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Abstract

We consider a homogeneous fractional Sobolev space obtained by completion of the space
of smooth test functions, with respect to a Sobolev—Slobodeckii norm. We compare it to the
fractional Sobolev space obtained by the K-method in real interpolation theory. We show
that the two spaces do not always coincide and give some sufficient conditions on the open
sets for this to happen. We also highlight some unnatural behaviors of the interpolation space.
The treatment is as self-contained as possible.
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1 Introduction
1.1 Motivations

In the recent years, there has been a great surge of interest toward Sobolev spaces of fractional
order. This is a very classical topic, essentially initiated by the Russian school in the 1950s of
the last century, with the main contributions given by Besov, Lizorkin, Nikol’skii, Slobodeckit
and their collaborators. Nowadays, we have a lot of monographies at our disposal on the
subject. We just mention the books by Adams [1,2], by Nikol’skii [25] and by Triebel [30-
32]. We also refer the reader to [31, Chapter 1] for an historical introduction to the subject.

The reason for this revival lies in the fact that fractional Sobolev spaces seem to play
a fundamental role in the study and description of a vast amount of phenomena, involving
nonlocal effects. Phenomena of this type have a wide range of applications; we refer to [10]
for an overview.

There are many ways to introduce fractional derivatives and, consequently, Sobolev spaces
of fractional order. Without any attempt of completeness, let us mention the two approaches
which are of interest for our purposes:

e a concrete approach, based on the introduction of explicit norms, which are modeled on
the case of Holder spaces. For example, by using the heuristic

u(x +h) —u(x)

T ~ “derivative of order s”, forx,h € RV,

Sju(x) =

a possible choice of norm is

(f etz ).
1
q
(/ 53], WN) . forl =g < oo,

Observe that the integral contains the singular kernel |h|_N ; thus, functions for which
the norm above is finite must be better than just merely s-Holder regular, in an averaged
sense;

e an abstract approach, based on the so-called interpolation methods. The foundations
of these methods were established at the beginning of the 1960s of the last century, by
Calderdn, Gagliardo, Krejn, Lions and Petree, among others. A comprehensive treatment
of this approach can be found for instance in the books [3,4,29] and references therein.
In a nutshell, the idea is to define a scale of “intermediate spaces” between L? and
the standard Sobolev space W!-?, by means of a general abstract construction. The main

and more generally
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A note on homogeneous Sobolev spaces of fractional order 1297

advantage of this second approach is that many of the properties of the spaces constructed
in this way can be extrapolated in a direct way from those of the two “endpoint” spaces
LP and WhP.

As mentioned above, actually other approaches are possible: a possibility is to use the Fourier
transform. Another particularly elegant approach consists in taking the convolution with a
suitable kernel (for example, heat or Poisson kernels are typical choices) and looking at the
rate of blowup of selected L” norms with respect to the convolution parameter. However, we
will not consider these constructions in the present paper; we refer the reader to [31] for a
wide list of definitions of this type.

In spite of the explosion of literature on Calculus of Variations settled in fractional Sobolev
spaces of the last years, the abstract approach based on interpolation seems to have been
completely neglected or, at least, overlooked. For example, the well-known survey paper
[14], which eventually became a standard reference on the field, does not even mention
interpolation techniques.

1.2 Aims

The main scope of this paper is to revitalize some interest toward interpolation theory in
the context of fractional Sobolev spaces. In doing this, we will resist the temptation of any
unnecessary generalization. Rather, we will focus on a particular, yet meaningful, question
which can be resumed as follows:

Given a concrete fractional Sobolev space
of functions vanishing “at the boundary” of a set,
does it coincide with an interpolation space?

We can already anticipate the conclusions of the paper and say that this is not always true.
Let us now try to enter more in the details of the present paper.

Our concerns involve the so-called homogeneous fractional Sobolev—Slobodeckii spaces
Df)’p(.Q). Given an open set £2 C RY, an exponent 1 < p < oo and a parameter 0 < s < 1,
this space is defined as the completion of C§°(£2) with respect to the norm

1
) [u(x) — u(y)|? »
u = [ulysp@yy = (//}RNxRN de dy .

Such a space is the natural fractional counterpart of the homogeneous Sobolev space Dé’p (£2),
defined as the completion of C;°(£2) with respect to the norm

1
u > </ |Vu|pdx>p.
2

The space D(l)’p (£2) has been first studied by Deny and Lions in [13], among others. We recall
that D(l)’p (£2) is a natural setting for studying variational problems of the type

1
inf{—/ |Vu|pdx—/ fudx},
P Je Q

supplemented with Dirichlet boundary conditions, in the absence of regularity assumptions
on the boundary 9£2. In the same way, the space D(s)‘p (£2) is the natural framework for
studying minimization problems containing functionals of the type
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1298 L. Brasco, A. Salort

! ux) = u(y)l?
p //RNXJRN md“ly —/qudx, (1.1

in the presence of nonlocal Dirichlet boundary conditions, i.e., the values of u are prescribed
on the whole complement R\ £2. Observe that even if this kind of boundary conditions
may look weird, these are the correct ones when dealing with energies (1.1), which take into
account interactions “from infinity.”

The connection between the two spaces Dé’P (£2) and Df)’p (£2) is better appreciated by
recalling that for u € C§°(£2), we have (see [5] and [26, Corollary 1.3])

_ P
lim(1 — s) // @ —u)I” dxdy=oth/ |Vu|? dx,
s/1 RV xRV |x — y|Ntsp e

with
1
aN,p=f/ Hw, e)|P dHY N (w), e =(1,0,...,0).
P JsN-

On the other hand, as s N\ 0 we have (see [24, Theorem 3])

_ P
lims// dedy:ﬁ,vp/ | dx,
s\O RVNxRY  |x — y|NFsP R o)

with

and wy is the volume of the N-dimensional unit ball. These two results reflect the “inter-
polative” nature of the space D(S)‘p (£2), which will be, however, discussed in more detail in
the sequel.

Indeed, one of our goals is to determine whether Df)’p (£2) coincides or not with the real
interpolation space Xg "?(£2) defined as the completion of C(°(£2) with respect to the norm

1
(o (ke Lr@). Dy @)\ ar)”
||”||X6*P(Q) =\ £ ]

Here K (¢, -, LP(£2), D(l)’p(.Q)) is the K-functional associated with the spaces L”(§2) and

D(l)’p(.Q), see Sect. 3 for more details.
In particular, we will be focused on obtaining double-sided norm inequalities leading to
answer our initial question, i.e., estimates of the form

1
E [M]WJYP(RN) =< ||14||X(§v1’(9) <C [u]ws.p(RN)v ue CSO(Q)

Moreover, we compute carefully the dependence on the parameter s of the constant C. Indeed,
we will see that C can be taken independent of s.

1.3 Results

We now list the main achievements of our discussion:

1. the space Df)’p (£2) is always larger than XOS P (£2) (see Proposition 4.1) and they do not
coincide for general open sets, as we exhibit with an explicit example (see Example 4.4);
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A note on homogeneous Sobolev spaces of fractional order 1299

2. they actually coincide on a large class of domains, i.e., bounded convex sets (Theo-
rem 4.7), convex cones (Corollary 4.8), Lipschitz sets (Theorem 4.10);
3. the Poincaré constants for the embeddings

Dy’ (2) = LP(2) and DyT(R) = LP(R),

are equivalent for the classes of sets at point 2 (Theorem 6.1). More precisely, by setting

AM(2) = inf {up sl :1], 0<s<l,
r) ueCs(2) [l yysp@ny * lullLr)
and
(@)= int {/ Vul? dx : ||u||Lp<g):1},
ueCgye(2) Q
we have

N

é (@) s -9@ = (@)

Moreover, on convex sets the constant C > 0 entering in the relevant estimate is universal,
i.e., it depends on N and p only. On the other hand, we show that this equivalence fails
if we drop any kind of regularity assumptions on the sets (see Remark 6.3).

As a byproduct of our discussion, we also highlight some weird and unnatural behaviors of
the interpolation space X" (£2):

e the “extension by zero” operator Xg P(R2) — Xg "P(R™) is not an isometry for general
open sets (see Remark 4.6) and the two norms

|| . ”X(;II(Q) and || . ||X(‘)Y'F(RN)’

may not be equivalent on C§°(§2). This is in contrast with what happens for the spaces
LP(R2), Dy (2) and DY (2);
o the sharp Poincaré interpolation constant

A (2)= inf {||u||p3, Ml e =1], 0<s<1
p UeCF(2) XyP(2) )
is sensitive to removing sets with zero capacity. In other words, if we remove a compact

set E € £ having zero capacity in the sense of X;'”(£2), it may happen that (see
Lemma 5.4)

A;(.Q\E) > ASP(SZ).
Again, this is in contrast with the case of D(l)’p(.Q) and DS’F(Q).

Remark 1.1 As recalled at the beginning, nowadays there is a huge literature on Sobolev
spaces of fractional order. Nevertheless, to the best of our knowledge, a detailed discussion
on the space Dy’ (§2) in connection with interpolation theory seems to be missing. For this
reason, we believe that our discussion is of independent interest.

We also point out that for Sobolev spaces of functions not necessarily vanishing at the
boundary, there is a very nice paper [11] by Chandler-Wilde, Hewett and Moiola comparing
“concrete” constructions with the interpolation one.
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1300 L. Brasco, A. Salort

1.4 Plan of the paper

In Sect. 2 we present the relevant Sobolev spaces, constructed with the concrete approach
based on the so-called Sobolev—Slobodeckii norms. Then in Sect. 3 we introduce the homo-
geneous interpolation space we want to work with. Essentially, no previous knowledge of
interpolation theory is necessary.

The comparison between the concrete space and the interpolation one is contained in
Sect. 4. This in turn is divided in three subsections, each one dealing with a different class of
open sets. We point out here that we preferred to treat convex sets separately from Lipschitz
sets, for two reasons: the first one is that for convex sets the comparison between the two
spaces can be done “by hands,” without using any extension theorem. This in turn permits to
have a better control on the relevant constants entering in the estimates. The second one is
that in proving the result for Lipschitz sets, we actually use the result for convex sets.

In order to complement the comparison between the two spaces, in Sect. 5 we compare
the two relevant notions of capacity, naturally associated with the norms of these spaces.
Finally, Sect. 6 compares the Poincaré constants.

The paper ends with three appendices: the first one contains the construction of a coun-
terexample used throughout the whole paper; the second one proves a version of the
one-dimensional Hardy inequality; and the last one contains a geometric expedient result
for convex sets.

2 Preliminaries
2.1 Basic notation

In what follows, we will always denote by N the dimension of the ambient space. For an
open set £2 C R¥, we indicate by |£2| its N-dimensional Lebesgue measure. The symbol
#* will stand for the k-dimensional Hausdorff measure. Finally, we set

Br(xg) = Ix eRY : [x —xo| < R],
and

oy = |B1(0)].
2.2 Sobolev spaces
For 1 < p < oo and an open set 2 C RY, we use the classical definition

Whr(2) = {u e LP(2) : / [Vu|? dx < +oo}.
2

This is a Banach space endowed with the norm

1
iy = (1o o) + 1900 0g)) " -

We also denote by Dé’p (£2) the homogeneous Sobolev space, defined as the completion of
C(°(£2) with respect to the norm

ur ||Vullpr)-
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A note on homogeneous Sobolev spaces of fractional order 1301

If the open set 2 C RY supports the classical Poincaré inequality

c/ |u|pdx§f [Vul? dx, foreveryu € C3°(£2),
17, 2

then D(l)’p (£2) is indeed a functional space and it coincides with the closure in WLP(£2) of
C3°(£2). We will set

A;7(9):ueci?of(m{”V””Z’m) Ml = 1.
0

It occurs A }U (£2) = 0 whenever £2 does not support such a Poincaré inequality.
Remark 2.1 We remark that one could also consider the space

Wy "(£2) = {u e WP@RN): u=0ae. in ]RN\.Q}.

It is easy to see that D(l)’p(.Q) C Wol’p(.Q), whenever Dé’p(.Q) s LP(£2).If in addition
0£2 is continuous, then both spaces are known to coincide, thanks to the density of C{°(£2)

in W,? (£2), see [20, Theorem 1.4.2.2].

2.3 A homogeneous Sobolev-Slobodecki space

Given0 < s < land 1 < p < o0, the fractional Sobolev space W* ’p(RN ) is defined as
WP @Y) = {u € LP@RY) ¢ [ulysp e, < +00]

where the Sobolev—Slobodeckit seminorm [ - Jyys. PERY) is defined as

1
, lu(x) — u(y)|” Q
s = (ff, o e o)’

This is a Banach space endowed with the norm
1

el gy = (Nl ey + vy )

In what follows, we need to consider nonlocal homogeneous Dirichlet boundary conditions,
outside an open set £2 C RY. In this setting, it is customary to consider the homogeneous
Sobolev—Slobodeckii space Dg’p (£2). The latter is defined as the completion of Cgo (£2) with
respect to the norm

u — [M]Wx,p(RN).

Observe that the latter is indeed a norm on C§°(£2). Whenever the open set 2 C R admits
the following Poincaré inequality

lu(x) — u(y)|? 00
P nA) RV
c/ lu]? dx < MNXRN PRy dxdy, foreveryu € C3°(£2),

we get that Dg’p (£2) is a functional space continuously embedded in L?” (£2). In this case, it
coincides with the closure in W7 (RN) of C§°(82). We endow the space D(s)’p (£2) with the
norm

||M||Df)’1’(9) = [M]Ws.p(RN)~
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1302 L. Brasco, A. Salort

We also define
A (2) = inf { ull’s.p Dllu = 1],
p( ) e Oc:( ) ” ”DOI(Q) ” ”L”(.Q)

i.e., this is the sharp constant in the relevant Poincaré inequality. Some embedding properties
of the space Dg’p (£2) are investigated in [18].

Remark 2.2 As in the local case, one could also consider the space
WP (R2) == [u e WSPRN): u = 0ae. in ]RN\.Q] .

Itis easy to see that Dy” (£2) C W'’ (£2), whenever Dy”(2) <> LP(£2). As before, if 92
is continuous, then both spaces are known to coincide, again thanks to the density of C§°(£2)
in Wy'”(£2), see [20, Theorem 1.4.2.2].

2.4 Another space of functions vanishing at the boundary

Another natural fractional Sobolev space of functions “vanishing at the boundary” is given
by the completion of C§°(£2) with respect to the localized norm

1
() = u(y)1? ’
erer = (] s o)

We will denote this space by Ds:p (£2) and endow it with the norm [ ||« || Der(2) = [ulws.p )]
We recall the following

Lemma23 Letl < p < ocoand 0 < s < 1. For every 2 C RN open bounded Lipschitz
set, we have:

o ifsp>1,then
DyP(2) = DVP(2);
e ifs p < 1, then there exists a sequence {u,},en C Cg°(82) such that

Ilunllf)s,p(g) 0
n—00 ||“n||1)8*”(g) .

Proof The proof of the first fact is contained in [7, Proposition B.1].
Asforthecases p < 1,in[15, Section 2] Dyda constructed a sequence {u, },en C Cgo (£2)
such that

Jm flunll ps.pey =0 and  lim fluy — lellLre) =0.

By observing that for such a sequence we have

1 1

Tim Junllpgr g = (45(2))" Tim lullir) = (352)121)

we get the desired conclusion, by observing that )u; (£2) > 0 for an open bounded set, thanks
to [8, Corollary 5.2]. O
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A note on homogeneous Sobolev spaces of fractional order 1303

Remark 2.4 Clearly, we always have
Nl oo (2 < ||u||D(x),p(Q), for every u € C3°(£2).
As observed in [16], the reverse inequality
”””DS”’(SZ) < Cllull pepg). foreveryu e C5o(£2), 2.1

is equivalent to the validity of the Hardy-type inequality

lu(x) —u()|”
r N-sp
o (f g oese [l R s

A necessary and sufficient condition for this to happen is proved in [16, Proposition 2]. We
also observe that the failure of (2.1) implies that in general the “extension by zero” operator

To: D7 (2) - D*PRY),
is not continuous. We refer to [16] for a detailed discussion of this issue.

Remark 2.5 The space D7 (£2) is quite problematic in general, especially in the case s p < 1
where it may fail to be a functional space. A more robust variant of this space is

D%P(£2) = “closure of C3o(£2) in WP (£2)7.

By definition, this is automatically a functional space, continuously contained in W*7(£2).
It is a classical fact that if £2 is a bounded open set with smooth boundary, then

D*P(2) = WP (), forsp <1,
see [32, Theorem 3.4.3]. Moreover, we also have
DSP(2) =Dy (2), forsp #1,

see, for example, [7, Proposition B.1].

3 Aninterpolation space

Let 2 c RY be an open set. If X (£2) and Y (£2) are two normed vector spaces containing
C§°(82) as a dense subspace, we define for every > 0 and u € C§°(£2) the K-functional

Ku X@),v@) = _inf flu—vlxa +tlvlva) @D
veC(2)

We are interested in the following specific case: letustake 0 < s < land 1 < p < oo, we
choose

X(2)=LP(2) and Y(2)=Dy" ().

Then we use the notation

1
oo (K u, Lr2), Dy ")\ ar\”
el xsr ) = (/0 ( P - weGr@.

It is standard to see that this is a norm on C§°(£2), see [4, Section 3.1]. We will indicate by
Xé "7 (§2) the completion of Cg°(82) with respect to this norm.
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1304 L. Brasco, A. Salort

The first result is the Poincaré inequality for the interpolation space X" (£2). The main
focus is on the explicit dependence of the constant on the local Poincaré constant )\;,.

Lemma3.1 Letl < p <ooand0 < s < 1. Let 2 C RN be an open set. Then for every
u € C§°(£2) we have

1 TP P
(1@)) M) = ps =5 lullyer g (3:2)

Proof We proceed in two stages: we first prove that

» T K (t,u, LP(2), LP(2))\” dt
< _
||u||L1>(_(z) ~ /5 :

3

and then we show that the last integral is estimated from the above by the norm Xg P(2).
First stage Let us take u € C{°(£2), forevery t > 1 and v € C{°(£2)

lullLr2y < llu —vliLr2) + 1 lviier ).
By taking the infimum, we thus get
lullr)y < K(t,u, LP(£2), LP(£2)).
By integrating with respect to the singular measure d¢ /¢, we then get

[~ (Ko LP<9>»LP<9>>)" e [ g & - Wl 53
1 1 Lo sp

s r

We now pick 0 < ¢ < 1, by triangle inequality we get for every v € C§°(£2)
tullprey < tllu —vllere) +1llvllr )
< u—vlzr) + 2 llviiee(2).-
By taking the infimum over v € C§°(£2), we obtain for u € Cg°(£2) and 0 < ¢ < 1
tullre) < K, u, LP(£2), LP(£2)).

By integrating again, we get this time

UK u, LP(82), LP(2)\ P dr ! dr Nl
/ ) —z/t“WWM“2*=4Jﬂ@-(M)
0 s t 0 2 (I=s)p

By summing up (3.3) and (3.4), we get the estimate

T Kt u, LP(R2), LP(2)\” d
Il ) < ps 1 =9) [ ((”‘Ef ()» ENCE)

Second stage Given u € C{°(£2), we take v € C§°(£2). We can suppose that A},(.Q) > 0;
otherwise, (3.2) trivially holds. By definition of A },(.Q), we have that

_1
lu = vliLr) +tlvllr) < llu = vliLe@) + 1 05 2)77 [ VollLe).-
If we recall the definition (3.1) of the K -functional, we get
p

K(t,u, LP(2), LP ()" < | lu — vlr2) + IVullLeoy | -

1
(0L (82))7
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A note on homogeneous Sobolev spaces of fractional order 1305

and by taking infimum over v € C§°(£2) and multiplying by 7, we get
4

1 PK(t,u, LP(2), LP(2))P <17*P K ; Lu, LP(2), Dy’ (2)
(A‘(Q))P

1
We integrate over ¢ > 0, by performing the change of variable t =1 /(1 ;,(.Q)) r we get

/+oo (K(t,u, LP(£2), LP(S?)))p dr _ luell”
0 z . (xl(m)s KT

By using this in (3.5), we prove the desired inequality (3.2). O
We will set

AS(2)= inf {u . " :1],
= int il g, Il

i.e., this is the sharp constant in the relevant Poincaré inequality. As a consequence of (3.2),
we obtain

(1h®@) = ps -9 a5@. (3.6)

Proposition 3.2 (Interpolation inequality) Ler 1 < p < oo and 0 < s < 1. Let 2 C RN be
an open set. For every u € Ci°(§2) we have

p(

Ps (1 =) Il o) < Iy IVl g (3.7)

In particular, we also obtain
s
ps (=945 = (@) . (3.8)

Proof We can assume that u # 0; otherwise, there is nothing prove. In the definition of the
K -functional K (¢, u, L?($2), Dé’p(.Q)), we take v = t u for t > 0; thus, we obtain

1, .
K(tou, L"), D7 () < inf |11 =7l ulra) +1 7 |Vulir) |

= min {||u||Lp(sz), t ||VM||LP(Q)]-

By raising to the power p and integrating for r > 0, we get

soo min {14l gy, 17 IV pig) b s
Jul” u,(m</ e

t5P t
H“HL]J(Q) d
HVVHLp(_Q) 1— t
= IVl | (I =
+ o dt
p —sp ="
+ “u”Lp(_Q) Wl p ) t ;
Vull,p (@)
p(l 1 1
= Vu _ 4+ —.
= lullf 5oy IVullyh o) [p(l 5 Sp}
We thus get the desired conclusion (3.7). The estimate (3.8) easily follows from the definition
of Poincaré constant. O
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1306 L. Brasco, A. Salort

From (3.6) and (3.8), we get, in particular, the following

Corollary 3.3 (Equivalence of Poincaré constants) Let 1 < p < coand0 < s < 1. For every
2 C RN open set we have

K 1 $
ps(1—s) A3(82) = (AP(Q)) .
In particular, there holds
D) = LP(R2) — X)P(Q) = LP(Q).

Remark 3.4 (Extensions by zero in Xg '7) We observe that by interpolating the “extension by
zero” operators

To: Dy’ (2) - Dy’ RY) and To: LP(2) - LPRY),

which are both continuous, one obtains the same result for the interpolating spaces. In other
words, we have

p P 00
”””X(j"’(RN) < ||u||X8,p(m, for every u € Cy (£2).
This can be also seen directly: it is sufficient to observe that C;°(£2) C Cg° (RN); thus, we
immediately get

K(t,u, L"(RY), DyP RN)) < K(1,u, LP(2), Dy" (2)),

since in the K-functional on the left-hand side the infimum is performed on a larger class.
By integrating, we get the conclusion.

However, differently from the case of D(l)’p (£2), LP(£2) and D(S)’p (£2), in general for
u € C§°(£2) we have

p
< ||U .
el

p
”u”XS'»P(RN)

In other words, even if u = 0 outside §2, passing from £2 to RN has an impact on the
interpolation norm.

Actually, if £2 has not smooth boundary, the situation can be much worse than this. We
refer to Remark 4.6.

4 Interpolation versus Sobolev-Slobodeckii
4.1 General sets

We want to compare the norms of Dg’p (£2) and Xg P (§2). We start with the simplest estimate,
which is valid for every open set.

Proposition 4.1 (Comparison of norms I) Let 1 < p < coand0 < s < 1. Let 2 c RN be
an open set, then for every u € Cg°(£2) we have

4.1)

p
< |lu G .
< ”X(;YP('Q)

- L

In particular, we have the continuous inclusion Xg P2 c D(S)’p (£2).
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A note on homogeneous Sobolev spaces of fractional order 1307

Proof To prove (4.1), we take & € RV\{0} and ¢ > 0, then there exists vy, . € C§°(£2) such
that

|h] |h] :
lw = vhelir@) + 5 IVUnellir) = (1 +8) K| = u, LP(2),Dy"(2)). 42

Thus, for & # 0 we get!

(/ Iu(x+h)—14(X)|”dx>zl> < (/ |t (x + h) — vpe(x +h) — u(x) + vj¢ (x)|7 dx)ll)
RN RN

|h|N+sp |h|N+sp

1
ope(x+h) — vpe@P . \?
* (/RN NP a

N
<210kl 7 7 lu — vpellLr(2)

1-Y_
+ 1l 7 T I VorellLre)
- 4
<2h|l » l — vpellLr(2) + > IVupellLre) ) -
By using (4.2), we then obtain

[ lu(x +h) —u(x)|”
RN

|h|N+sp

dx <27 (1 +&)P (K(|h|/2,u,LP(Q),D(1)~P(9))>p !

|h1® RN
We now integrate with respect to # € RY and use spherical coordinates. This yields

h) — p
// lu(x +h) — u(x)| dx dh
RN xRN |h|N+s P

K(hl/2,u, LP(2), Dy 20\’ dh
<271+ "/ —
=2 R~< Ik Ik

“+00 1.[) P
=2"(1+s)”NwN/ (K(t/z’”’Lp(m’DO (9))> E
0

s t
By making the change of variable /2 = t and exploiting the arbitrariness of ¢ > 0, we

eventually reach the desired estimate. O

Corollary 4.2 (Interpolation inequality for Dy”) Let 1 < p < oo and 0 < s < 1. Let
2 C RN be an open set. For every u € C3°(£2) we have

zp(l—S)NwN »(—s)

s U =9) luligyr g < == lulLr@) IVullihq): (4.3)

! In the second inequality, we use the classical fact

p

1
/ |(/J(x+h)—<ﬁ(x)|pdx:/ ’f (Vo(x+th) hyde| dx
RN RN (Jo

1
s\h\”/ /IV(p(x—i-th)lpdtdx
RN Jo

1
=|h|f’/0 (/RN |V<p<x+zh>|de) dr = |BIP IVl p gy
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1308 L. Brasco, A. Salort

Proof Tt is sufficient to combine Propositions 4.1 and 3.2. O

Remark 4.3 For p \( 1, the previous inequality becomes [7, Proposition 4.2]. In this case,
the constant in (4.3) is sharp for N = 1.

For a general open set 2 C RY, the converse of inequality (4.1) does not hold. This means
that in general we have

Xy P(2) cDyP(R2) and XyP(R2) # Dyl (2),

the inclusion being continuous. We use the construction of “Appendix A”, in order to give a
counterexample.

Example 4.4 With the notation of “Appendix A”, let us take?

11 N—1
E=R"\| JF+2]. withF:[—Z,Z] x {0}.
zeZN

For every ¢ > 0, we take u, € Cgo(ﬁ,,) C C§°(E) such that
[un];/s,P(RN) < )»;,(5,1) +¢ and /Elun|pdx =1

Here the set .5,, is defined by

N
2, = U (Q—l—z):[—n—%,n—i—%] \U(F+z).

N 7N
Z€LY Z€Z})

On the other hand, by Corollary 3.3 we have
sl gy = A5 [ Tl

NG
-

ps(1 ps(l—ys) T

where we also used (A.4), to infer that k ,(E) > 0. By Lemma A.1, we have that A‘ (£2)
converges to 0 for s p < 1, so that

1

11m1nf||u,,|| X 2 E and hmsup[un]wsp(RN)
n—oo

Since ¢ > 0 is arbitrary, we obtain

||”n|| ”’(E) 1
1m7_0, forl < p<ocands < —.
1= unl e 2

2 In dimension N = 1, we simply take £ = R\Z.
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A note on homogeneous Sobolev spaces of fractional order 1309

4.2 Convex sets

We now prove the converse of (4.1), under suitable assumptions on 2. We start with the
case of a convex set. The case £2 = R¥ is simpler and instructive; thus, we give a separate
statement. The proof can be found, for example, in [28, Lemma 35.2]. We reproduce it, for
the reader’s convenience. We also single out an explicit determination of the constant.

Proposition 4.5 (Comparison of norms II: RN)Let1 < p < 0oand0 < s < 1. For every
u e C(C)’O(]RN) we have

’ <(Nv i) - E
e gy < (N OV D)

P
u .
ol

In particular, we have that D(S)’p(RN) = Xg’p(RN).

Proof Letu € C§° (RM), we set

1

U(h)=</ |u(x+h)—u(x)|”dx)ﬁ, heRN,
RN

and observe that by construction

U(h)? P
/RN T S

We also define

— 1
U(Q)=7/ UdHN™!, o0>0;
N oy o= Jipern : jhj=o}

thus, by Jensen’s inequality we have

+oo (T pd 1 +0oo d
L&) G o o U 27 )
0 o o ~ Nowy Jo (heRN : [h|=o0) otsp

1 U(h)P .
= - = [l,{] . Ny -+
N oy Jry |h|NtsP Nowy WP RN

4.4)

We now take the compactly supported Lipschitz function

N +1
v = .

WN

where (). stands for the positive part. Observe that ¥ has unit L' norm, by construction.
We then define

v = v (5). fori>0

X)=— —), fort>0.

! N7\t

By observing that ¥, x u € Cg° (RM), from the definition of the K -functional, we get

1,
K(t,u, LP(RY), D, PRM)) < llu —  * ull L@y + 2 IV sk ull gy
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1310 L. Brasco, A. Salort

We estimate the two norms in the right-hand side separately: for the first one, by Minkowski
inequality and Fubini Theorem we get

lu — Ve ull oy = H/RN[M(-) —u(- =Y (y)dy

LP(RN)
1

v

5/ (/ () — u(x —y>|"dx) Yoy dy

RN \JRN

N +1

= U(=y)¥:i(y)dy = N U(=y)dy

RN wn t B, (0)

N(N +1 r__ N (N +1 r__
:7( N+ )/UQN_ldgfi( + )/Udg.

t 0 t 0
For the norm of the gradient, we first observe that

/ Vi (y)dy = 0;
RN

thus, we can write
Vi xu = (Vi) xu = /RN Vi (y) [u(x —y) —u(x)ldy.
Consequently, by Minkowski inequality we get

/]RN Vi (y) [u(- = y) —u()ldy

IV * ullppmny =
LP(RN)

1
s/ (/ |u(x—y>—u(x>|"dx>” IV ()l dy
RN RN

N+1 N (N +1) /tf
< - U(—y)dy < ———— | Udo.
LS /B,(O) (=y)dy = 5 A o

In conclusion, we obtained for every ¢ > 0
2N (N +1 r__
Ko, L@, 2 @) < ZHTED [(Tap 45)
0

If we integrate on (0, 7'), the previous estimate gives

/T (K(t’M’LP(RN)’D‘%’IJ(RN))Y Lelvwn) /T (/IUdQ)p s &
b £ t o \Jo )

If we now use Lemma B.1 with « = p 4 s p for the function

t
tr—>/ Udo,
0
we get

/T K(t,u,Lp(Q),D(l)’p(Q)) pg< 2N (N +1) PfT u ”g
0 I t_< s+1 ) o \7° t

2N(N+D\? 1
< 2[R
s+1 N wn RY)
where we used (4.4) in the second inequality. By letting 7' going to +o00, we get the desired
estimate. O
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A note on homogeneous Sobolev spaces of fractional order 1311

Remark 4.6 (Extensions by zero in X" (£2)...reprise) We take the set E C R and the
sequence {u, },eny C Cy°(E) as in Example 4.4. We have seen that

[l ||'1)8*”(E) 1
im ———— =0, fors < —.
n—00 ||Mn||xg-p(5) )4

By observing that

”u"”DS"’(E) = ||un||pg~1’(]RN),
and using Proposition 4.5, we obtain

“un”)(g*l’(RN) .

)
n—00 ”un”Xg"'(E)

as well, still for s p < 1. This shows that the “extension by zero” operator
To: X3P (E) — X307 (RY),

is not an isometry and, even worse, the two norms
- ||X8*1’(E) and || - ”X(’;’I’(RN)’

are not equivalent on C§°(E). This is in contrast with the case of L7(E), D(l)’p (E) and
Dy (E).
0

We denote by

R = sup dist(x, 0£2),
xeR

the inradius of an open set 2 C RY. This is the radius of the largest open ball inscribed in
£2. We introduce the eccentricity of an open bounded set 2 C RY, defined by

diam (£2)

€6 = 2Rg

Observe that this is a scaling invariant quantity. By generalizing the construction used in [9,
Lemma A.6] for a ball, we have the following.

Theorem 4.7 (Comparison of norms II: bounded convex sets) Let 1 < p < coand0 < s < 1.
If 2 C RY is an open bounded convex set, then for every u € C§°(82) we have

p < p
ey gy < C el

@ < (4.6)

0" (@)
fora constant C = C(N, p, £(82)) > 0, which blows up as £(§2) — 4-00. In particular, we
have Xy'" (2) = Dy’ (£2).

Proof The proof runs similarly to that of Proposition 4.5 for R¥, but now we have to pay
attention to boundary issues. Indeed, the function v; * u is not supported in §2, unless ¢ is
sufficiently small, depending on u itself. In order to avoid this, we need to perform a controlled
scaling of the function. By keeping the same notation as in the proof of Proposition 4.5, we
need the following modification: we take a point xo € §2 such that

dist(xg, 0§2) = Rg.
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1312 L. Brasco, A. Salort

Without the loss of generality, we can assume that xop = 0. Then we define the rescaled

function
R R
Uy =u $ x], O0<t< —Q.
Ro —t 2

‘We observe that
Ro —t

support(u;) = Ro

and by Lemma C.1, we have
Ro —t Ro —t
dist( 2" a2)>(1--2 Ro =1.
Ro Ro

R
Yy xuy € Cp°(82), forevery0 <t < 79

We can now estimate the K-functional by using the choice v = ¥, * u;, that is

This implies that

1,
K(t,u, LP(2), Dy"(2)) < llu — ¥ * u;llLr(2)

R
+ IV xusllpr(ey, forevery0 <t < 79

Let us set
={x e RN : dist(x, 2) < 21},

then we have that for every x € £2,

y +— ¥ (x —y) has support contained in £2;.
By using this and Jensen’s inequality, we obtain

L |
||u—1ﬁz*“t||€p(sz)5/9/9t ”(x)_u<R ) tNI//<

Thus, by using a change of variable and Fubini theorem, we get

/R‘”z (W)” dr
0 ts t
R /2 : P _
<L L - (=) e ()

Ro — Ro/2

( = t) / f/k _Splu(X)fu(z)l”Wllf(
2o
Rg /2 _

5/ / () — u @I (/ :*SP*Nl/,(—Jri) ﬂ) dzdx,

2 Ja 0 t Ro t

where we used that

> dydx.

Re
2, C Q =282pg5p, for0<t < -

RQ—Z‘

‘We now observe that
X —z Z X —z Z
v ( + —) #0 — + —
1t Ro

< 1;
t Ro
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A note on homogeneous Sobolev spaces of fractional order 1313

thus, in particular,
X =z
t

if

Z X —z z
>1 — th — ] =0,
- +‘RQ " 1/f< t +R9>

i.e., forevery x € 2 and 7 € £2,

if 0<t§% then w(x_z+i>:o_
1 I
2

This implies that for x € £2 and z € 2 we get

2
fRQ/ l_‘Yp_Nw x—z+i g</‘+00 l_yp—Nw X_Z'i‘i g
0 t Rao) t — Jo ! ko) 1

oo X —z z dt
1 p—N B B
/h—:l v ( t + R_Q) t

L

N 1 N+sp )
S# <1+ﬂ) |x —z|~N=sp
oy (N +5p) Re

N+1 (1 diam(fz))’”” o N
< X —Z .
oy (N +5p) Re

Thus, we obtain

/RQ/Z llw — e * uellLr(2) pi
0 1’

o
=y

~

. ~.\ N+sp o P
- N +1 (1 dlam(.Q)) / lu(x) — u(z)| dedz @7
oy (N + s p) Ro oJa |lx—z/Ntsp
N+1 diam(@)\" "7
= 1 e ll”ss.p .
oy (N + s p) Ro Dy (82)

Observe that by construction
diam (&) = 2 diam(2g,,2) < 2 (diam(.Q) 42 R_Q).
We now need to show that

R /2 \v/ 14
/ 7 (” %*quwm) &y 4.8)
0 t D

18 o’ ()

We first observe that

R 1 xX—=y
w,*u,(m:fRNu(RQ_ty) . w( : )dy,

and by the divergence theorem

/ Logu (=2} ay =0
RN tNJrl t y ="y
Thus, we obtain as well

RQ R_Q 1 X =Yy
_V1//t*ut(x):/]RN |:M<R9—tx)_u<RQ—fy>i| (N1 Vl//< ; )dy,
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1314 L. Brasco, A. Salort

(7e=) (e Z)
u x| —u y
Ro —t Ro —t
—1
y 1 x—y r
)\dy)x(/wfvﬂ W) o) e
va”Ll(RN)/ /
tp 1 RN RN RQ—t
- \Y — dyd
(o) e [0 (5| e
IIVI#IIU N
5T TLIRY)
< EED //Iu(z)—u(w)l” e
\Y
7 (%
forevery 0 < t < R /2. This yields
/Rg/ztp IV * uellLece) \” dt
0 ts t

Ro/2
< (N +1)P~! / ‘ t’”/ / |u(z) — u(w)|? iN
0 RN JRN 1t

v (B ) aza Y “9)

:(N+1)f'*‘/ / lu(z) — u(w)|?
RN JRN

Ra/2 1 Ro —t dt
1P — |V — — ) dzdw.
([ oo (Gt )| ) e

As above, we now observe that

and by Holder’s inequality

14
”th*ut”LP(Q) = /RN (/RN
X
(5

L

tN+1

tNJrl

(z — w))‘ dzdw,

Ro —1t |z —w|

vo (2=t _ )20 1
—w < 1;
Rot ‘ Ro t
thus, in particular, for 0 < t < R /2 we have
1 |z —w| Ro —1t
— ] = V - =0.
2t ~ v ( Rot (2 w))

This implies that for z, w € RY we have

Ra/2 1 Ro — dr
tf‘vpi \V4 _ _
[ e (e )|

+oo 1 RQ —t dr
< 5P _ |V — _
- ﬁzw N W( Rot (@ w)> t

N+ 1)2N*tsp
< WA D2 N
oy (N + 5 p)

—sp
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By inserting this estimate in (4.9), we now get (4.8). This and (4.7) then give

/Rz‘? (K(t, u, LP(2), D(])"”(Q)))p dt
0

P
5 " <C ”””D“‘” (4.10)

o0’ (£2)

for a constant C = C(N, p, £(£2)).
We are left with estimating the integral of the K-functional on (Rg /2, +00): for this, we
can use the trivial decomposition

u=w—-—0)+0,
which gives

/+°° (K(t,u,LP(.Q),Dé’p(.Q))>p dr _ /+°° lull}p gy dt

ts [ RTQ tsp t

Rgo
2

”””[Zp(g) Ro\ %P
sp 2

s p 1
< lullZs., —7 |-
Tsp o D@ \as(2) Ry

where we used the Poincaré inequality for ’Df)”' (£2). By recalling that for a convex set with
finite inradius, we have (see [8, Corollary 5.1])

)

: C
MR > ————
P2 Rg s —s)

for a constant C = C(N, p) > 0, we finally obtain

too (Kt u, LP(2). D" @)\’ dr 2sp 1—
(uLr@), Dy @)\ & _2r s
kg s i = Moy \Te )

2

By using this in conjunction with (4.10), we finally conclude the proof. O

For general unbounded convex sets, the previous proof does not work anymore. However,
for convex cones the result still holds. We say that a convex set 2 C RY is a convex cone
centered at xo € RY if for every x € £2 and T > 0, we have

x0+ 17 (x —x0) € £2.
Then we have the following

Corollary 4.8 (Comparison of norms II: convex cones) Let 1| < p <ocoand0 < s < L. If
2 C RY is an open convex cone centered at xo € RN, then for every u € C§°(82) we have

P < P
4l gy < €l

@ = 57 (2)

foz’pa constant C = C(N, p,E($2 N B1(x9))) > 0. In particular, we have Xg‘p(Q) =
Dy" (£2).
0

Proof We assume for simplicity that xo = 0 and take u € Cg°($2). Since u has compact
support, we have that u € Cgo (£2 N Br(0)), for R large enough. From Theorem 4.7, we
know that

p —
”u”Xg’p(.QﬂBR(O)) <C ||M||D3~p(9mgk(0)) =C ||u||Dg~l’(_Q)~
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1316 L. Brasco, A. Salort

We recall that the constant C depends on the eccentricity of £2 N Br(0). However, since £2
is a cone, we easily get

E(£2 N Br(0)) = £(82 N B1(0)), forevery R > 0,
i.e., the constant C is independent of R. Finally, by observing that
P P
HMHXS'V(.Q) = HMHXS")(QOBR(O))’
we get the desired conclusion. O

Remark 4.9 (Rotationally symmetric cones) Observe that if §2 is the rotationally symmetric
convex cone

R=xeR" : (x —x0,w) > Blx —xo|}, forsome0<p <1, xoe RY andw € SN,

S(QﬂBl(O)):%max{Z,/l - B2, 1} (1 +\/117>

by elementary geometric considerations.
In particular, when £2 is a half-space (i.e., when g = 0), then we have £(£2 N B1(0)) = 2.

we have

4.3 Lipschitz sets and beyond

In this section, we show that the norms of Xg "7 and D(s)‘p are equivalent on open bounded
Lipschitz sets. We also make some comments on more general sets, see Remark 4.11.

By generalizing the idea of [22, Theorem 11.6] (see also [6, Theorem 2.1]) for p = 2 and
smooth sets, we can rely on the powerful extension theorem for Sobolev functions proved
by Stein and obtain the following

Theorem 4.10 (Comparison of norms II: Lipschitz sets) Let 1| < p < coand0 < s < 1. Let
2 C RN be an open bounded set, with Lipschitz boundary. Then for every u € C3o(£2) we
have

P 4
) <
s g < 1l

@ = o7 (@)

for a constant C1 > 0 depending on N, p, diam(£2) and the Lipschitz constant of 082. In
particular, we have Xg’p(Q) = D(S)’p(.Q) in this case as well.

Proof We take an open ball B C RV with radius diam($2) and such that £2 € B. We then
take a linear and continuous extension operator

T:WhP(B\R2) - WP (B),

such that

A

17@)llLrs) < e lullprp g,
@.11)

A

IVT@)llLrs) < e lullyrp g

where ¢; > 0 depends on N, p, diam(§2) and the Lipschitz constant of 9§2. We observe
that such an operator exists, thanks to the fact that £2 has a Lipschitz boundary, see [27,
Theorem 5, p. 181]. We also observe that the first estimate in (4.11) is not explicitly stated
by Stein, but it can be extrapolated by having a closer look at the proof, see [27, p. 192].
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A note on homogeneous Sobolev spaces of fractional order 1317

For every v € Ci°(B), we define the operator
Rw)y=v—T(- 13\5),
and observe that
R()=0in B\2 and R(v) € W"P(B).

Since §2 has continuous boundary, this implies that R(v) € D(l)’p (£2), see Remark 2.1. We
now fix u € C§°(B), for every v € Cg°(B) and every ¢, & > 0, we take ¢, € C;°(£2) such
that

1 N
(15 2)" lloe = RO Loy = V96 = VRO 1oy < & <r+(A},<9)) ) :

This is possible, thanks to the definition of D(l)’p(.Q). Then for ¢+ > 0 we can estimate the

relevant K -functional as follows
1,
K(t,R(u), LP(22), Dy" (£2)) < IRW) — @esllLri2) + 1 IVeillr)
< IR@) — RW)r2) + lloer — RWLr(2)
+ 1 IVR@)Lr2) + 1 IV — VR Lr(2)
<R —v)lrr) +tIVRWLr )
_1
- (z + (@) ) IV6es = VRl Lo
< llu = vllr@) + 17 (=) - 1pllLr2)
+1 (IV0lr@) + IVT@ - Ly glre) +e.
By applying (4.11) and using that
IVT (-1 ller) <eellv-1pglyir g =2 iy ga) < ee lvlwirs)
we then get
K(t, Ru), LP(£2), D5’”(9)) < (I +e) lu—viera) +1 IVl + e Ivlwirs) + &

We now use that

1 L
1 l P
Wl = (1000 + 190105 )" < IV0lILo) (1 +W> :

thanks to Poincaré inequality. By spending this information in the previous estimate and
using the arbitrariness of ¢, we get

K(t. R(u), L”(2). Dy"(2)) < (1 + e@) llu — vllLr(s)

1

1 P
t |1 14+ — A\ ) (B).
+ +ep ( + A},(B)) IVvllLr (s

@ Springer



1318 L. Brasco, A. Salort

We set for simplicity

1 P
=1 1+ — ,
Ve + e ( +A},(B)>

then by taking the infimum over v € C5°(B)
K(t, R(w), LP(R2), Dy (2)) < yo K(t,u, LP(B), D" (B
(1, R(u), L (§2), Dy"(82)) < v K(t,u, L"(B), Dy (B)).
As usual, we integrate in ¢, so to get

1RGN gy < ¥ Nty ). Foru € CF(B). *12)

We now observe thatif u € C§°(£2), then we have R (1) = u. Thus, from (4.12) and Theorem
4.7 for the convex set B, we get

< Cyhlul?, = Cyg lulf, for every u € C{°(£2),

el sp ) 0 @) 22y
0 0 0

where C only depends on N and p. This concludes the proof. O

Remark 4.11 (More general sets) It is not difficult to see that the previous proof works (and
thus Xg P (£2) and Df)’p (£2) are equivalent), whenever the set £2 is such that there exists a
linear and continuous extension operator

T:WhP(B\R2) > WHP(B),

such that (4.11) holds. Observe that there is a vicious subtlety here: the first condition in
(4.11) is vital and, in general, it may fail to hold for an extension operator. For example,
there is a beautiful extension result by Jones [21, Theorem 1], which is valid for very irregular
domains (possibly having a fractal boundary): however, the construction given by Jones does
not assure that the first estimate in (4.11) holds true, see the statement of [21, Lemma 3.2].

In order to complement the discussion of Remarks 3.4 and 4.6 on “extensions by zero” in
Xg "7 we explicitly state the following consequence of Proposition 4.1 and Theorem 4.10.

Corollary4.12 Let 1 < p < ocoand0 < s < 1. Let 2 C RN be an open bounded set, with
Lipschitz boundary. Then for every u € C3°(82), we have
r p(1=s) p
150 gy = 207 N o 1l g g

where C1 > 0 is the same constant as in Theorem 4.10.

5 Capacities

Let 1 < p < N, we recall that for every compact set F C RY | its p-capacity is defined by

cap,(F) = inf {/ |Vu|? dx :uanndule},
uecE®N) | Jry

see [17, Chapter 4, Section 7].
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Similarly, given 1 < p < coand 0 < s < 1 such that’ s p < N, we define the (s, p)-
capacity of F through

_ : P .
capp(F) = i {10ty 0z Oandu = 16,

and the interpolation (s, p)-capacity of F by

. _ . p .
1ntcaps’p(F) = ue(flongN) {||u||X8,p(RN) cu>0andu > 11:] .

As a straightforward consequence of Propositions 4.1 and 4.5, we have the following

Corollary 5.1 (Comparison of capacities) Let 1 < p < oo and 0 < s < 1 be such that
sp < N. Let F C RN be a compact set, then we have

1 .
Pl cap, ,(F) < intcap, ,(F) < Ccap, ,(F),

for a constant C = C(N, p) > 1. In particular, it holds

cap, ,(F) =0 ifandonlyif intcap, ,(F)=0.

Proposition 5.2 Let1 < p < coand0 < s < 1 be suchthats p < N. Forevery E, F C RV
compact sets, we have

caps,p(E UF) < capsyp(E) + caps,p(F).

Proof We fix n € N\ {0} and choose two nonnegative functions ¢,,, ¥, € C5° (R™) such that

1
[(pn]cvs.p(]RN) S Caps,p(E) + ;’ (ﬂn Z lE’
and

1
(Wnliys ey = CaPsp(F) + —0 Y = 1p.
We then set
Upe = (max{(pna lpn}) *0s, O<exl,

where {0:}¢~0 is a family of standard Friedrichs mollifiers. We observe that for every n €
N\{0}, it holds that U, . € C§° (RN). Moreover, by construction we have

Un,s = 1EUF-

By observing that Jensen’s inequality implies
p
5 <
(Un,elws.p@myy < I:max{wna wn}:lWSvl’(]RN)’
we thus get

p

cap, ,(EUF) < [Unelwsp@ny < I:max{ﬁﬁn, wn}]ws‘p(RN)-

3 As usual, the restriction s p < N is due to the scaling properties of the relevant energies. It is not difficult
to see that for s p > N, both infima are identically 0.
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By using the sub-modularity of the Sobolev—Slobodeckii seminorm (see [19, Theo-
rem 3.2 & Remark 3.3]), we obtain

CaPS,p(E U F) f [wl‘t]a/s,p(]RN) + [wn]sv.np(RN)'

Finally, thanks to the choice of ¢, and ,,, we get the desired conclusion by the arbitrariness
of n. O

In the next result, we denote by H' the r-dimensional Hausdorff measure.

Proposition5.3 Let 1 < p < coand 0 < s < 1 be such that s p < N. Let 2 C RN be an
open set. We take a compact set E € $2 such that

caps’p(E) =0.
Then we have
H'(E)=0 foreveryt > N —sp, (5.1)
and
2(R\E) = 2 (2). (52)

Proof To prove (5.1), we can easily adapt the proof of [17, Theorem 4, p. 156], dealing with
the local case.

In order to prove (5.2), we first assume £2 to be bounded. Let ¢ > 0, we take u, € C8° (£2)
such that

||u£||gg,,,(m<(1+g)xj,(.(z) and /Q|uglpdx=l.

We further observe that the boundedness of £2 implies that

WW(@2) = inf { LA :1}: i [ PO : =1],
p@ = it {1l g, ¢ el i N1l g, tuloria)

and that any solution u € Dy’ (£2) has norm L>(£2) bounded by a constant M =
M(N, s, p, £2), see [7, Theorem 3.3]. Thus, without the loss of generality, we can also
assume that

luellLooy <M +1, for0<e < 1.
Since E has null (s, p)-capacity, there exists ¢, € C8°(SZ) such that
[(pS],‘:VLp(]RN) <é& @20 and ¢ > 1g.

We set Ve = @ /|| @e || Loomny and observe that [|@e || poogyy > 1. The function u, (1 — )
is admissible for the variational problem defining A;(Q\E); then by using the triangle
inequality, we have
1
(2\B))” < <
lue (1 — Ye)llLr(2\E) lue (1 — Ye)llLr(2\E)
lluell Lo [Ws]ws,p(RN)

[ue (1 — 1//e)]ws-p(]RN) < [Me]ws,p(RN) It — 1/’es”LOO(]RN)

lue (1 — Yo)llLr\E)

From the first part of the proof, we know that E has N-dimensional Lebesgue measure 0;
thus, the L? norm over §2\ E is the same as that over £2. If we now take the limit as & goes
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to 0 and use the properties of u,, together with*

o 3 e <egb
elws.p(RN) ||§0£||L°C(RN) T

and
lim ||[1 — 1//8||LDO(RN) =limsup(l —y,) <1,
e—0 e—0 RN

we get

(A;(Q\E))% < (x; (Q))%.

The reverse inequality simply follows from the fact that Cg°(£2\ E) C C(°(§2); thus, we get
the conclusion when £2 is bounded.

In order to remove the last assumption, we consider the sets 2z = £2 N Br(0). For R
large enough, this is a nonempty open bounded set and E € §2g as well. We thus have

3 (2R\E) = 34, (28).

By taking the limit> as R goes to 400, we get the desired conclusion in the general case as
well. O

The previous result giving the link between the Poincaré constant and sets with null
capacity does not hold true in the interpolation space Xg "7 (£2). Indeed, we have the following
result, which shows that the interpolation Poincaré constant is sensitive to removing sets with
null (s, p)-capacity.

Lemma5.4 Letl < p < Nand0 < s < 1. Let 2 C RY be an open set and E € §2 a
compact set such that

intcaps’p(E) =0 < cap,(E).
Then we have
AS(2\E) > A%(92).
Proof By Corollary 3.3, we know that

N

ps(1—$)AL(R\E) = (x},(Q\E))S and ps(1—s) A5(82) = (A},(Q))

It is now sufficient to use that k},(.Q\E) > k},(.Q), as a consequence of the fact that E has
positive p-capacity. O

4 Observe that, from the first condition, we getthat v converges to 0 strongly in L? (£2), by Sobolev inequality.
Since the family {u} is bounded in L°°(£2), this is enough to infer

lim / lug)? |1 — e [P dx = 1.
e—0J0
5 Such a limit exists by monotonicity.
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Remark 5.5 As an explicit example of the previous situation, we can take s p < 1 and the
(N — 1)-dimensional set

F =[—a,alV"! x {0}.
Observe that capp(F ) > 0 by [17, Theorem 4, p. 156]. On the other hand, we have
intcap; ,(F) =0.
Indeed, we set
F, = {x eRV . dist(x, F) < 8}.
We then take the usual sequence of Friedrichs mollifiers {0 }.~0 C Cf)’o (RN and define
¢e = 15, ¥ 0e € CRY).
Observe that by construction we have
g =1on F, and ¢, =0on RN\FZS.
By definition of (s, p)-capacity and using the interpolation estimate (4.3), we get

Caps,p(F) S [(p&‘]ﬁ/s,p(RN)

1—s K
<c (/ |¢8|de) (/ |V<pa|!’dx)
RN RN
1—s s sp
<C </ |1Fg|pdx> </ |1F£|pdx> (/ IVledx)
RN RN RN

<C|FeP <Ce'™P.

We then observe that the last quantity goes to 0 as & goes to 0, thanks to the fact thats p < 1.
By Corollary 5.1, we have

intcap; ,(F) = cap; ,(F) =0.

as desired.

6 Double-sided estimates for Poincaré constants

We already observed that for an open set 2 C RY we have
N

ps (=9 A3 = (@)

We now want to compare A}, with the sharp Poincaré constant for the embedding Dg’p (£2) —
LP($2).

Theorem 6.1 Let 1 < p <ocoand0 < s < 1. Let 2 C RN be an open set, then

or (=) N7
s (1= 9)2(2) = ———(

(@) ©6.1)
If in addition:
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o 2 C RN is bounded with Lipschitz boundary, then we also have the reverse inequality
1
pCi
where C1 > 0 is the same constant as in Theorem 4.10;
o 2 C RN is convex, then we also have the reverse inequality

(h®@) =sa -9, 6.2)

1 (Al (9))S <5(1—=9)25(2) (6.3)
C2 P - P ’ )
where Cy is the universal constant given by
N
(+hB10)
Cr=———"—,
c

and C = C(N, p) > 0 is the same constant as in the Hardy inequality for D(S)‘p(.Q) (see
[8, Theorem 1.1]).

Proof The first inequality (6.1) is a direct consequence of the interpolation inequality (4.3).
Indeed, by using the definition of }\; (£2), we obtain from this inequality

2P 1= N gy a
$ U= @Dl < = = Il 30 1Vl S g,

for every u € C{°(£2). By simplifying the factor )7 Lr(s2) On both sides and taking the
infimum over C§°(£2), we get the claimed inequality.
In order to prove (6.2), for every ¢ > 0 we take ¢ € C3°($2) such that

||§0|| »
Q
— D@ s @)+,
||§0||Lp(9)
then we use Theorem 4.10 to infer
1 el
— 0@ @) e
Cl ||§0||Lp(g)

This in turn implies

1
o M@ 1@,
by arbitrariness of ¢ > 0. A further application of Corollary 3.3 leads to the desired conclu-
sion.
Finally, if £2 ¢ R¥ is convex, we can proceed in a different way. We first observe that we
can always suppose that the inradius Ry; is finite; otherwise, both A ;, (£2) and A; (£2) vanish,
and there is nothing to prove. Then (6.3) comes by joining the simple estimate

AL (B1(0)
RE

My (2) <

which follows from the monotonicity and scaling properties of 1!, and the estimate of [8,
Corollary 5.1], i.e.,

sU=9)1@) = 5.
2
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The latter is a consequence of the Hardy inequality in convex sets for Df)’p . O

Remark 6.2 For p = 2, the double-sided estimate of Theorem 6.1 is contained in [12, The-
orem 4.5]. The proof in [12] relies on probabilistic techniques, and the result is proved by
assuming that §2 verifies a uniform exterior cone condition.

Remark 6.3 Inequality (6.2) cannot hold for a general open set £2 C RY, with a constant
independent of £2. Indeed, one can construct a sequence {£2,}nen C RY such that

)

(rh(20) |

im ——— =400, forl <p<ooands < —,
n—00 A-;)(,Qn) P

see Lemma A.1.

Acknowledgements The first author would like to thank Yavar Kian and Antoine Lemenant for useful dis-
cussions on Stein’s and Jones’ extension theorems. Simon Chandler-Wilde is gratefully acknowledged for
some explanations on his paper [11]. This work started during a visit of the second author to the University of
Ferrara in October 2017.

Appendix A. An example

In this section, we construct a sequence of open bounded sets {£2,,},en C RY with rough
boundaries and fixed diameter, such that we have

N
(rhe20) .
lim ——— =400, forl < p<ooands < —. (A.1)
oo 8 ($2)

The sets £2,, are obtained by removing from an N-dimensional cube an increasing array of
regular (N — 1)-dimensional cracks (Fig. 1).
For N > 1, we set®

o 4 F 1 1Vt 0
o=|-35] mir=|33i] xwo

For every n € N, we also define
Zy={e=@..... €2V max{iail, .. o) < .
Finally, we consider the sets

N
Q=0\F, £,= U <9+z>=|:—n—%,n+l] \U(F—i—z),

2
zeZN zeZN
g n -~ n

and

Then (A.1) is a consequence of the next result.

6 For N = 1, the set F simply coincides with the point {0}.
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Fig.1 The set £2;, in dimension N = 2, forn =3

Lemma A.1 With the notation above, for 1 < p < oo ands < 1/p we have

Ay (£2,) = C=C(N,p,F) >0, foreveryneN, (A2)
and _
lim %,(52,) = 0. (A.3)
n—oo

In particular, the new sequence of rescaled sets {82, },en C RY defined by

~ 1 ~ 117N (F+72)
20 = |52 mn:[—f f} U
zeZl

272 2n+1’

is such that

(rhew)
diam($2,) = VN, foreveryn e N and lim

—_— = Q.
n—o0 )L;(_Qn) +

Proof We divide the proof in two parts, for ease of readability. Of course, it is enough to
prove (A.2) and (A.3). Indeed, the last statement is a straightforward consequence of these
facts and of the scaling properties of the diameter and of the Poincaré constants. O

/ |Vu|? dx
Q

up(Q; F) = min ——  tu=0on F
uewl-r(Q)\{0} / |u|p dx
0

Proofof (A.2). For 1 < p < oo we define

We first observe that F is a compact set with positive (N —1)-dimensional Hausdorff measure;
thus, by [23, Theorem 10.1.2] we can infer the existence of a constant C = C(N, p, F) > 0
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such that

1
el / |u|”dx§/ |VulP dx, forevery u € WP (Q) such thatu = 0 on F.
0 0

This shows that 1, (Q; F) > 0.
For every ¢ > 0, we consider u, € C8°(E)\{0} such that

E

We now observe that for every z € Z¥, there holds

/ [Vue|? dx = n(Q, F) ug|” dx,
O+z O+z

thanks to the fact that u, vanishes on (the relevant translated copy of) F and to the fact that
mp(Q, F) = up(0 +z, F + z). By using this information, we get

[Vug|P dx = / [Vug|? dx
/E ‘ Z O+z ’

z€ZN

> wp0.n Y [

l? dx = 1 Q. F) [ et a.
zeZN 0+z E
By recalling the choice of u,, we then get
hp(E) + & = pp(Q: F).
Thanks to the arbitrariness of & > 0 and to the fact that £, C E, this finally gives
A (2,) = A (E) = j1,(Q: F), foreveryn €N, (A4)

as desired. O

Proof of (A.3). We recall that
~ 1 1V
2= (2+2) = [—n—i,nﬁ-i] VU F+a,
zeZy ezl

and that each (N — 1)-dimensional set F 4+ z has null (s, p)-capacity, thanks to Remark 5.5.
By using Proposition 5.2, we also obtain

cap; , U (F+2) | =0.

ezl
Then by Proposition 5.3, we get
X (83 = 2 Lo ) = entnri0
»(82n) = 4, —n—2,n > =2n pQ.
This is turn gives the desired conclusion (A.3). O
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Appendix B. One-dimensional Hardy inequality

In the proof of Proposition 4.5, we used the following general form of the one-dimensional
Hardy inequality. (The classical case corresponds to « = p — 1 below.) This can be found,
for example, in [23, p. 39]. For the sake of completeness, we give a sketch of a proof based
on Picone’s inequality.”

LemmaB.1 Let1 < p < ocoanda > 0. For every f € Cgo((O, T1) we have

P T T /
(g) / |f(r)|f’g§/ e, d B
p 0 1% t 0 I t

Proof We take 0 < B < o/(p — 1) and consider the function ¢(¢) = t#. Observe that this
solves

—(l' O 2" 0y 1P =) = pP @ — B (p— D) PD!
=pr@—p(p -1l
Thus, for every ¢ € C3°((0, T']) we have the weak formulation

T (/)p—] g _/T |¢) |p 2
o

tp
pr 1/f

pri@—pp-1) |
We take ¢ > 0 and f € C3°((0, T]) nonnegative, we insert the test function
P
(e +o)r=’
in the previous integral identity. By using Picone’s inequality, we then obtain

p—l £ dr T |¢/|P—2 (p’ fP ! dt
p—t e frhde P
BT =B (p— 1))/ (e +@)P~1 1« ¢ /0 1o ((s—i—(ﬂ)”*l) "

T /
</ I, de
—Jo ¥ t

If we take the limit as € goes to 0, by Fatou’s lemma we get

Tprde /T FACI
0

[ 1

Y=

B =B (p—1)
0
The previous inequality holds true for every 0 < 8 < a/(p — 1) and P~ (@ — B (p — 1))
is maximal for 8 = «/p. This concludes the proof. O
Appendix C. A geometric lemma

When comparing the norms of X;,” (£2) and Dy (£2) for a convex set, we used the following
geometric result. We recall that

7 For u, v differentiable functions with v > 0 and u > 0, we have the pointwise inequality

2 vy
np— / /
Wi () < W
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Fig.2 The case (ii) in the proof
of Lemma C.1. Colored in red,
the distance of ¢ z from 9C,
(color figure online)

Rgo = sup dist(x, 052),
xefN

is the inradius of $2, i.e., the radius of the largest ball inscribed in £2.

LemmaC.1 Let 2 C RY be an open convex set such that Rg < +00. Let xo € §2 be a point
such that

dist(xg, 0§2) = Rg.
Then for every 0 <t < 1 we have

dist(xo + 1 (2 — x0), 922) = (1 — 1) R

Proof Without the loss of generality, we can assume that 0 € §2 and that xo = 0. Clearly, it
is sufficient to prove that

dist(3(z £2),982) = (1 — 1) Re.

Every point of d(¢ §2) is of the form ¢ z, with z € 9£2. We now take the cone C;, obtained
as the convex envelope of B, (0) and the point z. By convexity of £2, we have of course
C,; C £2. We thus obtain

dist(r z, 0§2) > dist(t z, 9C;). (C.1)

We now distinguish two cases:

(1) |z| = Re;
>i1) |z| > Re.

When alternative (i) occurs, then C; = Bg,, (0) and thus
dist(r z, 0C;) =dist(tz, 0Br, (0)) = [tz —z| =1 = 1) |z] = (1 — 1) Re.

By using this in (C.1), we get the desired estimate.
If on the contrary we are in case (ii), then by elementary geometric considerations we
have

dist(rz,0C.) _ Ro
ltz—z  Jzl’

see Fig. 2. This gives again the desired conclusion. O
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