,0 (x) on €2,

where the data zp ,(x) € L*°(2) satisfy

202(x) = up in L'(Q),
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and f,(x,1) € L°°(Q2r) are as in (4.3) then by estimate (4.12) it follows that

P
_ N(p=2)+p
||”O,n ZO,Vl”Ll(Q)
N

lun(®) — 2o (DL < Ci forevery t € (0, T),

t N(p=2+p

and hence both these approximations will converge to the same solution « of (1.1). In other
words, changing the approximation of the initial datum, the solution u that we obtain as a
limit does not change. The uniqueness of the solutions obtained by approximation is a known
result but here we obtain a different proof that make use of the “continuity estimate” (4.12)
(or, equivalently, of (4.13)).

4.2 Proof of Theorem 2.2

Let Ty > 0 arbitrarily fixed. By Theorem 2.1 there exists a solution Ug € C([0, Tp]; L'(2))
of
(Uo)r — div(a(x, 1, VUp)) = f(x,1) in Q,
Up=0 on Q2 x (0, Tp), (4.15)
Uo(x,0) = up(x) on £,

obtained as a.e. limitin 2 x (0, Tp) of regular solutions u,, € L*°(Q27,)NC ([0, Tol; Lz(Q)) N
LP(0, Top; Wol "P()) of the following approximating problems

(un)r — div(a(x, 1, Vuy)) = f(x, 1) in Q.
Uy =0 on 39 x (0, Tp), (4.16)
up(x,0) = ug,,(x) on ,

where the data ug ,(x) € L>°(2) are as in (4.2) and f,?(x, 1) € L*®(Q7y,) satisfy
o, 0 = fx,n in LY(Qq). (4.17)

With a similar construction and again by Theorem 2.1, we obtain a solution U; belonging to
C([To, 2Tol; L'(R)) of

(Uy); — div(a(x,t, VUy)) = f(x,t) in Q x (Tp, 2Tp),
U =0 on 02 x (Ty, 27Tp), (4.18)
Ui (x, To) = Uy(Tp) on £,

obtained as a.e. limit in 2 x (7p, 27p) of regular solutions (that for sake of notation we denote
againu, ) problems u,, € L (Q2x (Ty, 2Tp))NC ([T, 2To]; L2(Q)NLP(Ty, 2Tp: Wé’p(Q))
of the following approximating problems

(un); — divia(x, 1, Vup)) = fl(x, 1) in Q x (To, 2To),
up =0 on 92 x (To, 2Tp), (4.19)
i (x,0) = up,n(x) on £,

where the data u; ,(x) € L°°(2) are regular approximations of Uy(7p) (hence satisfying
similar converging properties in (4.2)) and fn1 (x,1) € L®(Q x (T, 2Tp)) satisfy

flee ) = fx.n in LYQ x (Ty, 27Tp)). (4.20)
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Iterating this process, we construct a sequence of solutions U; in C([i Tp, (i + 1)Tp]; LY()
(i € N) of

(Ui)r — div(a(x,t, VUp)) = f(x,t) in Q x (iTo, (i +1)Tp),
U =0 on 02 x (iTy, i + 1)Tp), 4.21)
Ui(x,iTy) = U;_1(iTp) on £,

obtained by approximation. We define u = U; in Q x [iTy, (i + 1)Tp], for every i € N.
By construction it follows that u is a global solution (according to Definition 2.2). In a
similar way, using the same approximation of f defined above (i.e., f,(x,t) = f,i (x,1) in
Q x (iTp, (i + 1)Tp) for every i € N) we construct a global solution v of (2.3). Now the
assert follows by Theorem 2.1. O

4.3 Proof of Corollary 2.1

Let w be the solution of the stationary problem (2.14) obtained as the limit in LY(Q) of the
solutions w, € Wol’p(Q) N L%°() of (2.15) where f, € L°(Q) satisfy (2.16). Passing
eventually to subsequences, we can assume that w, converges a.e. in 2 to w. We observe
that w(x, t) = w(x) is also a global solution (according to Definition 2.2) of the following
problem

w; — div(a(x, Vw)) = f(x) in Qr,

w=20 on T, 4.22)

w(x,0) = w(x) on 2.

Moreover, the approximating functions w, (x) = wj,(x, t) are global solutions too but of the
following problems

(wy); — div(a(x, Vwy)) = fu(x) in Qr,
w, =0 on I, (4.23)
wy, (x,0) = wy,(x) on Q.

Let u be the global solution of (1.1) constructed in the proof of Theorem 2.2, i.e., u is
the a.e. limit in Q7 (for every arbitrarily fixed T > 0) of the solutions u,, € L*(Q7) N
C([0, T]; L*(2) N LP(0, T; Wol’p(Q)) of the following approximating problems

(un); — div(a(x, Vu,)) = fu(x) in Qr,
u, =0 on I, (4.24)
un(x,0) =up,(x) on £,

where the data ug ,(x) € L>°(R2) satisfy (4.2) and f;, is the same sequence chosen above in
(4.23). Now the assert follows applying Theorem 2.1. O

4.4 Proof of Theorem 2.3

Let u” be (as in the statement of the theorem) the solution of (1.14) obtained as limit of
the approximating solutions ug of (2.17). Construct u as the solution in C([0, T]; L' ())
obtained as the limit (a.e. in 27) of the solutions of the approximating problems (4.1) where
fn is the same approximating sequence of f chosenin (2.17). Hence, by Theorem 2.1 (applied
choosing v = uo) we deduce that (2.5) holds true, i.e.,
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p
No-2%p
0 . Co ”uO”Ll[(’Q) !
lu(®) —u’(t)|lLo@) < min { ——,Ci———— for almost every t € (0, T)
= t NG5

from which it follows that for almost every (x, t) € Qr

P
N(p=2+p
C lluoll ;s
JuCx, 0] < [u®Cx, )] +min § —, € ——5 D (4.25)
tr—2 t No=-2+p
Now the claims (2.19) and (2.20) gather by the previous estimate. ]

4.5 Proof of Corollary 2.2

The assertions follow by the results in Theorem 2.3 together with the regularity results
(applied to u%) in [6,12,18]. ]

4.6 Proof of Theorem 2.4

By Theorem 2.3 there exists a solution « of (1.1) which belongs to C([0, T]; L'()) and
satisfies (2.19) and (2.20). Moreover, u is obtained as the limit (a.e. in 27) of the approxi-
mating solution u, € L*°(Q27) N C([0, T]; LE2(Q)NLPO, T; W(;’p(Q)) of (4.1). It is not
restrictive to assume that the approximating sequence f;, satisfy

I fallLvry = 1f L @y (4.26)

Since assumption (2.22) implies that u® belongs to L°°(27), it follows that for every ¢ €
(0, T) arbitrarily fixed, u belongs to L™ (e, T'; L°°(£2)) and satisfies

___r__
NG-DF
CO ”u()”Lpo ’
0 : c @
lullLooe,7;00(@)) < Il | Lo (e, T;L%0(2)) + min - C1 N
ep-2 e N(p-2)+p

By the previous estimate and recalling that u satisfies the classical L*°-estimate

1u®ll oo (@py < co Il fllLmo, 7525 @))s 4.27)

(where cg depends only on 7', N, «, p and |2|) we conclude that estimate (2.24) holds true.
We show now that also the gradient of # has an immediate improvement in regularity and
satisfies estimate (2.25).

To this aim, take u,, as test function in (4.1). We deduce that forevery 0 <¢ < T

1 T 1 T
f/ |un(T>|2+a// |wn|Ps—[ |un(z>|2+/ffnun. 4.28)
2 Ja : Ja 2 Ja : Ja

Notice that we can estimate the right-hand side of the previous inequality as follows. Thanks

to (2.24) we have
12|

1 2 2
Efglun(t)l = -5 [AOF, (4.29)
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where A(t) is as in (2.24). Moreover, it results (thanks to (4.26))

T
// Sottn < llunllzoe@x e, o 1L 11L1@q)-
r Ja

Hence, using again estimate (2.24) we deduce

lunllLoe@x 1)) < sup lun(DllLe@) < sup A(r) = A1) (4.30)
e, T) Te(t,T)

Thus by the previous inequalities we obtain

T
/ /anun = AONflizv - (4.31)
t
By (4.28)—(4.31) we conclude that
r 1 1|
f/ IVun|? < —A@) (—A(r>+ ||f||Ln<QT)), (4.32)
t JQ o 2

which implies the assertion (2.25).

We observe that from what proved above it follows that u belongs to C((0, T); L>(2)). As
a matter of fact, the sequence u,, is a Cauchy sequence in C ([0, T']; LY(Q)) and by (4.30)itis
also equi-bounded in [¢, T] x 2 (by A(e)) for every ¢ > 0 arbitrarily fixed. Hence u,, is also
a Cauchy sequence in C([g, T1; L?(2)) for every & > 0 arbitrarily fixed and consequently u
belongsto C([e, T']; L3(2)) (for every ¢ > ( arbitrarily fixed), i.e., u isin C((0, T); L2()).

Now, observing that u belongs to L*°((e, T); L*°(2)) N C((0, T); LA(Q)NLP((e, T);
Wol’p () (for every & € (0, T) arbitrarily fixed) the Hoelder continuity of u in Q x (g, T)
follows by the result in [13] (see also [12]). m]

4.7 Proof of Theorem 2.5

Since the datum f is in the dual space LP’(O, T; W_I’P/(Q)), we can construct a solution u
of (1.1) as the a.e. limit in Q7 of the solutions u, € C([0, T]; L2(Q)) N LP(0, T; W," ()
of the approximating problems

(up): — div(a(x, Vuy)) = fin Qr,
U, =0 on T, (4.33)
un(x,0) = up,(x) on £,

where the sequence ug , satisfies (4.2) and, differently from the previous approximation
problems (4.1) above, now it is not necessary to approximate also the datum f with more
regular data f,,. Hence now, differently from above, generally u, doesn’t belong to L (27).
Anyway, the regularity of the approximating sequence u, is enough to conclude (doing
the same calculations in the proofs of Theorems 2.1 and 2.3 ) that also now (2.19) and
(2.20) hold true with u° the unique solution of (1.14) belonging to C([0, T']; L2(2) N
LP(0, T; Wy P ().

Thus, being 1% in L2, T; L*(Q)), by (2.19) and (2.20) it follows that u belongs to
L® (e, T; L>(R2)) (for every positive ) and verifies

___r
N(p=2)+p
Co Cl ”uO”LI(Q)

. 1
lll oo,z 2202 < 10l Lo e, 721202y + min IQ12, (4.34)

’

1 ___N
ep2 eN(p-2)+p

@ Springer



1826 M. M. Porzio

where Cp and C are as in (2.5). Hence, to obtain an estimate for u by the previous inequality
we need to estimate the norm [|u°|| Lo (e,T:L2(<))- 10 this aim taking u® as test function in
(1.14) and using (1.5) we deduce forevery 0 <t < T

t
3 [weor+a [ [ e
2 Ja 0/e
t t
5// f0u0+// f1vul. (4.35)
0JQ 0JQ

We estimate now the right-hand side of the previous inequality. We have (using Young and
Poincaré’ inequalities)

t t
f / fou'+ / / AV foll oy 10 @xe. 1y + 1AL oy IV I Lr @xcte. Ty
0JQ 0JQ

IA

(101 @ ye2 + 1Ll | IV80 N 2r ey

a (T 1 P
0p
- / /Q VUl + (1800 @pyer + 1Al |
t

< 1
plart
o r 0p 1 » 14
<2 1w + ———max(t e [1foll o oy + 1 fillray | - @37
Pt Ja plarT

where cp is the Poincaré constant defined in (4.36). By the previous two estimates, we deduce
that forevery 0 <t < T

1 t
5 [utor+ 2 [ [
2Jq P Jola
1 /

’ P
< ——max(Lep)” [1foll oy + Willriap] - (438)
plar

which implies

S,

11l (0. 722200 = Ca [Lfoll gy + 1 fillrap ] - (439)
1

2
where Cy = |: 2 (max{1, cP})p/i| . By (4.39) and (4.34) it follows

p/ap—l
R
2 . 0 L'(Q) 1
lullpoee 722 < Ca |10l p @py + 111y + min — Cl———— (122,
( () (Qr) (Qr)
g2 e N(p=D)+p

(4.40)
and hence estimate (2.30) is proved.
We show now that also the gradient of # has an immediately improvement in regularity.
To this aim, choose u,, as test function in (4.33). We obtain

5 The Poincaré inequality: there exists a constant ¢ p depending only on €2, N and p such that

1
IvlliLr @) < cplVollir — forevery v e WO’p(Q). (4.36)
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1 T
f/mADF+af/ﬁme
2 Jg ¢+ Ja

1 T T
< 7/ |un(l)|2 —I—/ / foun +/ / fiVu,, forevery 0 <t <T. (441)
2 Ja r Ja t Ja

Proceeding as in the proof of (4.40) we deduce that

P
’ N(p—2)+p

28 ) C ||”0n|| 1 1
lenll oo, 120y = Co [0l gy + 11t gy ]~ + min { == €l ——L52— i,
ep=2 e Np=2+p
(4.42)
Moreover, by reasoning exactly as in (4.37) we get
T T
/ / Soun +/ f S1Vuy,
t JQ t JQ
o T p 1 pl P/
=2Vl ——max (1, ep)? [1foll gy + 11l | -
pJrJa plarT
(4.43)
By (4.41)—(4.43) it follows
T
o
<[ v
P Jr Ja
172 2
/ N(p=2)+p
] % . CO “u().}’l“Ll Q 1
=5 | Ca [l ol + 1l | + min{ == €1 ——5 @103
2 (72 (=

q

1 q )4
- max(L,ep)” [ foll gy + 11l oy |+ forevery0<r <7,

/

plart
(4.44)
that is
T
//WWV
t JQ
2,
p' vy c? ||uon||N1(”£)+”
2 - 0 o Monlipig)
5EC“[”fo”LP’(szr)*”fl”w’(szr)] e tﬁ’CIti L

’

1 ’ P
" (max{1, cp})? [||f0||Lp/(QT) + ||f1||L,,/(QT)] , forevery0<t<T,
(4.45)

+

from which the assert (2.31) follows. To conclude the proof it remains to show that u belongs
alsoto C((0, T); L>(2))NC ([0, T1; L'(2)). The regularity C((0, T); L*(£2)) follows by the
regularity LZ’; (0, T; WOl "7 (Q)) proved above together with the structure assumption (1.4).
Finally, the regularity C([0, T']; L' (£2)) can be proved proceeding exactly as in the proof of

Theorem 1.7 (first step) in [21] and hence we omit it. ]
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Remark 4.2 We point out that the previous proof shows that under the assumptions of Theo-
rem 2.5 every solution u constructed by approximation (i.e., as the limit of regular solutions
u, of (4.33)) immediately increases its regularity, since it belongs to C ([0, T']; Ll(Q)) N
C((0,T); LA(Q) N Lﬁ)C(O, T; W(;’p(Q)). Moreover, it also satisfies all the estimates stated
in Theorem 2.5.

4.8 Proof of Theorem 2.6

It is sufficient to prove estimate (2.34), since the uniqueness result immediately follows
applying such an estimate to (eventually different) solutions belonging to C ([0, T']; L L@)Hn
C(0,T); LA(Q)NLY (0, T; Wol’p(Q)) and satisfying the same initial datum uo. Hence,

loc
let # and v as in the statement of the theorem. Now the proof of (2.34) follows proceeding

exactly as in the proof of estimate (4.12) (simply replacing u, with # and v, with v in the
proof above) since the regularity on u and v is sufficient to repeat exactly the same calculation
done before. O

4.9 Proof of Theorem 2.7

Let u be a solution u of (1.1) obtained as the a.e. limit in Q7 of the solutions u,, € L*°(Q7)N
C([0, T]; L>(2) N LP(0, T; Wol’p(Q)) of the following approximating problems

(n); — div(a(x, t, Vu,)) = f(x, 1) in Qr,
u, =0 on I, (4.46)
Uy (x,0) = ug,(x) on £,

where the data satisfy

upn(x) € L*(Q), wuon(x) — up inthe weak- x topology of measures, (4.47)
fulx,t) € L*(Q71), fu(x,t) —> f inthe weak- * topology of measures,
(4.48)

(see [7]). We recall that also in the case of measure data it results

p(N+1)—N
P AN

e LY O,T;WI’qQ forevery 1<
u ( o (€2) y 1=<gq Nl

(see again [7]). Analogously, let v € L4(0, T Wol’q (£2)) be a solution of (2.3) obtained as
the a.e. limit in Q7 of the sequence v, € L*(Qr)NC([0, TT; L2(Q)NLPO,T; W&’p(Q))
solutions of the following approximating problems

(vn)r — div(a(x, 1, Vv,)) = fu(x, 1) in Qr,
v, =0 on T, (4.49)
vp(x,0) = vO,n(x) on £,

where f;, is the same approximating sequence defined in (4.48) and vy , (x) satisfies
vo.n(x) € L(R2) wvon(x) = vy inthe weak- * topology of measures. (4.50)
We also choose the approximating sequence ug ,(x) verifying

lvo,n(x) — uO,n(x)”Ll(Q) < llvo — uollm()- 4.51)

@ Springer



Asymptotic behavior and regularity properties of strongly... 1829

Choosing G (1, —vy,) (k > 0) as test function in (4.46) and in (4.49) and proceeding exactly
as in the proof of Theorem 2.1 we deduce that estimate (4.10) if p > 2 and (4.12)if p > 2
hold true. Indeed, if p = 2, proceeding as in the proof of (4.10) but applying Theorem 3.3
(instead of Theorem 3.2) we deduce that also the following estimate holds

lo,n — vonllL1(@

lun(8) = va (DL < Cr———

t2 eO'l

where C» is a positive constant depending only on N and « and o is given by the following

formula
acgk
o= 5
2|1Q[~

1
, Kk arbitrarily fixed in (0, 5) . (4.52)

Hence, by the previous estimates and (4.51) it follows that for almost every ¢ € (0, T)

)
N(p=2)+p

C luo — voll
litn (6) = va (Dl L@y < min | —1—, C)———— &L if p>2,  (453)
tr2 t Np=2+p
and
i (6) = o0 (D)L < min {Cz lluo —Nv0||M(Q) C lluo — ljgllzwsz) it p=2,
t2eot t?
(4.54)
which imply the claims. O

Remark 4.3 We notice that the proof above shows that if # and v are two solutions of,
respectively (1.1) and (2.3), obtained as the limit (a.e. in Q7) of solutions of the approximating
problems (respectively) (4.46) and (4.49) with the approximating data ug ,, vo,, and f,
satisfying (4.47), (4.50) and (4.48), then if p > 2 it results

C
lu(t) — ()| L@y < —  for almost every ¢ € (0, T).
tp2

Moreover, if we also assume (4.51), then also estimate (2.38) holds true if p > 2 together
with (2.39) if p = 2.

4.10 Proof of Theorem 2.8

We observe that in the case of data in L!, the construction of a global solution done in the
proof of Theorem 2.2 above make use of the regularity C([0, T]; L'(2)) of the solution,
which now fails having only measure data. Hence, it is necessary to proceed in a different
way. The proof proceeds by steps.

Step 1 The goal of this step is the construction of a global solution « of (1.1). To this aim, let
us consider the following parabolic problems

(up)r — div(a(x,t, Vuy)) = fu(x,t) in Q x (0, +00),

u, =0 on 022 x (0, +00), (4.55)
up(x,0) = up,(x) on £,
where ug,, satisfies (4.47) and f; (x, t) belong to Lp%. ([0, +00); L*°(£2)) and satisfy

forevery T >0 : fu(x,t) = f inthe weak-x topology of measures on Q7.
(4.56)
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We recall that for every fixed n € N, there exists a unique global solution u, of (4.55) in
L52 ([0, 400); L®(2)) N Croc ([0, +00]; LAQ) N LY ([0, +00); W, (). Moreover, for
every arbitrarily fixed 7 > 0, there exists a subsequence of the sequence u, converging a.e.
in Q7 (indeed a stronger convergence holds) to a solution of our problem (1.1) in Q7 (see
[7]). Hence, let 71 > O arbitrarily fixed. As said above, there exists a subsequence of u,,, that

we denote uf,l), such that

u,(ll) — uy ae.in Qr

where 11 is a solution of our problem (1.1) in Q7,. We recall that every term of the sequence
uﬁ,]) is a global solution, and thus it is also a solution in >7,. Hence, again by the results in

[71, there exists a subsequence of ufll), that we denote uf), such that

(2) ;
u,” — up ae.in Qo

where u; is a solution of our problem (1.1) in 7.
Iterating this procedure, we define a function u in  x (0, +00) in the following way

forevery T > 0 :u(x,t) =upn(x,t) ae.in Qr,

where m € N is such that mTy > T. We notice that the definition of u is well posed since
(by construction) if & € N is such that hTy > T then it results

Up(x,t) = up(x,t) a.e.in Q.

We point out that for every arbitrarily fixed 7 > 0 u solves (1.1) and hence is a global
solution.

Step 2 We conclude here the proof of the theorem. Let v be the global solution constructed
exactly as in the previous step but only changing the approximating sequence ugp , with
a sequence vy, satisfying (4.50) and (4.51) (hence we do not change the approximating
sequence f, of f). Let now 7' > O arbitrarily fixed. Proceeding exactly as in the proof of
Theorem 2.7 we deduce that estimate (2.38) if p > 2 and (2.39) if p = 2 hold true. Hence
the assertion follows by the arbitrariness of 7. O

4.11 Proof of Corollary 2.3

As just recalled above, under the assumptions of Corollary 2.3 there exists a solution w of
the stationary problem (2.14). Moreover, w can be constructed as the a.e. limit in €2 (indeed
further convergences are true) of the solutions w, of (2.15) with f, satisfying

fu € L®(RQ), fu(x) — f inthe weak- * topology of measures.

Let now u be the global solution of (1.1) constructed as in the proof of Theorem 2.8 but
using the same approximation f, of f done above to construct w (this is possible being f
independent of the variable t). It is not restrictive to assume also that the approximation
sequence ug , in (4.55) satisfies

luwo,n — wn”Ll(Q) < lluo — wllm)-

Now the proof proceeds similarly at all to that of Corollary 2.1 and hence we omit it. O
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4.12 Proof of Theorem 2.9

The proof is similar at all to that of Theorem 2.3. Let v as in the statement of the
theorem a solution of (2.3) constructed as the limit (a.e. in Q7) of v, solutions in
L®(Q7r) N C([0,T]; L2()) N LP(0, T; Wol’p(Q)) of (2.46) with f, asin (2.47). By The-
orem 2.7 and its proof we deduce that there exists a solution u of (1.1) satisfying (2.38) if
p > 2 and (2.39) if p = 2. Consequently, it results for almost every (x, 1) € Qr

P
N(p=2)+p
. Co ”W)”M Q .
uCe, 0l < @, 0]+ min { —-, € ——22 1 if p>2
tr-2 t Np=2+p
and
. uollm uollm .
luCx, 0] < Jo(x, )] + mln{Cz lollwey - Nollwe )} if p=2
120! 1z
Now all the assertions are immediate consequences of the previous estimates. O

4.13 Proof of Theorem 2.10

Letus choose vy = 0and v = u®, where 10 is, as above, the solution of (1.14) obtained as limit
of the approximating solutions ug of (2.17). We recall that u is bounded and satisfies the L>°-
estimate (4.27). Hence, by Theorem 2.9 there exists a solution # (obtained by approximation)
satisfying

___pr_
N(p—2)+

Co ”u()”M(PQ) !
Cy v

lull oo e 7:100(2)) < Iu° | 220 (e, 73 220(g2)) + min if p>2

)

1
gpr-2 e N(p=2)+p

and

. lluollm) luollme .
lull oo e, 10 () < NU°llLoo (e, 75 150(02)) + min {Cz N @ ¢ v ) if p=2
£2e% £2

Now the proof of the theorem proceeds exactly as that of Theorem 2.4 and hence we omit it.
]

4.14 Proof of Theorem 2.11

The proof follows closely the outline of the proof of Theorem 2.5 and hence we only
describe the changes. Let u” be the unique solution of (1.14) belonging to C([0, T']; L>(£2))N
LP(0,T; W(} "P(£)). Since the datum f is sufficiently regular, we can construct u by approx-
imating only the initial datum u¢. In detail, let u be the almost everywhere limit in Q7 of the
solution u,, of (4.33) where we choose the sequence ug , satisfying (4.47) and the following
bound

luonllpi) < lluollm(s)- (4.57)

We point out that the regularity of u,, and ul is enough to conclude (choosing G (1, — u%)
as test functions in (4.33) and in (1.14) and proceeding exactly as in the proof Theorem 2.7)
that estimates (4.53) and (4.54) hold true with v, replaced by u, ie., it results
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P
N(p=2)+p
. Co ”uO”M(Q) .
lun (1) — u® (D)l Loy < min { ——, Cj——=2— 1 if p>2,
= t NG-2+p

and

. lluollme lluollm@ .
len (1) — u® @) | L) < mlH{Cz M) ) MO p =2,
120! t?
with Co and Cy as in (2.5) and C> and o as in (2.39). Hence, by the previous estimates we
deduce (proceeding as in the proof of Theorem 2.9) that for every ¢ € (0, T) the following
estimates hold

P
No-2+p
Co ”MOHM(pQ) ! 1,
Netnll oo e, 721200 < [ oo :r2() + min g ——, Ci———F—— ¢ 1L[2 if p>2,
tr2 t Np=2+p

lluollm) C ||uo||M(sz)
N

||Mn ||L°°(s T; LZ(Q)) ||u ||L°°(s T:L2(Q)) + min { } |Q| if p= 2,

120! 52
P
N(p=2)+p
Co lluoll 1
0 . (@ [
Nl pooqe,7:2()) = 1"l oo (e, 7:02(q)) + min § ——, Ci N 1212 if p>2,
172 Vo2
and
. luollm(s) ||M0||M(Q) .
el pooe, 222002y < HMOHLOC(&T;LZ(Q)) + min {C v ,Cq |Q|’ if p=2.
t2e 1y

Hence, estimate (2.57) follows by the previous estimates recalling the L™ (e, T'; L(Q))-
estimate (4.39) of u°.

Now the remaining estimate (2.58) on the gradient of u follows proceeding as in the proof
of the bound (2.31) of Theorem 2.5, i.e., combining the L*° (¢, T'; L%())-estimates above
with (4.41) and (4.43). O
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