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Abstract
We shall consider the following semi-linear problem with a Neumann boundary condition

−�u + u = a(|x |)|u|p−2u − b(|x |)|u|q−2u, x ∈ B1,

where B1 is the unit ball in R
N , N ≥ 2, a, b are nonnegative radial functions, and p, q

are distinct numbers greater than or equal to 2. We shall assume no growth condition on p
and q . Our plan is to use a new variational principle that allows one to deal with problems
with supercritical Sobolev non-linearities. Indeed, we first find a critical point of the Euler–
Lagrange functional associated with this equation over a suitable closed and convex set. Then
we shall use this new variational principle to deduce that the restricted critical point of the
Euler–Lagrange functional is an actual critical point.

Keywords Semi-linear elliptic problems · Calculus of variations · Variational principles

Mathematics Subject Classification 35J15 · 58E30

1 Introduction

In this paper, we consider the Neumann problem
⎧
⎨

⎩

−�u + u = a(|x |)|u|p−2u − b(|x |)|u|q−2u, x ∈ B1

u > 0, x ∈ B1,
∂u
∂ν

= 0, x ∈ ∂B1,

(1)

where B1 is the unit ball centered at the origin in R
N , N ≥ 2 and p, q are distinct numbers

greater than or equal to 2. The functions a and b are assumed to be nonnegative and radially
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1166 A. Moameni, L. Salimi

monotone. We shall assume no growth conditions on p and q , and therefore, this problem
can be supercritical.

Our plan is to prove the existence of at least one positive radially non-decreasing solution
for problem (1).Wewould like to remark that there have been several studies on the existence
of positive radially non-decreasing solutions for problem (1)when the function b is identically
zero, i.e., ⎧

⎨

⎩

−�u + u = a(|x |)|u|p−2u, x ∈ B1

u > 0, x ∈ B1,
∂u
∂ν

= 0, x ∈ ∂B1,

(2)

In most of these studies, when p is supercritical, the authors took advantage of the fact that
the function on the right-hand side of equation (2) is an increasingly monotone function in
terms of u. However, this property is lost in (1) as the right-hand side of this equation is the
difference of two monotone functions in terms of u. Here is one of the main results in this
paper.

Theorem 1.1 Let p and q be two distinct real numberswith p > q ≥ 2. Assume that functions
a and b satisfy the following conditions:

H1. a ∈ L1(0, 1) is non-decreasing and a(r) > 0 for a.e. r ∈ [0, 1].
H2. b ∈ L1(0, 1) is nonnegative and non-increasing on [0, 1].
Then problem (1) admits at least one radially non-decreasing positive solution.

We shall show that a similar result as in Theorem 1.1 also holds for p < q (see Theo-
rem 3.7). Here is an example satisfying the assumptions of Theorem 1.1:

⎧
⎨

⎩

−�u + u = |x |α|u|p−2u − μ

|x |β |u|q−2u, x ∈ B1

u > 0, x ∈ B1,
∂u
∂ν

= 0, x ∈ ∂B1.

where α,μ ≥ 0 and 0 ≤ β < N .

To prove Theorem 1.1, we utilize an abstract variational principle from [26] (see also
[27]). To be more specific, let V be a reflexive Banach space, V ∗ its topological dual and let
K be a non-empty convex and weakly closed subset of V . Assume that � : V → R∪{+∞}
is a proper, convex, lower semi-continuous function which is Gâteaux differentiable on K.
The Gâteaux derivative of � at each point u ∈ K will be denoted by D�(u). The restriction
of � to K is denoted by �K and defined by

�K (u) =
{

�(u), u ∈ K ,

+∞, u /∈ K .
(3)

For a given functional � ∈ C1(V , R) denote by D� ∈ V ∗ its derivative and consider the
functional IK : V → (−∞,+∞] defined by

IK (u) := �K (u) − �(u).

According to Szulkin [30], we have the following definition for critical points of IK .

Definition 1.2 A point u0 ∈ V is said to be a critical point of IK if IK (u0) ∈ R and if it
satisfies the following inequality

〈D�(u0), u0 − v〉 + �K (v) − �K (u0) ≥ 0, ∀v ∈ V , (4)

where 〈., .〉 is the duality pairing between V and its dual V ∗.
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Existence results for a supercritical Neumann… 1167

We also recall the notion of the point-wise invariance condition from [26].

Definition 1.3 We say that the triple (�, K ,�) satisfies the point-wise invariance condition
at a point u0 ∈ V if there exists a convex Gâteaux differentiable function G : V → R and a
point v0 ∈ K such that

D�(v0) + DG(v0) = D�(u0) + DG(u0).

We shall now recall the following variational principle recently established in [26] (see also
[27]).

Theorem 1.4 Let V be a reflexive Banach space and K be a convex and weakly closed subset
of V . Let� : V → R∪{+∞} be a convex, lower semi-continuous function which is Gâteaux
differentiable on K and let � ∈ C1(V , R). Assume that the following two assertions hold:

(i) The functional IK : V → R ∪ {+∞} defined by IK (u) := �K (u) − �(u) has a critical
point u0 ∈ V as in Definition 1.2, and;

(ii) the triple (�, K ,�) satisfies the point-wise invariance condition at the point u0.

Then u0 ∈ K is a solution of the equation

D�(u) = D�(u). (5)

We would like to remark that a particular version of Theorem 1.4 has been successfully
applied to thewell-knownAmbrosetti–Brezis–Cerami concave–convex problem [3] to obtain
multiplicity results for supercritical non-linearities (see [24] for more details).
For the convenience of the reader, by choosing appropriate functions �,� and a convex
set K corresponding to our problem (1), we shall provide a proof to a particular case of
Theorem 1.4 applicable to this problem.

We now recall some prior works related to (2). In [6], the authors considered the following
problem ⎧

⎨

⎩

−�u + u = |u|p, x ∈ B1

u > 0, x ∈ B1,
∂u
∂ν

= 0, x ∈ ∂B1,

(6)

and proved the existence ofmultiple radial solutions as p → +∞. They also showed the exis-
tence of radial solutions to (6) whose Laplacians weakly converge to measures concentrating
at interior spheres, with a simple reflection rule. Also in [28], the authors considered a variant
of (2) where |u|p is replaced with a(|x |) f (u) where a and f are positive and non-decreasing
functions. They proved the existence of a positive and radially non-decreasing solution for
this problem when there is no growth condition on f . In [7], by using the topological and
variational arguments, the authors treated a more general problem without imposing any
growth condition on f and proved the existence of positive non-decreasing radial solutions.
They have also addressed the existence of a non-constant solution in case the problem admits
trivial constant solutions. These results were extended to the p-Laplace version in [13,29]. In
recent papers [10,11], the authors studied the p-laplace version when the right-hand side of
(6) is replaced with more general non-linearities and the domain is either a ball or an annulus.
In particular, a conjecture about the existence of solutions with certain qualitative properties
(raised in [7]) was answered in [10]. The methods of [23] were extended to prove results
regarding multilayer radials solutions in [6]. The next work related to (6) is [8] where they
considered ⎧

⎨

⎩

−�u + u = g(|x |)|u|p−1, x ∈ 	

u > 0, x ∈ 	,
∂u
∂ν

= 0, x ∈ ∂	,

(7)
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1168 A. Moameni, L. Salimi

where 	 is an annulus in R
N :

	 := {x ∈ R
N : a < |x | < b},

and g ∈ L1(a, b), g(r) > 0 a.e. in (a, b) and p > 2. They proved that for every p large
enough, problem (7) admits at least three distinct redial solutions. Also in [9] the elliptic
system of the form ⎧

⎨

⎩

−�u + u = a(|x |) f (u, v), x ∈ B1

−�v + v = ã(|x |)g(u, v), x ∈ B1
∂u
∂ν

= ∂v
∂ν

= 0, x ∈ ∂B1,

(8)

has been considered, where a, ã are assumed to be radially, nonnegative and non-decreasing
weights and f , g are non-decreasing in each component. With some assumptions on f and
g, they proved the existence of at least one couple of non-decreasing non-trivial solutions for
(8).

Neumann boundary problems with subcritical non-linearities by means of Sobolev spaces
have been studied in several papers, amongwhich we refer to [1,2,4,20,21] and the references
therein.

Note that as the right-hand side of equation (2) is an non-decreasing function of u, one
can write it as a gradient of a convex function, namely ϕ. Now if ϕ∗ is the Fenchel dual of
ϕ, then by considering the critical points of the functional

I (u) = ϕ∗(Au) − ϕ(u),

where Au = −�u + u, one can prove the existence of a solution for the equation (See
[14,15,25,26]). We shall refer to [14] in particular where this new functional I was used to
study problem (2) for non-radial domains.

The paper is organized as follows. In the next section, we shall recall some preliminaries
from convex analysis and non-smooth critical point theory. Section 3 is devoted to the proof
of our main results. In the last section, we shall also discuss the case of non-constant solutions
when the functions a and b are constants.

2 Preliminaries

In this section, we recall some important definitions and results from convex analysis and
minimax principles for lower semi-continuous functions.

Let V be a real Banach space and V ∗ its topological dual and let 〈., .〉 be the pairing
between V and V ∗. The weak topology on V induced by 〈., .〉 is denoted by σ(V , V ∗). A
function � : V → R is said to be weakly lower semi-continuous if

�(u) ≤ lim inf
n→∞ �(un),

for each u ∈ V and any sequence un approaching u in the weak topology σ(V , V ∗). Let
� : V → R ∪ {+∞} be a proper convex function. The subdifferential ∂� of � is defined to
be the following set-valued operator: If u ∈ Dom(�) = {v ∈ V ; �(v) < +∞}, set

∂�(u) =
{
u∗ ∈ V ∗; 〈u∗, v − u〉 + �(u) ≤ �(v) for all v ∈ V

}

and if u /∈ Dom(�), set ∂�(u) = ∅. If � is Gâteaux differentiable at u, denote by D�(u)

the derivative of � at u. In this case, ∂�(u) = {D�(u)}.
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Existence results for a supercritical Neumann… 1169

We shall now recall some notations and results for the minimax principles for lower
semi-continuous functions.

Definition 2.1 Let V be a real Banach space, � ∈ C1(V , R) and � : V → (−∞,+∞] be
proper (i.e., Dom(�) �= ∅), convex and lower semi-continuous. A point u ∈ V is said to be
a critical point of

I := � − � (9)

if u ∈ Dom(�) and if it satisfies the inequality

〈D�(u), u − v〉 + �(v) − �(u) ≥ 0, ∀v ∈ V . (10)

Definition 2.2 We say that I satisfies the Palais–Smale compactness condition (PS) if every
sequence {un} such that
• I [un] → c ∈ R,

• 〈D�(un), un − v〉 + �(v) − �(un) ≥ −εn‖v − un‖, ∀v ∈ V .

where εn → 0, then {un} possesses a convergent subsequence.
The following two theorems are due to Szulkin [30].

Theorem 2.3 (Mountain pass theorem) Suppose that I : V → (−∞,+∞] is of the form (9)
and satisfies the Palais–Smale condition and the mountain pass geometry (MPG):

1. I (0) = 0.
2. there exists e ∈ V such that I (e) ≤ 0.
3. there exists some ρ such that 0 < ρ < ‖e‖ and for every u ∈ V with ‖u‖ = ρ one has

I (u) > 0.

Then I has a critical value c which is characterized by

c = inf
g∈�

sup
t∈[0,1]

I [g(t)],

where � = {g ∈ C([0, 1], V ) : g(0) = 0, g(1) = e}.
Theorem 2.4 Suppose that I : V → (−∞,+∞] is of the form (9) and satisfies the Palais–
Smale condition. If I is bounded from below, then c = infu∈V I (u) is a critical value.

3 Existence results

In this section, we first prove an adapted version of Theorem 1.4 applicable specifically to
our problem, and then, we proceed with the proof of our main results.
Throughout this section, we always assume that conditions H1 and H2 in Theorem 1.1 hold,
and the real numbers p, q are greater than or equal to 2. Let H1

rad(B1) be the space of radial
function in the Sobolev space H1(B1).Consider the Banach space V = H1

rad(B1)∩Lq
b(B1)∩

L p
a (B1) with

L p
a (B1) :=

{
u :

∫

a(|x |)|u|pdx < ∞
}
, & L p

b (B1) :=
{
u :

∫

b(|x |)|u|pdx < ∞
}
,

equipped with the following norm

‖u‖V = ‖u‖H1 + ‖u‖L p
a

+ ‖u‖Lq
b
,
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1170 A. Moameni, L. Salimi

where

‖u‖L p
a

=
( ∫

B1
a(|x |)|u|pdx

) 1
p
, & ‖u‖Lq

b
=

( ∫

B1
b(|x |)|u|qdx

) 1
q
.

Note that the duality pairing between V and its dual V ∗ is defined by

〈u, u∗〉 =
∫

	

u(x)u∗(x) dx, ∀u ∈ V , ∀u∗ ∈ V ∗.

Our plan is to apply Theorem 1.4 to the Euler–Lagrange functional corresponding to problem
(1), i.e.,

E(u) := 1

2

∫

B1

(|∇u|2 + u2
)
dx + 1

q

∫

B1
b(x)uqdx − 1

p

∫

B1
a(|x |)|u|pdx,

over the set

K =
{
u ∈ V : u ≥ 0, u is non-decreasing with respect to the radius r = |x |

}
. (11)

To adapt Theorem 1.4 to our case, define � : V → R and � : V → R by

�(u) = 1

2

∫

B1

(|∇u|2 + u2
)
dx + 1

q

∫

B1
b(|x |)uqdx,

and

�(u) = 1

p

∫

B1
a(|x |)|u|pdx .

We remark that even though � is not even well defined on H1(B1), but it is continuously
differentiable on the space V = H1

rad(B1) ∩ Lq
b(B1) ∩ L p

a (B1). Finally, let us introduce the
functional EK (u) : V → (−∞,+∞] defined by

EK (u) := �K (u) − �(u) (12)

where

�K (u) =
{

�(u), u ∈ K ,

+∞, u /∈ K .
(13)

Note that EK is indeed the Euler–Lagrange functional corresponding to (1) restricted to K .
Here is an adapted version of Theorem 1.4 applicable to our case.

Theorem 3.1 Let V = H1
rad(B1) ∩ Lq

b(B1) ∩ L p
a (B1) and let K be the convex and closed

subset of V given in (11). Suppose the following two assertions hold:

(i) The functional EK : V → R ∪ {+∞} defined in (12) has a critical point ū ∈ V as in
Definition 2.1, and;

(ii) there exists v̄ ∈ K with ∂v̄
∂ν

= 0 on the boundary of B1 such that

−�v̄ + v̄ + b(x)|v̄|q−2v̄ = D�(ū) = a(|x |)|ū|p−2ū,

in the weak sense, i.e.,
∫

	

∇v̄.∇η dx +
∫

	

(
v̄ + b(x)|v̄|q−2v̄

)
η dx =

∫

	

a(|x |)|ū|p−2ūη dx, ∀η ∈ V .
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Existence results for a supercritical Neumann… 1171

Then ū ∈ K is a weak solution of the equation

− �u + u = a(|x |)|u|p−2u − b(x)|u|q−2u, (14)

with the Neumann boundary condition.

Proof Since ū is a critical point of EK , it follows from Definition 2.1 that

〈D�(ū), ū − v〉 + �K (v) − �K (ū) ≥ 0, ∀v ∈ V . (15)

On the other hand, by (ii), there exists v̄ ∈ K satisfying
{−�v̄ + v̄ + b(x)|v̄|q−2v̄ = a(|x |)|ū|p−2ū, x ∈ B1

∂v̄
∂ν

= 0, x ∈ ∂B1,
(16)

in the weak sense. By setting v = v̄ in (15), we obtain that

1

2

∫

B1

(|∇v̄|2 + v̄2
)
dx + 1

q

∫

B1
b(x)|v̄|qdx − 1

2

∫

B1

(|∇ū|2 + ū2
)
dx − 1

q

∫

B1
b(x)|ū|qdx

≥
∫

B1
a(|x |)|ū|p−2ū(v̄ − ū) dx

=
∫

B1
∇v̄.∇(v̄ − ū) dx +

∫

B1
v̄(v̄ − ū) dx +

∫

B1
b(x)|v̄|q−2v̄(v̄ − ū) dx,

where the last line follows from (16). Therefore,

1

2

∫

B1
|∇v̄ − ∇ū|2 dx + 1

2

∫

B1
|v̄ − ū|2 dx

+ 1

q

∫

B1
b(x)(|ū|q − |v̄|q) dx +

∫

B1
b(x)|v̄|q−2v̄(v̄ − ū) dx ≤ 0. (17)

Note that the function g : R → R defined by g(t) = |t |q/q is convex. Thus for all t1, t2 ∈ R

we have that

g(t2) − g(t1) ≥ g′(t1)(t2 − t1) = |t1|q−2t1(t2 − t1).

Substituting t2 = ū and t1 = v̄ in the latter inequality implies that

1

q
|ū|q − 1

q
|v̄|q ≥ |v̄|q−2v̄(ū − v̄).

Multiplying both sides by b(x) and integrating over B1 yield that

1

q

∫

B1
b(x)|ū|q dx − 1

q

∫

B1
b(x)|v̄|q dx ≥

∫

B1
b(x)|v̄|q−2v̄(ū − v̄) dx . (18)

Now from (17) and (18), we obtain that

1

2

∫

B1
|∇v̄ − ∇ū|2 dx + 1

2

∫

B1
|v̄ − ū|2 dx ≤ 0,

which implies that ū = v̄. Taking into account that ū = v̄ in (16), we have that ū is a weak
solution of

−�u + u = a(|x |)|u|p−2u − b(x)|u|q−2u,

with the Neumann boundary condition. ��
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1172 A. Moameni, L. Salimi

It is worth noting that condition i i) in Theorem 3.1 indeed shows that the triple (�, K ,�)

satisfies the point-wise invariance condition at ū given inDefinition 1.3 . In fact, it corresponds
to the case where G = 0. This is why Theorem 3.1 is a very particular case of the general
Theorem 1.4.
We shall need some preliminary results before proving our main results. We begin with the
following elementary lemma.

Lemma 3.2 The following assertions hold:

1. There exists C0 > 0 such that

‖u‖L∞(B1) ≤ C0‖u‖H1(B1), ∀u ∈ K .

2. There exists a constant C > 0 such that

‖u‖H1(B1) ≤ ‖u‖V ≤ C‖u‖H1(B1), ∀u ∈ K . (19)

Proof Let 0 < r < 1 and Br be a ball centered at the origin with radius r . It follows from
the continuous embedding of H1(B1\Br ) ⊆ L∞(B1\Br ) that there exists a constant C0 > 0
such that

‖u‖L∞(B1) = ‖u‖L∞(B1\Br ) ≤ C0‖u‖H1(B1\Br ) ≤ C0‖u‖H1(B1), (∀u ∈ K ).

This completes the proof of the first part. For the second part, we have that

‖u‖H1(B1) ≤ ‖u‖V = ‖u‖H1(B1) + ‖u‖L p
a (B1)

+ ‖u‖Lq
b (B1)

≤ ‖u‖H1(B1) + ‖u‖L∞(B1)(‖a‖L1(B1) + ‖b‖L1(B1)) ≤ C‖u‖H1(B1),

where C = 1 + C0(‖a‖L1(B1) + ‖b‖L1(B1)). ��
Lemma 3.3 Let 	 be a bounded open domain in R

N and q ≥ 2. Suppose that f ∈ L∞(	),
b ∈ L1(	) and u ∈ H1(	) ∩ Lq

b(	) be such that
∫

	

∇u.∇ϕdx +
∫

	

uϕdx +
∫

	

b(x)|u|q−2uϕdx =
∫

	

f ϕdx, ∀ϕ ∈ H1(	) ∩ Lq
b(	).

(20)
If the functions f and b are nonnegative, then there exists a constant C > 0 independent of
u such that for a.e. x ∈ 	 we have

0 ≤ u(x) ≤ C‖ f ‖L∞(	). (21)

Proof Consider a function η ∈ C1(R) such that

(i) η is strictly increasing on the interval [0,∞),
(ii) η(t) = 0, ∀t ∈ (−∞, 0].
(iii) both η and its derivative η′ are bounded.

We first show that u(x) ≥ 0 for a.e. x ∈ 	. Set ϕ = −η(−u). Note that ϕ ∈ H1(	) ∩
Lq
b(	), so by (20) we have
∫

	

|∇u|2η′(−u)dx −
∫

	

uη(−u)dx −
∫

	

b(x)|u|q−2uη(−u)dx = −
∫

	

f η(−u)dx . (22)

Note that f ≥ 0 and η(−u) ≥ 0. Thus from (22) one can deduce that

−
∫

	

(u + b(x)|u|q−2u)η(−u)dx ≤ 0.

123



Existence results for a supercritical Neumann… 1173

On the other hand, for all t ∈ R and x ∈ 	, we have (t + b(x)|t |q−2t)η(t) ≥ 0. Therefore,

−(u + b(x)|u|q−2u)η(−u) = 0, a.e. x ∈ 	.

So by the definition of η, we get u(x) ≥ 0 for a.e. x ∈ 	.
We now prove the second inequality in (21). Let b0 = infx∈	 b(x) and note that b0 ≥ 0.

Set M = ‖ f ‖L∞(	). Since the map t → t +b0|t |q−2t − M is strictly increasing, there exists
C > 0 such that t + b0|t |q−2t − M ≤ 0 if and only if t ≤ CM. Set ϕ = η(u − CM). It
follows from (iii) that ϕ ∈ H1(	) ∩ Lq

b(	), so by (20) we have
∫

	

|∇u|2η′(u − CM)dx +
∫

	

uη(u − CM)dx +
∫

	

b(x)|u|q−2uη(u − CM)dx

=
∫

	

f η(u − CM)dx,

from which one has that
∫

	

|∇u|2η′(u − CM)dx +
∫

	

(u − M)η(u − CM)dx +
∫

	

b(x)|u|q−2uη(u − CM)dx

=
∫

	

( f − M)η(u − CM)dx . (23)

Note that f − M ≤ 0 and η(u − CM) ≥ 0. Thus from (23) one can deduce that
∫

	

(u + b(x)|u|q−2u − M)η(u − CM)dx ≤ 0.

Since u is nonnegative, it follows that
∫

	

(u + b0|u|q−2u − M)η(u − CM)dx ≤
∫

	

(u + g(x)|u|q−2u − M)η(u − CM)dx ≤ 0.

On the other hand, by the properties of the function η, we have

(t + b0|t |q−2t − M)η(t − CM) ≥ 0, ∀t ∈ R.

Therefore,
(
u + b0|u|q−2u − M

)
η(u − CM) = 0, a.e. x ∈ 	.

Thus again by using the definition of η we obtain that u(x) ≤ CM for a.e. x ∈ 	. ��
Lemma 3.4 The functional EK defined in (12) satisfies the (PS) compactness condition if
either of the following assertions hold:

1. p > q;

2. If p < q then (aq/bp)
1

q−p ∈ L1(0, 1).

Proof Suppose that {un} is a sequence in K such that E(un) → c ∈ R, εn → 0 and

�K (v) − �K (un) + 〈D�(un), un − v〉 ≥ −εn‖v − un‖V , ∀v ∈ V . (24)

We must show that {un} has a convergent subsequence in V . Firstly, we prove that {un} is
bounded in V . To do this, we will consider two cases p > q and p < q separately.

Case 1, p > q:
Note that since E(un) → c, then for large values of n we have

1

2
‖un‖2H1 + 1

q
‖un‖qLq

b
− 1

p

∫

B1
a(|x |)|un |pdx ≤ c + 1. (25)
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1174 A. Moameni, L. Salimi

Now consider the function g(r) = rq − p(r − 1) − 1 on the interval (1,+∞). One can see

easily that if we set r∗ = (
p
q )

q
q−1 , then for every r ∈ (1, r∗) we have g(r) < 0. Choose such

a number r . Thus, we have r > 1 and rq − 1 < p(r − 1). Note that

〈Dϕ(un), un〉 =
∫

B1
a(|x |)un(x)pdx .

Thus, by setting v = run in (24) we get

(1 − r2)

2
‖un‖2H1+ (1 − rq )

q
‖un‖qLq

b
+(r−1)

∫

B1
a(|x |)|un |pdx ≤ εn(r−1)‖un‖V ≤ C‖un‖V .

(26)
Remember that rq − 1 < p(r − 1), so take α > 0 such that

1

p(r − 1)
< α <

1

rq − 1
.

Multiply (26) by α and sum it up with (25) to get

1 + α(1 − r2)

2
‖un‖2H1 + 1 + α(1 − rq)

q
‖un‖qLq

b

+
[

α(r − 1) − 1

p

] ∫

B1
a(|x |)|un |pdx ≤ c + 1 + αC‖un‖V .

Now from the choice of α, the fact that r > 1 and q ≥ 2, all the coefficients in the left-hand
side of the latter inequality are positive, thus for suitable constants C1,C2,C3,C4 > 0 we
have that

‖un‖2H1 + C1‖un‖qLq
b

+ C2

∫

B1
a(|x |)|un |pdx ≤ C3 + C4‖un‖V .

As a consequence, by the second part of Lemma 3.2, one obtains that

‖un‖2H1 ≤ C3 + C4‖un‖V ≤ C3 + C4C‖un‖H1

Therefore, {un} is bounded in H1. This completes the boundedness proof for the case p > q.

Case 2, p < q:
Let u ∈ K . By the Hölder inequality one has that

∫

B1
a(|x |)|u|pdx ≤ ‖a(b)

−p
q ‖

L
q

q−p

( ∫

B1
b(|x |)|u|qdx

) p
q
. (27)

Thus

EK (u) ≥ 1

2

∫

B1

(|∇u|2 + u2
)
dx + 1

q

∫

B1
b(|x |)|u|qdx

− 1

p
‖a(b)

−p
q ‖

L
q

q−p

( ∫

B1
b(|x |)|u|qdx

) p
q

= 1

2
‖u‖2H1 + 1

q
‖u‖q

Lq
b

− 1

p
‖a(b)

−p
q ‖

L
q

q−p
‖u‖p

Lq
b
. (28)

Since p < q and ‖a(b)
−p
q ‖

L
q

q−p
< ∞, the latter inequality implies that EK is bounded

from below and coercive on V taking into consideration the second part of Lemma 3.2. This
indeed implies that the sequence {un} must also be bounded in V for the case p < q .
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Therefore, for both cases p > q and p < q we have the boundedness of {un} in V . Using
standard results in Sobolev spaces, after passing to a subsequence if necessary, there exists
ū ∈ V such that un⇀ū weakly in H1, un → ū strongly in L2 and un → ū a.e.. We also
have the weak convergence of un to ū in both Lq

b and L p
a .Also according to Lemma 3.2 from

boundedness of {un} ⊂ K in H1 one can deduce that {un} is bounded in L∞. Note that every
un is radial, so ū is radial too, and moreover, ū ∈ K .

It follows from the properties of weak convergence that

‖ū‖H1 ≤ lim inf
n→∞ ‖un‖H1 ,

‖ū‖Lq
b

≤ lim inf
n→∞ ‖un‖Lq

b
. (29)

Now in (24) set v = ū:

1

2

(
‖ū‖2H1 − ‖un‖2H1

)
+ 1

q
(‖ū‖q

Lq
b
−‖un‖qLq

b
)+

∫

B1
a(|x |)|un |p−2un(un−ū)dx ≥ −εn‖un−ū‖V .

(30)
Since ‖un‖L∞ is bounded, one has that

a(|x |)|un |p−1|ū(x) − un(x)| ≤ a(|x |)‖un‖p−1
L∞ (‖un‖L∞ + ‖ū‖L∞) ≤ C̃a(|x |),

and

a(|x |)|un |p ≤ a(|x |)‖un‖p
L∞ ≤ C̃a(|x |),

for some constant C̃ > 0. Since a ∈ L1, it follows from dominated convergence theorem
that

lim
n→∞

∫

B1
a(|x |)|un |p−2un(ū−un)dx = 0, & lim

n→∞

∫

B1
a(|x |)|un |p dx =

∫

B1
a(|x |)|u|p dx .

(31)
Therefore, it follows from (30) and (31) that

1

2

(

lim sup
n→∞

‖un‖2H1 − ‖ū‖2H1

)

+ 1

q

(

lim sup
n→∞

‖un‖qLq
b

− ‖ū‖q
Lq
b

)

≤ 0.

Hence, by taking into account the inequalities in (29) we obtain that

‖ū‖2H1 = lim
n→∞ ‖un‖H1 , & lim

n→∞ ‖un‖qLq
b

= ‖ū‖q
Lq
b
. (32)

The latter together with (31) yield that

un → ū strongly in V

as desired. ��

To prove the second condition in Theorem 3.1, we shall need the following result for
which a proof already exists in [15]. However, for the convenience of the reader we shall also
provide a sketch for the proof in the present paper.

Lemma 3.5 Let h ∈ L1(0, 1) be a nonnegative monotone function. Then there exists a
sequence of smooth monotone functions {hm} with the property that 0 ≤ hm ≤ h and
hm → h strongly in L1(0, 1).
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Proof We do the proof for the case where the function h is non-decreasingly monotone. The
same argument works if h is non-increasingly monotone. For large integers m we define qm
on [0,∞) via qm(r) = min{h(r),m} and so note for each m that qm is non-decreasing on
(0, 1). Now extend qm(r) to qm(1) for r > 1 and qm = 0 for r < 0. Let 0 ≤ η be smooth with
η = 0 on (−∞,−1) ∪ (0,∞) and η > 0 on (−1, 0). We also assume that

∫ 0
−1 η(τ)dτ = 1.

For ε > 0, define ηε(r) := 1
ε
η( r

ε
) and

qε
m(r) :=

∫ 0

−ε

ηε(τ )qm(r + τ)dτ,

note that this is just the usual mollification except the support of η is adjusted slightly. Since
qm is non-decreasing, we see that for each fixed small ε > 0 that qε

m is non-decreasing in r .
Then note that we have

0 ≤ qε
m(r) =

∫ 0

−ε

ηε(τ )qm(r + τ)dτ ≤ qm(r)
∫ 0

−ε

ηε(τ )dτ = qm(r) ≤ h(r).

We now let εm ↘ 0 and we set hm(r) := qεm
m . So we have 0 ≤ hm(r) ≤ h(r) for all

m. Also r �→ hm(r) is non-decreasing in r . One can now show that hm → h strongly in
L1(0, 1). ��
Lemma 3.6 Suppose ū ∈ K. Then there exists v ∈ K satisfying

{−�v + v + b(x)|v|q−2v = a(|x |)|ū|p−2ū, x ∈ B1
∂v
∂ν

= 0, x ∈ ∂B1,
(33)

in the weak sense.

Proof By Lemma 3.5, there exists a sequence {am} (resp. {bm}) of smooth functions such
that 0 ≤ am ≤ a (resp. 0 ≤ bm ≤ b) and each am is non-decreasing (resp. each bm is
non-increasing) on (0, 1) and am → a in L1(0, 1) (resp. bm → b in L1(0, 1)). We shall
consider the following problem.

{−�v + v + bm |v|q−2v = am(|x |)|ū|p−2ū, x ∈ B1
∂v
∂ν

= 0, x ∈ ∂B1,
(34)

Set fm(x) = am(|x |)|ū|p−2ū. Note that fm ∈ H1 as am is smooth and ū ∈ K . Here we
have used the fact that K ⊂ L∞ by virtue of Lemma 3.2. Now define

J (v) := 1

2

∫

B1

(|∇v|2 + |v|2) dx + 1

q

∫

B1
bm |v|qdx −

∫

B1
fm(x)vdx,

on the space H1
rad. Observe that J is convex and lower semi-continuous. Also

lim‖v‖H1→∞ J (v) = ∞,

therefore J takes its minimum at some vm ∈ H1
rad. It is also easily seen that

∂vm
∂ν

= 0.Wewant
to show that vm ∈ K . Note first that vm ∈ H1(B1) ∩ Lq

bm
satisfies the following equation

∫

B1
∇vm .∇ϕdx +

∫

B1
vmϕdx +

∫

B1
bm |vm |q−2vmϕdx

=
∫

B1
fmϕdx, ∀ϕ ∈ H1(B1) ∩ Lq

bm
(B1). (35)
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Therefore, by Lemma 3.3 together with the fact that fm ≥ 0 we obtain that vm ≥ 0, a.e. in
B1.

Now we need to prove some regularity for vm . Note that am is smooth and ū ∈ K , so
by Lemma 3.2 one has that fm ∈ L∞(B1). Thus from Lemma 3.3, we can deduce that
vm ∈ L∞(B1). Now vm ∈ H1(B1) is a weak solution of the following equation

−�vm + vm = fm − bm |vm |q−2vm := gm,

and observe that gm ∈ L2 since vm ∈ L∞ and bm is smooth. Also ∇gm ∈ L2(B1) as the
functions am, bm, vm ∈ H1 and vm ∈ L∞. Thus gm ∈ H1(B1). Now by standard regularity
theory one can deduce that vm ∈ H3(B1).

It remains to show that the radial function vm is non-decreasing in r = |x |. For 0 < r < 1,
set wm(x) := (vm)r (|x |), the derivative of vm with respect to r = |x |. Thus, wm satisfies

{
−�wm + ( N−1

|x |2 + 1 + (q − 1)bm |vm |q−2)wm = Qm(x), x ∈ B1\{0}
wm = 0, x ∈ ∂B1,

(36)

where

Qm(x) := a′
m(r)ū(r)p−1 + am(r)(p − 1)ū(r)p−2ū′(r) − b′

m |vm |q−2vm,

on (0, 1). Since am and ū are nonnegative and non-decreasing, the first two terms in Qm are
nonnegative. Also vm is nonnegative and bm is non-increasing which makes the last term
in Qm nonnegative. Thus, Qm ≥ 0 on (0, 1). Note that wm ∈ H1

rad(B1) and has enough
regularity to extend the solution of (36) to the full ball B1. If we define the linear operator L
as

L(wm) := −�wm +
(
N − 1

|x |2 + 1 + (q − 1)bm |vm |q−2
)

wm,

then L(wm) ≥ 0. We now show that wm ≥ 0 in B1. Note that wm = w+
m − w−

m where
w+
m = max{0, wm(x)} and w−

m = max{0,−wm(x)}. Multiplying the inequality L(wm) ≥ 0
by −w−

m and integrating over B1 implies that
∫

B1

(|∇w−
m |2 + |w−

m |2) dx ≤ 0,

from which we obtain that w−
m = 0. Thus, wm ≥ 0 and consequently vm is non-decreasing

in r . Therefore, vm ∈ K .
We now show that {vm} is bounded in V . It follows from (35) with ϕ = vm that

∫

B1

(|∇vm |2 + |vm |2 + bm |vm |q) dx =
∫

B1
fmvmdx . (37)

On the other hand,
∫

B1
fmvmdx =

∫

B1
am(|x |)|ū|p−2ūvm dx ≤

∫

B1
a(|x |)|ū|p−2ūvm dx

≤ ‖ū‖p−1
L∞ ‖a‖L1‖vm‖L∞ ≤ C1‖vm‖H1 , (38)

where C1 is a constant independent of m. Here we have used Lemma 3.2 together with the
fact that a ∈ L1(0, 1) and ū, vm ∈ K . It now follows from (37) and (38) that

‖vm‖2H1 +
∫

B1
bm |vm |q dx ≤ C1‖vm‖H1 , (39)
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from which the boundedness of ‖vm‖2
H1 and

∫

B1
bm |vm |q dx follows. By Lemma 3.2, we

obtain that ‖vm‖L∞ is also bounded. By passing to a subsequence, we can assume there is
0 ≤ v ∈ H1

rad(B1) such that vm → v a.e. and vm⇀v weakly in H1(B1). Also v is non-
decreasing in r on (0, 1) since each vm has this property. Thus, by Lemma 3.2, v ∈ L∞ from
which we obtain particularly that v ∈ K . It remains to show that v satisfies Eq. (33). Suppose
η ∈ H1(B1) ∩ L∞(B1), then from (35) we get

∫

B1

(∇vm∇η + vmη + |vm |q−2vmη
)
dx =

∫

B1
am |ū|p−2ūηdx . (40)

We show that ∫

B1
bm |vm |q−2vmη dx →

∫

B1
b|v|q−2vη dx . (41)

It follows from the boundedness of ‖vm‖L∞ that
∣
∣bm |vm |q−2vmη

∣
∣ ≤ b‖vm‖q−1

L∞ ‖η‖L∞ ≤ C2b,

for somepositive constantC2.Thus, the relation (41) follows from the dominated convergence
theorem. Therefore, by passing to the limit in (40) we get that

∫

B1

(∇v∇η + vη + b(x)|v|q−2vη
)
dx =

∫

B1
a|ū|p−2ūηdx .

By density, the latter holds for all η ∈ H1(B1) ∩ Lq
b(B1). This means that v is a solution of

(33) in the weak sense. ��
Proof of Theorem 1.1 First, we shall use Theorem 2.3 to prove the existence of a non-trivial
critical point for EK . Since by Lemma 3.4 the functional EK satisfies the (PS) compactness
condition, we just need to verify the mountain pass geometry of the functional EK .

It is clear that EK (0) = 0. Take e ∈ K . It follows that

EK (te) = t2

2

∫

B1

(|∇e|2 + |e|2) dx + tq

q

∫

B1
b(|x |)|e|qdx − t p

p

∫

B1
a(|x |)|e|pdx

Now, since p > q ≥ 2, thus for t sufficiently large EK (te) is negative.
We now prove condition (3) of (MPG). Take u ∈ K with ‖u‖V = ρ > 0. We have

EK (u) = 1

2
‖u‖2H1 + 1

q
‖u‖q

Lq
b

− 1

p

∫

B1
a(|x |)|u|pdx .

Note that from Lemma 3.2, there exist positive constant C such that for every u ∈ K one has

‖u‖H1 ≤ ‖u‖V ≤ C‖u‖H1 . (42)

We also have that
∫

B1
a(|x |)|u|pdx ≤ ‖u‖p

V .

Therefore,

EK (u) ≥ 1

2
‖u‖2H1 − 1

p

∫

B1
a(|x |)|u|pdx ≥ 1

2
‖u‖2H1 − 1

p
‖u‖p

V

≥ 1

2C2 ‖u‖2V − 1

p
‖u‖p

V = 1

2C2 ρ2 − 1

p
ρ p > 0,
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Existence results for a supercritical Neumann… 1179

provided ρ > 0 is small enough, since p > 2. If u /∈ K , then clearly EK (u) > 0. Thus,
MPG holds for the functional EK . Therefore, the functional EK has a non-trivial critical
point ū ∈ K . It also follows from Lemma 3.6 that there exists v ∈ K which satisfies the
equation in the weak sense

{−�v + v + b(x)|v|q−2v = a(|x |)|ū|p−2ū, x ∈ B1
∂v
∂ν

= 0, x ∈ ∂B1,

It now follows from Theorem 3.1 that ū is indeed a solution of (1) with EK (ū) > 0. ��
In the following theorem, we show that a similar result to Theorem 1.1 also holds for the

case where p < q.

Theorem 3.7 Let p and q be two real numbers 2 ≤ p < q. Assume that the functions a and
b satisfy the following conditions:

H1. a ∈ L1(0, 1) is non-decreasing and a(r) > 0 for a.e. r ∈ [0, 1].
H2. b ∈ L1(0, 1) is nonnegative and non-increasing on [0, 1].
H3. (aq/bp)

1
q−p ∈ L1(0, 1) and there exists e ∈ K such that EK (e) < 0.

Then problem (1) admits at least one radially non-decreasing positive solution.

Proof Set μ = infV E(u). It follows from (28) that EK is bounded from below. By
Lemma 3.4, the functional EK satisfies the (PS) compactness condition. Thus, it follows
from Theorem 2.4 that minu∈V EK (u) is attained at some ū ∈ K which is indeed a critical
point of EK .

It also follows from Lemma 3.6 that there exists v ∈ K which satisfies the equation in the
weak sense

{−�v + v + b(x)|v|q−2v = a(|x |)|ū|p−2ū, x ∈ B1
∂v
∂ν

= 0, x ∈ ∂B1,

Thus, by Theorem 3.1, ū is a solution of (1). Note also that

EK (ū) = min
u∈V EK (u) ≤ EK (e) < 0,

and therefore, ū is non-trivial. ��

4 Non-constant solutions

In this section, we consider the problem
⎧
⎨

⎩

−�u + u = a|u|p−2u − b|u|q−2u, x ∈ B1,

u > 0, x ∈ B1,
∂u
∂ν

= 0, x ∈ ∂B1,

(43)

where a > 0 and b > 0 are two constants. In Theorem 1.1, we have proved that this problem
has a nonzero solutionwhen p > q ≥ 2.However, any nonzero constant functionu satisfying

Q(u) := a|u|p−2u − b|u|q−2u − u = 0,

is also a nonzero solution. In the following theorem, by adapting an argument from [5,7],
we show that for certain values of p and q the solution obtained in Theorem 1.1 is indeed
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non-constant. We also refer to the interesting paper [10] where more general non-linearities
are considered and a generalization to higher eigenvalues is provided.

We need the following lemma which states some simple properties of the eigenfunction
associated with λ2, the second radial eigenvalue of −� + 1 in the unit ball with Neumann
boundary conditions.

Lemma 4.1 Let v be an eigenfunction associated with λ2, that is, a non-trivial solution of
{−�v + v = λ2v, x ∈ B1,

∂v
∂ν

= 0, x ∈ ∂B1.
(44)

Then λ2 > 1, v is radial and unique up to a multiplicative factor and we can choose it
increasing. Moreover,

∫

B1
vdx = 0.

We refer to ([7], Lemma 4.8) for the proof of Lemma 4.1. Here is our result for the existence
of non-constant solutions.

Theorem 4.2 Suppose that 2 < q < p. Also assume a ≡ 1, b > 0 and b(q − 2) < p − 2.
Then there exists at least one non-constant non-decreasing radial solution of (1).

Proof First we show that the function Q has a unique nonzero root. Set h(t) := t p−2 −
btq−2 − 1. Note that h(1) = −b < 0 and limt→+∞ h(t) = +∞. Thus, h(t) = 0 has a root
in the interval (1,+∞). Also h′(t) = tq−3[(p − 2)t p−q − b(q − 2)] > 0 in the interval
(1,+∞) as b(q − 2) < p − 2. Thus, h is strictly increasing in the interval (1,+∞) which
means that h has a unique root in this interval. On the other hand, in the interval [0, 1] we
have h(t) < 0. Therefore, problem (43) has a unique constant solution. Denote this solution
by ū and note that ū ∈ (1,+∞).

Now we show that the solution obtained in Theorem 1.1 is different from ū. Recall that
problem (1) has a positive solution u with E(u) = EK (u) = c > 0 where the critical value
c is characterized by

c = inf
γ∈�

max
t∈[0,1] EK [γ (t)],

where

� = {γ ∈ C([0, 1], V ) : γ (0) = 0 �= γ (1), EK (γ (1)) ≤ 0}.
We shall show that E(u) = c < E(ū). It then implies that u is non-constant. Let v be as in
Lemma 4.1, and s > 0 be such that s < ‖ū‖∞/‖v‖∞. Thus, ū+ sv ∈ K . For r ∈ R we have

E[(ū + sv)r ] = r2

2

∫

B1
(ū + s

√
λ2v)2dx + rq

q

∫

B1
b(ū + sv)qdx − r p

p

∫

B1
(ū + sv)pdx .

Note that q < p, so there exists r > 1 such E[(ū + sv)r ] ≤ 0. Set γs(t) = t(ū + sv)r . Note
that γs ∈ �. We shall show that there exists s > 0 such that for every t ∈ [0, 1] one has
E(γs(t)) < E(ū). Therefore,

c ≤ max
t∈[0,1] E(γs(t)) < E(ū).

Define ξ : R
2 → R by

ξ(s, t) := E ′(t(ū + sv)r)(ū + sv)r .
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Note that ξ is C1 and ξ(0, 1/r) = 0. Also

d

dt
|(0,1/r)ξ(s, t) = E ′′(ū)(r ū, r ū)

= r2
∫

B1

(
1 + b(q − 1)ūq−2 − (p − 1)ū p−2

)
ū2dx

= r2
∫

B1
ū p − būq + b(q − 1)ūq − (p − 1)ū pdx

= r2
∫

B1
b(q − 2)ūq − (p − 2)ū pdx < 0,

where we have used the fact that Q(ū) = 0, ū ≥ 1 and b(q − 2) < p − 2. It follows from
the implicit function theorem that there exist ε1, ε2 > 0 and a C1 function g : (−ε1, ε1) →
(1/r − ε2, 1/r + ε2) such that g(0) = 1/r and for (s, t) ∈ (−ε1, ε1) × (1/r − ε2, 1/r + ε2)

one has ξ(s, t) = 0 iff t = g(s). Note also that

d

ds
|(0,1/r)ξ(s, t) = E ′′(ū)(ū, rv) + E ′(ū)rv

= r
∫

B1

(
1 + b(q − 1)ūq−2 − (p − 1)ū p−2) ūvdx

= r
(
1 + b(q − 1)ūq−2 − (p − 1)ū p−2) ū

∫

B1
vdx = 0

where we have used the fact that E ′(ū) = 0 and
∫

B1
vdx = 0. Therefore, g′(0) = 0. Now

we claim that
E

(
g(s)(ū + sv)r

)
< E(ū), ∀s ∈ (−ε1, ε1). (45)

For this, note that since g′(0) = 0, then for every s ∈ (−ε1, ε1) one has g(s) = 1/r + o(s).
Thus

g(s)(ū + sv)r − ū = s
(
1/r + o(s)

)
rv + ū

(
rg(s) − 1

) = sv + o(s).

Hence, by using the fact that E ′(ū) = 0 one can deduce that

E
(
g(s)(ū + sv)r

) − E(ū) = 1

2
E ′′(ū)

(
g(s)(ū + sv)r − ū, g(s)(ū + sv)r − ū

) + o(s2)

= 1

2
E ′′(ū)

(
sv + o(s), sv + o(s)

) + o(s2)

= s2

2
E ′′(ū)(v, v) + o(s2).
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It then follows that

E
(
g(s)(ū + sv)r

) − E(ū)

= s2

2

∫

B1
|∇v|2 + |v|2 + b(q − 1)ūq−2v2 − (p − 1)ū p−2v2 dx + o(s2)

= s2

2

∫

B1
λ2v

2 + b(q − 1)ūq−2v2 − (p − 1)ū p−2v2 dx + o(s2)

= s2

2ū2

∫

B1

(
λ2ū

2 + b(q − 1)ūq − (p − 1)ū p)v2 dx + o(s2)

= s2

2ū2

∫

B1

(
λ2ū

p − λ2bū
q + b(q − 1)ūq − (p − 1)ū p)v2 dx + o(s2),

where we have used the identity Q(ū) = 0 in the last line. Therefore,

E
(
g(s)(ū + sv)r

) − E(ū) = s2

2ū2

∫

B1

(
b(q − 1 − λ2)ū

q − (p − 1 − λ2)ū
p)v2 dx

+ o(s2) < 0,

where the last inequity follows from the fact that

b ≤ p − 2

q − 2
<

p − 1 − λ2

q − 1 − λ2
,

considering λ2 > 1. Now we claim that the function t �→ E
(
γ0(t)

)
has a unique maximum

point at t = 1/r . For this, observe that

d

dt
E

(
γ0(t)

) = d

dt
E(t ūr) = E ′(t ūr)r ū

= |B1|
(
t ū2r2 + btq−1ūqrq − t p−1ū pr p

)
ū = −|B1|t ū2r2h(t ūr), (46)

where |B1| is te measure of the ball B1. Thus d
dt E(γ0(t)) > 0 if t < 1/r and d

dt E(γ0(t)) < 0
if t > 1/r . Thus E

(
γ0(t)

)
has a unique maximum point at t = 1/r .

By continuity of the function (t, s) → E(γs(t))we can choose 0 < s0 < ε1 small enough
such that the maximum of the function t → E(γs0(t)) lies in the interval (1/r−ε2, 1/r+ε2).

Assume that E(γs0(.)) takes its maximum at the point t0. Then

0 = d

dt
E

(
γs0(t)

)|t=t0 = E ′(t0(ū + s0v)r
)
(ū + s0v)r ,

and therefore t0 = g(s0). So by (45) one obtains that

E
(
t0(ū + s0v)r

)
< E(ū).

Thus,

E
(
t(ū + s0v)r

)
< E(ū), ∀t ∈ [0, 1].

In other words, maxt∈[0,1] E
(
γs0(t)

)
< E(ū). This indeed shows that

c ≤ max
t∈[0,1] E

(
γs0(t)

)
< E(ū),

as desired. ��
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